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finite subgroups. The problem of whether the ¥-cohomological dimension is subadditive is
reduced to extensions by groups of prime order. We show that every finitely generated regular
branch group has infinite rational cohomological dimension. Moreover, we prove that the first
Grigorchuk group & is not contained in Kropholler’s class HE.

Mathematics Subject Classification (2010). 20F65, 18G60, 20J05.

Keywords. Classifying spaces, cohomological finiteness conditions, branch groups.

1. Introduction

Let G be a group and let § be the class of finite groups. A G-CW-complex is proper
if all its cell stabilisers are in . If a proper G-CW-complex X has the property
that for each F-subgroup K of G the fixed point subcomplex X X is contractible,
then X is called a classifying space for proper actions of G (or a model for EgG).
The equivariant K-homology of the classifying space for proper actions forms the
left-hand side of the celebrated Baum—Connes conjecture.

Every group G admits a model for EgG by generalisations of the constructions of
Milnor [Mil56] and Segal [Seg68]. The Bredon geometric dimension of G, denoted
by gdg G, is the minimal dimension of a model for EgG. The Bredon cohomolog-
ical dimension cdg G plays a role analogous to that of the integral cohomological
dimension cd G in ordinary group cohomology and is an algebraic counterpart of
gdg G. In particular, cdg G is finite if and only if gdg, G is finite [Liic89]. However,
both invariants are often very difficult to compute. Several possible “easy” geometric
and algebraic invariants that guarantee their finiteness have been proposed by various
authors [Gui08], [BDT09], [Nuc00].

On the geometric side Kropholler introduces the class of H; §-groups [Kro93]. A
group belongs to Hy ¥ if there is a finite dimensional contractible G-CW-complex X
with cell stabilisers in . The following has been open for almost twenty years.
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Conjecture 1.1 (Kropholler, [GuiO8]). Every H;&-group G admits a finite dimen-
sional model for EgG.

A result proved independently by Bouc [Bou99] and Kropholler—Wall [KW11]
implies that the augmented cellular chain complex C.(X) of any finite-dimensional
contractible proper G-CW-complex splits when restricted to the F-subgroups of G.
Nucinkis introduces a cohomology theory relative to a G-set A in order to alge-
braically mimic the behaviour of Hy §-groups [Nuc99]. This theory can be regarded
as a cohomology relative to a class of proper short exact sequences as in IX & XII
[MLO95] or as cohomology relative to the ZG-module ZA. It generalises cohomol-
ogy relative to a subgroup to cohomology relative to a family of subgroups. When
dealing with the family of §-subgroups, we will refer to this as §-cohomology. In
this setup there is a well-defined ¥-cohomological dimension § cd G [Nuc00]. It is
an open question whether every group of finite &-cohomological dimension lies in
H; . The converse holds by the result of Kropholler and Wall mentioned above. Of
course it is also unknown whether every group of finite §-cohomological dimension
admits a finite dimensional model for EgG, and this is conjectured in [Nuc00]. It
is well known that for any group I', cdg I' < FecdT' < cdgI' < gd% I'; see for
example [BLNO1].

Remaining on the algebraic side it is important to mention that Bahlekeh, Dem-
begioti and Talelli conjecture in [BDT(09] that every group of finite Gorenstein co-
homological dimension Ged G has finite Bredon geometric dimension. Most of
these conjectures have positive answers in two important cases. The length [(H)
of an &-subgroup H of G is the supremum over all n for which there is a chain
Hy < H; <--- < H, = H. Firstly, by applications of a result of Liick [Liic00],
if G has a bound on the lengths of its F-subgroups, then the finiteness of cdg G
is equivalent to the finiteness of Ged G and § cd G. Secondly, if G is a countable
elementary amenable group, then cdg G < 00, Fcd G < oo and cdg G < oo are
equivalent by a theorem of Flores and Nucinkis [FNO5].

Let dim be a function from the class of all groups to N U {oo}. Then we say that
dim is subadditive if for every group extension N — G —» Q we have dim G <
dim N + dim Q.

