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Abstract. We describe the fully residually F' groups, or limit groups relative to F, that are
quotients of F * (x, y). We use the structure theory of finitely generated fully residually free
groups to produce a finite list of possible types of cyclic JSJ decompositions modulo F that
can arise. We also give bounds on uniform hierarchical depth.
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1. Introduction

Systems of equations over free groups have been a very important and fruitful sub-
ject of study in the field of combinatorial and geometric group theory. A major
achievement was the algorithm due to Makanin and Razborov [Mak82], [Raz87]
which produces a complete description of the solution set of an arbitrary finite sys-
tem of equations over a free group. The method, however, is algorithmic and uses
surprisingly little algebra.

For a free group F, the classical algebraic geometry viewpoint given by Baumslag,
Myasnikov and Remeslennikov in [BMR99] established fully residually F groups as
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the key algebraic structures in the theory of systems of equations with coefficients
over F.

These groups still remained rather intractable until the work of Kharlampovich
and Myasnikov [KM98a], [KM98b], [KMO05], and independently Sela [Sel01], which
shows that finitely generated fully residually free, or limit, groups in fact have a very
nice structure. We apply this structure theory to prove the following result:

Theorem 1.1 (The Main Theorem). Let Fg(s), a fully residually F quotient of F *
(x,y), be freely indecomposable modulo F. The underlying graph X of its cyclic
JSJ decomposition modulo F has at most 3 vertices, and X has at most two cycles.
All vertex groups except maybe the vertex group F < F<F R(S) are either free of
rank 2 or free abelian. In all cases the vertex group F itself can be generated by F
and two other elements. Finally Fg(s) has uniform hierarchical depth relative to F
at most 4.

This result can be seen as a generalization of Chiswell and Remeslennikov’s clas-
sification in [CROO0] of the fully residually F quotients of F * (x), which enabled
them to finally give a proof of a result on the solution sets of equations in one vari-
able over F claimed independently by Appel and Lorenc [App68], [Lor68]. The
fully residually free groups generated by at most three elements were classified in
[FGM™98]. We will give examples which show that the class of fully residually F
quotients of F * (x, y) is considerably richer.

Acknowledgements. The author wishes to thank Olga Kharlampovich for numerous
extremely useful discussions and the anonymous referee who found many mistakes
and made good suggestions for improving the exposition.

1.1. Definitions and notation. We will denote the commutator x ! y~!
For conjugation we will use the following notation:

xy = [x,y].

X =wlxw, Yx=wxw L

We use this convention since * (Yw) = *”w. We shall also denote by § (X)) a graph of
groups with underlying graph X. We shall denote by rank (G ) the minimal cardinality
among all generating sets of G.

1.1.1. Fully residually F groups. Throughout this paper F will denote a fixed free
group of rank N.

Definition 1.2. A group G equipped with a distinguished monomorphism
i:F—>G

is called an F-group we denote this (G,i). Given F-groups (G1,i1) and (G, i>),
we define an F-homomorphism to be a homomorphism of groups f such that the
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following diagram commutes:

G~ G,

| A

F.

We denote by Hom g (G1, G») the set of F'-homomorphisms from (G1, i) to (G2, i2).

In the rest of the paper the distinguished monomorphisms will not be explicitly
mentioned, seeing as the inclusions will always be obvious.

Definition 1.3. Let G and H be groups. A collection of homomorphism ® from G
to H discriminates G if for every finite subset P C G there is some f € ® such that
the restriction f'|p is injective.

Definition 1.4. A group G is fully residually F if Homp (G, F') discriminates G.

This definition is slightly non-standard in that we are requiring fully residually F
groups to be discriminated by F-homomorphisms. More generally we shall say that
a group G is fully residually free to mean that it is discriminated by some arbitrary
set of homomorphisms into some free group.

For the rest of the paper Fg(s) shall denote a fully residually F quotient of
F * (x,y). The notation reflects the fact that Fg(s) is the coordinate group of
system of equations S(x, y) over F. Since Fg(s) is fully residually F it is in fact
the coordinate group of an irreducible system of equations with coefficients in F
and variables x, y. We refer the reader to [BMR99] for a complete treatment of the
interpretation of fully residually F groups in algebraic geometry.

The following facts will be used throughout this paper and follow easily from the
definitions:

Theorem 1.5. Let G be fully residually free.

* G is torsion free.
e Two elements g, h either commute or generate a free subgroup of rank 2.

e G isaCSA group, i.e., maximal abelian subgroups groups are malnormal (which
implies commutation transitivity).

Convention 1.6. The elements X, y € Fg(s) denote the images of x, y respectively
via the epimorphism F * (x,y) — Fgs).

1.1.2. Generalized JSJ decompositions and uniform hierarchical depth. We as-
sume some familiarity with Bass—Serre theory and cyclic JSJ theory for groups (as
introducedin [RS97].) If F # Fpg(s) thenit follows, for example from Corollary 5.16,
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that it has an essential cyclic or free splitting modulo F. If Fg(sy # F is freely inde-
composable modulo F then it has a non-trivial cyclic JSJ decomposition modulo F'.
As a matter of terminology, MQH stands for “maximal quadratically hanging”. QH
(i.e., “quadratically hanging”) subgroups are the surface-type subgroups that arise
from hyperbolic-hyperbolic pairs of splittings.

Convention 1.7. Unless stated otherwise, instead of saying the cyclic JSJ decompo-
sition of Fg(sy modulo F, we will simply say the JSJ of Fg(s).

Definition 1.8. Let Fr(s) = Ho* Hy*---* H,, * F(Y') be a Grushko decomposition
of Fg(s) modulo F, with F < Hy. A generalized JSJ of Fp(gs) is a graph of groups
decomposition Fr(s)y = m1(¥(X)) modulo F, where §(X) is a graph of groups,
such that:

» Edge groups are either trivial or cyclic.

e Ifey,...,ex are the edges of X with trivial edge group, and Xo, X1, ..., Xm+1
are the connected components of X \ (e1 U-..-u ek) then, up to reordering,
each graph of groups §(X;)isthe JSJof H; fori = 1,...,m, 11 (§ (Xpm+1)) =
F(Y), and §(X,) is the JSJ of F modulo F

Convention 1.9. The JSJ of Fg(s) will always have a vertex group containing F', we
shall always denote this vertex group by F'.

Further details on JSJ theory are deferred to Section 5.1.1. Uniform hierarchical
depth is a very natural notion, however the definition is complicated by the fact that
subgroups of fully residually F' groups need not themselves be fully residually F.

Definition 1.10. For a finitely generated fully residually free group G we define its
uniform hierarchical depth, denoted uhd(G), as follows:
e If G is trivial, abelian, free or a surface group, then uhd(G) = 0.

e Otherwise let Gy, ..., G, be the vertex groups of the generalized JSJ of G. We
set

uhd(G) = max(uhd(Gy),...,uhd(Gy)) + 1.

If G is a finitely generated fully residually F group then the vertex groups of its
generalized JSJ are not necessarily F-groups. We define its uniform hierarchical
depth relative to F, denoted uhd g (G), as follows:

e If G = F thenuhdr = 0.

e Otherwise let F < F ,Hy, ..., H, be the vertex groups of G’s generalized JSJ
modulo F', then

uhdr (G) = max(uhdf (F), uhd(H}). . .., uhd(H,)) + 1.
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For a finitely generated fully residually free group G, uhd(G) is essentially the
number of levels of the canonical analysis lattice defined in §4 of [SelO1]. The main
difference is that a free product of uhd O groups has uhd 1, whereas the analysis
lattice of such a group has only a O-level. It follows that uhd(G) is at least /, the
number of levels of an analysis lattice, and at most / 4+ 1. By Theorem 4.1 of [SelO1]
uhd(G) < oo for a finitely generated fully residually free group. uhd g (Fg(s)) < 00
is an easy consequence of Theorem 4 of [KM98b] (it is restated in this paper as
Theorem 5.15.)

1.1.3. Relative presentations. Let Gy,...,G, be groups with presentations
(X1 | R1),...,(Xn | Ry) respectively and f1, ..., fy a set of letters. Let R denote a
set of words in |J X! U {t1,..., 1 }*! then we will define the relative presentation

(Gl,...,Gn,ll,...lk | R)
to be the group defined by the presentation
(Xl,...,Xn,Il,...,Zk | Rl,...Rn,R).

We assume that the reader is familiar with the relative presentation that can be given to
the fundamental group of a graph of groups ¥ (X) which depends on some maximal
spanning tree 7" C X (see §5 of [Ser03] for details).

Convention 1.11. The “generators” of the relative presentations will be the vertex
groups of §(X) and stable letters corresponding to edges of X \ T, where T C X is
a maximal spanning tree. Vertex groups will always be written using capital letters,
and stable letters will always be denoted in lower case.

The “relations” will always involve stable letters. Moreover we will abuse nota-
tion and, for example, abbreviate the HNN extension associated to the isomorphism
Vi A —> Az, A1 <G > Ay, simply as (G, | A] = Az); A1, 42 < G.

Foreach edge e € T we will consider the images of the corresponding edge group
in the vertex groups to be identified. This means that the corresponding edge group
will be given as the intersection of two vertex groups.

2. The classification of the fully residually F quotients of F * (x, y)

2.1. Auxiliary results. So far the only comprehensive classification theorems of
fully residually free groups in terms of the number of generators are the following,
recall that the rank of a group is the minimum cardinality of its generating sets.

Theorem 2.1 (FGM™'98)). If G is fully residually free group, then:
o [f rank(G) = 1 then G is infinite cyclic.
o [f rank(G) = 2 then G is free or free abelian of rank 2.
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e If rank(G) = 3 then G is either free, free abelian of rank 3, or G is isomorphic
to a rank 1 centralizer extension of a free group of rank 2.

Let Ab(x, y) denote the free abelian group with basis {x, y}.

Theorem 2.2 ([CROO0]). The fully residually F quotients of F *x (x) are

F’
Fres)y = § F * (x),
F * (o) Ab(a,r).

Our proofs build on these previous classifications. This next result, which is
proved in Section 5.1.4, is interesting in its own right is also important for proving
some of the corollaries of our classification.

Proposition 2.3. Let F be a free group of rank N and let G be a fully residually F
group. Then b1(G) = N ifand only if G = F.

If G is the fundamental group of a graph of groups ¥ (X ) with cyclic edge groups,
then it is easy to estimate b,(G), the first Betti number of G, in terms of the first
Betti numbers of its vertex groups. We have the following lower bound: for T C X
a maximal spanning tree we have

bi(G) = ) b1(Gy) — E, (1)
veT

where E is the number of edges in 7. If there is an epimorphism G — H then
b1(G) > by(H). This fact is used to derive many of the corollaries regarding first
Betti numbers.

2.2. When Fpggs) is freely decomposable modulo F. This proposition is proved
in Section 4.

Proposition 2.4. If Fg(s) is freely decomposable modulo F then
F x (1),
Fr(sy = { F * H where H is fully residually free of rank 2,

(F *(q) Ab(a, 1)) * (s).

Corollary 2.5. If Fg(s) is freely decomposable modulo F, then uhdr (Fg(s)) < 1.
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2.3. When all the vertex groups of the JSJ of Fg(s) except F are abelian. The
proof of this proposition takes up Section 5 and Section 7.2.

Proposition 2.6. If the JSJ of Fr(sy has abelian vertex groups, but only the non-
abelian vertex group F < F, then the possible underlying graphs of the JSJ are:

oW, or Cou

Moreover if there are two abelian vertex groups, or one of the abelian vertex groups
has rank 3 then F = F. In all cases F is generated by F and at most two other
elements and by (F) < b1 (Fg(s))

ue

[ 17

oy , Ve oV,

This corollary follows from Proposition 2.3 and an easy estimation of the first
Betti number.

Corollary 2.7. If Fg(s) is as in Proposition 2.6 and bi(Fgr(s)) = N + 1 then
Fr(sy = F *(q) Ab(a, r). In particular uhdr (Fr(s)) = 1.

The next proposition is proved in Section 7.5.
Proposition 2.8. Ifthe JSJ of Fr(s) is as in Proposition 2.6, then uhd g (Fg(s)) < 3.

2.4. When the JSJ of Fg(s) has at least two non-abelian vertex groups. This
situation is covered in Section 6. We now give a list of the possible JSJs for Fg(s).
Throughout this section let F=F *(u) Ab(u, r) be arank 1 centralizer extension of
F (see Definition 5.14) and let H be a free group of rank 2.

Definition 2.9. A collection of elements o, ..., «, € H are almost conjugate in H
if there exists a cyclic subgroup (y) < H and elements g1,...,2, € H such that
(g7 'aigi) < (y)fori =1,....n.

2.4.1. When all the vertex groups are free non-abelian
A. If the underlying graph of the JSJ has only one edge the possibilities are:
(1) Fresy = F *(o) H.
(2) Fr(s) = F *() O with Q a QH subgroup so that in fact
Frisy=(F, s, t|[s,t]=a), a€F.

B. If the underlying graph of the JSJ has two edges the possibilities are:
(D
(F.H.t|p"=p)

F, = ~
R(s) {ﬁ,ﬂ/ € H, (a)=FNH,

where « is not almost conjugate to 8 or 8’ in H. The subgroup (H, ) is also
free of rank 2.
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2
F = <F’H’[|:3t:V>,
R(S) =
BeF,yeH, (e¢)=FNH.
C. If the underlying graph of the JSJ has three edges the possibilities are:

(D

(F,H,t,s | B" =y,8 =8),
Fresy = ,
BeF, yd8,6eH (e)=FNH,
where (H, s) is also free of rank 2, moreover « and y are not almost conjugate
in H.
2)

F = <F’H’t’slﬂt 287Vs =€>7
RO =gy e F. 8.ec H. (o) = FNH,

where H is generated by «, 6, €.

2.4.2. When there is an abelian vertex group

A. If the underlying graph of the JSJ has two edges the only possibility is
Fr(sy = F *(q) H x(gy Ab(B,71).
B. If the underlying graph of the JSJ has three edges the possibilities are:
(D
(F,H,Ab(p,r),t | o =),
Frisy = a0’ € H, (u) = FNH,
(p) = HNAb(p,r):
moreover u, p are not almost conjugate to either o or o’ in H.
2
<F7 H’Ab(87r)7t | ﬂt = y)’
Fres) = :
BeF,yeH, («) =FNH, (§) =H NAb@,r);

moreover y and « are not almost conjugate in H.

2.4.3. When F is a rank 1 centralizer extension of F. The possibilities for the
JSJ are
(1) Fresy = F %) H.
@) )
(F.H,t|p"=p"),
B.B € H, (¢ = FNH,
where « is not almost conjugate to 8 or 8’ in H. The subgroup (H, ) is also
free of rank 2.
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3)
F = (F’H’t|ﬂt:V>,
R(S) = ~ ~
BeF,yeH, () =FNH.
Proposition 2.10. If the JSJ of Fr(s) has more than one non-abelian vertex group,
then its JSJ is one of those given in Sections 2.4.1, 2.4.2 or 2.4.3.

Corollary 2.11. Suppose the JSJ of Fr(s) has more than one non-abelian vertex
group then:

* Ifthe JSJ of Frs) has three vertex groups then uhdr (Fg(s)) = 1.

* uhdr(Fg(s)) = 2 if and only if the vertex group F < F is a centralizer
extension of F. In particular Fr(sy must have a non-cyclic abelian subgroup.

* Ifbi(FRres)) = N + 1, then it has no non-cyclic abelian subgroups; therefore
uhdr (Fres)) = 1.

Corollary 2.12. Ifthe JSJ of Fg(s) has a QH subgroup, then it follows that Fr(s) =
(F,s,t|[s,t]=a),a € F.

2.5. When the JSJ of Fg(s) has one vertex group. The proof of this proposition
takes up Section 7. It should also be noted that the arguments rely heavily upon the
results of Sections 2.2 through 2.4.

Proposition 2.13. If the JSJ of Fr(s) has only one vertex group F, then F #+ F
and it is generated by F and two other elements. Moreover we have the following
possibilities:

(I) The JSJ of Fr(s) has two edges, F does not contain any non-cyclic abelian
subgroups and uhd g (Fr(s)) = 2.

(II) The JSJ of Fr(s) has one edge and uhd g (Fr(s)) < 4.
2.6. Proof of the main theorem

Proof of Theorem 1.1. Fpg(s) must fall into one of the situations of Sections 2.3
through 2.5. It therefore follows that Fg(s) must conform to one of the descriptions
given by propositions 2.6, 2.10, and 2.13. O

2.7. Examples. We give some examples of the groups given in Section 2. We first
note that it is very easy to construct examples that are freely decomposable modulo
F. Examples of Proposition 2.6 are easy to construct by taking centralizer extensions
of F or F x (r) or by taking iterated centralizer extensions of height 2. The next few
examples are more delicate.
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Example 2.14 (Example of a group in Section 2.4.3 of type 1). Let F = F(a,b). It
is proved in [Tou09] that the group
G = (F, x, y|la"'balb,d][x, y]*x,a] = 1)
=(F, x,y,t|[x,yP*x = [a,bla” b tat, [t,a] = 1)

is freely indecomposable modulo F. Let u = [a,bla"'b~'at, and w(x,y) =
[x, y]?x then

G = F *uzw(x,y) (%, ),
where F is a rank 1 centralizer extension of F'. Moreover G is shown to be fully
residually F' by the F-embedding into the iterated centralizer extension
B =(Ft s|[tal=1, [s,u]l=1)
via the mapping x +— s~ (b~ !t)s and y > s~ 1 (b~ 'ab)s.

This example above is also interesting since it is a one relator fully residually F
group that cannot embed in a rank 1 centralizer extension of F'. See Corollary 7.12.

Example 2.15 (Example of a group in Section 2.4.2 of type B.1). Let F = F(a, b)
and consider the iterated centralizer extension

Fo=(F, s t]|[s.a] =1, [t (@*(b"'ab)>)*] = 1).

One can check that the subgroup K < (F, s~ !bs, t) has induced splitting

K = J(EHAb(p.0),r [ Y7 =),
v.v € H, (a) = FNH, (p) = HNAb(p,1),

where H = s Y a,b Yab)s, y = s~ las, y = s~ 'b~labs, r = s~ 'bs, and
p = (a*>(b™'ab)?). Moreover it is freely indecomposable, fully residually F and
generated by two elements modulo F'.

