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Cohomology computations for Artin groups, Bestvina—Brady
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Abstract. We compute:

¢ the cohomology with group ring coefficients of Artin groups (or actually, of their asso-
ciated Salvetti complexes), of Bestvina—Brady groups of type FP, and of graph products
of groups,

* the L2-Betti numbers of Bestvina—Brady groups of type FP over Q, and of graph products
of groups,

* the weighted L2-Betti numbers of graph products of Coxeter groups.

In the case of arbitrary graph products there is an additional proviso: either all factors are
infinite or all are finite.
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Introduction

This paper concerns the calculation of the group cohomology, H*(G; N), for certain
discrete groups G, where the G-module N is either ZG or a von Neumann alge-
bra N (G). Here N (G) is a completion of the group algebra RG acting on L?(G),
the Hilbert space of square summable functions on G. If G acts properly and co-
compactly on a CW complex Y, then one has the reduced L?-cohomology spaces,
L?H*(Y). These are Hilbert spaces with orthogonal G-actions. As such, each has
a “von Neumann dimension” with respect to N (G). The dimension of L2H"(Y)
is the n™ L2-Betti number, L>b™(Y;G). When Y is acyclic, it is an invariant of
G, denoted L2b"™(G). As shown in [30], these L2-Betti numbers can be computed
from the cohomology groups H *(G; N (G)) (i.e., the cohomology of BG with local
coefficients in N (G)).

For Coxeter groups, there is a refinement of the notion of L2-Betti number. Sup-
pose that (W, S) is a Coxeter system and p is a multiparameter of positive real
numbers (meaning that p is a function S — (0, co) which is constant on conjugacy
classes). There is an associated “Hecke—von Neumann algebra”, N, (W), which one
can use to define the “weighted L2-Betti numbers”, L%b" (W), cf. [21], [15] or [11].

Associated to (W, S), there is a finite CW complex X, called its Salvetti complex.
It is homotopy equivalent to the quotient by W of the complement of the (possibly
infinite) complex hyperplane arrangement associated to (W, S) (cf. [9]). The funda-
mental group of X is the Artin group A associated to (W, S). The K (7, 1)-Conjecture
for Artin groups asserts that X is a model for BA (= K(A, 1)). This conjecture is
known to hold in many cases, for example when W is either right-angled or finite,
cf. [8].

Given a simplicial graph I" with vertex set S and a family of groups {G; }ses, their
graph product, [ [ Gy, is the quotient of the free product of the G, by the relations
that elements of G5 and G; commute whenever {s, ¢} is an edge of I". Associated to
I" there is a flag complex L with 1-skeleton I'. (L is defined by the requirement that
a subset of § spans a simplex of L if and only if it is the vertex set of a complete
subgraph of I'.) A right-angled Coxeter group Wi, (a RACG for short) is a graph
product where each Gy is cyclic of order 2. Similarly, a right-angled Artin group Ay,
(a RAAG for short) is a graph product where each Gy is infinite cyclic. An arbitrary
graph product of groups acts simply transitively on the set of chambers of a right-
angled building of type (Wg, S). In §5.2 we consider a family of arbitrary Coxeter
systems {(Vs, Ts)}ses. Their graph product, V' := [ Vi, gives a Coxeter system
(V, T) (where T denotes the disjoint union of the Ty).

Given a right-angled Artin group Ay, let m: A; — Z be the homomorphism
which sends each standard generator to 1. Define the Bestvina—Brady group, BBy,
to be Ker 7. In [4] Bestvina and Brady prove that BB is type FP if and only if the
simplicial complex L is acyclic.

A subsetof S (the fundamental set of generators of a Coxeter group W) is spherical
if it generates a finite subgroup of W. Let S(W,S) denote the poset of spherical
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subsets of S and let K be the geometric realization of this poset. For each spherical
subset J, let Ky (resp. 0K y) be the geometric realization of the subposet S (W, S)> s
(resp. S(W, S)>y). Ky is the cone on dK ;. (0K is the barycentric subdivision of
the nerve of (W, S); 0K is the barycentric subdivision of the link of the simplex
corresponding to J in the nerve.)

Many of the following computations are done by using a spectral sequence asso-
ciated to a double complex. The E-terms of such a spectral sequence compute the
graded group, Gr H*(—), associated to the corresponding filtration of the cohomol-
ogy group, H*(—), in question.

In item (1) below, the Coxeter system is arbitrary while in (2), (3), (4) it is right-
angled. (Within parentheses we refer either to the theorem in this paper where the
computation appears or else we give a reference to the literature.) Here are the
computations.

(1) Suppose that A is the Artin group associated to a Coxeter system (W, S), X is
the associated Salvetti complex and X is its universal cover. Then

(a) (Theorem 4.1).

GrH"(X;ZA)= @ H" VK, 0K;)® HYI(A;7:7A).
JesS(W,S)

(In the case of a RAAG this formula is the main result of [28].)
(b) ([17], Corollary 2).

L?b"(X; A) = b" (K, IK).
(Here b™ (Y, Z) is the ordinary Betti number of a pair (Y, Z), i.e.,
b"(Y,Z) :=dim H"(Y, Z;R).)
When the K(7r, 1)-Conjecture holds for A, these formulas compute,
Gr H*(A;ZA) and L?b*(A), respectively.
(2) Suppose that BBy, is the Bestvina—Brady subgroup of a RAAG, Ar .

(a) (Theorem 4.3). Suppose that L is acyclic. Then the cohomology of BBy,
with group ring coefficients is isomorphic to that of Az shifted down in
degree by 1:

GrH"(BBL;ZBBr)= @ H"VHY(K,;,0K;)® Z(AL/Ay).
JesS(W,S)

(b) (Theorem 4.4). Suppose that L is Q-acyclic (where Q denotes the rational
numbers). Then the L2-Betti numbers of BBy, are given by

L?b"(BBL) = 3 b"(Kj, 0Ky).

sES



488 M. W. Davis and B. Okun

(3) Suppose that G = [ G, is a graph product of groups, and let (W, S) be the
RACS associated to the graph. For each spherical subset J, Gy denotes the
direct product [ [, ; Gs.

(a) (Theorem 4.5). If each Gy is infinite, then

GrH"(G;ZG)= @ H(K;,0K;;H/'(G;;ZG)).
JeS(W.,S)
i+j=n

(b) (Theorem 4.6). If each G is infinite, then

L?b"(G)= @ b'(K;,0Ky)-L?b/(Gy).
ik

(c) ([13], Corollary 9.4). If each Gy is finite, then

GrH™(G:ZG)= @ H"(K.KST)® A”.
JeS(W,S)

Here K5~/ denotes the union of subcomplexes Ky, withs € § — J, and
A’ is a certain (free abelian) subgroup of Z(G/G ).

(d) ([15], Theorem 13.8, and Corollary 6.5 below). Again, when each Gy
is finite, G acts simply transitively on the set of chambers of a right-
angled building of type (W, §) and its L2-Betti numbers are determined
by the weighted L2-Betti numbers of (W, S) via the formula, L2b"(G) =
|Ig,l|9”(liV), where the multiparameter p = (ps)ses is defined by ps =

s .

(4) Suppose that V' is a graph product of Coxeter groups {Vs}ses, that (W, S) is
the RACS associated to the graph and that ¢ is a multiparameter for (V, T).
There are the following two results concerning the weighted L2-Betti numbers
of (V,T).

(a) (Theorem 7.2). Suppose that g is “large” in the sense that it does not lie in
the region of convergence for the growth series of any component group
Vs. Then

Lab"(V) = '; b (Ky.0Ky) - L2b7 (V)).
i+j=n
(b) (Theorem 7.7). For V' as above and ¢ “small” in the sense that it lies in
the convergence region of each Vj, then
2 _ 72
qu*(V) = Lpb*(W),

where the multiparameter p for W is defined by py = V(q) — 1.
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Of course, a graph product V' of Coxeter groups is again a Coxeter group. The
weighted L2-Betti numbers of arbitrary Coxeter groups are computed in [21], [15],
but only for the parameter ¢ in a certain specified range: either g or ¢! must lie in
the closure of the region of convergence for the growth series of the Coxeter group.
The point of (4) is that for Coxeter group V' which is a graph product, we now have
calculations for an extended range of ¢. Thus, in (4a), the formula depends only
on the weighted L2-Betti numbers of the factors V. (For example, if each Vs is an
infinite dihedral group these numbers are known for all g.) On the other hand, in
(4b), the formula for the Lgb*(V) depends only on the weighted L2-Betti numbers
of the associated RACG, W. So, if we happen to know Lf,b*(W) for all p, we can
calculate L;b*(V) for certain ¢ outside the usual range (cf. Example 8.4).

The calculations in (1), (2), (3a), (3b) and (4a) all follow a similar line. They
are based on the spectral sequence developed in §2. In all cases we are computing
some type of cohomology of a CW complex Y, which is covered by a family of
subcomplexes {Y;} sesw,s), indexed by $(W, S). For a fixed j, the E ;k *J _terms of
the spectral sequence form a cochain complex for a nonconstant coefficient system on
K, which associates to a simplex o of K with minimum vertex J the group H7/ (Y7).
We first show that the spectral sequence decomposes at E; as a direct sum, with a
component foreach J € § (W, S), and with the J-component consisting of a cochain
complex of the form C*(K s, 0K y) with some constant system of coefficients. We
then show the spectral sequence collapses at E5.

Since Z G is a G-bimodule, both sides of the formulas in (1a), (2a) and (3a) are
right G-modules. One can ask if these formulas give isomorphisms of G-modules.
The spectral sequence argument shows that this is indeed the case. Moreover, since
the right-hand side of each formula is finitely generated as a G-module, so is the
left-hand side (cf. [14]). In general, if we change the Gr H”(—) on the left-hand
side to H"(—), then these formulas do not give isomorphisms of G-modules. For
example, (3a) is not valid after this change in the case where G is the free product of
two infinite cyclic groups (cf. [14], Example 5.2). However, the possibility remains
that after dropping the Gr’s, both sides of these equations are still isomorphic as
Z-modules, which leads us to the following question.

Question. On the left-hand sides of the formulas in (1a), (2a) and (3a), is Gr H" (—)
always isomorphic to H*(—) as an abelian group?

The calculations in (3c), (3d) and (4b) come from a different direction based on
[13] and [15]. In particular, the proof of (4b) uses an argument, similar to one in [15],
relating the ordinary L2-cohomology of a building to the weighted L?-cohomology
of its Coxeter system.

Our thanks go to the referee for some helpful comments.
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1. Basic definitions

1.1. Coxeter groups, Artin groups, buildings. Throughout this paper, we will be
given as data a simplicial graph I" with finite vertex set S and edge set, Edge(I"),
together with a labeling of the edges by integers > 2. The label corresponding to
{s,t} € Edge(T") is denoted by m(s, t). These data give a presentation of a Coxeter
group W with generating set S and relations

s2=1, (s)"®D =1 foralls e S and {s,7} € Edge(T).

The pair (W, S) is a Coxeter system; T is its presentation graph. These same data
determine a presentation for an Artin group A with generating set {a}scs and rela-
tions,

asd; ... =aas... forall {s,t} € Edge(I'),

where there are m(s,t) terms on each side of the equation. Given a word s =
(s1,...,8,) in S, its value is the element w(s) of W defined by

w(s) :=81...5.

The word s = (s1,...,Sy,) is a reduced expression if s is a word of minimum length
for its value. The pair (W, J) is also a Coxeter system (cf. [11], Theorem 4.1.6).
Forany J C S, the special subgroup Wy is the subgroup generated by J. The subset
J is spherical if |Wy| < oo. Let § (W, S) denote the poset of spherical subsets of S.
The nonempty elements of $ (W, S) form an abstract simplicial complex L(W,S),
called the nerve of the Coxeter system. (Vert(L(W, S)) = S and a nonempty subset
J C S spans a simplex if and only if it is spherical.)

Given a subset I C S, an element w € W is I -reduced if [(sw) > [(w) for all
sel.Forl] CJCS,let WJI be the subset of all /-reduced elements in the special
subgroup W;. (For example, WJ‘Zj = Wy and WJJ = {1}.)

A chamber system over a set S is a set € (of “chambers”) and a family of equiv-
alence relations {~;}ses on € indexed by S. (There is one equivalence relation for
each s € §.) An s-equivalence class is an s-panel. Distinct chambers C,D € €
are s-adjacent if they belong to the same s-panel. A gallery in € is a sequence
C = (Cy,...,Cy) of adjacent chambers. Its fype is the word s = (s1,...,8,) in S
where the i™ letter of s is s; if C;_; be s;-adjacent to C;. A building of type (W, S)
is a chamber system € over S equipped with a function §: € x € — W (called a
Weyl distance) such that

(1) Each panel contains at least two elements.
(2) Given a reduced expression s and chambers C, D € €, there is a gallery of type
s from C to D if and only if §(C, D) = w(s).