The good behaviour of the ¥-cohomological dimension with respect to several
group operations is known [Nuc00] but its behaviour with respect to taking group
extensions remains unclear. We investigate the subadditivity of the §-cohomological
dimension and we prove that the %-cohomological dimension is subadditive if and
only if the F-cohomological dimension is preserved under taking extensions by
groups of prime order. Leary and Nucinkis [LNO3] build a group extension such
that cdg N = FcdN = 2n and cdg QO = FcdQ = 0, but cdg G = 3n and
&cd G = 2n. Under extra conditions the behaviour of gdg G under taking group
extensions is known [MisO1], [MP02], [MPO7]. It is still unknown whether there
exists a group of infinite Bredon geometric dimension that is an extension of two
groups of finite Bredon geometric dimension.
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On the other hand it is known that the Gorenstein cohomological dimension is
subadditive [BDT09]. The precise connections between the Gorenstein cohomo-
logical dimension and the §-cohomological and rational cohomological dimensions
are unclear. We show that Ged G < § cd G, but it is unknown whether the finite-
ness of Ged G implies the finiteness of §cd G. If there exists a group G that has
Ged G < oo or Fed G < oo but admits no finite dimensional model for E¢G, then,
by the theorem of Liick, G cannot have a bound on the lengths of its F-subgroups.

Branch groups are certain subgroups of the full automorphism groups of spher-
ically homogeneous rooted trees. Several examples of finitely generated periodic
non-elementary amenable groups with no bound on the lengths of their F-subgroups
lie in this class. Here we show that finitely generated regular branch groups have
infinite rational cohomological dimension, which implies that the $-cohomological
dimension and the Bredon cohomological dimension are infinite as well.

Let ug§ be Kropholler’s class of hierarchically decomposable groups [Kro93].
H is defined as the smallest class of groups containing the class & and which con-
tains a group G whenever there is an admissible action of G on a finite-dimensional
contractible cell complex for which all isotropy groups already belong to HE. An
important question in this area is to determine which branch groups belong to the
class u%. Until the recent work [ABJT09], where groups with a strong global fixed
point property are constructed, the only way to show that a group G does not belong
to HE was to find a subgroup of G isomorphic to the Thompson group F. Here
we show that certain branch groups, such as the first Grigorchuk group &, are not
contained in the class u®. Furthermore, & is a counterexample to a conjecture of
Petrosyan [Pet07] and answers in the negative a question of Jo—Nucinkis [JNOS].

Acknowledgements. The author would like to express his thanks to his supervisor
Brita E. A. Nucinkis and to Laurent Bartholdi for their encouragement and advice.

2. Background
Let A be a G-set that satisfies the following condition:
A £@¢ < H<G, Heg. (%)

By Lemma 6.1 in [Nuc99] any G-set satisfying the above generates the same coho-
mology theory. The standard example of such a G-set is the set of all cosets Hg
where H is an §&-subgroup and g € G. Note that for our purpose it is enough to
consider one H per conjugacy class, and if G has maximal F-subgroups it is enough
to consider these.

In ¥-cohomology exact sequences of ZG-modules are replaced by ¥-split se-
quences, i.e., exact sequences of ZG-modules that split under tensoring with ZA
over Z. It turns out that a sequence of ZG-modules has this property if and only if
splits when restricted to each ¥-subgroup of G. A ZG-module is §-projective ifitis a
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direct summand of a module of the form N ® Z A where N is a ZG-module. From the
&-split surjection ZA —»> Z it follows that the category of Z G-modules has enough
&-projectives. It is easy to show that a relative version of the generalised Schanuel’s
Lemma holds using Lemma 2.7 in [Nuc99]. In particular, the §-projective dimen-
sion of any ZG-module is well-defined. The §-cohomological dimension ¥ cd G is
defined as the §-projective dimension of the trivial ZG-module Z.

For any G there is a standard §-projective resolution of Z,

dr do do
P: "'—>P2—>P1—>P0—»Z.

For 0 < i < n define P; = Z(A") and the maps d; : P;;, — P; are given by
i A
di (80, 81,....8:) = S (=1)*(80.81.....8k,....8),
k=0

where Sk means that §; is omitted [NucOO]. Note that the standard F-projective
resolution P —» Z is the augmented cellular chain complex for a model of ExG.
Of course G has ¥ cd G = 0 if and only if it is finite, and G has Fcd G = 1 if and
only if G acts on a tree with finite stabilisers by Dunwoody’s theorem [Dun79]. For
more details, the reader should consult [Nuc99] and [Nuc00].

