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Abstract. We construct and describe several arithmetic subgroups of the automorphism group
of a partially commutative group. More precisely, given an arbitrary finite graph I we construct
arithmetic subgroups St(Ly ) and St(L™*), represented as subgroups of GL(n, Z), where n
is the number of vertices of the graph I". Here Ly and L™ are certain lattices of subsets
of X = V(T') and St(K) is the stabiliser of the subgroup generated by K. In addition we
give a description of the decomposition of the group St°V(Ly ), which stabilises Ly up to
conjugacy, as a semidirect product of the group of conjugating automorphisms and St(Ly).

Mathematics Subject Classification (2010). 20F38, 20E36, 20F36, 20G05.

Keywords. Partially commutative groups, right-angled Artin groups, automorphism groups,
arithmetic groups.

Introduction

Recently a wave of interest in groups of automorphisms of partially commutative
groups has risen; see [3], [2], [4], [10]. This emergence of interest may be attributable
to the fact that numerous geometric and arithmetic groups are subgroups of these
groups.

The goal of this paper is to construct and describe certain arithmetic subgroups of
the automorphism group of a partially commutative group. More precisely, given an
arbitrary finite graph I" we construct an arithmetic subgroup St(L(I")) (see Section 2.1
for definitions), represented as a subgroup of GL(n, Z), where n is the number of
vertices of the graph I'; see Theorems 2.4 and 2.12. Note that our proof is independent
of the results of Laurence and Serviatius, [11], [12], which give a description of the
generating set of the automorphism group Aut(G(I')). One of the advantages of
this proof is that it is largely combinatorial, rather than group-theoretic, so could be
adjusted to obtain analogous results for partially commutative algebras determined
by the graph I' (in various varieties of algebras).

*Research carried out while the second and third named authors were visiting Newcastle University
with the support of EPSRC grant EP/D065275/1, June 2005.
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In the last section of the paper we give a description of the decomposition of the
group StY(L(T")) (see Section 2.1 for definitions) as a semidirect product of the
group of conjugating automorphisms Conj(G) and St(L(I")). This result is closely
related to Theorem 1.4 of [10], but the situations considered in [10] and in this paper
are somewhat different.

The authors are grateful to the Centre de Recerca Matematica (CRM): these re-
sults were announced at a workshop, supported by the CRM, in Manresa, and the
proof outlined in seminars, while the authors were on research visits to the CRM in
September 2006.

1. Preliminaries

1.1. Graphs and lattices of closed subsets. In this section we give definitions and
a summary of the facts we need concerning graphs, orthogonal systems and closed
subsets of a graph. For further details the reader is referred to [7]. Graph will mean
undirected, finite, simple graph throughout this paper. If x and y are vertices of a
graph then we define the distance d(x, y) from x to y to be the minimum of the
lengths of all paths from x to y in I". A subgraph S of a graph I' is called a full
subgraph if vertices a and b of S are joined by an edge of S whenever they are joined
by an edge of I".

Let I" be a graph with V(I') = X. A subset Y of X is called a simplex if the full
subgraph of I" with vertices Y is isomorphic to a complete graph. Given a subset Y
of X the orthogonal complement of Y is defined to be

Yt ={ueX|du,y)<lforally eY}.

By convention we set @+ = X. It is not hard to see that Y - Yitand Y+ =
Y+ [7], Lemma 2.1. We define the closure of Y tobe cl(Y) = Y+, The closure
operator in I satisfies, among others, the properties that Y C cl(Y), cl(Y+) = Y+
and cl(cl(Y)) = cl(Y) [7], Lemma 2.4. Moreover if Y7 C Y, C X then cl(Y;) C
Cl(Yz).

Definition 1.1. A subset Y of X is called closed (with respect to I') if ¥ = cl(Y).
Denote by L = L(T") the set of all closed subsets of X.

Then cl(Y) € L,forall Y € X and U € L if and only if U = V1 for some
V € X [7], Lemma 2.7. The relation Y; C Y, defines a partial order on the set
L. As the closure operator cl is inclusion preserving and maps arbitrary subsets
of X into closed sets, L is a lattice where the infimum Y; A Y, of Y; and Y5 is
Y1 AY, =cl(Y1 NY3) =Y N Y, and the supremum is Y; v Y, = cl(Y; U Y3).

1.2. Partially commutative groups. Let I' be a finite, undirected, simple graph.
Let X = V(I') be the set of vertices of I" and let F(X) be the free group on X. For
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elements g, & of a group we denote the commutator g~ A~ !gh of g and & by [g, h].
Let

R = {[x;.x;] € F(X) | x;,xj € X and there is an edge from x; to x; in I'}.

We define the partially commutative group with (commutation) graph I to be the
group G(I") with presentation (X | R). (Note that these are the groups which are
called finitely generated free partially commutative groups in [5].)

The subgroup generated by a subset ¥ C X is called a canonical parabolic
subgroup of G and denoted G (Y'). This subgroup is equal to the partially commutative
group with commutation graph the full subgraph of I' generated by Y [1]. The
connection between closed sets and the group G (I") is established by Proposition 3.9
of [8]: a subgroup G(Y)& of G is a centraliser if and only if ¥ € L(I"). If Y isa
closed subset of I and g € G then the subgroup G(Y)® = Cg (Y 1)# is called a
parabolic centraliser.

Let I' be a simple graph, G = G(I') and let w € G. Denote by Ig(w) the
minimum of the lengths of words that represents the element w. We say that w € G
is cyclically minimal if and only if

1

lg(g” ' wg) > 1g(w) forall g € G.

We write u o v to express the fact that Ig(uv) = [(u) + [(v). We say that u is a left
divisor (right divisor) of w if there exists v such that w = uov (w = vou). If
g € G and w is a word of minimal length representing g then we write «(g) for the
set of elements x € X such that x*! occurs in w. It is shown in [1] that «(g) depends
only on g and not on the choice of w.

The non-commutation graph of the partially commutative group G (I") is the graph
A, dual to I', with vertex set '(A) = X and an edge connecting x; and x; if and only
if [x;. x;] # 1. The graph A is a union of its connected components Ay, ..., Ag and
words that depend on letters from distinct components commute. For any graph T, if
S is a subset of V(I") we shall write I'(.S) for the full subgraph of I with vertices S.
Now, if the vertex set of Ay is Iy and 'y = ['({x) then G = G(I'1) x --- x G(T).
For g € G let a(g) be the set of elements x of X such that x*! occurs in a minimal
word w representing g. Now suppose that the full subgraph A(a(w)) of A with
vertices o(w) has connected components Ay, ..., A; and let the vertex set of A; be
I;. Then, since [/}, Ix] = 1, we can split w into the product of commuting words,
w = wj o---owy, where w; € G(I'(1})), so [w;, wg] = 1forall j, k. If wis
cyclically minimal then we call this expression for w a block decomposition of w
and say w; is a block of w for j = 1,...,[. Thus w itself is a block if and only if
A(a(w)) is connected.

