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1. Introduction

Dehn functions have a long and rich history in group theory and topology. The germ
of the notion of Dehn function was expounded by Max Dehn in his solution to the
word problem for the fundamental groups of closed hyperbolic surfaces in [10], [11].
Gromov [13], [14] further developed the notion of Dehn function as a filling invariant
for a finitely presented group, and proposed the investigation of higher dimensional
filling invariants.

A function §: N — N is called the (1-dimensional) Dehn function of a finite
presentation if it is the minimal function with the following property. Every word of
length at most x in the generators representing the identity element of the group can be
expressed as a product of at most §(x) conjugates of relators and their inverses. Stated
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more geometrically, every loop of combinatorial length at most x in the universal
cover of a presentation 2-complex for the group, can be null-homotoped using at
most §(x) 2-cells. The adjective 1-dimensional refers to the fact that the function 6(x)
measures the area of efficient disk fillings of 1-dimensional spheres. It is customary
to drop the adjective 1-dimensional, and to simply talk about Dehn functions of finite
presentations. It is known that, up to coarse Lipschitz equivalence, the Dehn function
is a well-defined geometric invariant of a finitely presented group.

Dehn functions are intimately connected to the solution of the word problem in
finitely presented groups. For example, a group has a solvable word problem if
and only if its Dehn function is bounded by a recursive function. In particular, the
existence of groups with unsolvable word problem implies that there are groups with
Dehn function not bounded above by any recursive function. We now have a greater
understanding, thanks to the intense research activity of the past two decades and
in particular to the deep work of [16], of which functions can be Dehn functions of
finitely presented groups. For example, combining the results of [4] and [16], we
know that the set of exponents o for which x¢ is coarse Lipschitz equivalent to a
Dehn function is dense in {1} U [2, 00).

Following Gromoyv, for each integer k > 1 one can define k-dimensional Dehn
functions for groups G of type Fr4; (that is, G admits a K(G, 1) with finite
(k 4 1)-skeleton). Roughly speaking, a k-dimensional Dehn function, Sg ) (x), gives
a minimal upper bound for the number of (k + 1)-cells needed in a (k 4 1)-ball filling
of a singular k-sphere in X of k-volume at most x. As in the case of ordinary Dehn
functions, the coarse Lipschitz equivalence class of a k-dimensional Dehn function is
an invariant of a group of type ¥ 1. The k-dimensional Dehn functions are exam-
ples of Gromov’s higher dimensional filling invariants of groups. Precise definitions
of the 8g< ) (x) are given in Section 2.

In recent years, there has been considerable progress in our understanding of
which functions are (k-dimensional) Dehn functions of groups [1], [2], [5], [6], [8],
[17]. Combining the results of [5], [6], one now knows that for each k > 2, the set
of exponents « for which x“ is coarse Lipschitz equivalent to a k-dimensional Dehn
functionis dense in [1, 00). Young [18] has shown that for k > 3 there are groups with
k-dimensional Dehn function not bounded above by any recursive function. What
Young actually shows is that for k > 2 there exist groups for which the Dehn functions,
defined in terms of admissible (k + 1)-dimensional manifold fillings of admissible
k-tori, are not bounded above by any recursive function. For k& > 3, he then uses
the trick introduced in Remark 2.6(4) of [5] to conclude that the Dehn functions
8% of these groups have the same property. In contrast, Papasoglu [15] shows that
2-dimensional Dehn functions are all bounded above by recursive functions. In the
case k = 2, Young’s example together with Papasoglu’s result show that the Dehn
function based on admissible 3-manifold fillings of 2-tori is different from the Dehn
function §® introduced above. In summary, Dehn functions based on admissible
(k 4 1)-ball fillings of admissible k-spheres do not have to be bounded above by
recursive functions for k # 2. The case k = 2 is indeed special.



Super-exponential 2-dimensional Dehn functions 3

Papasoglu asked if there were examples of groups with super-exponential 2-
dimensional Dehn functions. See also the remarks by Gromov in 5.D.(6) on page 100
of [14]. Pride and Wang [17] produced an example of a group whose 2-dimensional
Dehn function lies between ev* and e*. The purpose of the current paper is to
describe two families of groups {G,}72, and {H,}5>, whose 2-dimensional Dehn
functions display a range of super-exponential behavior.

Theorem 1.1. For every n > 0, there exist groups H, and G, of type 3, with
817 (x) ~ exp” (V/x) and 83 (x) == exp” (x).

Here exp” denotes the n-fold composition of exponential functions.

Remark 1.2. The combination-subdivision techniques of the current paper are one
way of producing groups with super-exponential 2-dimensional Dehn functions.
There are other strategies that have the potential to produce groups of type 3 whose
2-dimensional Dehn functions have super-exponential behavior. The following was
suggested to the second author by Steve Pride.

Take a group A of type F3 with polynomially bounded ordinary Dehn function
and containing a finitely presented subgroup B whose ordinary Dehn function is some
tower of exponentials. Now let G be the HNN extension with base group A4, edge
group B, and both edge maps are just the inclusion B — A. Because of the finiteness
properties of A and B, we know that G is of type 3. Finally take a word in B that
has very large area filling in B, and efficient filling in A. The product of this word
with the HNN stable letter gives an annulus, whose ends can be capped off using the
efficient A-fillings. This gives a 2-sphere in the HNN space with small area but large
3-dimensional filling.

So the whole problem reduces to finding groups with subgroups whose area
is highly distorted. It is tempting to use the remarkable constructions of Birget—
Ol’shanskii—Rips—Sapir [3] to this end. However, it is likely that the ambient groups
in [3] are not of type F3. In particular, using the notation of [3], start with the
Baumslag—Solitar group BS(1,2) = (a,t | tat™! = a?) as the group Gy, and then
construct the group Hy (). The Cayley graph of Gy, is contained in that of Hy (S).
Consider the loop [a, t"at "], which is filled by a disk of the form shown in Figure 6
of [3]. (This figure is viewed as a punctured sphere diagram, with the small loop la-
beled u, as the boundary, where the disk fillings track the behavior of the S-machine
that reduces [a, t"at "] to the identity.) This disk filling has polynomial area. On the
other hand, this loop is a product of exponentially many loops of the form rat~'a™2,
each of which admits a disk filling of the form in Figure 6. These two methods of
filling the word [a, t"at™"] produce a 2-sphere in the Cayley complex of Hy (S),
indicating the possibility that Hx (S) is not of type F3. Indeed, it is likely that the
group Gy (S) of [3] is not of type F3 either.

This paper is organized as follows. In Section 2 we give the definitions of k-
dimensional Dehn functions, and remind the reader of a few standard techniques that
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are useful for establishing lower bounds. Section 3 gives a geometric overview of
the groups, and the inductive construction of the ball-sphere pairs that are used to
establish the lower bounds for the Dehn functions. Since the precise definitions of
the groups are somewhat involved, it is important that the reader keep the overview
in mind when reading the later sections. In Section 4 we give the precise definitions
of the groups H, and G,. These are defined recursively, and the details are recorded
in Table 1 for the reader’s convenience.

The proof of Theorem 1.1 is broken into two parts. We establish the appropriate
lower bounds in Section 5 by exhibiting sequences of embedded ball-sphere pairs in
the universal covers of 3-dimensional K(G, 1)-complexes. In Section 6 we obtain
upper bounds on 2-dimensional Dehn functions of general graphs of groups in terms
of information about their vertex and edge groups. These are then used to prove the
desired upper bounds for 5}_2 and § (GZZ This proof depends on a key area distortion
result, which is established in Section 7.

We thank the referee for helpful comments and corrections.

2. Preliminaries

In this section we define k-dimensional Dehn functions, and describe two useful
techniques for establishing lower bounds for Dehn functions. As in the case of
ordinary (or 1-dimensional) Dehn functions, one must work with coarse Lipschitz
classes of functions in order to obtain a geometric invariant of a group.

We begin with a discussion of coarse Lipschitz equivalence. Given two functions
f,g:]0,00) — [0,00) we define f < g to mean that there exists a positive constant
C such that

fx)<CgCx+C)+Cx+C

forall x > 0. If f < gand g < f then f and g are said to be coarse Lipschitz
equivalent (or simply equivalent), denoted f ~ g.

We work with the same definition of higher dimensional Dehn functions as in [5],
which is equivalent to the notions in [8] and in [2]. In order to give a formal definition
of §%)(x), one needs to work with a suitable class of maps that facilitates the counting
of cells. In [5] the class of admissible maps is used, and we use this class here.

If W is a compact k-dimensional manifold and X a CW complex, an admissible
map is a continuous map f: W — X% < X such that f~1(X® — x*k=D)i5a
disjoint union of open k-dimensional balls, each mapped by f homeomorphically
onto a k-cell of X. The key fact about admissible maps is that every continuous map
is homotopic to an admissible one.

Lemma 2.1 (Lemma 2.3 of [5]). Let W be a compact manifold (smooth or PL) of
dimension k and let X be a CW complex. Then every continuous map f: W — X

is homotopic to an admissible map. If f(OW) C X*=V then the homotopy may be
taken rel OW .
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Given an admissible map f: W — X from a compact k-manifold to a CW
complex X, the k-volume of f, denoted Volg(f), is defined to be the number of
open k-balls in W mapping to k-cells of X. We now have all the ingredients for a
formal definition of the k-dimensional Dehn function.

Givena group G of type Fg 11, fix an aspherical CW complex X with fundamental
group G and finite (k +1)-skeleton. Let X be the universal cover of X. If [ 8k > X
is an admissible map, define the filling volume of f to be the minimal volume of an
admissible extension of f to BK+1:

FVol(f) = min{ Vol 41(g) | g: B¥"" — X. glypcs1 = [ }.

Note that extensions of f exist since X is contractible, and that we may assume these
extensions are admissible by Lemma 2.1.
Now, the k-dimensional Dehn function of X is defined to be

§®(x) = sup{ FVol(f) | f: S* — X, f is admissible, Volz (/) < x }.

This definition is the one given in [5], which is equivalent to the definitions given
in [2], [8]. It is shown in [2] that, up to equivalence, §*)(x) is a quasi-isometry
invariant of X. In particular, the equivalence class of §) (x) does not depend on the
particular K (G, 1) complex used. Therefore, we will often write §*)(x) as Sg )(x).

Remark 2.2. We are concerned in this paper primarily with 2- and 3-dimensional
volume, which for clarity we write as Vol,(f) = Area(f) and Vols( f) = Vol(f).
We also abuse notation in the standard way by writing, for example, Vol(Y') to mean
Vol( /) for some understood f: Y — X.

We recall two very useful techniques from [5] for computing lower bounds for
k-dimensional Dehn functions.

Remark 2.3. The first technique follows from the fact (see Remark 2.7 of [S]) that the
volumes of top-dimensional embedded balls in a contractible complex are precisely
the filling volumes of their boundary spheres. More precisely, if X is a contractible
(k + 1)-complex, and g : B¥*1 — X is an embedding, such that g and g| sk = f are
both admissible, then FVol( f) = Voli11(g). The proof is a standard homological
argument; see [5] for details.

Remark 2.4. See Remark 2.1 of [5]. In order to establish the relation f < g
between non-decreasing functions, it suffices to consider relatively sparse sequences
of integers. For if (n;) is an unbounded sequence of integers for which there is a
constant C > 0 such that ng = 1 and n; 41 < Cn; for all i, and if f(n;) < g(n;)
for all i, then f =< g. Indeed, given x € [0, 00) there is an index i such that
ni <x < njt1, whence f(x) < f(ni+1) < g(ni+1) < g(Cn;) < g(Cx).
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In the case of the groups H; in this paper, we produce a sequence of embedded balls
{B2}22 | and spheres {S?}°° | in the universal cover of a 3-dimensional, aspherical
K(Hj, 1) complex. By Remark 2.3 Vol(B?) provides alower bound for § @) evaluated
at Area(S?). In Lemma 5.17 we prove that there exist constants A1, A, so that

Ar? < Area(Srz) < Apr?.

The sequence of numbers {Area(Srz)}S‘;1 satisfies the conditions of Remark 2.4, and
so one obtains a lower bound for the function 82/) (x).

The situation is similar for the groups G;, although the inequalities are a bit more
subtle. We show directly in Lemma 5.18 that the sequence {Area(S?)}%° , satisfies
the conditions of Remark 2.4, and so lower bounds for 8(62; (x) evaluated at Area(S?)
(given by the 3—volume of the corresponding embedded 3-balls), translate into a
general lower bound for the function § gl) (x).

3. Overview and geometric intuition

In Section 4 we define a sequence of groups G, and H, (for n > 1) with 8(623 (x) >~

exp” (x) and 5;2 (x) =~ exp”™(4/x). In Section 5 lower bounds for these Dehn func-
tions are established by exhibiting sequences of embedded 3-balls and boundary 2-
spheres in the universal covers of 3-dimensional K(G,, 1) and K(H,, 1) complexes.
Some of the details in these two sections may appear a little daunting on first reading.
In order to motivate these groups and the sequences of 3-balls, we first investigate a
classical construction for producing groups whose 1-dimensional Dehn functions are
iterated exponentials.