A Z.G-module M admits a complete resolution if there is an acyclic Z G -projective
complex F = {(F;, i € Z}, and a projective resolution P = {P;, i € No} of M
such that F and P coincide in sufficiently high dimensions. The smallest dimension
in which they coincide is called the coincidence index. A complete resolution of
M such that Homgzg (F, Q) is acyclic for every Z G-projective module Q is called
a complete resolution in the strong sense. M is Gorenstein projective if it admits
a complete resolution in the strong sense of coincidence index 0. The category of
Z G-modules has enough Gorenstein projectives and there is a well-defined notion
of Gorenstein projective dimension. Now, as usual for a group G the Gorenstein
cohomological dimension Ged G is defined as the Gorenstein projective dimension
of the trivial ZG-module Z. A detailed study of the Gorenstein cohomological
dimension can be found in [ABS09], [BDTO09].

3. Group extensions and the & -cohomological dimension

The class of groups of finite F-cohomological dimension is closed under taking sub-
groups, HNN-extensions and free products with amalgamation [Nuc0O0O]. Moreover
in [Nuc00] it is shown that this class is closed under taking extension by groups of
finite integral cohomological dimension.

We begin by recalling some results needed in the proof of the main proposition.

Lemma 3.1 ([Nuc00], 2.2). Let N — G S Q be a group extension and let $
be a family of groups satisfying the following condition: If H is a subgroup of G
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and H € 9, then n(H) € 9. Moreover, every $H-split short exact sequence of
Z Q-modules is -split when regarded as a sequence of 7.G-modules.

For a Z H-module M, we use the standard notation M Tg =72G Q@za M.

Lemma 3.2 ([Nuc99], 8.2). Let H be asubgroup of G andlet A — B —> C be an §&-
split short exact sequence of kH-modules. Then the sequence ATg — B Tg — C T,G,
is an %-split sequence of kG-modules.

Any ZG-module M induced up from an &-subgroup H of G is F-projective
(Corollary 2.4, [Nuc99]). This is not true for arbitrary subgroups H, but holds if M
is induced up from an §-projective Z H -module.

Lemma 3.3. Let H be a subgroup of G and P be an &-projective Z. H -module. Then
PTg is an &-projective 7.G-module.

Proof. If A = |_|8er G/Gg is a G-set that satisfies condition (*) then A has an
H -orbit decomposition of the form | [sep,(Llgeq, #/H N Gé”), where Qg is a
set of representatives of the double cosets HgGgs. Clearly A regarded as an H -set
satisfies condition (*). Let M be an §-projective Z H-module, then by definition
M is a direct summand of N ® Z A for some Z H-module N. Since induction is an
exact functor, M Tg is a direct summand of (N ® ZA)Tg. The statement follows
by the Frobenius Reciprocity (N ® ZA)Tg ~ N Tg ® ZA ([Bro82], Chap. III,
Exercise 2 (a), 5). ]

Lemma 3.4. Suppose that G is a group of finite &-cohomological dimension equal
to n. Then there is an &-projective resolution of 7. of length n consisting of permu-
tation modules with finite stabilisers.

Proof. Since ¥ cd G = n, the general relative Schanuel’s Lemma implies that the
kernel K, of the standard -projective resolution is §-projective and so Z(A") —
K, splits, i.e., K, ® P = Z(A"). Let ZAbea module isomorphic to a direct sum of
countably many copies of Z(A"). Then K, & ZA =~ ZA and we have the required
resolution

ZA <> Z(A" YD ZA —> -+ > ZA —> L. O

Note that in the proof above the relative Eilenberg swindle produces a permutation
module; this does not hold for general §-projective modules. For further discussion
consult Section 4 in [Nuc00].

Corollary 3.5. For any group G, Ged G < Fcd G.

Proof. Every permutation ZG-module with §-stabilisers is a Gorenstein projective
Z G-module by Lemma 2.21 of [ABS09]. The result now follows from Lemma 3.4.
O



664 G. Gandini

Martinez-Pérez and Nucinkis prove using Mackey functors that for every virtually
torsion-free group G the equality ved G = & cd G holds [MPNO6]. We give a proof
of a weaker result, sufficient for our purpose, using an elementary method.

