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Abstract. For each subcomplex of the standard CW-structure on any torus, we compute the
homology of a certain infinite cyclic regular covering space. In all cases when the homology
is finitely generated, we also compute the cohomology ring. For aspherical subcomplexes of
the torus, our computation gives the homology of the groups introduced by M. Bestvina and
N. Brady in [3]. We compute the cohomological dimension of each of these groups.
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1. Introduction

In 1995, Bestvina and Brady introduced a construction which takes as input a finite flag
complex L, and outputs a group Hy, the Bestvina—Brady group, whose homological
finiteness properties are controlled by the homotopy type of L [3]. Bestvina and
Brady’s most remarkable application of this construction was in the case when L
is acyclic but not 1-connected, in which case they showed that Hy is type FP but
not finitely presentable [3]. Many other groups having surprising combinations of
finiteness conditions can be constructed as Bestvina—Brady groups. For example, by
choosing L to be acyclic over some rings but not acyclic over others, one obtains
a group Hj; which is FP over some rings but not FP over others. With the benefit
of hindsight, Stallings’ group that is finitely presented but not FP3 is isomorphic
to Hr in the case when L is the octahedron [17], and Bieri’s higher dimensional
generalizations of Stallings’ group have a similar interpretation [4].

The original proof of the Bestvina Brady theorem, and many later generalizations
[3], [14], [6] have used techniques from CAT(0) geometry. The theme of this paper
is that many of the homological properties of the groups Hy can be derived using
more standard methods from algebraic topology. This is similar in spirit to [8], in
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which Dicks and Leary used algebraic techniques to find a presentation for Hy,. In
particular, we compute the ordinary homology and cohomology of each group Hy,
with arbitrary coefficients (in Sections 5 and 6), and we compute the cohomological
dimension of Hy, over many rings R (in Section 8). One point of interest is that the
cohomological dimension of Hy, can vary with the choice of ring. Another surprise
is that the cohomological dimension of H;, and many of the finiteness properties of
Hj are detected by ordinary cohomology. In the case when L is acyclic over a ring
R, we also compute the ring structure on the R-cohomology of Hy (Section 6).

One advantage of the algebraic approach is that it applies also in the case when L
is infinite. Bestvina—Brady groups Hj, for infinite L have found application in [13],
so this is not an empty generalization. Moreover, something can be said when L is
not a flag complex. The Bestvina—Brady construction really yields an Eilenberg—Mac
Lane space for the group Hp rather than the group itself. In the case when L is not
flag, this construction still yields a space, although this space is no longer aspherical.

In the next Section, we give a detailed description of the Bestvina—Brady con-
struction and of our results.

2. The spaces Tz and T T

Let T be the circle, or 1-dimensional unitary group, given a CW-structure with one
0-cell and one 1-cell. Suppose also that the identity element of the group is chosen to
be the O-cell. Foraset V, let T'(V') denote the direct sum 7' (V) = @,y T. Thereis
a natural CW-structure on 7'(V') in which the i-cells are in bijective correspondence
with 7 -element subsets of V.

For the purposes of this paper, a simplicial complex will be defined abstractly
as a non-empty set of finite sets which is closed under inclusion. The one element
members of the set of sets are the vertices of the simplicial complex. Every simplicial
complex (including the empty simplicial complex) contains a unique —1-simplex
corresponding to the empty set.

If o is a finite subset of V, the closure in 7' (V') of the cell corresponding to o is
equal to T'(0), and consists of all the cells corresponding to subsets of o. It follows
that there is a bijective correspondence between simplicial complexes whose vertex
set is contained in V' and non-empty subcomplexes of 7'(V') (see [10], 3.23, for this
statement in the case when V is finite). The empty simplicial complex corresponds
to the subcomplex Ty consisting of just the single 0-cell of 7(V), and a non-empty
simplicial complex L corresponds to the complex 77, defined by

7. = T().
o€l

The fundamental group of 77 and the cohomology ring of T, are easily described
in terms of L, and there is a characterisation of those L for which T}, is aspherical.
(We shall describe all of these results below.)



The cohomology of Bestvina—Brady groups 123

A point in T(V) is a vector (t,) of elements of T indexed by V, such that only
finitely many ¢, are not the identity element. The group multiplication induces a map
w: T (V) — T which takes the point (¢,) to the product of all of the non-identity #,’s.
For each L this induces a cellular map uyz, : Ty, — T, and puy is surjective when L is
non-empty. Our aim is to study the homology and cohomology of the space Ty, the
infinite cyclic cover of T obtained by pulling back the universal cover of T via up.

TL—>R

o, ]

T, — T

For each L, we describe the homology of T, together with information about the
Z-action induced by the action of Z by deck transformations on 77. We deduce that
for any non-trivial ring R, the R-homology of TL is finitely generated as an R-module
if and only if L is finite and R-acyclic. In all cases when L is R-acyclic, we give a
complete description of the cohomology ring H *(TL: R).

