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Words and mixing times in finite simple groups
Gili Schul and Aner Shalev

To Fritz, with fond memory

Abstract. Let w # 1 be a non-trivial group word, let G be a finite simple group, and let w(G)
be the set of values of w in G. We show that if G is large, then the random walk on G with
respect to w(G) as a generating set has mixing time 2.

This strengthens various known results, for example the fact that w(G)? covers almost all
of G.
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1. Introduction

Let w = w(xy,...,x4) be a non-trivial group word, namely a non-identity element
of the free group F; on x1, ..., x4. Then we may write w = x;’l‘ x?zz ... xi’;" where
ij € {1,...,d} and n; are integers. Let G be a group. For g1....,g4 € G we
write w(g1,....84) = &' &0y --- g?kk € G. Denote w(G) = {w(gi,...,g4) |
g1,.-.,84 € G}, the set of values of w in G. Also, for every subset A € G we write
A ={a;...ar | a; € G}.

An interesting much studied question is how large w(G) is for G a (nonabelian)
finite simple group. In [La] it is shown that if Gy, G, ... is an infinite sequence of
finite simple groups, no two of which are isomorphic, then

log [w(Gi)| _
log |G|

Stronger results were subsequently obtained in [LaSh1] and in [NiPy].

Related Waring type problems were also widely studied, where the goal is to
express each group element as a short product of values of w; see [LiSh1], [Sh],
[Sh1], [LaSh1], [LaSh2], [NiPy]. In [Sh] it is shown that for every group word
w # 1, there exists a positive integer N = N(w) such that for every finite simple
group G with |G| > N(w) we have w(G)? = G.
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In[LaSh1] and [LLaSh2] a better result for alternating groups is proved. Itis shown
that if w;, w, are non-trivial group words, then there exists N = N(wi, wz) such
that for all integers n > N we have w1 (A4,)w2(4,) = Ay,.

In this paper we focus on random walks on finite simple groups G with respect
to w(G) as a generating set. Our goal is to determine the mixing time of the random
walk, namely the time required until we reach an almost uniform distribution on G.
Our main theorem states that (when |G| is large) this mixing time is the smallest
possible, namely 2.

To make this precise, denote by Ug the uniform distribution on G, i.e., Ug(g) =
ﬁ for all g € G. For W C G, denote by Py the uniform distribution on W, i.e.,

Pw(g) = 7 if g € W and 0 otherwise.

Denote by Pw * Py the convolution of the probability Py, with itself. Then
(Pw = Pw)(g) is the probability that xy = g where x, y € W are chosen randomly,
uniformly and independently.

For two distributions P, Q on G we let

1P =0l = Y 1P(e) - 0(g)l

geG

denote the L -distance between P and Q.

Theorem 1.1. Fix a word w # 1, and let G be a finite simple group. Then
| Puw) * Pwc) — Uglli = 0as |G| — oo.

In fact the same method establishes a similar result for

| Pw, ) * Puwrc) — U1,

where w;, wy are two non-trivial group words.

This result for alternating groups has recently been obtained in [LaSh2]. Itremains
to prove it for groups of Lie type, which is what we do here.

From Theorem 1.1 one can deduce that w(G)? covers almost all of G for G a
finite simple group and w a non-trivial group word. This has already been proved in
Corollary 1.4 of [Sh1].

In fact we prove a more general result of independent interest. Recall that a
normal subset of a group G is a subset closed under conjugation (namely a union of
conjugacy classes).

If G is a simple group of Lie type then the rank r of G is defined to be the rank of
the ambient simple algebraic group, unless we deal with Lie types 2B,, 2G5 or 2Fy,
in which case r = 1, 1, 2, respectively.

Theorem 1.2. Let G be a finite simple group of Lie type of rank r over a field with
q elements. Let W C G be a normal subset. Then for any ¢ > 0 there exists a
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number R(g) depending only on ¢ such that if r > R(g) and |W|/|G| = ¢~ 719,
orifr < R(e) and |W|/|G| = g~ then

|Pw * Pw —Ugll; > 0 as|G| — oo.

Combining this result with known estimates on the size of w(G) we then deduce
Theorem 1.1.

In fact we prove a more general result on & normal subsets Wi, ..., Wj and give
sufficient conditions for

| Pw, * -+ % Pw, —Ugll1 — 0.

See Theorems 3.3 and 3.5 bellow.

