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Efficient subdivision in hyperbolic groups and applications

Uri Bader, Alex Furman and Roman Sauer™

Abstract. We identify the images of the comparison maps from ordinary homology and Sobolev
homology, respectively, to the £!-homology of a word-hyperbolic group with coefficients in
complete normed modules. The underlying idea is that there is a subdivision procedure for
singular chains in negatively curved spaces that is much more efficient (in terms of the £!-
norm) than barycentric subdivision. The results of this paper are an important ingredient in
a forthcoming proof of the authors that hyperbolic lattices in dimension > 3 are rigid with
respect to integrable measure equivalence. Moreover, we prove a new proportionality principle
for the simplicial volume of manifolds with word-hyperbolic fundamental groups.
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1. Introduction and statement of the main results

Bounded cohomology of (discrete or continuous) groups proved to be a useful tool
for various questions about rigidity of groups. Since bounded cohomology is, in
general, extremely hard to compute, the question of surjectivity or bijectivity of
the comparison map from bounded cohomology to ordinary cohomology is very
important. It is conjectured to be surjective (and might even be an isomorphism, for
all we know) for simple connected Lie groups with finite center and trivial coefficients
[3]. Furthermore, in degrees > 2 it is surjective for word-hyperbolic groups and
arbitrary Banach modules as coefficients [19].

In this paper we are concerned with a kind of pre-dual situation: the comparison
map from the ordinary homology of a discrete group into its £!-homology. We prove
in Theorem 1.5 that for word-hyperbolic groups the image of the comparison map in
the £!-homology coincides with the image of a similar comparison map from Sobolev
homology (Definition 1.2) to the £!-homology.
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grant 704/08 and the GIF grant 2191-1826.6/2007. A.F. was supported in part by the NSF grants DMS
0604611 and 0905977. R.S. gratefully acknowledges support from the Deutsche Forschungsgemeinschaft,
made through grant SA 1661/1-2, during the initial phase of this project.
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The Sobolev chain complex Cil’l)(G) of a group G can be viewed as a sub-
complex of the £!-chain complex Cil)(G), containing the ordinary chain complex
C«(G), but being much larger than C«(G). The Sobolev homology of a group G with
coefficients in the Banach space L!(X), where X is a G-probability space, is a natural
recipient of certain maps associated to measure equivalence cocycles G x X — G
satisfying an £!-condition. This is reminiscent of the work of Monod and Shalom
[21], where bounded cohomology is used as a recipient of certain maps associated
to measure equivalence cocycles, and where they prove rigidity results regarding
measure equivalence of products of word-hyperbolic groups. In a forthcoming pa-
per [1] we prove that hyperbolic lattices are rigid with respect to integrable measure
equivalence using the main result of this paper, Theorem 1.5; in the present paper
we give an application to the simplicial volume: in Theorem 1.9 we prove a propor-
tionality principle with regard to integrable measure equivalence for manifolds with
word-hyperbolic fundamental groups, which generalizes Gromov’s proportionality
principle [10], Section 0.4, for such manifolds.

1.1. Norms on the standard resolution and Sobolev homology. Let X be a set.
We consider the chain complex C«(X) where C, (X) is the free abelian group with
basis X! and differentials defined by

n
dy (X0, X1, ..., Xp) = Z(—l)’(xo,...,)’c},...,xn).
i=0

If X = G is a group, then C«(G) is called the standard homogeneous resolution
of G. Endowing each C,(G) with the diagonal G-operation, C,(G) becomes a
chain complex of ZG-modules. Let C. (G, R) = C«(G) ®z R be the corresponding
complex with real coefficients.

There is a variety of norms one mightimpose on Cy (G ); we consider the following:

Definition 1.1. Let G be finitely generated. Fix a word metric on G. For a subset
S C G we denote by diam(S) the diameter with respect to this word metric. On
C,(G) and C, (G, R) we define

(1) the £'-norm

and
(2) the Sobolev norm

H Za(g()sgly“'ygn) : (go’gl’ s ’gn) 1.1

= Z |A(g0.1,..gm| (1 + diam(go, g1, .- ., &n))-
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It is easy to verify that different word metrics on G give rise to equivalent Sobolev
norms. We denote C,(G) when endowed with the Sobolev norm or £!-norm by
C,fl’l)(G) and Cn(l)(G) respectively. Note that both are automatically complete
because of the integral coefficients. The differentials above are continuous with
respect to both the £!-norm and the Sobolev norm. In particular, we obtain chain
complexes of normed modules Cil’l)(G) and C,fl)(G).

In Section 2 we explain the less common setting of normed rings and normed
modules over normed rings. The integral group ring ZG endowed with the £!-norm
is a normed ring in the sense of definition 2.1. The chain complexes Cfl’l)(G) and
C,fl)(G) are normed chain complexes over the normed ring ZG. In subSection 2.2
we explain the construction of a completed tensor product ® 7 over the normed ring
7.G endowed with the £!-norm, which is an integral version of the projective tensor
product of Banach spaces (compare Remark 2.11). It will be essential to the proof of
Theorem 1.9 to use ®z¢ rather than the usual projective tensor product.

Definition 1.2. Let E be a normed module E over the normed ring ZG. The n-th
Sobolev homology H,gl’l)(G, E) is the n-th homology of C*(l’l)(G) ®zc E. The
n-th £'-homology H,gl)(G, E) is the n-th homology of Cil)(G) ®zc E.

Definition 1.3. Let E be a normed module E over the normed ring ZG. The homo-
morphisms Hy (G, E) — H"(G, E) and H"V(G, E) - H"(G, E) induced by
the natural chain maps C«(G) ®zg E — C,fl)(G) ®zc E (compare Lemma 2.6)
and C*(l’l)(G) ®z6 E — C,Sl)(G) ®z6 E (compare Example 2.3), respectively, are
called comparison maps.

Remark 1.4. If E. is a chain complex of normed modules over a normed ring, then
its homology groups H,(E.) inherit a semi-norm by defining the semi-norm of a
homology class x as the infimum of the norms of chains representing x.

Caveat. If E = R with the trivial G-action, then H,gl)(G, E) is just the usual 21
homology of G as considered by various authors (see e.g. [17], [15]), i.e. the homology
of the £!-completion of the bar complex of G with real coefficients (cf. Remark 2.11).
The £!-completion of the bar complex of G is the pre-dual of the complex defining
bounded cohomology of G.

We would like to warn the reader that in the literature (see e.g. the work of Mineyev
[18]) the term £'-homology is also used for the (usual) group homology of G with
coefficients in the G-module £!(G) which differs from our definition.

1.2. Main results. Our main theorem is:

Theorem 1.5. Let G be a hyperbolic group. Let E be a complete normed Z.G -module.
Then the following images under the comparison maps coincide:

im(H.(G, E) - HV(G, E)) = im(H"V(G, E) - HV(G, E)).
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The above theorem follows rather easily (see Section 3) from the following theo-
rem. Here C](G) denotes the Rips complex of G, which is a subcomplex of C«(G)
(see Definition 3.1).

Theorem 1.6. Let G be a §-hyperbolic group. There exist a 7.G-chain homomor-
phism fi: Cx(G) — C«(G) and constants r(n) = r(n,§) > 0 for every n > 0 such
that:

(1) fo=1id,

) im(f;) € C¢/(G) fori >0, and

(3) f; is bounded with respect to the Sobolev norm on the domain and the £*-norm
on the target fori > 0.