3.1. A 1-dimensional Dehn function example and schematic diagrams. Consider
how one may construct finitely presented groups whose 1-dimensional Dehn functions
are iterated exponential functions. The following examples are part of the folklore,
but only appear to have been written down relatively recently [7]. Consider the family
of finitely presented groups BS, (for each positive integer n), defined by taking BS;
to be the Baumslag—Solitar group

BS1 ={a,n |t1at1_1 = 612>
and defining the BS, (n > 2) as iterated HNN extensions
BSpt+1 = (BSp.tat1 | tns1taty iy = 7).

The group BS, has Dehn function equivalent to the iterated exponential function

exp” (x).
The intuition is as follows. The commutator word

Wim, = [t{"'atl_m',a]
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has linear length in m and has area exp(m7) in BS.

Now BS; < BS», and the extra relation in the presentation of BS, ensures that
one can replace the segments #;"' in the commutator word above by words of the
form t;" *tit, ™2 of length approximately log, (m1). Thus, the word

Wam, = (32012, a(t)? 11, ) 7! a]

has length a linear function of m,, but area exp?(m,) in BS».

Continuing in this fashion, one can keep replacing subwords of the form t;n" by
tjm;fr ! tjtj_flj *! where m; is approximately log(m;). One obtains a word wy m,,
representing the identity in BS, whose length is a linear function of m, and whose
area is exp” (m,). The lower bound on the area of the word wy, s, is obtained by
realizing Wy m,, as the boundary of an embedded van Kampen disk in the universal
cover of the standard presentation 2-complex for BS,. One verifies that the area
of the embedded disk is exp”(m,). Since this universal cover is contractible, the
standard homological argument from Remark 2.3 enables one to conclude that any
van Kampen filling disk for wj, ,,,, has at least as much area as the embedded one.

Figure 3.1 contains schematic diagrams of these embedded disks. In these sche-
matics, we ignore all syllables of length 1, so the original commutator wy ,,,, appears
as a square. Each replacement rule

t]'."f N t;':f;” tjtjj:"l”‘
is represented by a triangle with base attached along an edge of the previous schematic
diagram. The original square schematic for wj ,, becomes the octagon schematic
for wy s, and this becomes the 16-gon schematic for w3 5, and so on.

W1,m, W2,m» w3’m3

Figure 3.1. Schematic van Kampen disks for the words w; ;.

We reformulate the geometric intuition and combinatorics of these examples in
terms of schematic diagrams. Start with a quadrilateral whose area is an exponential
function of its perimeter length. Now take logs of the perimeter length by attaching
triangles via their base edges. Metrically, we think of the two remaining edges of
each triangle as having length that is approximately a log of the length of the base
edge. We attach a generation of 4 triangles, then a second generation of 8 triangles, a
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third generation of 16 triangles and so on. Repeat this procedure as often as necessary
to obtain a diagram whose area is an n-fold composite of exponential functions of its
perimeter length.

The combinatorics of the boundary circles of the schematic diagrams changes in
a very simple fashion. Edges get subdivided into two at each stage. Topologically
this subdivision is achieved by attaching triangular 2-disks along their base edges.
This is shown in Figure 3.2.

log(m) log(m)

log(m) log(m)

Figure 3.2. The subdivision rule and associated triangular disk.

Remark 3.1. Note that for each i the schematic diagram for w; ;,; is a template for
an infinite family of embedded van Kampen diagrams in the universal cover of the
presentation 2-complex for BS;. The infinite family is obtained by letting the integer
m; range from 1 to infinity.

3.2. The 2-dimensional Dehn function schematic procedure. What complica-
tions arise when one tries to mimic the procedure of the previous subsection in higher
dimensions? We will focus on the case of 2-dimensional Dehn functions. Start with
a schematic 3-dimensional ball and then try to reduce the areas of portions of its
boundary 2-sphere by attaching new 3-balls along its boundary. Each new 3-ball
attaches along a 2-disk. The boundary of such a disk is a circle that survives on the
boundary of the new 3-ball. A collar neighborhood of such a circle contributes to
the area of the new boundary 2-sphere.

In order to be able to reduce area repeatedly by attaching successive generations
of 3-balls, we will need to ensure that future generations of 3-balls attach in such a
way as to cover up (large portions of) the boundary circles of the attaching disks of a
given generation of 3-balls. This is a very basic complication in the combinatorics of
attaching 3-balls that does not occur in the case of 1-dimensional Dehn functions and
the examples of the previous subsection. In the 1-dimensional case the new 2-disks
attach along 1-disks, the boundary of a 1-disk is a O-sphere, and a collar neighborhood
of a O-sphere makes no significant contributions to length of the new boundary circle.

We first describe the combinatorics of our approach for dealing with the difficulty
outlined in the preceding paragraph. We construct a sequence of schematic 3-balls
B; whose boundary 2-spheres S; have the following properties.

(i) Each S; has a tiling into triangular regions.



Super-exponential 2-dimensional Dehn functions 9

(ii) The boundary edges of these regions have two colors, labeled (i — 1) and i.
(iii) Each tile contains exactly one (i — 1)-edge.

Now S;+; is obtained from S; by a combination-subdivision move as shown in
Figure 3.3. Unlike the 1-dimensional case, where a simple subdivision procedure
was sufficient, in this case one combines two cells together to form a quadrilateral
region, and then one subdivides that region.

Each edge of color (i — 1) is the diagonal of a quadrilateral (combine two adjacent
triangular regions). Delete this diagonal edge and retriangulate this quadrilateral by
adding a barycenter and coning to the four vertices. Each new edge is of color
(i 4+ 1). Note that this gives a triangulation of the sphere S;; with just two colors,
i and (i + 1), and now each triangle contains exactly one edge of color i. Thus one
can repeat this procedure inductively.

Figure 3.3. The combination-subdivision rule and associated 3-ball.

We think of each sphere S; as being the boundary of a 3-ball B;. We think of each
old quadrilateral as the back half of a 2-sphere and each new (subdivided) quadrilateral
as the front half of the same 2-sphere. This 2-sphere bounds a 3-ball, as indicated
in the lower half of Figure 3.3. The 3-ball B;4; is obtained from B; by attaching
a collection of such 3-balls along the quadrilateral neighborhoods of the edges with
color (i —1).
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As in the case of the 1-dimensional Dehn function examples, the combination-
subdivision moves have geometric content. Now we are concerned with areas as well
as lengths. There are two geometric versions of the combination-subdivision rule.
These are indicated in Figure 3.4, and details are given in Section 5.

(i) In a Type I rule, edges of color i have length equal to m, edges of color (i — 1)
have length ¢™, and the new edges of color (i 4 1) have length m. Each of the

two old triangles have area e™ and the new triangles each have area m?.

(ii) In a Type II rule, edges of color i and (i — 1) have length equal to m, and the
new edges of color (i + 1) have length log(m). Each of the two old triangles
have area m? and the new triangles each have area of order m.

m
m 1
m
m m
m m
log(m)
II
m
-
" fog(m)
m m

Figure 3.4. Geometric versions of the combination-subdivision rule.

These two types are designed so that one can alternate families of each type. In
Section 5 we construct families of embedded balls and boundary spheres with the
following schematic diagrams. The base 2-sphere S is the join S% * S© x SO, with
the equator S * S being comprised of 4 edges of color 0, and the remaining 8 edges
having color 1. We alternate these versions of the geometric combination-subdivision
rule as we progress along the sequence of schematic 2-spheres. Figure 3.5 shows three
fourths of the sphere S1, and the effect of the first few combination-subdivision rules.

The geometry of these families is as follows. The sphere S; bounds a 3-ball
whose volume is a quadratic function of the area of S;. Applying a generation of
Type I moves, we see that the sphere S, bounds a 3-ball whose volume is the square of
exp(y/Area(S,)), which is equivalent to exp(4/Area(S,)). The sphere S3 is obtained
by applying Type II moves, and so bounds a 3-ball whose volume is exp(Area(S3)),
and so on.
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7N
: VA4
an
W

S3

Figure 3.5. Alternating the combination-subdivision rules.

Remark 3.2. These schematic diagrams are related to the groups G; and H; (i > 0)
of Section 4 as follows. For each integer i > 0, the sphere S»;4+1 is a template
for 2-spheres in the universal cover of a 3-dimensional K(Gj;, 1)-complex, and the
sphere S»;+5 is a template for 2-spheres in the universal cover of a 3-dimensional
K(Hj, 1)-complex.

Remark 3.3. In the case of the 1-dimensional Dehn function the schematic diagrams
ignored syllables of length one. So a vertex may correspond to an edge of length 1
in a corresponding van Kampen diagram.

Similarly, vertices in these schematic sphere diagrams S; may correspond to
(several) 2-cells of the corresponding embedded spheres, and an edge may correspond
to corridors on the corresponding spheres.

Remark 3.4. By analogy with the 1-dimensional case, one might be tempted in
constructing the groups G; and H; to use Baumslag—Solitar type relations to provide
the exponential scaling required by the Type I moves. For example, thinking of
each of the triangles in the base quadrilateral of a Type I move as similar to the
triangle in Figure 3.2, we could take the base quadrilateral to have boundary word
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t"at™"s"a~'s™" in the group
B ={a,t,s|a®* =d' =a?).

This quadrilateral is composed of two triangles (each with area exp(n)) with boundary
words "at™" = a®" and s"as™" = a?".

The Type I move is executed by adding a stable letter u that acts on B via the
endomorphism ¢ given by: s + s,t > t,a > a®. The word t"at"s"a"'s™" is
the boundary of a new quadrilateral, composed of four triangles (each of area n?),
and the new-color edges are u”, (s~ u)", u”, and (¢ ~'u)". (See Figure 3.3.)

Observe, however, that the group

P =(B.u|g"=0¢(g). (g€B))

is not an HNN extension with base B since the map ¢ is not injective. For instance
t7lats™la=ls € Ker(p).

It is important that each of groups in the present paper admits a graph-of-groups
decomposition. This facet of our construction is exploited heavily in Section 5 where
the graph of groups structure is used to conclude the existence of 3—dimensional
classifying spaces, and these 3—dimensional spaces are used to establish lower bounds
for the 2-dimensional Dehn functions.

In Section 4 below the graph-of-groups structure is guaranteed by using mapping
tori of free groups of rank 2 in place of Baumslag—Solitar groups.

4. The groups

Let F, denote the free group on two generators. To construct the two families of
groups G, and H,, we start with the base group F, x F, x F, and then alternate two
procedures, coning and attaching suspended wings, which are described below. The
base group is of type F3, and we shall see from the definitions of the two procedures
that the groups obtained at each stage are also of type 3.

As indicated in Remark 3.4 we will need to use an exponentially growing auto-
morphism ¢ of F, repeatedly in the construction. It will be important (in Section 5.3)
that ¢ be palindromic.

Definition 4.1 (The palindromic automorphism ¢). Setting F> = (£, v), we define
the automorphism ¢ : F, — F, by

p(€) =§vE and ¢(v) =&

Remark 4.2 (Vector notation for free group bases). We use the vector notation y
to denote the basis {y;, y,} for a free group of rank two. In Table 1, the vectors
themselves may have subscripts. For example, u; denotes the basis {u11, %12} and



Super-exponential 2-dimensional Dehn functions 13

a,3 denotes the basis {a»31, @232 }. Furthermore, an ordered list of k vectors describes
an ordered basis of F,. For example, in Table 1, (ug, y) denotes F, with the ordered
basis {uo1, uo2, y1, y2}-

We also use product notation to denote coordinatewise multiplication of basis
elements. For example, uglaﬂ denotes the basis {uallazn,uo_z]azu}.

We say that two vectors v and w commute if the two basis elements represented
by v commute with the two represented by w.

The following definition provides the algebraic framework for the Type Il moves
from Section 3. We shall see explicit examples of these moves in Section 5.1.

Definition 4.3 (Coning). Suppose G is a group with a subgroup I'" isomorphic to
(F3 % Fy % --- % [5) X F,. We define the cone of G over I' to be the fundamental
group of the graph of groups in Figure 4.1.

St

G

Figure 4.1. The cone of G over I'.

For each edge group, one of the edge maps is inclusion and the other edge map is
(o *@*x---x @) x . This map is clearly injective, as ¢ is injective. Thus the cone of
G over I is simply a double HNN extension of G. If G is of type 3, then the cone
of G over I’ is also of type F3.

Example 4.4. In the first step of the inductive procedure, we start with G = F, X
F, x F,, where the three F, factors are generated by the 2-vectors ag1, ag2 and y.
The subgroup I' is F, X F, = (ag1) X {ag2). Thus the presentation for Gy = the
cone of G over I' is given by

Go = (G,ug | (g. )" = (g,h)"*? = (p(g). ¢(h)) forall (g,h) € T)

The next definition provides the algebraic framework for the Type I moves from
Section 3. We shall see explicit examples of these moves in Section 5.1.