In our proofs we use character theory. To understand the relevance, let G be a
finite group, g € G, and let C; = xiG (i = 1,...,k) be conjugacy classes. Let
Pc,,....c; (g) denote the probability that y;...yx = g where y; € C; are chosen
randomly and uniformly. Notice that Pc,,...c, = Pc, *---* Pc, . LetIrr G denote
the set of complex irreducible characters of G. It follows from a classical result that

—1
Pcy...c.(8) =1GI™" Y X(xl)-;(-()lf)(ﬁzx(g )

For a proof of this result see for instance Theorem 30.4 of [JaLi].
We also use the Witten zeta function {g encoding the character degrees of a finite
group G. For a real number s define

L) = Y x()7*.

x€lr G

x€lrG

We use the fact established in [LiSh2] that for a finite simple group G, {g(2) — 1 as
|G| — oo.
Throughout, ¢; denote suitable positive absolute constants.

Acknowledgement. We would like to thank the Israel Science Foundation for sup-
porting this research via Grant 754/08.

2. Preliminaries

In proving our results we use known estimates for the size of w(G).
The first result in this direction is Proposition 7 of [La]:

Theorem 2.1. For any non-trivial word w and any root system ®, there exists a
constant ¢ = c(w, ®) > 0 such that

(w(G)| > ¢|G]

for all simple groups G of Lie type associated to the root system P.
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Theorem 1.11 of [LaSh1] states:

Theorem 2.2. Let G be a finite simple group of Lie type and of rank r. Let w # 1
be a word. Then if G is not of type A, or %A,, we have

[w(G)| = er™!|G|
for some absolute constant ¢ > 0, provided |G| > N(w).
For groups of type A, we use Proposition 1.7 of [NiPy]:
Theorem 2.3. Given w there is a constant ¢ = c¢(w) > 0, depending only in w, such
that if G = SL(n, q) then
W) > 9]

3g24+n/4
For groups of type 24, we use Proposition 1.8 of [NiPy]:

Theorem 2.4. Let L = SU(d, q). There is a constant e > 0 such that
e|L|

o)l > 25 e

Using these three results it is easy to deduce the following:

Theorem 2.5. Let G = G,(q) be a finite simple group of Lie type of rank r over the
field with q elements. Let w be a group word. There are integers N = N(w) and
R = R(w) such that if |G| > N and r > R, then 5D > =5,
All these theorems suggest that w(G) is a large normal subset, and we would like
to evaluate
| Pw %% Pw — Ugl|]3 .

for large normal subsets W. We can split W into conjugacy classes C; = xl.G . A
classical result states

-1
P =161 Y X ';('()f)(,f’_‘?((g :

x€lrG

From this we deduce the following lemma, which is probably well known. For
completeness we insert a proof.

Lemma 2.6. Let G be a finite group, and let C; = xiG be conjugacy classes. Then

XDl - xG)?
X(l)zk—z

IPc, * -+ % Pc, = Ugll} < E
x€lr G
x#1
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Proof.

2
IPe xex P, = Vsl = (3 1Pey #-++ Pe(e) = 1617

geG
_ e X6 xGx@E™D )
_(;)'G' ch O )

_ |G|_Z(Z’ 3 x(xl).%.()l()(lfﬂx(g‘l)‘)?

g€G 1#yehr G

By the Cauchy—Schwarz inequality we have,

'G'_Z(Z1 3 x(xl)..)(.(;lf;zfz;((g—l)‘)z

geG 1#yxelr G

=6y X X(xl)"'?f(xk)x(g—l)‘z

ic6 12game XD
=|G[! 3; (#xg:m;x(xl) -;{-(}f)(lffzx(g‘l)) ( 17épXEI:"Gp(xl) -;)-(?)(fsz(g‘l))
o(x1) ... o) (g~ Dp(g™ )
- |G|—1§;)§1§ X(X;)P(Xl) X(j{)gi)%(g )p(g™)
- 67 3 K LI 5 05

3 |X(x1)|2-~-|)((xk)|2‘

= 2%—2
1#xelhr G X(l)

The last equality is by the orthogonality relations (see e.g. [Ser]). g

Now we use known results on the irreducible representations of finite simple
groups of Lie type. By [LiSh3] Section 6 (see also Lemma 4.6 of [Sh]) we have:

Lemma 2.7. Let G = G,(q) be a finite simple classical group. Then Irr G has a
subset 'W of so called Weil characters with the following properties:
@ W=q+1L
(i) Let y € Wand x € G. If |Cg(x)| < g™ for some integer m, then | y(x)| <
gV \where b is some absolute constant.