Remark 1.7. The statement in the preceding theorem is actually true for some con-
stant » = r (i) that does not depend on i (only on the group G), thus giving a chain
map fx: C«(G) — CI(G) which can be seen to be a homotopy equivalence. We
refrain from a proof of this statement since it is more complicated, and the weaker
statement in Theorem 1.6 is sufficient to conclude our main result, Theorem 1.5, and
its corollaries presented below.

Remark 1.8. The map f; is a kind of subdivision map that maps arbitrarily large
simplices in C; (G) to a sum of simplices of bounded diameter (bounded by r(i)). For
fi to be continuous the number of simplices in this sum must grow at most linearly
in the diameter of the large simplex you start with. That such an efficient subdivision
is possible on trees is quite easy to see. We approximate simplices in C; (G) by trees
(see Theorem 4.2) to reduce to this case.

Next we present an application of Theorem 1.5 to the simplicial volume of aspher-
ical manifolds, which will be proved in Section 5. Recall that a topological space
is aspherical if its universal cover is contractible. Two aspherical CW-complexes
are homotopy equivalent if and only if their fundamental groups are isomorphic.
The simplicial volume | M| € RZ% of an n-dimensional closed orientable mani-
fold M is defined as the infimum of the £!-norms of real singular chains represent-
ing the fundamental class in H,(M,R). The simplicial volume has many applica-
tions in geometry; see the groundbreaking paper of Gromov [10] for much more
information.

The definitions of (integrable) measure equivalence and (integrable) ME-coupling
will be recalled in Subsection 5.1. Measure equivalence is an equivalence relation
between groups, introduced by Gromov in [12] as a measure-theoretic counter part
to quasi-isometry between finitely generated groups; it is intimately related to orbit
equivalence in ergodic theory, to the theory of von Neumann algebras, and to questions
in descriptive set theory. We will not go further into a discussion of this notion here,
but refer the reader to the surveys [24], [22], [8].
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Theorem 1.9.! Let M and N be closed, aspherical, orientable manifolds. Assume
that there is an ergodic, integrable ME-coupling (2, i) of the fundamental groups
G =m(M)and H = 71(N) with coupling index cq = n(H\Q2)/u(G\Q). Then:

(1) If|IN]|| > 0 and G is word-hyperbolic, then dim(N) < dim(M).
(2) If G and H are word-hyperbolic and M and N have dimension > 2, then

IM| =cq-|N| and dim(M) = dim(N).

Since closed, aspherical, orientable manifolds with word-hyperbolic fundamental
groups have positive simplicial volume (except in dimension 1) by Lemma 5.12, we
obtain the following corollary.

Corollary 1.10. Let M and N be closed, aspherical, orientable manifolds of di-
mension at least 2 whose fundamental groups G = w1 (M) and H = 7 (N) are
word-hyperbolic. Assume that there is an ergodic, integrable ME-coupling (2, ()
of G and H with coupling index cq = w(H\Q)/u(G\Q). Then |M|| = cq - ||N]||
and dim(M) = dim(N). Further, if H =~ G, then cg = 1.

Remark 1.11. Any ME-coupling (€2, ) has a decomposition [7], Lemma 2.2, into
ergodic ME-couplings (€2, i). If (2, u) is integrable, then almost every (2, it;) is
integrable (see also [1]). Hence the equality of dimensions in the previous corollary
also holds without the ergodicity assumption.

Remark 1.12. Let M and N be closed, orientable, negatively curved manifolds with
isometric universal covers. Denote their universal cover by W. Then the isometry
group of W contains both 71 (M) and 7r1 (N ) as cocompact lattices. In particular, the
isometry group of W endowed with the Haar measure is an integrable measure cou-
pling. Up to the ergodicity assumption the previous corollary generalizes Gromov’s
proportionality principle [10], Section 0.4, in that situation.

A positive answer to the following question would be a even more far-reaching
generalization of the proportionality principle of the simplicial volume with strong
consequences for the measure equivalence rigidity of hyperbolic lattices (see [1]); a
positive answer would also fit well with the proportionality of L2-Betti numbers with
regard to measure equivalence [9] and a conjectural bound of L2-Betti numbers by
the simplicial volume [16], Conjecture 14.1 on p. 489.

Question 1.13. Let M and N be closed, orientable, aspherical manifolds. Assume
that 7r1 (M) and 7t (V) are measure equivalent with index ¢ > 0. Does this imply that
M| = c-||N|? Further, if both simplicial volumes are positive, are the dimensions
of M and N equal?

'We thank Clara Léh for pointing out Lemma 5.12 to us, which allowed us to drop the assumption that
the simplicial volumes are positive in assertion (2).



268 U. Bader, A. Furman and R. Sauer

1.3. Some global conventions. We use the terms hyperbolic group and word-hyper-
bolic group interchangeably. We also use the terms integrable ME-coupling and £!-
ME-coupling interchangeably. A §-hyperbolic group is understood in the sense of
[2], Definition 1.1 on p. 399, using the slim triangles condition.

We denote the metric on a metric space generically by d; we also denote the
differential in a chain complex generically by d, if it is clear without ambiguity.

2. Normed rings and modules

We transfer several concepts from topological vector spaces to the setting of R-mod-
ules, where R is an arbitrary normed ring (for example, R = 7Z). Most of this
section is straightforward but we review basic notions like, e.g., completions and
tensor products because it is not very common to consider normed modules over Z
or ZG.

Let R be a unital ring, and let 1z denote its unit element. We follow the usual
convention and denote the elementn - 1g by n € R.

Definition 2.1. Let | - |z denote the usual absolute value on Z. A normed ring R is a
unital ring R endowed with a real-valued function x > |x| (called norm) such that
forall x,y € Randevery n € Z:

(1) [x|g =0 <= x=0;

) |x+ylr < Ix|r +[YI&;

3) [xy[r < |xIr|Y|R;

4) |nx|r = |n|z|x|r.

Definition 2.2. A normed (left) R-module over a normed ring R is a (left) R-module
M endowed with a real-valued norm function m — ||m||ps such thatforallu,v € M,
re R,andn € Z:

D) |lully =0 <= u=0;

) llu+vla < llular + llvllars
3) lrullam < Irirlulism;

@ lnullar = |nlzllullar:

A normed right R-module is defined similarly.

If ||-]| on M satisfies (2)—(4), but not necessarily (1), we call M a semi-normed
module. Whenever M or R are clear from the context, we denote the norms on M
or R simply by | - || or |-|, respectively. Observe that a normed module is necessarily
torsion-free as an abelian group.

A normed complex over R is just a chain complex in the category of normed
R-modules. A bounded R-chain map is a chain map between normed complexes
consisting of bounded R-homomorphisms in each degree.
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Example 2.3. Let ZG be endowed with the £!-norm. Then ZG is a normed ring.
The ZG-modules Cy (G) are normed modules when endowed with either the £! or the
Sobolev norms (Definition 1.1). To emphasize the normed module structure on these
modules we will denote them by C 151) (G)and C ,51’1) (G), respectively. The boundary
maps d are bounded with respect to both norms (by k + 1), thus both complexes
C,,El)(G) and C,,El’l)(G) are normed ZG-complexes. The inclusion Cil’l)(G) —
Cil)(G) is a bounded chain map of norm at most 1.