As in [8] we make the following definition. An element g € G is called a root
element if it has the property that g = A", for some & € G, implies that n = +1.

Definition 1.2. Let w be a cyclically minimal root element of G with block decom-
position w = wy ... wy and let Z be a subset of X such that Z € a(w)>. Then
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the subgroup QO = Q(w,Z) = (wy) X -+ X {(wg) X G(Z) is called a canonical
quasiparabolic subgroup of G.

A subgroup is called quasiparabolic if it is conjugate to a canonical quasiparabolic
subgroup. In [8] centralisers of arbitrary subsets of a partially commutative group
are characterised in terms of quasiparabolic subgroups and we shall use this result in
Section 2.3.

1.3. Conjugating automorphisms. Automorphisms which act locally by conjuga-
tion play an important role in the structure of Aut(G).

For § € X define I's to be I'\ S, the graph obtained from I" by removing all
vertices of S and all their incident edges.

Definition 1.3. Let x € X and let C be a connected component of I', 1. The
automorphism «¢ (x) given by

J s y* ifyeC,
y  otherwise

is called an elementary conjugating automorphism of I'. The subgroup of Aut(G)
generated by all elementary conjugating automorphisms (over all connected compo-
nents of I',1 and all x € X) is called the group of conjugating automorphisms and
is denoted Conj(G).

Theorem 1.4 (M. Laurence [11]). An element v € Aut(G) is called a conjugating
automorphism if, for all x € X, there exists g € G such that x¥ = x8x.

From Theorem 1.4 it follows that the group of inner automorphisms Inn(G) is a
subgroup of Conj(G); and is therefore a normal subgroup.

2. Stabilisers of parabolic centralisers

2.1. Stabiliser subgroups. Throughout the remainder of this paper let I" be a finite
graph with vertices X, let G = G(I") and let L = L(I") be the lattice of closed sets
of I'. We denote the automorphism group of G by Aut(G).

Definition 2.1. The stabiliser of L is defined to be
St(L) = {¢ € Aut(G) | G(Y)? = G(Y) forall Y € L}
and the conjugate-stabiliser of L is defined to be

StU(L) = {¢ € Aut(G) | forall Y € L there exists gy such that
G(Y)? =GY)®r).
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If $ € St(L), Y € L and gy is such that G(Y)® = G(Y)&" then we say that ¢
actsas gy on Y.

Proposition 2.2. Both the stabiliser St(L) and the conjugate-stabiliser St(L) of
L are subgroups of Aut(G) and St(L) < StV(L).

Proof. 1t is clear that the stabiliser of L is a group and that it is contained in the
conjugate-stabiliser. If ¢ € St¥(L) acts as gy on Y € L then G(Y) = (G(Y)")?,
where h = (g;,l)d’_l. Thus G(Y)? ' = G(Y)!. If ¢’ € St(L) acts as gyonY
then G(Y)?'¢ = G(Y)¥, where k = gy (gy)?. O

2.2. Generators for the stabiliser of L. We introduce three sets of maps J, V; and
Tr, : which will turn out to be automorphisms and to generate St(L) (cf. [12], [11]).
First we recall some notation from [7] and establish some background information.

As in [7] we define an equivalence relation ~; on X by x ~; y if and only if
xt = yL. Denote the equivalence class of x under ~ by [x].. Then [x], is a
simplex for all x € X. The set N, consists of those x € X such that |[x].| > 2.
Define Ny = X\Np, X' = X/~ and N; = {[x]L € X' | x € N»}. If x € N;
then [x]1 = {x}, so X is the disjoint union

X = |_| [x]L U Ny.

[x]LeN]

For x € X we write G[x]. for G([x]1) = {([x]L), so G[x]L € G. For all
Xx,y,z € X such that y € [x], we have [y,z] = 1 if and only if [u,z] = 1 for
all u € [x]L. It follows that we may extend an automorphism ¢ of G[x]. to an
automorphism ¢¢ of G by setting g¢”* = g? forall g € G[x]L, and y*™* = y
for all y € X\[x]L. The map &, such that ¢ — ¢° is then an monomorphism
from Aut(G[x]L.) into Aut(G). Moreover, if [x] # [y]L then G[x]L N G[y]L = 1.
Therefore Aut(G[x]1)®* N Aut(G[y]L)® = 1 and, for all ¢ € Aut(G[x]L) and
¥ € Aut(G[y]L), we have ¢*x ¢y = % %, Hence Aut(G) contains a subgroup

V= J] Auwt(G[x]L)* x [] Aut(G[x]L)®.

[x]LeN] X€EN|

(1) The set J consists of the extension to G of all maps X — G such that x® =x
orx~!forall x € X. Then J < Aut(G) and |J| = 2/X1.
(2) We define
Vi= [I Auw(GR]L)™ <V.

[x]1eN]

(3) For distinct x,y € X define a map try ,: X — G by try,(x) = xy, and
tryy(z) = zforz # x. If x1\{x} C y~ thentr, , extends to an automorphism
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of G which we also call try ,,. Define Tr to be the set consisting of the extension
to G of all the maps try_,, where x1\{x} € y*. Then Tr C Aut(G). We define

Try = {try,, € Tr | cl(y) <cl(x)} € Tr.

Note that we have excluded those try , where cl(y) = cl(x) and that cl(y) <
cl(x) implies that y € cl(x) so that x> C y* and [x, y] = 1. Therefore the
map try,, € Try if and only if xt C yL (the inclusion being strict).

We remark that the subgroup generated by J and V) is V. Moreover Lau-
rence [11], building on results of Servatius [12], showed that Aut(G) is generated by
J, Tr and Conj(G), together with automorphisms which permute the vertices of I"
(see for example [7]).

Proposition 2.3. The sets of maps J, V and V| are subgroups of St(L) and the set
Tr is contained in St(L).