Proposition 3.6. Let G be torsion-free. Then G has finite {-cohomological dimen-
sion equal to n if and only if G has finite cohomological dimension equal to n.

Proof. If cd G = n, then by [Bro82], Chap. VIII, Proposition 2.6, there is a ZG-free
resolution F, of Z of length n. Since G is a torsion-free group, any Z G -free module
is ¥-projective and any acyclic Z-split ZG-complex is F-split. This shows that Fj
is an §-projective resolution of Z of length n.

Now we consider the standard Z G-free resolution of Z

o Fyp 1> F > o> Fy > 7,

where F; = Z(G'*!). By the above this is an &-split sequence. By the relative
general Schanuel’s Lemma applied to K, — F,,—1 —> Fy—p —> -+ —> Fy —> Z it
follows that K, is §-projective. In particular K,,, is a direct summand of F}, and so
it is ZG-projective. O

Lemma 3.7 (Dimension shifting). Let Ny, < Ny—1 — -+ —> No — L be an
&-split exact sequence of 7Z.G-modules such that Fpd N; < n forall0 < i < m.
Then §pd L <m + n.

Proof. We argue by induction on m. If m = 0 then Ny = L and Fpd L < n. Let
k > 1 and assume that the statement holds for m < k — 1. Consider the %-split short
exact sequence Ny < Ni_1 — im(. By the induction hypothesis, & pd(im¢) <
n + 1. We have an ¥-split resolution of L imt < Njp_, — --- — Ny — L of
length k& — 1 made of modules of F-projective dimension at most n+1 and by the
induction hypothesis we obtain §pd L < (k — 1)+ (n 4+ 1) =k + n. O

Proposition 3.8. Let N — G 8 Q be a group extension with Fcd Q < m.
Moreover, assume that any finite extension H of N has §cd H < n. Then §cd G <
n -+ m.

Proof. For any finite extension H of N, let
Pn;)Pn_l—)---—)Po—»Z

be an F-projective resolution of Z over ZH. By Lemma 3.3 and Lemma 3.2, the
resolution
PG < Puoit§ — o — PG — 115

is an -projective resolution of ZTg over ZG.
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Now, Lemma 3.4 implies that there is an F-projective resolution of Z over Z Q
of the form
ZA =K > ZAy_1—-—>ZNAyg—> 7.

By Lemma 3.1 the sequence above is §§-split when regarded as a Z G -sequence. Every
permutation module ZA; and ZA when regarded as a ZG-module is isomorphic
to some (P ¢, Zng where |[H; : N| < oo. To see this, consider the case of
a homogeneous Q-set @ = Q/F, and regard 2 as a G-set via w. Then Q is
isomorphic to G/~ (F). If |[F| < oo, then F =~ K/N, where [N : K] < oo
and K = n~!(F). By the above %pd(ZTg_) < n and so the assertion follows by
Lemma 3.7. ’ O

Corollary 3.9. IfG = H x K, where §cd H <nand cd K <m, then §cd G <
n+ m.

Proof. By Proposition 3.8 we can assume | K| < oo and we regard G as an extension
of K by H. Any finite extension of K by a finite subgroup of H is finite and so it has
&-cohomological dimension equal to 0. The result now follows by Proposition 3.8.

O

Proposition 3.8 is the relative analogue of Corollary 5.2 in [MP02] but in the
context of F-cohomology we are able to strengthen the result, as we shall see in
Theorem 3.12.

Since for virtually torsion-free groups the notion of F-cohomological dimension
coincides with the notion of virtual cohomological dimension it is conceivable that
taking finite extensions of groups of finite F-cohomological dimension does not
raise the dimension. There are examples of non-virtually torsion-free groups that
are extensions of two virtually torsion-free groups of finite virtual cohomological
dimension [Sch78], but nonetheless these admit finite dimensional classifying spaces
for proper actions [BLNO1].

In order to reduce the extension problem to extensions by groups of prime order
we need the following observation.