(The above definition of building is due to Ronan and Tits, a variant can be found in
[1].) The building € is locally finite if each panel is finite.
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Example. A Coxeter group W can be given the structure of a chamber system by
declaring the s-panels to be the left cosets, wW;, where W (= Wiy,) is the cyclic
group of order two generated by s. Define Sy : WxW — Wby §(w, w’) = w™lw'.
Then (W, §w) is a building, called the standard thin building of type (W, S).

Given a building (€, §) of type (W, S) and a subset J of S, the J-residue con-
taining a chamber C is the subset Ry (C) C € defined by

R;(C):={D €€ |4(C,D) e Wy}.

In other words, a J-residue is a “J-gallery connected component of €. If J = @,
then a J -residue is simply a chamber and if J has only one element, then a J -residue
is a panel. In the standard thin building (W, §w), a J -residue is a left coset of Wj.

1.2. Posets, simplicial complexes, flag complexes. Suppose that L is a simplicial
complex with vertex set S and let § (L) denote the poset of (vertex sets of) simplices
in L (including the empty simplex). If J is the vertex set of a simplex ¢ in L, then
denote by Lk(J, L) (or simply Lk(J) when L is understood), the link of ¢ in L.
The abstract simplicial complex Lk(J) has one simplex for each element of S (L)~ s
(={J eSL)|J DJI).

A simplicial complex L is a flag complex if any finite, nonempty set of vertices,
which are pairwise connected by edges, spans a simplex of L. A simplicial graph
I' determines a flag complex, L(I"): its simplices are the finite, nonempty sets of
vertices which are pairwise connected by edges.

Suppose that & is a poset. There is an abstract simplicial complex Flag(#) with
vertex set J2 and with simplices the totally ordered, finite, nonempty subsets of 2. We
note that Flag(J) is a flag complex. Given a simplex o € Flag(#), its least element
is its minimum vertex and is denoted by min(c). If L is a simplicial complex, then
Flag(S(L)>g) can be identified with the barycentric subdivision of L. Similarly,
Flag(S (L)) is the cone on the barycentric subdivision of L. (The empty set provides
the cone point.)

1.3. Davis complexes and Salvetti complexes. Let M be a topological space. A
mirror structure on M over a set S is a family of subspaces { M }ses indexed by S;
My is the s-mirror of M. If M is CW complex and each Mj is a subcomplex, then
M is a mirrored CW complex. For each x € M,

Sx):={s€S|xe M}
If M is a mirrored CW complex and ¢ is a cell in M, then
S(c):={seS|cC M}

Given a building € of type (W, S) and mirrored CW complex M over S, define an
equivalence relation ~ on € x M by (C,x) ~ (C’,x’) if and only if x = x’ and
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C, C’ belong to the same S(x)-residue. Give € the discrete topology, € x M the
product topology, and denote the quotient space by

BE,M):=(€xM)/~ (1.1)
and call it the M -realization of €. When € is the standard thin building W, put
UW, M) :=B(W,M)
and call it the M -realization of the Coxeter system (W, S).

Remark. In our previous work, e.g., in [11], we used the notation U(, ) to denote a
topological realization of either a building or of a Coxeter system. However, in what
follows we will study Coxeter systems (V, T') which will also have the structure of a
RAB over an auxiliary RACS (W, S) and we will want to distinguish the two types
of realizations of (V, T') (either as a Coxeter system or as a building).

The mirror structure is W -finite if S(x) is spherical for each x € M. (In this
paper we shall always assume this.) When this is the case, U(W, M) is a locally
finite complex and similarly, if € is locally finite building, then 8 (€, M) is a locally
finite complex.

We will use the following notation for unions and intersections of mirrors. For
any J C §, put

My:= My, M’ :=J) M.
seJ seJ
Also, we will write M for the subset of M; consisting of all points x € M such
that S(x) is a proper subset of J.

Asin §1.2, S(W, S) (or simply §) is the poset of spherical subsets of S (including
the empty set). The geometric realization of this poset is the simplicial complex
Flag(S (W, S)). Wedenote itby K(W, S) (or simply K) and call it the Davis chamber.
Most often we will wanttotake M = K. One gets a mirror structure on K by defining
K to be the geometric realization of the subposet S>53. Then U(W, K) is the Davis
complex and B(€, K) is the standard realization of 8. By construction, the W -
action on U (W, K) is proper (i.e., each isotropy subgroup is finite) and the quotient
space K is a finite complex, hence, compact. Moreover, U(W, K) is contractible
(by [11], Theorem 8.2.13). Note that for any J € §, the subcomplex 0K is the
barycentric subdivision Lk(J) (the link in L of the simplex with vertex set J). Also,
K is the cone on 0Ky (i.e., Ky =~ Cone(Lk(J))).

The Salvetti complex. Let A be the Artin group associatedto (W, S) andletg: A —
W denote the natural homomorphism sending a; to s. There is a set-theoretic section
for g, denoted by w +— a,,, defined as follows: if 57 ... s, is any reduced expression
for w, then ay, = ay, ...as,. As explained in [8], p. 602, it follows from Tits’
solution to the word problem for Coxeter groups that w — a,, is well defined.
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Define a partial order on W x § by (w, 1) < (v, J) if and only if / < J and
v lw e WJI (where WJI was defined in §1.1). It is proved in [9] that W x § is the
poset of cells of a cell complex X’ on which W acts freely so that each cell of X’
is a Coxeter cell. (Flag(W x §) is the barycentric subdivision of X’.) The quotient
space X := X'/ W is the Salvetti complex of (W, S). It is known that 71 (X) = A.
The universal cover of X is denoted by X. For each (w,J) € W x §, the flag
complex on (W x §)<(y,s) can be identified with the barycentric subdivision of a
Coxeter cell of type (Wy). (A Coxeter cell of type W; means the convex hull of a
generic orbit in the canonical representation of Wy ; see [11], §7.3.) So X’ (or X)
can be given the structure of a CW complex where the cells are Coxeter cells. In
particular, each vertex of X’ corresponds to an element of W x § of the form (w, @)
and each 1-cell of X’ corresponds to an element of the form (w, {s}). Orient this
edge by declaring (w, @) to be its initial vertex and (ws, @) its terminal vertex. Since
the W -action preserves edge orientations, these orientations pass to the edges of X.
Call a vertex x of a cell C of X a top vertex of C if each edge of C which contains
x points away from x (cf. [17], §7). One can then explicitly describe CW structure
on X as follows. For each J € §, take a Coxeter cell Cy of type Wy. Now for each
I < Jandeachu € WJI glue together C; and u Cy via the homeomorphism induced
by u. The result is denoted X ;. (It is the Salvetti complex for A and therefore, a
K(Ay,1).) To construct X, start with the disjoint union of the X, for J € §, and
then use the natural maps to identify X7 with a subcomplex of X; whenever I < J.
This description exhibits X as a “poset of spaces over §” (as defined in §2). On the
level of fundamental groups we know that the inclusion X; — X induces the natural
injection Ay — A and that the associated “simple complex of groups” is the one
discussed in [8], §3. Similarly, for each J € §, let X J denote the inverse image of
Xy in X. (f J 1s a disjoint union of copies of the universal cover Xy, one copy for
each coset of Ay in A.) Thus, X also has the structure of a poset of spaces over §.

In the right-angled case, the Salvetti complex has a simple description as a sub-
complex of a torus (and we will denote it by 77 instead of X). Let TS denote the
S-fold product of copies of S'. Define a subcomplex of 75 by

L= | T17. (1.2)
JeS(L)

(This is a special case of the “polyhedral product” construction discussed in the next
section and in [2], [20].) According to [9], its universal cover T is a CAT(0)-cubical
complex and hence, is contractible.

1.4. Graph products of groups and spaces. As in the Introduction, I is a simplicial
graph and suppose that each edge is labeled 2. Also, S = Vert(I"), L is the flag
complex determined by I' and (W, S) is the associated RACS. (We shall generally
reserve the notation W, for the case when the Coxeter group is right-angled with
nerve L and similarly, Ay for the RAAG associated to L.) Suppose that {G;}secs is a
family of groups indexed by S. The graph product of the Gy, denoted [ [ Gy, is the
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quotient of the free product of the Gy, s € S, by the normal subgroup generated by
all commutators of the form, [g;, g¢], where {s,¢} € Edge(T"), g5 € G5 and g; € G;.
For example, if Edge(I") = @, then [ [ G, is the free product, while if T is the
complete graph on S, then [ [ G, is the direct sum.

Suppose that G = [[; Gs. We want to see that G has the structure of a RAB
of type (Wz,S). The group G can be given the structure of a chamber system as
follows: the s-panels are the left cosets gGy, with g € G. Write G for Gy — {1}.
The projections G; + s induce a map (not a homomorphism) w: G — W, as
follows: any element ¢ € G can be written as g, ... gs,, With g5; € Gs*l, so that
S1...8y 1s areduced expression for an element w € W. Moreover, w depends only
on g. The map 7 sends g to w. The Weyl distance §: G x G — W[, is defined by
8(g.h) = m(g~'h). The following lemma is easily checked.

Lemma 1.1 ([11], Example 18.1.10). (G, §) is a building of type (W, S).

Polyhedral products. Suppose, for the moment, that S is the vertex set of an arbi-
trary simplicial complex L. Let {(Z;, As)}ses be a family of pairs of spaces indexed
by S. Foreach J € $(L), let Z', be the subspace of the product [ [, ¢ Z, consisting
of all S-tuples (xs)ses such that

Zs ifsel,
X5 € .
Ay ifs ¢ J.

The polyhedral product of this family, denoted by JT 1 (Z;, As), is defined to be the
following subspace of [ [,cg Zs:

TL(Zs A= U Z). (1.3)
JeS(L)

(This terminology comes from [2]. In [20] it is called a “generalized moment angle
complex”.)

Example 1.2. Suppose that each (Z;, A5) = ([0, 1],0). Then 771 ([0, 1],0) can be
identified with Flag($ (L)) in such a fashion that a standard subdivision of each cube
in the polyhedral product is a subcomplex of Flag($(L)). In particular, if L is the
nerve of a RACS, then 77 ([0, 1], 0) = K, the Davis chamber from § 1.3.

Graph products of spaces. We return to the assumption that L is the flag complex
determined by I'.

Example 1.3. Suppose that (Z;, A;) = (Cone(Gy), Gs) for a family of discrete
groups {Gs}ses. The group Gy acts on Z; = Cone(Gy) and A; = G is an invariant
subspace. Let G’ := [[,cg G5 denote the direct product. Then G’ acts on [ [cg Zs
and Z' := JT1 (Cone(Gy), Gy) is an invariant subspace. The quotient space Z'/G’
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can be identified with the chamber K = 771 ([0, 1],0) of the previous example.
It is proved in [12] that the universal cover of Z’ is the standard realization of a
RAB. It follows that the group G of all lifts of elements in G’ is the graph product,
G = [ Gs. An explanation for this, which is different from that in [12], is given in
the following lemma.

Lemma 1.4. With notation as in Example 1.3, the fundamental group of Z' =
JT 1 (Cone(Gy), Gs) can be identified with the kernel of the natural surjection G =
[Ir Gs = G' = [l,es Gs. Moreover, if Z — Z' is the corresponding covering
space, then the G'-action on Z' lifts to a G -action on Z.

Proof. First consider the special case where S consists of two elements s and ¢ and
I' has no edges. Then Cone(Gy) x Cone(G;) is a 2-complex and the polyhedral
product Z' is the union of 1-cells which do not contain the product of the cone
points. Such a 1-cell either has the form Cone(gs) x g; or g5 x Cone(g;) for some
(gs,8¢) € Gg x Gy. These two 1-cells fit together to give a single edge e(gs, g;) :=
(Cone(gs) x g7) U (g5 x Cone(g;)) connecting g; to gs. In this way we see that Z’
is identified with (the barycentric subdivision of) the join of G and G, which we
denote Gy ©® G;. The group G5 x G; acts on Gy © G, and the vertex stabilizers are
either Gy or G;. The universal cover of Gy © G¢ is a tree T. The group of all lifts
of the (G x G;)-action is transitive on edges, and the quotient space is a single edge
(with distinct vertices). Hence, the group of lifts is the free product G5 * G; and T
is the corresponding Bass—Serre tree.