2.1. Dual spaces and completions. Let R be a normed ring. A homomorphism
¢: M — N between two normed R-modules M, N is continuous with respect to
the topologies induced by the norm of M and N, respectively, if and only if it is
bounded, that is, there is ¢ > 0 such that ||¢p(m)| < c||m||; the infimum of such
constants ¢ is the operator norm ||¢|. In that case we say that ¢ is a bounded
R-homomorphism.

Let homlj2 (M, N) be the abelian group of bounded R-homomorphisms from M to
N. Equipped with the operator norm it becomes a normed Z-module. Every normed
R-module has an underlying normed Z-module. So we can define its dual

M' = homy (M, R).

If M is a normed left R-module, then M’ is naturally a normed right R-module, and
the double dual M"” is again a normed left R-module. In fact M’ and M" are real
vector spaces (and modules over R ®z R).

Given a Cauchy sequence (f;) in M’, one verifies that f(m) = lim; o f; (m)
defines a bounded f € M’. Hence we obtain:

Lemma 2.4. M’ is complete.

There is a natural map M — M, given, as usual, by an evaluation. The following
is a version of the Hahn—-Banach theorem that applies for normed modules.

Lemma 2.5 (Hahn-Banach for normed modules). Let R be a normed ring, and let
M, N be semi-normed R-modules.

(1) For an injective bounded R-homomorphism N — M, the induced dual map
N’ — M’ is surjective.
(2) Every m € M has a supporting functional, that is,

Vme M3f e M suchthat | f|| = 1 and || f(m)|| = |m].

(3) The canonical bounded R-homomorphism M — M" given by evaluation is
isometric. If M is normed, it is also injective.

Proof. Firstly, since the R-linearity in the above statement is automatic, we regard
M, N as Z-modules. Secondly, observe that it is enough to prove (1). Indeed,
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assertion (2) implies assertion (3), and assertion (1) implies (2) by setting N = Zm,
and letting f be an extension of the map N — R induced by m > |m]|.

Assertion (1) can be easily reduced to the Hahn—Banach theorem for QQ-vector
spaces and R-valued functionals. Although the Hahn—Banach theorem for Q-vector
spaces is not commonly stated, the usual proof for real vector spaces (see e.g. [4],
III §6) carries over verbatim.

The map M — Q ®z M, m — 1 ® m is an injection since M is torsion-free.
The following norm on Q ®z M is the unique one that turns this injection into an
isometry: Let a;, b; integers fori = 1,...,m. Let ¢ = b1b, ---b,. Then we set

yaimony,,, = [E5m],

The isometric embedding M — Q ®z M induces an isometric isomorphism
(Q® M) — M. Its inverse is given by

M'sf f. flg®m)=qf(m).

The proof of (1) now follows: for an injection of Z-normed modules, N — M,
we obtain an injection Q ® N — Q ® M which induces by Hahn—Banach a surjection
Qe M) — (Q ® NY, thus a surjection M’ — N’. O

The completion M of a (semi-)normed R-module M is defined as the closure of
the image of M in M"”. Using Lemma 2.5 (3) one easily sees that the completion
satisfies the following universal property: Every bounded homomorphism of M into
acomplete normed R-module V' extends uniquely to a bounded homomorphism from
MtwoV.

2.2. Tensor products. Our next goal is to define the tensor product of normed
modules. Our definition below is an extension of the construction known as the
projective tensor product, which satisfies a universal property with respect to bilinear
maps.

Given a normed right R-module E, a normed left R-module F, a normed Z-
module V' and a Z-module morphism ¢: £ ® g F — V', we obtain the associated
R-bilinear map ¢: E x F — V. We set

¢ = inf{c = 0| Ig(Le)| <clfIlle] forall f € F, ec E},
and say that ¢ is bounded if ||¢|| < oo.

Lemma 2.6. Let E be a normed right R-module and F be a normed left R-module.
Then there is a complete normed Z.-module, denoted by E ® R F, and a Z.-homomor-
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phism E Qg F 2 E ®r F satisfying the following universal property:

E®RFL7>(V

J/p ///_
7 e
E®R F.

Expressed inwords: For every complete Z-module V and for every Z-homomorphism
¢: EQRrF — V such that the associated bilinear map q§ E x F — V is bounded,
there exist a unique bounded Z-homomorphism ¢: EQrF — V suchthat¢ = ¢op
and |||l = [1]-

Furthermore, the pair (E @ F, p) is unique up to isometric isomorphism.

Definition 2.7. Retain the setting of the previous lemma. The normed module E® g F
is called the projective tensor product of E and F over R.

Proof. There is a natural Z-module morphism:
E®g F>homy%(E,F'), e® f > (T (Te, f)),

where (_, _) is the evaluation map F’ x F — R. We denote the closure of the image
by E ®g F and the map E ®g —E ®g F by p. By Lemma 2.4, hom% (E, F')’ is
complete, hence so is E ® rRF.

For every complete Z-module V' and for every Z-homomorphism ¢: EQr F —
V such that the associated bilinear map ¢: E x F — V is bounded, we obtain the
map

V' L homly(E. F'),  y () =e > (f = v'(@(e. 1)),

and it is clear that the composition

E®g F 5 homy(E, Fy L5 v"
coincides with ‘
E@r FLv Ly,

where i is the canonical map given by evaluation. Since V is complete, i(V)is
closed in V" by Lemma 2.5, and therefore ¥'~1(i(V)) is closed in hom%(E, F')’.
It follows that the closure of p(E ®g F), that is E Qg F, lies in '~ (V)).
Therefore ¥/(E ®g F) C i(V) = V, and we obtainamap ¢: E ®g F — V such
that ¢ o p = ¢. We leave it to the reader to check using Lemma 2.5 that indeed
181l = 1l

The uniqueness of the pair (E @ F, p) up to isomorphism follows directly from
the universal property. Observe that by choosing the above ¢ to be the identity map

of E ®g F we get that || 5|| = 1. It follows that the unique isomorphism between
modules having the above universal property is actually isometric. O
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We summarize some of the properties of the projective tensor product. The proofs
are easy and use the universal property above; we leave them to the reader.

Lemma 2.8. Let M be an normed R-module. The following isomorphisms are
natural and isometric:

(1) R®R M is isomorphic to the completion M. In particular, Z. &z, M is isomor-
phicto M.

(2) R ®gz M is a Banach space. If M is a normed real vector space, R @z M is
isomorphic to M. If M is a Banach space, R &z M is isomorphic to M.

(3) We have M' =~ (R ®z M)' =~ hom%(R ®z M, R). In particular, if M is a
Banach space, then M’ is isomorphic to the dual of M as a Banach space.

The functor M +— R ®z M is called Banachification.

Example 2.9. Let (X, ) be a measure space. Let M be the abelian group consisting
of finite-valued measurable functions from X to Z supported on a set of finite measure.
Integration gives a semi-norm on M, turning it into a semi-normed Z-module. The
completion M is denoted by L'(X,Z). It is the normed module consisting of -
integrable measurable maps f: X — Z modulo null sets. The Banachification of
M is naturally identified with L'(X,R). The dual space M’ is isomorphic to the
Banach dual of L' (X, R), hence can be identified with L>®(X,R).

