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Abstract. We extend the terms on the geometric side of the trace formula for GL(2) over Q
continuously to a natural Fréchet algebra of non-compactly supported test functions. For the
spectral side the analogous result had been obtained previously (in much greater generality) in
collaboration with W. Miiller.
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1. Introduction

The trace formula is one of the most important tools in the theory of automorphic
forms. It was introduced by Selberg in his celebrated paper [Sel56] to study the spectra
of locally symmetric spaces I'\G/ K, where T is a lattice in a reductive Lie group
G and K a maximal compact subgroup of G. More generally, one can consider the
right regular representation of G on the space L?(I"\G). For functions f € L'(G)
this representation induces the integral operators

R(f)o(x) = /G F(9)p(xg) ds.

The derivation of the trace formula identity is not difficult in the case of uniform
lattices T, i.e. when the quotient space '\ G is compact. (We remark that only in this
case Selberg was able to treat general groups G.) The operator R( f') is then of trace
class for f € C2°(G) and L?*(I'\G) decomposes discretely as @D, m(w)m. The
trace of R( /) can be evaluated as

D vol(T\Gy) | - f(g7lyg) dg = ) m(m)uwn(f)
o /GV\G ne6
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where y ranges over the conjugacy classes of I' and I' is the centralizer of y in I
This is Selberg’s trace formula in the case of compact quotient. It can be extended
from C2°(G) to the space of smooth functions on G whose derivatives are all in
LY(G).

Selberg transformed the trace formula for bi- K -invariant test functions f into an
identity between distributions on the space of spherical spectral parameters, which
is reminiscent of the Poisson summation formula in that it involves (weighted) delta
distributions and their Fourier transforms (in addition to more general distributions,
for example the contribution from the identity element). The analytic applica-
tions of the formula include Weyl’s law and its multi-variable generalizations by
Duistermaat—Kolk—Varadarajan ([DKV79]), which describe the asymptotic behav-
ior of the spectrum of I"'\G/K, and the results on limit multiplicities obtained by
DeGeorge—Wallach ([DW78], [DW79]) and Delorme ([Del86]) among others. It is
also possible to incorporate the action of double classes I'yI", where y is an element
of the commensurator of I' in G (Hecke operators).

Selberg also extended the trace formula to the case of non-cocompact lattices I
in the group SL(2, R). In this case the operators R( /) are not of trace class and the
spectrum is not discrete. Nevertheless, it is possible to derive a trace formula identity
which includes modified terms for unipotent conjugacy classes in I" and a contribution
from the continuous spectrum on the other side. Selberg used his formula to deduce
Weyl’s law for congruence subgroups of SL(2, Z).

A necessary prerequisite for the trace formula is an understanding of the spectral
decomposition of the space L2(I"\G). Selberg initiated the theory and worked out
the case of lattices in SL(2, R). The higher rank case was successfully treated in the
groundbreaking work of Langlands ([Lan76]). Building on this, Arthur considered
in his lifelong work the trace formula in the context of adelic quotients G(F)\G(A)
of general reductive groups G over number fields F'. (Compared to the above formu-
lation, this amounts to the consideration of all corresponding congruence arithmetic
lattices in G(F) € G(F ® R) and all possible Hecke operators at once.) Arthur’s
trace formula is an identity

Jgeom(f) = spec(f)

between a sum of geometric distributions and a sum of spectral distributions on the
group G(A)!. The test functions f are compactly supported smooth functions on
G(A)!'. The main task undertaken by Arthur after establishing this identity was to
explicate these distributions (albeit not completely). See [Art05] for more details and
a broader scope of the trace formula and for a survey of its deep applications in the
context of the Langlands program.

Itis natural to ask whether there is a bigger class of test functions to which the trace
formula applies. More precisely, can we find a “natural” Fréchet algebra of func-
tions on G(A)! (or perhaps a direct limit of such algebras) containing C>°(G(A)!)
as a dense subalgebra, for which the sum-integrals appearing on both sides of the
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trace formula are absolutely convergent and define (if taken with absolute values)
continuous seminorms?
A case to bear in mind is the Poisson summation formula

Y fmy =Y f)

nez nez

which is valid for functions f on R whose derivative is absolutely continuous and
for which £, f/, f” € L'(R). The space of these functions forms a Banach algebra
(Sobolev space) with respect to the norm || f||1 + || f”|l1 + || f”|l1, where ||-||; denotes
the L!-norm. Moreover,

DI+ 1 s

nez

; 1 " _ 1 1 "
SN0l = X e (417 = (5 + =5 ) + 171,

nez

Analogously, natural Fréchet algebras of test functions for Arthur’s trace formula
are obtained by fixing a compact open subgroup K of G(Ag,) and considering bi-
K -invariant functions on G(A)!. The double coset space K\G(A)!/K is a disjoint
union of countably many copies of G(R)! = G(R) N G(A)!, and in particular a
differentiable manifold. Let g(lc denote the complexified Lie algebra of G(R)! and
U(g (lc) its universal enveloping algebra with the usual grading. This algebra acts from
the left and from the right on the space of smooth functions on K\G(A)'/K. We
consider the Fréchet algebra €(G(A)'; K) of smooth functions f on K\G(A)!/K
for which the norms

U= Y YooIXsf Y, n=0.1,...,

i,j20,i+j<nXeB; YeB;

are finite, where B denotes a basis of ‘L((géj)k. The subalgebra CZ°(G(A)!; K)
of compactly supported smooth bi-K-invariant functions on G(A)! is dense in
€(GA); K).