Let G, denote the fundamental group of 77. Since the fundamental group of
a CW-complex depends only on its 2-skeleton, the group Gy depends only on the
1-skeleton of the simplicial complex L. The presentation for G;, coming from the
cell structure on 77, has one generator for each vertex of L, subject only to the relation
that the generators v and w commute whenever {v, w} is an edge in L. These groups
are known as right-angled Artin groups. It can be shown that 77, is aspherical if and
only if L is a flag complex. Every simplicial complex may be completed to a flag
complex with the same 1-skeleton (just add in a simplex for each finite complete
subgraph of the 1-skeleton) and so one sees that the spaces of the form 77, include
models for the classifying spaces of all right-angled Artin groups.

When L is non-empty, 77 is connected and the fundamental group of 77 is the
kernel of the induced map u«: G — Z, which sends each of the generators for G,
to 1 € Z. Call this group Hr. The groups H;, are known as Bestvina—Brady groups.
In the case when L is a finite flag complex, M. Bestvina and N. Brady showed that the
homological finiteness properties of Hy, are determined by the homotopy type of L.
For example, they show that Hy is finitely presented if and only if L is 1-connected
[3]. For an explicit presentation for Hy, for any L, see [8].

Let L be an n-dimensional flag complex. It is easy to show that in this case, the
cohomological dimension of the group Gy, is equal to n + 1. The cohomological
dimension of Gy, over any non-trivial ring R is also equal to n + 1. It also follows
easily that the cohomological dimension of Hy, is equal to either n or n + 1. Our
computations together with some of the results from [3] allow us to determine the
cohomological dimension of Hy, at least in the case when R is either a field or a
subring of the rationals. If » = 0 and L is a single point, then Hp is the trivial
group. Otherwise, if there exists an R-module A such that H"(L; A) # 0, then
Hj has cohomological dimension n + 1 over R. If there exists no such A, then Hy,
has cohomological dimension n over R. Note that in contrast to the case of G, the



124 I.J. Leary and M. Saadetoglu

cohomological dimension of Hy, may vary with the choice of ring R. As a corollary
we deduce that the trivial cohomological dimension and cohomological dimension
of Hy, are equal.

Some of these results appeared, with slightly different proofs, in the Southampton
PhD thesis of the second named author. For some results, we give a brief sketch of
a second proof. Some computations of low-dimensional ordinary cohomology (and
many other algebraic invariants) for a special class of the Bestvina—Brady groups also
appear in a recent paper of S. Papadima and A. Suciu [15].

3. Homology and cohomology of T

The differential in the cellular chain complex for T'(V) is trivial, and hence so is the
differential in the cellular chain complex for 7, for any L. It follows that for any
ring R, H;(T.; R) is a free R-module with basis the i -cells of 77, or equivalently the
(i — 1)-simplices of L. The differential in the cellular cochain complex is also trivial.
The group H' (T ; R) is isomorphic to a direct product of copies of R indexed by the
(i — 1)-simplices of L. To describe the ring structure on the cohomology, we first
consider the case of the torus 7'(V).

The cohomology ring H*(T'(V'); R) can be described as the exterior algebra
A% y- Ahomogeneous element f € A%y, is an alternating function f: V" — R,
where we say that a function is alternating if the following two conditions are satisfied:

(1) f(vi,...,v,) = 0 whenever there exists 1 <i < j <n withv; = v;;
2) fvy,...,v,Vi41,...,05) = —f(V1,...,Vi41,Vi,..., V) foranyi with 1 <
i <n.

If f €Al andg € A", the product f.g is the so-called ‘shuffle product’. This is
defined in terms of the pointwise product by the equation

[ ovn) =D €(m) f(Vr(t).- - V2) 8 Wr(id1)s - - -+ Vrim))-

T

where €(7r) € {1} denotes the sign of the permutation 7, and the summation ranges
over all permutations 7 such that

() <x2)<---<m@) and #w(i+1)<n(i+2) <---<mn(n).

(The ‘shuffles’ or permutations of the above type are chosen because they are a set of
coset representatives in S, for the subgroup S; x S, —;, so that each i-element subset
of {1,...,n}is equal to {r(1),...,7(i)} for exactly one such 7. Any other set of
coset representatives could be used instead.)

There is a similar description of the ring structure on H * (77 ; R) for any simplicial
complex L, as the exterior face ring A% (L) of L. If V is the vertex set of L, AR (L)
is the quotient of A;,V by the homogeneous ideal /7, with generators the functions
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that vanish on every n-tuple (v, ..., v,) which does not span a simplex of L. The
inclusion of 77, in T (V') induces a homomorphism of cohomology rings

Axy = H*(T(V);R) - H*(T.: R),

and it is easy to check (from the additive description of H*(Tr; R) given above)
that this homomorphism is surjective and that its kernel is /;,. Hence one obtains a
theorem which was first stated in [12] in the case when L is finite:

Theorem 1. For any simplicial complex L and any ring R, the cohomology ring
H*(Ty: R) is isomorphic to the exterior face ring AR (L).