Let (Y, v) be another measure space. Letpry: X XY — X andpry: X xY — Y
be the projections onto X and Y, respectively. The isometric bilinear map

Ll(XvZ) X LI(Y,Z) - Ll(X X Y7Z)’ (fvg) = (f Oer) -(goer),

where X x Y carries the product measure i X v, induces, by the universal property,
an isometric map

LY (X,2)®z LY(Y,Z) =5 LY(X x Y, 7).

Since the image is closed and dense, this map is an isometric isomorphism. Similarly,
we obtain an isometric isomorphism

L' (X,R)®r L'(Y,R) = L' (X x ¥, R).

Example 2.10. Taking in the previous example Y = G**! endowed with the count-
ing measure, we obtain the isomorphisms

cN(G) ®z L'(X,Z) =5 L' (G*+' x X, 7),
c(G) &z L' (X,R) => L' (G**! x X, R),

where GK*1 x X carries the product of the counting measure and the given measure
on X.



Efficient subdivision in hyperbolic groups 273

If we endow ¥ = G¥*! with the measure that assigns to each point (go, . . . , g)
the weight 1 +diam(gy. . ..., gx), then L}(Y) = C,El’l)(G) as normed Z G -modules,
and we obtain an isomorphism

c"V(G) &z LN(X,Z) =5 {f € LNG* ' x X, 7) |
Jorrixx | £ (g0, .. gk X)|(1 + diam(go. . .., gx)) < oo}

similarly for C{"""(G) ®z L'(X,R).
Remark 2.11. Let E and F be Banach spaces over R. Observe that
E®z F~E®RF,

since the left hand side satisfies the universal property of the right hand side. The
universal property satisfied by E ®g F is the one satisfied by the classical projec-
tive tensor product of Banach spaces. It follows that Definition 2.7 generalizes the
classical definition of projective tensor product (see [13], [6]).

3. Theorem 1.6 implies Theorem 1.5

Throughout this section, let G be a finitely generated group with a fixed word metric.
We consider ZG as a normed ring endowed with the £! norm.

Definition 3.1 (Rips complex). Let X be a metric space. Let r > 0. We denote
by C;(X) the subcomplex of C«(X) such that C, (X) C C,(X) is the submodule
generated by all (n 4+ 1)-tuples (xp, ..., x,) whose diameter in X is at most r. If
X = G is a group as above, then C] (G) is a ZG-subcomplex of Cy(G).

Theorem 3.2 ([2], 3.23 Proposition on p. 469). Let G be a §-hyperbolic group. If

r > 468 + 6, then
Z ifn=0,
H,(CL(G)) =
X(CL(O)) {0 A,

If we endow CI (G) with the £!-norm, we use sometimes the notation C:’(l) (G).

Lemma 3.3. Let E be a complete normed 7.G-module. For everyn € N the natural
map
Cy(G) ®z6 E — CrV(G) ®z6 E (3.1

is an isomorphism.
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Proof. Let N be the number of all tuples (e, g1,...,gn) in G"! with diameter
at most r. The ZG-module C, (G) = Cnr’(l)(G) is isomorphic to the free module
ZGV . From that and from Lemma 2.8 one sees that both sides in (3.1) are canonically
isomorphic to EV. O

We need the following continuous version of the fundamental lemma in homo-
logical algebra.

Lemma 3.4. Letn > 1. Let ¢; : Ci(l’l)(G) — Ci(l)(G), 0 <i <n, be a ZG-chain
homomorphism up to degree n, that is, we have d¢; = ¢;_1d for every 0 < i < n.
Assume that ¢ induces the identity on the zeroth homology. Then there are bounded
Z.G -homomorphisms h; : Ci(l’l)(G) — Ci(i)l(G), 0 <1i <n, such that

dhi + hi_1d = ¢; —id forevery 0 <i <n,

where h—_1d = 0 is understood. That is, hy is a chain homotopy between ¢« and the
identity up to degree n.

Proof. Recall that C{"V(G) = C4(G) and CP(G) = C4(G) as ZG-modules.
One verifies that /) : C;(G) — C;4+1(G) defined by

h;(go""!gi) = (e’gO!""gi)

is a (non-equivariant) chain contraction of the augmented chain complex C.(G) (see
the comment on augmented chain complexes after Lemma 4.3).

Obviously, 4/, is continuous with respect to the £!-norm. Let x € C{(G) be an
element such that ¢g(¢) — e = dx for the unit e € G; this element exists since ¢«
induces the identity on 0-th homology. Then let ig: Co(G) — C1(G) be the ZG-
homomorphism with 2¢(g) = gx. Clearly, i is bounded and satisfies ¢po—id = dhy.

Now suppose that we have already constructed an equivariant bounded map
hi: Ci(G) = Ci+1(G) fori =0,...,k — 1, where k < n, such that

dh; + hi—1d = ¢; —id (3.2)
foralli = 1,...,k — 1 (where we set h_; = 0). Then define
hi(e g1s-- -, gk) = (hy o (px —id — hx_1d))(e, g1, - - -, gk)

and extend /i to all of Ci(G) by ZG-linearity. It is easy to see that A is bounded
with respect to the Sobolev norm in the domain and the £!-norm in the target and
satisfies (3.2). ]

Proof that Theorem 1.6 implies Theorem 1.5. Let G be a §-hyperbolic group. Let E
be a complete normed ZG-module. The C-inclusion in the statement of Theorem 1.5
is clear. Let n > 0. It remains to show that

im(H, (G, E) - H"(G, E)) > im(H""(G,E) — H"(G,E)).  (3.3)
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Letr(i) = r(i,8),i > 0, be the constants and fx: C+(G) — C«(G) be the map
provided by Theorem 1.6. Let

r = max{4s + 6,r(0),r(1),...,r(n + 1)}.

The complex C;(G) is acyclic according to Theorem 3.2. We have im( f;) C C/(G)
forevery0 <i <n + 1.

The map f is a bounded chain homomorphism f: C,Sl’l)(G) — C:’(l)(G) up
to degree n + 1. Since CJ (G) is acyclic, it is a free Z G-resolution of Z. Thus, by the
fundamental lemma of homological algebra, there is a ZG-chain map g«: C[(G) —
C«(G). Since C/ (G) is finitely generated as a ZG-module for each i > 0, the map
gi is automatically continuous with respect to the £!-norms. Consider the following
diagram for * < n + 1:

~ f:®id ~
cIV(G) @z6 E—— CPV(G) &z E cr(G) ®z6 E

l \Lg*®idE

Cil)(G) ®zc E C«(G) ®z¢ E.

Note that f induces a map fx ® idg on the completed tensor products since it is
continuous. The unlabeled arrows in the diagram are induced by natural inclusions.
The equality in the diagram follows from Lemma 3.3. The diagram is commutative
up to chain homotopy by Lemma 3.4. This implies (3.3). O

4. Tree approximation and the proof of Theorem 1.6

4.1. Tree approximation. In this subsection we consider a version of Gromov’s tree
approximation of hyperbolic groups [11], Section 6, which is suited for our specific
purposes.

Definition 4.1. Let G be a finitely generated group. Fix a finite symmetric gener-
ating set in G. Let § be the corresponding Cayley graph of G. A family W =
{Wx,y}(x,y)eq2 18 called a full family of geodesics in G if wy,y: [0,d(x,y)] - &
is a geodesic from x to y in § for every pair (x,y) € G2. For any n-tuple
Y = (yo,--.,Vn—1) € G" let [Y]w C G be the set of vertices of the union §(Y') of
the images of all geodesics wy,,y; withi < j.