Non-compactly supported test functions appeared already in Selberg’s work. Im-
portant examples in spectral theory are the heat kernels. In the adelic framework, this
corresponds to test functions with non-compact support at the infinite places. Another
motivation emerged from a relatively recent idea of Langlands to use the trace formula
in order to sieve the representations having a pole at s = 1 for a given L-function
([Lan04], [Lan07]). This requires the consideration of test functions whose support
is non-compact at almost all places. (See (11), (12) below for a simple example.) A
closely related setup of limiting forms of the trace formula shows up in the thesis of
Akshay Venkatesh ([Ven04]).

In the paper [FLM], W. Miiller and the present authors refined the spectral side
of Arthur’s trace formula and at the same time extended it to test functions in
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€(G(A)'; K). We quickly sketch the main result, referring to [loc. cit.] for de-
tails.! The basic objects appearing on the spectral side are the representations of
G(A) parabolically induced from the discrete spectra of the Levi subgroups M of
G. For a parabolic subgroup P of G with Levi decomposition P = MU let aj,
denote the real vector space spanned by the F-rational characters of G/ Z(G), aps the
dual space, and Hp : G(A) — ajs the map induced by the Iwasawa decomposition
G(A) = M(A)U(A)K with respect to a suitable maximal compact subgroup K of
G(A). Let
(A2(P), p(P,1)), A€ ay @ C,

be the representation of G(A) induced from the P (A)-representation
Lgisc(AM M(Q)\M(A)) (24 e(’lsHP ) )

The representation p(P,A) is unitary for A € iay,. In Arthur’s formulation the
spectral side involves the representations p(P, A) for A € iaj,, but it is written as
an infinite sum over contributions associated to so-called cuspidal data because of a
subtle convergence problem. In [loc. cit.], this problem was resolved and the spectral
side could be rewritten in the form

— —1 — -1
Jspec(f) = Z [NG(M) . M] Z |det(S 1)|aM/an

[M] SENG(M)/M

/( .- tr(Mag, (P, A)Mp|p(s,0)p(P, A, ) dA

for f € €(G(A)'; K), where the sum is over conjugacy classes of Levi subgroups M
of G and the Levi subgroup Mj is defined by aps, = a3, the space of vectors in ayy
fixed by s. The operators Mp|p(s,0) are intertwining operators and the operators
Mg, multi-dimensional derivatives of intertwining operators acting on the space
A2(P). It is also possible to express M M, in terms of logarithmic derivatives of
co-rank one intertwining operators. Furthermore, if one replaces the trace by the
trace norm, the integral-sum defines a continuous seminorm on €(G(A)!; K).

It is natural to expect an analog of this result for the geometric side, resulting in a
trace formula identity which is valid for functions in €(G(A)'; K). One encounters
two principal difficulties with Arthur’s fine geometric expansion ([Art85], [Art86]),
in which Jgeom (f) is expressed as a sum over conjugacy classes of Levi subgroups
M and classes of elements y € M(F) (for a certain equivalence relation weaker
than conjugacy and depending on a finite set of places ) of constant multiples of
weighted orbital integrals Jps(y, f). First, it applies only to functions of the form
fs ® 15 where S is a finite set of places (containing the Archimedean ones) and 1°
is the characteristic function of the maximal compact subgroup K outside S (rather

!A preliminary announcement is contained in the note [FLM09]. The Fréchet algebras considered in
these two papers are slightly different from the Fréchet algebras €(G(A)!; K).
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than an arbitrary bi- K S -invariant function outside S). The second and more serious
difficulty is that while the local distributions Jjs (y, -) appearing in the expansion are
explicit and fairly well-understood, their coefficients are left unspecified, and depend
on S in a complicated way. For the problem at hand it would be imperative to bound
them in a uniform way.

The purpose of this paper is to resolve the problem for the group G = GL(2) over
Q, where a completely explicit form of the trace formula is available (see [GJ79],
[Gel96], [KL06] for detailed accounts). The restriction to QQ is merely for the sake of
exposition. We give an extension of the trace formula to €(G(A)!; K) and prove the
continuity of the associated seminorms. The precise statement is given by Theorem 1
below. The terms in the extended trace formula associated to the non-elliptic conju-
gacy classes are modified compared to the usual trace formula for C*°(G(A)!; K).
This is crucial because the contribution of the unipotent classes is originally defined
only for compactly supported functions. We also write the regular hyperbolic contri-
bution in a structurally analogous way. The non-elliptic terms in the modified trace
formula depend on a finite set of places S with K © K. The modified distributions
appearing in these terms are an interesting feature of our version of the trace formula.
Note that even if we are interested only in compactly supported test functions, our
formula is by construction independent of the support of the test function.

We hope that the case of GL(2) will serve as a blueprint for the general case. In
fact, since the first version of this paper was completed, the authors have succeeded
in establishing the continuity of the semisimple part of the trace formula for general
reductive groups G ([FL]).> We would also like to mention related work by Hoffmann
on the coarse geometric expansion ([Hof08]).

We thank the referee for a careful reading of the manuscript which led to the
correction of several inaccuracies.