For any path-connected space X, there is a natural isomorphism between H! (X ; Z)
and Hom(m{(X), Z). The element of H'(Ty;Z) = A %(L) that corresponds to the
homomorphism w«: Gy — Z is the element f,, the constant function which takes
each vertex of L to 1 € Z. By a slight abuse of notation, write 87, also for the element
of A}Q(L) that takes each vertex of L to 1 € R.

In any anticommutative ring, multiplication by an element of odd degree gives rise
to a differential. The cochain complex structure on A% (L) given by multiplication
by B is easily described.

Theorem 2. For any ring R, there is a natural isomorphism of cochain complexes
(AR(L), Bx) = CIH(L; R)

between the exterior face ring of L with differential given by left multiplication by
BL, and the augmented simplicial cochain complex of L shifted in degree by one.

Proof. In degree i, each of the two graded R-modules is isomorphic to a direct
product of copies of R indexed by the (i — 1)-simplices of L, or equivalently the
R-valued functions on the oriented (i — 1)-simplices of L, where f(—o) = — f(0)
if —o is the same simplex as o with the opposite orientation. It remains to show that
this isomorphism is compatible with the differentials on the two cochain complexes.

Let f be an R-valued function on the (i — 1)-simplices of L, and compare the
functions B.f and §f, the image of f under the differential on Cj‘;_l(L; R). If
(vo, ..., v;) is the vertex set of an oriented i -simplex of L, then

B.f(o.....v) = D (=1)!B;)f(o.....0j—1.0j41.....0)

j=0

= Z(—l)jf(vo,...,vj_l,vj+1,...,v,~)
j=0

= §f(vo,...,v;).

This completes the proof. O
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4. Higher homotopy of 71

Recall that a full subcomplex M of a simplicial complex L is a subcomplex such that
if o is any simplex of L and each vertex of ¢ is in M, then o isin M.

Proposition 3. If M is a full subcomplex of L, then Tyy is a retract of Ty,.

Proof. Let W be a subset of V. There is an isomorphism of topological groups
TWV)=TW)e& T(V —W). The inclusion

iTW)y=TW)e {1} - T(V)
and projection
7. TWV)y—->TW)/{1}eT(V -W)x=TW)

satisfy  oi = l7w), and show that T (W) is a retract of T'(V').

Now suppose that L is a simplicial complex with vertex set V' and that M is the
full subcomplex with vertex set W C V. Then T is a subcomplex of T'(V'), and Ty
is a subcomplex of T(W). The maps i and &, when restricted to Ty and 77, show
that Ty is a retract of 77, as claimed. O

Recall that a simplicial complex L is said to be flag if every finite complete sub-
graph of the 1-skeleton of L is the 1-skeleton of a simplex of L. Any full subcomplex
of a flag complex is flag.

Proposition 4. T; is aspherical if and only if L is a flag complex.

Proof. A subset of a CW-complex that meets the interior of infinitely many cells
contains an infinite discrete set, so cannot be compact. Hence any map from a sphere
to a CW-complex has image inside a finite subcomplex and any homotopy between
maps of a sphere into a CW-complex has image contained in a finite subcomplex.
Thus it suffices to consider the case when L is finite.

Suppose that L is a finite flag complex with vertex set V. If L is an n-simplex,
then 77, is an (n 4 1)-torus, and so 77, is aspherical. If L is not a simplex, then there
exist vy, vp € V sothat there is no edge in L from vy to v,. Fori = 1,2, let L; be the
full subcomplex of L with vertex set V' —{v;}, and define L3 by L3 = L1 N L,. Then
L = Ly U Ly, and each of L, L, and L3 is flag. By induction, T, is aspherical
fori = 1,2,3. Also Ty, = T, N T, is a subcomplex of both 77, and 7z,. The
fundamental group of 77 , maps injectively to the fundamental group of each of 77,
and T7,, since 77, is aretract of each of 77, and T7,,. A theorem of Whitehead [10],
1.B.11, implies that Ty, = T, U Tr, is aspherical.

Conversely, suppose that L is not flag. Then L contains a full subcomplex M
which is equal to the boundary of an n-simplex for some n > 1. Then T)y is the
n-skeleton of an (n + 1)-torus, and so 7, (Tas) is non-zero. Since Tyy is a retract of
Ty, it follows that 7, (T7,) is non-zero too. O
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Remark 5. There is also a metric proof that 77, is aspherical whenever L is a finite
flag complex [3]. (When L is flag, the geodesic metric on 7'(L) induced by the stan-
dard product metric on 7' (V) is locally CAT(0). A version of the Cartan—Hadamard
theorem shows that any locally CAT(0) metric space is aspherical.) We give the above
proof instead to emphasize that the metric technology is not needed.