(i) If1 # y e irG \ W and r > 5 then y(1) > cq* =3 where ¢ > 0 is some
absolute constant.
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We also use the following:

Lemma 2.8. Let G = G,(q) be a finite simple group of Lie type of rank r over the
field with q elements, and let k(G) denote the number of conjugacy classes of G.
(1) There is a positive constant c1 such that x(1) > ¢1q” forall 1 # y € Iir G.
(i) There is a positive constant c, such that k(G) < caq".

Proof. Part (i) follows from [LanSe] and (ii) from [FuGu]. Ll
Theorem 1.1 of [LiSh2] states:

Theorem 2.9. Let G be a finite simple group, and for a real number s let

L) =Y x()*.

x€lr G

If s > 1then {g(s) — 1 as |G| — oo.

We also use known estimates for the number of regular semisimple elements.
Recall that an element x of a finite group G of Lie type is called regular if its centralizer
in the corresponding algebraic group G has minimal dimension, namely rank(G).

We say that x is semisimple if its order is not divisible by p, where p is the
defining characteristic of G. The next result is of Guralnick and Liibeck in [GuLu]:

Theorem 2.10. Let G be a finite simple group of Lie type over the field with g
elements. Denote by r(G) the proportion of regular semisimple elements in G. Then
3 2
1-r(G) < + .
g—1 (g—1?

From this theorem, using elementary computations, we easily obtain:

Corollary 2.11. Let G be a finite simple group of Lie type over the field with g
elements. Denote by r(G) the proportion of regular semisimple elements in G. Then

5
1-r(G) < —.
q

So we can see that there are many regular semisimple elements, and we use the
next lemma when dealing with these elements in groups of bounded rank:

Lemma 2.12. Let G = G,(q) be a finite simple group of Lie type of rank r over the
field with q elements, and let x € G be a regular semisimple element. Then there
is a number ¢ = c¢(r), depending on r but not on q, such that |x(x)| < ¢ for all
x €lirG.

Proof. This follows from the Deligne—Lusztig theory; see [Lus], and formula 4.26.1
in particular. O
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3. Proofs

Lemma 3.1. Let G be a finite group, k > 2 an integer, and let x1,X2,...,xx € G
be elements of G. Then

3 ) x () ()] < 1Co ()2 [Co (x2)] ... |Ca (xp) .

x€lr G

Proof. By the orthogonality relations (see e.g. [Ser]) we have

D )l = Ca ().

X€lr G

In particular | y(x;)| < |Cg(x,~)|% foralll <i <kandall y elirG.
Clearly

3 e x(2) )] < 1Ce(a)E L ICa 2 Y e x(x)l.

X€lr G x€lr G

By the Cauchy—Schwarz inequality we have

o= () ( o)’

x€lr G x€lr G x€lr G
1 1
= |Cg(x1)]2|Cg(x2)|2.
The result now follows from the two inequalities above. O

Theorem 3.2. Let G = G,(q) be a finite simple group of Lie type of rank r over the
field with q elements. Let k > 2 be an integer. Let ¢ > 0 and let x1,x2,...,xx € G

such that
k

l—[ 1Cq (xi)| < q(4k—4—(3—%)s)r.
i=1
() If r > 5 and G is a classical group, then

) X)) x )l 21k gk VAR F—r(k=D+1 1k

3k—3—(1.5—2)re
x(DF=t T ’

q

x€lr G
x#1

where c1, ¢o and b are absolute constants.
(i) There exists a real number ri = ri(k, €) such that if r > ry then

3 xCen) - x|

S(DF1 —0 as|G|— oo.

x€lr G
x#1
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Proof. We first prove (i).

Let ‘W be the set of Weil characters of G (see 2.7). Set
x1) ... x(x x1)...x(x x1)...x(x

) |x(x1) ki(( Bl _ ) | 2(x1) ki(( Ol ) |x(x1) ki(( Ol
x(DFt x(DFt x(DFt

X€lr G XEW XEW

x#1 x#1

We will handle each summand separately.