The general case follows in the same manner by considering the universal cover
of the 2-skeleton of Z’. O

Next suppose that for each s € S we are given a path connected G-space Z; and
a basepoint by € Z; lying in some free orbit. We can find a G-equivariant map of
pairs fs: (Zs, Gsbg) — (Cone(Gy), G). We want to define a space [ [ (Zs, Gsby),
together with a G-action on it (where G := [[; Gy). It will be called the graph
product of the (Z, Gsbg). The f; induce a map, well defined up to G'-equivariant
homotopy, f: JTr(Zs,Gsbs) — JUr(Cone(Gs), Gs). It is easy to see that f
induces a surjection on fundamental groups. Pulling back the universal cover of
JT 1 (Cone(Gy), Gy), we get a covering space, Z — JU.(Zs, Gsbs). We use the
notation [ [(Zs, Gsbs) := Z for this covering space. Notice that the G’-action on
TT(Zs, Gsby) lifts to a G-action on Z. Also, notice that if each Z; is simply con-
nected, then Z is just the universal cover of the polyhedral product. Good references
for graph products of groups and spaces are [24] and [27].

Example 1.5. Suppose that {(Bs, ps)}ses is a collection of path connected spaces
with base points and that B = JT 1 (B, ps) is the polyhedral product. Foreachs € S,
let 75: Zs — By be the universal cover and let Gy = 71 (By, ps). Let Z’ denote the
polyhedral product JT7(Zs, 77 (ps)). Then Z' — B is a regular covering space
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with group of deck transformations G’ (the product of the G;). It follows that the
universal cover of Z’ can be identified with the graph product of the (Zs, 7r; ! (ps)).
Hence, 71 (B) is the graph product of the Gy.

Example 1.6. Suppose that Z; = E Gy, the universal cover of the classifying space
BG;. A simple argument using induction on the number of elements of S (cf. [8],
Remark on p. 619) shows that the polyhedral product of the (BGg, ps) is aspherical;
hence, it is a model for BG and its universal cover [ [(E Gy, Gsbs) is EG.

Lemma 1.7. (i) If each Gy acts properly on Z, then G acts properly on the graph
product [[(Zs, Gsby).
(ii) If each Zy is acyclic, then so is [ [ (Zs, Gsby).

Proof. The proof of (i) is trivial. For (ii), consider the cover of Z (:= [[(Zs., Gsbs))
by components of the inverse images of the {Z} ses(r). By the Kiinneth Formula,
each Z; is acyclic and the same is true for each component of its inverse image
(since such a component projects homeomorphically). There is a similar cover of
[ [ (Cone(Gy), Gs) with the same nerve. So Z and [ [ (Cone(Gy), Gs) have the
same homology. Since [[-(Cone(Gy), Gy) is the standard realization of a building,
it is contractible; hence, acyclic. Statement (ii) follows. O

Remark. Probably the correct level of generality at which to define the graph prod-
uct of a family of pairs of spaces is the following. Suppose we are given a family
of pairs {(Z;, As)}ses, where each Zj is path connected and where Aj is a not nec-
essarily connected, closed nonempty subspace. Then [ [(Zs, As) can be defined in
the following manner. First notice that Example 1.3 works when the discrete groups
G, are replaced by discrete spaces Ds. Let H denote the fundamental group of
JT 1. (Cone(Dy), Dy). If Dy = mo(As) denotes the set of components of A;, then,
as before, we have maps f;: (Zs, As) — (Cone(Dy), Ds). The fs induce a map
f: JTL(Zs, As) — JT1(Cone(Dy), Ds). Moreover, the induced map of fundamen-
tal groups fi: m(JTL(Zs, As)) — H is surjective. The corresponding covering
space Z is called the graph product of the (Zy, As) and is denoted by [[(Zs, As).
(Notice that if each A; is connected, then the graph product is the polyhedral product,
JT1(Zs, Ag).) In particular, this allows us to deal with the case where each Ay is a
Gs-orbit (not necessarily a free G-orbit). So suppose that A; = Gs/H,. Then the
group of lifts of the G'-action to the universal cover of JTz (Cone(Gs/H;), G/ Hy)
is the “graph product of pairs”, [ [ (G, Hy), defined previously in [27].

2. A spectral sequence

A poset of coefficients is a contravariant functor 4 from a poset & to the category
of abelian groups (i.e., it is a collection {#A,},ecp of abelian groups together with
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homomorphisms ¢p, : A, — sAp, defined whenevera > b, suchthat o., = @cp Opa,
whenevera > b > c¢). The functor #4 also gives us a system of coefficients on the cell
complex Flag(#): it associates to the simplex o the abelian group Amin(s). Hence,
we get a cochain complex

Cj (Flag(j))’ 'A’) = @ ’A’min(a) ,
o €Flag(P) /)

where Flag(#)Y) means the set of j-simplices in Flag(P).

Given a CW complex Y, a poset of spacesin Y over P isacover V = {Y,}secp
of Y by subcomplexes indexed by & so that if N('V) denotes the nerve of the cover,
then

(i) a<b = Y, CYp,and
(ii) the vertex set Vert(o) of each simplex of N (V) has the greatest lower bound Ao
in &, and
(iii) V is closed under taking finite nonempty intersections, i.e., for any simplex o
of N(V),
m Ya =Y AOC -

acoc

Remark. Any cover leads to a poset of spaces by taking all nonempty intersections
as elements of the new cover, and removing duplicates. The resulting poset is the set
of all nonempty intersections, ordered by inclusion.

Lemma 2.1 (cf. [23]). Suppose thatV = {Y,}aep is a poset of spaces for Y over P.
There is a Mayer=Vietoris type spectral sequence converging to H*(Y) with E1-term

EY = C(Flag(P); 7 (V)),

and E»-term o _ _
Ey’ = H'(Flag(P); ¥/ (V).

where the coefficient system J7 (V) is given by #7 (V)(o) = H/ (Ymin(o))-

Proof. We follow the line laid down in [6], Chapter VII, §3, 4. Consider the double
complex .
E(l)’] = @ c’ (Ymin(o))a 2.1

0 €Flag(P)
dimo=i

where the differentials are defined as follows. The vertical differentials are direct
sums of the differentials d : C/ (Ymin(o)) = C j+1 (Ymin(o))- Similarly, the horizon-
tal differentials are direct sums of homomorphisms §: C/ (Ymin()) — C j (Ymin(z))
where the matrix entry corresponding to ot is [t : 0lizs, Where [t : o] is the in-
cidence number and i,y : C/ (Ymin@o)) — C J (Ymin(r)) is the restriction map if 7 is
a coface of o and 0 otherwise. As in [6], p. 165, there are two spectral sequences
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associated to the double complex. The first begins by taking vertical cohomology
to get £ and then takes horizontal cohomology to get E,. The differential on the
E, sheet has bidegree (r, —r + 1). The second spectral sequence begins with the
horizontal differential so that the differential on the E, sheet has bidegree (—r + 1, )

The usual inclusion-exclusion argument using properties (i)—(iii) of a poset of
spaces shows that the rows of the double complex are exact, except when i = 0,
where we get C/(Y) as the E ? */ term of the second spectral sequence. This implies
that the second spectral sequence collapses at £, and that the cohomology of the
double complex is H*(Y') (cf. the exercise in [6], p. 165).

We can rewrite (2.1) as E b= =C !(Flag(L); €/ (V)), where the coefficient sys-
tems are defined by €7 (V) (0) = C/ (Ymm((,)) So the first spectral sequence is the
one claimed in the lemma. O

Fora € P, let Y<4 := \J,, Yp. For any maximal element a € &, put Y., :=
U beta Yb- Con51der the following two conditions on the poset of spaces.

(Z) Foranya,b € £ with b < a, the induced homomorphism H*(Y,) — H™*(Y3)
is the zero map

(Z) For any a € &, the induced homomorphism H*(Y,) — H™*(Y<,) is the zero
map.

Note that (Z) implies (Z) since the map H* (Y, ) — H *(Y}) factors through H*(Y-,).

Lemma 2.2. Suppose that 'V = {Y,}aep is a poset of spaces for Y over P.
(1) If (Z)) holds, then
= S Hi(Flag(j)Za)v Flag(Psq); H' (Ya)).
aepP

@i1) If (Z) holds, then the spectral sequence degenerates at E, and

GrH*(Y) = @ H'(Flag(P=4),Flag(P~4): H’ (Yy)).

acep

Proof. We use the double complex from the proof of Lemma 2.1. The cochain group
decomposes as a direct sum:

C'(Flag(P); €7 (V)) = @ C'(Flag(Pza). Flag(P>4); €7 (Ya)).

acP
The vertical differentials at Eq respect this decomposition, so at E; the spectral
sequence always decomposes as a direct sum:
EY) = @ C'(Flag(Pza). Flag(P=a); H (Ya).
aeP

In general, the differentials at £ do not respect this decomposition; however, condi-
tion (Z') implies that they do, and therefore, the spectral sequence also decomposes
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at Ey:
E;’] = @ Hi(Flag(?za)’Flag(J)>a); Hj(Ya))-
aeP
This proves (i).

Now suppose that (Z) holds. By induction, we can assume that (ii) is true for
all posets with fewer elements. If z € E;’ is a vertical cocycle, then its higher
differential is given by d,(z) = §(x,), where (xo = z, x1, ..., x;) is any sequence
of elements satisfying x; € E(’,+k’1 —* and 8(xg) = d(xg+1). Since the columns of
double complex split as direct sums over o, the vertical cocycles split as a direct sum,
and it suffices to show that higher differentials vanish for each summand. So let o be
a simplex in Flag(#), and consider the term C/ (Ymin(o))- There are two cases.

1) o is a face of a simplex v with min(tr) = min(c). Then i, is the identity
map and this forces higher differentials to be trivial on this term. Indeed, if z €
C’ (Ymin(o)), then d(x1) = §(z), and therefore d(x1,) = %z, where x;, denotes the
t component of x;. Thus we can choose x| = £8(i;,} (x1.)) and all higher x; = 0.

2) o is a “maximal” face, i.e., all its cofaces have strictly smaller minimum vertices.
Then a = max(0) is a maximal element of &. The cover of Y, by {Y;, | b # a} is
a poset of spaces over #,. Let Eg 4 be the subcomplex of Ey corresponding to the
pair (Y, Y4,):

E(l)’,il = @ c/ (Ymin(r))-

max(t)=a
dim 7=1i

Note that C/(Y,) is contained in this subcomplex, so it suffices to show that the
higher differentials vanish for Eq 4. The pair (Y, Y,) excises to the pair (Y, Y<4).
So we have a short exact sequence

0— Eoq — Eo<a = Eo,<a — 0,

where
iL,j _ i
EO,Sa - @ Cj(Ymin(r))’
T €EFlag(P<qa)
dimt=i
and
iL,j _ j
E0,<a - @ C](Ymin(r))-
T €Flag(P<q)
dimt=i

are double complexes corresponding to the covers (posets of spaces) of Y, by {Y3 |
b<a}andof Yo, by {Y | b < a}.
The E»-terms of the spectral sequences E<, and E-, are

EYL, = @ H'(Flag(#[b,a)), Flag(P (b, al); H' (Ys)),

b<a
and
Eyl, = @ H'(Flag([b.a)). Flag(P (b.a)): H' (V).

b<a
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For b < a, Flag([b, a)) is a cone on Flag((b, a]); therefore, the only nonzero terms
in E3 <4 come fromb = a andi = 0, i.e., E3 <4 has H/(Y) in the O0-row and 0
everywhere else. In particular, it collapses at E». By inductive assumption E, -, also
collapses at E,. Since, by hypothesis, H*(Y,) — H*(Y<,) is the O-map, the long
exact sequence of the pair (Y,, Y<4) splits into short exact sequences, and similarly
for the E,-terms, it follows that the spectral sequence E, also collapses at E,-term.
Thus, the higher differentials in E are 0. O

3. Some previous cohomology computations

Suppose that G is a discrete group and Y is a G-CW complex. Let N be a left
G-module. The G-equivariant cochain complex is defined by,

C&(Y:N) := Homg(Ci(Y): N).

where C.(Y) denotes the usual cellular chain complex. Its cohomology is de-
noted H5(Y; N). If G acts freely on Y, then C5(Y; N) can be identified with
C*(Y/G; N), the cellular cochains on the quotient space with local coefficients in
N. There is a similar result even when the action is not free; however, the coefficients
will no longer be locally constant. Rather, the coefficients will be in a contravariant
functor I(N) from the poset of cells in Y/ G to the category of abelian groups: I(N)
assigns to a cell ¢ the fixed submodule N Ge where G, denotes the stabilizer of some
lift of ¢ and where

C&(Y) = C'(Y/G: I(N)). 3.1)

For Y = EG, the universal cover of the classifying space BG, define the cochains
and cohomology of G with coefficients in N by

C*(G;N):=CE&(EG;N) = C*(BG;N),
H*(G:N) := HL(EG: N) = H*(BG: N).

The spectral sequence arguments from §2 work with equivariant cochains (in par-
ticular with cochains with local coefficients) as long as the cover V is G-equivariant.

In what follows we will be interested principally in two cases: N = ZG, the group
ring, and N = N (G), the group von Neumann algebra. We recall the definitions and
some results which have been proved previously.