Proof. As J fixes every parabolic subgroup it is clear that J < St(L). To see that V|
is a subgroup of St(L) consider Y € L. If x € Y and z € [x], then Y+ C x1 = z©
soz € Y. Hence x € Y implies that [x]; € Y. Now suppose that ¢p € V.
If y € Y NN, then y¢ € G[y]L < G(Y), by the above. If y € Y\N, then
y? = y € G(Y). Hence G(Y)? € G(Y) and since V| is a subgroup of Aut(G) it
follows that G(Y)? = G(Y). Therefore V, < St(L). Finally, let T = try , € Try
andlet Y € L. If x ¢ Y then 7 fixes Y pointwise, so we assume that x € Y. In
this case cl(x) € Y and y € cl(x), from the remark following the definition of Tr .
Hence x* = xy € G(Y) and G(Y)® < G(Y). As x = (xy~!)7 it follows that
G(Y)" = G(Y). As V is generated by J and V] itis also a subgroup of St(L). [

Before stating the next theorem we shall briefly explain what is meant by an
arithmetic group. Two subgroups A and B of a group G are said to be commensurable
if AN B is of finite index in both A and B. A linear algebraic group is a group which is
also an affine algebraic variety, such that multiplication and inversion are morphisms
of affine algebraic varieties. A linear algebraic group is said to be QQ-defined if it is a
subgroup of GL(n, C) which can be defined by polynomials over QQ and is such that
the group operations are morphisms defined over Q. Let G be a Q-defined algebraic
group. A subgroup A € G N GL(n, Q) is called an arithmetic subgroup of G if it is
commensurable with G N GL(n, Z). A group is called arithmetic if it is isomorphic
to an arithmetic subgroup of a Q-defined linear algebraic group.

Theorem 2.4. The stabiliser St(L) is an arithmetic group generated by the elements
of J, V1 and Tr.

We defer the proof of this theorem, which is part of the more technical Theo-
rem 2.12 below.
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2.3. Ordering L and the stabiliser of L-maximal elements. We shall now define
a partial order on elements of X which reflects the lattice structure of L. We shall
then describe a subgroup of the automorphism group of G which stabilises subgroups
generated by closures of the maximal elements in this order. First note thatif ¥ € L
then Y = Uer cl(y). Therefore if ¢ € Aut(G) and G(cl(y))? = G(cl(y)) for
all y € Y then G(Y)? = G(Y). This implies that if G(cl(x))? = G(cl(x)) for all
x € X then ¢ € St(L). Setting Ly ={Y € L | Y = cl(x) forsome x € X} and
St(Ly) = {¢ € Aut(G) | G(Y)? = G(Y) forall Y € Ly} we have

St(L) = St(Ly). @.1)

Definition 2.5. Let <;, be the partial order on X given by x <z y if and only if
cl(x) C cl(y) and cl(x) # cl(y). By x =1 y we mean cl(x) = cl(y). We say x is
L-minimal (L-maximal) if y <p x (x <g y) implies cl(y) = cl(x).

Note that y <7, x if and only if cl(y) C cl(x) and x ¢ cl(y).
Write L™ = {cl(x) € Lx | x is <z-maximal} and denote St(L™*) = {¢ €
Aut(G) | G(Y)? = G(Y) forall Y € L™},

Proposition 2.6. St(L) and St(L™**) are commensurable.

Proof. Since St(L) C St(L™*), it suffices to prove that St(L) has finite index in
St(L™*). Let ¢ € St(L™*),let x € X, let Z € L™ say Z = cl(z) for some
L-maximal element z € X, and let Y € L such that Y € Z. By definition of
St(L™*) we have G(Z)? = G(Z) andso G(Y)? € G(Z2)? = G(Z). AsY € L
we have Y = U~ for some U € L, so G(Y) = Cg(U), a canonical parabolic
centraliser. Hence G(Y)? is a centraliser and from [8], Theorem 3.12, is conjugate
to a quasiparabolic subgroup. As G(Z) is Abelian it follows (loc. cit.) that G(Y)?
is a canonical parabolic centraliser: that is G(Y)? = G(V) for some V € L with
V € G(Z). As ¢ is an automorphism it therefore permutes the subgroups G(Y')
where Y is an element of the set L(Z) = {V € L | V C Z} and this induces
a permutation on the set L(Z). This holds for all elements Z € L™ and setting
M = Ugzepmn L(Z) we obtain a permutation o(¢) of M. It is clear that if ¥
is another element of St(L™*) then o(¢¥) = o(¢)o (). Thus, writing Sps for
the permutation group of the finite set M, we may view ¢ as a homomorphism
o: St(L™*) — Sps. If ¢ € ker(o) then o(¢) fixes every element of M and in
particular every element of Ly. Hence ker(o) € St(Ly) and since from (2.1) we
have St(Ly) = St(L), this completes the proof. O

2.4. Ordering X and closures of elements. Using the order induced from L we
shall define a total order on X. This order will be used to index a basis of Z" with
respect to which elements of St(L) will be described as matrices. The ordering
depends on the following stratification of the closures of single elements of X.
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Proposition 2.7. [x]. = cl(x)\{u € cl(y) | y <p x} forall x € X. In particular,
if x is L-minimal then [x]1 = cl(x).

Proof. First recall cl(z) = cl(x) if and only if z+ = x* (as Y+ = Y1), so
z € [x]y1 if and only if cl(z) = cl(x). If u € cl(y), where y <z x then cl(u) <
cl(y) < cl(x) sout # xt. Hence [x]1 C cl(x) \ {u € cl(y) | y <z x}. On the
other hand if z € cl(x) then cl(z) C cl(x). If also z ¢ cl(y) for all y <7 x then
z £1 x, 80 cl(z) = cl(x), as required. O

We now define a total order < on X, which will have the properties that
(1) if x <z ythen y < x, and
(2) ifz <y <xandz € [x]L theny € [x]..

To begin with let
By =1{Y € Ly | Y = cl(x) where x is L-minimal}.

Suppose that By has k elements and choose an ordering ¥; < --- < Y of these
elements. If i # j then ¥; N'Y; € L and from the remark at the beginning of this
section and the fact that the Y;’s are L-minimal it follows that ¥; NY; = @. Therefore
we may define the ordering < on Ule Y; in such a way thatif x; € ¥; and x; € ¥;
and Y; < Y; then x; < x;: merely by choosing an ordering for elements of each ¥;.

We recursively define sets B; of elements of Ly for i > 0 as follows. Assume
that we have defined sets By, ..., B;, set U; = U;'=o Bj and define X; = {u € X |
u €Y forsome Y € U;}. If U; # Ly define B; ;1 by

Bit1={Y =cl(x) e Ly | Y ¢ U; and y <y, x implies that cl(y) € U;}.