The first summand.:

From our assumptions |Cg (x;)| < ¢@*~7" and so (ii) of Lemma 2.7 yields
|x(xi)| < gV@*=Dr+b forj =1,... k and y € W. We also have y(1) > c,q” for
all non-trivial y € Irr G (i) of Lemma 2.8. Therefore

3 ) Gl _ 3 gEVER—DrEh gk VEEr
X(l)k_l - X(l)k—l - Cllc—lq(k—l)r

XEW XEW
From (i) of Lemma 2.7 we have |W| < g + 1 and so

Z [x(Cxn) ..o x(xe)l - (g + l)qkm
(l)k_l - cllc_lq(k—l)r
2q - gV EE=Dr+b
<
Cllc_lq(k—l)r
ZC}_qu*/m—(k—l)r-H'

The second summand:
If1 £ y ¢ Wandr > 5, (iii) of Lemma 2.7 yields y(1) > c¢»¢? 3. Hence

Z PENIVIEN clkq(-R)@r=3) Z lx(x1) ... x(xp)l

k—1 -
gw A XEW
x#1 x#1
<y RPN () ().
x€lr G

Using Lemma 3.1 we obtain

X1)..- XX _ _ — 1 1
3o MOV AN kguber i (o ()l

k—1 -
ww XD
x#1
Using our assumption on |Cg(x1)] ... |Cg(xx)| we obtain
Z |X(XI)(ijl;i(1(Xk)| < czl—kq(l—k)(2r—3)q(2k—2—(1.5—%)s)r
XEW X
x#1

_ Czl—kq3k—3—(1.5—%)ra'
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The sum:
We conclude that for r > 5 and for G a classical group,

Z |x(x1) - x| < 21k kS @R=Dr+b—(k=Dr+1 | 1=k 3k=3—(1.5-F)re
X(l)k_l — 1 q 2 q ’

x€lr G
x#1

proving (i).

Since the simple groups of Lie type which are not classical are of rank at most 8,
we can use (i) by assuming also r > 8.

Hence, if r > 8 and also large enough so that

ky/Gk —&)r +b—(k—1r+1<0

and
3k —3—(1.5—)re <0,

then

Z |x(x1) ... x(xx)l S50 as|G|— oo,

x (k1
x€lr G

x#1
proving (ii). O
Theorem 3.3. Let G be a finite simple group of Lie type of rank r over the field with
q elements. Let k > 2 be an integer. Let 0 < &. Let Wy, ..., Wi be normal subsets
such that

Wil ~6-tra-e,
G| —
Then there exists a real number r1 = r1(k, ) such that the following holds.
@A) Ifr > ryand |G| = N = N(k,¢), where N is an integer that depends only
onk and ¢, then

| Pw, * -+ * Pw, —Ugll1

< \/2011—/6qk«/(4k—4)r+b—r(k—1)+1 + C;—kq3k—3—(l-5—%)r8
4 (2K —1)2e3q~ GO T e,

where c1, ¢a, 3, b are absolute constants.
(ii) If r > ry then | P, % -+ % Py, — Ug |, = O as |G| — oo.

Proof. Partition W; into two subsets W; 1 and W » as follows:

_4__GBk—4)
Win = {x € Wi : |Cax)| < ¢* 1 2"m

4 (Gk—4)e
Wia={xeW: |Ceo)|>q“ kw2 ).
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Then W; | and W, » are normal subsets, and

Wi=WianUWia, WiiNWio=¢.

Wia T

Hence,
oWl Wal
i |I’Vl| i1 |I/Vl| i,2°
It follows that
PWl koeee ok PWk
W1 2| ) (
= Pw, , + Pw, * *
( IWI 1 - | Wkl

(|W1,11| |Wk,jk|

U1 7]k)6{1 Z}k

Since

Wi, jx

W .
Ug = Z (||1’“|...

W,
oo Ji)E41,23K i

we have

I Pw, % -+« % P — Ugllx

| Wi |

) ve.

(Wl

| Wil )PWUI ok Py

| Wi 2|
—ZPWk,z

Wil Wil 1
= X T P, s P = Usl D
(jls'"sjk)e{lsz}k
We will handle the first summand
| Wil
|Wl| e |Wk| || Wl,]*..'*PWk,]_UG”l
differently from the other 2% — 1 summands.
The first summand.:
[Wi 1l
|W1| M |Wk| ||PW],1 ek PWk’l - UG”I S ||PW1!] ook PWk.] - UG“l'

W;.1 is a normal subset, and hence is a union of conjugacy classes. Denote the

conjugacy classes of W; ;1 by Ci 1,...Cim;. So Wi1 =J

Hence,

CLil p
PWl.l*.”*PWk,]:(Z 1,71 1 ; )

J

(.