Recall that a map between metric spaces f : X — Y is called a c-rough isometry
if for every x, x’ € X we have

ld(x,x") —d(f(x), f(x")| <c forall x,x" € X.
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The metric spaces X and Y are c-roughly isometric if there are c-rough isometries
f:X - Y,g:Y — X such that d(x,g(f(x))) < cand d(y, f(g(y))) < ¢
for every x € X and every y € Y. Furthermore, if there is a c-rough isometry
f: X — Y suchthat f(X)isc-densein Y, then X and Y are 2c-roughly isometric.

A metric simplicial tree T = (V, E) is a simplicial tree with vertices V' and edges
E endowed with a path metric d on (the geometric realization of) T such that each
edge e € E is isometric to a compact interval [0, /] C R.

Theorem 4.2. Let G be a §-hyperbolic group. Let W = {wx,y}(x,y)eg2 be a full
Sfamily of geodesics in G. For every n € N there is a constant ¢ = ¢(§,n) > 0 such
that for every n-tuple Y € G" the subspace [Y |w is c-roughly isometric to a metric
simplicial tree.

Proof. Consider an n-tuple Y = (y9,..., ¥n—1) C G. Let § be the Cayley graph of
G. Let

()= | im(wy,,,).
0<i<n

g¥)= J im(wy, ).

0<i<j<n

Since the set of vertices in ¥(Y'), which is just [Y] = [Y]w, is 1-dense, if §(Y) is
c-roughly isometric to some metric space, then [Y] is (¢ 4+ 2)-roughly isometric to the
same space. We will now construct a rough isometry of (Y') to a metric simplicial
tree.

It is proved in [5], Théoréme 1 on p. 91, that there is a constant ¢’(§,n) > 0,
which only depends on § and n, and a map f: §(Y)o — T to a metric simplicial
tree 7' such that for each 0 < i < n the restriction f[im(uwy,,. »;) 18 a bijective isometry
and

d(x,y) —c'(6.n) =d(f(x), f(y) =d(x,y) (4.1)

forall x,y € §(Y)o. Note that f is automatically surjective. The unique geodesic
segment between points z and z’ of T will be denoted by [z, z'] C T. Next we extend
f to §(Y) as follows: For every x € §(Y)\§(Y)o choose 0 < a(x) <n —1and
0 < b(x) < n —1such that x € im(wy, ).y, )- Because of (4.1) we can pick a

point z € [f(Ya(x)): f(¥b(x))] such that

|d(z, f(Ya(x))) —d(x, J’a(x))| < c'(5, n,
ld(z, f(Vb(x)) — d (X, Ypx))| < ¢'(8.n).

Then set f(x) = z.
To finish the proof, we show that f: §(Y) — T satisfies

|d(x,x") —d(f(x), f(x")| <c forallx,x" € &), 4.2)
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where
c =48 +3c'(8,n).

Let x and x” be points on the geodesics w), ,; and Wy,,y;» Wherei = a(x), j = b(x)
and i’ = a(x’), j" = b(x"). By 8-hyperbolicity there is a point z on wy,,,y; Or Wy, ,y;
such that

d(x,z) <§é. 4.3)

By the triangle inequality we obtain that
d(yi.x) —d(yi,2)| <8 and [d(y;,x) —d(y;,z)| <.
Thus,

d(f (i), f(x) =d(f(i). f(2)] <8+ "(8.n).
[d(f(yj). f(x)) =d(f (). f()] <8+ (S.n).

Since T is tree and f(x) € [f(yi). f(y;)], either f(x) € [f(»i), f(2)], or f(x) €
[f(2), f(¥;)]. In both cases (4.4) implies that

d(f(x), f(z)) <8+ (8,n). (4.5)

.. .,
Similarly, we find a point z* on wy, ., or Wyo,y;/ such that

(4.4)

d(x',z'y <8 and d(f(x'), f(z")) <8+ '(8,n). (4.6)

From (4.5), (4.6), (4.3) and the fact that f is a ¢’(§, n)-rough isometry on (Y )¢ we
obtain that

d(x,x") =d(z,z") + 28 <d(f(2), f(z) + 28 + c'(6.n)
=d(f(x), f(x) + 48 + 3¢'(8.n).

Similarly, we get
d(x,x") >d(f(x), f(x) + 48 + 3c'(8,n),
which proves (4.2). ]

4.2. An efficient chain contraction of the Rips complex to a tree

Lemma 4.3. For everyr > 1 and every n € N there is a constant e(r,n) > 0 with
the following property: Let T be a metric simplicial tree. Let V be a subset of the
vertices of T such that the distance of any two distinct vertices in 'V is at least 1.
Then there is a chain contraction hl.T G (V) = C/ (V)i = —1, of the augmented
chain complex C[ (V') such that

A7 || < e(r.i) foreveryi =1, (4.7)

where the operator norm is taken with respect to the £ -norms.
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Here we mean by the augmented chain complex the complex C[ (V') extended by
C’, (V) = Z and the differential (augmentation) d : C§ (V') — Z that maps every
veVtlelZ.

Proof. Fix abase point x € V. Let hfl be defined by hzl(l) = x. Foreveryv € V
we define hg by

m—1
hg (@) =Y (vi, vig1),
i=0

where x = vg,v1,...,V, = v (in that order) are the vertices in V' lying on the
unique geodesic from x to v. It is clear that

dhT () = v —x = (id = T d)(x).
Forv € V and i > 0O consider the linear map given by
cy: Ci(V)—> Cip1(V), cy(vo,...,vi) = (v,vg,...,0;).
One verifies that fori > 1, v € V, and (vg,...,v;) € Vitl we have
dcy(vg,...,v;) = (id — cyd)(vg, ..., v;).

We define the homomorphisms hl.T: C/(V)— Ciy1(V)fori = 1,2,...inductively
by
hl (vo, ..., vi) = coo((id — hI_1d)(vo, . .., vi)). (4.8)

It follows inductively from the following computation that hf is a chain contraction:

dhl (vo,...,viq1) = deyy(id — kI d)(vo, ..., vit1)
= (id — cyod)(id — I d)(vo, ..., vi41)
= (id — hl'd — cpyd + cvodhl d)(vo, ..., vi+1)
= (id — hl'd — cpyd + cyo(id — h1_ d)d)(vo, . .., vi+1)
= (id—hl'd)(vo. ..., vis1).
Next we define e(r, i) and show that (4.7) holds by induction. Sete(r,1) = r + 1.
Let (u,v) € C{(V) be a 1-simplex. Let v = zo, z1,...,Zn = u (in that order) be

the vertices in V' lying on the unique geodesic from v to u. Since T is a tree, we get
that

m—1
hgd(u, V) = Z(zk,zk+1). 4.9)
k=0

Since the distance from u to v is < r and the distance from z; to zx4q is > 1 by
assumption, we have m < r and thus ||hod (4, v)||; < r. Thisimplies ||h1] < e(r, 1).
Fori > 2 set

e(riiy=e(r,i—1)-(i+1)+1.
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Because of e(r, 1) = r + 1 one sees that e(r, i) only depends on r and i, but not on
the specific tree 7. Definition (4.8) and the fact that the differential in degree i has
norm at most i + 1 yield (4.7).