5. Homology of 1L

Let Z denote the fundamental group of T, an infinite cyclic group, and let z denote
a generator for Z. Since Ty is defined in terms of ur: Ty — T by pulling back the
universal covering space of T, Z acts via deck transformations on Tr. When L is
non-empty, the map py, induces an isomorphism Gy /Hy =~ Z. In this section we
describe the cellular chain complex and homology of TL as a Z-module, for every
L. Let C,f (L) denote the augmented cellular chain complex of L, and let d = d,
be its differential.

Proposition 6. The cellular chain complex C (TL) is isomorphic to the chain complex
Z[Z]1 ® Ct (L) with differential (1 —z) ® dp.

Proof. Each (n — 1)-simplex ¢ of L corresponds to a cubical n-cell in Tz, whose
opposite faces are identified. In Ty this lifts to a free Z-orbit of n-cells. The ith
opposite pair of faces are no longer identified, but differ by the translation action
of z. By picking an orbit representative in each orbit of cells, we establish a Z-equi-
variant bijection between the set of n-cells of Ty and the direct product of Z with
the set of (n — 1)-simplices of L. The free abelian group with this basis is naturally
isomorphic to Z[Z] ® C,f_ 1(L). Let v be any fixed 0-cell of TL. In each orbit of
higher-dimensional cells, pick the orbit representative that has v as a vertex but does
not have z~'v as a vertex. With respect to this choice of orbit representatives, the
boundary map is as claimed. O

Corollary 7. For any L, for any abelian group A, and for any n > 0, there are short
exact sequences of Z|Z]-modules:

0— B (L;A) > Hy(Tp; A) = Z[Z] ® Hu—1(L; A) — 0,

0 — Z[Z] ® Hy—1(L; A) — Ho(Tp; A) — Z7 (L; A) — 0,

where Z acts trivially on Z} (L; A) and on B} (L; A), the cycles and boundaries in
C(L; A). The inclusion of the Z-fixed points in H,(Ty: A) gives rise to the first
sequence, and the map of Hy (fL; A) onto its largest Z -invariant quotient gives rise
to the second sequence.

Inthe case when A = R, aring, each sequence admits an R[Z]-module structure.
In this case, the first sequence is split if H,—1(L; R) is R-projective, and the second
sequence always admits an R-module splitting.
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Proof. Take elements p(z) € Z[Z], and ¢ € C+ 1(L; A). The chain p(z) ® cis a
cyclefor (1—z)®d ifand onlyifd(c) = 0. The boundary of p(z)Rcis (1 —Z)p(z) ®
d(c). Thus the cycles Z, in Cy (Ty; A) may be identified with Z[Z] ® Z (L3 A),
and the boundaries B, may be identified with (1 — 2)Z[Z] ® B+ 1(L; A) Between
these lies B, = Z[Z]® B,” |(L; A), and B} is a Z[Z]—submodule of Z,. This gives
a short exact sequence of Z[Z]-modules

0~ Bj/By — Hy(Tp: A) — Z4/B,, — 0,

and one sees that B),/B, =~ B, (L; A) with trivial Z-action and that Z,/B], =~
Z|Z] ® Hy—1(L; A).

Now define Z,, to be (1 — z)Z[Z] ® Z _1(L; A), a Z[Z]-submodule of Z,.
As abelian groups, Z, = Z, & (1® Z,! (L A)). It follows that the short exact
sequence

0— Z,/By — Hy(Tp: A) = Zn/Z) — 0

is always Z-split. One sees that Z/ /B, = Z[Z] ® H,—1(L: A) and that Z,,/ Z! =
Zt (L; A).

To compute the Z-fixed points in H, (T; A), apply the Z-fixed point functor to
the first sequence. Since this functor is left-exact, one obtains an exact sequence:

0— B (L;A) — H,(Tp; A% — 0.

To compute the maximal Z-fixed quotient of H,, (T; A), start with the short exact
sequence

and apply the invariant quotient functor Ho(Z; —). This functor is right-exact, and it
is easy to see that Hy(Z; Z,) = Z,/Z,,. Hence one obtains an exact sequence:

Zn/Z! — Hy(Tp: A)z — 0.

Since we have already shown that Z, /Z, is a Z-invariant quotient of the homology
group Hn(7~"L; A), we see that the maximal Z-invariant quotient is isomorphic to
Z,/Z}, as claimed.

In the case when A = R, aring, the Z[Z]-modules and maps that appear in the
short exact sequences also admit an R-module structure which commutes with the Z -
action. If H,_(T’; R) is R-projective, then Z[Z]® H,_(T; R) is R[Z] projective
and so the first short exact sequence of R[Z]-modules splits. In any case, Z _1(L;R)

is free as an R-module, and so the second short exact sequence admits an R -splitting.
O

Corollary 8. Let L be a finite complex and R a ring such that H;(L; R) = 0 for
i < n. Suppose also that L has f; i-dimensional simplices for i > 0, and define
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fo1 = 1. Foreachi with0 <i <n, H;(T1: R) is a free R-module of rank

=D g

J=0

Proof. For each j, C j+ (L: R) is a free R-module of rank f;. For each i < n, we
know that _