If Ui # Lx then X; # X and B;;+; # 0. We assume inductively that we have
ordered the set X; in such a way that if 0 < a < b < i then x, € Y, where
Y, € B, and x;, € Yp where Y, € By implies that x;, < x,. From Proposition 2.7,
if Y = cl(x) € B;j+1 then

[Xle =Y \{uec(y):y<gxj =Y \{uc X

Therefore we have defined < on the set Y \[x] .. Moreover, if Y7 # Y, and Y1,Y, €
BiyithenY i NY, € L,soz € Y1 NY,impliescl(z) C Yy NY,. As Yy # Y, this
implies that cl(z) is strictly contained in Y;, i = 1,2. If ¥; = cl(x;) then z <, Xx;
and so z ¢ [x;]1,i = 1,2. Thatis, [x1]1 N [x2]L = @. Now choose an ordering
on the set of elements of Bj1: Zy < --- < Zj say, where Z; = cl(x;). Then
Zi\[x;]L € X;,j =1,...,k. We can extend the total order < on X; to

k
X,'_H:X,'UUZ]':XiU
1 J

k
[xj]L
j= =1



Automorphisms of partially commutative groups I: Linear subgroups 747

as follows. Assume the order has already been extended to X; Uj;ll [xj]L. Extend
the order further by choosing the ordering < on the elements of [x;] and then setting
its greatest element less than the least element of X; Uj;ll [xj]1. At the final stage
s = k and the order on X is extended to X; +1. We continue until U; = Ly, at which
point X = X; and we have the required total order on X. Note that, by construction,
if x,y € Xand x <z ytheny < x. Also, if x < y < z and [z]1L = [x]L then
[¥]L = [x].L. Thus (1) and (2) above hold. If cl(x) belongs to B; we shall say that
x, cl(x) and [x]L have height i and write h(x) = h(cl(x)) = h([x]L) =i.

2.5. A matrix representation of St(L). Suppose that X = {x;,...,x;} with
Xy < - < xg. If x € X and ¢ € St(L) then we have x? € G(cl(x)). If
cl(x) = {y1,...,yr}, where x = y; say, then as G(cl(x)) is a free Abelian group
we may write

b
x® =yt oyl (2.2)

Setting a; = 0if x; ¢ cl(x), and a; = b; if x; = y; for some i, we can write
x® = x{! oxgk
As this holds for all x € X we have

xf =t xd = xR xR
Assume now that Y € L. Then Y = Uer cl(y) and for 1 < i < k, either
[xiJur CYor[xi]luNY =0@. Let] ={i |1 <i <kand][x;]L €Y} Then, from
Proposition 2.7, it follows that Y = | J;<;[xi] L. Moreover for all i such that x; € ¥
we have
a; j
xf’ =I] X; 7.
jel
We denote the restriction ¢|g(y) of ¢ to G(Y) by ¢y for any subset ¥ of X and
¢ € St(L). We shall also write ¢, instead of ¢(x) for x € X.

Definition 2.8. In the above notation, given Y € L we define the matrix correspond-
ing to the restriction ¢y of ¢ € St(L) to G(Y) tobe [py] = (a;,;)i,jer- Y =X
we write [¢] for [px].

Definition 2.9. LetY = {y1,...,y,} € L with y; <--- < y, and let Z be a subset
of Y. Let] ={i |1 <i <r y; €Z} Given A = (a;,;) € GL(r, Z) we define
the Z-minor of A to be the matrix M(A.Y, Z) = (ai j)ijer- f Y = X we write
M(A,Z) for M(A, X, Z).

The Z-minor of a matrix A is therefore the matrix obtained from A by deleting
the i th row and column for all / such that y; € Y\ Z. From these definitions we have
the following lemma.
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Lemma 2.10. Let ¢ € St(L) andY € L then [¢py]| = M([¢).Y). IfZ CY C W
are elements of L then M(A,W,Z) = M(M(A,W,Y),Y, Z).

For x € X we say that y € [x]. is the minimal element of [x], if y < z
forall z € [x].. Let X™" = {x € X | x is the minimal element of [x].}. Then
X = Usex[x]L = yexmn[x]L. We extend this notation to arbitrary ¥ € L by
defining Y™ = X™" N Y;50 ¥ = | |,cymn[y]L.

2.6. Setsof matrices corresponding to closed sets. We define a set of integer valued
upper block-triangular matrices corresponding to a closed set. Let Y € L and write
Y™in = fy1,..., v}, Where vy < --- < v,,. Assume further that Y = {uy,...,u,},
where u; < --- < u,. The set Sy is defined to the set of r x r integer valued matrices
A = (a;,;) such that the following conditions hold.

(1) A has m diagonal blocks Ay, ..., Am, such that A; € GL(|[v;]L], Z).

(2) Ifi > j and a; ; is not part of a diagonal block then a; ; = 0.

(3) Ifi < j and qg;,; is not part of a diagonal block then a; ; = O unless u; <y, u;,
in which case a; ; may be any element of Z.

The first two of these conditions imply that A is an upper block-triangular matrix.
Suppose that A € Sy and has diagonal blocks Ay, ..., A,. Define the matrix B
to be the block-diagonal matrix with diagonal blocks A7!, ..., A, !. Then AB is
a unipotent matrix and it follows that A € GL(r, Z). Therefore Sy is a subset of
GL(r,Z).

Lemma 2.11. (1) Elements of Sy are upper block-triangular elements of GL(r, Z).
(2) If ¢ is an element of J, V| or Tr] then [¢] € Sx.
(3) The set Sy (with matrix multiplication) is a monoid for all Y € L.

Proof. If ¢ € J then [¢] is a diagonal matrix with diagonal entries £ 1, so belongs to
Sx.If¢p € V) then¢p = H[X]J_GNZ/ ¢%* for some automorphisms ¢, € Aut(G[x]L).
Hence [¢] is block diagonal, with a blocks of dimension |[x] ; | foreach[x], € N, and
of dimension 1 for all x € Nj. It follows that [¢] € Sx. Finally let¢ = try , € Tr}.
Then cl(y) < cl(x) so x < y and if x = x; and y = x; then [¢] is the matrix with
I’s on the leading diagonal, a; ; = 1 and O’s elsewhere. As x; < x; we have i < j
and, as x; < X;, a;,j is not in a diagonal block so this matrix belongs to Sx. Thus
statement (2) holds.