Definition 4.5 (Attaching suspended wings). Let G be a group containing a collection
of subgroups {I'y, ..., 'y}, each isomorphic to F» xg F4, where the map 0: Fy —
Aut(F3) is defined on the ordered basis {x1, X2, X3, X4} as follows:

X1 @, Xab @, x3—>id, x4+ id.

Consider the fundamental group of the graph of groups in Figure 4.2. For each edge
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Figure 4.2. Attaching suspended wings to the subgroups ;.

group I, xg Fy, the two edge maps are the inclusion map and the map ¢ x id, which
acts by ¢ on the F factor and the identity on the F4 factor. It is easy to check that the
latter map is an injective homomorphism. We say that this group is obtained from G
by attaching suspended wings to the collection of subgroups I7;.

Note that the edge groups I'; are all of type F,. Thus, if G is of type F3, then the
new group is also of type 3.

Example 4.6. In the group G above, the subgroup I'; = (ag1, ug, y) is isomorphic
to the group F> xg F4 from Definition 4.5. Then the group obtained from Gq by
attaching suspended wings to I'; has the presentation

géimn = 4112 = ¢(g) forall g € F(agy), >

<G0’all gétt = gdliz — g forall g € F(up) * F(y)

Example 4.7. The group H; in the inductive construction is obtained from G by
attaching suspended wings to I'y and I'p, where I'; = F, xg Fy = (ag1) Xg (ug,y)
as in Example 4.6, and I', = F» %9 F4 = (agz) Xg (ug,y). The pair of stable letters
in H; corresponding to the edge group I'; is denoted by a;; and the pair of stable
letters corresponding to the edge group I'; is denoted by a;,. This is the summarized
in the H;-row of Table 1.

4.1. Inductive definition of the groups G, and H,. In Example 4.4, the group G¢
was defined by applying the coning procedure to the base group G = F> x F> x F5.
In Example 4.7 the group H; was obtained from Gy by attaching suspended wings.
The groups G,,, n > 1 and H,, n > 2 are defined inductively by alternating these
two procedures.

The group G, is obtained from H, by coning over a subgroup of H, that is
isomorphic to F,n+1 x F,, where F,n+1 is a free product of 2" copies of F,. The
pair of new stable letters is denoted by u,. The F; factor of the subgroup Fon+1 X F;
is generated by u,_;. The generators of the F,.+1 factor are listed in the G,-row of
Table 1.
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Table 1
Group Stable letters Edge groups §@(s)
Hy 01,202,y x3/2
Go up (ao1) x (ap2) x?
a AHg (ug,
o a (a01) xg (uo,y) "
ap (a02) xg (ug,y)
G u; (ar1,a12) x (up) er
az (ar1) 2 (ug,y)
ax (a12) g (u1,y) .
H2 eef
as; (ug'air) xg (uy,a01)
as (ug'az) xg (uy,a02)
G> u {(a21,a22,a23,224) X (uy) e
a3 (a21) g (uz,y)
ax (a22) g (uz,y)
as; (a23) % (uz,a01)
A "
s asg (a24) %9 (uz,202) e T
ass (uy'az;) xg (u2,a11)
ase (uy'az) g (w2, a12)
az7 (u7'ar3) g (w2, uglagy)
asg (u7'ass) g (w2, ug'ags)
aAp; (a(n—l)i) Ag (u)l—la in(l))
H, 1<i<2r! 1<i<2r!
exp” /X
(n>1) aApni <u;iza(n—l)j> g (uy—1, £, + 2’1_1))
2"l <j<2" 1<j=<2vl, j=i-2"!
Gn on
uy, (an) )j=l x (1) exp” x

(n=1)
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The group H, is obtained from G, —; by attaching suspended wings to a collection
of 2" subgroups of G,_1, each of which is isomorphic to F, xg F4 from Definition 4.5.
Note that each of these subgroups labels two edges of the rose in Figure 4.2, so that
there are actually 2”1 new stable letters in H,. These are labeled by 2" vectors in
the H,-row of Table 1.

Lemma 4.11 establishes that the edge groups listed in Column 3 of Table 1 are
indeed isomorphic to F,; x F, or F» xg F4, depending on the case. By induction, the
groups G, and H,, are of type 3 for all n. Table 1 also includes the 2-dimensional
Dehn functions of the resulting groups.

4.2. Further details about Table 1. This subsection provides a precise description
of the edge groups F, Xy F4 in the definition of H,. On a first reading the reader
may wish to focus on the first few groups in Table 1 (up to G3). The arguments for
the lower bounds for the first few groups (Section 5.1) and for the upper bounds in
general (Sections 6 and 7) can be worked through without a thorough knowledge of
the general labeling.

Recall that H,, is obtained from G, by attaching suspended wings along a collec-
tion of 2" subgroups of the form F, xg F4. These are labeled as follows:

(a(n—l)i> Xg (un—l, c(ﬁn(l»’ with 1 <i< 2n—1

and
(W, sa0-1);) X6 (Wemr, £2( +2"71),  with 1 < j <2771,

Lemma 4.11 establishes that these groups are indeed isomorphic to F, xg F4. Note
that the generators of the F, factors are either the stable letters of H,_; or are u;iz
times these stable letters. Note also that two of the generators of the Fy factor are
always u,_1, the stable letters in the definition of G,—_;. The remaining generators
of the F4 factor are described using the ordered list &£,, which is defined recursively
as follows:

il = {y7 y}7
L2 =1y, ¥, 201, 202},
in = {in—l, Ap—2)1, - - - ,a(n_z)zn—z, u;l3a(n_2)1, ey u;13a(n_2)2n—2},

where this last equation is for n > 3. We let £, (i) denote the i th element of £,,. For
n = 1,2, and 3 these labels are given explicitly in Table 1.

We now establish a few facts that will be used repeatedly in the proof of Lem-
ma4.11. Let M(G, t) denote a multiple HNN-extension with base group G and stable
letters represented by the vector t (which may have more than two coordinates).

Observation 4.8. If H is a subgroup of G such that the intersection of H with any
of the edge groups of M(G,t) is trivial, then the subgroup (H, t) inside M (G, t) is
isomorphic to H * (t).
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In the following lemma, we use the notation of Remark 4.2.

Lemma 4.9. Let M(M(G,t),s) be an iterated multiple HNN-extension. Letb and c
be vectors consisting of elements of G with the following properties.

(i) The intersection of {c) with each edge group of M(M (G, t),s) is trivial.
(i) The vector b has the same number of coordinates as t.

Then (bt) is a free group whose rank equals the number of coordinates of t and

(bt) N (s,c) = 1.

Proof. There is a retraction p of M(G,t) onto the free group F on t, such that
p(g) = 1 forall g € G. The subgroup (bt) of M(G,t) has the same number of
generators as F' and maps onto F' under this retraction. It is therefore free.

Now suppose w; = wi (s, ¢) and w, = w;(bt) are words that represent the same
element of M(M(G,t),s). Note that w; is contained in (s, ¢), which is isomorphic
to (s) *x {c), by Condition (i) above and Observation 4.8. Moreover, w represents an
element of the base group for M(M (G, t), s), since w, does. These two facts imply
that w; can be freely reduced to a word that does not involve any coordinates of s, say
to w3 = ws(c). Note that w3 actually represents an element of G, so that p(w3) = 1.
This implies that p(w,) = 1. Since w, is a word in bt, this can only happen if w, is
trivial. O

Remark 4.10. The subgroup (t) of M (G, t) is free. Since M(G,t) - M(M (G, t),s)
is an injection, the stable letters t also generate a free group in M(M (G, t),s). This
will be used repeatedly in the proof of Lemma 4.11.

Lemma 4.11 (Structure of edge groups). The subgroup (ag;,uo,y) (Wherei = 1

or 2) of Gy is isomorphic to F» xg Fy. Further, for each n > 1, the following

statements hold.

Coning:

(1) The subgroup (any,...,anon,Uy—1) of Hy is isomorphic to Fyn+1 X Fp, where
the F, factor has basis u,_;.

Suspended wings:

(2) Forl <i < 2" thesubgroup (a,;, Uy, Ly4+1)) of Gy, is isomorphic to Faxg Fy,
where Fy has basis a,; and Fy has ordered basis {uy,, £,+1(i)}.

(3) For 1 < j < 2", the subgroup (w, a,;,u,, £,41(j + 2")) of Gy is iso-
morphic to Fy Xg Fya, where F» has basis u;llan j and F4 has ordered basis
{un, Lnp1(J + 27}

Proof. The proof is by induction on 7.
For the base case, (the subgroup (a¢;,ug,y) of Go with i = 1 or 2) note that the
subgroups (ag;), and (y) are free factors of the base group (F»)> (see Table 1). By
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Remark 4.10, (ug) ~ F;, since it is generated by the stable letters of Go. Now (uy, y)
is isomorphic to F, by Observation 4.8. The fact that (ug,y) acts on {ag;) via 6 is
obvious by construction. Note that G can be thought of as a single multiple HNN
extension M (F, x F5,y,uq). Then (uy, y), consisting of stable letters, intersects the
subgroup (ag; ) of the edge group trivially. This shows that (ag;, ug, y) is isomorphic
to 5 xg Fy.

Inductive step for (1): The group H, is a multiple HNN extension

M(Gn—la anlv LR »anZ”)-

So by Remark 4.10, the subgroup (a,1, ..., a,3#) is isomorphic to F,u+1. Further,
it intersects G,_1, and hence (u,_1), trivially. Lastly, (u,_;) is isomorphic to F,
since it consists of stable letters introduced in the construction of G, —;. It follows
that (a1, ..., a,2n,u,_1) of Hy, is isomorphic to F,n+1 X F,, where the F, factor
has basis u,_;.

Suspended wings: We first analyze the subgroups (&£, +1(i)). Note that fork < n,
the subgroups (ag;), where 1 < i < 2k and (ug) of G, are isomorphic to F, by
Remark 4.10. Then the diagonal subgroups (u,:ila ki) are isomorphic to F, as well.
Since every vector &£,,+1 (i) is either ag; or u,:ll ay; forsome k < n—1, the subgroup
(€n+1()) of G, is isomorphic to F, for 1 <i <271,

Note that, as shown above, the edge group in the construction of G,, is isomorphic
to (a,; )f"zl X (u,—1). In particular, (&£, +1(i)) does not intersect the edge group, and
Observation 4.8 implies that (u,,, £, 1(i)) is isomorphic to F, forall 1 <i < 2"+1,

Inductive step for (2): Let 1 < i < 2". By construction, the stable letters u,
for G, act on a,; via ¢. The vector &£,11(i) is the same as &£, (i), and the fact
that £, (i) commutes with a,; follows from the construction of H,. This shows
that (u,, £,+1(i)) actson (a,;) via 8. Since G,, = M(M(Gy—1,apn1 ...2,21),Uy),
Lemma 4.9 (with b trivial and ¢ = £, 4+1(i)) shows that (u,, £,+1()) N (a,;) is
trivial. Thus the subgroup (a,;,u,, £,+1(i)) of G, is isomorphic to F, xg Fy.

Inductive step for (3): Let 1 < j < 2". Thenu, acts on a,; and u,_; (and hence
on u;lla,,j) via ¢. Recall that

forl < j <2n71,

. A(n—1)j
£ +2") =
nl 20 {u;lza(n—l)(j—zn—l) for2"~! < j < 2"

and observe (from the definitions of G,_; and H,) that both u,_; and a,; act on
Lnt1(j +2") viag. It follows that £,11(j + 2") commutes with u,, ! a,);. Thus
(uy, £n41(j +2")) acts on (u,1,a,;) via 6. The fact that these two groups have
trivial intersection follows from Lemma 4.9 (withb = u, !, and¢ = £,41(j +2")).
Thus (w,!,a,;,w,, £,41(j + 2")) is isomorphic to F» xg Fs. O

4.3. The cell structurein K¢, and Kg,. In this section we describe 3-dimensional
K(m, 1)’s for G, and H,,. Start with the standard cell structure (one O-cell and two
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1-cells) on a bouquet of two circles. The product of three copies of this with the
product cell structure is defined to be Ky, .

Since G, and H,, are defined recursively as graphs of groups with 2-dimensional
edge groups and 3-dimensional vertex groups, the complexes K¢, and Ky, are
constructed inductively as total spaces of graphs of 3-dimensional vertex spaces and
2-dimensional edge spaces.

Here is the model situation. Let X be a 3-dimensional cell complex and let
Yl(z), R Yk(z) c X® be m1-injective 2-dimensional subcomplexes. For each i, let
D;: Yi(z) — Yi(z) be a cellular map inducing an automorphism in ;. We define a
new 3-complex Z® by

Z(3) — X(3) L (I_Ii Yi(z) X [07 1])/ ~

where ~ identifies ¥,%) x 0 with ¥,% (via the inclusion map) and ¥® x 1 with
<I>(Yi(2)) for 1 <i <k. Each Yi(z) x [0, 1] is given the product cell structure with a
subdivision at the Yi(z) x 1 end, obtained by pulling back the standard cell structure
on Yi(z) via ;.