2. The main result

Notation. Let A = R x Ag, be the ring of adeles, I (resp. I') the group of ideles
(resp. ideles of norm 1), and O = [],_, Z,. Let G be the group GL(2), Z its center,
B the standard Borel subgroup, 7' the diagonal torus and U the unipotent radical of
B.LetK = ]_[p <00 K be the standard maximal compact subgroup of G(A).

Set G(A)! = {g € G(A) : |detg| =1}, Z(A)! = Z(A)NG(A) and T(A)! =
{(s g) tt1.1> € '}, We have

G(A) ~ GA)! x Ag, T(A) = (T(A)NGA)) x Ag, W

T(A) = T(A)" x Ao,

where Ag = {(82) : a € Rso} and 4 = {(7 0) tay,az € Rso}.

0 a>

>The Fréchet algebras considered in [FL] are slightly different from the Fréchet algebras
€(G(A)'; K).
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We fix Haar measures according to the following table:

group normalization

discrete counting measure

R Lebesgue measure

iR through x — ix

Qp, p <0 vol(Zp) =1

A product measure

R*, R> d*x = &

Qp, p <00 vol(Z,) =1

I product measure

1! compatible with T = R ¢ x It
Z(A)!, Ag through ¢ > (§ 9)

U(Qp), U(A) through x + (3 %)

T(Qp). T(A), T(A)', Ay through 1.1, +— (7§ )

K, p<oo K vol =1

G(Qp), p < 00,G(A) compatible with Iwasawa decomposition

GA)Y, T(A) N GA)! compatible with (1)
Let

') = [ pano(unl+l* d"x = =20/ [ (1= p7)

p<o0
Recall that vol(Q\A) = 1 and vol(Q*\I') = resg—1 £*(s)(= 1).

The modulus function on B(A) is given by SB(A)((% g)) = |%|. If g € G(A)
has Iwasawa decomposition g = ruk, t = (7} g) € T(A),u € UA), k € K, we
write t(g) = |%| € R.¢. Similarly t is defined with respect to the opposite Borel
subgroup B = T'U. Recall that

t(g) < t(g) 2)

forall g € G(A).
We denote by Ry (f) the action of L'(G(A)!) on the discrete part of
L?(G(Q)\G(A)"). Consider the space

¥ = Indy(y) L2 (AT (Q\T(A))

which is the completion of the space of smooth functions ¢ : G(A) — C such that
1
o(utag) = 8§(A)(a)<p(g) forallu € U(A),t € T(Q),a € Ag and g € G(A) and

loll? = / ()| dg = / / (k)P di dk < oo.
AoUA)T(Q)\G(A) K JT@Q)\T(A)!
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For any s € C the group G(A)! acts on this space via

1(g.5)p(x) = p(xg)t(xg) t(x) .

We denote by I( £, s) the corresponding action of L'(G(A)'). The theory of Eisen-
stein series gives rise to intertwining operators M (s) which after meromorphic con-
tinuation define unitary operators on J for s € iR.

From now on, we fix an open subgroup K of K5, = Hp <oo Kp. Let S be a finite
set of primes, including oo, such that K O K, if p ¢ S. Define

1=1-2|,

At’S = — Z T]ng

pES:tp=It2lp
fort €e T(Q)\ Z(Q) and
ZlfnsX:(n,S):l rll
resg—1 ¢S (s)
for z € Z(Q), where we write (1, S) = 1 to mean that (n, p) = 1 forall p € S, and

Sy =[a-pH"= >

peS n>1:(n,S)=1

Azs = lim [ —logX}
X

as usual. Note that if p ¢ S then for all ¢ € T(Q) (including Z(Q)) we have

r
1=[1=71p

—=r—logp. |y = |t2lp, (3)
0 otherwise.

ArSuipy = Ars +

We also remark that for z € Z(Q)
S0

S resg—1 S (s)
In fact, the relation (3) reduces this equality to the case S = {oco} which is a standard

identity. (Both sides are equal to Euler’s constant y in this case.)
Also define, for 1 = (/] g) € T(A)andu € U(A),

Az 4

o(tu) =Y wpt.u)

pP=00

where for p € S

logmax(|x|p, [1 — %|p), p < 00,

t
log‘/(l—f)z—kxz, p = o0,
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while for p ¢ S

oy (1. (5:7)). 11l # ltalp.
wp(t. (§7) = =il std(; (1 x —
ANl i log p+ (. (59)). Ity = lt2lp. x]p > 1,
0, ltilp = |t2lp. |x|p < 1.

Note that for almost all u € U(A) (namely, when x, # O forall p € S) w(-,u)isa
continuous function on 7'(A).

Finally, for any y € G(Q), let G, be the centralizer of y, and let G, (A)! =
G,(A) N G(A).

The trace formula identity

Theorem 1. Forany f € €(G(A)!; K)

> wlG@\G [ Falyx) d

y(A\G(A)

y elliptic conjugacy class

+Vol(TQ\T(A)) Y /K/U(A) Fk tuk)w(t, u) du dk

teT(Q)
(T T(A)! Ay k= tuk) du dk
+vol(T@\T( )),GTZ(Q) s fK | O k)
= r Ruse(/) — 1 / (M ()M (5)(f. ) ds + - (M) I(£,0)).
JT iR 4

Moreover,

1 —1
> wiG@\G @) [ RS S T

y elliptic conjugacy class

-1

teT(Q)

> Ikt,s|// | £k~ tuk)| du dk, %
teT(Q) K JUA)

and

| Raise ()11 + [RIIM_I(S)M'(S)I(ﬁ )l ds + [IMO)I(f,0)]x
‘ ®)
= [[Raisc()Il1 + /RIIM’(S)I(ﬁ v ds + 1(£.0)]

are continuous seminorms on €(G(A)'; K), where in (8) the subscript 1 denotes
trace norm.
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Implicit in the statement is that the operator M 1 (s)M'(s)I( f, s), originally de-
fined on a dense subspace of 3, extends to a bounded, and in fact trace-class operator.
We also remark that

tr(M(0)I(£.0)) = —tr I(£.0)|5

where
0

S={pe3:0((;,%)g) =pg) forallr e I'}.