To prove statement (3) assume that Y = {uy,...,u,} where uy < --- < u,. Let
A,B € Sy, A = (ai,j), B = (bi,j) andlet AB = C = (Ci,j) € GL(r,Z). Then
Ci,j = > p—1aixbk ;. Suppose that A has diagonal blocks Ay, ..., Ap. Let Ap
be the block-diagonal matrix with diagonal blocks Ay, ..., A, and 0’s elsewhere.
Let Ay = A — Ap. Define Bp and By similarly, so Bp is block diagonal and
B =Bp+By.ThenC = ApBp+ Ap By + AN (Bp + By). Therefore C is upper
block-triangular with diagonal blocks A1 By, ..., Ay By, and A; B; € GL(|A;|, Z).
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Suppose that i < j and ¢; ; does not belong to a diagonal block. If i and k are
such that ug #; u; then a; x = O andif k, j are such that u; %7 uy then by ; = 0.
Hence a; by, ; # 0 implies that ux <; u; and u; <p ug. If u; =1 u; then¢; ;
belongs to a diagonal block, a contradiction. Hence u; <z u;. Thusc; ; # 0implies
uj <r u; and so C € Sy. As the identity matrix is in Sy it follows that Sy is a
monoid. O

We are now ready to prove Theorem 2.4, which is the second statement of the
following result.

Theorem 2.12. The map 7w : St(L) — GL(|X|, Z) given by ¢ > [¢] is an injective
homomorphism with image Sx. In particular Sx is a group. Moreover the group
St(L) is generated by the elements of J, V| and Tr, and is an arithmetic group.

Proof. We shall first show that 7 is an injective group homomorphism, from St(L)
to GL(|X|,Z). Assume that |X| = k, let ¢, € St(L) and let [¢] = (a; ;)

and [{] = (b; ;). In the notation of Section 2.4 for x; € X we have xf’ Vo=
bra b

x‘lli’l)w ... (xZi'k)‘/’ = ]_[]::1()61 .. .xk"k)”i~’ = ]_[j-c=1 xjc-i’j, where ¢;; =
Zle ai rby ;. Hence [¢py] = (¢;,;) = [¢][¥]. Therefore  is a homomorphism
and it is immediate from the definition that s is injective.

Let T denote the subgroup of St(L) generated by J, V} and Tr and recall that
V is the subgroup of St(L) generated by J and V. From Lemma 2.11 it follows that
[¢] € Sx for all ¢ € T. Therefore once we have proved the final statement of the
Lemma it will also follow that the image of 7 is contained in Sx. The proof of the
final statement will be broken into three cases and in each case we shall also verify
that 7w maps surjectively onto Sx.

Let ¢ € St(L) and x € X and suppose that cl(x) = {y1,..., yr}. Then we can
express x? as in (2.2). Assume further that [x], = {y1...., s}, where s < r. In
the notation of (2.2), if b; = 0 for all j > s, then x? € G[x],. Suppose this holds
for all x € [x]1; s0 @pxj, € Aut(G[x]1). In this case we call ¢ a block-diagonal
automorphism.

Case 1. Let ¢ € St(L) be a block-diagonal automorphism and let x € X. If
x € N, then [x], € N} and q’)f)fh € Aut(G[x]L)®* € V,. If x ¢ N, then
[x]L = {x} and ¢[8;]i € J. In either case ¢f;h € V and, as the same is true of all
x€eX,

= Ex & cVycT.
¢ ME v, Pl xgvl P, EV S

Now let X = {xi,...,xg}, where x; < --- < xi and write [¢] = (a;,j). Let
Xm0 = {x; ,...,xi,} forsomem > 1, with x;; < -+ < x;,,. In this terminology
what we have shown is the following.

If a;,j = Oforalli, j such that x; € [x;,]1, x; & [x,]L, then ¢[£;’;nh € V;and

if this holds forn = 1, ..., m, then ¢ = [],_, dim. eV CT.

il



750 A.J. Duncan, I. V. Kazachkov and V. N. Remeslennikov

That is, if the above holds then ¢p € T, and so [¢] € Sx.

On the other hand, let A € Sy be a block-diagonal matrix. Then A has diagonal
blocks A, € GL(|[x;,]L],Z) forn = 1,...,m. Here A, determines an automor-
phism, ¢, say, of G[x;,]1, and ¢ = [],_, ¢f,xi” € V. Moreover [¢p] = A; so all
block-diagonal matrices in Sy are in the image of .

Case 2. Let ¢ € St(L) and A = [¢p]. Write A = Ap + An as in the proof
of Lemma 2.11. In this case we assume that Ap is the identity matrix. This means
that x? = x;w;, where w; € G(Y) for some ¥ C cl(x)\[x;]L fori = 1,... k.
Define r = r(¢) to be the maximal integer such that x, € [x; ], for some n, and
there exists x; such that x; ¢ [x;,]1 buta,; # 0. Let j = ¢ = ¢(¢) be maximal
with this property. (The argument of case 1 covers the case r = 0.) As @, 7 0 we
have w, = ux¢"* for some u € G(Z), where x, ¢ Z and, since Ap is the identity
ws € G(Zs), where x, ¢ Zg forall s > r.

As ¢ € St(L) we have xf € cl(x;), thus x. € cl(x,), which implies that
cl(x¢) € cl(x;). Since x, ¢ [x,]1 it follows that cl(x.) # cl(x;). Hence try, x. €
Try € St(L). Let ¢y = (try, x.) "% € T. Then x® = %, x ¢ and xlqb1 = x; for
alll # r. Let g = p¢p1; s0 ¢g € St(L). We have

ar,c _ _ _ _
xf’o = (x,ux; )¢l = x,u and xg’o = (xsws)"’1 = X;Ws = x;"’

fors > r. If s < r then

a a . .
b0 _ o XWX ¢ = xfx,;” if x, occurs in wy,
xP0 = xw?' =

XgWg = xg’ otherwise.

Therefore all diagonal blocks of [¢o] are the identity matrix and either r ([¢po]) < r
or ¢([¢o]) < c. We may then assume inductively that [¢pg] € Sx and ¢ € T: so
¢ € T. Now define E to be the matrix which has zero in every position except row r
column ¢, which is equal to a, .. Then [¢f“] = I F E € Sy and from Lemma 2.11
it follows that [¢] = [¢po][¢7 '] € Sx. By induction it follows that for all ¢ such that
[¢p] = A = Ap + An, with Ap the identity, we have ¢ € T and ¢™ € Sx. The
same argument shows thatif A € Sy and A = Ap + An, with Ap the identity, then
A = ¢” forsome p € T.