Group ring coefficients. In the case of group ring coefficients, if G acts properly
and cocompactly on Y, there is the following formula (cf. [6], Example 4, p. 209),

HE(Y:ZG) = HX(Y),

where H} (Y') means cohomology with compact supports. Thus, Lemma 1.7 implies
the following.
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Corollary 3.1. For each s € S, suppose that Gy is a discrete group and that
(Zs, Gsbs) a Gs-CW complex together with a free orbit. Also suppose that each
Gg-action is proper and cocompact and that Zg is acyclic. Then for G = [] G,
and Z = [[p(Zs, Gsbs), we have

H*(G;ZG) = H}(2).
The cohomology groups of Coxeter groups are computed as follows.

Theorem 3.2 ([10] as well as [14]).

H"(W:ZW) = H'(UW.K)) = @ H"(K.K57)® AW)’,
Jes(W,S)

where //l\(W)J is the free abelian group on the set of w € W which have reduced
expressions ending with letters in J.

Using this, Jensen and Meier proved the following. (A different proof of this will
be given in §4.1.)

Theorem 3.3 (Jensen—Meier [28]). Suppose that (W, S) is a RACS and Ay, is the
associated RAAG. Then

H"(AL:ZAL) = @ H"VUIK;,0K;) @ Z(AL/Aj).
JesS(W,S)

Theorem 3.4 ([13], Corollary 8.2). Suppose that € is a locally finite building of type
(W, S). Then

H'B(C,K)= @ H"K K57)® A®e)’,
JesS(W,S)

where A (€) is a certain subgroup of the free abelian group on €.

In particular, by Lemma 1.1, this theorem gives the following computation of [14]
of the compactly supported cohomology of a locally finite RAB and hence, of the
cohomology with group ring coefficients of the graph product of a collection of finite
groups.

Theorem 3.5 ([14], Theorem 6.6). Suppose that {G}ses is a collection of finite
groups and that G = [ [ Gs. Then

H"(G:ZG)= @ H"(K.KST)® A(J),
JeS(L)

where /T(J) is a certain ( free abelian) subgroup of Z(G/G y).
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L2-cohomology and L 2-Bettinumbers. Thereal group algebra, RG,of G consists
of all finitely supported functions G — R. Its standard basis is {eg }gcG, Where eg
denotes the indicator function of {g}. The standard inner product on RG is defined
by eg - ej = 841, where g, is the Kronecker delta. The Hilbert space completion of
RG, denoted L?(G), consists of all square summable functions G — R. The group
G acts orthogonally on L2(G) by either left or right translation. To fix ideas, let us
say that it is the right action defined by left translation. The von Neumann algebra of
G, denoted by N (G), is the commutant of the G-action. It acts on L?(G) from the
left. For ¢ € N (G), define

try ) (¢) == (per1) - (e1).

If V is a closed G-stable subspace of a finite direct sum of copies of L?(G), then its
von Neumann dimension is defined by

dimN(G) V.= trN(G)(pV),

where py: @ L*(G) — @ L?(G) is orthogonal projection onto V.

Suppose that the G-CW complex Y is proper and cocompact. Define L2C*(Y)
to be the cochain complex of real-valued, square summable cochains on Y. Denote
its reduced cohomology groups by LZH*(Y). (Here “reduced” means Ker §/Imé,
where §: L2C(Y) — L2C*+1(Y) is the coboundary operator. It is necessary to
take the closure of Im§ for the quotient to be a Hilbert space.) Define the i" L2-Betti
number by

L?b (Y;G) := dimy ) L2H (Y).
If Y is acyclic, then L2 H(Y') depends only on G and is denoted by L?> H*(G) and
similarly, L2b*(G) := L?b'(Y; G). Thus, Lemma 1.7 implies the following.

Corollary 3.6. For each s € S, suppose that Gy is a discrete group and that
(Zs, Gsby) is a Gs-CW complex together with a free orbit. Also suppose that each
Gg-action is proper and cocompact and that Zg is acyclic. Then for G = [] G,
and Z = [[p(Zs, Gsbs), we have

L*b*(G) = L*b*(Z; G).

The L2-Betti numbers of Coxeter groups have proved to be difficult to compute.
Some partial results and conjectures can be found in [19]. For locally finite buildings
of very large thickness there is a complete calculation due to Dymara—Januszkiewicz
[22]. The requirement on the thickness is reduced in [15] (cf. Theorems 6.3 and 6.4
in §6.2).

In the case of Artin groups, we have the following easy computation of [17]. (A
proof of this will be given in the next section.)

Theorem 3.7 ([17]). L?b"(X;A) = b"(K,9K) = l;”__l(L), where, as usual,
b (K, 9K) = dim(H"(K, 0K R)) and b"' (L) = dim(#"~(L: R)).



Cohomology of graph products 503

In [30], Liick shows that there is an equivalence of categories between the category
of finitely generated ¥ (G )-modules and the category of orthogonal representations
of G on Hilbert spaces which are G-isomorphic to closed, G-stable subspaces of a
finite direct sum of copies of L2(G). Given a finitely generated N (G)-module E,
define dim y(G) E to be the von Neumann dimension of the corresponding Hilbert
space. Then

L*b (Y;G) = dimy ) H5(Y; N (G)).

Just as in (3.1), we have that

Hg(Y: N(G)) = H*(Y/G; I(N(G))). (3.2)

4. New computations

4.1. Artin groups. Asin §1.3, A is the Artin group associated to a Coxeter system
(W, S) and X is its Salvetti complex. As usual, L = L(W,S), S = §(W,S) and
K := Flag(§). We wish to compute H*(X;ZA). Given a spherical subset J € §,
Ay is the corresponding Artin group and X is its Salvetti complex. We know that
Xy is the classifying space for Ay. By [31] (see also [3]), for each spherical subset
J, Ay is a duality group of dimension |J|. This means that H*(Ay;ZAy) is zero
for * # |J| and that Fy := HV!(A4;;Z Ay) is free abelian.

As explained in §1.3, the cover V = {X},es is a poset of spaces for X. In the
case of group ring coefficients, we have a spectral sequence of the type considered
in §2 converging to H*(X;ZA). It has Ex-term: Ey’ = Hi(K;H#7(V)), where
J(’j("V) is the coefficient system, o — Hi(Xming; ZA),. By Lemma 2.2, once we
establish condition (Z) of §2 we will get the following calculation.

Theorem 4.1.

GrH"(X:ZA) = @ H"VI(K; 0K;)® HYI(A47:ZA).
JeS(W,S)

A similar argument can be used recover the calculation of the L2-Betti numbers
of X in [17]. (This computation was stated earlier as Theorem 3.7.) The spectral
sequence has E5/ = H'(K; 3¢/ (V)), where J¢7 (V) is the coefficient system o >
H'(Xmino: N (A)). The key observation in [17] for proving Theorem 3.7 was that for
J #£ @, all L2-Betti numbers of A vanish. In particular, condition (Z) of §2 holds
(since all cohomology groups vanish except when J = @). So E}* is 0 for j # 0
while _ _

EY? = CI(K,K; N (A)),

where the coefficients are now constant. Therefore H" (X; N (A)) = H"(K,0K) ®
N (A); whence, Theorem 3.7.
In the case of Theorem 4.1, condition (Z) is basically the following lemma.
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Lemma 4.2. Forany J € §, H*(Xj;ZA) is concentrated in degree |J |, where it is
equal to the free abelian group Fy ®4, ZA. Hence, H*(Xj;ZA) — H*(X<j:ZA)
is the zero map.

Proof. The first sentence is from [31]. The second sentence follows since Xy is a
| J |-dimensional CW complex, H*(X ;;Z Ay) is concentrated in the top dimension
and X is a subcomplex of one less dimension. O

Theorem 4.1 follows immediately from Lemma 2.2. We note that if the K (7, 1)-
Conjecture holds for 4 (i.e, if X = BA), then the formula in Theorem 4.1 is a
calculation of H*(A;Z A) and Theorem 3.7 gives a formula for L25"(A). In par-
ticular, since the K (s, 1)-Conjecture holds for RAAG’s, Theorem 4.1 gives as a
corollary, a different proof the Jensen—Meier calculation in [28] (stated previously as
Theorem 3.3).

4.2. Bestvina—Brady groups. In this section Ay is a RAAG, Ty, is its Salvetti
complex defined in (1.2) and 7 : A7 — Z is the standard homomorphism. Its kernel
BB is the Bestvina—Brady group. We have a w-equivariant map p: Tr — R. Put
Zyp = p~(t) forsome t € R — Z (say for t = %). Then BBy, acts on Zy,. Itis
proved in [4] that if L is acyclic, then so is Z;, and hence, BBy, is type FP. We can
compute equivariant cohomology groups of Zy by the method used in the proof of
Theorem. 4.1.

Theorem 4.3. The compactly supported cohomology of Zy is given by

HJ(Zy) = Hgp, (Z1;ZBBL)

= @ H"VFY(K, 0K;)®Z(BBL/(BBL N Ay)).
JeS(L)>p

When L is acyclic, this is isomorphic to the compactly supported cohomology of T
shifted down in degree by 1; moreover, it gives a calculation of H" (BBr; ZBBy).

Remark. If L is R-acyclic for some commutative ring R, then the same formula
gives a calculation of H"(BBr; RBBpL).

Proof. We intersect the cover {TJ}JES(L) of T, with Z. Put Zy =7 N TJ
Since ¢ is not an integer, Z; does not contain any vertices of the cubical complex
Tr,ie,ZrNT? = @. On the other hand, when J is nonempty, the intersection
of Z1 with any component of T] is a Euclidean subspace of codimension one and
the collection of such intersections is in one-to-one correspondence with the cosets
of BB N Ay in BBL. So{Z;} es(1)-, is a poset of spaces on Z,. The simplicial
complex Flag($(L)-g) is equal to dK (i.e., the barycentric subdivision of L). The
E}” -term of the spectral sequence is C*(K; #7('V)), where the coefficient system

takes o to HgB . (Zming; ZBBy). Since each component of Z ; is Euclidean space of
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dimension |J | — 1, the coefficients, H]_{BL (Z;;7ZBBpr) are 0O whenever j # |J|— 1.
Moreover, for j = |J| —1,

H{y, (Z;:ZBBL) = H/ (R/) ®8s, 14, ZBBL = Z(BBL/(BBL N A))).

It follows that conditions (Z') and (Z) of §2 hold (because Z~; is a subcomplex of
dimension |J|— 2). Hence, by Lemma 2.2, the spectral sequence degenerates at E»
and E;’] =@, E;]J, where E;]J is nonzero only for j = |J| — 1, in which case,

E;':',"‘l = H'(Ky,0K;) ® Z(BB. /(BB N Ay)).

The theorem follows. (We also note that for J # @, w: Ay = 77 — 7, is onto, so
that BBy /(BB N Ay) =~ Ap/Ay.) ]

Similarly, we compute the L2-Betti numbers of Z, as follows.

Theorem 4.4. Suppose that Zj is a generic level set of the function p: T, — R.
Then )
L?p"(Z1:BBL) = Y b"(K;. 0Ks) = Y b" ! (LK(9)).

seS seS

In particular, when L is Q-acyclic,

L?b"(BBL) = Y b" (K, 0Ky).

sES

Proof. As before, the E}”/ -term of the spectral sequence is C*(K; #7(V)), where
the coefficient system takes o to H I (Zmino: N (BBL)). Since each component of
Z j is Euclidean space of dimension |J | — 1, the coefficients, H*(Z y; N (BBr)) are
0 whenever | J| # 1. Hence, by Lemma 2.2, the spectral sequence degenerates at £,
and only E;’O can be nonzero, where

EY® = @ HI(K;, 0Ks; N (BBL)).

seS

The theorem follows. O

Remark. Here is a different proof of Theorem 4.3 when L is acyclic. Put Y =
p! ([%, o0)) and Y_ := p~!((c0, %]) We first claim that the compactly supported
cohomology of Y1 vanishes in all degrees. It suffices to consider Y4, the argu-
ment for Y_ being similar. The arguments of [4] show that when L is acyclic the
inclusion of any level set p~!(¢) into a sublevel set p_l([%, t]) induces an isomor-
phism on homology. The same argument shows that it induces an isomorphism
on compactly supported cohomology, H:(p_l([%,z])) — HX(p~'(r)). Hence,
Hc*(p_l([%,t]), p~1(1)) = 0. Since there is an excision, H* (Y, p~1([t,00))) =
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HX( p_l([%, t]), p~1(t)), the left-hand side also vanishes. For any compact subset
C C Y, wehavethat Yy — C D p~!([t, o0]) for large enough ¢; so

HX(Y4) = lim HZ(Ys, p~\([1,00)),

and by the previous discussion the right-hand side vanishes. Hence, so does H (Y).
Wehave YL UY_ =Ty and Y4 NY_ = Z;, and a Mayer—Vietoris sequence

0=H!Yy)® HX(Y-) - HX(Zy) — H}T(Ty) — 0.