We will momentarily check that the identity of Theorem 1 reduces to the usual
trace formula for GL(2) for f € C2°(G(A)!; K). This will reduce Theorem 1 to its
continuity part which will be proved in §4. We point out however, that unlike in the
usual trace formula for f € C°(G(A)'), the coefficients A, s and weights w(z, x)
appearing in the geometric side depend on the choice of .S, and therefore, on K. This
“feature” seems essential for our approach. Of course, for Theorem 1 to hold, the
geometric side as a whole should not depend on the choice of S. To check that this
is indeed the case, one only has to verify the purely local identity

[ e tausdu= [ fon@ien +Ausopmdn ©)
U@Qp) UQp)

p

for p ¢ S and any bi- K ,-invariant function f, € L'(G(Q,)). See Remark 1 in §3
for the necessary computation.

Assume now that ' € CZ(G(A)!; K). Traditionally, the non-elliptic contribu-
tion is written in a different form than the above (cf. [GJ79], [Gel96], [KLO6]; in
the case at hand we sum over all characters of Z(Q)\Z(A)!). Namely, the regular
hyperbolic contribution is written as the sum over t € T(Q) \ Z(Q) of

1 vol(T(Q)\T(A)Y) F(x7tx)(log t(x) — log t(x)) dx
2 T(A\G(A)

and the unipotent (modulo center) contribution as the derivative at s = 1 of

(s — 1)/d>(x)|x|sd*x, (10)
I

where

O(x) = vol(Z@Q\Z(A)) D [ fk™'z(§%)k) dk.

zez@) K

In order to see that this agrees with Theorem 1, we use the Iwasawa decomposition to
write the regular hyperbolic contribution as the sum over t = (t(} g ) eTQ\Z(Q)
of

1 -
EVOI(T(Q)\T(A)I)/;(/U(A) Fe Y ruk) log t(u) du dk



376 T. Finis and E. Lapid

which by a change of variable is equal to
1 - x
Evol(T(Q)\T(A)I)/K/Af(k_lt(}) 1)k) log () =%2/)) dx dk
— 1 -1 std
= vol(T(Q)\T(A) )/K/U(A) f(k™ tuk) Z w,(t,u)dudk.

p=<oo
We choose S such thatforz € T(Q)\ Z(Q)andu € U(A) wehave f(tu) = Ounless
|%|p =1 —%|p = landu, € U(Zp) forall p ¢ S, and in particular, A, s = 0 and
o, X) = 00 a);,td (z, x). This is possible since there are only finitely many ¢’s,
depending on the support of f, which give a non-zero contribution. We can therefore
write the above integral as

vol(T(Q)\T'(A)") /K /U " F tuk)o(t, u) du dk,

which coincides with the expression in Theorem 1.
Similarly we can write the unipotent contribution (for S sufficiently large) as
!/
(6-08%6) [ ol x| =160l [ e00klsdx
(03 s=1 Q5%

+ress—r £5(s) - / (x)|x]s loglx|sd™x.
Q5%

Converting the integration over Q7 to one over Qg yields a factor of {g(1). Using
(4) we get

ress—1 £5(5)ALs /

Qs

®(x) dx + resg—1 §*(s)[@ ®(x) log|x|s dx.

Once again, this coincides with the corresponding contribution of t € Z(Q) in
Theorem 1.

Note that the rewriting of the unipotent contribution is especially important for the
purpose of Theorem 1 since the Tate integral only makes sense for Schwartz—Bruhat
functions.

A typical function which one may want to plug in the trace formula is

filg) = /A Fy(ag) da (11)

where . .
Fy(g) = e 7188 y 1 0)nG (A (&1n)|det g2 (12)
for Re(s) > % On the spectral side, the contribution from the discrete spectrum is

ZL(S,JT),
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where 7 ranges over the representations occurring discretely in L2(Ag G(Q)\G(A))
which have a K-fixed vector, and L(s, ) is the (complete) standard L-function
([GJ72]). Note that by [Shi71], p. 64, and [GJ72]

/ () dg=/ Fy(g)dg = £*(s + )" (s — 1)
G(A)! G(A)

and both sides are absolutely convergent when Re(s) > % Moreover, forany X, Y €
U(ge),
[X * Fs * Y](g) = P(8c0) Fs(2)

for some polynomial P = Py y in the entries of g, as is easily seen by induction
on the degrees of X and Y. It follows once again from [GJ72] that

/ IX*fs*Y(g)ldg=/ |X*FS*Y(g)|dg=[ |P(g00) F5(g)| dg < 00
G(A)! G(A) G(A)

for Re(s) > %, so that f; € €(G(A)'; Kg,) in this region.