To get K¢, from Kpg, we apply this model situation, taking X ® to be K H,
and the Yi(z) to be the subcomplexes corresponding to the edge groups listed in the
G, -row of the third column of Table 1.

To get Ky, from K¢, , we first apply this model situation taking X B to be
Kg,_, and the Yi(z) to be the subcomplexes corresponding to the edge groups listed
in the H,-row of the third column of Table 1. We subdivide the resulting 3-complex
by introducing edges labeled u, ! a,; and 2-cells corresponding to the commutation
relations [u, ! a,;, £,41(j +2")] = 1. (Refer to the edge groups in the H,41-row
of Table 1 for these commutation relations.) Note that the a,; run over the stable
letters of H,,. Figure 4.3 demonstrates such subdivisions in the case of Kg, .

ao21

0] a 020

aizi

@2 (ao21) aiai

—1
uO alji

Figure 4.3. Typical new 1- and 2-cells in 127.1/1 .
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5. Lower bounds

5.1. Some spheres. As preparation for the general case, we explicitly describe some
spheres in the first few groups. The computations of area and volume will be only
roughly sketched, to help give a general idea. Formal verification of these computa-
tions will come later.

Spheres in Gy. Fix N € N and consider the slab in If(;;O (the universal cover of
KHy,) of the form oV (ao11) x @ (ag21) x yi (the equatorial slab in Figure 5.1 below).
The volume of this slab is |¢ (£)|? (cf. Lemma 5.9).

Each of the top and bottom faces of this slab consists of 2-cells corresponding to
relations in the edge group (ao1) X (ag2) in the definition of Go. Allowing ug7" to act
on both faces produces the 3-ball shown in Figure 5.1. Let us call the boundary sphere

Figure 5.1. The sphere S (N) in I’E\G/O

of this ball S1(N) in correspondence to Figure 3.5. Each of the eight trapezoidal
faces of S;(N) is a van Kampen diagram for an equality of the form ¢® (aq j1) =
uf)vlao i1y, IN . In particular, each vertical side of the trapezoid has length N, the top
has length one, and the bottom has length |@” (£)|, which is exponential in N. Thus
the transition from the slab to S1(/N) corresponds to two Type Il moves, one on each
face of the slab.

We can think of each trapezoidal face on S;(/NV) as a stack of horizontal strips.
Because of the exponential growth of ¢, the lengths of these strips approximate a
geometric series (Lemma 5.4). Thus the area of a trapezoid is approximately equal to
the length of its base edge, which is the same as the length of one piece of the equatorial
band about the sphere. We deduce that Area(S; (N)) =~ |¢® (£)| (Lemma 5.15). The
volume of the 3-ball is bounded below by the volume of the slab, which is [¢® (£)|?,

from which it follows that §G (x) > x? (cf. Remarks 2.3 and 2.4).
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Spheres in Hy. Looking at S;(N) from a different point of view, we see that it
consists of four belted-trapezoid pairs, each of which has the geometry marking the
beginning of a Type I move (see Figure 3.4). Each such trapezoid pair is contained
in a group of the form (ag;) xg (up.y), an edge group in H;. We again think of
each trapezoid as comprised of a stack of horizontal strips with boundary labeled
uo1 ¢' " Yagj) uyy ¢ (aajll), where 1 < i < N. The result of allowing al_ji1 to act
on each such strip and al_ﬁ’ to act on the four belts is the 3-ball shown in Figure 5.2.
We call the boundary of this ball S»(N).

ao2z1
(a5 uon)™
~ 121401
1 N ! R
— / X
(a“l”Ol) , NG
/ - \¢ -
AT - - S\ LRI NN
-/~ - \
- S [o- // ) O
7 JrFe-- A
| L7 ror 7 /N
- [ 4 /4 N
_ - ’ \ / Q
Yif - s \ N\ )
N 4 ’ \ , //// N
S /4 , . / B
N ~ = F - ——\————/—— i P
N ~ j [
a¥ NN . —~ ao11
D N S P
3N ~ L 4 _z
N /
N AN 1 ‘O
ay \_~ S
<
X Yy o

Figure 5.2. The sphere S>(N) in K77, .

The long sides of the horizontal strips in Figure 5.2 represent words of the form
aﬁ-l, giving each such strip an area equal to N. The angled strips connected to the

poles have long sides representing words of the form (a 1_,‘11 uo1)", so that these strips

also have area equal to N (recall from Section 4.3 that edges labeled al_jllum are
introduced into the cell structure on Ky, ). Each triangular region is a van Kampen
diagram for an equation of the form al_j]}’ u{)Vl = (al_jllu(n)N (recall that a;j; com-
mutes with u¢1). The area of such a triangle is essentially the number of commutation
relations required to achieve this equality, which is of order N? (Lemma 5.2). Thus
the area of S»(N) is of order N 2. On the other hand, the volume of the 3-ball is
again bounded below by the volume of the slab, which is |V (§)|> ~ (eV)? ~ V.

It follows that 831) (x) = evX.

Spheres in G;. To form S3(N) in 1?51 , we alter the previous constructions slightly.
We still begin with a slab of the form ¢® (ag11) x ¢ (ag21) X y1, but now we set
N = |pM (&)| for some M, so that the volume of the slab, as a function of M, is
ple™ ®l) ~ ¢¢™  We next allow the word oM (ugl) (instead of uyV) to act on
the top and bottom faces of the slab, producing a sphere analogous to the one in
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Figure 5.1. Performing Type I moves as before, but with ™ (a; j1) acting on the

belts instead of af;l, produces a sphere analogous to the one in Figure 5.2, but with
labels changed as indicated in Figure 5.3.

oM (uo1)

oM (ai11) oM (a121)

Figure 5.3. A portion of a variation of the sphere in 1?7;1 shown in Figure 5.2. The triangle
pair admits an action by ul_lM . Note that 9™ (u¢1) and o™ (a l_jll) have the same word length.
The labels on the diagonal edges in the figure above are formed by alternating the letters of
these words.

The triangles in this sphere can be grouped in pairs to form eight quadrilaterals,
each with the geometry marking the beginning of a Type II move. Each of these
quadrilaterals is a van Kampen diagram labeled by elements of the group (a1, a;2) X
(up), the edge group for G;. We now allow ul_lM to act on each of these quadrilaterals.
Asin G, this will produce trapezoids representing equalities of the form u gu7 ™ =
¢M (g), where g is of the form either a; j1 0r al_jllum. These relations have area of

order |M (£)| ~ eM, which gives the area of the sphere. The volume of the slab is
~ ,eM 2) x
~e ,sothatSGl(x)ze .

5.2. Iteration notation. Before moving on to the general case, we pause briefly to

develop the iteration notation necessary to avoid unwieldy towers of exponents.
Recall that the map ¢: (§,v) — (&, v) has the form ¢(§) = &v€ and p(v) = £.

We inductively define functions w, : N — N, setting wo(r) = r forall r € N, and

wa(r) = =1 (E)|.

The growth of ™ (£)] is determined by the matrix [% (1)], which has positive eigen-
value 1 + +/2. More precisely, we have that
2 1711
1 0| (O
1

oV (©)] = ~ %(1 L VRN,
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This implies that

ekt
1 — =1 \/5
e k@) T

It follows easily that
N
Y Ik )] = 1oV @)1,
k=0

as this sum is approximately geometric. From this discussion we deduce the follow-
ing.

Lemma 5.1 (Growth of wy). For each n we have

wy—1(r)

> 19 ®)] = walr) = exp™(r).

i=0

5.3. The van Kampen diagrams for moves. We now describe the van Kampen

diagrams that will make up the surface of our spheres, and we explain how they

correspond to the schematic diagrams and the subdivision-combination moves.
Given two words Wy = b1by...by, and Wy = cica...cm, we let 3(Wy, Wh)

denote the word bic1bzcs . .. by With this notation, we define A;’J. (wg (1)), for

k>1,n>0,and | <i,j < 2" to be the van Kampen diagram in Kz, shown in
Figure 5.4.

(pwk—l(r)(u("_l)l)

91 @iy) P @)

Figure 5.4. The van Kampen diagram A;’j (wg (r)).

Such a van Kampen diagram will be found in the initial stage of a Type Il move.
The following lemma establishes the existence and geometry of such van Kampen
diagrams.
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Lemma 5.2. The van Kampen diagram A} (wi (r)) exists. Moreover,
Area(A]; (g () = [wg ()],
Proof. Because ¢ is palindromic, we may write
V=1 (@pi1) = by .. .bybyi1by ... by,

where for j # p + 1 we have b; € {aml, n12} and by € {a e}. We

similarly write

nil’ n12’

(pwk_l(r)(u(n—l)l) =C1...CpCp+1Cp ... C1.

Recall from Table 1 that a,;; commutes with u,_1); for1 <i <2" and j = 1,2.
Then

(Pwk_l(r)(a;il1)90wk_l(r)(u(n—l)l)
= (b1...bpbpi1by...b1) " Hcr ... CpepriCp ... C1)
= (bi'er) ... (b, cp)(byticpi1) (b, cp) ... (BT cr)
= 8¢ 1 (@) 91 O u-ny).

The area claim follows by counting the number of commutation relations involved
in this equality, remembering that each such relation provides two 2-cells due to the
diagonal subdivision in the cell structure. We obtain

Area(A7; (wg(r))) = 2(21 +Cp+D+ Z )

=2(2p + 1)* = 2|p¥k- 1<”<g1)|2 [w (r)]2. O

Remark 5.3. The reason ¢ is chosen to be palindromic is to ensure the existence of
such van Kampen diagrams. To understand the mechanics behind A” (N), consider
the subgroup (g7 'h1, g5 ha) = F, of the group (g1, g2) X (hl,hz) ~ F, x F.

The action of ¢ X ¢ on F, x F; restricts to an automorphism of this subgroup exactly
when ¢ is palindromic, and in this case the induced action is the same as the action
of ¢ coming from the isomorphism (g 141, g5 'h2) =~ F>. Note that the diagonal
sides of A7, (wk (r)) are labeled by the generators of such subgroups, and are in fact

of the form wk—1( )(gl_lhl). This fact is crucial for performing future generations
of the iterative procedure.

When k = 0 we define Af;(wo(r)) to be the van Kampen diagram obtained

from the one in Figure 5.4 by replacmg all labels of the form ¢¥+—1()(g) by g”.
Also the notation A%, (wg(r)) will make sense with the definition above if we de-
fine u_; = agray,. For then we have §(p®x—1")(agl), 1" (ag11ayy,)) =
Wk—1(r) (agsy) = [p¥Wk—1 ) (ag21)]~". Each of these diagrams has geometry identi-
cal to that of the others, up to ~-equivalence. See Figure 5.5.
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N
N
&Q\ e%
& N,
N “y
o¥ A
§ 2,
7
oWk—1 (r)(“5111a021)
©
“ S
‘e, o
O
% 3
23 /
7 R
Q

Figure 5.5. The van Kampen diagrams A?Z(wk (r)) and A(l)z (wo(2)).

For the other van Kampen diagram with which we will be concerned, we first
recall that &£, (i) denotes the ith element of the list £,,. This element is a 2-vector
(&, v). It will be useful in what follows to let Q’L,SI) (7) denote the first element & of this
vector. With this notation we define ®% (wg(r)), fork > 1,n > 0,and 1 <i < 2",
to be the van Kampen diagram in If(\GJn shown in Figure 5.6. (Recall that each vector
in the list &£, 1, consists of elements in G,.) When k = 0 we define ©7 (wo(r)) to

L,G + 27

aizi
,6%(
o ull/_\
) —
% U2
“ Uil a
ay .- 1 :
e @i+ o | ]
3 -
N
i\
@® | |
N
¥ \_/
Q

2N, G +271h

Figure 5.6. The van Kampen diagrams O (wx (1)) and (H)é(wo(l)).

be the van Kampen diagram obtained from that in Figure 5.6 by replacing all labels
of the form ¢@*-10)(g) by g”.
We establish the existence and geometry of such diagrams in the following lemma.
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Lemma 5.4. The van Kampen diagram O (wy(r)) exists. Moreover,
Area(OF (Wi (r))) = wi41(r).

For the intuition behind this result, see ®(wo(1)) in Figure 5.6. The crucial
ingredient for the area claim is the exponential growth of ¢.

Proof. To establish the existence of the van Kampen diagram, note that each of
Up1 and u,, acts on éﬁflllz(i + 2"*t1) via ¢. Thus as elements of G,, the word
QPk—1 (’)(u,,l)cf,(lllz (i + 20t hpwk—1() (u;,}) and the word labeling the long sides
of the central strip in O} (wx(r)) are equal. This establishes the top and bottom
trapezoids of ®F (wy (r)).