Case 3. In the general case let ¢ € St(L) and write [¢] = A = Ap + An
as before. Let B = Ap!. Then from case 1, BX! € Sy and B = [o3] for some
op € T. Let { = ¢pop. Then all diagonal blocks of [{] are the identity, so ¢ € T and
[¢] € Sx, from case 2. Therefore ¢ € T and [¢p] € Sy. If we begin this argument
with an arbitrary element A of Sy instead of an element of St(L) it shows again that
AeT™and A € Sy.

We now show that the group St(L) is an arithmetic group. Let K be the subgroup
of GL(|X |, C) satisfying conditions (1), (2) and (3) in the definition of Sy above.
Then K is a Q-defined linear algebraic group. As Sy = K N GL(|X|,Z) it now
follows that St(L) is arithmetic. O
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Combining the final statement of the theorem with Proposition 2.6 we obtain the
following corollary.

Corollary 2.13. St(L™*) is an arithmetic group.

Proof. From the proof of Proposition 2.6 it follows that St(L) is a finite index sub-
group of St(L™). Also the proof of of Theorem 2.12 goes through to show that
St(L™*) is isomorphic to a subgroup S™* of GL(|X|,Z). To see this for each
x € X,let M, = {z € X | zis L-maximal and x <z z}. Then G(M,) is Abelian
and contains x? for all ¢ € St(L™>*). Let ¢ € St(L™*) and, as at the beginning
of Section 2.5, write x? = x{' ... x*, where a; # 0 only if x; € M. As before
this allows us to associate an integer valued matrix [¢] to ¢p. The proof that the map
¢ — [¢] is a monomorphism from St(L™*) into GL(| X |, Z) is exactly the same as
the first paragraph of the proof of Theorem 2.12. Thus St(L™**) is isomorphic to its
image S™* C GL(|X|, Z). Moreover this monomorphism restricts to St(L) to give
the map 7 and so Sy is a finite index subgroup of S™¥*,

Keeping the notation of the proof of the previous theorem we have Sy = K N
GL(|X|,C). Now choose a transversal ay, ..., as for cosets of Sy in S™*, Then
g € S™ if and only if ga; ! € Sy C K for some r. As S™ € GL(|X|,Z) so
a;! € GL(|X|,Z) for all r. Hence the condition that an element 4 € GL(|X|, C)
satisfies 1 = ga; ! for some g, can be expressed using | X |2 polynomials with integer
coefficients (namely the entries of the matrix ar_l). Set p = |X| and let these
polynomials be m,. 1,1, ..., my p p. (Thusif h = gar_1 = (h;j) then substitution of
entries of g for variables of the m,; ; gives h;; = m,; ;(g) forall i, j.) Suppose
that the algebraic variety K is defined by polynomials fi, ..., f;. Then g € Ka, if
and only if g satisfies the polynomial equations f; (m,1,1.....myp p).i =1,...,1.
As f; and m,; ; are polynomials with integer coefficients, this implies that Ka, is a
Q-defined affine algebraic variety. Thus | J;_; Ka, is a variety and

S S N
( U Ka,) NGL(X|.Z) = U (K NGL(IX|,Z))a, = | Sxa, = S™,
r=1 r=1 1

r=
so St(L™*) is an arithmetic group. O

In the previous theorem we restricted attention to the entire group St(L) and its
isomorphic image Sy. However, we shall now show that the set Sy is a group for all
closed sets Y in L, and in fact all these groups are arithmetic. By defining appropriate
maps corresponding to inclusion, as follows, it can be seen that the lattice L maps
contravariantly to a sublattice of the lattice of subgroups of Aut(G). If Y, Z € L
withY € Z then M(A,Y,Z) € GL(|Z|,Z) andso p(Y,Z): A M(A,Y,Z)isa
map from Sy to GL(|Z|, Z).

Lemma 2.14. Let Z,Y € L with Z C Y. The set Sy is an arithmetic group and
the map p(Y, Z) is a surjective homomorphism from Sy to Sz. There is an injective
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homomorphism ¢(Z,Y) from Sz to Sy such that e(Z,Y)p(Y, Z) is the identity
on Sz.

Proof. We show that p(Y, Z) is an surjective monoid homomorphism for all Z C
Y € L. Since Sy is a group it will then follow that Sy is a group forall Y € L. The
proof that Sy is arithmetic is then the same as for Sy, replacing X by Y throughout.
Let ymin — {vi,..., U}, where v; < -+ < vy,. Alsolet Y = {uy,...,u,}, where
uy <---<upandlet/ ={i |1 <i <randu; € Z}. Let A = (a; ;) € Sy and
suppose that A has diagonal blocks Ay, ..., A,. As A is upper block-triangular it
follows from the definition that M (A, Y, Z) is upper block-triangular. If v; € Z then
[vi]L € Z and the diagonal block containing A; is unaffected in the transformation
of Ato M(A,Y, Z). Onthe other hand if v; ¢ Z then the diagonal block 4; is deleted
in forming M(A,Y, Z). As Z™" = Y™ N X, the diagonal blocks of M(A,Y, Z)
satisfy condition (1) of the definition of Sz.

It remains to verify condition (3). Suppose thati, j € [ andthata; ; # Oanda; ;
does not belong to a diagonal block of M(A4,Y, Z). From the above, a; ; does not
belong to a diagonal block of A, and since A is upper block-triangular and satisfies
condition (3),i < j andu; <z u;. Then the same holds for M(A, Y, Z), as required.
Therefore p(Y, Z) maps Sy into Sz.

To see that p(Y, Z) isahomomorphismlet A = (a; ;) and B = (b; ;) be elements
of Sy andlet C = (¢;,j) = AB. From Lemma 2.11, we have C € Sy. Suppose that
i,j €I andthata; g by ; # O for some k. Then uy <; u; and u; € Z. Hence uy €
cl(ug) € cl(u;) S Z. Therefore i, j,k € I and ¢; ; = D pc; aikbk,;. It follows
that M(AB,Y,Z) = M(A,Y,Z)M(B,Y, Z), so p(Y, Z) is a homomorphism.