Finally we prove that im(hiT ) C C/ (V). Itsuffices to show that for every i > 1
and every (vg, ...,v;) € C/ (V) we have

supp(hiT(vo, - v,-)) C conv(vg, ..., V;). (4.10)

Here the support supp(s) of an element s € C;(V'), which can be uniquely written as
a linear combination of (i 4 1)-tuples in V?*! is the union of all v € V that appear
in one of these (i 4 1)-tuples. We denote the convex hull of aset S C V by conv(S).
We have (4.10) for i = 1 by definition (4.8) and because all the points z; in (4.9) lie
on the geodesic from u to v. If (4.10) holds for hiT with i > 1, it is true for hl-T+1
because of

i+1
supp(hl 1 (vo, ..., vi41)) C {vo, ..., vig1} U U supp(h] (vo, ..., D, - -, Vit1))
k=0
i+1
C{vo,...,Vit1} U U conv(vo, ..., Vkyenvs Vig1)
k=0
= conv(vg, ..., Vi+1). O

4.3. Proof of Theorem 1.6

Proof. Choose a full family W = {wx y}(, y)eg2 of geodesics in G that is G-equi-
variant in the sense that for all x, y, g € G we have gwy,, = Wgx,gy-

Forak-tuple Y € G* we write [Y] instead of [V ] in the sequel. Fori = 0,1, ...
we define inductively real numbers 7 (i) > 1 and ZG-homomorphisms f; : C; (G) —
Cir(i)(G) fori € N such that

a) fo is the identity,

b) dfi = fi-1d,

c¢) fi is bounded when endowing the source with the Sobolev and the target with
the £ norm, and

d) forevery (go,...,gi) € Ci(G) we have

fi((g0.---.8)) € D (((g0, ... 8)])-

The theorem follows from a)-c). Property d) is just needed for running the in-
duction argument.

The basis of the induction will be an explicit construction of fy and f;. We set
r(0) = r(1) = 1. Define fy to be the identity map. If for x, y € G the points
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X = Zo, Z1,...,Zq = Y are the successive vertices on the geodesic wy,, from x to
y, we define f1 by

Y iz ifi= 1,
fi(x, ) = {(x,y) i 0andx — .

It is clear that fy and f; respect all the properties above.

Fix i > 1 and assume f; is already defined for 0 < j < i satisfying a)-d).
According to Theorem 4.2 there is a constant ¢(i) > 0 such that for every Y € G'*+!
the subspace [Y] is ¢ (i)-roughly isometric to metric simplicial tree. We set

r@+1)=r@)+2c@).

By Lemma 4.3 for every n € N there is a constant e(i, n) > 0 such that for every
metric simplicial tree 7" with a subset V' of vertices whose distinct elements have
distance > 1 from each other there is a chain contraction
T. i) +c(i r()+c(@)
hy: CLOTOW) - P W)
of the augmented chain complex such that the operator norm with respect to the
£'-norm satisfies ||, | < e(i,n). Let

B={(e.81.....8i+1): gk € Gforl <k <i+1}.

Note that B is ZG-basis of C;+1(G). After some preparation we define f;11(0) €

lrflﬂ)(G) in (4.11) for every o € B such that

e) dfi+1(0) = fid(0),
D N fix1@ly < (eG.i+1D+ G+ D)IfillG

9 fir1(0) € € (o))
hold for every 0 € B. The theorem then follows from the following easy claim,
which we leave to the reader.
r@i+1)

Claim. The ZG-linearextensionto C;+1(G) — C; ;" "(G)ofamap fi+1: B —

r(1+1)
1+1

and

(G) satisfying e)—g) satisfies b)—d). The extension

fit1: Cit1(G) —» /8D (G)
has operator norm
I fistll < (eGri + 1)+ G + D)IA1G +2).

Let 0 € B. Let T° be a metric simplicial tree such that [o] is ¢(i)-roughly
isometric to 79. Let V7 be a set of points of 7¢ such that any two distinct points in
V9 have distance > 1 and V' ? is 3-dense in 7°. By subdividing 7° we may assume
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that V° consists of vertices. Upon increasing c(i) by 6 = 2 -3, thus r(i + 1) by
12 = 2-6, we may and will assume that [o] is also ¢ (i )-roughly isometric to V7. Let
¢%: o] > V? and y°:V? — [o]

be two ¢ (i )-rough isometries such that
d(@y°.idyo) <c(i) and d(Yo¢°.idp)) < c(i).
The maps ¢ and ¥ induce chain maps
P7: Cj(i)([o]) N C:(i)+c(i)(VG) and ¥C: C:(i)+c(i)(V0) N C:(i+1)([0])_

The next claim follows by a straightforward computation.

Claim. Let r > 0. The map hJ : C:(i)([a]) — C:J(:;rl)([a]) defined by

h (2o 8n) = Y _(=D*(g0. .. &k V7B (k) .. V97 (gn))

k=0

is a chain homotopy between the composition ¥Z ¢ : Cy (i)([o]) — Cy (iH)([a])
and the identity, that is, ¥ ¢7 —id = dh{ + h{_,d for every n > 0, where we set
h?, =0.

For o0 € B define now

fis1(0) = Y2 k7 2 fid(0) — hY fid(a) € C] UV (o). (4.11)

Property g) is clear from the definitions. The differential in degree (i 4+ 1) of C«(G)
(endowed with the Sobolev norm) has norm at most (i +2), and i has norm at most
(i + 1) (with respect to the £'-norms). The maps ¢¢ and ¢ have norm at most 1.
Hence we obtain that

I fivr(@)lly < (eGi + 1) + @ + D)ISAIG +2)olly,;-

Property e) follows from

dfir1(0) = d (Y7 1h{7 ¢ fid — kY fid)(0)
= (y2dh]°¢? fid — dh? f;d) (o)
= (Y7 Gd —h°,d)g¢ fid — (W7 ¢¢ —id — hi_,d) fid)(0)
= (fid — yZh1o,de? fid)(0) + (he_, fiz1dd) (o)
= (fid
= fid

“hquqs, \fimidd)(0)
(0). ]
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5. Integrable measure equivalence and simplicial volume

5.1. Integrable measure equivalence. We recall the central notion of measure
equivalence which was suggested by Gromov [12], 0.5.E.

Definition 5.1. Two countable groups G, H are called measure equivalent if there is
a standard measure space (€2, i) with commuting p-preserving G- and H -actions,
such that each one of the actions admits a finite measure fundamental domain. The
space (€2, u) endowed with these actions is called an ME-coupling of G and H .

Given measure equivalent groups G and H, an actual choice of fundamental
domains is not a part of the structure of an ME-coupling of G and H. But it is easy
to see that the measures of G- and H -fundamental domains are independent of the
choice. So for an ME-coupling (2, i) of G and H, the ratio cqg = u(Xg)/u(Xg)
of the measure of an H -fundamental domain by the measure of a G-fundamental
domain is well defined and called the coupling index of Q2.

The map Xg — Q2 — G\ is a measure isomorphism. Since H acts on G\£2,
this identification induces a measurable action of H on X¢, for which we use the dot
notation /1 - x for h € H and x € Xp to distinguish it from the action ix of H on
Q. Similarly for Xg.

The coupling €2 is called ergodic if the H -action on G\ is ergodic, or equiva-
lently, the G-action on H\£2 is ergodic [7], Lemma 2.2.

Definition 5.2. Let (€2, 1) be an ME-coupling of G and H. Let Xg C 2 and
Xg C Q be fundamental domains of the G- and H -action, respectively.