Hi(Ty:R) = Z{" | (L: R) = B (L R),

Cr(L:iR) = Z} |(L;R) & Z (L R),
and that Zi+ (L; R) is a free R-module. Solving for the rank of Z;r (L; R) gives the
claimed result. 0

Corollary 9. If L is finite and Q-acyclic, then the Euler characteristic of Ty is
defined and is given by the formula:

x(TL) =D (D' + ) fi.

i>0

Proof. Since L is Q-acyclic, the reduced Euler characteristic ) ;5 (=1)! f; of L is
equal to zero. Let L be n-dimensional. Then the expression for the rank of H; (TL; Q)
given by the previous corollary gives

n n

AT =D DD ) o = (=D i+ 1—i) fioa.

i=0 j=0 i=0
Hence we see that
n n+1 n+1
AT = D'+ 1=i)fin—m+DY (=D fiog =Y (D" ifi.
i=0 i=0 i=0
as claimed. O

Remark 10. There is a way to deduce Corollary 9 from results of Bestvina and Brady
from [3]. This alternative proof was given in the second named author’s PhD thesis
[16]. Let jiz be the map defined by the pullback square

7. 5 R

L,

T, — T.

In the case vzhen L is finite and Q-acyclic, Bestvina and Brady show that the inclusion
[LZI (x) in T, is a rational homology isomorphism for any real number x [3]. In the
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case when x is not an integer, there is a cellular structure on ,llzl (x) with (i + 1) f;
i-cells for each i > 0.

On the other hand, we know of no other proof of Corollary 7 or Corollary 8 than
the proofs given above.

6. Cohomology of Tr

Proposition 11. Ler C*(T; A) denote the cellular cochain complex for Tr with

coefficients in the abelian group A. Each C ”(TL; A) is isomorphic to a coinduced
Z-module:

C"(TL: A) = Hom(Z[Z]. C} 7 (L: A)) = [ [ €171 (L: A).
i€Z
If A is an R-module for some ring R, then this is an isomorphism of R[Z]-modules.
The coboundary map is given by §((fi)iez) = (8fi — 8fi+1)iez. The action of Z is
the ‘shift action’: z(f;)iez = (fi+1)- The image of C*(Tr) in C*(Ty) is identified
with the ‘constant sequences’, i.e., those with f; = f; foralli, j.

Proof. Most of the assertions follow immediately from the description of C*(TL)
given in Proposition 6, since

C*(Tp; A) = Hom(C«(T1), A) = Hom(Z[Z] ® CF (L), A)
~ Hom(Z[Z], C; ' (L; A)).

The claim concerning the image of C*(7) is clear, since cochains that factor through
the projection 7y, — T1,/Z = T may be identified with cochains that are fixed by
the Z-action. 0

Corollary 12. For any L, any abelian group A, and any n > 0 there are short exact
sequences of Z[Z]-modules:

0— CI (L A)/BT N (L; A) — H"(Tp; A) - M — 0,

0—[[HA""(L:4) > H"(T: A) > CF N (L: A)/ 2571 (L: 4) — 0,
z
where Z acts trivially on C3(L; A), and Z (L; A) (resp. B} (L; A)) denotes the
cocycles (resp. coboundaries) in Cy(L; A). The module M fits in to a short exact
sequence:
ryn—1 A ryn—1
0— H" ' (L:A)—[[H" " (L: A) > M — 0,
Z

where Z acts by the ‘shift action’ on the product and where A is the inclusion of
the constant sequences. The first short exact sequence is the inclusion of the Z -fixed

points in H"(Ty; A). If A is an R-module, then both short exact sequences admit an
R[Z]-action.
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Proof. Using the description of C* = C* (TL; A) given in Proposition 11, we obtain
descriptions of the coboundaries B” and cocycles Z” in C":

B" =~ [[ By '(L: 4),
i€Z
Z" = {(fi) e [[CLT"(L: A): 8fi = 8fiq foralli € Z}.
i€Z

Let B be the submodule of Z" generated by B” and the constant sequences
{(fi)iez : fi = f;}, and let Z'" be the submodule of Z" consisting of sequences
of cocycles, i.e., Z" = [[,cp Zi‘l(L; A). The first short exact sequence in the
statement is equal to

0— B"/B" — H"(TL: A) > Z"/B™ — 0,
and the second one to
0—Z"/B" — H"(Ty; A) > Z"/Z" — 0.
The computation of the Z-fixed points in H" (Ty; A) follows by applying the Z-fixed

point functor to the first exact sequence. O

Theorem 13. Let R be a ring. The image of the map

H*(Ty: R) — H*(TL: R)
is equal to the Z -fixed point subring of H* (TLi R) and is isomorphic to the quotient
H*(Tr; R)/(BL). In degree n, the cokernel of this map is isomorphic to an infinite

product of copies of H" Y (L:;R). In particular, the map is a ring isomorphism if and
only if L is R-acyclic.