Lemma 3.10. Let B be the class of p-groups. When considering the standard %-
projective resolution Py —> Z we can replace the G-set A by Asy, where Ag =

Lp<c. pepnz G/ P-

Proof. The result is an immediate consequence of i) and ii) of Proposition 2.14 in
[LN10]. O

Remark 3.11. In view of Chouinard’s Theorem [Cho76] it is natural to ask if %-
cohomology can be reduced to a cohomological theory relative to the family € of
finite elementary abelian subgroups. This is not the case; to see this let P be a non-
elementary abelian finite 3-group and let { H; } be the family of conjugacy classes of
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its elementary abelian subgroups. The short exact sequence K — @, Z P /H; 5z
is €-split but does not splitover Z P. Let o; € Z[P /H;] denote the sum of the cosets
of Hiin P,o; =} ,y.cp/u, PHi. Since P/H; is a transitive P-set, the only well-
defined Z P-map from Z to Z P /H; is the map 1 +— m;o; where m; is a non-zero
integer. Any ZP-map : Z — @, ZP/H; = ZP/H, ®ZP/H, & ---® ZP/H,
is defined by 1 + (mj04,...,myoy) for some choice of {my,m,,...,my}. Since
mou(l) =YY" mi[P: H =Y7!_mp" #1(n; # 0foralli), = does not
split over Z P .

Theorem 3.12. Let N — G — Q be a group extension. Moreover, assume that
for every subgroup H of G with § cd H < n, every extension L of H by a group of
prime order has §cd L <n. Then Fcd G < Fcd H + Fcd Q.

Proof. Arguing as in Proposition 3.8 the problem can be reduced to extensions by
groups of prime power order using Lemma 3.10. Now, if N < G — P is such an
extension then the quotient group P is nilpotent of prime power order and so for any
p" dividing | P| there exists a normal subgroup S of G, N < S < G, such that S/N
has order p” and the result is obvious. O

Note first that if N < G —» O is a group extension such that gdgx N = n
and |Q| = k then gdg G < nk [MisO1]. It is unknown if the finiteness of the
&-cohomological dimension is preserved under taking (finite) extensions. However
this is the case for countable elementary amenable groups.

Proposition 3.13. Let N — G — Q be a group extension with Fcd N < n,
&cd QO < m and such that G is countable elementary amenable. Then Fcd G <
n+m+41

Proof. The rational cohomological dimension of a group G cdg is defined as the
QG -projective dimension of the trivial QG-module Q. If the trivial ZG-module
Z admits a resolution of length n made of permutation modules with F-stabilisers
then tensoring it with QQ over Z we obtain that cdg G < n. In particular for every
group cdg G < FcdG. Corollary 3.3 in [NucO0] implies that for any group G
&cdG < cdg G. Let h G be the Hirsch length of an elementary amenable group
G. The inequality h G < cdg G holds by Lemma 2 in [Hil91]. Let hdg G denote
the homological dimension of G over RG. If G is any countable group G and R
is a commutative ring of coefficients, then the following is well known ([Bie81],
[Nuc041]):

hdp G <cdr G <hdr G + 1,
hdg G < cdg G <hdg G + 1.

The class of elementary amenable groups is subgroup-closed and quotient-closed. By
Theorem 1in [Hil91]h G = h N +h Q, and an immediate application of Theorem 1
in [FNOS5] gives the result. O
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Furthermore, Serre’s construction included in [DD89], Chap. V, 5.2, shows that,
given a finite extension N — G — Q with §cd N = n and |Q| = k, there exists
an exact Z G-resolution of Z made of permutation modules with stabilisers in & of
length nk. However, it is unclear if this resolution is $-split and this suggest a more
general question.

Question 3.14. Suppose that G is a group that admits a resolution of finite length of
the trivial ZG-module Z made of permutation modules with stabilisers in . Does
G have finite &-cohomological dimension?

Remark 3.15. Arguing as in Corollary 3.5, every group admitting a resolution as in
the question above has finite Gorenstein cohomological dimension. It is unknown if
the converse holds.

4. Branch groups, rational cohomological dimension and HE

As mentioned in the introduction by the result of Liick [Liic00], every group of finite
&-cohomological dimension which has a bound on the lengths of its F-subgroups
admits a finite dimensional classifying space for proper actions.

In this section we calculate the rational cohomological dimension of some finitely
generated periodic groups with no such bound. Moreover, we look into the problem
of determining which branch groups lie in the class HF. We give a purely algebraic
criterion, from which it follows that the first Grigorchuk group & is not contained
in H.