Example 2.16 (Example of a group in Section 2.4.3 of type 3). We modify Exam-
ple 2.14. Let F = F(a, b) and let

Fr=(F, st r|[tal=1, [s,b_lab] =1, [u,r]=1),

where u = [a,bla"'b~'at. F in iterated centralizer extension. Let x’ = b~ !¢,
y' = b7 lab and let G = (F,r 'x'r,sr). Let H = r~!(x’,y’)r and consider
G N H. We see that (sr)"'b~lab(sr) = r~'b~'labr so H < G, on the other hand
letting y = (sr) and x = r~'x'r and by Britton’s lemma we have a splitting

G- JWFH.y| (b7'ab)” =),

“|b'abeF,yeH, (uy=FnNH,

with F = (F,t) = F(a,b) %) Ab(a, 1), y = r~'b~'abr, u = [a,bla" b at,
and H free of rank 2 and not freely decomposable modulo edge groups.
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2.8. A conjecture and a question. Conspicuously absent from the list is an example
of a fully residually F quotient of F % (x, y) whose JSJ has only one vertex group.
Which leads to the following conjecture:

Conjecture 2.17. There are no fully residually F' quotients of F % (x, y) whose JSJ
has only one vertex group.

A related question is the following:

Question 2.18. Is there a finitely generated fully residually free group whose JSJ has
a single vertex group that is free?

By Theorem 2.1 the answer to Question 2.18 is “no” in the case of three-generated
fully residually free groups.

3. Graphs of groups and folding processes

3.1. Graphs of groups. The main result of Bass—Serre theory is that minimal ac-
tions of groups (without inversions) on simplicial trees correspond to splittings as
fundamental groups of graphs of groups. The account we give here is only to fix the
notation. We refer the reader to [Ser03] for a full treatment of the subject.

Definition 3.1. A graph of groups §(A) consists of a connected directed graph A
with vertex set VA and edges FA. A is directed in the sense that to each e € EA there
are functions i : FA — VA, t: EA — VA, corresponding to the initial and terminal
vertices of edges. To A we associate the following:

* Toeach v € VA we assign a vertex group A,.

* Toeach e € EA we assign an edge group Ae,.

* For each edge e € EA we have monomorphisms

le: A — Ai(e), te: A — A,(e),

we call the maps i, t, boundary monomorphisms and the images of these maps
boundary subgroups.

For each e € EA we also formally define the following expressions:
(e Hl=e, i) =tl), tle ) =ile), iyt =t t—1 =1L,
We denote by 71 (§(A)) the fundamental group of a graph of groups.

Definition 3.2. We say that a group splits as the fundamental group as a graph of
groups if G = 71 (9 (A)) and refer to the data D = (G, §(A)) as a splitting. A cyclic
splitting is a splitting such that the edge groups are all cyclic. A (< Z)-splitting is a
splitting whose edge groups are trivial or infinite cyclic.
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Definition 3.3. A sequence of the form
€1 €2 €
a()? el ’ alv 62 LA | en”? an7

where ef!, ..., e;" is an edge path of A and wherea; € A, ;+1. = A is called

iefithy = Tty
a §(A)-path.
Definition 3.4. We denote by 771 (§(A), u) the group generated by § (A)-paths based
at the vertex u equipped with the obvious multiplication (i.e., concatenation and
reduction) rules.

Asusual, if A is connected the isomorphisms class of 1 (§ (A4), u) does not depend
on u.

3.2. Induced splittings and § (A )-graphs

Definition 3.5. Suppose that G has a splitting D as the fundamental group of a graph
of groups and let H be a subgroup of G. Then G acts on a tree T and H acts on
the minimal H -invariant subtree 7(H) C T. Therefore H also splits as a graph of
groups. We call this splitting of H the induced splitting of H.

We now present the folding machinery developed in [KWMO5], which is a more
combinatorial version of Stallings—Bestvina—Feighn—Dunwoody folding sequences.
We will use it to find induced splittings. This gives an alternative to normal forms
when dealing with fundamental groups of graphs of groups which simplifies and
unifies the arguments of Sections 4, 6 and 7.

3.2.1. Basic definitions. We follow [KWMOS5].

Definition 3.6. Let §(A) be a graph of groups. A §(A)-graph B consists of an
underlying graph B with the following data:
* A graph morphism [-]: B — A.
* Foreach u € VB there is a group 8B, with 8, < Ap,, called a B-vertex group.
We give u the label (8B, [u]).

» To each edge e € EB there are two associated elements e; € A[j(r) and e; €
Ape( - If we flip the orientation of e we have the convention (e™1); = (e;)™'.
We give the edge e the label (e;, [e], e;).

Convention 3.7. We will usually denote & (A)-graphs by B and will assume that the
underlying graph of 8B is some graph B.

Definition 3.8. Let B be a§(A4)-graph and suppose thatej', ..., ey", wheree; € EB,
€; € {£1}, is an edge path of B. A sequence of the form

€1 €2 €
bOa el ’ bl? ez 9 e en”v bnv
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where b; € i)’t ) is called a B-path. To each B-path p we associate a label
J
p(p) = aole1] aile2]> ... [en] an,

where ag = bo(ey')i, a; = (e;')bj(ef) )i and an = (e3")¢bn, Which is a §(A)-
path (see Definition 3.3).

Definition 3.9. Let B be a §¥(A4)-graph with a basepoint . Then we define the
subgroup 71 (8B, u) < 71 (5 (A), [u]) to be the subgroup generated by the w(p) where
p is a B-loop based at u.

Example 3.10. Let G = 71(§(X),u) = A x¢ E. The underlying graph is

ue oy

e

with X, = A, X, = E and X, = C. Let g = aybazbsas be a word in normal
form where a; € A and b; € E. Then the §(X)-graph B given by

[ ]
(al,e,y’ Vj,el,l)
ue ]
(b4,e',;\ /a.s,e,n
[ ]

whose B-vertex groups are all trivial is such that 71 (8, u) = (g)
This example motivates a definition.

Definition 3.11. Let g = b, e]', b1, €5, ..., ey", by be an element of 71 (§(X), u).
Then we call the based & (X)-graph £(g;u) a g-loop if £(g;u) consists of a cycle
starting at u whose edges have labels

(bO’ eil k) 1)7 (blv e§2’ 1)’ LI ] (bn—2» efln_ill ) 1)7 (bn—lv e;n ) bn)
Definition 3.12. (§(A),vo) be a graph of groups decomposition of Fgs). Let the
X, y-wedge, W(F,Xx,y;u), be the based §(A)-graph formed from a vertex v with
label (F, vo) and attaching the loops £(x; vg) and £ (¥; vo).

Itis clear that m (W(F, X, y;u),u) = (F,X,y) = Fpr(s)-
3.2.2. Folding moves on § (A)-graphs. Let 8 be a §(A) graph, with underlying

graph B. We now briefly define the moves on B given in [KWMO05] that we will use,
we will sometimes replace an edge e by e~ ! to shorten the descriptions:
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(AO) Conjugation at v. For some vertex v of and some g € A, do the following:
replace B, by gB,g~!, up to changing e by e~! we may assume that each
edge e incident to v are such thati (¢) = v. Such an edge has label (¢;, [e], e;).
Replace e; by ge;.

(A1) Bass—Serre move at e. For some edge e, replace its label (a,[e],b) by
(aic(c), [e], te(c™1)b) for some ¢ in Af.

(A2) Simple adjustment at u on e. For some vertex u# and some edge e such that
w.l.o.gi(e) = u, wereplace the label (a, [e], b) by (ga, [e], b) where g € B,,.

(F1) Simple fold of e1 and e, at the vertex u. For a vertex u and edges e, e; such
thatw.l.o.g.i(e1) = i(ez) = ubutt(er) = vy # t(e2) = vy and [vy] = [v2],
if e; and e; have the same label, then make a new graph by identifying the
edges e; and e,. The resulting edge has the same label as e; and the B-vertex
group associated to the result of the identification of vy and v, is (By,, By,).

(F4) Double edge fold (or collapse) of e and e, at the vertex u. For edges ey, e
suchthatw.l.o.g.i(e;) = i(ez) = u,t(ez) = t(ez) = v,and[e1] = [e2] = f
if they have labels (a, f, b1) and (a, f, b») respectively. Then we can identify
the edges e; and e,, the resulting edges has label (a, f, b1) and the group 8B,
is replaced by (By, by 'b2). We will also call such a fold a collapse from u
towards v.

The moves (F2) and (F3) in [KWMO5] are analogous to (F1) and (F4), respectively
only they involve simple loops. However, because these moves only show up implic-
itly in Section 7.1, we do not describe them explicitly. We also introduce three new
moves:

(T1) Transmission from u to v through e. For an edge e such that i(e) = u and
t(e) = v with label (a, [e],b). Let g € A[] be such that aif)(g)a™" = c €
Bu, then replace B, by (By, b~ 11,1(g)b). Transmissions are assumed to be
proper, i.e., they result in a change of the B-vertex groups.

(L1) Long range adjustment. Perform a sequence of transmissions through edges
e1, ..., e, followed by a simple adjustment at some vertex v that changes the
label of some edge f but leaves unchanged the labels of the edges ey, .. ., e,.
Finally replace all the modified 8B-vertex groups by what they were before
the sequence of transmissions (see Figure 1).

(S1) Shaving move. Suppose that u is a vertex of valence 1 such that u =
t(e) and v = i(e), e has label (a, [e],b) and B, = b~ (1,)(C))b, where
C < A[e). Then collapse the edge e to its endpoint v and replace B, by
(By, aliE)(C))at).

Convention 3.13. Although formally, applying a move to a §(A4)-graph B gives a
new graph B’. Unless noted otherwise we will denote this new & (A4)-graph as 8B as
well.
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(G],U]) (GI,UI)

(ar,er,br)
(g3az.e3,b3)

((G3,81,8),v3) ° (G3,v3) °

(az,e2,b2) (az,e2,b2)

(G2, v2) (G2,v2)

Figure 1. An example of an (L 1) long-range adjustment. First make (T1) transmissions through
the thickened edges labeled (a1, e1,b1) and (az, ez, b2). These change the B-vertex group
G3 to (G3,g1,g2). We then perform an (A2) simple adjustment which changes (a3, e3, b3)
to (g3as, es, b3) for some g3 € (G3, g1, gz) (but maybe not in G3.) Finally we change
(G3, g1, g2) back to G3. The end result is the & (A)-graph on the right.

We regard the (T1) transmission as the group 8B, sending the element ¢ to B,
through the edge e. In this paper, since all the edge groups are finitely generated
abelian, we can use finitely many (T1) transmission moves instead of the edge equal-
izing moves (F5)—(F6) in [KWMO05]. The moves (T1), (L1), and (S1) do not change
the group 71 (8B, u). Note moreover that vertices v of valence 1 with 8, = {1} can
be shaved off.

3.2.3. The folding process

Definition 3.14. A 9 (A)-graph such that it is impossible to apply any of the above
moves other than (A0)—(A2) is called folded.

This next important result is essentially a combination of Proposition 4.3, Lem-
ma 4.16 and Proposition 4.15 of [KWMO5].

Theorem 3.15. [KWMOS5] Applying the moves (A0)—(A2), (F1)-(F4), and (T1) to
B does not change H = m1(8B,u); moreover if B is folded, then the associated

data (see Definition 3.6) gives the graph of groups decomposition of H induced by
H = m1(§(4)).

This theorem implies the existence of a folding process. Consider the three fol-
lowing classes of moves:

* Adjustment: Apply a sequence of moves (A0)—-(A2), (L1), and (S1).

* Folding: Apply moves (F1) or (F4).

e Transmission: Apply move (T1).
First note that each folding decreases the number of edges in the graph, and that ad-
justments (except for shavings) are essentially reversible. In the folding process there

is therefore a finite number of foldings and between foldings there are adjustments
and transmissions.
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4. When Fg(s) is freely decomposable modulo F
This next proof is essentially the proof of Theorem 6.2 of [KWMO5].

Proposition 4.1. Suppose that Fr(s) = F % H, then F is generated by F and
(2 —rank(H)) elements.

Proof. First note that the underlying graph of the splitting Fg(s) = F x H consists
of an edge and two distinct vertices. Let §(A) denote this graph of groups and let 8
be any §(A)-graph. Only the moves (A0)-(A3), (F1),and (F4) can be applied.

Take ‘W to be the wedge W(F, X, y). Since m1('W) = Fg(s) we have by Theo-
rem 3.15 that ‘W can be brought to a graph with a single edge and two distinct vertices.
The underlying graph of W has two cycles and A has no cycles, which means that
two (F4) collapses must occur. Moreover each collapse, maybe after applying (F1)
moves, either contributes a generator to H or to F. The result now follows. O

Corollary 4.2. If Fr(s) is freely decomposable modulo F' then either it is one gen-
erated modulo F or

F x(x,y),
Frisy =1 F * () Ab(u,t) * (x),
F % Ab(x, y).
Proof. Apply Proposition 4.1 and Theorems 2.1 and 2.2. O

S. When all the vertex groups of the JSJ of Fg(s) except F are abelian

We consider the case where the JSJ of Fg(s) has abelian vertex groups but only one
non-abelian vertex group F' > F. Before we continue we need some extra machinery.

5.1. Preliminaries

5.1.1. The (generalized) JSJ decomposition. As noted earlier Fr(s) always has a
generalized JSJ as given in Definition 1.8. We give some more details that will be
necessary to our work.

Definition 5.1. Let G act on a simplicial tree 7" without inversions. An element
or subgroup of G is called elliptic if it fixes a point of 7. Otherwise it is called
hyperbolic. If D1 and D, are two splittings of G then D; is hyperbolic with respect
to D, if an edge group of D; is hyperbolic with respect to the action of G on the
Bass—Serre tree associated to D5.

Consider now the following moves that can be made on a graph of groups.
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Definition 5.2 (Moves on §(A4)). We have the following moves on a graph of groups
5 (A) that do not change the fundamental group.

* Conjugate boundary monomorphisms: Replace i, by yg o i, where y, denotes
conjugation by g and g € A;().

* Slide: If there are edges e, f such thati.(A4.) > ir(Ay) then we change A by
redefining i : EA — VA sothat f > f(e) and replacing the homomorphisms i ¢
byteoiylois.

* Folding: If i, (A.) < A < Aj(), then replace A by As(e) *1,(4,) A, replace
A. by a copy of A and change the boundary monomorphism accordingly. (We
remark that the name “folding” comes from the effect of the move on the Bass—
Serre tree, we could also call it “edge group enlargement” or “vertex group
expansion”.)

e Collapse an edge e: For some edge e € EA, let A — A’ be the quotient
obtained by collapsing e to a point [e] € A’. We get a new graph of groups with
underlying graph A’ as follows: if i (e) # t(e) we set A[,] to be the free product
with amalgamation A;) *4, As(e), if i(e) = t(e) we set A[¢) to be the HNN
extension A4;()*4,. The boundary monomorphisms are the natural ones.

Definition 5.3. A splitting D is almost reduced if vertex groups of vertices of valence
one and two properly contain the images of edge groups, except possibly the vertex
groups of vertices between two MQH subgroups that may coincide with one of the
edge groups.

A splitting D of Fg(s) is unfolded if D cannot be obtained from another splitting
D’ via a folding move (see Definition 5.2).

Definition 5.4. An elementary splitting is a splitting whose underlying graph has one
edge.

Theorem 5.5 (Proposition 2.15 of [KMOS]). Suppose that Fr(s) is freely indecom-
posable modulo F. Then there exists an almost reduced unfolded cyclic splitting D
called the cyclic JSJ splitting of Fr(sy modulo F with the following properties:

(1) Every MQH subgroup of Fg(s) can be conjugated into a vertex group in D;
every QH subgroup of Fr(sy can be conjugated into one of the MQH subgroups
of Fr(s), non-MQH (vertex) subgroups in D are of two types: maximal abelian
and non-abelian (rigid), every non-MQH vertex group in D is elliptic in every
cyclic splitting of H modulo F.

(2) Ifanelementary cyclic splitting Fr(sy = A*c B or Fp(s) = Axc is hyperbolic
in another elementary cyclic splitting, then C can be conjugated into some MQH
subgroup.

(3) Every elementary cyclic splitting Fr(sy = A *c B or Fr(sy = Axc modulo F
which is elliptic with respect to any other elementary cyclic splitting modulo F
of Fr(s) can be obtained from D by a sequence of moves given in Definition 5.2.



172 N.W. M. Touikan

(4) If Dy is another cyclic splitting of Fr(s)y modulo F that has properties (1)—(2)
then D1 can be obtained from D by a sequence of slidings, conjugations, and
modifying boundary monomorphisms by conjugation (see Definition 5.2).

Definition 5.6. An action of G on a simplicial tree 7" is said to be k-acylindrical if
the diameter of a subset of T fixed by a non-trivial element of G is at most k. A
splitting of G is said to be k-acylindrical if the action of G on the induced Bass—Serre
tree is k-acylindrical.

Convention 5.7. It is, for example, possible to write an amalgam G *,, Ab(u, t) as an
HNN extension (G, ¢ | t~'ut = u). We will always chose our JSJ so that non-cyclic
abelian subgroups of F(s) are elliptic. This is necessary to ensure 2-acylindricity
of the splitting, and in our situation this is always possible.

Definition 5.8. Let D be the JSJ of Fg(s) modulo F. If e is a an edge ending in a
vertex v of valence 1 in A, the graph underlying D, and A, is cyclic, then e is called
a hair. Let D' be splitting of Fg(s) obtained by collapsing hairs into the adjacent
vertex groups. Then D’ is called the hairless JSJ of Fr(s).

We note that since we require D to be almost reduced, it is a simple exercise
involving the use of commutation transitivity to see that after removing all the hairs
of D, the hairless splitting D’ will indeed not have any hairs. We also note that
passing to a hairless splitting does not change the group of canonical (or modular)
automorphisms (see Section 2.15 of [KMOS5] or Definition 5.2 of [Sel01] for details.)

Convention 5.9. Unless stated otherwise, we will always replace the JSJ by the
hairless JSJ.

5.1.2. Strictresolutions. Strictresolutions are an extremely useful tool for studying
the vertex groups of a JSJ.

Definition 5.10. An epimorphism p: Fr(s) — Fg(s) of fully residually F* groups
is called (weakly) strict if it satisfies the following conditions on the (generalized)
JSJ modulo F.
(1) Foreach abelian vertex group A, pisinjective on the subgroup A; < A generated
by the boundary subgroups in A.
(2) pisinjective on edge groups.
(3) The images of QH subgroups are non-abelian.
(4) For every rigid subgroup (as defined in (1) of Theorem 5.5) R, p is injective
on R.
(5) Distinct factors of the Grushko decomposition of Fg(s) modulo F are mapped
onto distinct free factors a free decomposition of Fg(sy modulo F.



The fully residually F quotients of F x (x, y) 173

Convention 5.11. Weakly strict differs from strict as defined in [SelO1] only in
item (4). We have simplified the definition for the convenience of the reader. Through-
out this paper we shall say strict instead of weakly strict.