The theorem follows from the computation of HC*H(T"L) in Theorem 4.1 (or in
Theorem 3.3).

Remark. Theorem 3.3 provides a calculation of H*(Ar;ZAr) as a sum of terms
involving the H*~|(K;,0K;), where dK; =~ Lk(J). In the calculation of L2-
cohomology in Theorem 3.7 only the term with J = @ enters. Hence, under the
canonical map, H*(Ap;ZAr) — L?>H*(AyL), all the terms with J # @ go to 0.
Similarly, in Theorem 4.3 we calculated H * (BB ; ZBB ) as a sum of terms involving
H*WIF1(K; 0K [). (Since L is acyclic, the term with J = @ does not appear.)
On the other hand, in Theorem 4.4 for L2 H*(BBL) only the terms with |J| = 1
occur. So the canonical map H*(BBy:;ZBB;) — L?>H*(BB_) takes all the terms
with [J| > 1 to 0.

Remark. The cohomology of BBy with trivial coefficients was computed by Leary
and Saadetoglu in [29].

4.3. Graph products of infinite groups. As in the Introduction, {Gy}ses is a family
of groups and G = [ G is the graph product with respect to the simplicial graph I.
The associated flag complex is L. For each J in § (L), Gy denotes the direct product
of the G4 with s € J. In this section we shall also suppose that each Gy is infinite.
PutY = EG. AsinExample 1.6, EG is the graph product of the (E Gy, Gsbs). The
cover V = {Y;}ses), Where Y; = G Xg, EGy, is a poset of spaces structure
for EG. Let N stand for ZG or N, (G). The spectral sequence of §2 converges to
H*(G; N) and has E,-term

EF* = HI(K; 37 (V)),

where the coefficient system is given by #7(V)(6) = H’(Guin(); N). Once we
verify that condition (Z) holds, Lemma 2.2, will provide the following calculations.

Theorem 4.5. Let G be a graph product of groups G, each of which is infinite. Then

GrH"(G:ZG)= @ H!(K;,0K;:H/(G;;ZG)).
JeS(L)
i+j=n
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(Note that H/ (G j; ZG) = H' (G ;;ZGy) ®¢, Z.G.)

Theorem 4.6. Let G be a graph product of groups G, each of which is infinite. Then

L?b"(G) = Y. b'(Kj,0K;)-L*b’(Gy).
JesL)
i+j=n

To establish Theorem 4.5 we need to verify conditions (Z') and (Z) (or in fact just
condition (Z)) which precedes Lemma 2.2. These conditions follow from statements
(1) and (ii), respectively, in the next lemma.

Lemma 4.7. Suppose that Gj = [|,c; Gs is the direct product of a collection of
infinite groups indexed by a finite set J. Let {Ys}sey be a collection of connected CW
complexes with proper Gg-actions such that each Y contains a free orbit, Gbs, and
put Yy :=[lsey Ys. Asin §1.4, for each I C J, define

Y/ =1 Ysx [l Gsbs.
sel seJ—1
Let N stand for either Gy or N(Gy). Then:
(1) The map induced by inclusion, Héj (Yy:N) —> Héj (Y/; N), is the zero map.
(i) More generally, if
Y<JI= LJYv—y

seJ

then the map induced by inclusion, Hé, Yy;;N) — Hé, (Y<y: N), is the zero map.

Proof. We shall prove this only in the case N = Z G, the case N = N (G ) being
entirely similar. The relative version of the Kiinneth Formula states that for pairs of
spaces (A, B) and (4’, B'),

H"((A,B)x(A',B")= @ H'(A,B:H/ (A, B))
i+j=n

(where (A, B) x (A’, B’y = (Ax A", (Ax B")U (B x A’))). Similarly, if (A, B) is a
pair of H-spaces and (A’, B) a pair of H'-spaces, then for left H- and H’'-modules
M and M’,

Hpy (A, B)x (A, By, M @M= @ HL(A B;:M® H},(A,B;M)).
i+j=n

By the exact sequence of the pair, showing Héj Yy Z2Gy) — H&";J (Y/;ZGy) is
zero is equivalent to showing that

Hg, (Yi x Yy—1,Gy—1b): M @ M') — Hg, (Y xYyj—;M @ M')  (4.1)
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is onto, where M = ZGy;, M’ = ZGy_y and b € Yj_g is a basepoint. If J —

I # 0, then, since G y_; is infinite and acts properly, Yy_; is noncompact; hence,
ngil (Yy_7;M') = 0and so

HE  (Yyo1.Gyogb:M') > HY  (Y; M)
is onto. Hence,
Hé;,(Yu M ® Hé.J_,(YJ—I’ Gj—ib;:M'")) — Hé;,(YI; M® Héj_, (Yy—1; M"))

is onto. It follows from the relative Kiinneth Formula that the map in (4.1) is onto.
The proof of the second statement is similar using induction on the cardinality
of J. Choose s € J. Then Yo; = (Y. (y—5) x ¥;5) U (Yj—s x Gsbs). Hence,

(Y5, Y<y) = (Yy—s, Yeu—s) x (Y5, Gsby).
Let M = ZGy_s and M' = ZGy. Then
H} (Yy. Gsbs M') — HY (Ys: M)
is onto by the argument in the previous paragraph, and
Hi, Yy g.Yeyog:M)— Hg, (Yy_5:M)
is onto by inductive hypothesis. Combining these two surjections, we see that

Hé,_s (Yy—s, Y<(J—s); M ® Hés (Ys, Gsbs; M/))
— HE, (Yy_gM ® H} (Yo M)

is onto. So, by the relative Kiinneth Formula,
Hé,_sxcs ((Yy—s, Y<(J—s)) x (Ys, Gsbs): ZGy) — Hg;,_sxcs Yy—s xYs:ZGy)

is onto, which completes the proof. O

Other coefficients. Asbefore, G = [ [ G is the graph productand G’ = [[ ¢ G5
is the direct product. Let p: G — G’ be the natural projection. We say that a group
H lies between G and G' if H = G/N for some normal subgroup N C G with
Ker p € N. If this is the case, then p factors as

¢lu_a

where f is the natural epimorphism. In this way Z H becomes a G-module. There
is the following generalization of Theorem 4.5.
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Theorem 4.8. Suppose that each Gy is infinite and H lies between G and G'. Then

GrH"(G:ZH)= @ H'(K;,0K;:H'(Gy;ZH))
JeS(L)
i+j=n

where as before, H/ (G;;ZH) = H/ (Gy:ZG) ®c, ZH. Similarly,

L?h"((EG)/N:H) = Y. b'(K;,0K;)-L*b/(Gy).
JeS(L)
i+/j=n

We have H"(G:ZH) = Hj;((EG)/N) and (EG)/N is covered by complexes

of the form H xg, EG;. The proof then goes through in the same manner as that
of Theorem 4.5.

5. Graph products of Coxeter groups

5.1. Polyhedral joins. Asin§1.2and §1.4,let L be a simplicial complex with vertex
set §. For each s € S, suppose that we are given a simplicial complex £(s) with
vertex set Ts. For each J € §(L), define £(J) to be the join,

L(J) =k L(s), (5.1

seJ

and then define the polyhedral join of the £ (s) with respect to L by

%, £6) = U (). (52)

JesS(L)

To simplify notation put £ := 3k; £(s). Here is an equivalent definition. Let T
denote the disjoint union
T:=U Ts.

seS

and 7: T — S the natural projection. Any subset / of 7' can be decomposed as

1= U I,

sen(l)

where Iy C T. Then [ is the vertex set of a simplex in &£ if and only if 7 (1) € (L),
and I; € S(L(s)) foreach s € S. In other words, a simplex / of £ is determined by
asimplex J € §(L) and a collection of simplices {/}ses, where each I € S(L(s)).

Remark. Similarly, given any family of spaces { X (s)}ses, foreach J € §(L), define
X(J) to be the join of the X (s) and the polyhedral join, 3k; X(s), to be the union of
the X(J) as in (5.2).
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Recall that the notion of “polyhedral product” was defined by (1.3). The proof of
the next lemma is straightforward.

Lemma 5.1. The operation of applying K to simplicial complexes intertwines the
polyhedral join with the polyhedral product (defined in §1.4), i.e.,

K(%kp £(5)) = TTL(K(L(s)), IK(L(5))).
The following lemma is a well-known consequence of the Kiinneth Formula.

Lemma 5.2. Given two spaces A and B,

H"(AxB)= @ H'(A;H/(B)).
i+j=n—1
Also, H*(A x B) — H*(A) is the zero map whenever B is nonempty. (Here
H* (=) means reduced cohomology. Also, we follow the convention that the reduced
cohomology of the empty set is 7 in degree —1.)

Remark. If we take coefficients in a field IF, the formula in Lemma 5.2 reads
H"(AxB:F)= @ H(A;F)® H/(B;F)
i+j=n—1
Similarly, for the J-fold join, X (J), of {X(s)}ses,
H'X():F)= @  Q H>(X(s):F).
Yis=n—|J|+1seJ
Proof of Lemma 5.2. Write CA and CB for the cones on A and B, respectively.

Then (CA, A) x (CB, B) = (CA x CB, A % B). Since CA x CB is contractible,
H"(A* B) = H""1((CA, A) x (CB, B)). Hence,
H"(A* B) = H"T1((CA, A) x (CB, B))
= @  HTYCA A;H/TY(CB, B))
i+j+2=n+1
= @& H(AH/(B),
i+j=n—1
where the second equation is the relative Kiinneth Formula. This proves the first
sentence. To prove the second, note that the subspace A * @ C A x B is homotopy

equivalentto A x CB C A * B. So, by the exact sequence of the pair, we need only
show H*(A * B, A x CB) — H*(A % B) is onto. We have

H"(A*B,AxCB)=H"(CAxB,Ax B)= H"((CA, A) x B)

= @ H'(CA, A H'(B)).
i+j=n

Since the connecting homomorphism H/(B) — H/*!(CB, B) is an isomorphism,
it follows that H" (A * B, A) — H"(A * B) is onto. O
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For any J € §(L), put
L<J)=U £ —5),

seJ

where £(J — ) is defined by (5.1).

Lemma 5.3 (cf. Lemma 4.7). The map H*(£(J)) — H*(£(< J)), induced by the
inclusion, is the zero homomorphism.

Proof. The proofis by induction on the cardinality of J. Itis trivially true for |J| = 1.
So assume |J| > 1. We first claim that for each s € J, H*(£(J), £L(J —5)) —
H*(L(< J), £(J —5)) is the zero map. We have (£(J), L(J —s)) = L(J —5) *
(£(s),d). Hence, as in Lemma 5.2,

H"L(J), LU —s) = @ H(LJ —s):H/(L(5))). (5.3)

i+j=n—1
Similarly, £(< J) = (L(< (J —5)) * L(5)) U (L(J — s5) * 0); so,

H™(£(< J), 2(J — ) = H'(Z(< (J —5)) * (£(s), 9))
= @ H(E(<( —s5)HI(26)). O

i+j=n—1

By inductive hypothesis, H (£(J —5)) — H' ($(< J - s))) is zero. Comparing
(5.3) and (5.4), we see that H*(£(J), £(J —s5)) > H*(L(< J),L(J —5)) is
the zero map, which proves the claim. By the exact sequence of the triple, this is
equivalent to the statement that H*(£(J), £(< J)) — H*(L(J), L(J — 5)) is
onto. By Lemma 5.2, H*(£(J), £(J —s)) — H*(£(J)) is also onto; hence, so
is their composition, H*(£(J), £(< J)) — H*(£(J)). But this is equivalent to
the statement that H*(£(J)) — H*(£(< J)) is zero, which is what we wanted to
prove. O

Put X := K(£). We want to use the spectral sequence of §2 to compute the
cohomology of (KX, KT~1) for any I € §(&£). To warm up, let us do first the case
I = @. We note that KT is (the barycentric subdivision of) &£ and X is the cone on
&£. Since

K = TTL(K(L(s)), £(s)) and &£ =3, L(s),

(K, L) is a pair of posets of spaces over § (L) (cf. (5.1) and (5.2)). Lemma 5.3 says
that condition (Z) of §2 holds; so Lemma 2.2 gives the following,

GrH"(X,XT)= @ H(K;,0K;;H’(Cone(£(J)),£(J))). (5.5)
=G

Note that the term H7 (Cone(£(J)), £(J)) can be replaced by H/~'(£(J)). Let

F := {s € § | £(s)isthe simplex on Tg}. Note that if J N F # @, then the
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join £(J) is contractible (since one of its factors is a simplex). So in this case the
coefficients in (5.5), H’ (Cone(£(J)), £(J)) vanish for all .
Next, fix I € S§(&£). Foreachs € §, Iy = I N T. Define a subset G(I) of S by

G(I):=1{sen()NF|I, =T}

Then G(I) is the vertex set of a simplex o of L (since G(I) € n(I)). Let 'L be
the full subcomplex of L spanned by S — G(I), and let /K := K(L) be the Davis
chamber. It is not hard to see that /L is homotopy equivalent to K5~ (see [11],
LemmaA.5.5, p. 416). Foreachs € S —G([I), let £/ (s) denote the full subcomplex
of £(s) spanned by Ty — I and for each J € §('L), put

L) = k,ey L1 (). (5.6)

The usual spectral sequence argument proves the following.