Proof. This follows from Corollary 12 and Theorem 2. O

Corollary 14. Suppose that L is R-acyclic. There is an R-algebra isomorphism
H*(Tp; R) = AR(L)/(BL).
For eachn, H ”(TL; R) is isomorphic to a direct product of copies of R.

Proof. This follows from Theorem 13 and Theorem 1 O

Remark 15. The second named author’s PhD thesis contained a different proof of
Corollary 14 in the case when L is finite, flag and R-acyclic [16]. Recall that we
denote by G, the fundamental group of 77, and by Hy, the fundamental group of Ty
Also recall from Proposition 4 that when L is flag, each of 77, and Tpisan Eilenberg—
Mac Lane space for its fundamental group. In [16] an explicit chain homotopy was
used to show that the action of Z on H* (TL; R) is trivial when L is finite, flag and R-
acyclic. The long exact sequence in group cohomology coming from the isomorphism
G = H : Z was then used to establish the isomorphism of Corollary 14.
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7. Cohomological dimension

We define the trivial cohomological dimension of a space X, tcd(X), to be the supre-
mum of those integers n for which there exists an abelian group A for which the
singular cohomology group H"(X; A) is non-zero. For any non-trivial ring R, we
define tcdg (X)) similarly except that only abelian groups A admitting an R-module
structure are considered. We have been unable to find a reference for the notion of
trivial cohomological dimension (although we do not believe that it can be a new
idea), and so we include proofs for many of its properties below.

Now suppose that X is path-connected, and that G is the fundamental group of
X. For M a G-module, we write H*(X; M) for the singular cohomology of X with
twisted coefficients in M. If X admits a universal covering space X, then this is
just the cohomology of the cochain complex Homg (Cx(X), M) of G-equivariant
singular cochains on X. The cohomological dimension cd(X) of X is the supremum
of those integers n such that there is a G-module M for which H"(X; M) # {0}.
For a non-trivial ring R, cdr(X) is defined similarly except that only RG-modules
M are considered.

Each of the invariants depends only on the homotopy type of X. In the case
when X is a classifying space or Eilenberg—Mac Lane space for G, we write cd(G),
cdg(G), tcd(G) and tcdg(G) for the corresponding invariants of X .

We summarize the properties of these invariants below.

Proposition 16. In the following statements, X is any path-connected space, and R
is any non-trivial ring. Rings are assumed to have units, and ring homomorphisms
are assumed to be unital.

(1) ted(X) = tedz(X), cd(X) = cdz(X).

(2) tedr(X) =< cdr(X).

(3) If there is a ring homomorphism ¢: R — S, then tcdg(X) < tcdr(X) and
cds(X) < cdr(X).

(4) If R is a subring of S in such a way that R is a direct summand of S as an
R-R-bimodule, then tcdg(X) = tcds(X) and cdr(X) = cdg(X).

(5) If Y is a covering space of X, then cdr(Y) < cdr(X).

(6) If H < G, thencdr(H) < cdr(G).

(7) For any group G, cdr(G) = proj.dim. 5 (R).

Proof. A ZG-module is the same thing as a G-module, establishing (1). Similarly,
any R-module A may be viewed as an RG-module by letting each element of G act
via the identity, which establishes (2). A ring homomorphism ¢ as above allows one
to define an R-module structure on any S-module and an RG-module structure on
any S G-module, which proves (3). Under the hypotheses of (4), any R-module A is
isomorphic to a direct summand of the S-module S ® g A and any RG-module M is
isomorphic to a direct summand of the S G-module SG ® rg M. Since cohomology
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commutes with finite direct sums, this shows thattcdg (X) < tcds(X)andcdr(X) <
cds(X). The opposite inequalities follow from (3).

If the fundamental group of Y is the subgroup H < G, and M is any R H -module,
define the coinduced RG-module by

Coind(M) = Homz g (ZG, M).

Then there is an isomorphism H*(X; Coind(M)) =~ H*(Y; M), which establishes
(5). Now (6) is just the special case of (5) in which X is a classifying space for G,
since then the covering space of X with fundamental group H is a classifying space
for H.

If X is a classifying space for G, then the universal covering space X is con-
tractible, and so C (f ) is a free resolution of Z over ZG. Similarly, C (f i R) is
a free resolution of R over RG. Hence H*(X; M) is isomorphic to Extzg(Z, M),
and if M is an RG-module H*(X; M) is also isomorphic to Extgrg (R, M), which
establishes (7). (See for example [5] for more details.) ]

Remark 17. It is easy to find groups G for which tcd(G) < cd(G). There are many
acyclic groups, or groups for which the group homology H;(G;Z) = O foralli > 0
(see for example [1]). For any such G, tcd(G) = 0, while cd(G) # 0 unless G is
the trivial group.

Before stating the next proposition, we remind the reader that the dimension of
a simplicial complex is the supremum of the dimensions of its simplices, so that the
empty simplicial complex has dimension —1.