For the middle strip, we simply need to observe that O‘C,(lllz(i) commutes with
Ln12( + 2", To see this, note that each &£,,412(i + 2" 1) term is also the first
factor in an edge group for H, 1, while each :Eflllz(i) term is the third factor in the
corresponding group. These commute, by definition of the action of 6.

We now compute the area of ©F (wg(r)). Note that the area obtained when ¢
acts on a positive word W is exactly |W|. Since ¢ is applied |@®@5—1") (&)| ~ wi(r)
times in each trapezoid, its area is

L+ o]+ 19*E)] + -+ + 9" O @),
so that Area(®7F (wi (r))) ~ |k ) (&)| = wy1(r), as required. O

The geometry of the van Kampen diagrams can be summarized as shown in
Figure 5.7, where the labels on the edges indicate lengths.

wi (r) wi (r) wi () wi (r)
* Wi +1(r)
wi (r)
w (1) wy (r)
wi (1) wi (1)
Area >~ [wg (r)]? Area™ w41 (r)

Figure 5.7. The geometry of A}, (wk (r)) and OF (w (r)).
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5.4. Geometry of the moves

5.4.1. Type II. As indicated above, the geometry of the van Kampen diagram
A7 (wi(r)) is that of the schematic quadrilateral with which a Type II move be-
gins, in that each side has equivalent length, and the area is equivalent to the square
of this length. We now explain how such a move is performed in the group G,. Note
that A7, (wg(r)) is contained in the edge group for G,. As such it admits an action
by the stable letters u,,.

Lemma 5.5. Assume k > 1, and suppose W is a positive word in the uy; of length
wy—_1(r), and let B denote the abstract 3-ball obtained by allowing W~ to act on
Al (wi(r)). Let S denote the 2-sphere boundary of B. Then

Vol(B) > w,% (r)

and
Area(S — A7 (wg(r))) = wi(r).

Proof. Note that w,% (r) is exactly the area of the van Kampen diagram A7, (wg (r)).
In the bottom layer of the 3-ball there is at least one 3-cell for every nine 2-cells in
A?j (wg (r)). The volume claim follows.

The boundary of A7 (w (r)) consists of four words of the form ¢"*-! ) (g) for
some g € {ani1,anj1, a;illu(,,_l)l , a;jllu(n_l)l }. The action of W~! on each of these
words has the geometry of one trapezoid of a @ (wg—_1(r)). As such the area claim
follows from the argument in the proof of Lemma 5.4. O

Remark 5.6. Whenk > 2and W = %20 (y,,;), the action of W ! on each of the
four boundary words of A;’j (wk (r)) produces precisely a trapezoid of O (wx_1(r)),
as shown in Figure 5.8. When k = 1 and W = u/,, it produces a trapezoid of

O} (wo(r)).

5.4.2. Type I. The geometry of ®Y (wy(r)) is that of the schematic quadrilateral
with which a Type I move begins, in that each side of the quadrilateral has equivalent
length, while the length of the diagonal and the total area are both exponential in
the outer edge length. We now explain how a Type I move is performed on such
a van Kampen diagram in H, ;. Note that each ©7 (w (r)) is contained in some
single edge group for H,4; (depending on 7). As such it admits an action by the
stable letters a(, 41);, for some j depending on i. In particular, given a word V' in
the a(_nl 1) i+ We may perform the procedure analogous to the one performed on each
belted trapezoid pair of S;(/N) in the construction of S(N) (cf. Section 5.1). In the
following lemma, this is referred to as allowing V' to act on ©F (wi(r)).
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Figure 5.8. A view from above of the action of W on A;f’j (wg (1)), as well as the resulting 3-ball

in the case that W = ¢k —2() (un1). Note that each vertical quadrilateral on the boundary of
the 3-ball is identical to a portion of ©F (wx—1(r)).

Lemma 5.7. Suppose W is a positive word in the ay,j; of length wi(r), and let B
denote the 3-ball in Hy41 obtained by allowing W' 10 act on O (wi(r)). Let S
denote the 2-sphere boundary of B. Then

Vol(B) = wi41(r) and Area(S — OF (wi(r))) = [w(r)]>.

Proof. The lower volume bound is trivial, as this is the length of the central strip, and
there is at least one 3-cell for every three 2-cells in this strip.

Suppose first that k > 1. Then the boundary of ®(w(r)) consists of four
copies of the word ¢®k—1() (u,,) along with four words of length one (those from
£442). The action of @®k—1(") (a;jll) on @@k=10) (3,1 has the geometry of one-half
of a A:’j (wg (r)) diagram. As such the area of each of the corresponding pieces of
S — O (wi(r))) is =~ [wg(r)]?. Because each letter in (pwk—l(’)(a;jll) commutes
with each of the letters in £, 5, the area resulting from the action on these words is
~ wi(r). The area claim follows for this case.

For the case that k = 0, the same argument applies with ¢@%-1)(g) replaced
by g". O

Remark 5.8. When W = (pwkfl(’)(anjl), the action of W~ on ¢@*=10) (1)
produces precisely one half of A;’j (wr(r)).



Super-exponential 2-dimensional Dehn functions 29

5.5. Lower bound estimates. Base Cases. We now inductively compute lower

bounds for § (62,3 (x) and 523 (x). For the base cases, we return to the spheres described
in Section 5.1 and point out how the claims made there are verified by the computations
just obtained. The only ingredient we lack is the following.

Lemma 5.9 (Slab volume). The volume of the slab (pwk(’) (ap11) X Wk (’)(a()z]) X V1
is [wg41(r)]>.

Proof. As a cell-complex this slab is isomorphic to A%, (wg1(r)) x [0, 1] with the
product cell structure. The result then follows from Lemma 5.2. O

For Gy we take k = 0, and so begin with the slab ¢" (ag11) X ¢” (@g21) X y1 with
volume [wy(r)]?. The boundary of this slab is a topological sphere containing two
copies of A%, (w;(r)). Let Bg,(r) denote the 3-ball obtained by allowing u,7] to act
on both of these. Let Sg, () denote the 2-sphere boundary of Bg, ().

Lemma 5.10 (Area and volume in Gg). Area(Sg,(r)) >~ w1 (r) and Vol(Bg,(r)) >
(w1 (”)]2-

Proof. The volume claim follows immediately from the volume of the slab, computed
above. For the area, we note that the band around the slab consists of four pieces,
each with area |¢” (§)| = w;(r). The remaining area is shown to be >~ w;(r) by
applying Lemma 5.5 with k = 0. O

We now consider H;. Note that Sg,, () consists of four copies of @? (wo(r)) (two
with i = 1, two with i = 2) plus two additional 2-cells. We define B, (r) to be the
3-ball obtained by allowing a,, and a’,, to act on the corresponding van Kampen
diagrams. We let Sy, (r) denote the 2-sphere boundary of this ball.

Proposition 5.11 (Area and volume in H). Area(Sg, (r)) = r? and Vol(Bg, (r)) >
[wi ()]

Proof. We again obtain Vol(Bg, (r)) > [w(r)]? from the volume of the central slab.
For the area we use Lemma 5.7 to compute

Area(Sp, (1)) = 8Area(A},(r)) + 16r + 6 ~ r?. O
Proposition 5.12 (Lower bounds for Gy and H).
5 (x) = x* and 83 (x) = eV™.

Proof. By Remark 2.3, (and assuming Lemmas 5.17 and 5.18 below), it suffices now

to show that Bg,(r) and By, (r) are embedded in If(\(;:) and I?;, , respectively (but
see Remark 5.13 below).
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Note that Bg, (r) consists of three component balls, each of which is embedded
by construction: the initial equatorial slab and the two balls resulting from the two
Type Il moves. Call these latter two Type 11 balls. If we label a vertex in the slab with
the identity element e € Gy, the other vertices in Bg, () naturally inherit labels by
group elements. To show that Bg,(r) is embedded, it suffices to show that any two
vertices in the cones that carry the same label must lie in the same Type II ball.

Elements g € Gy labeling vertices in a Type II ball satisfy g = hs, for some
h € Hp and s € (ug) (this is because (ug) acts by automorphisms). If two such
elements g; and g, are equal in Gy, then h15; = hys,. By considering the natural
retraction Go — (ug), we see then that s; = s,, from which it follows that 1; = h5.
Note that /7 and /4, label vertices on the embedded sphere boundary of the slab.
Because distinct Type II balls are attached to this sphere along disjoint disks, &1 = &y
implies that the vertices labeled by g, and g5 lie in the same Type II ball.

For By, (r) the argument is similar. We think of By, (r) as having five component
balls: Bg, (r) and four Type I balls. As before, it suffices to show that any two vertices
in the Type I balls carrying the same label must lie in the same Type I ball.

Elements /4 labelling vertices in a Type I ball satisfy 7 = gs, where g € Gy
and &4 € (a;;). If two such elements /; and h, are equal in H;, we deduce as
before that s; = s,. In particular, the two corresponding vertices lie in Type I balls
corresponding to the same stable group. Such balls are attached along disjoint disks
on the embedded sphere Sg,(r). As before we deduce that 7; = h, only if the
corresponding vertices lie in the same Type I ball. O

Remark 5.13. The equivalence relation >~ behaves poorly under composition. In
particular, one cannot always deduce the nature of volume as a function of area given
(in)equivalencies of each as functions of r. It is not difficult to show, however, that
these difficulties do not arise for the particular pairs of functions we encounter.

5.6. Induction steps. Here we put together the pieces of the previous subsections
to compute lower bounds for Sg: (x) and Sg: (x).

Lower Bounds in H,. Begin with a slab in (F)> of the form

"1 (ao11) x 91 (ag21) x 1,

and note that the volume of this slab is [w, (r)]?. Assume by induction that a sphere
SG,,_, (r) has been built upon this slab via alternating Type I and Type II moves, so
that Sg,_, (r) consists of

22" copies of @;’_1(w0 (r)); and
#2112k individual 2-cells.
These hypotheses are verified above for Go (n = 1). Let Bg, () denote the 3-ball

obtained by applying a Type Il move using a,,/; to each copy of O 1 (wo(r)), and
let Sy, (r) denote its boundary 2-sphere.
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Lemma 5.14. The 2-sphere Sg,, (r) consists of
o 227F1 copies of Al (wo(r));

strips with dimensions r x 1;

o Y2 2K individual 2-cells.

Moreover, we have the following estimates:

. D2n+2

Vol(Bg, (r)) > [w,(r)]> and Area(Sg, (r)) ~ [wo(r)]* = r2.

Proof. The volume claim is immediate from the volume of the slab. For the area, we
first note that each Type I move produces four halves of some A7, (wo(r)), as pointed
out in Lemma 5.7. There are as many Type I moves involved in creating Sg,, () as
there are copies of @l’.‘_l(wo(r)) in Sg,_, (r), namely 22", This gives the correct
number of copies of A7; (wo(r)) assuming we can show that these half-diagrams join
up in pairs to form genuine copies of A7 (wo(r)). But this follows immediately from
the fact that any two adjacent half-diagrams are adjacent along an edge of the form
(4(n—1)1)" lying along the boundary of some original @;’_l(wo(r)) on Sg,_,(r).
See Figure 5.9.

8<(pwkfl @ (a&l_H)”)’ (pwkil(r)(unl))
@1 ()

1 " (am+nin)

Figure 5.9. A view from above of the action of W on @? (wk (7)), as well as the resulting
3-ball in the case that W = ¢Wk-1 (r)(a(n_H yi1)- Note that each triangle on the boundary of
the 3-ball is identical to a portion of A?jfl'l (wg (1)).

On Sg,_, (r) there is one strip in the middle of each 7! (wq(r)), each of which
is covered by a Type I move. Each Type I move gives rise to four new strips with
dimensions r x 1.
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Finally we have the original Zi":_ll 2k individual 2-cells from Sg, _,(r), plus
one more for each Type I move. Thus the number of individual 2-cells in Sg,, (r) is
a2k,
Adding up the areas of these pieces, we obtain

2n
Area(Sp, (r)) = 22"T1r2 4 22742 4 Y "ok ~ 2, O
k=1

Lower Bounds in G,. Begin with a slab in (F)3 of the form

<Pw"(r)(a()11) X (Pw”(r)(aozl) Xy,

and note that the volume of this slab is [w, 41 (r)]?. Assume by induction that a sphere
Sw, (r) has been built upon this slab via alternating Type I and Type II moves so that
Sw, (r) consists, as shown in the previous lemma, of

« 22"*1 copies of A7, (wy(r));

e 22"*2 gtrips with dimensions r x 1;

« 377, 2% individual 2-cells.

See Figure 5.2 for confirmation of these hypotheses in the case n = 1.
Let Bg, (r) denote the 3-ball obtained by applying a Type I move using u,] to
each copy of A;’j (w1 (r)), and let Sg,, (r) denote its boundary 2-sphere.

Lemma 5.15. The 2-sphere Sg,, (r) consists of
o 227%1 copies of ©F (wo(r));
i";{l 2k individual 2-cells.