To construct £(Z, Y') note that if P € Sz then we may write P = (p;,;)i,jer,
by expressing Z as a subset of {u1,...,u,}. Then let the diagonal blocks of P be
P;, where i € I. With this notation define an r x r integer matrix A by first of all
setting a; ; = p;,j fori, j € I, then setting a;; = 1 fori ¢ I, and finally setting
ai,j = 0 for all other i, j. Then A is upper block-triangular and has blocks A1,
.o., Am, where A; = P; ifi € I, and A; is the identity matrix in GL(|[v;]L|, Z)
otherwise. As P satisfies condition (3) then sodoes A. Hence 4 belongsto Sy . Define
M(P,Z.Y) = A (where Z C Y)and P*Y-2) = M(P,Z,Y) forall P € Sz. By
definition, PY-2)p(Y.Z) — P forall P € Sy, so e(Y, Z) is injective and p(Y, Z) is
surjective. Moreover, from the definition, (Y, Z) is a homomorphism. O

2.7. Restriction to closed sets. Here we consider the restriction of automorphisms
in St(L) to subgroups G(Y), where Y isin L. Given Y € L let us define L(Y) =
{Z € L | Z CY}. Notethat L(Y) is not in general the same as L(I"(Y)), the set of
closed sets of the full subgraph I'(Y) of I generated by Y ; although LI'(Y)) € L(Y).
We define Sty (L) = {¢y | ¢ € L}. Then Sty (L) is a subgroup of Aut(G(Y)) and
is contained in the subgroup of stabilisers, in Aut(G(Y)), of L(Y).
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Lemma 2.15. The map py : St(L) — Sty (L) given by ¢ + ¢y is a surjective ho-
momorphism. The map wy : Sty (L) — Sy given by ¢y +— [¢py] is an isomorphism,
so Sty (L) is arithmetic for all Y € L. Moreover pyny = nxp(X,Y).

Proof. Let ¢,y € St(L). Then x? € G(Y) forall x € Y, so x?¥Y = (x®)¥ =
(x?7)¥Y for all x € Y. Hence (¢p¥)y = ¢y ¥y and py is a homomorphism;
surjective onto its image which is, by definition, Sty (L).

From Theorem 2.12 the map wx = 7 is an isomorphism from St(L) to Sy. From
Lemma 2.14 the map p(X,Y) is a surjective homomorphism from Sy to Sy. Let
6 = mxp(X,Y). Anelement ¢ € St(L) belongs to ker(py ) if x? = x forall x € Y
in which case [¢y] is the identity matrix of dimension |Y|. Hence the diagonal
blocks of ¢™ corresponding to [x]. € Y are identity matrices; and ¢ = I, the
|Y |-dimensional identity matrix. This shows that ker(py) C ker(#), so 8 induces a
homomorphism from Sty (L) to Sy. The image of ¢y under this homomorphism is
¢? = [¢]°XY) = M([$],Y) and from the definitions we have oy = M([4).Y).
Therefore my is a homomorphism and py 7y = wxp(X,Y). As 0 is surjective, so is
wy. If ¢§Y = [ then x?¥ = x forall x € Y, 50 ¢y is the identity on G(Y) and 7y
is injective. O

If Z CY € L and ¢ € St(L) we define py,z to be the map sending ¢ € Sty (L)
to le(z) € Stz(L).

Corollary 2.16. Let Y,Z € LwithZ C Y. Then p(X,Z) = p(X.Y)p(Y, Z) and
pz = py py.z. Moreover py,z is surjective and iy p(Y,Z) = py,znz.

Proof. This follows from Lemmas 2.10, 2.14 and 2.15. O

The various maps we have defined are illustrated in the commutative diagram of
Figure 1.

St(L) ™ Sx
oY
p(X,Y)
pz  Sty(L) iad Sy p(X,Z)
oy .z pY,Z)
nz
Stz (L) Sz

Figure 1. Maps defined on subgroups of St(L).
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2.8. The structure of St®®V(L). First we examine the structure of Sty (L) and Sy
for an arbitrary closed set Y.

Definition 2.17. Let Y € Land Y = U?‘:l[vi]l, where Y™ = {vy,..., v}
with v; < --- < vy,,. Denote by Dy the set of block diagonal elements of Sy with
diagonal blocks A1, ..., Apy suchthat A; € GL(|[v;]L|, Z). Denote by Uy the subset
of Sy consisting of matrices for which A; is the identity matrix of GL(|[v;]. |, Z) for
i=1,...,m.

Lemma 2.18. Let Y € Land Y = |J/-[vi]L, where Y™ = {vy,..., vy} with
Vy < +-+ < Upy. Both Uy and Dy are subgroups of Sy and Sy = Uy x Dy.
Moreover

m

Dy =[] Glvi].

i=1
Proof. Let A € Sy with diagonal blocks A, ..., Ay, and define Ap to be the block-
diagonal matrix with diagonal blocks A1, ..., Am, and let d be the map sending 4
to Ap. Then (Ad)”fl is clearly an element of Sty (L) and so A4 € Sy. Hence
A9 € Dy and d is a surjective map from Sy to Dy. If B is also in Sy and has
diagonal blocks By, ..., By, then, as in the proof of Lemma 2.11, AB has blocks
A1By, ..., Ay B, so d is a homomorphism and Dy is a group. If A € Sy then
A € ker(d) if and only if every diagonal block of A is an identity matrix. Hence
ker(d) = Uy. If i is the inclusion of Dy in Sy then id is the identity map on Dy
and so Sy = Uy x Dy, as claimed. That Dy = [[/L; G[v;]1 is immediate from
the definitions. [

In the case where Y is the closure of a single element of X we have the following
corollary of the above results.

Corollary 2.19. (1) [¢px] € Sx forall ¢ € St(L).

(2) There are automorphisms ¢ s and ¢y, of G(cl(x)) such that ¢x = dx sPxu
and [y 5] is the block-diagonal matrix with diagonal blocks Ay, . .., Apm and [px u]
is an upper unitriangular matrix (the unipotent part of [px]).

(3) Given A € Sy there exists ¥ € St(L) such that [{«] = A.

D If y < x then [¢y] = M([px]. cl(y)).
(5) The set Sy is a group.