Definition 5.12. A strict resolution of Fg(s),
R+ Freso) = Fresy— —77 FR@Sp) 7 F+ F(Y)

is a sequence of proper epimorphisms of fully residually F groups such that all the
epimorphism are strict.

Theorem 5.13. If Fr(s) is fully residually F then it admits a strict resolution R.

Asformulated, Theorem 5.13 is an easy corollary of the definitions of the canonical
(or modular) automorphisms and the fact that Hom g (Fg(s), F') can be encoded in a
finite Hom (also called a Makanin—Razborov) diagram (see Theorem 5.12 of [SelO1]
or Theorem 11.2 of [KMO5] for details.)

5.1.3. Iterated centralizer extensions

Definition 5.14. A (rank n) centralizer extension of F is an amalgam F ., 4,
where u € F is malnormal and A, is free abelian (of rank #n + 1). G is an iterated
centralizer extension of F if either

¢ G is a centralizer extension of F, or
* G = H %) Ay where H is an iterated centralizer extension, the centralizer
of win H is (w) and Ay, is free abelian.

We say it is finite if it is obtained from F by finitely many centralizer extensions.

Theorem 5.15 (Theorem 4 of [KM98b)). G is finitely generated and fully residually
F if and only if it embeds in a finite iterated centralizer extension of F.

Corollary 5.16. Any subgroup F < F<F R(S) has a non-trivial (< Z)-splitting D
modulo F. Moreover any element B’ € F that is conjugate in Fg(sy to some B € F
is elliptic in this splitting of F.

Proof. Let Fr(sy < G be the embedding of Fg(s) into an iterated centralizer ex-
tension of F. The cyclic JSJ of G modulo F is very simple: it is a star of groups
with a vertex group containing F at its center and all the other vertex groups are free
abelian. The central vertex group is itself either F' or an iterated centralizer extension
of F.

It F is elliptic in the JSJ of G then we can replace G by its central vertex group.
Since F # F eventually there some iterated centralizer extension F<H<Gin
which F has a non-trivial induced splitting D.
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Claim: B’ is conjugate to B in H. Suppose towards a contradiction that this
is not the case. Obviously B is conjugate to 8’ in G, so if H = G we have a
contradiction. We have G = G’ x,) A, with A, free abelian and the centralizer of
{(u) in G’ cyclic. Now by hypothesis there is some element W(G’, A,) € G such that
W(G', A,)BW(G’, A,)~! = B’. Looking at normal forms, we immediately see that
if such a product is to lie in G’ we must have that 8 and 8’ are conjugate to u in G’,
so B, B are conjugate in G'.

We repeat replacing G by G’. Continuing in this fashion, we eventually get that
B, B’ are conjugate in H, contradiction. The claim is therefore proved.

It thus follows that 8’ is conjugate to 8 in H, so 8’ must be elliptic in the induced
splitting of F modulo F , which has either cyclic or trivial edge groups. O

5.1.4. The first Betti number. The following useful fact is obvious from a relative
presentation:

Lemma5.17. Let H < G be arankn centralizer extension of H (see Definition 5.14),
then b1(G) = by (H) + n.

Lemma 5.18. The subgroup F < Fp(s) has the property CC (conjugacy closed),
that is to say, for f, f' € F, if there exists g € Fr(s) suchthat {8 = f', then there
exists k € F such that f* = f'.

Proof. Let f, f" and g be as in the statement of the lemma. Let r: Fg(sy — F, be
aretraction. Then k = r(g) € F has the desired property. O

Proof of Proposition 2.3. Suppose towards a contradiction that G # F butb,(G) =
N. Then, by being fully residually F, there is a retraction G — F. It follows
that b1(G) > N. If G is freely decomposable modulo F, then one of its free
factors retracts onto F' and any other free factor maps onto an infinite cyclic group
so b1(G) > N, a contradiction.

It follows that G is freely indecomposable and since G # F, G has D, a non-
trivial JSJ decomposition. Let F < F < G be the vertex group containing F’;
obviously F is also fully residually F. By formula (1), b1(G) > by (F) and if D has
more than one vertex group then the inequality is proper which forces b1 (G) > N,
a contradiction. D is therefore a bouquet of circles with a single vertex group F.
By Lemma 5.18, if F = F, then the stable letters of the splitting D in fact extend
centralizers of elements of F, so by Lemma 5.17, b1(G) > b1(F), a contradiction.

It follows that we cannot have F = F. We therefore look for a JSJ of F'. Again it
must have a unique vertex group F F1. Since F! # F, it must have an essential cyclic
splitting. Since uhdg (G) is finite, we have a terminating sequence

F>F'>...> F' > Ftl - F,

where F! tl is the unique vertex group of the JSJ of ﬁ:’ Now, by assumption,
N = by(F) > by(F') > --- > by(F'™') = N, but F" has a splitting D" that
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is a bouquet of circles with vertex group F, so it is a centralizer extension of F. It
follows that by (F") > b1 (F), again a contradiction. O

5.1.5. Splittings with two cycles. Suppose Fg(sy = (F, X, y) can be collapsed to
a graph of groups modulo F with one vertex and two edges, i.e.,

(F,t,s| A' = A', B* = B),

~ 2
A, A',B,B" <F, @

FR(S) :S{

where F < F.

Definition 5.19. For a generating set X and a word W = W(X) in X, for a letter
x € X we denote the exponent sum of x in W by o, (W).

Definition 5.20. Let (X, | R) be some relative presentation for G where ¢ is a stable
letter. Any g € G can be expressed as a word g = W(X,t). We define the exponent
sum oy(g) of t in g as

o1(g) = or(W(X,1)).

By Britton’s lemma this is well defined.
This next lemma follows immediately from abelianizing.

Lemma 5.21. Suppose that Fgs) splits as in (2). If some word W(F, X, y) lies in
F, then it must have exponent sum 0 in both X and y.

Definition 5.22. Let Fg(s/) be a fully residually F' group and let A be a subgroup
of an abelian vertex group Aof F R(s”)’s JSI. A direct summand A" < A, where

A= A" @ A”, that does not intersect the images of the edge groups incident to Ais
said to be exposed.

Lemma 5.23. Let A < Fg(s) be a non-cyclic abelian subgroup, and let
R: FR(SO) = FR(S) Tl> Tp> FR(Sp) m F * F(Y)

be a strict resolution of Fgs). A must eventually be mapped monomorphically inside

an abelian vertex group A of the (generalized) JSJ of some quotient Fg(s,) occurring
in R and the isomorphic image of A should have an exposed direct summand.

Proof. By Convention 5.7 non-cyclic abelian groups are always elliptic in a JSJ.
Suppose first that throughout R the subgroup A is always mapped inside a rigid
vertex group, or inside the subgroup generated by the boundary subgroups of some
abelian vertex group. Since the terminal group of a strict resolution is always free
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non-abelian, A is eventually mapped to a cyclic group. This means that some strict
quotient is not injective on a rigid vertex group or a subgroup of an abelian vertex
group generated by the boundary subgroups, which is a contradiction.

It therefore follows that at some point A is mapped inside some abelian vertex
group A and is not contained in the subgroup generated by the incident edge groups.
The result now follows. O

Lemma 5.24. Suppose A < Fg(s) is a non-cyclic abelian subgroup of Fr(s). Then
A cannot be generated by words W; (F, x, y) such that for each W; the exponent sums
in X and y are zero.

Proof. Let R be a strict resolution with fully residually F' groups {Fgs;)}. By
Lemma 5.23 in some Fpg(s;) 4 is mapped monomorphically into an abelian vertex
group A and has an exposed cyclic summand (r). Let A’ be the subgroup of A
generated by the incident edge groups and let () < A be the maximal cyclic subgroup
containing (r), so that » = 5". Then we can extend the projection A—> Ao (n) to
FR(s;)- The resulting quotient can be seen as an HNN extension:

Fr(s,y =(G.n|[n.a] =1foralla € /f’).

On one hand x and y are sent to elements with normal forms x'(G, ), y'(G, n);
on the other hand, n” is in the image of A, and by hypothesis we can write r =
R(F,Xx'(G,n), (G, n)) where R has exponent sum zero in ¥'(G, n) and y'(G, n),
but R(F,x'(G,n), 3 (G,n)) = r = n", n # 0, must have exponent sum zero in 7,
which is a contradiction. 0

Corollary 5.25. If Fr(s) has a cyclic splitting modulo F with two cycles, then none
of the vertex groups of this splitting can contain non-cyclic abelian subgroups.

Proof. By Lemma 5.21 any element conjugable into a vertex group of the splitting
must be expressible by words in F, X, y that have exponent sum zero in X and y,
Lemma 5.24 now gives a contradiction. O

5.2. The possible JSJs when all the vertex groups of the JSJ of Fg(s) except F
are abelian. In this section we prove that the JSJs given in Proposition 2.6 are the
only possibilities.

Lemma 5.26. If the cyclic JSJ decomposition of Fr(sy modulo F contains only one
non-abelian vertex group then the JSJ is given by the graph of groups §(X) where
X is one of the following

ve

Cve

with F < X, and Xy, X, abelian.

o U, ue

v

oW,

U, ve

e,
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Proof. By CSA and commutation transitivity ¥ (X ) cannot have subgraphs of groups

o w or u':)

with X,,, Xy non-cyclic abelian. Each abelian vertex group A contributes rank(A4)—1
to b1 (FR(s)), so by Proposition 2.3 there are at most two of them of rank 2, or one of
them of rank at most 3. By Corollary 5.25 the resulting underlying graph of groups
cannot have two cycles. So far the only possibilities are the graphs of groups given
in the statement of the lemma and

ue

—

ue

ve

oW

with F < X, and X,,, X;, abelian. But note that X,, must have rank 2 and since we
can rewrite G *(q) A as (G, | o' = a) if A is free abelian of rank 2. We can again
apply Corollary 5.25 to get a contradiction to the fact that X, is non-cyclic abelian.

O

Proposition 5.27. If Fg(s) is as in the statement of Lemma 5.26, then it cannot have
the JSJ with underlying graph

———

X = ve

ol .

Proof. Suppose, on the contrary, that Fg(s) had the JSJ

(F,At]a" = B),
aeF, Bed (§=FnA,

with F < F and A abelian. Let A’ = (B.,8) < A. Claim: F # F. Suppose this is
not the case, then « and § lie in F but to discriminate A’, either B or § must be sent
to arbitrarily high powers via retractions Fr(s)y — F, which is impossible since f is
conjugatetow and § € F.

Since F # F, F musthave a (< Z)-splitting modulo F, but because our splitting
of Fr(s) is a JSJ, a or 6 must be hyperbolic in any (< Z)-splitting of F. We apply

Lemma 5.23 to A" < Fp(s). Let Fg(s;) be the quotient in the strict resolution where
A’ has an exposed summand. Since in the initial segment Fg(s) SN R(S;)

of the strict resolution A’ is always elliptic, so are the elements «, §, which means
that F never splits and hence is always mapped monomorphically.

Let A be the abelian vertex group of Fp(s,) containing A’ and let £ < A be the
subgroup generated by incident edge groups. Since A’ has an exposed summand,
w.lo.g. § ¢ E, which means that in the Bass—Serre tree T' for the JSJ of Fgs,).
the minimal invariant subtree 7'({§)) consists of a vertex whose stabilizer is abelian.
T ({8B)), on the other hand, consists of a vertex whose stabilizer is non-abelian, but

§ € F, a contradiction. O



178 N.W. M. Touikan

Proposition 5.28. If we have the JSJs
* Fres) = F *(q) A1 and rank (A1) > 3, or
© Fres) = Az %(p) F #(y) 43,

with A1, A,, Az free abelian, then F=F.

Proof. This follows immediately by estimating b (Fg(s)) and applying Proposi-
tion 2.3. O

The proof that Fis 2-generated modulo F is deferred to Section 7.2.

6. When the JSJ of Fg(s) has at least two non-abelian vertex groups

6.1. Preliminaries. The approach here is to see what kind of graphs of groups we
can obtain as images of F * (x, y). To make the problem tractable we first consider
a coarser splitting. It will turn out that this is an effective way to get started.

6.1.1. Maximal abelian collapse. Suppose that D = (§(X), Fg(s)) and the JSJ of
FRr(s) contains at least two non-abelian vertex groups. Take D and do the following
(see Definition 5.2):

(i) If any boundary subgroup (o) = i.(X,) is a proper subgroup of a maximal
abelian subgroup A, then do a folding move (as in Definition 5.2) where we
replace X, by a copy of A.

(i) Ensuring that the resulting graph of groups always has at least two non-abelian
vertex groups, perform sliding and collapsing moves until it is no longer possible
to decrease the number of vertices or edges

In the end the resulting graph of groups §(X) will have one of three possible
forms:

f—H F~——H o F——H, 3)

where the vertex group F contains F and boundary subgroups are maximal abelian
in their vertex groups.

Definition 6.1. We will call such a splitting a maximal abelian collapse of Fr(s).
Lemma 6.2. The maximal abelian collapse of Fr(s) is a 1-acylindrical splitting.
Proof. On one hand by item (ii) of our construction, distinct edges have distinct
boundary subgroups. On the other hand we also have that they are maximal abelian in

their vertex groups, and maximal abelian subgroups are malnormal in fully residually
free groups. The result now follows. O
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Although we may have sacrificed some information in passing to a maximal
abelian collapse, we now have a 1-acylindrical splitting. This will enable us to use
the very useful Lemmas 6.13 and 6.18.

6.1.2. Balancing folds and adjoining roots. It may happen that the image of an
edge group is not maximal cyclic in one of the adjacent vertex groups.

Definition 6.3. Let §(X) be a (< Z)-graph of groups. An edge group X, is said to
be balanced if its images are maximal cyclic in the vertex groups. A graph of group
is called balanced if all its edge groups are balanced.

The main technical advantage of having a balanced (< Z)-graph of groups is that
if all the edge groups are maximal abelian (i.e., they do not lie in non-cyclic abelian
subgroups) then our graph of groups is 1-acylindrical.

By commutation transitivity one of the image of an edge group must be maximal
in the vertex groups. Our graphs of groups are not always balanced, however we may
do the following.

Definition 6.4. Let X, be a non-balanced edge group of a (< Z)-graph of group
5(X), then the folding move (as in Definition 5.2) which enlarges X, so that its
images in the adjacent vertex groups is maximal cyclic is called a balancing fold.

The result of a balancing fold on the “enlarged” vertex group is the adjunction of
a proper root. We will want to make balancing folds, but we also want to keep the
rank of the vertex groups under control. In [Wei06] Weidmann proves the following:

Theorem 6.5 (Theorem 1 of [Wei06]). Let G be a group, g € G be an element of
ordern € N U {oco} and k > 2 an integer. Then

rank(G * y (2] z"%)) > rank(G).

g=zk
We will need the following variant of this result that is not an immediate corollary.

Lemma 6.6. Let Fg(s) be a finitely generated fully residually F group and let

Fres)y = Fres) *(z) (V2),

where (¥/z)" = z, be a fully residually F quotient of F * (x1, ..., Xm). Then Fg(s)
is also a fully residually F quotient of F % (X1, ..., Xm).

Sketch of proof. The argument used to prove Theorem 1 of [Wei06] is in fact perfectly
suitable for our purposes. Let § (X) be the graph of groups for Fr(s) *(;) ( &/z) and let
§(X') be the graph of groups for Fr(sy*(z) (z) = Fr(s). We start a folding sequence
for I% with By the §(X)-graph that consists of a vertex u with 8By, = F and
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X;-loops £(X;;u), i.e., the graph underlying 8By is a bouquet of m-circles. After this
initial setup the arguments of the proof Theorem 6.5, that consider different types of
folds in the folding sequence, go through and we find that Fg(g) is also generated by
F and m other elements. (]

6.1.3. Weidmann—Nielsen normalization for groups acting on trees. We present
some of the techniques developed by Weidmann in [Wei02]. Let G act on a simplicial
tree 7.

Definition 6.7. Let M C G be partitioned as
M =S u---uS,Uihy,... hg}.

We say that M has amarking (S1....,Sp:{h1,..., hs}). The elementary Weidmann—
Nielsen transformations on marked sets are:
(WN1) Replace some S; by g71S;g, where g € M — S;.
(WN2) Replace some element h; € {hy,...,hs} by g1h;g, where g1,g, € M —
{hi}.

Definition 6.8. For a subgroup K < G we denote the minimal K-invariant subtree
T (K) and we denote

Tis;) = {x € T | there exists g € (S;) \ {1} such that gx = x} U T'((S;)).
We now formulate the main results in [Wei02].

Theorem 6.9. Let M be a set with markings (S1,...,Sp:{h1,..., hs}). Then either
(M) = (S1) *-+- % (Sp) * F({h1,...,hs})

or by successively applying transformations (WN1) and (WN2) we can bring
(S1,....8p:{h1, ..., hg}) to a normalized marked set

M= (St.....Sp{h.... k)
such that one of the following must hold:
(1) Tigy N T(S~J-) £ @ for some i # j.

(2) There exists};- € {}:1,,};;} such that};T(§> N T(S'V,-) % 0.

(3) There is some h; € {l;l, e, fzv} that fixes a point of T

Notice that in passing from a marked set M to a normalized marked set M asin
Theorem 6.9 the subgroups (S;) and (:97- ) differ only in that there is some g € G such
that (Svi ) = g7 1(S;)g. From this it is not hard to see that we can chose our sequence
of transformations (WN1) and (WN2) so that one of the subsets S; in M remains

invariant.
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Convention 6.10. Suppose F < (S;) . When we apply Weidmann—Nielsen transfor-
mations to a marked generating set of (Si,...,Sp:{h1,...,hs}) of Fr(s) we want
to make sure that the elements of F' remain fixed pointwise. We therefore do not
use any moves of type (WN1) that will change S;. This restriction does not alter the
applicability of Theorem 6.9.

Definition 6.11. Weidmann—Nielsen normalization is the process of using moves
(WN1) and (WN2) to bring a marked generating set to a normalized generating set
as in Theorem 6.9.

6.1.4. Elements with small translation lengths. We always act on a tree T from
the left, i.e., for all g, h € Fpr(s) and for all v € T we have

ghv = g(hv)

it follows that for any point v € T, and for any g € Fg(s) we will have stab(gv) =
g(stab(v))g~! = & stab(x). Recall the definition of T given in Definition 6.8.

Lemma 6.12. Let Fg(s) act on a simplicial tree T with edge stabilizers maximal
abelian in their vertex groups and with F elliptic. If there is some edge e C TF and
some g € Fp(s) suchthat ge C T, then there is some f € F such that f~ge = e.