Moreover, we have the following estimates:

Vol(Bg, (1) = [wa+1(N)]* and Area(Sg, (1)) = wi(r).

Proof. The volume claim is immediate from the volume of the slab. For the area, we
first note that each Type II move produces four halves of some ®7 (wo(r)) (minus
the equatorial strip), as pointed out in Lemma 5.5. There are as many Type II moves
involved in creating Sg,, (r) as there are copies of A;’j_l (w1 (r)) in Sg,, (r), namely
227+l This gives the correct number of copies of O (wo(r)) assuming we can
show that these half-diagrams join up in pairs across strips to form genuine copies of
©7(wo(r)). But this follows immediately from the fact that any two adjacent half-
diagrams are adjacent across a strip from some previous Type I move. See Figure 5.8.

Finally we have the original 212{":1 2% individual 2-cells from S m, (), plus one

more for each Type II move. Thus the number of individual 2-cells in Sg,(r) is
2n+1 Ak
2%,
k=1
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Adding up the area of these pieces, we obtain

2n+1
Area(Sg, () ~ 22" w,(r) + Z 2K ~ wy(r). O
k=1

Remark 5.16. Note that the constants involved in verifying lower bounds for the
~-class of § (x) for G, and H,, grow exponentially as functions of n. This is due
to the exponential increase in the number of faces in the spheres created in these
groups.

The proof that these balls are embedded in their respective spaces follows exactly
as in the base cases, Proposition 5.12, because Type II balls and Type I balls with
identical stable groups lie in distinct cosets of the stable group. Thus it remains only
to show that the estimates obtained for these particular spheres suffice to establish
the lower bounds (cf. Remark 2.4).

Lemma 5.17. Let Sy, (r) denote the sphere defined above in Ky, with parameter r.
For each n, there exist constants Ay, Ay so that

Ayr? < Area(Sg, (r)) < Aor?.

Proof. 'We use the combinatorial structure of Sg,, () described in Lemma 5.14. From
the proof of Lemma 5.2, we have thatArea(A;’j (wo(r))) = 2r2, where this is an actual
equality. It follows that

Area(Sp, (r)) = 22" 12p2 4 22142, 4 o204l _ 9

It follows (since r > 1) that we may choose A; = 22"*2 and A, = 3-22"+2, ]

Lemma 5.18. Let Sg,, (r) denote the sphere defined above in K¢, with parameter r.
For each n, there exists a constant C > 0 so that

Area(Sg,, (r + 1)) < CArea(Sg, (1)).
Proof. The proof of Lemma 5.4 can be refined to give the estimate

w1 (r) < Area(07 (wo(r))) < 3wi(r).
Combining this with the combinatorial structure of Sg,,, we then have

22"y (r) + 2212 — 2 < Area(Sg, (1)) < 3-22"tlw, (r) + 2212 -2,
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From this we compute

Area(Sg, (r + 1)) <3-22"Tly (r + 1) 422772 _2
2w1(r +1)

<3 ~22”+2w1(r + 1) =3. 22n+
w1 (r)

w1 (r)
<3. 22n+2 wl(r + 1) u)](r)
B wi(r)
1
W ED ) rea(Se, (1),

w(r)
Note that the ratio w; (r + 1)/w1 (r) is never larger than three (w1 (k) is the length of
¢* (£), and each application of ¢ multiplies length by no more than three). It follows
that

<3.2

Area(Sg,, (r + 1)) < 18 Area(Sg, (1))

as required. O

We are finally able to deduce lower bounds for the 2-dimensional Dehn functions
of H, and G,,.

Proposition 5.19 (Lower bounds). For n > 1 we have 523 (x) = exp"(/x) and
5G)(x) > exp” (x).

6. Upper bounds for graphs of groups

In this section we show that the 2-dimensional Dehn functions of the groups G, and
H,, are bounded above by the functions listed in Table 1. In the inductive construction,
each group is obtained from the the previous group as a multiple HNN extension.
The upper bounds are obtained inductively using two general results about graphs
of groups (Propositions 6.1 and 6.2 below). A version of Proposition 6.1 appears in
[17]. We give a different proof using admissible maps.

Proposition 6.1. Let G be the fundamental group of a graph of groups with the
following properties:

(i) All the vertex groups are of type F3 and their 2-dimensional Dehn functions are
bounded above by the superadditive increasing function f.

(ii) All the edge groups are of type F, and their 1-dimensional Dehn functions are
bounded above by the superadditive increasing function g.

Then S(GZ)(x) = (fog)x).

The upper bound obtained in the above proposition may not always be the optimal
one. Proposition 6.2 below gives another way to obtain an upper bound. It relies on
the existence of a function bounding the area-distortions of the edge groups in G.
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Proposition 6.2. Let G be the fundamental group of a graph of groups with the
following properties:

(1) All the vertex groups are of type F3 and their 2-dimensional Dehn functions are
bounded above by the superadditive increasing function f.

(ii) All the edge groups are of type F>.
(iii) There exists a function h such that if w is a word representing 1 in an edge group
I, then Arear (w) < h(Areag (w)).

Then §& (x) < f(xh(x)).

Sections 6.1 and 6.2 contain some preliminaries for the proofs of these proposi-
tions. The proofs are contained in Sections 6.3—-6.5. The propositions are used to

prove upper bounds for (ng (x) and 53: (x) in Section 6.6.

6.1. The 3-complex IFG We start with the standard total space K¢ of the graph of
spaces associated with G. Recall that K¢ is a quotient map

q: UK, U (UK, x][0,1])) = Kg, (6.1)

where the K, are indexed by the vertex set of the graph and the K, are indexed by
its edge set. Note that g identifies each K, x i (where i = 0, 1) with its image in a
vertex space K, under a map induced by the edge inclusion G, — Gy.

The vertices of K¢ are exactly the vertices of the K. For 1 <i < 3, an i-cell of
Kg is either an i-cell of some K, or of the form ¢ x [0, 1], where ¢ is an (i — 1)-cell
of some K

Labeling on K. Each l-cell of K¢ of the first type mentioned above is labeled
by a generator of the corresponding vertex group. All 1-cells of the second type are
labeled by the letter e.

The boundary of a 2-cell of the first type is labeled by a relation in the correspond-
ing vertex group. A 2-cell of the second type is homeomorphic to E x [0, 1], where
E is an edge of some I?e Then E corresponds a generator, say g, of the edge group
G.. Let G, and G, be the vertex groups adjacent to G, and let X and Y be words
in the generators of G, and G, respectively, which represent the images of g under
the edge inclusion maps. Then the 2-cell E x [0, 1] has boundary label eXe™'Y 1.
Note that any boundary label that contains e is of this form.

Within each piece of K¢ of the form K, x [0, 1], we identify the slice K, x 1 /2
with K. Every cell ¢ x [0, 1] in K, x [0, 1] contains an embedded copy ¢ x 1/2 of
acell of K,. If ¢ is a 1-cell, we label ¢ x 1/2 by the generator of the edge group G,
that labels ¢. We use this additional cell structure and labeling in the course of the
construction below (to define central words of annuli), but we do not think of these
as cells of If(VG



36 J. Barnard, N. Brady and P. Dani

6.2. Transverse maps. In proving upper bounds for 1-dimensional Dehn functions,
one often uses the notion of an e-corridor or e-annulus in a van Kampen diagram.
To facilitate the definition of an analogous object in the present setting, we require
maps f: S? — I’(VG to be transverse. Transversality, a condition more stringent than
admissibility, gives rise to a generalized handle decomposition of S?. We summarize
a few essential facts here and refer to [6] for more details.

An index i handle of dimension 7 is a product £ x D", where X is a compact,
connected i-dimensional manifold with boundary, and D"~/ is a closed disk. A
generalized handle decomposition of an n-dimensional manifold M is a filtration
=MD cMOc...c MW =M by codimension-zero submanifolds, such
that for each i, M@ is obtained from M~V by attaching finitely many index i
handles. Each i-handle ¥ x D" is attached via an embedding d%¥! x D"~/ —
M@= A map f from M toa CW complex X is transverse to the cell structure of
X if M has a generalized handle decomposition such that the restriction of f to each
handle is given by projection onto the second factor, followed by the characteristic
map of a cell of X. We say that X is a transverse CW complex if the attaching map
of every cell is transverse to the cell structure of the skeleton to which it is attached.
We will need the following result of Buoncristiano, Rourke, and Sanderson.

Theorem 6.3 ([9]). Let M be a compact smooth manifold and f: M — X a
continuous map into a transverse CW-complex. Suppose f oy is transverse. Then
f is homotopic rel OM to a transverse map g: M — X.

In order to apply this theorem, one needs a transverse complex. The complex K¢
defined above can be made transverse by inductively applying the theorem to attaching
maps of cells. This procedure can be done in way that preserves the homeomorphism
type of the complex and its partition into cells. (See Section 3 of [6] for the details
of this procedure.)

Lastly, if one applies the theorem to an admissible map to make it transverse, its
combinatorial volume does not change. (This is because the preimages of n-cells do
not change during the course of the homotopy, except possibly by shrinking slightly)

Existence of e¢-annuli. We are concerned with transverse maps 7: S2 — Kg. Such
a map induces a decomposition of S 2 into handles of index 0, 1, and 2, and each i-
handle maps to a (2 — i )-dimensional cell of Kg. Each 1-handle inherits the label of
the 1-cell that it maps onto. If there is a 1-handle labeled e, there are two possibilities:
either the 1-handle is of the form S! x I (an annulus) or it is adjacent to a 0-handle.
In the latter case, the 0-handle is mapped homeomorphically to a 2-cell in Kg whose
boundary is labeled by a word of the form eXe~'Y ~1, and is therefore adjacent to
exactly one other 1-handle labeled e. This new 1-handle is, in turn, adjacent to another
0-handle. Continuing this process, we obtain a finite concatenation of alternating 1-
handles (labeled e) and 0-handles, which forms an annulus. In either case, we call
the annulus an e-annulus. Note that an e-annulus can consist of a single 1-handle of
the form S! x 1.
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The only handles adjacent to an e-annulus are 1-handles that are not labeled e and
2-handles. Thus e-annuli never intersect each other. (In particular, such an annulus
never intersects itself.)

The central and boundary words of an e-annulus. Any O-handle in an e-annulus
is mapped homeomorphically to a 2-cell of the form E x [0, 1], where E is an edge in
an edge space, say K¢, and E x 1/2 is labeled by a generator of the edge group Ge.
Concatenating such labels from successive 0-handles, we obtain the central word
of the e-annulus. We think of the central word as labeling a central circle C that
runs through the interior of the annulus. The circle C is simply the union of the
segments [0, 1] x {1/2} through the center of each 1-handle of the annulus and the
curves 7 1 (E x 1/2) in each 0-handle. Note that 7(C) C K¢ x 1/2.

The boundary of the 2-cell is labeled by eXe~'Y ~!, where X and Y are words
in the generators of the two adjacent vertex groups. Concatenating such words from
successive 0-handles in the e-annulus gives the two boundary words of the annulus.

6.3. General strategy for the proofs. We assume that K¢ has been made transverse
by applying the procedure mentioned after Theorem 6.3. Given any admissible map

o: 8?2 > Kg ? with Area(o) = x, we construct an admissible filling 6: D3 —
K¢ whose volume is bounded above by a function ~-equivalent to f(g(x)) (for
Proposition 6.1) or f(xh(x)) (for Proposition 6.2).

To construct the admissible filling &, we think of D3 as a cone §2 x [0, 1]/5% x 1
and decompose it into two pieces, A = S2? x [0,1/2] and a closed ball B = S2 x
[1/2,1]/82 x 1. It follows from Theorem 6.3 that there is a homotopy W: S? x

~ (2
[0,1/2] — KG( ) such that Wy = o, and Wy/, = 7 is a transverse map with
Area(t) = Area(o). In Section 6.4 we construct an admissible filling 7: B — Kg.

Then
)\ A
G = { on A 6.2)
T on B.

(See Figure 6.1.) Note that ¢ is admissible and that Vol(¢) = Vol(7).

To construct the filling T we decompose the ball B into two families of balls with
disjoint interiors. The first family consists of “slabs” homeomorphic to D? x I. The
lateral boundary dD? x I of each slab lies on dB. The space formed by deleting the
interiors and lateral boundaries (i.e. D? x (0, 1)) of the slabs is a disjoint union of
balls, which make up the second family. We construct admissible maps on each of
the component balls in the two families in such a way that they agree on common
boundaries and agree with T on dB.

Under the standard map from K¢ to the associated Bass—Serre tree, the image
in I?G of a slab from the first family above maps to an edge of the tree, while the
image of a ball from the second family maps to a vertex of the tree. The volume of
a slab is related to the areas of its boundary disks D? x 0 and D? x 1. The volume
of a ball of the second type is controlled using the 2-dimensional Dehn function of
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Figure 6.1. Filling the admissible map o : $2 — Kg.

the corresponding vertex group. The details of the volume estimates are given in
Section 6.5.