Proposition 18. For any simplicial complex L and any non-trivial ring R,
tedr(Tr) = ¢cdr(Tr) = dim(7T) = dim(L) + 1.
Proof. Immediate from Theorem 1. O

Proposition 19. For any simplicial complex L with at least two vertices and for
any R, 5
tcdr(Ty) = max{dim(L), 1 + tcdgr(L)}.

Proof. Immediate from Corollary 12. O

The following theorem is the first result in this paper for which we rely on tech-
niques from Bestvina—Brady [3].

Theorem 20. Let L be a simplicial complex with at least two vertices and let R be
a non-trivial ring.

(1) dim(L) < tedg(Tz) < cdg(T) < dim(L) + 1.
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(2) If L is R-acyclic, then tedg(Ty) = cdg(T7) = dim(L).

Proof. Claim 1 follows easily from earlier results. Proposition 19 implies that
dim(L) < tedg(T). By Proposition 16, one has that tcdg(7z) < cdgr(TL) <
c¢dgr(TL), and of course cdg(77) < dim(7.) = dim(L) + 1.

It remains to show that when L is R-acyclic, cdg (7~“L) < dim(L). Following
Bestvina and Brady [3], let X, be the universal covering space of 77, or equivalently
of TL. Now let f7: X1, — R be the composite

X, — X/ Hp = To25R,

where i is the lift of the map uz: Ty — T. Now define Y7 = f~1(0) € Xi.
There is a natural cubical CW-structure on X, whose cells are the lifts to X7, of
the cells of 77. One can also put a CW-structure on Y7, such that each cell of Yy,
is the intersection of Y7 with a cell of X7. For this CW-structure, the dimension of
Y is equal to dim(L). It can be shown that X7, is homotopy equivalent to Y7 with
infinitely many subspaces homotopy equivalent to L coned off (this is from [3], but
see also [13] which explicitly checks this in the case when L is infinite).

Since L is R-acyclic, it follows that the inclusion of Y7, in X7, induces an iso-
morphism of R-homology. The cellular chain complexes C«(Yz; R) and C«(XL; R)
consist of free R Hy -modules, and so it follows that for any R H; -module M,

H*(Tp; M) = H*(YL/HL: M).
This shows that cdg(77) < dim(L) as required. O

Remark 21. In the case when L is empty, TL is O-dimensional, and consists of a
single free Z-orbit of points. Inthe case when L is a single point, Ty is homeomorphic
to R, with Z acting via the translation action of Z. It is clear that the case when L
is empty is exceptional for TL. The reason why the case when L is a single point
needs to be excluded from Proposition 19 and from Theorem 20 is that the formulae
for H*(Ty; R) given in Section 6 involve the reduced cohomology of L, whereas
the definition of tcd(L) involves the unreduced cohomology of L. This only makes
a difference when L is both 0-dimensional and R-acyclic, i.e., the case when L is a
single point.

8. Bestvina—-Brady groups

In this section, we give a complete calculation of the cohomological dimension of
Bestvina—Brady groups, or equivalently the cohomological dimension of the spaces
Ty for L a flag complex. We impose some conditions on the coefficient ring R that
were not previously required. The reason why we work only with flag complexes in
this section is that we need to know that when L < K is a full subcomplex of K, then
TL is homotopy equivalent to a covering space of TK.
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Theorem 22. Let R be either a field or a subring of Q. Let L be a flag complex with
at least two vertices. (This implies that Hj, is infinite, and that Ty, is a classifying
space for Hy.) The following equations hold:

cdr(Hp) = tcdgr(Hr) = max{dim(L), 1 + tcdr(L)}.

The proof of the theorem will require two lemmas, the second of which is a
strengthening of a lemma from [2].

Lemma 23. Suppose that L is a flag complex and is a subcomplex of a simplicial
complex K. The relative barycentric subdivision (K, L)' is a flag complex containing
L as a full subcomplex.

Proof. Before defining the relative barycentric subdivision (K, L), we remind the
reader that each simplicial complex contains a unique —1-simplex corresponding to
the empty subset of its vertices. The vertex set of (K, L)’ is the disjoint union of the
vertex set of L and the set of simplices of K not contained in L. An n-simplex of
(K, L) has the form (g < 0y < --- < 0;), for some r satisfying 0 < r <n + 1.
Here 0y denotes an (n — r)-simplex of L, each o; is a simplex of M, and o; is not
contained in L if i > 0.

Suppose that a finite subset S of the vertices of (K, L)’ has the property that any
two of its members are joined by an edge. Since L is flag, this implies that the set
S N L is the vertex set of a simplex gy of L. Each element of S — L is a simplex o;
of M not contained in L. The existence of an edge between each element of S N L
and each element of S — L implies that each o; contains o9, and the existence of an
edge between each pair of elements of S — L implies that the o; are totally ordered
by inclusion. This shows that (K, L)’ is a flag complex.