Usually if one wants to prove that a group G has finite cdg G either one finds a
suitable finite dimensional G-space or decomposes the group G in order to control
its rational cohomological dimension. On the other hand one usually proves that G
has infinite cdg G in the following way. Since having finite cdg G is a subgroup-
closed property it is enough to find an infinite chain of subgroups of strictly increasing
rational cohomological dimension. For the groups we consider in this section there
is no such chain, although we are able to establish their dimension because there
is a chain of groups of strictly increasing cohomological dimension that uniformly
embeds in them.

A group G is R-torsion-free if the order of every finite subgroup of G is invertible
in the ring R.

Theorem 4.1 ([DD89], V 5.3). Let G be a group and let H be a subgroup of G of
finite index. If G is R-torsion-free, then cdg H = cdg G.

Definition 4.1 ([Sau06], 1.1). Let H and K be countable groups. Amap¢: H — K
is called a uniform embedding if for every sequence of pairs («;, ;) € H x H one
has

o 'Bi > ocin H < ¢(a;)'¢(Bi) - in K,

where — 0o means eventually leaving every finite subset.
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Note that this embedding is not necessarily a group homomorphism. Sauer proved
the following remarkable result.

Theorem 4.2 ([Sau06], 1.2). Let G and H be countable groups and let R be a
commutative ring. If cdr H < oo and H uniformly embeds in G, then cdg H <
cd R G.

Two groups H and G are said to be commensurable if there exist H; < H,
G; < G suchthat [H : Hi] < o0, [G : G1] < oo and H; =~ G1. A group G is
multilateral if it is infinite and commensurable to some proper direct power of itself.

Theorem 4.3. Let G be a finitely generated multilateral group. Then cdg G = oo.

Proof. If A and B are two commensurable groups then by Theorem 4.1 it follows
that cdg A = cdg B. Let G be a finitely generated infinite group commensurable
with G¥ for some k > 1. First we show that G is commensurable to GK" for
any n > 1. We proceed by induction on n. The base case n = 1 is obvious.
Now G+ ~ (GK")k, by the induction hypothesis G is commensurable to G*"
and so GF is commensurable to (G¥")¥. Since G is commensurable to G¥ and
commensurability is transitive, we obtain that G is commensurable to Gk"+1. By
[dIHOO], Exercise IV.A.12, there is an isometric embedding Z — G, from which
it follows that there is an isometric embedding Z¥" < GK'. An application of
Theorem 4.2 gives k" = cdg Z*¥" < cdg G*¥" = cdg G. Since the last inequality
holds for every non-negative integer n, we have cdg G = oo. O

The converse of the theorem above does not hold. In fact the finitely generated
Hy &-group of infinite cohomological dimension Z ? Z is not commensurable to any
of its proper direct powers.

Tyrer Jones in [Jon74] constructs a finitely generated non-trivial group G isomor-
phic to its own square; as an immediate application of Theorem 4.3 we obtain that
cdg G = 0.

Remark 4.4. If G is a finitely generated multilateral group, then the proof of The-
orem 3 in [Smi07] extends verbatim by replacing G” with G¥" to conclude that
asdim G = oo. For many groups the finiteness of the asymptotic dimension agrees
with the finiteness of the rational cohomological dimension, although Sapirin [Sap11]
constructed a 4-dimensional closed aspherical manifold M such that the fundamental
group 111 (M) coarsely contains an expander, and so 771 (M) has infinite asymptotic
dimension but finite cohomological dimension.

Note that if G is a finitely generated infinite group such that G” — G withn > 1,
then arguing as in Theorem 4.3 we obtain that G has infinite rational cohomological
dimension. Of course if G is not periodic this shows that it contains a free abelian
group of infinite countable rank. For example, it is well known that for Thompson’s
group F we have the embedding F x F — F.
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Corollary 4.5. Every finitely generated regular branch group has infinite rational
cohomological dimension.

Proof. For the precise definition of a regular branch group the reader is referred to
[BGS03]. Let 7 be an m-ary regular rooted tree and G a finitely generated regular
branch group acting on 7. By definition, if G is branching over K, then [G : K] < oo
and [V (K) : K™] < oo, where ¥ is the embedding of the stabiliser of the first level
in the direct product G™. Since ¥ (K) = K, we have that K is commensurable with
K™. K is finitely generated and so an application of Theorem 4.3 gives cdg K = oo.
The finiteness of the rational cohomological dimension is preserved under taking
subgroups and so we have cdg G = 0. O

Since the Gupta—Sidki group F is a finitely generated regular branch group
[BGS03], ‘we obtain as an application of Corollary 4.5 that cdg ' = oo. Note

that since T is a p-group with no bound on the orders of its elements, it has no bound
on the lengths of its §-subgroups.