Theorem 5.4. With notation as above,

GrH"(K.XT™lY= @ H'(K;.d'K;: H (£1(J)))).
JesdL)
JNF=0
i+j=n—1

There are two extreme cases of Theorem 5.4.

Corollary 5.5. Suppose that each £(s) is a simplex. Then
H"(X, XT=1y = H"(K,3'K)
(= H" 1 (KS—G(I)) = gn-1 (IL))
Proof. 1f each £(s) is a simplex, then in Theorem 5.4, J N F = J is nonempty

unless J = @. When J = @, H/(£(J)) is nonzero only for j = —1 and we get
the formula in the corollary. O

Corollary 5.6. Suppose that no £(s) is a simplex. Then
GrH"(K,XT™")= @ H(Ky,0K;: H (2'(J)))).

JesS(L)
i+j=n—1

Proof. The hypothesis implies G(I) = @; hence, /L = L and 'K = K. O

5.2. Cohomology of graph products of Coxeter groups with group ring co-
efficients. We continue from §1.4. We are given a family of Coxeter systems
{(Vs, Ts)}ses and we form the graph product with respect to I'. Let 7' denote the
disjoint union of the Ty and put V = [ V5. Then (V, T) is (obviously) a Coxeter
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system. The projection 7 : V' — W[, restricts to the natural projection 7 — S which
sends Ts to s. For each s € S define £(s) to be L(V;, Ts). Clearly,

K(V.T) = Ttrow,s) K(Vs. Ts) := K,

Henceforth, we write L and K for L(W, S) and K(W, S), respectively.

(5.7)

Notation. For each J € S(W,S),put T(J) = n~'(J) and

VJ = Vﬂfl(.]) = 1_[ Vs.

seJ

We can combine Theorem 5.4 with Theorem 3.2 to get the following calculation
of H*(V;ZV).

Theorem 5.7.

GrH"(V;ZV)= & D HIIK; 0Ky HY(LI(J))) @ A(V)!.
esd
1eS(V,T) JJQSF(:IYA)
i+Jj=n

On the other hand, in Theorem 4.5 we calculated the cohomology of an arbitrary
graph product of infinite groups and in Theorem 3.5 for an arbitrary graph product
of finite groups. We would like to see that these answers agree with the above in the
case of Coxeter groups.

For any J € §(L), put

IJ):={I €S| GU)=J}.

When each V; is finite,

GrH"(V;ZV)= @ H"(X.XKT1)® AV)! (by Theorem 3.2)
I1€$S(L)
= @ B H" Y K5')® AWV)  (byCorollary 5.5)
JeS(L)I€I1(J)
= @ H'K.K5)e @ AW, (5.8)
JesS(L) IeI(J)

where (5.8) agrees with Theorem 3.5 with

A= @ AW)L.
I€1(J)

Next consider the situation where all V; are infinite. First we consider the special
case where the base complex L is a simplex.
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Lemma 5.8. Suppose that Vj is the J-fold product of {Vs}sey, where each Vj is
infinite. For each I € S(Vy, T(J)), £1(J) denotes the J-fold join defined by (5.6).
Then R
H'"(Vi;ZVy)) = @  H'" ' (&) oAV
IesS(Vy;,T(J))

Proof. Let KX (J) denote the Davis chamber for (Vy, T(J)). By Theorem 3.2,

H'"ViZV) = @ H"(XWJ), XKTO ) @ A(Vy)l.
I1eS(Vy,T(J))

Moreover, KT~ (J) is homotopy equivalent to £/ (J). The formula in the lemma
follows. 0

Finally, consider the general case when each V; is infinite:

GrH"(V:ZV)= @ H"(X.XT1)® AV)!
1€S(V,T)

= @ @ HI(K;,dK;; HN(LI() @ AV)!
I1eS(V,T) JeSW.5)

i+j=n
= @ H'(Kj0K;; @ HTHE()) @ AV))
JeS(W.S) Ies(V,T)
i+j=n
= @ H(K;0K;;H/ (V:ZV)), (5.9)
g udny

where the first equation follows from Theorem 3.2, the second from Corollary 5.6,
the third from the fact that A(V)! is free abelian, and the last from Lemma 5.8.
Moreover, (5.9) agrees with Theorem 4.5.

6. Weighted L 2-cohomology of buildings and Coxeter groups

6.1. Hecke-von Neumann algebras. Suppose that we are given a Coxeter system
(W, S) and a function i : S — [ to an index set / such that i(s) = i(¢) whenever
s and ¢ are conjugate in W. A multiparameter for (W, S) is an I-tuple t = (t;)ier
of indeterminates (or of numbers). Write #; instead of ;). If 51 ...s, is a reduced
expression for an element w € W, then the monomial

ty =t .. 15,

depends only on w and not on the choice of reduced expression for it. (This follows
from Tits’ solution to the Word Problem for Coxeter groups, cf. [11], p. 315.) The
growth series of W is a power series in ¢ defined by

W(t) = Y ty.

weWw
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This power series has a region of convergence R (W) (a subset of C1). If W is finite,
then W(t) is a polynomial. For any Coxeter group W, it can be shown that W(t) is
a rational function of ¢ (cf. [11], Corollary 17.1.6).

For any set X, RX denotes the vector space of finitely supported real-valued func-
tions on X . For each x € X, ey denotes the indicator function of {x} so that {ex }xex
is the standard basis for RX . For a multiparameter g of positive real numbers, define
a inner product { , ), on R by

quv ifw=w,
0 otherwise.

(ew, ew’)q = {

Let Lg (W) denote the Hilbert space completion of R" with respect to { , ).

Using ¢, one can also give RY the structure of a Hecke algebra, determined by
the formula

esw if [(sw) > [(w),
esey = .
gsesw + (qs — Dey  if [(sw) < [(w).

When ¢ = 1 (the multiparameter which is identically 1), R4 (W) is the group algebra
of W.

Define an anti-involution % on Ry W, by (3" xyey)* := )Y x,—1€y. The inner
product (, )4 and the anti-involution * give R, W the structure of a Hilbert algebra (see
[21], Proposition 2.1). (In other words, x*, the image of x under the anti-involution
of algebras, is equal to the adjoint of x with respect to (, ),.) This implies that
there is an associated von Neumann algebra N, (W) (called the Hecke—von Neumann
algebra) acting from the right on L; (W). One definition of Ny (W) is that it is the
algebra of all bounded linear endomorphisms of Lg (W) which commute with the left
R4 (W)-action. An equivalent definition is that it is the weak closure of the elements
R4 (W) which act from the right on LZ (W) as bounded linear operators.

Define the von Neumann trace of ¢ € Ng(W) by try, (¢) := (e1¢,e1)q and
similarly, for any (n x n)-matrix with coefficients in N, (W). This allows us to
define the von Neumann dimension of any closed subspace of an n-fold orthogonal
direct sum of copies of L; (W) which is stable under the diagonal R, (W)-action: if
V C (L7 (W))" is such a subspace and py : (L7 (W))" — (LZ(W))" is orthogonal
projection onto V, then p, € Ny (W), so define

dimy, V :=try, (pv). (6.1)

Forany J C S and ¢ € R(Wj), there is a self-adjoint idempotent a; € Ny (W)
defined by
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(cf. [11], Lemma 19.2.5). For s € §, write ay instead of a(y. Fors € Sand J C S,
define subspaces of L (W) by

A = Li(W)ay, AT =) 45

seJ

These subspaces are stable under the action of R, W from the left. Moreover, A7 is
the image of the idempotent a; if ¢ € R(Wy), and A7 = 0 whenever g ¢ R(W)
(cf. [11], §19.2).

Let A~ denote the subspace >_;. ; A? of A7 and put

D7 =47 n A7)t
The following is one of the main results of [15] (or see [11], Theorem 20.6.1).

Theorem 6.1 (The Decomposition Theorem of [15]). Ifq € R U :F then

Y. Df

12J
is a direct sum and a dense subspace of A’ . In particular, taking J = @,
2 1
Ly = > D',

If q € R, the only nonzero terms in this sum are those with I cospherical (i.e., with
S—1¢€38) andif q__1 € R, the only nonzero terms are those with 1 spherical.
Moreover, for g~ ! € R,

=71
dimy, DY = )~ b

IGSZJ

6.2. Weighted L2-Betti numbers. Suppose that M is a mirrored CW complex over
S. Let p be a multiparameter of positive real numbers for a Coxeter system (W, S).
Define a measure 11, on the set of cells of U(W, M) by pp(c) := py, wherew € W
is the element of shortest length which moves ¢ into the base chamber M (= the image
of 1 x M in U(W, M)). Asin [15] or [11], we can use p to define the weighted
L2-cochains, Lf,C *(U(W, M)). The corresponding reduced cohomology groups
are denoted L%H*(‘U(W, M)). The weighted cochains on U(W, M) can also be
regarded as cochains on M with respect to a certain coefficient system I (Lf,). This
coefficient system associates to a cell ¢ in M, the left N p-module, Lf,(W)aS(C), ie.,

I(L2)(c) := L3 (W)ase).
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The corresponding cochain complex is denoted C* (M ; T (Lf,)) and its reduced co-
homology by H*(M; I (L?,)). We have natural identifications,

C*(M;I(L3)) = L5C*(U(W, M)),
H*(M: I(L3)) = L3 H*(UW. M)).

(This is completely analogous to (3.1) and (3.2) of §3. See [14], [15].) The j®-
weighted L?-Betti number of U(W, M) is defined by

L2b7 (UW(W. M) := dimy,, L2 H/ (UW, M)) = dimy, H/ (M: I(L3)),
where dim y,, is defined by (6.1). Also, put
27 e 723J
Lpbf(W) = Lpbf (U, K)).
We recall some of the main results of [15] and [21].

Theorem 6.2 (Dymara [21]). Suppose that p € R. Then Lf,bj (W)=0forj >0,
while

1
210 — A S _
Lpb (W) = dlmNP A° = W
Theorem 6.3 ([15], Theorem 10.3). Suppose that p~' € R. Then

L2 (UW. M) = Y b/(M, M5 7)dimy, D7,
JesS(W,S)

where the formula for dim y, DY is given in Theorem 6.1.

Theorem 6.4 ([15], Theorem 13.8). Suppose that (€, §) is a locally finite building of
type (W, S) with a chamber transitive automorphism group G and that the thickness of
€ is given by a multiparameter p of integers. (In other words, each s-panel contains
s + 1 chambers.) Let M be a mirrored CW complex over S (with a W -finite mirror
structure). Then

L*b/ (B(€. M), G) = L2b7 (UW(W. M)).

(The group G need not be discrete. The von Neumann dimensions with respect
to G are defined using Haar measure on G, normalized so that the stabilizer of a
chamber has measure 1.)

Corollary 6.5. Let G be a graph product of finite groups {Gs}scs. Let p be the
multiparameter defined by ps := |Gs| — 1. Then

L?b7(G) = L3b7 (W).
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As in the last paragraph of §3, there is a different method which can be used to
define weighted L2-Betti numbers by using ideas of Liick [30]. As in [30] there is
an equivalence of categories between the category of Hilbert N, (W )-modules (i.e.,
Np (W)-stable closed subspaces of Li(W)”) and the category of ordinary projec-
tive modules for N, (W). This allows us to define a “dimension”, dim, M, of a
finitely generated, projective N, (W )-module which agrees with the dimension of
the corresponding Hilbert N, (W )-module. The N, (W )-dimension of an arbitrary
Np(W)-module is then defined to be the dimension of its projective part.

There is a coefficient system I(V;) on the mirrored CW complex M defined by

I(Np)(c) := Np(W)asc)-

The corresponding cohomology groups are denoted H *(M ; I(Np)). The dimension
of H/(M; I(Np)) is equal to that of H/(M; I(Lf,)) (and they are both equal to
jh-weighted Lf, -Betti number of U(W, M)). (The advantage of using the coefficient
system I (N ) instead of T (Lf,) is that it is not necessary to use reduced cohomology
and then have to keep taking closures of images.)

7. Weighted L2-Betti numbers of graph products of Coxeter groups

Asin §5.2, (W, S) is the RACS associated to a graph I', {(Vs, Ty)}ses is a family of
Coxeter systems and (V, T) is the corresponding graph product of Coxeter systems.
Let ¢ be a multiparameter for (V, T). It restricts to a multiparameter for each Vs,
which we will denote by the same letter. By Lemma 1.1, V is a RAB of type (WL, S).