3. Auxiliary estimates

In this section we study some local integrals which appear in the analysis of the trace
formula. In addition, we prove a simple but crucial lemma on lattice sums.

p-adic estimates. Fork,n € Z,n > 0, let fi , be the characteristic function of the
subset .

p* 0 P 0

(o K (o 1)K

of G(Qp). These functions form a basis for the Hecke algebra of bi- K, -invariant
functions on this group. Recall that

Jea((@8)) =1 < max(lal. |bl.|c|.|d]) = p~F and |det (¢ 5)| = p~@<+m.

(We often suppress the subscript p from | - | if it is clear from the context.) Let
w=(}o)
Lemma 3.1. Lett = (tO‘ g) € T(Qp). The integral

k
/;J(Q,,) /[;(Qp) fk,n((po pok)txwy) dx dy

vanishes unless |dett| = p~™" and |t2| < 1, in which case it is bounded by

|t1] ™! (min(v, (22). 1) + 1).
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Proof. Without loss of generality we can assume that k = 0. The condition on the
determinant is clear. Let m; = v,(¢;),i = 1,2. Since

0 1y _ 1+

(5 )G Dw(p?) = (505,
the condition m, > 0 follows as well. Moreover, the integral is bounded by the
volume of the subset C of le, defined by the inequalities

lx| < p™, [I4+xy|<p™., |yl <p™.
Note that each of the sets
D ={(x.y): |x| = p™ 7" |l + xy| < p™},
Ej ={(x,y): |yl =p"77, 1 +xy| < p™'}

has volume (1 — p~!) p™! regardless of i and j. The lemma follows from the easily
verified inclusions

Cc {{(x,y) Dxl = pmm2 |yl <= p™2 U Uo<i<m, Di forany nomy,mo,

U0§j§n Ej forn < ms,.
O
Lemma 3.2. Lett = ( ) € T(Qp). Then
k k
/;/(Q )fk,n((po pok)lu) du = /U(Q )fk,n((po pok)tu)|wp(t,u)| du =0,
P D
unless |dett| = p™" and |t1], |t2] < 1, in which case
k —
[ FealC Sy du <l (13)
U@p) P
k —
Loy, T il du < ™ Cloginl + 8,0, 14
p

where 8, = 1if p € S and 0 otherwise.

Proof. We can assume that k = 0. The condition on the determinant is clear. Assume
from now on that |det /| = p™™. Note that fo,((} t(;) (8%)) = 1iff

max(|t1], [t1x], [&2]) = 1.
The vanishing statement and (13) follow easily. To show (14) we separate into cases.
Suppose first that |z1| # |f2|. Then

0 < wp(t,u) < —log|t;| whenever fo,(tu) = 1. (15)
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Thus (14) follows. Suppose now that |t1| = |fz|. If p € S and |t1| = |t2| < 1| then

once again (15) holds since |x| = |t;|7! > 1 where u = ((1) ’f) On the other hand, if
p € S and |t1| = |t2] = 1 then the integral is bounded by

> K -1 lo
ka 1-=p Hlogp=—"-<1.
k=0 P

Finally if p ¢ S and |t;]| = |£,| then the integral is O unless |#1]| < 1 in which case it
is bounded by

1|71 (1 = p~ 1) (—log|ty | + 1;g_1) < —|ty|" " log|ry|

as required. O
Remark 1. For any p ¢ S and k € Z we have

1-1-2|, . —k
/ fro(twasd(u) du = § ~ =1 108 P iy =li2lp = P
U(@Qp) 0, otherwise,

as a consequence of the identity

1= |1—2]

p—1

m—1
p ™ logp™ + > pl(1—pHlog(pTl) = -
j=0
form = v, (1— %) Using (3) and the fact that fi (¢ ((1) )1‘)) = Oimplies |x| < 1, one
obtains from this the local identity (9) for the functions fx . For the functions f ,,
n > 0, this identity is an immediate consequence of the definitions together with the
observation that fx , (¢ ((1, ’f)) can be only non-zero for |x| > 1 if n > 0. It follows
that (9) is true in general and that the geometric side of the identity in Theorem 1 is
invariant under enlarging S

Recall that the set {(6 (r)) (1(\)’ (1’) :r €Qso,N €N } forms a set of representatives
for Kin\G(Agn)/ Ksn. Let T, v, 7 € Qs9, N > 1, denote the characteristic function
of the double coset

(6 7) Kin(§ 9) Kiin
in G(Ag,). Recall that
dea T,y = / Tow(o)dx = N [](1+p7).
G(Aﬁn) I7|N
As usual, denote by o the divisor function
os(n) = Z d®.
dln

From the estimates above we immediately obtain
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Proposition 3.3. (1) Lett € Q*. Then

/ / TN ( (N’ ! O)xwy) dxdy =0
U(A¢in) JU(Afin)

unlesst € Z, in which case it is bounded by f;’—loo (gcd(N, |t))).
(2) Fort = (t1 0) € T(Q) the integrals

0 1

/U(Aﬁ") TN ((5 9)1u) du, /U(Aﬁ“) v (5 9)1u) Z oyt 1) du

p<o00o

vanish unless dett = £N and t1,t, € Z, in which case the first is bounded by |t1],
and the second by |t1|(log|t1| + |S| = 1).

Lattice sums. For any absolutely continuous function f on R such that f, /' €
L'(R) we have

ST+ 1 - (16)

nez

Indeed, forany 0 < x <1

SO f0) = fn+ )] < Z/ Ol de < £

nez nez

so that

SIF@I= I+ D 1 f o+ ).

nez nez

Integrating over x we obtain (16).
For an open subgroup O’ of @ we denote by €(A; @’) the space of smooth O’-
invariant functions f on A such that f(”) e LY(A/O),n=0,1,....