(1) We define ax,, as
ax, G xXg—H, (g,x)—h withgx € h Xy,

and call ay,, the (measurable) cocycle associated to Xy . Similarly for ax,; .

(2) Assume that H is finitely generated, and let /: H — N be the length function
associated to some word-metric on H. We say that the fundamental domain X g
is integrable if the function x — [(ax,, (g, x)) isin L1 (Xg) for every g € G.
Similarly for X¢.

Definition 5.3. Let G and H be finitely generated. We say that an ME-coupling of
G and H is an £!-ME-coupling or an integrable ME-coupling if it admits integrable
G- and H -fundamental domains. We say that G and H are {!-measure equivalent
if there exists an £!-ME-coupling of G and H.

Remark 5.4. Measure equivalence and £!-measure equivalence are equivalence re-
lations on countable and finitely generated groups, respectively (see [7], [1]).
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Remark 5.5. A locally compact group G with its Haar measure is an ME-coupling
for all its lattices; it is an integrable ME-coupling for every pair of cocompact lattices
inG.

By [23], Theorem 3.6, the isometry group Isom(IH") of the n-dimensional hyper-
bolic space with n > 3 endowed with its Haar measure is an £!-ME-coupling for all
its lattices. Shalom in loc. cit. was concerned with £2-integrability and showed that
all lattices in simple Lie groups not locally isomorphic to Isom(H?) = PSL,(R) or
Isom(H?3) 2 PSL,(C) are £2-integrable. However, his proof also implies the above
statement.

5.2. Bounded cohomology and ME-induction. We briefly recollect basic notions
of bounded cohomology.

Let G be a discrete group and E be a real Banach space with isometric G-action.
We denote by th‘ (G, E) the Banach space L>°(G**1!, E) consisting of bounded maps
from G*¥*1 to E endowed with the supremum norm and the isometric G-action:

(g f)(gov--.8K) =8 f(g " go.-...8 " gk).

The sequence of Banach G-modules le‘ (G, E), k = 0, becomes a chain complex of
Banach G-modules via the standard homogeneous coboundary operator

k
d(f)(go-- 88) = D_(=1) f(g0, -, &is- - 8k)-

i>0

The bounded cohomology Hf (G, E) of G with coefficients E is the cohomology
of the complex of G-invariants C; (G, E ). The bounded cohomology HY (G, E)
inherits a semi-norm from C,’ (G, E): The (semi-)norm of an element x € Hé‘ (G,E)
is the infimum of the norms of all cocycles in the cohomology class x.

The topological dual of the complex of Banach spaces

CY(G) &z6 E = CV(G,R) &rq E,

whose homology H,gl)(G, E) is the so-called £!-homology of G with coefficients E
(compare Remark 2.11), is canonically isomorphic to C,(G, E’) (see [20], Propo-
sition 2.3.1 on p. 20). Thus, we obtain a natural pairing, which descends to (co-)
homology (both pairings are denoted by (_, _)):

(_.): HYG,EY® H"(G,E) > R.

In the next theorem we identify the set Hx N Xp which consists of just one
element with the element itself.

Theorem 5.6 (Monod—Shalom). Let (2, ) be an ME-coupling of G and H. Let
X and Xg be measurable fundamental domains for the G- and H -action on <,
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respectively. Let o: H x Xg — G be the cocycle associated to Xg. The maps
o*: G (G, L*®(Xu,R)) —» CJ(H, L*(Xg,R)) G.D
Olkf(h(), oL h)(x) = f(a(ho_l,x)_l, .. ,a(h,:l,x)_l)(Hx N Xg)
define a chain map that restricts to the invariants
a*: CX (G, L®(Xg.R)® — CF(H,L®(Xg.R)Z
and induces an isometric isomorphism
HS(a): HY (G, L*®(Xy,R)) = HS(H,L*(Xg,R)).

in cohomology. The map H,' () given by the commutative diagram

HY(G,L*(H\Q,R)) Im H}(H,L*(G\Q,R))

]

H
HX(G,L®(Xg,R)) ——"25 H*(H, L®(Xg.R)),

where the vertical isomorphisms are induced by the (restrictions) of the projections
Xy — H\Q and Xg — G\, respectively, does not depend on the choices of
fundamental domains.

Proof. Apart from the fact that the isomorphism is isometric, this is exactly Propo-
sition 4.6 in [21] (with § = Q and £ = R). The proof therein relies on [20],
Theorem 7.5.3 in §7, which also yields the isometry statement. O

To formulate the next theorem, consider the measurable and countable-to-one map
¢ H*' x Xg — G* M1 x Xy,
(hoy ..., hg,x) — (oz(h_l,x)_l, ... ,a(h;l,x)_l, HxnN XH).
Theorem 5.7. Retain the notation of Theorem 5.6. Let cq = uw(Xg)/uw(Xg) be the

coupling index. We equip X and X g with the normalized measures n(X¢) ™' it|x,;
and w(Xg) " 'ulx,,. Then

a: GV (H) 8z L'(X6,R) > GV(G) 8z L' (X, R),  (52)
af@x)=ca- Y. f(hy)

(h,y)e(@?)~1(8,x)

defines, using the identification in Example 2.10, a chain map that descends to the
coinvariants

COV(H)®zn L' (X6, R) - CV(G) ®z6 L' (Xu,R)
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and induces an isometric isomorphism
HV(@): HV(H, L' (X, R)) — HV (G, L' (Xy, R)).
Furthermore, the dual of the map (5.2) is the map (5.1).

We need the following general (and easy) lemma

Lemma 5.8. Let (X, vy) and (Y, vy) be standard measure spaces and p: X — Y
a measurable map such that
(1) the fiber p~1(y) is countable for vy-a.e. y € Y, and
(2) p is locally measure-preserving, that is, if pla is injective for a measurable

A C X, then vy (A) = vy (p(A)).
Then for any f € LY(X,vx) the function y +> Y xep-1(y) J(X) is vy -integrable
and

/X fdvy = /Y S fdvr ().

xep~1(y)

Proof. The assertion is obvious for f = y4 being the characteristic function of a
measurable subset A C X for which p|4 is injective. By the selection theorem every
f € LY(X,vx) can be approximated by linear combinations of such characteristic
functions which proves the lemma. O

Proof of Theorem 5.77. We verify that the dual of map (5.2) is the map (5.1), that is,
for f € C\V(H) &zm L' (X, R) and g € CX(G, L®(Xy, R)),

(o f.g) = (f.akg) (5.3)

holds true. Since ¢7 is countable-to-one and locally measure-preserving, (5.3) is
implied by the previous lemma as follows:

_ pw(Xm) r - -1
(ot i8) = 50 Z+ e S fly)g@ u(Xe) du(x)
geG (h,y)eH*T1xXg

o% (h,y)=(g,%)

—u(Xe) ! Y / S fh g o 82 y)du(x)
gegh+1 ' XH (h,y)eH* H1xXg
% (h,y)=(.x)

— k) Y [ fxge g0t

herk+1 W X6

= (f.a¥g).
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Since o* is a chain map, we know that the dual of oy d — doyg 4 vanishes. The
Hahn-Banach theorem implies that oz d — dag+1 = 0, so @« is also a chain map.
Similarly one concludes that . descends to the coinvariants from the fact that o*
restricts to the invariants.