Let p be the multiparameter for (Wz, S) given by ps = Vi(q) — 1. The following
lemma shows that the growth series of (V, T') and (WL, S) are related by a change of
variables ¢ — p.

Lemma 7.1. For w € Wy,

4v = Pw> (7.1)
ver—1(w)
and therefore
Vig) = W(p).

Proof. Lets; ...s, be areduced expression forw € W and letv € 7! (w). Then v
factors as a product vy, ... vs,, with vy, € Vs’;, and this factorization gives one-to-one
correspondence between 7~ (w) and Vs*l‘ X oo X Vs’;, MOIeover, ¢y = quy, - - - quy, -
(Recall from §1.4 that V¥ = V, — {1}.) Hence, the growth series of 7~ !(w) is the
product of the growth series of the Vs’:‘ and the result follows. O

In the first section we compute the weighted L2-Betti numbers of V' in the case
where g ¢ R(V;) for each s € S. Notice that this necessarily entails that each Vj is
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infinite. The proof uses the spectral sequence of §2 in the same way as in §4.3. In the
second section we consider the opposite situation where ¢ € R(V;) foreach s € S.
For example, this holds for all g when each Vj is finite. In this case the proofs are
based on arguments from [15].

7.1. Large weights. In this section we assume that ¢ ¢ R(V;) foreach s € S.

Theorem 7.2.
Lgb"(V)= 3 b (K;.9Kp)-Lgh/ (Vo).
Jle—gfv;,nS)
where

L2b/ (V)= [1 L2FO)).
R k=K

Proof. The proof is almost the same as the proof of Theorem 4.5. Since (V,T) is a
Coxeter system, we prefer to use its natural action on its Davis complex rather than
on EV. LetY := U(V, K) be the Davis complex and for each J € S(W, §), put

Y, = UV K(J)). Yr:=Vxy, Y}

As before,
Y;=TJ]Y/ whereY]:= UV, K(s)).
seJ

Then V = {Y;}sesw,s) is a poset of spaces on Y. The spectral sequence of
§2 has E/ = C/(K;H#7(V)), where the coefficient system is defined by o >
H IJ, (Yminos Mg (V). It converges to Hy; (Y ; Ny (V) and the N, -dimensions of these
cohomology spaces are the Lg—Betti numbers. Since g ¢ R(V;) foreach s € S,
H 19s (Y]; Ng(Vs)) = 0 by [21], and the relative Kiinneth Formula gives that

Hy, Yy Ng(Vi) = Hy (Y25 Ny (Vi)
is the zero map. By Lemma 2.2,

E;] _ @ Hi(KJ, 0Kjy) ® Ind*;(:Nq(VJ))
JesS(W,S)

where Ind§ (Ng (V) denotes the induced representation Ny (V) ®w, (v,) Ng(V),
and the spectral sequence degenerates at £,. Taking von Neumann dimensions, we
get the formula for weighted L2-Betti numbers. The last formula also follows from
the Kiinneth Formula. O

We also have a weighted version of Theorem 4.8. Let V' denote the direct sum,
[Lses Vs. A Coxetersystem (V”, T) lies between V and V' if its presentation is given
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by changing certain entries of its Coxeter matrix from oo to even integers > 2, more
specifically, for any (¢1,7;) with t; € Ty, and {s1,s2} ¢ Edge(I"), we are allowed
change m(t1, t) from oo to an even integer. Note that a multiparameter g for (V, T)
is also a multiparameter for (V’, T') and for (V”, T). The proof of Theorem 7.2 also
gives the following.

Theorem 7.3 (cf. Theorem 4.8).
Lgb"(U(V", X)) = ¥ b (K. 0Ky)- Lgb? (V)).

l—;/e?n

7.2. Small weights. Throughout this section we suppose that the multiparameter ¢
is “small” in the sense that ¢ € R(Vs) for each s € S. Let M be a mirrored CW
complex over S and let B(V, M) be the M -realization of V' defined by (1.1) of §1.3.

As before, define a measure 4 on the set of cells of B(V, M) by putting 14 (c) :=
qv, where v € V is the shortest element such that vc lies in the base chamber M.
Again, we get a cochain complex, L‘% C*(B(V,M)). (If Y is amirrored CW complex
over T, then associated to the Coxeter system (V, T') there is a different cochain
complex, LgC *(U(V,Y)).) There is a coefficient system I(N,;) on M defined by

L(Ng)(c) i= Ng(V)az—1(s(c)

and the N (V)-dimension of H”/ (M ; I(Ng)) is Lgbj (B, M)).
Let K and K denote the geometric realizations of S(W, S) and $(V, T'), respec-
tively.

Theorem 7.4. L2b*(U(V, X)) = Lib*(B(V. K)).

Proof. We use the same spectral sequence as in the proof of Theorem 7.2. It converges
to Hy; (U(V, K): Ng(V)) and has E;-term

By = CI(K; 7 (V)),

where the coefficient system is defined by 0 +— Hj,(Xmino: Ng(V)). Since g €
R(Vs), foreach s € S, by Dymara’s result, Theorem 6.2, the coefficients are nonzero
only for j = 0. For j = 0 the coefficient system is associated to the poset of
coefficients J +> Nga,—1(sy. In §6.2 we denoted this coefficient system by I(Ng).

So E i’o is the cochain complex C7(K; I(:Ng)), in other words, it is the cochain
complex whose cohomology gives the by (B(V, K)). Thus,

iUV, X)) = bE(B(V, K)). O

Remark. Suppose that each Vj is finite. Then each link £(s) is a simplex, and it fol-
lows that the natural map £ — L, induced by 7, has contractible fibers. It follows that
K deformation retracts to K, respecting the mirror structure. This deformation retrac-
tion induces a V -equivariant, proper homotopy equivalence U(V, KX) — B(V, K).
So, when each Vj is finite, Theorem 7.4 is the expected result.
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Theorem 7.5. L7b*(B(V. M)) = L3b*(U(W, M)).

Remark. If each V; is finite and ¢ = 1, then V is a locally finite building of
type (W, S) of thickness ps; = |V| — 1; so this reduces to Theorem 6.4 (i.e., [15],
Theorem 13.8, or [11], Theorem 20.8.4). The key point of the proof, which goes
back to [21], is that the folding map 7 pulls back p-weighted harmonic cochains to
q-weighted harmonic cochains. The proof of Theorem 7.5 is a minor generalization
of the proof of [15], Theorem 13.8, to locally infinite buildings. It occupies the end
of this section.

Example 7.6. Figure 1 depicts the folding map 7 : B(V, M) — UW, M) in the
case of the free product of two infinite dihedral groups. Here the graph I' is two
disjoint points s and ¢, so W is D, generated by s and 7. The vertex groups are also
Deo, generated by {s*,s7} and {t*, 77}, respectively. So V = Do * Do, and we
let M be a segment K.

qt+t75+37 qsfert*tJr
tti—st qs_s+t_
qt+t_s_ qs_s+t+
qt+t_5_s+ ' ' qs_s+t+t_
ttsts™ +,— -+ sttt
qt t qs s q
ttst st
q q
tTs™ sTtt
q q
tts™sT + - sTtte™
qt qe qs q
tTsTs™ sttt
q
t=st — + stt
q qt q° q
qt s~ qs+t+
qt_s_s+ stete~
t—tt sTs™
—it gt 1 ™ 1 +o— ¢t
qt tTsTs q st t
qt*t*s+ q TsTt™
t=tts” sts—tt
q q
qtftJrsfsJr qs+sft+t’
pts ' = ' pe ' ' pet

Figure 1. Do * Do as a locally infinite building over Do .

Combining the two previous theorems we get the following.
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Theorem 7.7. L2b*(V) = L3b*(W).
Proof. We have
Lab* (V) := L2b*(U(V, X)) = Lb* (B(V. K)) (by Theorem 7.4)
= L2b* (U(W. K)) (by Theorem 7.5)
= L2b*(W). O

Remark 7.8 (Graph products of spherical buildings). Suppose that {€s}ses is a
family of buildings where € is type (Vi, Ty). In [12], Example 3.1 (3), the first
author defined the notion of a “graph product of buildings”, [ [ €. It is a building
of type (V, T). Suppose that each €y is spherical of thickness g5 with a chamber-
transitive automorphism group G := Aut(€s) (i.e., each Vj is a finite Coxeter group
and the number of chambers of €y in a panel of type #; is ¢;, + 1). By Theorem 6.4,
the ordinary L?-Betti numbers of € := [ €, with respect to G := [[ Gy are
given by
L?b/ (B(€, X)) = LIb/ (V) = L2b! (WL),

where p; = Vs(q) — 1 = |€;| — 1. In other words, the L2-Betti numbers of a graph
product of spherical buildings depend only on the thickness of the buildings and the
weighted L2-Betti numbers of the associated RACS, (W, S).

The proof of Theorem 7.5. The proof is a modification of the proof in [15], Theo-
rem 13.8 in Section 13, and follows a series of lemmas.

Lemma 7.9. (i) The map 7w: V — W induces an isometric embedding
*, 12 2
7 Ly(W) — Ly (V).
(i) For each s € S, n*(as) = ar,. Moreover, for each spherical subset J C S,
n*(ay) = az-10p).
ces . 2 2 . .
(iii) The map w*: L p(W) - Ly (V) induces a monomorphism of von Neumann

algebras w*: Np(W) — Ng(V). (In particular, w* commutes with the * anti-
involutions on Np(W) and Ny (V').)

Proof. To prove (i), notice that as w varies over W, the vectors 1t * (e, ) are orthogonal
to each other, and equation (7.1) implies that || 7*(ey)|lq = [lew]l p-

Statement (ii) follows immediately from the definitions.

The idempotents ag and a,, withr, s € S, commute if and only if r and s commute.
So, if a; commutes with a,, then a7, commutes with ay, . Since the ag generate the
Hecke algebra, statement (iii) follows from (i) and (ii). ]

Similarly to the equation (7.1), the measures y4 and 1, on the cells of B(V, M)
and U(W, M) are related by

> Hg(c) = pplo). (7.2)

c’ex—1(c)
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By Lemma 7.9, the map 7: B(V,M) — U(W, M) induces a cochain map
¥ L2CH(UW, M) — L;C*(B(V.M)). We also have a “transfer map”
t: LZC*(B(V.M)) — L3 C*(U(W, M)) defined by

Hq (c")
Kp(c) .

1)) = > [

c’ex—1(c)
Lemma 7.10. (i) o 7* = id: L3C (U(W. M)) — L3C' (U(W, M)).

(ii) The maps ©* and t are adjoint to each other.
(iii) These maps take harmonic cocycles to harmonic cocycles.

Proof. Statement (i) is obvious.
(i) For f € L3C (U(W,M)) and f" € L3C*(B(V, M)), we have

(T () g = X [T (NS ()]pq(c)

c’e8W

= 2 S f (" )pq(c))
c’e8W

= 2 floo X fluglc)
ceU) c’ex—1(c)

= 2 SOOI ©)]pplc)
ceu®

= (/t(/))p

where 8% and U® denote the set of i-cells in B(V, M) and U(W, M), respectively.

(iii) Since 7*: L2 C*(U(W, M)) — LZC*(B(V. M)) is induced by the cellular
map 7: BV, M) — U(W, M), it takes cocycles to cocycles. We must show it also
takes cycles to cycles. If ¢/ € 8¢~V and d’ € 8@ and if the incidence number

[¢’ : d’] is nonzero, then it is equal to [ (c¢’) : w(d")]. Hence,
* AN /. ) Mq(d/) /
(@™ (fN() = Ed/ [¢":d ]Mq(C’) f(m(c)
mp(d)
= sd]—/——= = 9? ,
>le: dILZE 1€ =88

where ¢ = 7(c¢’), d = w(d’), the first and the last equality come from the definition,
and the middle equality comes from equation (7.2). So d?(f) = 0 implies that
4 (m*(f)) = 0. Since ¢ is the adjoint of 7*, it also must take cocycles to cocycles
and cycles to cycles. O
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Consider the diagram

Das(c)

DL,W) B Ase) = L3C*(UW. M) —== L33 (UW. M)

N |- -

21 D9l 20 P 12 ax
DL;(V) ————= D Ar-1(s(0)) = LgCH(BV. M) = Ly H*(B(V. M),
where P denotes the orthogonal projection onto harmonic cocycles.
Lemma 7.11. The above diagram commutes.

Proof. The commutativity of the first square follows from Lemma 7.9.