Lemma 3.4. Forany f € €(A; ') we have

SO0 0L I+ 1L ).
r€Q

Proof. For eachr € O'\ Ay, let f, be the restriction of f to R 4+ r + O’. Thus, we

can write f = Zre@/\Aﬁn fr where f,(x) = gr(Xo0) Xr+0(Xan) and g, (Xso) is the
value of f on the coset xoo + 7 + O'. By (16), for any r

D7 lgrm+ 0= lgr (41 < llgell + 8411

neQn@’ nez
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Summing over r € O’\ Ag, we obtain

Sirol= Y Y Jg+n)

yeQ re@’\Ags, neQNO’
< Y gl +legrl) =100, + 110,
re®\Ag,
as required. O

Archimedean estimates. Let G(R)! = G(R)N G(A)! = {g € GR) : |detg| =
1} and T(R)! = T(R) N G(R)!. We have

GR) ~ GR)! x 4g, T(R)~T[R)' x 4g.

We endow G(R)! and T (R)! with Haar measures accordingly.
We denote by €(G(R)!) the Fréchet algebra of smooth functions on G(R)! such
that X = f %Y € L'(G(R)") forall X,Y € U(g¢) with respect to the norms

> > IXsf*Y|, n=01....

i,j=0,i+j<nXeB; YeB,

By a standard integration formula with respect to the Cartan decomposition, the
integral of a function f € L1(G(R)!) can be expressed as

dg = [ (@ 2 k)@ —a?) dky da ks,
/G(R)lf(g)g 871/1(00/1/001‘(1(0a Vk2)(@® —a~?) dky d*a dk,. (17)

Another useful integration formula is

/ / fxwy)dxdydt = n/ f(g)dg. (18)
TR)! JUR) JUR) G(R)!

Identify the Lie algebra g of G with the algebra of 2 x 2 matrices. Let H be any of
the one-dimensional Lie groups T'(R)", U(R), U(R) or K. To each H we attach
a generator xg of its Lie algebra. Explicitly, xg = ((1) 9). (8 (1)), (? 8), or (_01 (1)),
respectively. As in the argument proving (16) we have

sup | f(hg)] SLlf(hg)ldh+LIXH*f(hg)ldh, (19)

heH

sup | f(gh)| 5/ If(gh)ldh+/ |/ *xu(gh)|dh,
heH H H
for all g € G(R)!. It follows that

=, max ftagkl= Y[ [ moesendgi)d e

Y1, Yo=1,2KkS
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Using the integration formula (17) we infer that
| (G2 —a) da
Z / /k |Y1*f*Yz(kl(‘éagl)k2)|(a2—a_2)dk1dk2 d*a

Yl Yy=1, 1,k2€Ke0
Koo

=@n) Y Nk f Yl (20)

Yi.Yo=12 koo
Lemma 3.5. The norm supgegryt | .f(8)| is continuous on E(GR)Y).

Proof. Consider the inequality

g
bors ¥ [ g5

1c{1,2,3}

dx

for any smooth function ¢ on [0, 1]3, which is valid by the Fundamental Theorem of
Calculus.

Using local coordinates, it follows that for any compact neighborhood C of the
identity in G(R)! there exists a constant ¢ > 0 with

@] <e /|f « X(g)| dg

0<i<3, Xe:B

for all f € €(G(R)!), which clearly implies

f@l<e 3 IS Xl

0<i<3,XeB;
Applying left translation by arbitrary elements of G(R)! finishes the proof. (]

Lemma 3.6. There exists an absolute constant C > 0 such that for all t = (t(} t(;) €
T(R)" andu = (}7) € U(R) with |x| = |%| we have

|weo(, u)| < € min(|x|, | x]) log(2 + |2)). (21)

Proof. This is straightforward. We can assume that x > 0. Consider first the case
|%| > % Clearly, woo (¢, u) is then bounded from below. To show the upper bound
note that

(1-2) < (1+x)* = 9%?
and therefore
log 10

Woo(t,u) <logx + >
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The inequality (21) follows now from the fact that log x /x is monotone decreasing
forx > e.
Now assume that |;—f| < % Then wso (t, ((1) ’1‘)) — X is monotone decreasing for

x > 0 since
X

X
<
t — 1
(1—%)24‘)(2 Z+x2

<l1.

Thus, woo(t, ((1) ’1‘)) < x for x > |%| since

5]
51

1
5 log((1=2)” + 12 =

1

from the Taylor expansion of the exponential function. Also, for x > |§—f [,

1 193
wso(t:(37) 2 5 log((1 = ) + 1217 = | =
Thus, (21) holds in this case as well. ]

Lemma 3.7. There exists a continuous seminorm |1 on €(G(R)) such that

wu(f)
| o= (22)
and lou(2 "
/ | Flewyan (e, )] du < 1B E D 23)
U®) max(1, |7])

forallt = (§ ) € TR) and f € €(GR)").

Proof. Using (19) we get

sup | f(tgh)| < Z Z / /T | X1 fxXa(tgk)| dt dk.

1 1
keKoo,teT(R) X1=127 )1 X2=1.2Koo (R)

Integrating over g € U(R) we get

sup /U o el

teT(R)!