Proof. Let(y) = stab(e)N F andlet (8) = stab(ge)NF = &stab(e)NF. Sinceedge
stabilizers are maximal abelian to prove the claim it is enough to find some f € F
such that [/y, 8] = 1 as this would imply /stab(e) = stab(ge). By hypothesis
[6y,B] = 1. Let ¢ : Fr(sy — F be aretraction. Then [v@®y, Bl = 1,50 f = ¥(g)
is the desired element. O

If the action of Fg(s) on its Bass—Serre tree T is as in Lemma 6.12 then the action
is 1-acylindrical. Suppose F is elliptic and let fix(F) = vg, suppose also that p is
hyperbolic. Of particular interest to us is the situation where Tr N pTF # @, as in
item (2) of Theorem 6.9.

We will focus on the situation where d(vg, pvg) = 2 and where the path [vg, pvg]
intersects two Fr(s)-vertex orbits. Let wg be a vertex such that d(wo, vo) = 1 and
suppose that H = stab(wg) N F # {1}. Let w; be the vertex in [vg, pvo] that is
an Fp(s)-translate of wg. Consider the two relative sub-presentations (i.e., they are
“subgraphs of groups of”” Fg(s))

or Fxc H, “4)

(F,H,t| A' = B),
A<F, B<H C=FnH,

with F < F = stab(vg).
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Lemma 6.13. Let the action of Fr(syon T be as in the statement of Lemma 6.12. Let
vo = fix(F) and suppose that there is some p suchthat Tr NpTF # 0, d(vg, pvg) =
2, and the path [vg, pvo] intersects two F(s)-vertex orbits. Let H = stab(wg) be as
described above. Using the notation introduced in (4), there exist f1, f» € F such
that either

(1) the path [vo, pvo] intersects one Fr(s)-edge orbit and frpf1 =h € H; or

(2) the path [vg, pvo] contains two Fpr(s)-edge orbits and frpf1 = th for some
h € H, which could be assumed to be the stable letter t if we change the
presentation by conjugating a boundary monomorphism.

Proof. We consider case (1). By hypothesis Tr cannot be a point, wy € T, and
H N F # {1}. Consider Figure 2. Then we must have

p=612b1611, a,-eﬁ, b]GH,
with w; = awg. Now aze € Tr,soby Lemma 6.12 there exists an f € F such that

fraze = e sothat fra, € stab(e) = H N F. So up to replacing by by frarb; € H
we may now assume that p = bya; and that wg € [vg, pvo].

Tr

Vo wo b]Uo = b]d] Vo b1a"1 Wo
Q @ O L
e { ble

a,e A
ase I ! blalTF

oa; Wo -

a;Wo@

azble

oTF

arbivyg = axbiaivg
Figure 2. The path from vg to pvo only intersects one Fg(s)-edge orbit.

Looking again at Figure 2 we see that T N bya;Tr # @ but more specifically
that bye C bya; Tr. This gives 21stab(e) N 2191 F =£ {1}, from which it follows that
stab(e) N 41 F = {1} and so ay’! stab(e) N F # {1}, which implies that ayle C Tr.
By Lemma 6.12 there is some f;"! € F such thatif f;'aj'e = e then f; laj! =
b’ € HnN F. It follows that pf; = bya; fi = b1b’~' € H. Case (2) is proved
similarly. O
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6.1.5. Avoiding transmissions. Folding sequences are difficult to analyse. The
goal of this section is to prove some lemmas that give us some control over folding
sequences, making them more tractable.

The only moves applied to a §¥(A4)-graph B that may increase the number of
non-trivial B-vertex groups are (T1) transmissions and (F4) folds, however an (F4)
fold decreases the number of cycles in the underlying graph B by 1. Whenever there
is a proper transmission to some B-vertex group By, it gets enlarged to (B,, ) for
some & € Afy], this in a sense increases the complexity of 8. We will give conditions
that enable us to perform a maximal number of (F1) and (F4) foldings without having
to resort to transmissions. This enables us to keep most B-vertex groups of our
5 (A)-graphs trivial or cyclic.

Convention 6.14. Throughout this section we will assume that in the graph of groups
5 (A), the images of edge groups are maximal abelian and malnormal in the vertex
groups. We will also require our splittings to be 1-acylindrical. These conditions
imply that if there are distinct edges e, f in A such thati(e) = u = i(f) then the
images of i,: A, — Ay and iy: Ay — A, cannot be conjugated into one another
inside A4,,.

Definition 6.15. Let u be a vertex in a §(A)-graph B such that 8, is either abelian
or trivial. Suppose that we have a subgraph

such that we are able to perform a sequence of transmissions #;, t, where #; and £,
are through the different edges of /, and suppose afterwards that B, is still abelian.
Then [ is called a cancellable path centered at u.

Lemma 6.16. Let A, B < G be two abelian subgroups of a fully residually free group
G such that for some a € A, b € B we have [a,b] # 1. Then we have

(A,B) = A% B

Proof. Let w = a1bsas...b, be product of non-trivial factors a; € A and b; € B
with perhaps the exception that a; or b, are trivial. Since G is fully residually free
there exists a map of G into F such that all the non-trivial a;, b; as well as some
commutator [a,b], a € A, b € B, do not vanish. We have that the a; are sent to
powers of some element ¥ € F and the b; are sent to powers of some v € F. It
follows that the homomorphic image of w is sent to a freely reduced word in u and
v, and since u, v € F do not commute they freely generate a free subgroup of F'. It
follows that w is not sent to a trivial element. O

Lemma 6.17. Let B be a §(A)-graph and suppose it has a cancellable path centered
at u. Then it is possible to perform a folding (F1) or (F4) at u in 8 using only a
Bass—Serre (A1) move, and maybe a conjugation (AQ) move.
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Proof. W.lo.g. the edges in the cancellable path are edges e, ¢’ with i(e) = u =
i(e’) and with labels (a, [e], b), (a’,[e]. b’), respectively. We have B,, < Ap,; and
we have injections i[o: A[e] <> A[y) and i[er): Aer] < Ap). Denote the images
i[e](A[e]) = A and i[e/] (A[e/]) =A.

Let B, be the §(A)-graph obtained from B after applying the two transmissions
that witness the fact that e, u, e’ is a cancellable path, then

(Bo)u Nada™" # {1} # (Br)u Na'A'd’ ™"

ByLemma6.16, (aAa™',a’ Aa’~!) iseither (a Aa~—")*(a’ Aa’~"), or free abelian.
Since (B,), is abelian, (aAda~', a’ Aa’~!) is free abelian. The subgroups a Aa~! and
a’A'a’"! therefore lie inside a maximal abelian group C. It therefore follows that
A and A’ are not conjugacy separated in Ap,). Convention 6.14 forces A = A" and
hence [e] = [¢’]. This also means that, by malnormality,

1

adlada'd = A= da=ip) e A

for some o € A[e.
Therefore if we consider 8 before any transmissions were performed, using a
Bass—Serre (A1) move we can change the label of ¢’ as follows,

(@, [e',b) = (@i(@), [e], (@™ )b") = (a, [e], b"),

and then either perform an (F4) fold if #(e) = #(e’) or an (A0) conjugation at 7 (e)
and then an (F1) fold at u. O

Lemma 6.18. Let B be a §(A)-graph. Suppose that B, ..., By, are the non-
trivial B-vertex groups. Suppose that for some u & {vy, ..., Uy}, dfter a sequence
11, ...ty of transmissions yielding a §(A)-graph B,,, the B-vertex group (By)y is
abelian or trivial and after maybe making some (A0)—(A2) adjustments it is possible
to perform either move (F1) or (F4) at u. Then it is also possible to perform a
folding move (F1) or (F4) at u after only applying a sequence of (A0)—(A2) and (L1)
adjustments to B.

Proof. By Lemma 6.17 we may assume that there are no cancellable paths in 8. We
observe that the (A0) conjugation and the (A1) Bass—Serre moves which can be made
at (an edge incident to) u do not depend on B,,.

Suppose first that (8;,), is trivial. Then there are no new possible (A2) simple
adjustments at u in 8By, so the result holds.

Suppose now that (8;,),, is non-trivial abelian and that in (8,) we can perform
an (A2) move changing the label of e, where i(e) = u and then after performing
moves (Al), (A0) at z(e) we can do either move (F1) or (F4) identifying e and ¢’. In
particular e and e’ had labels (a, [¢], ) and (a’, [e], b’) respectively and after doing
move (A2) at u the labels became either (a’c, [e], b) and (a’, [e], b") or (a, [e], b) and
(ac,[e], b'), for some c in the edge group, respectively.
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If there were no transmission through either e or ¢’, then w.l.o.g. there were no
transmissions through ¢’, and we can use an (L1) long-range adjustment in 8B to
change (a’, [e'], ') to (ac, [e’], b’). In both cases after applying an (A1) Bass—Serre
move, we can then apply an (F4) or (after the appropriate (AO) conjugation) an (F1)
folding move.

Otherwise there are transmissions through e and e, so e, u, ¢’ is a cancellable path
in B,. Lemma 6.17 implies that we only needed (A0Q) and (A1) moves to change the
labels of e, ¢’ to enable an (F1) or (F4) fold. In particular, we could have made these
moves before in B before any transmissions were used. The result now follows. [

6.1.6. The strategy. For each possibility given in (3) in Section 6.1.1 we will do the
following:

(1) Get the maximal abelian collapse of the JSJ of Fg(s), and use this splitting as
the underlying graph of groups §(X). This must be one of the graphs given in
3).

(2) Weprove using Theorem 6.9 and Lemma 6.13, that we can always arrange so that
X is somehow simple, i.e., X lies in F U H oris a stable letter, up to conjugating
boundary monomorphisms.

(3) We then take the wedge 8 = W(F, X, ¥), with the loop £(x) of length at most
2. Now B must fold down to §(X).

(4) We will then apply folding moves to simplify the graph as much as possible
while avoiding transmissions. It will turn out using the results of Section 6.1.5
that the resulting § (X )-graph 8 will have the underlying graph as X .

(5) All that will then remain to get a folded graph is to make some transmission
moves, keeping track of these will tell us how the vertex groups are generated.

(6) Finally, by arguing algebraically we will recover the original cyclic JSJ decom-
position of Fg(s) modulo F.

6.2. The one edge case. We consider the case where the maximal abelian collapse
of Fg(s) is a free product with amalgamation

Fresy= Fxa H (5)

with F < F, A maximal abelian in both factors and H non-abelian. Throughout this
section F', A, H will denote these groups.

6.2.1. Arranging so that x lies in H
Lemma 6.19. Let Fg(s) be freely indecomposable modulo F with a maximal abelian

collapse (5). After Weidmann—Nielsen normalization on (F, X, y) we can arrange,
conjugating boundary monomorphisms if necessary, so that x lies in either F or H.
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Proof. Since we are assuming free indecomposability of Fg(sy modulo F, we can
apply Theorem 6.9. Let T be the Bass—Serre tree induced from the splitting (5).
Let vg = fix(F). We start by looking at the marked generating set (F; {x, y}). We
consider different cases.

Case I: TF is a point. Since Fp(gs) is not freely decomposable by Theorem 6.9,
w.lo.g. after Weidmann—Nielsen normalization x must be elliptic. Tz is either a
vertex or an edge.

Case 1.I: Tr N T(zy = 9. Consider the marked generating set (F, (x);{y}) and
apply Theorem 6.9 again. We now find that after Weidmann—Nielsen normalization
either, w.l.o.g. yTz) N T(z) # @, or y is also elliptic.

We always have the latter possibility. Indeed, by 1-acylindricity Tz, is either an
edge or a point so for yTz) N T(z) 7# @ we must have that y fixes one of the endpoints
of T{z) which implies that y is elliptic.

If y is also elliptic then the trees TF, T(x), T(3) cannot all be disjoint, otherwise
Fr(s) would be freely decomposable modulo F. If T(3y N Tr # @ then we can
switch X and y and pass to case LII Otherwise T3y N Tz) # O then the tree T 5 x)
is either a point, an edge, or has radius 1. Passing to the marking (F, (X, y); @) and
applying Theorem 6.9 implies that 7{; z) can be taken so that Tr N T(; 5y # @.
Which means that, conjugating boundary monomorphisms in Fif necessary, both x
and y can be brought into H.

Case LII: Tr N T(zy # 0. We are assuming that Tr = vg. Since X fixes vo we
have X € F.

Case 1I: TF is not a point. Conjugating boundary monomorphisms, we can
arrange for some generator @ of A to lie in . We apply Theorem 6.9 and find that
either xTr N TF # @ or X is elliptic. In the former case we have d(vg, Xvg) = 2 and
we can apply Lemma 6.13 to make x € H and we are done. Otherwise X is elliptic
and we consider the next case.

Case 1L.I: Tr N Tiz) = @. We consider the marked set (F,X;{y}) and we see
that applying Theorem 6.9 we can either arrange for y to be elliptic or get that either
TrNyTr # @or Tizy N yT(xy # 9. In case LI the latter possibility was seen to be
impossible unless y is elliptic. If yTr N TF # @, then we can apply Lemma 6.13 as
for the previous case and obtain that y € H, and we are done.

It therefore remains to verify the case where y is elliptic and T(5y N Tr = @. For
our group not to be freely decomposable modulo F* we must have that 75y N Tz # @.
Moreover since both X, y are elliptic the tree 7|z 5y must have radius 1. This is dealt
with exactly as in the end of case LI

Case ILII: Tr N T(zy # 9. This means that X either fixes vg or some vertex in
Tr. In all cases, applying Lemma 6.12 and conjugating boundary monomorphisms
if necessary, this implies that x € H or x € F. O

Lemma 6.20. Let A < Fr(s) be abelian and let ¢ be such that c™'Ac N A = {1}.
Thenc ¢ K = (A, c~ ' Ac) and the centralizer of A in K, Zg(A) = A.
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Proof. By Lemma 6.16, K = A x B where B = ¢~ !Ac. If there is some word
U(A, B) such that we have the relation

U(A,B) 'a™'U(4,B)a =1

for some a € A, then the free product structure implies that U(A4, B) = U(A), so
the second claim holds. It also follows that Zx (B) = B. Suppose now that ¢ € K.
Then for each a € A we have that c"'ac € B, which is impossible from the free
product structure. O

Lemma 6.21. Suppose that Fg(s) has a maximal abelian collapse (5). If Fg(s) is
generated as (F,X,y) with X € F, then Fg(s) is freely decomposable modulo F.

Proof. Let §(X) be the graph of groups representing the splitting (5). Then Fg(s)
can be represented by a § (X )-graph B which consists of a vertex v with 8, = (F, X)
and a y-loop £(y, v).

Since 711 (B, v) = Fp(s). by Theorem 3.15 we should be able to bring 8B to § (X)
using the moves of Section 3.2.2. Now only the 8-vertex group B, is non-trivial.
We do our folding process using only moves (A0)—-(A3), (F1), (F4), (L1) and (S1).
If an (F4) collapse occurs then B does not have any cycles, but it may have an extra
non-trivial cyclic B-vertex group. By doing (S1) shaving moves we can assume that
either B is a line with endpoints the vertices v, u with 8, = (F, x), 8, cyclic and
all other 8B-vertex groups trivial, or 8B is a loop with only 8, = (F, X) non-trivial.

By Lemma 6.18 and Lemma 6.17 we see that we can always avoid using trans-
missions unless one of the three following possibilities occurs:

Case I: B has two vertices v, u and one edge e. At this point we have B, = H'
which is cyclic. After a transmission 8, = (A4, H'), where A is conjugable into the
image of an edge group. The graph is then folded, but we see by Lemma 6.16 that
H = A x H' which implies free decomposability of Fg(s) modulo F.

Case 1I: B has no cycles, three vertices and two edges. We assume that all (S1)
shaving moves were performed. Then the only possibility for 8 is that it has endpoints
v and u, with 8,, cyclic, and the other B-vertex group By, is trivial. If it is possible
to transmit from B,, then u can be shaved off. If it is possible to transmit from v to w
and then from w to u, then there is a cancellable path centered at w and Lemma 6.17
applies. So in both cases we can continue folding 8 without using transmissions.

Case 111: B consists of a cycle of length 2, with vertices v and u. This means that
the B-vertex group B, is trivial. For B to be folded, after a transmission we must
be able to perform an (F4) collapse move.

If the collapse is towards u we distinguish two possibilities. Either no transmis-
sions are needed and B, will be generated by some element and the edge group,
which implies free decomposability modulo F'; or there is a transmission from v to
u through one edge followed by a transmission from u to v through the other edge,
but this gives a cancellable path so Lemma 6.17 applies, and we get a collapse from
u towards v which we immediately deal with below.
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The remaining possibility is that the collapse is towards v. If no transmissions
were needed, then B, is generated by the edge group and we have Fg(s) = F,
a contradiction. Otherwise by Lemma 6.18, before the collapse, we must do two
transmissions from v to u so that, after an (AQ) conjugation move, we have w.l.o.g.
By = (b1 A’b7', A”) where A’, A” C A and by ¢ A. We now either do a simple
adjustment and collapse towards v or some non-trivial transmission from u to v. For
acollapse we need by € (b1 A’ bl_1 , A}, for a non-trivial transmission we need either
A" or by A'b}! to have a proper centralizer in B,,. Both of these are forbidden by
Lemma 6.20. O

6.2.2. Arranging so that y lies in H as well

Lemma 6.22. Let A < Fp(s) be a maximal non-cyclic abelian subgroup, then either
e (F,A) = F % A, or
* thereis some p € F such that (F, A) = F x(,) A, or
o (F,A) = (F,r,A||[r, pl = 1) where p € F and (a) = (F,r) N A. Moreover
(F,r) = (F,a). In particular no conjugate of an element of F is centralized
by A.

Proof. Since (F, A) < Fpqs) it is fully residually F and since F # (F, A) it has an
essential cyclic or free splitting modulo F'. Since A is non-cyclic abelian it is forced to
be elliptic. Suppose that (F, A) # F * A. Then it has an essential cyclic splitting and
since it is generated by elliptic elements the underlying graph of groups has no cycles.
The only possibilities are that there is some a € A such that (F, A) = (F,a) *(,) A
or that there is some p € F such that (F, A) = F %,y H with H = (p, A).

We first consider the former case, since (F, A) is assumed to be freely indecom-
posable, Theorem 2.2 implies that (F,a) = (F,r | [r, p]) for some p € F, but if
we had [a, f] = 1 for some f € F by normal forms we see [ f, A] # 1 contra-
dicting commutation transitivity. A is therefore the centralizer of an element that is
hyperbolic in the cyclic JSJ of (F, r | [r, p]) modulo F.