Remark 4.6. We have proved Corollary 4.5 in the context of regular branch groups
for convenience only. In fact it was pointed out to the author by Laurent Bartholdi,
that also holds for the more general branch groups defined as follows.

A group G is branch if it admits a branch structure: there exist a sequence of
groups {G; };eN, a sequence of positive integers {n;};en and a sequence of homo-
morphisms {¢; };en such that G = Gy, and for each i,

(1) ¢i: Gi = Git1 Xy, has finite kernel and finite cokernel,

(2) the image of each ¢; acts transitively on X,,, and the stabiliser of any j €
1,...,n; maps onto Gj 4.

The structure is non-trivial if all n; > 2, and the ¢; are injective. It is easy to see
that a branch group as above is a branch group in the geometric sense of [BGS03].
Now let G be a finitely generated infinite group that admits a sequence of groups
{G;}ien and a sequence of integers {n;};en such that G =~ Gg and for each i,
G; is commensurable with G? 1, Arguing as in Theorem 4.3 it is easy to see that
if all n; > 2, the rational cohomological dimension of G is infinite. Arguing as
in Corollary 4.5 we deduce that every finitely generated branch group has infinite
rational cohomological dimension.

A group G is said to have jump cohomology of height n over R if there exists an
integer n > 0 such that any subgroup H of finite cohomological dimension over R
has cdg(H) < n.

Theorem 4.7 ([Pet07], 3.2). Let G be an R-torsion-free H%-group with jump coho-
mology of height n over R. Then cdr G < n. In particular, any u%-group G has
Jjump rational cohomology of height n if and only if cdg G < n.
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Lemma 4.8. Let G be a countable group with cdg G < o0o. Then there exists a
finitely generated subgroup H of G such that

cdg H <cdg G <cdg H + 1.
Moreover, if §cd G < oo then there exists a finitely generated subgroup K such that

FcdK <FecdG < FcdK + 1.

Proof. The statement for the rational cohomological dimension follows from Theo-
rem 4.3 in [Bie81] and for the -cohomological dimension it follows from Proposi-
tion 2.5 in [Nuc00]. O

We say that a group G is strongly multilateral if it is multilateral and every finitely
generated subgroup of G is commensurable to some direct power of G.

Theorem 4.9. Every finitely generated strongly multilateral group has jump rational
cohomology of height 1.

Proof. Let G be a finitely generated strongly multilateral group. Then G by Theo-
rem 4.3 has infinite rational cohomological dimension. Suppose that H is a finitely
generated infinite subgroup of G, then by hypothesis H is commensurable with
some direct power of G and so, by Theorem 4.1, cdg H = oo. Suppose now
that H is an infinitely generated subgroup of G of finite rational cohomological di-
mension. By Lemma 4.8 there exists K < H such that K is finitely generated and
cdg K <cdg H <cdg K+1. Bytheabove K cannotbe infiniteand socdg H = 1.

O

Corollary 4.10. If G is a finitely generated strongly multilateral group, then G is
not in HK.

Proof. The group G has jump rational cohomology of height 1 but infinite rational
cohomological dimension and so, by Theorem 4.7, G ¢ H. O

The first Grigorchuk group & is an infinite periodic finitely generated amenable
group [Gri80]. & can be obtained as a subgroup of the automorphism group of the
rooted binary tree. Since & has infinite locally finite subgroups [Roz98], it has no
bound on the lengths of its ¥-subgroups. For the definition and further details the
reader should consult [BGS03] or [dIH00].

Theorem 4.11. The first Grigorchuk group & has jump rational cohomology of
height 1, and has infinite rational cohomological dimension. Hence & is not in 0.

Proof. By [dIHOO], VIIL.14-15, p. 221, & is commensurable with its square, infinite
and finitely generated. Any finitely generated infinite subgroup of & it is commen-
surable with & [GW03] and so, by Corollary 4.10, & ¢ HF. O
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Remark 4.12. Theorem 4.11 has two more consequences.