< > > / / / X1 % f * Xo(tuk)| dt du dk
o JUR) JT(R)!

X =1’;T(R)l X2=153:Koo

= Z Z [ X1 f* Xa|1.

X1=1,’&T(R)1 X2=1’§Koo
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In a similar vein,

sup /U(R)|f(ut)|du

teT(R)!

= Z Z / / / | X1 * f * Xo(kut)|dt dudk
o JUR) JT®)!

_1,83Koo X2 I’Z:T(R

= > Yo X f x Xl

X1 =1,3:Koo X2=1’3:T(R)l

Combining the two we obtain (22). To show (23) we write
[ enosantdn= [ (@ E)owl. ()] dx
UR) x| <max(1,| )

+ / L (G ) wss (e (5 7)) | dox.
|x|zmax(1,|ﬁ\)

(24)

To deal with the first integral, we split into two cases. If |1 — t—2| > % we bound it
by a constant multiple of

toe2 -+ 121) [ (3 )]

which we already know how to bound. If |1 — ;—f| < % we bound the integral by a

constant multiple of

3/2
/ (I + |logx|) dx sup |f((t(; ttlzx))\
0 Jinllnl=vz
Ix|<3

which is a continuous seminorm. To deal with the second integral in (24) write

(td ttlzx) = kl(a 0 )kz, ki,kr € Koo,

0a-!

where @ = a(x) > 1 satisfies a® + a2 = 17(1 + x?) + £3. Thus

a'(x)
a(x)

By Lemma 3.6 and (20), the second integral in (24) is bounded by a constant multiple

(a(x)? —a(x)™?) = tlzx.
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of
log(2 + | ])
max (1, [Z) Jixizmax1,12)
_log2+|2) o
- max(1,|%|) 1
_Jog2 + 2D

t
max(L | %))

FEY o)) 5= () dx

F(G )@ —a™) d"a

>, > ik f* Yol O

=1,2Ke0 Y2=1,2Kco

4. Continuity of the trace formula

We are now ready to show the continuity of the seminorms (5)—(8). Note that each
distribution is invariant under conjugation by K. By passingto [ f (k7' k) dk we
can assume at the outset that f is invariant under conjugation by K.

The spectral side is easy to handle. The fact that the trace norm of Rgis.(f) is a
continuous seminorm follows from the simplest bounds on the number of cuspidal au-
tomorphic representations on G(Q)\ G (A) with a K-fixed vector as the infinitesimal
character grows. (Any polynomial bound will suffice.) Furthermore, there are only
finitely many Dirichlet characters (depending on K) contributing to the continuous
part, and the contribution of each one can be easily majorized. We omit the details,
since the continuity of (8) was proved in much greater generality in [FLM].

Consider the geometric side. We first make a simple reduction. For any x €
G(Agy) let fr € €(G(A)'; K) be the restriction of f to the inverse image of the
coset KxK under the map g — gqn. Then

f = Z fx’

x€K\G(Asn)/K

and forany X, Y € U(gg)

IXsf*Ylh= Y NXsf+Veli= D [X*fexY 1. (25)

xe€K\G(Asn)/K xeK\G(Amn)/K

Thus, in proving the continuity of (5), (6) and (7) it suffices to show that these
seminorms are bounded by w( f) for some continuous seminorm p, whenever f =
fx for some x € K\G(As,)/K. Fix x and let x! be the G(A)!-component of
x under the isomorphism (1). Define £ € €(G(R)!) by £ X(g) = fx(x'g).
Thus, fx(g) = f&(gl)xkxk(gn). Letr € Q=9 and N > 1 be such that x €
(5 9) Ksn (Y 9) K. Then for any X, Y € U(gg) we have

X * fx Y1 > [Kan: KI72|X % £2° % Y ||1 deg(Tr.n)- (26)
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Thus, it suffices to show that there exists a continuous seminorm p on €(G(R)')
such that for all ¥ € Qs9, N > 1 and foo € €(G(R)!) each of the expressions (5),
(6) and (7) for the function

(&) = foolgo)Trn(gin) € €(G(A)'; Kgn) 27)

is bounded by 1 ( foo) deg Ty, ;. We will consider each type of conjugacy class sepa-
rately.

Central contribution. The sum ), q)|f(2)] for f of the form (27) reduces to

Jfoo(€) + foo(—e) since only z = :I:((’) (r)) contribute. This case immediately follows
from Lemma 3.5.

Elliptic contribution. To deal with (5) we show that

i S e yn)ldx

(@\G)! YE€G(Q)ell. reg.

is a continuous seminorm on €(G(A)!; K). Note that we can restrict to the regular
elliptic elements, since the non-regular ones are the central elements.

For ¢ > 0 let
Sc = {utk :u e UA),k € K.t € T(A)N G(A)', || > c}.

Note that S, is left B(Q)-invariant. By reduction theory it is known that G(Q)S, =
G(A)! forec < 1.
Since G(Q)ell.reg. € B(Q)wU(Q) it will suffice to show that

-1,/
/B Z Z | f(x" u'twux)| dx

@N\Se 1eT(Q) uu et (@)

is a continuous seminorm on €(G(A)!; K). Since f is invariant under conjugation
by K we write the integral as

o0
e honsar L
U@\UA) JT@\TAM)! J /e teT(@Q) u,u’eUQ)

| £ ((a5" ) s x u twuxs (§ a91))|da*2“ dsdx.