The remaining caseis that (F, A) = F *(,) H with H = (p, A). By Lemma6.16,
H # (p) * Aonlyif p € A. The result therefore holds. O

Corollary 6.23. Let A < Fpg(s) be a non-cyclic maximal abelian subgroup that
centralizes some a € F, and let a € Fp(sy be such that there is no f € F with
fa € A. Then (F,aAa™ ') = F xaAa ' anda & (F,aAa™!).

Proof. By Lemma6.22 (F,aAa™') = FxaAa™'or F x(,yaAa! forsome p € F.

Suppose towards a contradiction that the latter possibility holds. Then p = aa”a™!,

a” € A. A is discriminated by F-retractions Fg(sy — F. This means that every
element of a Aa~' \ F can be sent to arbitrarily high powers of & via such retractions.

It follows that «” = «”. Since F has property CC there is some f € F such that



The fully residually F quotients of F * (x, y) 189

f(aa™a™') f~1 = " which implies that if [ fa,a] = 1 then fa € A since 4 is
maximal abelian. This contradicts the hypothesis.

We therefore have (F,aAda™!) = F xaAa™!,anda ¢ (F,aAa™") follows from
the fact that the free product structure implies that the centralizer of  liesin F. [

Lemma 6.24. Suppose Fg(s) is freely indecomposable modulo F and has a maximal
abelian collapse (5) and is generated as (F,x,y) with X € H. Then Fg(s) is
generated by (F, X, V') where ' also lies in H.

Proof. We start with the & (X )-graph 8 with one edge e and two vertices v, u with
By = F and B, = (x), then at v attach the y-loop £(y, v). Start our adjustment-
folding process applying only moves (A0)—-(A3), (F1), (F4), (L1), (S1), as much as
possible, but avoiding transmissions.

Casel: We brought B to a graph with two vertices u, v and one edge without having
to use transmissions. We then either have B, = F and 8B, = (X, ¥'), in which case
the result follows; or B, = (F,y') and B, = (x), which by Lemma 6.21 implies
free decomposability of Fg(sy modulo F', which is a contradiction.

Case 1I: An (F4) collapse occurred. In this case B is a line with one endpoint
either u or v and the other endpoint is some vertex w with By, = ()’). We see that
if any transmissions from w were possible then could use an (S1) shaving move and
remove w. On one hand this graph should fold down to §(X), on the other hand by
Lemma 6.18, if w is at distance at least 2 from either ¥ or v we can apply an (F1)
move without using transmissions.

We can therefore assume that 8 has two edges, and three vertices with w as
an endpoint. The last fold will be an (F1) fold. We note that it is impossible for
there to be a transmission zo w followed by a transmission from w. Indeed, suppose
this were the case, then after the first transmission we have by Lemma 6.16 that
By = (', A") = (J') * (A"), where A’ is conjugable into A. Now for there to be
a transmission back from w we need A’ to have a proper centralizer in (j’) * (A’),
which is impossible.

So any transmissions preceding a simple adjustment that enables the (F1) fold
will be through the edge connecting u and v. It follows that instead we can make a
long-range adjustment (L.1) on the edge adjacent to w, and then apply the (F1) fold.
Since no transmissions were used we have reduced this to case I.

Case 11I: No collapses occurred. In this case B contains a cycle and the only
non-trivial 8-vertex groups are B,, and B,. We note that the cycle must be of even
length so by Lemma 6.18 we can assume that the cycle has length 2 and contains u
or v. We distinguish two subcases.

Case I1L.I: B has three vertices u, v, w with By, = {1} and the cycle in B consists
of two edges e, f going from w to u or w to v. First note that it is impossible for them
to be a transmission to w through e followed by a transmission from w through f
since then we would have a cancellable path and could make a collapse at w contrary
to our assumptions.
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Suppose now that it is possible to transmit to w through the edges e and f. Then
by Lemma 6.20 it is impossible to perform a simple adjustment at w preceding an (F4)
collapse at w and it is impossible to make a new transmission from w back through e
or f. It therefore follows that the next fold is preceded only by transmission through
the edge between u and v, so again we can make an (L.1) long-range adjustment
to change the label of either e or f (but not both) and then perform either an (F4)
collapse, which brings us to case I, or an (F1) fold which brings us to case IILIL

Case IILII: B has two vertices, two edges and one cycle. Then we can represent
B as the (X )-graph
(a,e,b)

Ve Q ® U, (6)
(a’,e,b")

witha,a’ € F and b,b' € H and B, = F, B, = (x). Now if a transmission from
u were possible then w.l.o.g. we could express Fg(s) as the same § (X )-graph but
with B, = (F,abxb~'a™!) and 8, = {1}, which by Lemma 6.21 implies free
decomposability modulo Fpg(s).

It follows that if no transmissions from v are possible then no transmissions at all
are possible and we can therefore make an (F1) collapse without transmission and
reduce to the case L.

We may therefore assume that a transmission from B, is possible which implies
that F N A = {a) # {1} and that there is some f € F such that fa’ € A. This
means that using an (A2) simple adjustment, an (A1) Bass—Serre move and an (A0)
conjugation we may assume that ¢’ = " = 1 in (6). We can therefore put 8, = F
and 8, = (X, a). Now note that if it were also possible to transmit from v through the
other edge then before any transmissions we could use an (A2) simple adjustment an
(A1) Bass—Serre move to change the label (a, e, b) to (1,e,b") in (6), which means
that we can reduce to the case I. Hence,

(1) we may assume that there is no f € F such that fa € A.

If no further transmissions are possible then we must be able to perform a collapse
from u to v. This means that b € (x, o) so that after collapsing we get a § (X )-graph
B with one edge labeled (1, e, 1) and 8-vertex groups B, = (F,a)and B, = (X, a).
After transmissions we have B8, = (4, X) which by Lemma 6.16 implies that Fg(s)
is freely decomposable modulo F.

We can therefore assume that b & (X, ) but that there is a transmission from u
to v through the edge labeled (a, e, b). This means that there is some o' € A such
that b~'a’b € (X,a). So after the transmission we have that B8, = (F,aa’a™!).
By Corollary 6.23 and (1) B8, < F * aAa™' and since (') < A, it follows that
By = F xala’)a™!. So no further transmissions from v to u are possible since by
the free product structure Z g, (), the centralizer of o in B, is («).

Since B must fold down to a graph with one edge we must be able to perform a
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simple adjustment to change the label (1, e, 1) to (a, e, 1) and fold 8 down to

(a.e,1)
ve—>eo.

But to do this we would need a € 8B, but we saw in the previous paragraph that
after the only possible transmission 8, < F * aAa™', so by Corollary 6.23 this is
impossible. Having exhausted all the possibilities the result follows. O

From the previous lemmas we get

Proposition 6.25. If Fg(s) is freely indecomposable modulo F and has a maximal
abelian collapse (5), then, conjugating boundary monomorphisms ifnecessary, Fr(s)
can be generated by F and two elements X,y € H.

6.2.3. Recovering the original cyclic splitting from the maximal abelian collapse.
This next proposition enables us to revert to a cyclic splitting.

Proposition 6.26. Suppose that Fr(s) is freely indecomposable modulo F and has
a maximal abelian collapse (5) then Fr(sy admits a cyclic splitting

ﬁ/*(a) H/

where either:

(1) F' = F and H' is generated by (o, %, 7), o € F. Hence H' is a 3-generated
fully residually free group (see Theorem 2.1).
(2) F' = (F,a)and H' = (X, §) witha € H', i.e., H' is free of rank 2.

Proof. We first consider when the amalgamating maximal abelian subgroup A in (5)
is cyclic. We write A = (&) and F/ = F,H’ = H, then this splitting is in fact
already a maximal abelian collapse so we can apply Proposition 6.25 and we get that
X,y € H. Looking at normal forms we have that F = (F,a) and H = {(a, X, y)
ifo € Fthen F = F and H is 3-generated fully residually free. If @ ¢ F then we
must have o € (X, y) and it follows that H = (x, y).

We now consider the case where A4 in (5) is not cyclic. By Proposition 6.25 we
can assume that X, y € H and it follows that F = (F, A). First suppose that some
conjugate of A centralizes some element of F'. Then by Lemma 6.22 and by free
indecomposability of Fg(s) modulo F we have

~

F = F x4 A,
which means that Fg(s) admits the splitting
Frs)y = F #(q) (A %4 H),

and as before we get that H' = (X, y, «) is a 3-generated fully residually free group.
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The remaining possibility is that no conjugate of A centralizes an element of F. So
by Lemma 6.22 and by free indecomposability of Fg(s) we have (F, A) = F’ x (@) A4,
where F' is a rank 1 centralizer extension of F. This means that we can unfold the
splitting (5) to get the cyclic splitting

ﬁ/*(a) (A *4 H)

and by Proposition 6.25, F' < F’and %, y € H. Sinceno conjugate of F intersects A,
we need w.l.o.g. (x,y) N A = (a") for some n € Z. Now by free indecomposability
and by Theorem 2.2, (F,a") must be a centralizer extension of F'. Note however
that the centralizer of @” in (F, a™) must be (a"), so there are no transmissions from
F’ back to (4 x4 H). Therefore

Fresy = F' () ((x, 7)),

which contradicts the assumption that {a) is contained in a non-cyclic abelian sub-
group. O

An element in a free group is called primitive if it belongs to a basis. For the next
result, we need:

Theorem 6.27 (Main Theorem of [Bau65]). Let w = w(x1, X2, ..., X,) be an ele-
ment of a free group F freely generated by x1, x2, ..., X, which is neither a proper
power nor a primitive. If g1, g2, ..., 8n, g are elements of a free group connected by

the relation
w(glag27'--7gn):gn (m>1)’
then the rank of the group generated by g1,82,...,8n, g is at mostn — 1.

Lemma 6.28. Suppose that Fgs) splits as
F k) A x(y) (X, 7),

where A is non-cyclic abelian and (y) N () = {1}. Then Fgs) is freely decompos-
able modulo F. In particular, (y) must be a free factor of (X, y).

Proof. First note that « € F and y € (X, y) are not proper powers (otherwise,
looking at normal forms, we would find a contradiction to commutation transitivity).
Suppose on the contrary that y € (X, y) is not primitive.

Since (X, y) is a 2-generated non-abelian subgroup of a fully residually free group,
there are retractions f': Fgr(sy — F such that the restriction of f to (X,y) is a
monomorphism. Since we also have that « € F, there are retractions that are
monomorphic on (X, y) that send y to arbitrarily high powers of . We fix f so
that it is injective on (X, ¥) and such that f(y) is a proper power. Denote by K < F
the image of (x, y). K is free of rank 2, but we see that in the ambient group f(y)
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is a proper power. Theorem 6.27 applies and the assumption that y € (X, y) is
not a proper power and not primitive forces the image of (x, y) — F to be cyclic,
contradicting injectivity of f on (X, y). O

Lemma 6.29 is a restatement of Lemma 2.10 in [Tou09]. Unfortunately upon
re-reading I noticed that the lemma as stated is false; we give here a corrected version
of the lemma. (In the original version the line (7) is H = (G.,t |t pt = q),
p,q € G — {1}.) Thankfully this mistake does not have an impact on the results of
[Tou09] in a significant way.

Lemma 6.29. Let H be a free group of rank 2 and let w € H be non primitive,
and not a proper power. Then the only possible almost reduced (see Definition 5.3),
hairless non-trivial cyclic splitting of H modulo w is

H=(G, t|t7'p"t=q), p,qeH-—{1}, (7)

where w € G, G is a free group of rank 2 and n € Z. Moreover, G = (p) * {q) so
that H = (p,t).

Consider a splitting of a free group H of rank 2 such as the one given in (7). We
can apply a balancing fold (see Definition 6.4) to replace the vertex group G by

G = (p) * ((q) *(g) 7" {P)1)). ®)

Letting§ = t ! pr wehave §" = ¢, G = (p)*(§)and H = (Gt |t pt = §) =
(p.1).

Proposition 6.30. Suppose that Fg(s) is freely indecomposable modulo F and splits
as
F x () H, (9)

and that H = G x(gy Ab(B, r) is a rank 1 free extension of a centralizer of a free
group G of rank 2. Then (9) refines to

o) G *(ﬂ) Ab(,B,r)

Proof. The hypothesis arises as item (1) of Proposition 6.26. We need to show that
« is conjugable into G. Suppose towards a contradiction that this is impossible.

We first consider the possible cyclic JSJ splittings of H = G * gy Ab(B, r). These
correspond to cyclic splittings of G modulo 8. By Lemma 6.29, the two non-trivial
possibilities, after possibly applying a balancing fold, are

G=(B)* () or G=(G, s|slys=y') withpeG'.

Since Fp(s) is not freely decomposable, and replacing G by G’ if necessary, we have
by hypothesis that either o is conjugable into Ab(B, r) or that G *(gy Ab(B,r) has



194 N.W. M. Touikan

no cyclic splittings modulo z. We note that in all cases, by commutation transitivity
B cannot be a proper power in G.

Consider the case where G *(gy Ab(f,r) has no cyclic splittings modulo «. Let
R be a strict resolution of Fg(s). Since « € F' is always forced to be elliptic, the
image of the subgroup G * gy Ab(f, r) in all the quotients of Fg(s) in R is always
forced to be elliptic, which implies that it is isomorphic to a subgroup of a free group,
which is impossible.

Suppose now that « € Ab(B,r). Since a € Ab(B,r) is not a proper power,
() is a direct summand of Ab(B,r) if (8) N (@) # {1}. Then « = B, and we
are done. Otherwise Lemma 6.28 applies, and Fg(s) is freely decomposable, a
contradiction. O

Proposition 6.31. Suppose that Fg(s) is freely indecomposable modulo F and that
it splits as 5
F’ *(a) H /,

where F < F’ and H' is free of rank 2, and suppose moreover that H' splits further
as an HNN extension
H = (G t|t7y"t=y)

modulo o. Then a cannot be almost conjugate (as in Definition 2.9) to eithery or y’
inG

Proof. Obviously by Lemma 6.29 v and y’ are not almost conjugate in G. If «
is almost conjugate to either y or ¥’ in G then this is still true after performing a
balancing fold to get (8) and writing y’ again instead of " and writing G again
instead of G.

So we may now assume that H = (G,t | y* = y’) with G = (y) * (y’) and that
w.l.o.g. @ and y are almost conjugate in G. This means that there are some n, g € G
suchthat (@), (y)} < (n). Onthe other hand y is nota proper powerin G so (y) = (n)
which implies that (&) < (y) so, conjugating boundary monomorphisms, we get a
relative presentation

(F',G,t|tyt = '),

Fres) = .
k) {(a):F’ﬂG, v,y €G,

with G = (y’) % (y) and (&) < (y), which means that we can rewrite this relative
presentation using a Tietze transformation as

Fresy = (F'p,t])

with y = « € F for some m € Z. This mean that Fgs) is freely decomposable
modulo F, a contradiction. O

The same argument yields:
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Proposition 6.32. Suppose that Fr(sry splits as
F %oy H x(gy Ab(B,1)
with H free of rank 2 and suppose moreover that H splits further as an HNN extension
H=(G.t|t™'y"t =y
modulo a and B, then we cannot have that a, B and y are almost conjugate in H.

Lemma 6.33. Suppose that Fr(sy has a QH subgroup Q. Then its JSJ must be of
the form

Fresy = F %(g) Hi %(a) *+ *(a) Hi %(p) O (10)

Proof. Consider the quotient Fgr(sy — Fr(s)/R = K obtained by killing the vertex
group F as well as all the edge groups. On one hand K is generated by the image
of (x, y) on the other hand it contains a closed surface group Q as a free factor. The
only possibility is Q = Z @ Z, and we immediately see that the underlying graph of
the JSJ must be simply connected. It moreover follows that O = K, hence there are
no other QH subgroups.

Now a non-cyclic fully residually free group L is either free abelian or maps onto
a free group of rank 2. This means that for all y € L we have that the quotient
L/ncl(y), where ncl denotes the normal closure, is non-trivial. So if K = O then
JSJ of Fg(sy must be as in (10). O

Proof of Corollary 2.12. Let Fp(sy have a MQH subgroup Q. Propositions 6.26,
6.30 and Lemma 6.33 together imply that the JSJ of Fg(s) cannot have an abelian
vertex group. And must either be F *(q) O, with F arank 1 centralizer extension
of F, or F %) Q. The latter case implies the result. Suppose, on the contrary, the
former case, i.e., (2) of Proposition 6.26 holds. Then X, y freely generate Q and
so « must be in the commutator subgroup of Q. Now « can be written as a word
in X, y with exponent sum 0 in x, y. It follows that Fis generated by elements of
exponent sum 0 in X, y and therefore cannot contain a non-cyclic abelian subgroup
by Lemma 5.24, a contradiction. O

Corollary 6.34. If Frs) is freely indecomposable and the maximal abelian collapse
of its cyclic JSJ decomposition modulo F is a free product with amalgamation. Then
all the possibilities for the JSJ of Fr(s) are to be found in the descriptions given
Sections 2.4.1, 2.4.2, and 2.4.3.

6.3. The two edge case. We now consider the case where the maximal abelian
collapse of Fg(s) has underlying graph

X=ve “eu, (11)
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to which we give the relative presentation

2 " (12)
B<F,C<H A=FnH,

{(ﬁ, H.t|B' =C),
where F < F = Xy, H = X, and A, B, C are maximal abelian gnd conjugacy
separated in their vertex groups. Throughout this section the groups F, H, A, B, C
are as above.

6.3.1. Arranging so that either x € H or x = ¢

Lemma 6.35. Let Fg(s) be freely indecomposable modulo F and have a maximal
abelian collapse (12). After Weidmann—Nielsen normalization on (F, X, y) modulo
F we can arrange, conjugating boundary monomorphisms if necessary, so that X
either liesin F U H or X = 1.

Proof. We first observe that Fg(s) cannot be generated by elliptic elements with
respect to the splitting (12). We apply Theorem 6.9 to the marked generating set
(F;{x,y}). Let T be the Bass—Serre tree of this splitting. Let vy € T be the vertex
fixedby F < FR(S)-

Suppose that Tr is a point. Then after Weidmann—Nielsen normalization, X
must be brought to an elliptic element. We can then arrange Tzy N Tr # @ or
yTr NTF # @. Since y cannot also be elliptic, we must have that if T(zy N Tr # @

then x € F. Suppose now that T is not a point. Then after Weidmann—Nielsen
normalization we can get either:

CaseI: Tr N xTF # §. Then we can apply Lemma 6.13 and get that ¥ is either
inHorx=thheH.

Case II: x is elliptic. Then we use Theorem 6.9 on the marked set (F, X;{y}). ¥
cannot also be elliptic.

If Tr N Tzy # O then if v € Tiz) then we can assume that X € F. If & fixes
a vertex w’ adjacent to v, then we can assume that X € stab(w’). By Lemma 6.13
we either have that ¥ can be brought into H or tHt ™!, after possibly changing the
relative presentation, the result follows.