W11

1<ji1=m

1< jx <my

Z Icl,jll"'|ck,jk|PC
Wl

=1 Cla]'

|Ck
Z W1l

i1

PCk,jk .

gl p
kjk
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Therefore,
[C1,i |- |Chk,ji |
|Pw, %% P —Uglli <= ) /1 | Pe, ; *xPc, , —Uglh.
’ 1< WAl Wl o vk
1<jk<my

According to Lemma 2.6,

2 Cer )P G )

2
”PCL_/] *"'*PCk,_,k—UG” < Z

2k—2 ’
x€lrG X(l)
x#1
where C; j, = xiGji.
Any X1, ..., Xk, j, satisfy

44 _Gk=Dey A (a4
ICo(x1,j)]... |Co(xx )| < (WK 5 M) = qUk=4-C-par

Hence, according to Theorem 3.2, if r > r; then

Z |X(-x1,]1)|1k|—)§(xk,]1\)| 0
x€lr G X( )
x#1
as |G| — oo.
In particular there exists N = N(k, ¢) such that if |G| > N then for any y # 1

we have
)] D)l _

x (k=1 -
Hence, if » > r1 and |G| > N then,

1.

3 VG Ry (SN0 3 LxGeag i)l - T G|
2k—2 - k—1
x€lr G X(l) x€lrG X(l)
x#1 x#1
< 2cll—qu«/(4k—4)r+b—r(k—1)+1

+ C;—kq3k—3—(1.5—%)r8.

The last inequality is from Theorem 3.2.
Therefore,

||1)C]!j1 *"‘*PCk,jk _UG”l

Z |X(x1,j1)|2 e |X(Xk,jk)|2

<
- X(l)zk—z

xe€lr G
x#1

< \/zc%—qu«/(4k—4)r+b—r(k—1)+1 _}_czl—kq3k—3—(1.5—%)rs.
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Hence, when r > ry and |G| > N then

||PW1,1 *"'*PWk,l —Uglh

)3 ICrjil- - |Cr |
1 (Wil .. [Wial

”PCIJ] Kook PCk.jk _UG”l
1<ji1<m

1<jx<mg

< ¢2€%—qu¢m_r<k_n+1 } Lk k35— Rore.

The other 2% — 1 summands:
Each summand is of the form

|Wl j]l |Wk fk|
.. 22| Py, o ok eeex Py, . — Ugll1,
il P e P = el
where ji,..., jr € {1,2} and at least one of ji, ..., ji equals 2.
Since | P — Q|1 < 2 for distributions P and Q, we have
Wil Wi Wil Wi
- - Pw, . x---x Py . —Ugli1 <2 - a
AR o~ Vol = 2 Ty
Denote 3k —re
S={reG: |Cox) =g " @),

Denote by k(G) the number of conjugacy classes in G. Then S is a normal subset,
which splits into at most k(G) conjugacy classes, and each conjugacy class is of size

at most 4, Bk—4)
—4)e
|G|q(—4+E+T)r

Hence

3k—4
( = )S)r

4
S| < k(G)|Glg*TEY
According to (ii) of Lemma 2.8:
k(G) < c3q"

where c3 is an absolute constant. So

15| < e3|Glg T3 TR Z oy Glgme-tra-p),

Since W; , € § we obtain

[ W 2| -

—G=Pra-¢)
=c3q Tk K
|G|

forl <i <k.
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We are assuming Wil > q_(?’—%)’(l—b”)_

IGI
Hence
W Wi
Wial _ 6T _ | —G-dra-ptG-ira-e _ . ~G-Higler
|VV,| w = C3¢q 34
IGl
Since at least one of ji, ..., jx equals 2,
Winl - Wil _ —a-prigter
WAl Wil — '
and so
Wh,; W, W W -
Wil | k’]"|||PW” %ok Py, —Ug||1§2| Litl Wil
LA (Wl 1 K A (Wl
< 2eaq O DE
The sum:

When r > r; and |G| > N we obtain

| Pw, * - * Pw, — Uglh

Z |Wl,j1| |Wk,jk|

Pw, . x---x Py . —U ”
Wi | e =6

(e di)E{1,2}K

< \/2C11—qu«/7(4k—4)r+b—r(k—1)+1 + elkg¥—3-(15-Pyre

+ (2% = 1)2e3q GO T er,
proving (i). Part (ii) is an immediate consequence. O
We now draw conclusions for sets w(G) of word values.