6.4. The admissible filling T. An admissible filling of the transverse map : dB —

Ke @ is constructed as follows. If 9B has no e-annuli, the image of 7 lies completely
in one of the (3-dimensional) vertex spaces K,. Since f is an upper bound for the
2-dimensional Dehn functions of the vertex groups (in both propositions), there exists
an admissible filling 7: B — K, with Vol(7) < f(Area (7)).

If 0B has e-annuli, then T is constructed inductively. The induction is on the
number of e-annuli. If A; is an e-annulus, form a new space Bj, by gluing a slab
D? x [0,1] to dB along Ay, i.e.

By = 0B U (D?x[0,1]) / A; ~ (dD? x [0, 1]).

If A; consists of a single 1-handle, then it is homeomorphic to S x [0, 1]. With
this identification, the restriction of 7 to A; is simply projection onto the second
factor, followed by the characteristic map of a 1-cell. Then t extends to a map on
D?x[0, 1] whose image is the same 1-cell. (The map is constant on each disk D? x¢.)
This defines an admissible map t;: B; — I?G

Otherwise let w; and C; be the central word and central circle of A;. Now 7|¢,
is an admissible map into some 12; The circle C; divides dB into two components,
and the restriction of 7 to the closure of one of these components is a filling of 7|¢,.
Thus w; represents the identity in G (and hence in the edge group G¢). It follows
that w; can be filled in Ii, 1.e., there is an admissible map D? — IA({E that agrees
with 7|¢, on dD2. Extend this to amap n: D? x [0, 1] - K, x [0, 1] (by defining it
to be the identity on the second factor). Restrict the quotient map g from Section 6.1
to K¢ x [0, 1] and let g denote the unique lift to universal covers so that § o n agrees
with 7 on Aj.
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Now define 7;: B; — KG by

T on 0B,
Tp =5 . 5
gononD~xI.

Note that t; is an admissible map of B; into I?G (i.e. 71 restricted to a component of

the inverse image of an open 3-cell is a homeomorphism). Moreover, the restrictions
)
of 7; to the boundary disks D2 xi,wherei = 0, 1, are admissible maps into KG

(In fact the boundary disks are mapped into the 2-skeletons of vertex spaces.)
The complement B, \ D? x (0, 1) is a disjoint union of two spheres, which we
call the complementary spheres. The restrictions of 7; to the complementary spheres

are admissible maps into KNG(Z). Note that even though t was a transverse map, we
do not require 77 to be transverse. The transversality of T was only used to conclude
that the e-annuli on 0B are all well-defined, embedded, and mutually disjoint. This is
clearly the case for the restrictions of 7; to each of the complementary spheres. Note
that, since the boundary disks D? x i do not contain any 2-cells labeled e, no new
e-annuli are added in the course of the above procedure. Now we repeat the procedure
with t replaced by each of the restrictions of 7; to the complementary spheres.

Let N be the total number of e-annuli on dB. By induction we obtain an admissible
map ty: By — Kg, and complementary spheres Sy, ... Sy+1 (since in each step
one of the complementary spheres is divided into two). Let 7n; denote the restriction
of Ty to S;. Then ty; is an admissible map into the 2-skeleton of some vertex space.

As before, for each i, there is an admissible extension Tp; of t; defined on D3
a 3-dimensional ball with boundary S;, such that VO](‘L'N,) =< f(Area (tni)). Note

that the ball B = UN*!1D? U By, and define 7: B — Kg by

_ Ty on By,
z =
tyion D}, forl <i <N + 1.

Note that 7 is an admissible extension of t. Finally, the admissible filling 6 of the
original map o is defined as in Equation 6.2.

6.5. Filling volumes in graphs of groups. Let Aq,...,Ay, wi,...,wy and
Ke,,..., K., denote the e-annuli on 0B, their central words and the corresponding

edge spaces respectively. For any A;, the restriction of t to the slab that it bounds
has volume equal to Areag, (w;). (If 4; is an e-annulus of the form S 1'% [0, 1] for
some i, then w; is empty and Areag,. (w;) = 0.)

There exists a constant M, which ldepends only on G, such that if 4 is a boundary
word of one of the e-annuli, say A;, (so that & is a word in the generators of a vertex
group, say Gy), then Areag, (h) = M Areag, (w;). This ensures that at the ith
step of the procedure, (i.e., when a slab is glued in along A; to form B;), the fotal
area of the complementary spheres increases by at most 2M Area K, (w;). Using the
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superadditivity of f, and the fact that the fillings Tn; of the complementary spheres
were chosen so that Vol(Ty;) < f(Area (7)y;), we have

Vol(0) = Vol(7)
= Total volume of slabs + Total volume of balls
N+1

N
ZAreaKel, (wi) + Z S (Area (tyi))
i=1 i=1
N+1 (6.3)

N
ZAreaKei (w;) + f( Z Area (‘L'Ni))

i=1 i=1

IA

IA

IA

N N
ZAreaKei (w;) + f(Area (r) +2M ZAreaKei (w,-))

i=1 i=1

We are now ready to complete the proofs of Propositions 6.1 and 6.2. We retain
the notation developed above.

Proof of Proposition 6.1. Leto: S? — I?G @ be an admissible map with area x. We
obtain an admissible filling o : D — Kg as described in the procedure above. Equa-
tion (6.3) estimates the volume of this filling. By the assumption on the 1-dimensional
Dehn functions of the edge groups, we have that Areag, (wyq,;) < g(lwy, ). Soby
the superadditivity of g, we have } Areag, (w4;) < g(3_ |wa,[) < g(x), since the
total lengths of central words of annuli cannot be more than the total area of 0. So
the estimate for the volume is Vol(0) < g(x) + f(x 4+ 2M g(x)). This gives

5P (x) < g(x) + f(x +2Mg(x)).

However, since x < f(x), and x < g(x), we have g(x) + f(x +2Mg(x)) =<
f(g(x)). This is the required upper bound. O

Proof of Proposition 6.2. As in the previous proof, leto: §% — K~G(2) be an admis-
sible map with area x and let & be the admissible filling from the procedure above.
This time, we have the condition Areag, (wg4;) < h(Areag,; (wy,)) for eachi. The
restriction of t to a “hemispherical” piecle of 0B gives a filling of wy, of size at most
x. Since there are at most x annuli, the estimate in Equation 6.3 becomes

N N
Vol(6) < ZAreaKei (wyg;) + f(x +2M ZAreaKel, (wAl.))
i+1 i+1
< xh(x)+ f(x +2Mxh(x)).

This give §2) (x) < f(xh(x)). O
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6.6. Upper bounds for the super-exponential examples. The proof of the upper
bounds for the super-exponential examples is by induction. We have an alternating
sequence of groups

H0<G0<H1<G1<H2<G2<-"

where Hy = F, x F,. (Note that this is different from the H defined in Table 1. In
Section 4, Example 4.4, the group G was obtained from F, x F, x F, by coning over
F, x F,. This can also be viewed as a multiple (4-fold) HNN extension with base
F>, x F, = Hyp, where two stable letters act via the identity and two act via ¢ X ¢.)

All of the above groups are of type F3. Apart from Hy, they all have 3-dimensional
K(m, 1)’s. As described in Section 4.1, each group in the sequence is a multiple HNN
extension of the previous one.

Proof of upper bounds for 85 and §&). Since F; x F has a 2-dimensional K (. 1)
we have 8}2 (x) = 8%))( F (x) ~ x. This starts the induction.

Step 1. Deducing 5(623 (x) upper bounds from 81(33 (x) upper bounds (n > 0). This
is a straightforward application of Proposition 6.1. The group G, is the fundamental
group of a graph of groups where the underlying graph is a bouquet of two circles
(four if n = 0), the vertex group is H, and the edge groups are F,.+1 x F,. Further,

(1) 5;123 (x) ~ x (base case) and 5}2 (x) =~ exp™(4/x) for n > 0 (induction hypoth-
esis).

=y o(1) ~ 2
(ii) 5F2n+le2(x) ~ x*,

Proposition 6.1 now implies that S(ng (x) < x? and 883 (x) < exp*(x) forn > 0.

Step 2. Deducing 5;123 (x) upper bounds from 85;23_] (x) upper bounds (n > 0).
This is more involved than the previous step. The group H,, is the fundamental group
of a graph of groups where the underlying graph is a wedge of 2" ™! circles, the vertex
group is G, and the edge groups are all isomorphic to F, x Fy4. The result will
follow from Proposition 6.2 together with the following lemma, which describes how
areas in the edge groups get distorted in H,,.

Lemma 6.4 (Area-distortion of I' in H,). Let I" be an edge group in the graph of
groups description of H,. Then there exists a constant By, which depends only on n,
such that for any word w in the generators of T that represents 1,

Arear (w) < (B, Areagy, (w)e Bn Arears, (w))z‘ (6.4)

Section 7 is devoted to the proof of this lemma. We now have:

(i) 5(ng (x) < x2 (Step 1) and 8(Gz,3_1 (x) < exp”!(x) for n > 1 (induction hypoth-
esis)
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(ii) By Lemma 6.4, the function s (x) = (B,xevPn*)2 satisfies the third condition
in the statement of Proposition 6.2.

Proposition 6.2 and the fact that /1 (x) ~ eV* now imply that 81(‘?1) (x) < (xe vx )2 and
2
5}_2()6) =< exp”_l(xe*/}) forn > 1. Since xeV* ~ ¢v* and (eﬁ) ~ V¥ we

have 823 (x) < exp™(y/x) foralln > 1.
This completes the proof of the upper bounds for the super-exponential examples.
O

7. Proof of the area-distortion lemma

This section provides a detailed proof of Lemma 6.4. Let I" be any of the 2" groups
isomorphic to F, xg Fy listed in the row corresponding to H, in Table 1. In this
section we will use the following notation for I':

I' = (a) xg (u,b)

Here u = u,_;. (Note that each of the 2" edge groups has (u,_;) as a subgroup.)
Either a = a(,_1); withb = £(i) ora = u,',ap_1) withb = £( + 2" ) for
some 1 <i < 2""! The F, generated by u and b acts on (a) via 6, as defined in
Definition 4.5.

As we are concerned only with areas in this section, we work with van Kampen
diagrams, rather than admissible or transverse maps, and combinatorial complexes
rather than transverse ones. Since we are working with fixed presentations, we will
use the phrase “van Kampen diagram over G” to mean “van Kampen diagram over
the fixed presentation for G.”

7.1. Strategy. Let w be a word in the generators of I' that represents 1. Then
there exists a van Kampen diagram D for w over H,, which is area-minimizing, i.e.
Area (D) = Areag, (w). First realize D as a union of u-corridors and complemen-
tary regions. Next, use this structure to produce a van Kampen diagram A for w
over I', which has the same combinatorial decomposition into u-corridors and com-
plementary regions. Finally show that Area (A), and hence Arear (w), is bounded
above by the quantity on the right hand side of inequality (6.4).

Remark 7.1. For the rest of this section, we assume that the van Kampen diagram
D has the property that every edge on the boundary of D belongs to a 2-cell in D.

We can restrict to this case using the superadditivity of the function (Cx3V¢¥)2,

Remark 7.2. Throughout this proof we abuse notation and use boldfaced letters to
denote either a pair of generators for a free group or a single one of these generators;
it will be clear from the context which of these we mean. For example, “u-corridor”
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is used to mean u,_1);-corridor, where i is 1 or 2, as we do not need to distinguish
between these. When we refer to, say, “the word uxu~!” it is understood that both
instances of u in the word refer to the same generator (either u,—1); or U —1)2).

7.2. Geometry of u-corridors. The following is a complete list of the relations
involving the generators u = u,—_; in the presentation for H,.

() Let E = (a@-1)1:--->8@p_1)2n—1,Up—2) = Fon X F. Recall that G, is the
cone of H,_; over E with stable letters u and relations

ugu !(p(g))"' =1 where g = any generator for E.

(ii) Recall that H, is a multiple HNN-extension of G, with stable letters a,,j, with
1 < j < 2". The new relations involving u,—) are the commuting relations:

S . n
ua,;u anj—l forl <j <2,

Since these are all the relations involving the u, it makes sense to talk about u-
corridors and u-annuli in van Kampen diagrams over H,. The reader may refer to
Section 7.2 of [7] for the definitions and properties of corridors and annuli (called
rings in [7]). By the assumption on D in Remark 7.1, every edge labeled u in dD
is part of a non-trivial u-corridor in D. Although D may contain u-annuli, only
u-corridors will play a key role in the argument below.

Area-length inequality for u-corridors in D and A. The boundary of a u-corridor
€ over H, or I is labeled by a word of the form uX;u='X,. We call the X; the
horizontal boundary words of €. From the presentations of H, and I', we see that
a horizontal boundary of a single 2-cell involving u has length at most 3. (For I" we
measure lengths in the intrinsic metric, which may differ from the inherited one by a
factor of 2.) Thus

|X; |
3

< Area (€) < |X;|, fori=1,2. (7.1)

Exponential distortion of corridors. The following lemma produces a u-corridor
over I' corresponding to a given u-corridor in D, and relates their lengths.