If Tr N yTF # @ then as before we can arrange to that y = th and interchanging
X and y the result will follow. The remaining case is T(z) N yT(z) # 9. We note,
however, that T3y intersects at most one Fg(s)-edge orbit, but since y have exponent
sum 1 in the stable letter, we find that the path p connecting T{z) and yTz) must
intersect both Fg(s)-edge orbits. It follows that T(z) N yT(z)y = @. So we must have
Tr N yTF # 0, and the result follows from Lemma 6.13. O

Lemma 6.36. If the vertex group H in the splitting (12) is generated by conjugates
of its boundary subgroups, i.e., H = (A" C"2), h; € H, then Frs) is freely
decomposable modulo F.
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Proof. W.l.o.g. by conjugating boundary subgroups if necessary we may assume that
hi,h, = 1. By Lemma 6.16, H = A % C and we have the relative presentation
(ﬁ JH t| t7'Bt=C ywith 4, B < F. Using Tietze transformations we can rewrite
this as F * (t). O

Lemma 6.37. Suppose that Fr(s) has a maximal abelian collapse (12). If F(s) is
generated as (F, X, V) with X € F, then F R(S) IS freely decomposable modulo F.

Proof. Consider the §(X)-graph B obtained by attaching a y-loop to the vertex
v where B, = (F, x). All other vertices in B have trivial B-vertex group. In the
folding process (F4) collapses are impossible since the final graph should have a cycle.
By Lemma 6.18 we can perform our folding sequence without using transmissions as
long as the underlying graph is not the graph with two vertices u, v, two edges e, f,
and one cycle. When we do reach this point all that remains to be done to get a folded
graph is to do transmissions. By hypothesis the boundary subgroups C, A < H are
conjugacy separated and so the first transmission from v to u through e cannot be
followed by a transmission form u to v through f'. It therefore follows that after the
first two transmissions 8B, = (C’, A’), with C’ < C and A’ < A respectively.
ByLemma6.16, B8, = C’* A’ and so no further transmissions are possible from u
to v. B is therefore folded and free decomposability now follows from Lemma 6.36.
O

6.3.2. Arranging so that wl.o.g.x =fandy € H

Lemma 6.38. Suppose that Fr(s) has a maximal abelian collapse (12) and is freely
indecomposable modulo F. If Fgs) is generated as (F,X,y) with X € H, then,
conjugating boundary monomorphisms if necessary, we can arrange so that Fg(s)

is generated as (F, X, y') with 3/ = ath,h € H, a € F.

Proof. We first note that if X is conjugate into an edge group, then we can assume
that X € F, which by Lemma 6.37 leads to a contradiction. The hypotheses imply
that Fr(s) is the fundamental group of a § (X )-graph 8 obtained by taking an edge
labelled, say (1, e, 1), with endpoints v and u, attaching the y-loop £(y,v), and
setting B8, = F, B, = ().

We start our folding process using only moves (A0)—(A3), (F1), (F4), (L1), (S1).
Note thatif a (F4) collapse occurs, then the underlying graph will be simply connected,
which is impossible. Any cycle must have even length and by Lemma 6.18, as long as
there are more than four vertices we can continue our folding process while avoiding
transmissions.

Suppose that B has only four vertices, noting that this must fold to a graph like
(11) using (F1) moves we see (exchanging the labels e and f, if necessary) that the
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only possibilities after doing (S1) moves are

ure —<%  ev; up e s o] uje —<% ev;

e f e e f e

ve oV, ve — e, ve — e,
e e e

where the edges are labelled by their image in X via the map [] (recall Definition 3.6).
If we consider all possible sequences of transmissions we see that either there is a
cancellable path at u; or v; or that B,,, and B,, are contained in conjugates of their
edge groups. In either case B,,, B, remain unchanged and we can make an (F1) fold
without transmissions.

Suppose now that B has only three vertices, then the only possibilities after doing
(S1) moves are

fv<o>e ¢ _ _eu, ve—° e<o)ujj

with 8y, or By, trivial. The only folding that can occur is an (F1) fold at v or u.
By Lemma 6.20 8,, or 8, can only be changed by transmissions through the edge
between u and v it follows that we only need to make (A0)—-(A4), (L1) moves before
our (F1) fold.

B can therefore be brought to a graph of the form

(a2, f,b2)

A
Ve ° 1,
- =

(a1.e,b1)

with 8, = F and 8,, = (x). Moreover we see that it is possible to leave the label
(1, e, 1) of the edge between u and v unchanged throughout the folding process, so
we may assume that a; = by = 1. Fg(s) is therefore generated by F, X € H and
V' =asf,by, e ! witha, € F and b, € H,i.e., in the relative presentation we can
write ' = ath;. O

Lemma 6.39. Suppose that Fg(s) has a maximal abelian collapse (12) and is freely
indecomposable modulo F. If Fr(s) is generated as (F,X,y) with X = t, then we
can arrange so that Fgsy is generated as (F,x,y’) with y' € H.

Proof. The hypotheses imply that Fg(s) is the fundamental group of a §(X)-graph
B obtained by taking two edges with labels (1,e,1) and (1, f, 1) with common
endpoints v and u, setting B, = F, B8, = {1}, and attaching the y-loop £(y, v).
We start our folding process using only moves (A0)—(A3), (F1), (F4), (L1), (S1), but
avoiding transmissions.
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Case 1: Suppose we were able to bring B to a graph with two vertices and two
edges with B, = (F, "), By = {1} or B, = F, B, = {j’}. To get a folded graph,
all that remains are transmissions, but note that in the former case, Lemma 6.36 will
imply free decomposability modulo F, in the latter case the result follows.

Case 11: Suppose first that an (F4) collapse occurred then B has one cycle and
two non-trivial B-vertex groups. By Lemma 6.18 unless we have one of the two
possibilities

uye ® V1
g g
e e
/\ T~
vo\/Ou, UOVOM
S f

we can continue folding without using transmissions. Here B,,, or 8By, is cyclic. The
next fold is an (F1) fold at u or v, or shaving off u; or v;. By Lemma 6.16 unless u
or vy can be shaved off, there can be no transmissions to u; or vy and then back again
through g it therefore follows that prior to the (F1) fold no transmissions through the
edge g are needed so we can change its label with an (A2) simple adjustment or an
(L1) long-range transmission. This brings us to case 1.

Case I1I: Suppose that no collapses occurred. By Lemma 6.18 8 has at most four
vertices. The only possibility with four vertices is something of the form

Uy ——— o

ve.  “eu
=

with By, By,, By, trivial. If there are no cancellable paths, then the next fold is
of type (F1) at u or v, and no transmissions are needed. If the fold is at v; or u;
Lemma 6.18 ensures that no transmissions are needed to make the fold.

Case IILI: Suppose now that after shaving B has three vertices then the possibil-
ities are

uy e v
/) [\
YA )
ve  “eu, ve oy

with By, By, , By, trivial.

Case IIL.LL: If [g] # [h] then since the edge groups are conjugacy separated and
by Lemma 6.16 after any sequence of transmissions there can be no transmissions
from u; or vy back to u or v respectively. The next fold is an (F1) fold and can
therefore be done using an (A2) simple adjustment or an (L1) long-range adjustment
to change the label of g or 4. This brings us to case IILII.

Case IILLIL If [g] = [h] then either we can (F4) collapse at u; or v; towards v
or u respectively which after shaving off u; or v; reduces to the case I. Otherwise by
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Lemma 6.20 after any sequence of transmissions there can be no transmissions from
u1 or vy back to u or v respectively and no (F4) collapse at u; or v;. The subsequent
fold can therefore be made without any transmissions as in the previous paragraph.
A collapse at this point reduces to case II, otherwise we are in case IILII.
Case I1LII: Suppose now that B has two vertices and three edges, the possibilities

are

1,11 141D

ve—_—f—eu, Ve @ oy,
(1,e,1) (1,e,1)

where 8, = {1} and the remaining edge is marked only by its image in X via map
[ ]. Note that these cases are symmetric. Suppose the middle edge has label (a, e, b)
witha € F andb € H. Firstnote thatif it is possible to transmit through both e-type
edges from v to u, this means because F has property CC that there is some f € F
such that fa € i,(X,), which in turn means that after an (A2) simple adjustment
and an (A1) Bass—Serre move we can make a (F4) collapse towards u and the result
follows. We may therefore assume that

(1) thereisno f € F suchthat fa € i.(X.).

If only one transmission from v to u is possible before the (F4) collapse, then we
could use an (L1) long-range adjustment instead, and reduce to the case I. The final
remaining possibility is that there are transmissions from v to u through the edges
labeled (1, e, 1) and (1, £, 1). In particular we can assume that

(1) some conjugate of X, centralizes « € F'.

Let 8, = {«, B) be the B-vertex group after these transmissions. If b € B,, and
we can make a simple adjustment on the label of the edge labeled (a, e, b) and then
do an (F4) collapse, then we could have used an (L.1) long-range adjustment instead,
and reduce to case 1.

We may therefore assume that there is a transmission from u through the edge
labeled (a, e, b) so that B, is now (F,aAa~!) where A < i.(X,). Since we A
centralizes some conjugate of an element of F' and by (), (1), we can apply Corol-
lary 6.23 to obtain (F,aAa™') = F xaAa™', a ¢ By, so there can be no collapse
at v and by the free product structure there can be no more transmissions. The
graph is therefore already folded, contradicting the fact that Fgr(sy = m1(§(X)) as
in (11). O

All these lemmas combine to give:
Proposition 6.40. If Fg(s) is freely indecomposable modulo F and has a maximal

abelian collapse (12), then Fpr(s) is generated by F, the stable letter t, and some
element y € H.

6.3.3. Recovering the original cyclic splitting from the maximal abelian collapse.
The next proposition enables us to revert to a cyclic splitting.
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Proposition 6.41. Suppose that Fg(s) is freely indecomposable modulo F and has
a maximal abelian collapse (12), then Fg(sy admits one of the two possible cyclic
splittings:
(1) ]
(F.H'.X | B* = p'),
Fres) = P /
BeF, peH, () =FnNH,

where H' = («, B', 3) is a 3-generated fully residually free group.
2) 3 _
(FI.H".x | p* = pB'),
F R(S) = I/ / ’ il ’
BeF' B eH, () =FNH,
where F' is a rank 1 free extension of a centralizer of F and H' is generated
by a, y. Moreover H' may not split further as an HNN extension.

Proof. Let ﬁ, A, B, C, H, t be as in (12). By Proposition 6.40 we can assume that
X = tand y € H. We can always assume that F N A # {1} (otherwise we could
derive free decomposability modulo F'.)

Suppose first that F N A = («a) and F N B = {1}. To ensure free indecom-
posability modulo F we need there to be some y € (a,y) such that xyx~! =
B e B < F. Now by Theorem 2.2 if (F,B) # F x (8) then we must have
(F,B) = (F,t|[p,t] = 1) for some p € F. If p is not conjugate to & in F then
FRr(s) has a cyclic splitting as in item 2. If p and a*! are conjugate in F, then we
can assume that @ = p, so then the group A4 in (12) is non-cyclic abelian of rank 2.
We study the maximal abelian subgroup C < H we already had that y(y,«) € C if
C < H is not cyclic then there must be some y; € (y, A) such that y and y; do not
lie in a common cyclic subgroup and which satisfies the relation

[v.nl=1 (13)

however by Lemma 6.16 we have

(A, 7) = A= (y),
which means that (13) is impossible. It follows that F = (F, B). This gives the
cyclic splitting

(F,H,x| B~ =),

Fres) = . R
R(S) {ﬁeF,yeH, (@)= FnH,

with H = {«, y).
Suppose now towards a contradiction that H split further as an HNN extension:

H=(K 1|§8=68) §68¢cKk,



202 N.W. M. Touikan

modulo «, y, then we have

oo JF K ST =y 8 =),
K& = BeF,y88ck, () =FnK.

Then we can collapse this splitting to a double HNN and by Corollary 5.25 F cannot
contain any non-cyclic abelian subgroups, a contradiction.

Suppose now that F N A = (@) and F N B = (B). If both A and B are cyclic
we are done: by Proposition 6.40 H is generated by three elements. We therefore
assume w.l.0.g. that A is not cyclic. First note that by Lemma 6.22, (F, A) has the
JSJ F *(4) A. Suppose first that the B is not cyclic. We have a surjection

A xq) F gy B — (F, A, B),

which is injective on F' * gy B as well. Suppose this map wasn’t injective, then some
element w lies in the kernel, moreover A x4y F *(gy B should not have any essential
cyclic splittings modulo w, F. On the other hand (F, A, B) should have a non-trivial
JSJ modulo F but the triviality of the image w implies that (F, A, B) has only one
vertex group, a contradiction.

Thus, whether or not B is cyclic, we always have that (F, A, B) = Ay F *(g) B.
This means we have the cyclic splitting

(F.H'.t|p" =),

F =
R(S) {ﬁeF,yeCfH/, (@)= FNH,

where H' = (H, A, C). Now by Proposition 6.40, even with the new splitting, we
still have that x = ¢ and that y € H < H' so considering a folding sequence starting
at this point we have that F' is a full vertex group and all that remains are transmissions
from F to H' to get Fg(s). It follows that H' = (', «, y), so itis 3-generated. ~ [J

Proposition 6.42. Suppose that Fgs) splits as

(F,H.t|B"=y)
BeF,yeH, («) = FNH.

Then « and y cannot be almost conjugate H. Moreover o and B cannot be almost
conjugate in F.

Proof. Suppose on the contrary that o, y were almost conjugate in H. Then after
conjugating boundary monomorphisms, making folding moves (as in Definition 5.2)
which keep the splitting cyclic and making a sliding move we would get a splitting

(F.H.t|p'=a),
a,peF, (a)=FNH,
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whose maximal abelian collapse is as considered in Section 6.2, a contradiction. Sim-
ilarly, if « and 8 were almost conjugate in F', we can similarly derive a contradiction
to the choice of maximal abelian collapse. O

Proposition 6.43. Suppose we have the splitting

(F.H'.7 | B =)

F =
R(S) {ﬂeRyeWszFﬂHﬂ

where H' = H x5y Ab(8,r) is a rank 1 free extension of a centralizer of the free
group H of rank 2. Then this splitting can be refined to

(F.H,Ab@.r).7 | B> = 7).

F =
R(S) {ﬁeRyeHJmZFﬂHJ&:HﬂNﬁmL

such that 8, a, y are not almost conjugate in H. This cyclic splitting is the JSJ of

Proof. If « and y are almost conjugate, then we can derive a contradiction arguing
as in the proof of Proposition 6.42.

If H could split further as an HNN extension modulo «, vy, § then we could
apply Corollary 5.25 contradicting the existence of a non-cyclic abelian subgroup of
FRr(s)- It follows that the cyclic JSJ splitting of H’ modulo «, y either consists of
one vertex group H' oris an amalgam H ) Ab(8, r). In the former case since o, y
are conjugable into F their images will be elliptic in every term of a strict resolution
of Fg(s) which implies that H *,), Ab(8, r) is free, a contradiction.

Suppose now that either « or y, say w.L.o.g. y, is conjugable in H' into Ab(§, r)
but that y is not almost conjugate to §. We can conjugate boundary monomorphisms
so that y € Ab(d, r) and replace Ab(S,r) with (y,§). This gives an F-subgroup
G < FpRs) that has a splitting with vertex groups F,(y,d), and H. We see that
in every term of a strict resolution of G the images of the elements «, 8, y, § are
forced to be elliptic, this means that H is always mapped monomorphically, so y
and § will always be conjugable into some non-abelian vertex group, this means that
(y, 6) will never have an exposed direct summand (see Definition 5.22) contradicting
Lemma 5.23. O

Corollary 6.44. If Fr(s) is freely indecomposable has a maximal abelian collapse
(12). Then all the possibilities for the JSJ of Fr(s) are to be found in the descriptions
given Sections 2.4.1, 2.4.2, and 2.4.3.

6.4. The three edge case. We now consider the case where the maximal abelian
collapse of Fg(s) has underlying graph

g
X =ve——e—eu (14)
S
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to which we give the relative presentation

F,H,s,t| AS =B, D' = E),
{< st ) as)

AD<F,BE<H C=FnH,

where F < F = Xy, H = Xyand A, B, C, D, E are maximal abelian and conjugacy
separated in their vertex groups. Note that by Corollary 5.25, Fg(s) cannot contain
any non-cyclic abelian subgroups, in particular the subgroups A, B, C, D, E must
all be cyclic.

Lemma 6.45. Let Fr(s) be freely indecomposable modulo F with a maximal abelian
collapse (15). After Weidmann—Nielsen normalization on (F, X, y) modulo F we can
arrange, conjugating boundary monomorphisms if necessary, for x = t.

Proof. Since we are assuming free indecomposability of Fr(sy modulo F', we can
apply Theorem 6.9 to the marked generating set (F'; {x, y}). Let T be the Bass—Serre
tree corresponding to the splitting (14). We note that neither x nor y can be brought
to elliptic elements with respect to the splitting (14). Let vy € T be the vertex fixed
by F. W.lLo.g. after Weidmann—Nielsen normalization we have Tr N xTF # 0.
1-acylindricity implies that d (v, Xvg) = 2. It follows w.l.0.g. that X as a § (X )-path
is of the formay, f, b1, g~ !, a>, where by € H,ay,a, € F. By Lemma 6.13 we can
arrange so that X = f, b, g~!, and conjugating boundary monomorphisms enables
us to assume that X = f, g~! = ¢! in terms of the relative presentation (15). [

Lemma 6.46. Let Fg(s) be freely indecomposable modulo F with a maximal abelian
collapse (15) and with X = t, then Fr(s) is generated by F, t, and. s.

Proof. The hypotheses imply that Fr(s) is the fundamental group of a §(X)-graph
B obtained by taking two edges with labels (1,e,1) and (1, f, 1) with common
endpoints v and u, setting B, = F, B, = {1}, and attaching the y-loop £ (¥, v).

Again we start our adjustment-folding process, using only moves (A0)—(A2), (L1),
(F1), (S1). (F4) collapses are forbidden since they reduce the number of cycles in
the underlying graph. As long as after (S1) shavings there are strictly more than four
vertices, we see by Lemma 6.18 that we can always perform a folding move without
using transmissions. It follows that we can bring 8 to a graph with four vertices such
that B, = F is the only non-trivial 8B-vertex group.

Interchanging e and f if necessary, and noting that the exponent sum o5(y) = 1,
w.l.o.g. the only possibilities are

e g e

upe oV upe A0 Upe eV
e g e e g e
e e e
v./\.v’ 'UO/_\.U, v./\.v,
~ —~ —~
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where the edges are marked by their images in X via the map [ ]. In all three cases
we see that after applying transmissions the groups By, , By, are cyclic. Again
Lemma 6.18 applies and we can continue our adjustment-folding process.