Proof. Assertions (1), (3) and (4) follow from Lemma 2.15. Statement (5) follows
from Lemma 2.10, and claim (2) follows from Lemma 2.18. ]

Theorem 2.20. St®V(L) = Conj(G) x St(L).
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Proof. First we show that Conj(G) C St®¥(L). As Conj(G) is generated by auto-
morphisms of the form given in Definition 1.3 it suffices to show that ¢ = ac(y)
belongs to St¥(L), where y € X and C is a connected component of the full
subgraph on X\y*. Let V € L,soV = T+ forsome T € L. If y € V then
G(Y)? =G(V),soassume y ¢ V. Letvy, v, € V. If v; € yt then v‘f = vf, SO
assume v; ¢ y+ fori = 1,2. Now y ¢ V implies there exists some ¢ € T such that
[y.t] # 1. Asv; € T+ and v; ¢ yL it follows that vy, v, and ¢ lie in a connected
component of I'(X \ y1). In particular v‘f = vg . Therefore either G(V)? = G(V)
or G(V)® = G(V)” and so ¢ € St (L), as required.

Next we show that Conj(G) <1 St™V(L). It suffices to show that #~1¢6 <
Conj(G), where ¢ is defined as above and § € St™V(L). Let x € X and let
g € G such that G(cl(x))? = G(cl(x))%. Then G(cl(x))?' = G(cl(x))", where
h= (g %" Thus x¢' = w” for some w € G(cl(x)), so x = (w?)"® and
x& = w?. Now x97'9% = ()¢ = (w?)"*)?, so

o-1g0 | (W)M*)8 = w8)»"h*" = x&2"h"if cl(x) € C Uy,
* B (wh¢)0 = (we)hw = x&h?? otherwise.
Therefore 10 is a conjugating automorphism.

Now we shall show that any element € St®V(L) can be expressed as 6 = t¢
for some 7 € Conj(G) and ¢ € St(L). Fix # € St®®¥(L) and for all Y € L fix
gy € G such that G(Y)? = G(Y)&" . Without loss of generality we may choose gy
so that none of its left divisors belong to G(Y) or to Cg(Y) = G(Y1). Given two
non-empty closed sets Y, Z € L with Y € Z, we claim that gy g}l = ab where
a € G(Z)and b € Cg(Y). To see this suppose that u € G(Y) and let r € G(Y),
s € G(Z) such that u? = r&v = §8z_ From [6], Corollary 2.4, and the choice of gy
and gz there exist ¢, ¢’,dy,d{.d>,d;,v € G suchthat gy = cody, gz = ¢’ odj,
r=d'ovody,s =d'ovod|, and withd = dy ody and d’ = d| o d},
r8 =dlovodandsf2 =d" ' ovod'

By definition of 6 for x € Y there exists u € G(Y) such that u? = x2¥. We may
then take r = x and s € G(Z) such that u? = 582 = x&¥_ In this case we have
r = x = v and so d; = 1 and, again by [6], Corollary 2.4, ¢, ¢’ € Cg(x). Allowing
X to range over Y we see that ¢,¢’ € Cg(Y), and by choice of gy it follows that
¢ =1and gy = da. Now, withr = x € Y, again we have d; ' o x o dy = r8¥ =
582 =d" loxod',sod =d. Asa(d]) Ca(s) C Z wehave d| € G(Z). If d]
has a left divisor in G(Y) then so does gy, and ¢’ ¢ Cg(Z) since it is a left divisor
of gz. This completes the proof of the claim as gy g,' = djc'™'.

Next we use 6 to construct a homomorphism from G to itself and subsequently
show that this homomorphism is an element of St(L). Let x € X, so G(cl(x))? =
G(cl(x))8~. Then there exists uy € G(cl(x)) such that x® = u%*. Define a map
¢: X — G by x? = u, forall x € X. Suppose that x,y € X with [x, y] = 1.
Then x,y € x+ N yL, hence cl(x) Ucl(y) € x+ N yt. Let Z = x+ N y* and
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s0 G(Z)? = G(Z)8z. As cl(x) € Z we have, from the above, g, = abgz, with
a € G(Z)and b € Cg(cl(x)) = G(x*). Thus ab € G(xt) and u“b = Uy.

Hence u$* = u$” and similarly ujg, = u§?. Because 6 is an automorphlsm we
have 1 = [u$* ,uiy] = [ux.uy]8%, so [ux,u,] = 1. Therefore ¢ extends to an

endomorphism of G.

The next step is to show that ¢ is surjective. To this end suppose that y, z € X and
cl(y) C cl(z). If u € cl(y) then [u,v] = 1 forall v € cl(z) since cl(z) € z+ € yL.
We have gy = abg,, where a € G(cl(z)) and b € G(y+). Hence u“b = u, and so

uﬁy =uf”. Now letx € X. As G(cl(x))‘9 G(cl(x))®~ there exists w € G(cl(x))

such that w? = x&x. Assume that w = it .y,’i” forsome y; € cl(x)ande; = +£1.
Let u; = uy,. Then cl(y;) € cl(x), hence yl = ug" from the preceding argument,
and w? = (u'...u;")8% = x&*. Hence w?® = uj' ... u;" = x and ¢ is surjective.

To show that ¢ is injective consider the automorphism 6! and let 1, = (g 1o~ '

for all x € X. Choose, for all x € X, an element ky € G and vy € G(cl(x)) such
that G(cl(x))? ™" = G(cl(x))*x, x0~" = v%* and k, has no left divisor in G(cl(x)).
Then, as in the case of § and ¢ above, themap ¢ : x — v, extends to an endomorphism
of G. Moreover hy = jyky for some j, € G(x1). Suppose that uy = yi'...y5",

where y; € cl(x). Write v; = vy, = y? fori = 1,...,n. Then, from the above,
yle ' = vkx = vihx since cl(y;) € cl(x), v; € cl(y;) and j, € G(x1). Now
x = xP7 = @I = T HE = 5 gt =t i so
x9¢ = ufc’ = v{'...vy" = x. It follows that ¢ is a bijection and hence is an

automorphism. By definition ¢ maps G(cl(x)) to itself for all x € X, and so belongs
to St(L).

Now define [, = gf_l for all x € X. Then x? = ué* = (x"’)l* = (xx)®,
so T = B¢~ ! is a conjugating automorphism. Note that if p € Conj(G) N St(L)
then x? = x¥~ for some wy € G, and G(cl(x))? = G(cl(x)). Therefore, x¥~ €
G(cl(x)). It follows that w, € G(x1), so x? = x and p is the identity map. Hence
Conj(G) N St(L) = {1}. Now suppose that 7,7’ € Conj(G) and ¢, ¢’ € St(L).
Then t¢p = 7/¢’ implies 7717 = ¢’¢p € Conj(G) N St(L),sot = 7’ and ¢ = ¢'.
What we have shown is that every element § € St®%(L) can be uniquely expressed
as 0 = t¢ with v € Conj(G) and ¢ € St(L). The theorem now follows. O
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