Combining u’ and x and recalling that [ = Q*O@* where O* = [1)<o0 Z, we can
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write this as

o0
[0 N o>
UA) J(Q*\IN2 J /¢ 1eT(Q) uelU(Q)

|f (‘”1) ! Oz)x_ltwux(as1 0 ))|%ds1 dsy dx

0 ((152)
A ( *) \/E tel (Q)MEQ
u+x

(7 G0 o) () Fe))| 4 o sz

Applying Lemma 3.4 we may replace the sum over u by the sum of two integrals
(of the functions f and a2 f * Ty(w)) over A. Since a is bounded from below, we
reduce after a change of variables to the estimation of

o0
—1
/u(A)2/( )2 /ﬁ teTZ(@)‘f(((aﬂO) )X (G gy )y)| A adsy dsy dx dy

for f and f * xy(Rr). Conjugating ( 0 (asO) 1) we can rewrite this as

o0
(tlzslszl‘l)_l 0 d*a
/U(A)2 /(0*)2 /ﬁ t tzze@* A azslszfz)xwy)’ @ dsidsydxdy

1 / / / Z a —1 0 I
2 Jua)2? 2 f ( Sls(itl) a Xwy dsyds, dx dy.
(A)2 J(0%)* Je tl,tZEQ*’ (( SlSztz) )| a

We will show that this is bounded by a constant multiple of || ||1. As pointed out
before we may assume that f is of the form (27). In particular we may assume that
K = Kj,. We can then remove the s;’s from the integration to get

/U<A)2/c Yo AT 0 )xwy) |42 dx dy

t1,tr€Q*
(“/ﬁatl)_1 0
/C Z@ /’-’<R)2 0 (rdﬁ)—lazz)xwwyooﬂdxoo dyoo
11,62€Q*

/U(A . Tr,N((tl_O1 t(;)xﬁ[lwyﬁn) dxgy dYﬁndaﬁ.
fin

Only ¢ 1, = +r2 N contribute, so letting ¢ = rNt; we can rewrite this as (the sum
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over both possible sign choices of)

= VN(at)~! 0
/czeZQ;*/U@)ZUw(( 0wy ar) Vooyoo) | deo dyos

/U(Aﬁ )2 Tr,N((rNéfl 'Pt)xﬁnwyﬁn) dxgn dyﬁn daﬁ

3 = |
- sgnt(4 0 )x . w dxmd
teQ* /I;(R)2 cltl/VN \/N|foo( & ( 0 :l:a) o0 yoo)| 00 AV oo

/(A - Trnv (("NE" 0)xpnwysn) dxan dyn L2
fin

o0
i / 2 JN | foo(sgn (75" 20)Xoowyoo) | d¥os dyoo
0 teQ*:|t|<+/Najc \/ﬁ U(R)2 a

/U(Aﬁ )2 Tr’N((rNé_l ,.Ot)xﬁnwyﬁn) dxﬁn d)’ﬁn d;‘l.

By Proposition 3.3 the last integral vanishes unless ¢ € Z in which case it is bounded
by %00 (gcd(N, |t])). We can therefore bound the entire expression by

(>

VNoo(ged(N, 1)) /U(]R)2 \foo(sgnt(aal 9 ) XooWYoo) | dXeo dyos d:a.

OF#teZ:
ltl<v/Na/c
We have
N  aoi(N)
JN _ _a N _an(N)
> oo(ged(k. N)=vVNY Y 1x= Czd -
1<k<+/Na/c dIN k<+/Najc:d|k d|N
Therefore, the expression above is bounded by
o1(N) —1
0 L e (" 2o e )

Observe that

01(N) - NI[n(1— p~H!
deg(Tr,N) N anlN(l + p‘l)

—[la-r>"<t@.

pIN
Using (18) we can therefore bound (28) by
7l(2)

c

deg(Tr,N)HfooHL

as required.



On the Arthur—Selberg trace formula for GL(2) 389

Hyperbolic contribution. Assume that f is of type (27). Then upon changing the
variable ¢ by a scalar matrix, the seminorms (7) and (6) are given by

> s [, o etiil [ T(GHeyan @)

teT(Q) U(Afin)
and
S Ustekaostldu [ T((s2)u)
fin
teT(Q) 30)
e [ Utkaldu [ T (90 Y eyl du,
teT(Q) (Afin) p<oo

respectively. Combining Proposition 3.3 and Lemma 3.7 the invariant term (29) is
bounded by

1(foo) > Arsmin(n]. |ia])

teD(N)

for some seminorm p on €(G(R)!) where
DIN)={t = (3 o) € T(Q) : det(t) = =N, 11.1; € Z}.
Clearly, A; s <log N ift € D(N) \ Z(Q), and therefore the sum is bounded by
2X1.5 4 200(N)~/N log N.

On the other hand, again by Proposition 3.3 the non-invariant term (30) is bounded
by

Z|z1|(logzl+|5|—1)/ oot u)|du+2|rl|/ | oot 000 1, 1) .
teD(N) teD(N)

By Lemma 3.7 this is bounded by

2" 1 foo) min(t1]. [£2])(log N+|S|+1) < 45( foo)o0(N)v/N (log N +|S|+1).
teD(N)

It remains to invoke the crude estimate
00(N)VNlog N = O(deg T,.N).

Remark 2. The proof shows in fact that the seminorms (5), (6) and (7) are continuous
with respect to ||| - |||3.
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