If there are only three vertices then the only possibilities are:

uye vy e
gr )Xe e g
\/ e e

S S

and the last fold is of type (F1) at either u or v and in particular no transmissions are
needed. We get that 8B is given by

(a1,8:b1)

S

where the edges labelled e and f have labels (1, e, 1) and (1, f, 1) respectively. In
the end we have that Fg(s) is generated by F,¢ and some element )’ represented by
the §(X) pathay, g, b1,e"! where by € H anda; € F. After conjugating boundary
monomorphisms, we may assume that j’ = s. O

Corollary 6.47. If Fr(s) is freely indecomposable and the maximal abelian collapse
of its cyclic JSJ decomposition modulo F has three edges. Then the JSJ of Fr(s) is
of type (C2) in Section 2.4.1.

Proof. All we need to show is that the vertex groups are F' and a free group of rank 2.
By the two previous lemmas we have that Fg(s) is the fundamental group of the
5 (X)-graph
g
B=ve @ o,

f

with 8, = F and 8, = {1}. To get a folded graph, all that are needed are trans-
missions. We also saw that the edge groups are cyclic. Suppose first that the only
possible transmission is from v to u through e, then by conjugacy separability of the
edge groups it is impossible for there to be any further transmissions from u back to
v through the other edges.

Suppose that now there were transmissions possible only from v to u through
edges e and f. So as not to have free decomposability modulo F, we must have a
transmission from u to v through g. We note that the boundary subgroups associated
to the edges e, f must be maximal cyclic because they lie in F'. It then follows that
there are no further possible transmissions and the graph is folded. In particular we
find that B, = F = (F, a) where « is the element transmitted from H to F. F R(S)
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is freely indecomposable modulo F only if F # F * (&), but by Theorem 2.2 the
only other possibility for (F,a) is F %, Ab(u, ), which is impossible since Fp(s)
has no non-cyclic abelian subgroups.

It therefore follows that F = F and H is a free group of rank 2 generated by its
boundary subgroups. O

6.5. The proof of the Proposition 2.10. If the JSJ of Fg(s) has more than one
non-abelian vertex group then it falls into the premises of Corollaries 6.34, 6.44, or
6.47 so our list of possible JSJs given in Section 2.4 is complete.

7. When the JSJ of Fg(s) has one vertex group

We now consider the situation where Fg(s) has a cyclic JSJ decompositions modulo
F, with only one vertex group. We have the relative presentations

(F.t|p'=p) BB eF. (16)
(F,s,t|p=p.a"=0d), aa BB cF. (17)

7.1. F is 2-generated modulo F. We first need some further auxiliary results.

Lemma 7.1. Let the JSJ of Fg(s) be either (16) or (17). Then B and B’ cannot be
conjugate in F.

Proof. Suppose the contrary. Then B’ and 8 are conjugate in F so conjugating
boundary monomorphisms gives us

(F.oy =(F.r|[r.p]=1),
which implies that the JSJ of Fr(s) has an abelian vertex group, a contradiction. [

This corollary now follows immediately from the fact that F' < Fg(s) has property
CC.

Corollary 7.2. Let the Fr(s) split as in (16) or (17) then F % F.

Lemma 7.3. Suppose Fg(s) splits as a double HNN extension:

(F.t,s|a® =d, p' = B),
a,a,B,B € ﬁ,

where F has no cyclic or free splittings modulo F, a, o', B, B’. Then w.Lo.g. either
() or {B) is conjugable into F, but not both.
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Proof. We may consider Fr(s) as a double HNN extension. Suppose on the contrary
that neither a, o’ nor 8, B/ were conjugable into F in F. Then T is a point, which
means that Tr N gTF = @ for any hyperbolic g € Fg(s). Since Fg(s) is a double
HNN, looking at exponent sums of stable letters, we see it must be generated by
F and at least two hyperbolic elements. It now follows from Theorem 6.9 on the
marked generating set (F; {X, y}) that Fgs) is freely decomposable modulo F', a
contradiction.

Suppose now towards a contradiction that both 8 and o were conjugable into F'.
Then by Corollary 5.16 there is a splitting of £ modulo a, 8, &, B/, F, with either
trivial or cyclic edge groups, which is again a contradiction. O

We can now say something about the vertex groups of the JSJs (16) and (17).

Lemma 7.4. Suppose that Fr(s) has the JSJ (17). Then:

(D) F has no non-cyclic abelian subgroups.
(2) One of the edge groups, say (o), is conjugate into F.
(3) The elements o and B are not conjugate in Fg(s).

(4) The centralizers of a, B are cyclic in F. In particular after making balancing
folds, the splitting is 1-acylindrical.

(5) After balancing folds, where F r denotes the resulting vertex group, we have
ﬁf = (F,a', B’) with o' conjugable into F and B’ conjugable into (F,a'). In
particular F is also 2-generated modulo F.

Proof. By Corollary 5.25, F has no non-cyclic abelian subgroups. Items (2) and (3)
follow from Lemma 7.3. Item (4) now follows from the preV10us items.

To prove item (5) we first replace the vertex group F by F, r» which is obtained by
performing balancing folds. By Lemma 6.6, if F s is 2-generated modulo F' so is F.
We now have a 1-acylindrical splitting and the Bass—Serre tree 7" has two edge orbits.
We now use Theorem 6.9. By items (3) and (4), Tr has radius 1 and contains edges
from only one orbit. We also have that x and y cannot be elliptic. It therefore follows
that after Weidmann—Nielsen normalization we have w.l.o.g. Tr N XTF # @ and if
fix(F) = vgthend(vg, Xvg) < 2. From this we may assume that there are no symbols
t in the normal form of X with respect to the relative presentation (17), which means
that x is forced to have exponent sum 1 in s, we therefore have d(vg, Xvg) = 1 so
that ¥ = fisf>, f; € F. Now conjugating boundary monomorphisms if necessary
we have w.lo.g. ¥ 'ax = o € F. W.lo.g. some conjugate of 8 lies in (F,a’),
otherwise (F, x,y) = (F, X) % (y) since y must have exponent sum 1 in ¢.

After Weidmann—Nielsen normalization T(r 3y N yT(F 5y # 9. Let E denote the
edges in the same Fgr(s)-orbit as the edges in Axis(s) C 7. The minimal invariant
trees T((F, x)) and yT({F, X)) do not contain edges from E. The shortest path
n between the minimal invariant subtrees 7' ({F, X)) and yT ({F, X)) therefore must
contain some edge in E, since yvg € yT ({F, X)). By l-acylindricity n has length at
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most 2. Let n have endpoints v; € T((F, X)) and v, € yT({F, x)). Let p1, p2(F, X)
be such that pjvy = vg, (727 1) Jve = v,. Then d(vg, p17p2v9) < 2. Replacing
7 by p17 p2 if necessary we have w.l.o.g. either j = fitfo, f; € F or y = fisfat fs.

Case . Ity = fitfr, fi € ff. Then for u, w € (F, x) the stable letters ¢ cancel
in products

(1 lfz)”(fltfz)_l or (flffz)_l w( f1tf2)

if and only if either /2u € (') or w/1 € (B). W.lLo.g. we may assume w € (f) and
conjugating boundary monomorphisms we may assume y 'wy € (B’). Now either
(F.a'. 5= Twy) = Fy or 51wy = (B'Y" and (F,o/, (B'y") N (B) = (F.o) N (B).
Then we can make another transmission to get ﬁf > (F, o, (B)™) with |my| < |m]|.
Either we have equality or we have (F, o/, (8)"1) N (B) > (F,o’, (8)™) N (B) etc.
This cannot go on indefinitely and we find finally that F s is 2-generated modulo F.
Case 11: Suppose that y = fi5 />t f3. Then Fg(s) is the fundamental group of the
5 (X)-graph B,
(f1.e.1)
(1,e,1) 'UO. C oV,
(f2,£,/3)

with B,, = (F,a') and B,, = {1}. This folds down to a bouquet of two circles.
Since it is impossible to increase 8By, via transmissions, there must be some f "e
(F,o') such that 7 f; € (B) so that we can fold together the edges labeled (1, e, 1)
and (f1,e,1). We may now assume that y = f»7f3 so we have reduced to case I.

O

Lemma 7.5. If Fr(s) has the JSJ (16), then w.l.o.g. B, ¢ F < F. Moreover;
the centralizers of B and B’ are cyclic in F, so after balancing folds the splitting is
1-acylindrical. After balancing folds, where F, s denotes the resulting vertex group,
we have w.l.o.g. I;f = (F, %, ). Inparticular F is also 2-generated modulo F.

Proof. Let m: Fr(sy — Fpr(s» be a composition of strict epimorphisms that is
injective on F. Suppose there is a one edge splitting of Fg(s/) modulo F with either
trivial or cyclic edge group such that D, the induced splitting of £, is non-trivial and A
is elliptic. B’ is then also elliptic so we can refine the splitting (16), contradicting the
fact that itis a JSJ. It follows that B, B’ must be hyperbolic elements in the generalized
JSJ of F and therefore have cyclic centralizers in F. By Corollary 5.16, 8 is not
conjugable in Fr(g) into F. 1-acylindricity after balancing folds now follows.
Suppose we performed our balancing folds and the resulting splitting of Fg(s) has
the unique vertex group F r. Let T the Bass—Serre tree corresponding to this splitting
and consider the marked generating set (F; {X, y}) we have that Tr must be a point,
so by Theorem 6.9 after Weidmann—Nielsen normalization X can be sent into F. It
follows that we must have 8 € (F, x). And since we musthave T(r 5y Ny T(F z) # 9
by 1-acylindricity we easily conclude y = f1t=! f, for fi, f» € F, conjugating
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boundary monomorphisms, we may therefore assume that y = s and arguing exactly
as in case I of the proof of Lemma 7.4 we have Fy = (F, X, ). The 2-generation

of F modulo F now follows from Lemma 6.6. ]

7.2. When all the vertex groups of the JSJ of Fg(s) except F are abelian (revis-
ited). We are now able to prove that when all the vertex groups of the JSJ of Fg(s)
except F are abelian, then F is also 2-generated modulo F.

Proposition 7.6. If Fr(s) is as in Proposition 5.27, then Fis generated by F and at
most two other elements.

Proof. By Proposition 5.28 we may assume Fp(s) has the vertex groups F and A,
which is abelian.

Case I: If the IS of Fg(s) is F x («) A then, perhaps after making a balancing fold
which replaces F by F, s, we have aretraction F F ¥y A —> F s Thus, by Lemma 6.6,
Fis 2-generated modulo F'.

Case I1: Suppose now that the JSJ of Fg(g) is

(F,A,t | ! = o),
a0 € F, (B) = FnNA.

By Proposition 7.3, w.l.o.g., conjugating boundary monomorphisms if necessary,
either 8 or «, but not both lie in F'.

Case ILI: Suppose that 8 lies in F. Then, by Corollary 5.16, the JSJ of (F, 1) is
(F,t|a' =a'). Again we have a retraction Fr(sy — (F,¢ | &' = &) (balancing
folds are not necessary since we cannot add proper roots to elements of F'), so that
(F.t|a' = a')is 2-generated modulo F. The result now follows from Lemma 7.5.

Case ILII: Suppose finally that o lies in F. Thenby Corollary 5.16 (F .1 | of = o)
admits a non-trivial (< Z)-splitting modulo «, o’. We first assume that all possible
balancing folds were applied and, abusing notation, we do not change the notation
for the vertex groups; by Lemma 6.6 this will not affect the result. Again we have
a retraction Fr(s) — (F,t|a' =da)sothat (F,7 | o' =a’) is 2-generated mod-
ulo F. Note moreover that by ((F,1 | o' = a')) < b1(Fr(s)) which implies (since
F # F)thatb,((F.t | o —a))—N-l—l

Case TLILL: Suppose first that (F,¢ | ' = &) is freely decomposable modulo
F, say as F x H with F < F. Then F cannot be elliptic with respect to this
splitting since otherwise F < F , which means that we must have ¢ € F as well, a
contradiction. Thus F splits into F' x K witha € F' < Fando' € K , and we
have (F,t | o' = a') = (F' %) 'K) * (t). Since b;(F) = N + 1, we must have
F' *(q) 'K = F so that F = F % t~'{a)t, and the result holds.

Case ILILII: Suppose now that the JSJ of (F.¢ | a' = &) has only one vertex
group. Then the only possibility is that the JST of (F,7 | o' = o'} is (F/,t,s | o' =
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o, 8 = §) with o, o/, 8,8 € F’. In particular we have F = (F’,s). We may
again assume that this splitting is balanced. By Lemma 7.4 we have F' = (F,«’,§'),
which means that F = (F,a’,s), and the result holds.

Case ILILIIL: Suppose finally that the JSJ of (F, 1 | & = «’) has more than two
vertex groups. Then the JSJ can be obtained by refining the splitting (F, 7 | o' = o).
In particular the underlying graph of the JSJ is not simply connected. Since by ({F, 1 |
o' = o)) = N + 1, Corollaries 2.7 and 2.11 imply that (F,¢ | &' = &) has no
non-cyclic abelian subgroups. It therefore follows from Proposition 6.41 (1) and
Corollary 6.47 that F = F %o H or (F,H,s | y* =€) with () = F N H and
y € F, e € H, both of which are generated by two elements modulo F. The result
therefore holds. O

Proof of Proposition 2.6. The result now follows from Propositions 5.27, 5.28, and
7.6. O

7.3. Uniform hierarchical depth does not increase for finitely generated sub-
groups. The purpose of this section is to show that uniform hierarchical depth is
well behaved when passing to finitely generated subgroups. This is necessary to
bound the uhd of F when JSJ of Fpg(s) has one vertex and one edge. This next
lemma is essentially an application of Theorem 3.15 coupled with the observation
that if edge groups are cyclic or trivial, there are only finitely many adjustments
and transmissions that can be applied to a §(X)-graph 8B that actually change the
B-vertex groups.

Lemma 7.7. Let G be finitely generated. If G is the fundamental group of a graph of
groups with edge groups either cyclic or trivial, then all the vertex groups are finitely
generated.

Lemma 7.8. Let §(X) be (< Z)-splitting (see Definition 3.2) of G (modulo F) and
let §(Y) be the generalized JSJ of G (modulo F). Every rigid vertex group of §(Y')
is conjugable into a vertex group of §(X).

Proof. LetY, bearigid (i.e., non-QH, non-abelian) vertex group of § (Y") and suppose
towards a contradiction that Y, is not elliptic in ¥ (X ). In such a case we can collapse
% (X) to some elementary (< —Z) splitting D such that Yy, is hyperbolic.

We may first suppose that G is freely indecomposable (modulo F'). Let {c) be the
edge group of D. Then by items (2) and (3) of Theorem 5.5, we can obtain D from
9 (Y) by perhaps first refining §(Y) by further splitting a MQH subgroup along a
simple closed curve (if ¢ is conjugable into a MQH subgroup) and then performing
a sequence of slides, foldings and collapses as described in Definition 5.2. All these
moves preserve the ellipticity of Yy, a contradiction.

Suppose now that G is freely decomposable (modulo F'). We have by definition
of a generalized JSJ that Y, is a rigid vertex group of the cyclic JSJ decomposition of
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G; (modulo F), where G; is a free factor of the Grushko decomposition of G (modulo
F), butnot a free group itself . The elementary splitting D induces a non-trivial cyclic
splitting of G; (modulo F') with ¥,, hyperbolic. We can now derive a contradiction
as in the previous paragraph arguing with G; in place of G. (]

Theorem 7.9. Let G be finitely generated fully residually free group and let H < G
be a finitely generated subgroup, then uhd(H) < uhd(G).

Proof. We proceed by induction on uniform hierarchical depth. If G is a finitely
generated fully residually free group such that uhd(G) = 0 then the same is true for
any finitely generated subgroup of G.

Suppose now that uhd(G) = n + 1 and that the theorem holds for m < n. Let
H < G be a finitely generated subgroup. Let E denote the generalized JSJ of G. If
H is conjugable into a vertex group then by induction hypothesis, uhd(H) < n, and
the result holds.

Suppose now that H is hyperbolic with respect to E. Then H has an induced
(< Z)-splitting D as a finite graph of groups with vertex groups conjugable into the
vertex groups of £. On one hand the vertex groups of D are conjugable into the
vertex groups of E. On the other hand by Lemma 7.8 the rigid vertex groups of the
generalized JSJ of H are conjugable into the vertex groups of D and by Lemma 7.7 the
rigid vertex groups are finitely generated. It follows that we can apply the induction
hypothesis so for each rigid vertex group H; of the generalized JSJ of H we have
uhd(H;) < n. Noting that QH and abelian vertex groups have uhd = 0, we can now
conclude that uhd(H) < n + 1. So the result holds by induction. O

Lemma 7.10. If G is fully residually F then uhd(G) < uhdfr(G).

Proof. We proceed by induction onuhd ¢ (G). If uhd g (G) = 0, then the result holds.
Let Fg be the vertex group of the generalized JSJ of G(modulo F containing F and
let E be the generalized cyclic JSJ splitting of G (not modulo F).

Suppose that for all m < n, if uhdr (K) < m then uhd(K) < uhdr (K), where
K is fully residually F. Let uhdr(G) = n + 1l andlet F < H < G be a finitely
generated subgroup. By definition, uhd g (ﬁg) < n, so by induction hypothesis,
uhd(Fg) < uhdfp (Fg). Now the vertex groups G; of E or are either finitely gener-
ated subgroups of Fg or finitely generated subgroups of other vertex groups of the
generalized JSJ of G modulo F. In both cases by Theorem 7.9 and by induction
hypothesis, uhd(G;) < n for each vertex group G;, so uhd(G) < n + 1. The result
now follows by induction. O

Corollary 7.11. Let F < H < G where G is fully residually F and H is finitely
generated, then uhdr (H) < uhdfr (G).

Proof. We proceed by induction on uhd g (G). If uhd r (G) = 0 then the result holds.
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Suppose the corollary is true for all G such that uhdg(G) < n. Letuhdr (G) =
n + 1. Let E be the generalized JSJ of G modulo F and let D be the generalized
JSJ of H modulo F. Let Fg and Fy be the vertex groups of E and D respectively
containing F'.

As argued in Theorem 7.9, the rigid vertex groups of D are conjugable into the
vertex groups of E. It therefore follows that Fy < fg, and by induction hypothesis
uhd g (fH) < uhdp (fg) < n. As for the other rigid vertex groups Hi, ..., Hy, in
D, Lemma 7.10 implies that uhd(G;) < n for each vertex group G; of E, so by
Theorem 7.9, uhd(H;) < n. It follows that uhd(H) < n + 1. The result now follows
by induction. O

Corollary 7.12. There is a one relator fully residually F group which does not embed
in a centralizer extension of F.