Theorem 3.4. Let w # 1 be a non-trivial group word. Let G = G,(q) be a finite
simple group of Lie type of rank r over the field with q elements. Then there is an
integer ro(w), depending only on w, such that the following holds.

@) Ifr = ro(w) and |G| = N(w), where N(w) depends only on w, then

| Puie) * Pucey = Usll = y2¢7 g2V 5r+1 4 16375 4 6e3q ™5,
(G) (G) 1 2

where c¢1, ¢, c3, b are absolute constants.
(i) If r = ro(w) then || Py (G) * Pw) — Uglli = 0 as |G| — oo.
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Proof. We will deal separately with the different types of groups G to show that for

r large enough and |G| large enough we have |“’|£;G|)| >q73.

G is not of type A, or ?A,:
According to Theorem 2.2, there is an absolute constant ¢ > 0 and an integer
M (w), such thatif |G| > M(w) then

LT
G]

There exists an absolute constant r; (that depends only on the absolute constant ¢)
r
such that for r > r,, we have ¢ - r~! > 273, Soforr > r, and |G| > M(w) we

have
DS 7150755 475,
|G|

[N

G is of type Ay:
According to Theorem 2.3, if G = SL(r + 1, g), and given w, there is an integer
d(w) > 0, depending only on w, such that

|lw(G)| d(w)
> T
G| (r + 1)3g>4+ =

For G = PSL(r + 1, q) we also have this inequality, since for a subset S C G

we have _ _
ST _ IS _ ISV/INT _ IS

1G]~ IGI/INT = IGI/IN] — 161"
where N = Z(G), G = G/N and § = SN/N.
So for r larger than a constant r3(w) that depends only on d(w) (and therefore
only on w) we have

lw(G)| _r
— >q 3.
|G|

G is of type %A, :
In this case the argument is similar to the case of A, using Theorem 2.4 in place
of Theorem 2.3. Hence there is a constant r4(w) such thatif r > r4(w) then % >

q 3.
Conclusion:
If G = G,(q) is a finite simple group of Lie type, and w is a group word,

there are integers M(w) and r,, r3(w), r4(w) such that if |G| > M(w) and r >

max{ra, r3(w), r4(w)}, then % > g7 3.

Now we can use Theorem 3.3 with ¢ = % and k = 2 and obtain:
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If r > max{ry(2, %), ra, r3(w), rq4(w)} and |G| > max{N(%), M (w)} then,

Py * Pu(e) — Usllt < \/2e71g2V4r+b=r+1 4 51375 + 603g7 5,
(&) (&) 1 2

where c¢1, ¢2, ¢3, b are absolute constants.
Part (ii) is an immediate consequence. ]

Theorem 3.5. Let G be a finite simple group of Lie type of rank r over the field with
q elements. Let 0 < ¢ < 1. Let Wy, W, be normal subsets such that

Wil _

—(1—¢) P =
>q Jori =1,2.
G|

Then:

Q) | Pw, * Pw, —Ugll1 < /d(r)-((c(2) — 1) + 30- g%, where d(r) depends
onlyonr.

(ii) If r is bounded, then || Pw, * Pw, —Ug|1 — 0 as |G| — oc.

Proof. Partition W; into two subsets W; ; and W; »: W; 1 will be the set of all regular
semisimple elements in W;, and W, » will be the rest of the elements in W;.

Then W; ; are normal subsets, and W; = W; U W, W; 1 N W; > = 0.

Using inequality (1) in the proof of Theorem 3.3 for k = 2 we obtain:

| Pw, * Pw, — Ug|l1 < ||V[V/[1/11| ||I/IV/IZ/21| IPw,\ * Pw,, = Ug
%1' Irzéjl | Pwi., % P, — Uslls
LR
||v;1/;2|| ||VEZ’;2|| | Pwy, * Pwy, — Uclir.