Let x € L?,C *(U(W, M)). To prove commutativity of the second square, it
is enough to show that Px*(x) — m* P(x) is orthogonal to any harmonic cocycle
h e L‘%Jf*(i)’(V, M)). We have: (Pr*(x),h)q = (7*(x), P(h))q = (7™ (x).h)q.
Hence,

(Pr*(x) =7 P(x),h)q = (n"(x — P(x)). h)g = (x — P(x),1(h))p =0,

where the second and third equalities follow, respectively, from parts (ii) and (iii) of
Lemma 7.10. O

Proof of Theorem7.5. Lete. € @ Lz (V) denote the unit vector e; € L2 (V) in the

summand corresponding to a cell c € M @ and similarly for Li( W). Note that
7*(ec) = ec. Let 6 denote the compositions of the maps in the top and the bottom
rows of the above diagrams, i.e., 8 is the orthogonal projection of the free Hecke—von
Neumann module onto harmonic cocycles. Using Lemmas 7.11 and 7.10, we get

by (B(V, M)) := dimy, vy Lo H (B(V. M))
=D (0(ec).ec)q = 2 (0m™*(ec). ™ (ec))q
=2 (" 0(ec). w*(ec))q = 2_(0(ec). 1*(ec)) p
= Y(6(ec). (ec)) p = dim, ) L3 H (U(W, M)
= b (U(W, M)). O

8. Octahedralization

Suppose that L is a simplicial complex. Its octahedralization, OL, is defined as the
polyhedral join
OL := %, S°.

(The definition of “polyhedral join™ is given in (5.1).)
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Next we work out an example which motivated most of the calculations in this
paper. For each s € §, Vj is the infinite dihedral group with generating set, T :=
{sT,s7}. Suppose that (W, S) is the RACS associated to the graph I' and (V, T) is
the graph product of the infinite dihedral groups (so that (V, T') is also a RACS). By
(5.7), L(V,T) = OL. So in this special case we shall write Wy, for IV and OS for
S and call the RACS, (Wo, OS), the octahedralization of (W, S).

Theorem 4.5 gives the following calculation of the cohomology of Wy with
group ring coefficients.

Theorem 8.1.

GrH"WoL:ZWor) = @ H"VI(K;,0K;) ® Z(Wor/Wor).
JeS(W,S)

Proof. Since Dy, acts properly and cocompactly on R, it is a 1-dimensional virtual
Poincaré duality group. It follows that the cohomology of Wo; = (Doo)’! with
group ring coefficients is given by

. Z ifj =|J]|,
H! (Woy:ZWoy) = / .| |
0 otherwise.

Substituting this into the formula in Theorem 4.5 gives the result. O

It is proved in [16] that the cubical complex TL is isomorphic to U(Wor, K),
and that Wy, and A; are commensurable. Hence, Theorem 8.1 gives a calculation
of H*(Ar;ZAr). (In fact this was the method used by Jensen and Meier in their
proof of Theorem 3.3.)

Remark. Since Z C Dy, thereis an obvious inclusion of graph products, Ay, C Wop,
(cf. [26]). However, whenever L is not a simplex, the image of Ay is of infinite index
in Wop. In [16] it is proved that A7, and Wy, are both isomorphic to subgroups of
index 2/5! in a larger RACG.

Weighted L2-cohomology of Wor. We have OS = {st,5 lses. Let ¢ =
(g,+)ses. The growth series of the infinite dihedral group is easy to compute. (For
example, see [11], Example 17.1.2.) We have

1 1 - 1 - —1
Vi(g) = A+q0)d+gm) o st ’
1 —gs+qs- Vs(@™") (1 +gs-)(1 +g5+)
and L 42
Py =Vi(g)—1= qs+ T Y4s— Ast+ds—

1 - ds+4s—
Write ¢ < 1 (resp. ¢ > 1) to mean that each gge < 1 (resp. > 1), fora € {+, —}.
The following is a corollary of the results in §7.
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Theorem 8.2. Suppose that (Wor, OS) is the octahedralization of (W, S).
@
Wor(q) = W(p).

@{i) If q < 1, then
L2b"(Wor) = L3b"(WL).

If, in addition, p~' € R(W) (i.e., q is sufficiently close to 1), then

Lop"(Wor) = Y. b"(K,K5~')dimy, D7,
JesS(W,S)

where a formula for dim y, DY is given in Theorem 6.1.
(iii) If ¢ = 1/3, then

L ;3b" Wor) = L2b" (W),
v) If ¢ > 1, then

1% - gs+qs— — 1
L2bn( OL) = bn |J‘(KJ,8KJ) s )
q § | |

JeS(W,S) ooy (T4 gs=)(1 4 g5+)

W) If q =1, then
L2b"(Wor) = b™(K,dK) = b" "1 (L),
where b* (=) refers to the reduced Betti-number.
Proof. Statements (i), (ii) and (iii) are immediate from the formula for pg;, Lemma 7.1,
and Theorems 7.7 and 6.3.
The region of convergence of the dihedral group R (D) is given by g +¢s— < 1.

For a spherical J, Vy is the J-fold product of Do,. Thus, if ¢ > 1, then L;H*(Vj)
is concentrated in degree |J | and

1 qs+qs— — 1
L2y = ——— = s .
§ Vi(g™") E (I +qs=)(1 +q5+)

and we apply Theorem 7.2 to obtain (iv). Finally, if ¢ = 1, then all the terms
with nonempty J in (iv) (or (ii)) vanish and we obtain (v). (Since L?b" (Wor) =

L?b"(AL), it also follows from Theorem 3.7.) O
Remark 8.3. If g is such that g+ = gs— (= ¢5), then in Theorem 8.2 (i) the formula
becomes 1
Lzbn W — bn—|J| K ,8K qs — ’
" (WoL) =Y (K 0K 1 175 0

Jes§ seJ
and in (ii) the formula for pg simplifies to

Ps = I_CIS.
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Example 8.4. This example illustrates how the formulas in Theorem 8.2 extend the
calculations of [21], [15]. Suppose that L is a pentagon (i.e., a circle subdivided into 5
edges). Then OL is a four-valent graph with 10 vertices and 20 edges. Assume g = ¢,
a constant. Then p is also a constant p. By the previous remark p = 2¢/(1 —¢) and
q = p/(2+ p). By [11], Example 17.1.15, the growth series are as follows:

(1+ p)? (1+49)?

Wi(p)= — P SR o P
L(p) P — oL(q) g —8q 1 1

The smaller roots of the denominators give the radii of convergence of these growth
series as p;, = (3 — +/5)/2 and por = (4 — v/5)/11, respectively. The methods
of [21], [15] give the calculation of L;b*(WOL) only for ¢ < por = .16036 or

q > 1/poL = 4+ V5 ~ 6.2361 (cf. [11], Theorem 20.7.1). However, by using
Theorem 8.2 we get the answer for all g.

First of all, we know the weighted Betti numbers of Wy, for all p. They are
nonzero in only one degree: for p < pr, in degree 0, for pr, < p < 1/pr in degree 1,
and for p > 1/pz in degree 2; moreover, in all cases the Betti number is the absolute
value of 1/ W (p) (cf. [11], Corollary 20.4.5).

Using statement (ii) of Theorem 8.2, we get that, for g < 1, L;b*(WL) is con-
centrated, for ¢ < (4 — +/5)/11 in degree 0, for (4 —+/5)/11 < ¢ < (4+ +/5)/11in
degree 1, and for (4 + «/5) /11 < g < lindegree 2; moreover, in all cases the nonzero
Betti number is |1/ Wor(g)|. For ¢ > 1, we can use statement (iv) of Theorem 8.2
and the fact that Lgb1 (Dso) = (g — 1)/(1 + g) to see that only the second weighted
Betti number is nonzero and that it is given by

2 2
L2b*(Wor) = 1 +5[f—1} +5[q 1} Y 8q2+1 _
+4q I+g¢ (I+9) WoLr(q)
Remark 8.5. Our original motivation for computing the weighted L?-cohomolo-
gy of the octahedralization of Wy, was to compute the ordinary L2?-cohomology of
any Bestvina—Brady group BB, of type FP (which we did by the spectral sequence
method in Theorem 4.4). Although we were never able to make complete sense
of the calculation, it was supposed to go something like this. Suppose that the
multiparameter ¢ is a positive constant g. Then it should be possible to define the
weighted Lz—cohomology of A7 and BB;. Moreover, the Lé—Betti numbers of Ay,
should equal those of Wy, and L;-Betti numbers of BB; should behave as if the
Davis complex for Wy were to split as a product of the complex Z; with the real
line (with Do-action) and as if the Kiinneth formula were true, i.e.,
L2b"(Wor) = L2b"(BBy) - L2b°(Doo) = L2b" (BBy) [1;‘1} forg < 1,
qg+1

—1
LZp"*'(Wor) = L2b"(BBL) - L2b' (Doo) = L2b"(BBL) [Zj} forg > 1.
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These can be rewritten as

1
L2b"(BBL) = L2b" (Wor) [QIL} forg < 1, (8.1)
—q
and
1
= L2b"" (Wor) [%} forg > 1. (8.2)
q J—

Next we want to find the ordinary L2-Betti numbers of BBy, by taking the limit of
either of these formulas as ¢ — 1. Since

1| 1|
Wi(p) = (1+ p)l = (2—q + 1) = (lﬂ) ,
l—gq l—gq

the formula in Theorem 6.1 becomes

dimy, D7 = (D1} (u) (8.3)

1eS(W,8)= I+q

After multiplying through by (1 —¢g)/(1+ g), the only terms on the right-hand side of
(8.3) which will be nonzero when g = 1 are those with |/| = 1 and hence, |J| =0
or 1. Since 0K = K% is acyclic, the term for / = @ in Theorem 8.2, namely,
b" (K, KS), vanishes. So, using Theorem 8.2 (i), formula (8.1) gives, forg < 1,

L?b"(BBy) = lim L2b"(BBL) = Y. b"(K.K57%) = Y b"(K. 0Ky),
q9—> sES SES

where the last equation follows from the fact that 0K is acyclic and the excision,
H* (0K, KS_S) ~ H*(K;,0Ks). Similarly, for ¢ > 1, Theorem 8.2 (ii) can be
written as

B 1\
L' (Wor) = Y bV (K; 0K ) (?T)
JesS(W,S) q
and (8.2) gives, for g > 1,
L?b"(BBy) = (]11311 L2b"(BBL) = Y b"(Ky. 0Kj),
seS

since when ¢ = 1 only the terms with |J| = 1 are nonzero. So in Theorem 8.2 both
the formulas (i) and (ii) give the same answer as Theorem 4.4.

9. Duality groups

An m-dimensional simplicial complex L is Cohen-Macaulay if for each J € §(L),
H*(Lk(J)) is concentrated in degree m — |J| and is torsion-free. For J = @, this



Cohomology of graph products 529

means that H *(L) is concentrated in degree m. It also implies that any maximal sim-
plex J has dimension m, since, when J is maximal, Lk(J) = @ and our convention
is that A *(@) is concentrated in degree —1 (where it is = 7).

A group G of type FP is an n-dimensional duality group if H*(G;7ZG) is con-
centrated in degree n and is torsion-free.

An immediate consequence of Corollary 8.1 is the following.

Proposition 9.1 (Brady—Meier [5] and Jensen—Meier [28]). Suppose that (W, S) isa
RACS withnerve L. Then the octahedralization, Wy, is a virtual duality group if and

only if L is Cohen—Macaulay (and consequently, the same is true for the associated
RAAG, Ar).

Brady and Meier asked if these conditions are equivalent for a general Artin
group (Question 2 of [5]) and attributed the question to the first author of this pa-
per. The equivalence follows immediately from Theorem 4.1 whenever the K (7, 1)-
Conjecture holds for A. We state this as the following.

Proposition 9.2. Suppose that X is the Salvetti complex associated to a Coxeter
system with nerve L. Then H*(X;ZA) is concentrated in degree n and is torsion-
free if and only if L is an (n — 1)-dimensional Cohen—Macaulay complex.

(The “if” direction was also proved by Brown—Meier in [7] by using a different
spectral sequence.)

Similarly, by Theorem 4.3, for Bestvina—Brady groups of type FP we have the
following.

Proposition 9.3. Suppose that L is an acyclic flag complex. Then BBy is a duality
group if and only if L is Cohen—Macaulay. (For example, L could be an acyclic,
compact manifold with boundary.)

As explained in [18], Section 6, for graph products of finite groups, Theorem 3.5
leads to a slightly different condition. A simplicial complex L has punctured homol-
ogy concentrated in dimension m (abbreviated PH™) if for each closed simplex o of
L, H.(L — o) is torsion free and concentrated in degree m. For an m-dimensional
simplicial complex L, the PH” condition implies that L is Cohen—-Macaulay but is
not equivalent to it (cf. [18], Corollary 6.9).

Proposition 9.4 ([18], Theorem 6.2, and also cf. [25]). Let G be the graph product
of a collection of nontrivial finite groups. Then G is a n-dimensional duality group
if and only if L is PH" 1.
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