Lemma 7.3 (Exponential distortion of corridors). Let €p be a u-corridor in D
with boundary label uXiu~'X,. Then there exists a u-corridor €r over T, with
boundary label uY u~'Y, such that the Y; are words in a with Y; =n, X; for
i = 1,2. Furthermore,

¥;| < 33, (7.2)

Proof. LetT’ = {a’) x(u, b’) be a group from the list of edge groups for H,, (possibly
different from I'), and let E be as defined in the beginning of subsection 7.2. The
following two properties will be used repeatedly to construct Cr.

Property 1. ENT' = (a’)



44 J. Barnard, N. Brady and P. Dani

Proof. 1t is easy to see (using the normal form for semidirect products) that this is
equivalent to the statement E N (u, b’) = 1. The latter statement follows easily from
an elementary argument using u-corridors. O

Property 2. (a’) is a retract of E.

Proof. If (a’) is generated by a(,_1); for some i, then the retraction is simply the
projection of E onto (a’). If it is a subgroup generated by u,! a¢,—1); for some i,
then observe that the following map is a retraction:

A1), = 1 #1); A-ni = U 1801 Wy = L O

Since the horizontal boundary X; of €p has endpoints on the boundary of D,
there is a subword W of w such that W1 X represents 1. By Britton’s Lemma
applied to the multiple HNN extension description of H,, in Table 1, we conclude
that X; must have an innermost subword of the form a,; va;i1 or a,; ~'va,; for some
i. Here v is a word in the generators of E that represents an element of the edge
group corresponding to a,;, say I’ = (a’) x (u,b’). By Property 1, there exists
a (reduced) word v’ in the generators a’ representing the same element as v. By
Property 2 we have |v'| < |v| (since retracts are length-non-increasing). Then if the
innermost subword is of the form a, iva;il, it can be replaced with ¢(v’), and if it
is of the form a,; ~'va,;, it can be replaced with ¢ ~!(v"). Both ¢(v’) and ¢~ (v’)
have length at most 3|v|.

Repeat this procedure (at most | X1 |/2 times) until all instances of a,; have been
el‘im|inated. We obtain a word X in the generators of E of length |X[| < 3z <
3kxal,

Since X represents the same word as W, which is a word in I, Properties 1 and 2
again apply to produce a word Y; in the generators a, representing the same group
element as X /. Furthermore, |¥;| < |X]| < 31X11.

Let Y5 be the word ¢(Y7) (where ¢ simply acts individually on each generator).
Then uY;u~'Y; is the boundary of a corridor (i.e. a van Kampen diagram consisting
of a single corridor) over I', which we call €r. Since |Y>| < 3|Y;|and | X | < 3| X3,
we have |Y,| < 3(331X2l). Clearly X; and Y; also satisfy this inequality. O

7.3. Construction of A. A van Kampen diagram A for w over I is obtained from
D by the following sequence of moves.

(i) Remove from D all of the open cells of D \ dD except for open 1-cells labeled
u and open 2-cells whose closures have an edge labeled u. The result is a circle
labeled w, with a finite collection of “open” u-corridors attached. Each open
u-corridor is topologically [0, 1] x (0, 1), with 0 x (0, 1) and 1 x (0, 1) identified
with open 1-cells in the circle. Complete this to get a band complex, i.e. a circle
with a collection of closed u-corridor bands attached. The u-corridor structure
on the closed bands is obtained by pulling back the cell structure and labeling
from D as in Section 7.2 of [7].
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(i1)) Replace each u-corridor in this band complex with the corresponding corridor
over I', guaranteed by Lemma 7.3. The result is another band complex, which
we denote by B.

(iii)) Remove the open 1-cells labeled u and the open 2-cells of B to obtain a disjoint
union of circles. The labels of these circles are called complementary words.
The complementary words w; are words in the generators a and b that represent
the trivial element of I'. Let A; be an area-minimizing van Kampen diagram
over I" for w;.

(iv) Define

A = (BUWUiA))/~

where ~ identifies the loop corresponding to w; in B with dA; for eachi.

Note that if there are no u-corridors in D, the band complex B is just a circle,
and there is just one complementary word w; = w.

7.4. Upper bound for Area (A). The area of A is simply the sum of the areas of
the u-corridors and the areas of the A;.

We first obtain an upper bound on the total area contribution of the u-corridors.
Define

. {max {|v] | v a horizontal boundary word of a u-corridor in A},

1 if there are no u-corridors.

It follows from inequality (7.1) that Area (€) < L for any u-corridor €. Since
each u-corridor intersects the boundary of A in two edges labeled u, there are at most
|w|/2 such corridors. Thus

L
total area of the u-corridors < % (7.3)

Since (a,b) < T is isomorphic to F, X F5, and the complementary words w; are
words in a and b, we have

> Area wi) < 3 (il = (Y lwil) (7.4)

From the definition of the w;, we have

Z |lw;i| < 2(#{u-corridors})L + (|w| — 2#{u-corridors}) < |w|L. (7.5)
i

Putting together the inequalities (7.3), (7.4) and (7.5), we have

L
Area (A) < %Hmmz < (2|w|L)%.
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The proof of Lemma 6.4 will now follow easily from the above estimate, together
with the following two facts. (Just take 8, = 208, where B is the constant from
Fact 2, and recall that Area (D) = Areay, (w).)

Fact 1. |w| < 10 Area (D).

Proof. The assumption that D is a topological disk implies that each edge of dD is
part of the boundary of a 2-cell in D. Since the maximum length of a relation in H,

is 10, the area of D is at least %. ]

Fact 2. There exists a constant §, independent of w, such that

L < p3vhAea (D) (7.6)

Proof. There are two cases, depending on the relative sizes of |w| and L.

Case (i): |lw| > (logs L)2.
By Fact 1 we have L < 3wl < 3V10Ara(D) and g0 inequality (7.6) holds with
B > 10.

Case (ii): |w| < (log; L)>.

In this case, we establish inequality (7.6) by obtaining a lower bound on Area (D).
More precisely, we show that for sufficiently large L, Area (D) > (logs L)?/144.
Recall that L is the maximal length of a horizontal boundary word of a u-corridor in
A. The idea of the proofis as follows: since |[0A| = |w| is relatively small compared
to L, the existence of a u-corridor of length L forces A to have a large number of
long u-corridors. This implies that D also has a large number (order log; L) of long
(Iength order log, L) u-corridors in D. The areas of these corridors of D add up to
the required lower bound on Area (D).

We first introduce the notion of the level of a u-corridor in order to compare
lengths of corridors and obtain the above estimates.

Levels for u-corridors. Choose a base corridor €, of A that has a horizontal bound-
ary word of maximal length L, and define this to be at level 0. Now define a corridor
€ of A to be at level i if

(i) €isnotatlevel0,...,i — 1 and

(i) There exists a path in A connecting € to a corridor at level i — 1 which does not
intersect any other u-corridors.

Define the level of a u-corridor in D to be the level of the corresponding u-corridor
in A.

Each u-corridor in A other than €, inherits a notion of top and bottom (with the
convention that the horizontal boundary closer to €y is the bottom). For i > 0 define
M, (resp. L;) to be the set of edges which are part of the bottom (resp. top) boundary
of a u-corridor at level i. Define L to be the set of edges which are part of the
boundary of €.



Super-exponential 2-dimensional Dehn functions 47

In what follows, |L;| is referred to as the fotal uw-corridor length at level i. Note
that fori > 0,

1L
3

< total area of u-corridors at level i < |L;|.

Recall that in the construction of A in Section 7.3 we obtain a band complex B,
basically a circle cut by u-corridors. Consider a topological circle in B corresponding
to a complementary word w;. Assigning to each u-corridor in B the level it earns
in A, we see that each such circle passes along the top of a single corridor at level
i — 1 and the bottom of possibly several corridors at level i, for some i. We say that
such a complementary word w;, as well as its van Kampen diagram A, lies between
levels i — 1 and i. We define B; to consist of those edges in dA that are also part of a
complementary word lying between levels i — 1 and i. Note that B; includes edges
of A N L;_1,and A N M;. See Figure 7.1.

l Level i corridor Level i corridor J

- -==== Ay
/ \

The van Kampen diagram A ;

m——_———
SNSe————

Level i corridor

N CTT LT

Level i — 1 corridor

Figure 7.1. A piece of A. The dashed lines lie in B;, while the bold line lies in L; ;. Note
that the van Kampen diagram A; consists of the rounded rectangle along with all the other
edgesin L;_1, M;, and B;.

Iterated scaling inequality. For i > 0, consider an edge in L;_;. Recall that all
such edges have labels in a. If it is not adjacent to a 2-cell in some A, then it must
belong either to M; (adjacent to a level i corridor) or to B; (part of dA).

On the other hand, suppose this a-edge is part of the boundary of a 2-cell in
some A;. Since every such 2-cell is labeled by a commuting relation of the form
aba~'b™!, this 2-cell is the start of an a-corridor through A, with boundary of the
form aX;a~1X,, where the X; are words in b.

Assuming the a term in the expression above corresponds to the original edge in
L;_1, we claim that the edge corresponding to the a~! term must lie either in M;
or B;.

To see this, note that from the description of the complementary words above, it is
clear that the only other option is that this edge lies in the same component of L;_;,
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along the same u-corridor (forming an arch in Figure 7.1). Suppose for contradiction
that this is the case. Then this a-corridor forms, along with a portion of the original
u-corridor, an annulus of 2-cells in A, the inner boundary of which corresponds to a
product of a nontrivial word in a with a nontrivial word in b. As no such product can
be trivial I", we deduce that any a-corridor with one boundary a-edge in L;_; has its
other boundary a-edge in either M; or B;.

It follows from this analysis that |L;_;| < |M;| + |B;|, fori > 1. Since con-
jugation by u*! scales a-words by at most a factor of 3, we have |M;| < 3|L;|.
Combining these two inequalities, we have

|Li—1] < 3|L;| + |Bil.

By iterating this and noting that L. < |Lg|, we obtain

i
L <|Lo| <3 |Li| + > 3/7"|B|. fori>0.
j=1

Since Z;Zl |B;| < |w| for each i, this implies

L <3'L;| + 3'|wl. (1.7)

Large L implies many long levels. Now we show that if L is sufficiently large, then

there are at least # levels in A, each with total u-corridor length at least VL.
Since limz, oo % = 0, there exists P > 0 such that (log; L)?> < +/L for
all L > P. Note that P depends only on the functions (log; x)? and /x and not on

w. For L > P, inequality (7.7) and the base inequality of Case (ii) give
L <3'|Li| + 3w
< 3'|Li| + 3'(log L)
<3'L;| + 3 VL.

Rearranging gives | L;| > 37/ L—+/L. The reader can now verify thatif i < %

and L > 16, then 377 > 2/L. Asa consequence, we have:
ILi| = VL.

In summary, if L > max{P, 16}, then there are at least # levels in A, each
with total u-corridor length at least \/Z .
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Relating Area (D) and (logy L)? for large L. Now we can estimate the area of D
from below using u-corridors.

Area (D) > total area of u-corridors in D
log; L

> total area of u-corridors in D at or below level

(log3L) (10g3(«/Z/3))

=74 9
_ (log, L)*> logyL
72 36
logs L)2
S oes BT ided L > 3%,

- 144

The second term in the third inequality above is obtained as follows. Note that VLis
alower bound for the total u-corridor length atlevel i in A, and hence is a lower bound
for a sum ) |Y;|, where j runs over an index set for all u-corridors at level 7, and
the Y; are horizontal boundary words of these corridors. Thus, by inequality (7.2),

VL < Z|Yj| = 23(33"(1“) < 333Xy,

and so the total u-corridor length at level 7 in D (which is ) |X;| in the inequality
above) is at least log3(ﬁ /3)/3. Finally, by inequality (7.1), the total area of u-
corridors at level i in D is at least log;(v/L/3)/9.

Summary. We have shown that in Case (i), we have L < 3v104Ara(D) and in Case
(ii), we have L < 3v144Area(D) srovided L > max{3*, 16, P}. Thusinequality (7.6)
holds for all L, provided we take § = max{10, 144, 34,16, P} = max{144, P}.
Since P was independent of w, so is . O

Remark 7.4. The notion of area distortion as a group invariant is defined in Section 2
of [12]. Lemma 6.4 provides an upper bound for the area distortion of I" in H},. The
reader can verify that the boundary words for the van Kampen diagrams ©F (N ) from
Section 5 establish the lower bounds for this distortion. Thus the distortion of I" in H,,
is f(x) ~ eV, It would be interesting to find other pairs (G, H) of type (¥3, %2)
where area distortion can be explicitly computed. For example, the subgroup of the
group H, which is generated by {ay; | k < n,i = 1,2} should have area distortion

exp” J/X.
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