We will handle the first summand differently from the other three summands.
The first summand.:

(Wil [Wa 1]
(Wil W2

” Wi * PW2_1 - UG”l = ||PW1,1 * PW2,1 - UGH]-

Wi,1 and W, 1 are normal subsets, and hence are unions of conjugacy classes.
Denote these conjugacy classes of W; 1 by Ci1,...,Cim;. So Wi = U;"z’l Cij.
Therefore, as in the proof of Theorem 3.3,

|C1,;11Co
| Pw,, * Pw,, —Ugllh < Z | J

| Pc, ; * Pc,, — Ug|.
W1,1||W2,1| 1./ 2.k

1<j=<m;
1<k<m>
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By Lemma 2.12 there is a number ¢(r), depending on r but not on ¢, such that
|x(x)| < c(r) for all y € Irr G and all regular semisimple elements x € G. Using
Lemma 2.6 we obtain

L Gen, )12 (x2,0) 12
x(1)2

”PC]’j * PCZ'/( - UG”% =< Z
x€lr G
X#1

(r)*

5§jc =c(r)*- (L () - 1),
x(1)?

i

where C; ; = xC. in the second expression.

l?.]
Thus

Ci.l]|C

”PWl,l * PW2,1 -Ugl1 = Z M
1<j<m;
1<k<m>

Ve(r)*- (e (2) — 1.

| Pc

1.Jj

IA

The other three summands:
According to Corollary 2.11, if we denote by r(G) the proportion of regular

semisimple elements in G, then WlV’ |2‘ <1l-r(G)<=
We assume ‘ ll > g~(1-9),
Hence
|Wi2| l%fl
1B < 5 . —1+(1—8) — 5 . —8.
Wi~ mr =2 !
G
Since || P — Q|| < 2 for distributions P and Q, we have
Wil W2l Wizl (W2l
: || P * P - U, + - — || P * P - U,
|W1| |W2| || W],l W2.2 G”l |W| |W2| || Wl,2 W2,1 G”l
|Wi2| (W2l W2,
: : Py, % Pw,, —Ugl|1 <2 +2 = 4+ 2
Al Wl | Prea = Vel = 2T P T 2
<6-5-97°
The sum:
| Pw, * Pw, —Ugll1 < Vd(r) - ((6(2) = 1) +30-¢47°
proving (i).

In (ii) we assume that r is bounded, and so d(r) is bounded. We also know from
Theorem 2.9 that {g(2) — 1 as |G| — oo. If r is bounded and |G| — oo then
q — oo, proving (ii). O
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Notice that with these tools we cannot prove a better result for £ normal subsets
instead of 2.

For sets of the form W = w(G) we now obtain:

Theorem 3.6. Let w # 1 be a non-trivial group word. Let G = G,(q) be a finite
simple group of Lie type of rank r over the field with q elements. Assume there exists
ro(w), that may depend on w, such that r < ro(w). Then:

(1) There exist constants N(w), d(w), depending only on w, such that if |G| >
N(w), then

_1
I Pwic) * Pwc) — Uslh < Vdw)-((g(2)—1) +30-¢72.

(ii) ||Pw((;) k Pw(G) — UG”I — Qas |G| — OQ.

Proof. We are assuming that r is bounded by r¢(w), so according to Theorem 2.1
there exists a constant c(w) > 0 that depends only on w such that % > c(w).
Since we are assuming r is bounded, we have ¢ — oo as |G| — oo. So there
exists N(w) such that if |G| > N(w) then q_% < c(w). Soif |G| = N(w) then

G 1
WO > o) > g7+,

We now apply Theorem 3.5 with ¢ = 1/2. Since r < ro(w) and |G| > N(w),
we have

(Sl

I Pwic) * Pwc) — Uclh < Vd(w)-(¢g(2)—1) +30-472,

where d(w) depends only on w, proving (i).

Part (ii) also follows since {g(2) — 1 as |G| — oo, and since ¢ — o0 as
|G| — oo. O

Theorem 3.7. Let w # 1 be a non-trivial group word and let G be a finite simple
group. Then || PyG) * PwG) — Ucgll1 = 0as |G| — oo.

Proof. According to 1.17 of [LaSh2], || Py (G) * Pw) — Ugll1 = 0 as |G| — oo if
G is an alternating group.

For groups of Lie type use Theorems 3.4 and 3.6 to obtain the result.

Since |G| — oo we can omit the sporadic groups.

According to the classification of finite simple groups this covers all of the finite
simple group. O

Corollary 3.8. Let k be a positive integer and let w = xk. Let G be a finite simple
group. Then || PyG) * PyG) — Uglli = 0as |G| — oo.
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