Conjecture [Pet07]: For every group G without R-torsion the following are equiva-
lent:

* G has jump cohomology of height n over R.
* G has periodic cohomology over R starting in dimension n + 1.
e ¢cdp G <n.

Obviously from Theorem 4.11 it follows that & is a counterexample to the above
conjecture.
Jo—Nucinkis in [JNO8] ask the following.

Question: Let G be a group such that every proper subgroup H of G of finite
Bredon cohomological dimension satisfies cdg H/ < n for some positive integer 7.
Iscdg G < 00?

Since a group G has rational cohomological dimension equal to 1 if and only if
it has Bredon cohomological dimension equal to 1. [Dun79], Theorem 4.11, shows
that & provides a negative answer to their question.

Given Theorem 4.11, it is easy to see that for any n > 1, the group & x Z"~! has
infinite rational cohomological dimension and jump rational cohomology of height 7.

The question of Jo—Nucinkis is a “proper actions version” of an older question
of Mislin—-Talelli that asks if there exists a torsion-free group with jump integral
cohomology but infinite cohomological dimension. Note that every virtually torsion-
free branch group G contains a free abelian group of infinite countable rank. To see
this, take a ray and all edges just hanging off it. Then there is a non-trivial element
of infinite order a, hanging off each edge since the rigid stabiliser of the nth-level
Rstg (n) has finite index in G and G is spherically transitive. These elements generate
distinct infinite cyclic subgroups of G which obviously commute since they act on
distinct subtrees and so they generate Dy Z. This implies that G has infinite rational
cohomological dimension and does not have jump rational cohomology. Moreover,
no torsion-free subgroup of finite index in G can answer Mislin-Talelli question. A
more detailed study of the subgroup lattices of virtually torsion-free branch groups
would be very interesting. In fact it is unknown whether there exists a torsion-free

group G € HF \H3 §.

Question 4.13. Does every finitely generated periodic regular branch group have a
finitely generated strongly multilateral subgroup?

Remark 4.14. Note that if G is an H-group, then Ged G < oo implies thatcdg G <
oo. This can be shown in the following way. First we recall that spli(RG) is the
supremum of the projective lengths of the injective RG-modules. «(RG) is the
supremum of the projective dimensions of the RG-modules that have finite RF'-
projective dimension for all F-subgroups of G. For any group G, Ged G < oo if and



672 G. Gandini

only if spli(ZG) < coby [ABS09], Remark 2.10. Assume now that G is an H-group
of finite Gorenstein cohomological dimension. By [CK98], Theorem C, spli(QG) =
k(QG). By [GG8T7], spli(QG) < spli(ZG); in particular if spli(QG) < oo, then
k(QG) < oo. Since Q is Q F-projective for every F-subgroup F of G, we have
cdg G < o0.

It is known from recent work of Dembegioti and Talelli [DT10] that the notions
of a Gorenstein projective module and a cofibrant module coincide over H&-groups.
We suspect that the Gorenstein projective modules over an H-group G are exactly
direct summands of Z G-modules obtained as extensions of permutation modules with
&-stabilisers. If this holds, then the inequality cdg G < Ged G would be immediate.

It would be interesting to compute the Gorenstein cohomological dimension of
&. In fact, & could be a counterexample to the conjecture of Bahlekeh, Dembegioti
and Talelli.

A group G is just infinite if it is infinite and every non-trivial normal subgroup of
G has finite index. It is well known that the group & has this property [BGS03].

Corollary 4.15. & does not contain a group of finite F-cohomological dimension
for which the extension property fails to be subadditive.

Proof. & is just infinite and by Theorem 4.1 every normal subgroup N of & has
infinite rational cohomological dimension, so Fcd N = oo. Assume that L is
a subgroup of & such that H — L —» Q, with §cd H = n, |Q| < oo and
n < FcdL < oo. Then, by Theorem 4.11, it follows that & has jump rational
cohomology of height 1 and L is not finitely generated. From Lemma4.8,cdg L < 1.
By Dunwoody’s theorem [Dun79], cdg L < 1 if and only if L acts on a tree 7" with
finite stabilisers. We can assume that |L| = co and the tree T is a one-dimensional
model for EgxL,socdg L = Fcd L =cdg L = gd% L =1, and the result follows
from Theorem 4.1. O
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