Proof. The group Fpg(s) given in Example 2.14 is freely indecomposable modulo F
and has a cyclic splitting modulo F witha vertex group F < Fy = (F.¢ | [t,u] = 1),
which does not split modulo F' and the incident edge group. Moreover, uhd f ( F) =
1, which means that uhd r (Fg(s)) = 2. On the other hand any centralizer extension
of F has uhdr = 1, so by Corollary 7.11, Fg(s) cannot embed into any rank 1
centralizer extension. O

7.4. The two edge case. In this section we describe the structure of F when the
JSJ of Fp(s) has one vertex and two edges. In particular we will explicitly bound its
uniform hierarchical depth. Suppose that Fg(s), F.a,d, B, B, s, t are given in as
(17). By Lemma 7.4 we can assume that « € F and B, B’ are hyperbolic in the JSJ
of F.

Definition 7.13. For each edge e in the JSI of Fg(s) we define the edge class as-
sociated to e to be the conjugacy class in Fg(s) corresponding to the edge group
associated to e.

It is important to note that distinct edges of the JSJ of Fg(sy may have the same
edge class.

Lemma 7.14. Let Fp(s) has the JSJ (17). If Fis freely indecomposable modulo F,
then the JSJ of Fy (as given in Lemma 7.4) has more than one vertex group.

Proof. Suppose towards a contradiction that JSJ of F s has only one vertex group.
By Lemma 7.4, F, # is 2-generated modulo F, which means that the JSJ of F # has at
most two edges. The unique vertex group of F, s cannot be F itself by Corollary 7.2.
Let Fg(s/y be the first term in a strict resolution of Fg(s)y where F splits. We first
consider the case where Fg(s) is freely indecomposable modulo F'.
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We can collapse the JSJ of Fg(s) to an elementary splitting Fr(sy = m1(5(Z))
with edge group C and F hyperbolic. If F is hyperbolic in Fg(sr), then so is F r.
Moreover by Lemma 7.4, after replacing o', 8 by their proper roots if necessary, F Vi
is generated as (F, o', '). B

The elementary splitting & (Z) is 2-acylindrical. If the JSJ of F¢ has two edges,
then F, s has two edge classes, but they cannot be conjugate in Fg(s’) because by
Lemma 7.4 exactly one of the edge classes of the JSJ F s will conjugable into F.
It therefore follows that only one edge class of F s is conjugable into C in Fg(s/).
Therefore only one of the edge classes of the JSJ of F s corresponds to edge groups
of induced splitting of Fs in Fg(s/.

Although the JSJ of F s has only one vertex group, itis still possible for the induced
splitting of F, s to have more than one vertex group, but by the previous paragraph
the induced graph of groups decomposition of F # given by the §(Z)-graph B has
at most one non-cyclic 8 vertex group B, and at most one cycle. Moreover, this
splitting is non-trivial and must collapse to a cyclic HNN extension. Since §(Z) is
2-acylindrical, this means that the cycle in 8 has length at most 2, since when Fr
acts on the Bass—Serre tree T corresponding to §(Z) the edge group of the JSJ of F, Vs
that is conjugable into C should fix an arc between two translates of some vg € T
with fix(8y) = vy.

Suppose first that Fg(s) split as a cyclic HNN extension (4,7 | ¢” = ¢’) with
¢, ¢’ not conjugate in A and F < A, and F not elliptic. Up to conjugating boundary
monomorphisms (or equivalently replacing r by g;rg, for some g1,g, € A) if
necessary, the possible induced splittings of F s are given by the folded ¢ (Z)-graphs

(1,e,1)

(ai,e,a) ()
B=ue_ _~ev or u\f (18)

(1,e,1)

with B, = F; < ff,i)‘v = (c'Yanda € A\ (¢’) but with [a,¢’] = 1 and a; € A.
In particular the first possibility can only occur if (¢} is not malnormal and hence
cyclicin A. Let §(Y) give the JSJ of Fg(s.. Since §(Z) is just a collapse of §(Y),
C = {(c) is an edge group of §(Y). By Corollary 7.16, C must be an edge group
adjacent to an abelian vertex group of ¥(Y). Since the elementary splitting is an
HNN extension, C is the edge group of a non-separating edge in e C Y and has
infinite intersection with an edge group that is incident to an abelian vertex group of
§(Y). It follows that the JSJ of Fg(s/) has more than one vertex and by Lemma 7.15
the JSJ of Fg(s/y must have at least two non-abelian vertex groups.

Now 8B, = F; lies in the subgroup corresponding to the “subgraph of groups”
5(Y \ e), which has vertex groups F, some free group H, and an abelian vertex
group A. It therefore follows that F; has an induced splitting D’ with F as a vertex
group, moreover since {c¢’}, {c) are elliptic in & (Y) we can refine the splitting of F Vi
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so that it has F as a vertex group, contradicting the fact that its JSJ had only one
vertex group, and this vertex group is not F.

If (¢) and (c¢’) are malnormal in A then the second possibility of (18) must occur.
By Lemma 7.4, ff = (F,o/,p’) with B € (F,a’) and o’ conjugate to F. It
therefore follows thatin Fg(s/y = (A,r | ¢" = ¢’), f has exponent sum 0 in 7. Now
B is conjugate to B’ in Fg(s), which means that B’ also has exponent sum 0 in r. In
other words F, r in Fg(s) is generated by elements with exponent sum O in r which is
impossible because the induced splitting on the right of (18) implies that F ¥ contains
an element with exponent sum 1 in r.

Suppose now that Fg(s.y can split as a cyclic free product with amalgamation
A x¢c B, with F < A and B non-abelian and F not elliptic. This means that Fg(s
has a one edge maximal abelian collapse. It therefore follows from Proposition 2.10
that the induced splitting of F has one edge class and one vertex group Fy. More
specifically, since A xc B is 2-acylindrical, the induced splitting will be given by
some 9 (X )-graph

(b,e”—1,a)
B=1ue C o,
(1,e,1)
witha € A,b € B and 8, = F; and B, = C. We see that this is only possible
if there is some element b € B that does not lie in C but centralizes the cyclic edge
group C. By Lemma 7.15 and Proposition 2.10, Fgr(s-) must have a cyclic splitting
of the form F *,) (H *(,) K) with K abelian. So we could chose A = F and still
have Ff hyperbollc, but thls would imply Fy = F, which is impossible.

If Fr(s’y = A *c B with B abelian of rank 3 then A = F, which again yields
a contradiction. Recall that we are assuming that the JSJ of F has only one vertex
group. If B = (c) @ (r) is free abelian of rank 2, then, by 2-acylindricity of the JSJ
of Fr(s), the only possible §(Z) graph is

(a2,e,b2)

(a1,e,b1)

with a; € A, b; € B. Since this graph is folded, we must have b1b5;! ¢ (c). Now
note that we can also write Fg(s) as an HNN extension (A4, r | ¢” = ¢). The fact that
ai blbz_laz_l
sum in r. But by Lemma 7.4, F = (F,«/, B’) with o conjugate to @ € F and
conjugate to § € (F,a’). So Fis generated by elements with exponent sum O in 7,
a contradiction.

Finally, consider the case where Fg(s) is freely decomposable modulo F. Since
F, # is freely indecomposable modulo F, it must lie in one of the free factors H of a
Grushko decomposition of F'g(sy modulo /. On the other hand, we have the relations
m(s)‘am(s) = «’ and w(t) "' Br(t) = B’ which hold if and only if 5,7 € H, which
implies Fg(s/y = H, which is a contradiction. O

€ F implies that there is an element of F that has non-zero exponent
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Lemma 7.15. If Fgs) is as in Proposition 5.27, then the centralizers of the edge
groups that are incident to F are cyclic. Moreover, if the JSJ of Fr(s) has two edges,
then the incident edge groups are conjugacy separated in F.

Proof. 1f the JSJ of Fg(s) has underlying graph

ue oV W,

then F = F by Proposition 5.28 and the result follows. If the JSJ of Fg(s) has
underlying graph
ue

L)

and F # F, then F must not have any splittings modulo F' and the edge group. It
follows that the edge group is hyperbolic in the generalized JSJ of F', and therefore
cannot be non-cyclic abelian. Finally if the JSJ of Fg(s) has underlying graph

(Cov

then the abelian vertex group has rank at most 2, so we may consider this group as
double HNN extension of F. The result now follows by applying Lemma 7.3. [

® 1,

Corollary 7.16. Let Fg(s) be freely indecomposable modulo F and let (c) be one
of the edge groups of the JSJ of Frs). If (c¢) has a non-cyclic centralizer Z(c), then
Z(c) is in fact an abelian vertex group of the JSJ of Fg(s).

Proof. 1f the JSJ of Fg(s) has one vertex group then by Lemmas 7.4 and 7.5 Z(c)
is cyclic. If the JSJ Fp(s) has at least two non-abelian vertex groups, the result
follows by looking at the non-cyclic abelian subgroups that occur in Section 2.4. The
remaining case follows from Lemma 7.15. O

Corollary 7.17. Let Fr(s) and F, r beasin Lemma’l.4. If Fis freely indecomposable
modulo F, then the JSJ of Fr has two vertex groups F and some free group H. It
follows that in all cases uhd(Fr(s)) < 2.

Proof. By Lemma 7.4, F # has no non-cyclic abelian subgroups. By Lemma 7.14 the
JSJ of Ff has at least two vertex groups and since it cannot contain any non-cyclic
abelian subgroups Corollary 2.11 implies that uhdz (Fr) = 1. Now F is a finitely

generated subgroup of F, s so by Corollary 7.11 uhd ¢ (f ) <1 as well and the result
follows. O

7.5. The one edge case. In this section we bound the uniform hierarchical depth of
FRr(s) when its JSJ has one edge and one vertex. By Lemma 7.5, F is generated by
two elements modulo F and the element 8 € F must be hyperbolic in the JSJ of F.
The JSJ of F either has only one vertex group or is one of the groups described in
Propositions 2.4 and Section 2.4.
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Lemma 7.18. Let Fg(s), F, 1, B, B’ be as in (16) and let w: Fr(sy — Fr(s)be a
proper strict epimorphism. If F # F is freely indecomposable modulo F, then there
is no essential cyclic or free splitting of Fg(sy modulo F = n(F ).

Proof. Suppose that Fr(sy = A * B with F < A. Then, since Fr(sn = (F,7(t)),
7(¢) written as a reduced word in A, B should have a syllable in B, we must, however,
have the equality

n(t~ (1) = p (19)
with B, 8/ € F < A, which is impossible.

We may therefore assume that Fg(s) is freely indecomposable and that we can
collapse its cyclic JSJ to either a free product with amalgamation or as an HNN
extension modulo F .

Suppose Fg(s#y splits as a cyclic HNN extension (4,7 | ¢" =¢'), c,¢’ € A,
but not conjugate in A, with F < A. Then Fr(sn = (F,7(t)), so 7 (¢) must have
exponent sum 1 in the stable letter . Equality (19) implies that w.1.0.g. 8 is conjugate
in Ato {c) and 8’ is conjugate in A to (c’). So conjugating boundary monomorphisms
(or, equivalently, replacing r by airas, a; € A) we can arrange so that 8 € (c) and
B’ € {c¢’), which means that 7 (z) has a reduced form r...r. Now by Britton’s
Lemma any word in F, 7(¢) is reduced if and only if it does not contain the subword
w(t™YHBm(t) or w(¢t)B'mw(t™"). It therefore follows that (19) is the only non-trivial
relation between F and m(t). This implies that Fr(s)y ~ Fg(s), contradicting the
fact that 7 is a proper epimorphism.

Suppose now that Fg(s splits as A x¢ B with C = (c), B abelian, and F < A.
If B has rank 3, then A = F implies that F = F, a contradiction. Suppose now
that B is abelian of rank 2, i.e., B = (¢) & (b). Then w.l.o.g. we may assume that
(B) < (c). We can also express A *¢ B as an HNN extensions (4,7 | ¢" = ¢). Note
that Fr(sy = (F,7(t)) and since F < A, 7(¢) has exponent sum 1in r. This means
that if (1)~ B (r) = B’ then there must be some g € A\ F such that g8'g™! = B.
So m(t)g~! centralizes B, which means by normal forms that w(t)g~! = b, € B,
hence 7 (¢) = b;g. But now looking at words in F.,big we see, again that the only
non-trivial relations are (b18)B'(g"'f~1) = B and (g7'b71)B(b1g) = B, again
forcing FR(S) ~ FR(S’)-

Suppose now that Fg(s/y splits as A *¢ B with C cyclic, B non abelian and
F <A. Then F R(s’) has a maximal abelian collapse with one edge. By Lemma 7.5,
Fr(sy = (F,m(x), m(y)) with F, w(X) lying in the same vertex group of the maximal
abelian collapse. By Lemma 6.21 this means Fg(s) is freely decomposable modulo
F and since F is freely indecomposable modulo F we have Fg(sr) = A * B with
F < A, which, as we saw, is impossible. O

Lemma 7.19. If Fg(s/y as in Lemma 7.18 has a one edge cyclic splitting D and zfﬁ
has an induced one edge cyclic splitting D g, then Fg(s’) can be obtained from F by
adding an element /7, an n'" root of the generator 1 of an edge group of D .
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Proof. Consider the action of Fg(s/) and F on the Bass—Serre tree T corresponding
to the splitting D. Abusing notation we use ¢ to denote the image of 7 (¢) in Fg(s/.

We have hyperbolic elements 8, 8’ € F such that B/ = B’. This means that
t Axis(B’) = Axis(f), that is, there are edges €', e in Axis(8’) and Axis(B) respec-
tively such that 7e’ = e. On the other hand, Axis(B), Axis(8") C T (F), the minimal
F-invariant subtree.

D g has only one edge and F is transitive on the set of edges in T(I*: ). Letg € F
be such that ge = e’. Then tg € stabg(e). Let stabp g/, (€) N F = (n). Then we
have (n,1g) < stabp, q, (e), which is cyclic, so (n,1g) = (/7). O

Corollary 7.20. Suppose the JSJ of Fr(s) has one edge and one vertex and let
7. Fresy = Frs be a strict epimorphism. If there is a one edge cyclic splitting
of Fr(s’y such that the induced splitting off only has one edge then by(Fg(s:)) <
bi(Fres))-

Proof. By Lemma 7.19, looking at abelianizations we immediately see that
bi(Fgrsy)) = bi(F). Let (B), (B') be boundary subgroups in F. Consider the
mapping B o

F— F/[F,Fl®zQ, g+~ gl
We consider two cases, either [8] — [8'] = 0 or [8] — [B'] # 0. If [8] = ['] then
by (FR(S)) = b1 (F) + 1, which implies that bl(FR(S’)) < b (FR(S))-

If [B] # [B'] then by(Fges)) = bl(ﬁ), but from Lemma 7.19 it follows that
Fresh/[Frest) Fresh] ®z Q is obtained from F/[F, F] ®z Q by adding [1]/n
(which does not increase the rank) and then forcing [8] = [B'] (since 7 (¢) ! Bn(t) =
B’ in Fg(s)), which decreases the rank by 1. So b (Fg(s’)) < bl(ﬁ) = b1(Fgr(s))-

O

Lemma 7.21. Suppose that the JSJ of Fr(s) has one vertex and one edge, and suppose
that by(Fr(s)) = N + 1. Then Fg(s) has uniform hierarchical depth relative to F
at most 2. Moreover, if Fis freely indecomposable modulo F, its JSJ has more than
one vertex group.

Proof. Abelianizing relative presentations, we immediately obtain that bi(F) <
by (FR(S)) Corollary 7.2 and Proposition 2.3 imply that by (F) = N + 1.

If F is freely decomposable modulo F, then uhd g (F ) = 1, and the result holds.

Letn: Fr(sy — Fr(s’) beastrictepimorphism. Then b (Fr(s)) =m < N+1.
If m = N then, by Proposition 2.3, Fgr(sr) = F and since 7 is injective on F we
have a contradiction to Corollary 7.2.

Consider the case where Fr(s) is freely indecomposable modulo F' and its JSJ
has at least two vertex groups. Corollaries 2.7 and 2.11 imply uhdr (Fg(s/)) < 1 so0
by Corollary 7.11, uhd p (F) < 1 and the result holds. From this it also follows that
unless the JSJ of F has only one vertex group, then uhd ¢ (F )<1.
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Otherwise the JSJ of Fg(s/) has one vertex group. By Lemmas 7.4 and 7.5 the
centralizers of the edge groups of Fg(s) are cyclic and distinct edges have distinct
edge classes. By Lemma 7.18 any one edge cyclic splitting of Fg(sy modulo F
induces a cyclic of F modulo F, and this splitting of Fg(s) is as an HNN extension
with cyclic edge stabilizers. Since the JSJ of F also has only one vertex, the edge
groups do not lie in non-cyclic abelian subgroups the vertex groups, so the only
possible induced splitting of F (considering the argument used for Lemma 7.14) is

of the form
(a,e,b)

Thus Corollary 7.20 applies and gives b1 (Fr(s’)) = N. Therefore, F < Fresn =
F, a contradiction. O

We can now prove the following.

Proof of Proposition 2.8. We have that m = by(F) < b1(Fg(s)). If m = N there
is nothing to show, otherwise m = N + 1. If the JSJ of F has more than two vertex
groups, Corollaries 2.7 and 2.11 imply that uhd g (F) < 1. Otherwise F has one
vertex group and Lemma 7.21 and Corollary 7.17 imply that uhd ¢ (ﬁ ) <2 g

Proposition 7.22. Ifthe JSJ of Fr(s) has one edge and one vertex, then it has uniform
hierarchical depth relative to F at most 4.

Proof. If Fis freely decomposable modulo F or if the JSJ of F does not have one
vertex and one edge, then Corollary 2.11 and Corollary 7.17 and Proposition 2.8
imply that uhd (F) < 3.

By Corollary 7.11, the same bound holds if 7 : Fr(sy — FRg(s) is a strict epi-
morphism and the JSJ of Fg(s/) does not have one edge and one vertex.

The remaining possibility is that the JSJs of F and F R(s) both only have one edge

and one vertex. But then, as in the proof Lemma 7.21, the induced splitting of F has
only one edge and by Corollary 7.20, b1 (Fr(s’y) < N + 1, which by Lemma 7.21

and Corollary 7.11 implies that uhd ¢ (F) < 2. O

Proof of Proposition 2.13. The result follows immediately from Corollary 7.17 and

Proposition 7.22. 0
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