From the description of the simplices of (K, L)', it is easy to see that any simplex
of (K, L)’ whose vertex set lies in L is in fact a simplex in L, which verifies that L
is a full subcomplex of (K, L)'. O

Lemma 24. Let L be a flag complex, let R be either a subring of Q or a field of
prime order, and suppose that tcdg(L) < dim(L). Then there is an R-acyclic flag
complex K containing L as a full subcomplex such that dim(L) = dim(K).

Proof. We may assume that dim(L) = n is finite, and we may assume that n > 2.
Let C’L denote the cone on the (n — 2)-skeleton of L, and let L; be the union
Ly, = LUC'L. Now L; is (n — 2)-connected, and the inclusion map L — L,
induces an isomorphism H"(Ly; A) — H"(L; A) for any abelian group A.

In each case, R is a principal ideal domain, and so by the universal coefficient
theorem for cohomology [11], V.3.3, for any R-module A we have that

H"(Ly; A) =~ Homg(Hy (L1, R), A) ® Extg(Hu—1(L1, R), A).
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The hypotheses therefore imply that H,(L1; R) = 0, and that H,_1(Lq; R) is a
projective R-module. (Since L is (1 —2)-connected, one also has that H;(L; R) =
Oforeachi < n—1.) Every projective module for a principal ideal domain s free [11],
1.5.1, and so H,—1(L1; R) is a free R-module. Since I-_In_z(Ll;Z) = 0 (because
L is (n —2)-connected), the universal coefficient theorem for homology [11], V.2.5,
tells us that H,—(L1; R) =~ H,—1(L1:7Z) ® R.

If R is a field of prime order, the map H,_1(L1;Z) — H,—1(L1; R) is surjec-
tive. If R is a subring of Q, every element £ € H,_1(L1; R) has the property that
there exists A a unit in R such that A£ is in the image of the map H,—1(L;7Z) —
H,_1(L1; R). Ineachcase, it follows that there exist integral cycles z; € C,,—1(L1; Z)
whose images in the group C,,—;(L;; R) map to an R-basis for H,—1(L1; R). By
the Hurewicz theorem, each z; is realized by some map f;: S”~! — L. Replace f;
by a simplicial approximation f;: S; — L, where S; is some triangulation of the
(n—1)-sphere. Using a simplicial mapping cylinder construction as in [10], 2C.5, use
each f; to attach a triangulated n-cell to L to produce Lj, an R-acyclic simplicial
complex with dim(L,) = n and such that L < L; < L,. By Lemma 23, we may
take K to be the relative barycentric subdivision K = (L,, L)'. O

Proof of Theorem 22. 1f § is any field, and R is the smallest subfield of S, then R and
S satisfy the conditions of statement (4) of Proposition 16. Hence there are equalities
of functions cdg = cdg and tcdg = tcdg. Thus it suffices to prove Theorem 22 in
the case when R is either the field of p elements or a subring of Q.

We may assume that dim(L) = n < oo. In the case when tcdgr(L) = n,
Proposition 19 and part (1) of Theorem 20 imply that

n+1=tedg(Ty) < cdg(Ty) < dim(T) =n + 1,

as claimed. Iftcdgr (L) < n, then by Lemma 24, there is an n-dimensional R-acyclic
flag complex K containing L as a full subcomplex. Part (2) of Theorem 20 tells us
that tcdg(K) = cdg(K) = n. Now H is a retract of Hg, and so by part (6) of
Proposition 16

cdr(Hy) = cdr(Ty) < cdr(Hg) = cdr(Tx) = n.

This gives 5 _ 5
n =tcdpr(Ty) < cdr(Tr) < cdr(Tx) = n,

as claimed. O

9. Examples

Example 25. Let L = L(m) be a flag triangulation of the space constructed by
attaching a disc to a circle via a map of degree m. This L has the property that
tcdr(L) = Oif misaunitin R andtcdgr(L) = 2if misnotaunitin R. Let H = Hp,
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be the corresponding Bestvina—Brady group. From Theorem 20 and Proposition 19,
it follows that for any ring R, cdg(H) = 2 if misaunitin R and cdg(H) = 3ifm
is not a unit in R.

Example 26. Let L be a flag triangulation of a 2-dimensional Eilenberg—Mac Lane
space for the additive group of Q. Then tcdg(L) = 1 for any field F, while
tcdz (L) = 2. From Theorem 22 it follows that the Bestvina—Brady group H = Hp,
has the property that cd g (H) = 2 for any field F, while cdz(H) = 3.

Groups having similar properties to those given in Example 25 have been con-
structed previously by many authors, using finite-index subgroups of right-angled
Coxeter groups [2], [7], [9]. The examples coming from Coxeter groups have the
advantage that they are of type FP, whereas they have the disadvantage that the trivial
cohomological dimension of these groups appears to be unknown.

Finite-index subgroups of (non-finitely generated) Coxeter groups were used in [7]
to construct groups having similar properties to those given in Example 26. Again, the
trivial cohomological dimension of those examples appears to be unknown. It can be
shown that for any group G of type FP, there is a field F suchthatcdp (G) = cdz(G).
(See Proposition 9 of [7].)
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