Since H,f () is an isometric isomorphism, also H ,El)(a) is an isometric isomor-
phism by [15], Theorem 1.1. O

Remark 5.9. With more effort one can also show that H ,fl) (cv) does not depend on
the choice of the fundamental domains, thus could be rightfully denoted by H il) ()
similar to the cohomological case. Since we do not need this, we refrain from proving
this.

5.3. Invariance of the simplicial volume

Lemma 5.10. Let (2, 1) be an ME-coupling of two finitely generated groups G and
H. Let Xg and Xy be fundamental domains of the G- and H -action, respectively.
Let cq = w(Xpg)/u(Xg) be the coupling index. Assume that X g is integrable, and
let : H x Xg — G be the associated integrable cocycle. Then the image of the
composition

H" (@)

Ho(H,Z) - HV(H, L' (X6, R)) ——— HP (G, L'(Xx,R))  (5.4)

is contained in

cq -im(HV(G, L' (Xy, Z)) - HY (G, LY (Xu,R))), (5.5)

where all maps except H 451) () are the composition of the corresponding comparison
and coefficient change maps.

Proof. Fora (k + 1)-tuple h = (ho, ..., hy) € H**1 we abbreviate
a(h,x) = (a(ho,x), ..., a(hy, X)),
Wt = (hy', ... hY).
We use the identifications in Example 2.10. The image of Cx(H) = Cx(H) Qz Z

mn
CV(H) &z LY (Xg,Z) = L"(H*"' x X, 7)

is certainly contained in the set of bounded measurable functions f: H**1x X5 —
Z for which there is a finite subset F € H**! such that f is supported on F X Xg.
Let /: H**! x Xg — Z be such. It is immediate from (5.2) that co' o f s
Z-valued. So it remains to show that

/ o £ (3. y)| diam() < oo.
Gk+1 XXH
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Using Lemma 5.8 this is implied by

[ laf@ )l dian@)
Gk+1xXy

< / / £ (. )| diam (@)
Gk Hixxpy J @12,

=/ / |f(ﬁ,x)|diam(&(h__l,x)_l)
Gk tixxy Jeo) 1@y

5.8

© sl dan(E )
HK+1xXg

< ess-sup(f) - diam(&(ﬁ_l,x)_l) < 0.
Hk+lXXG

The last step follows from the integrability. O

Let N be an aspherical topological space, and let H = 71(/N). By asphericity
and the fundamental lemma of homological algebra there is up to equivariant chain
homotopy a unique H -equivariant chain homotopy equivalence

cr: Co(N) = Ci(H)

from the singular chain complex of the universal cover N to the standard resolution
of H. By a theorem of Gromov [14], Theorem 4.1, the map cg induces an isometric
isomorphism in bounded cohomology with R-coefficients. By the translation princi-
ple in [15], Theorem 1.1, ¢y induces an isometric isomorphism in £!-homology, and
thus (compare [15], Proposition 2.4) the induced map in homology is an isometric
isomorphism:

Lemma 5.11. Let N be aspherical and H = w1 (N). The canonical map
H.(cg): H«(N,R) - H«(H,R)
is an isometric isomorphism with respect to the semi-norms induced by the £ -norms.

Lemma 5.12. The simplicial volume of an aspherical, orientable, closed manifold
with word-hyperbolic fundamental group and of dimension at least 2 does not vanish.

Proof. Let N be such a manifold. Since the comparison map from the bounded co-
homology of H = 71(N) to the cohomology of H, which is isomorphic to the one
of N by asphericity, is surjective for R-coefficients by [19], Theorem 3, the coho-
mological fundamental class of N has a bounded representative. Thus the simplicial
volume of N is positive [10], Corollary in Section 1.1. O
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Theorem 5.13. Let M and N be closed, oriented manifolds of dimension n > 2
whose fundamental groups G = w1 (M) and H = 11(N) are word-hyperbolic. Let
(2, ) be an ergodic, integrable ME-coupling (2, u) of G and H with coupling
index ¢ = p(H\Q)/u(G\2).

Let xg € H"(G, R) be the element that maps to the cohomological fundamental
class of M under the isomorphism H" (cg): H"(G) — H"(M). We define xg €
H"(H,R) analogously.

Suppose that x% € H!(G.R) isan element that maps to xg under the comparison
(forgetful) map H'(G,R) — H"(G,R). Consider the composition

H(G.R) — H(G,L®(H\Q.R))

Hi (Q)

, (5.6)
2 HY(H,L®(G\Q.R)) => H(H.R) — H"(H.,R)

where the first map is induced by the inclusion of constant functions, 1" is the map
induced by integration in the coefficients and the last map is the comparison map.
Then xg is mapped to £c - xg under (5.6).

Proofs of Theorems 1.9 and 5.13. Let Hy(igr): Ho(H,R) — HV(H,R) denote
the comparison map; it is isometric with respect to the semi-norms induced by the
£'-norm on the chain complexes: This follows from the fact that C4x(H) ®zy R —
C,fl)(H ) ®zn R is isometric and has dense image (compare [15], Proposition 2.4).
We denote — by a slight abuse of notation — the comparison (forgetful) map for the
group H in bounded cohomology by H"(ig): H))(H,R) — H"(H,R). We define
H,(ig) and H"(ig) for the group G similarly.

Let Xy C Q and Xg C €2 be integrable fundamental domains of the H -action
and G-action on €2, respectively. Let «: H X Xg — G be the cocycle associated
to Xg. For the following we endow Xy and X with the normalized measures
w(Xe) ™' jelx,, and (X))~ pelx g, respectively.

With normalization, the chain map jg : Cil)(H) Rz R — C,fl)(H) QzH
L'(Xg,R) given by the inclusion of constant functions is isometric. Integration
in L'(Xg,R) provides a norm-decreasing left inverse. Hence the induced map in
£'-homology

HO(g): HV(H,R) — HVY (H, L' (X6, R))

is isometric. Again by a slight abuse of notation, we denote the map in bounded
cohomology induced by inclusion of constants maps by

H}(ju): H}(H,R) - H!(H,L®(X¢.R)).

We define the map jg for the group G similarly.
We start with the proof of Theorem 1.9. Let m = dim(M) and n = dim(N).
Assume that |N| > 0. Let [N] € H,(N,R) be the homological fundamental class
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of N. Since each map in the composition

H,(G
Hy(H,R) 290, g0 R)

HV () HyV (@)
_— _

HWY(H, L'(Xg.R)) HY(G, LY (Xg, R))

is isometric with respect to the semi-norms induced by the respective £!-norms (see
Theorem 5.7) and H, (H, R) is generated by the element H,,(cg)([N]) with positive

semi-norm (Lemma 5.11), we obtain that H,fl)(a) o H,fl)(jH) o H,(ig) is injective.
Lemma 5.10 and the fact that [N] € im(H, (N, Z) — H,(N,R)) yield that
0 # HP(@) o H"(jr) o Halim) o Hu(cr)((NT)
€ cq-im(H"V(G, L' (Xy,2)) — HV (G, L' (Xu,R))).
If G is word-hyperbolic, then Theorem 1.5 implies that
H (@) o HV(ji) © Halin) © Ha(ca)(IN) 57
€ cq -im(Hy(G, L' (X, Z)) - HV(G, L' (X, R))). '

In particular, H, (G, L'(Xy, Z)) = 0, which implies that n < m = dim(M).

Next assume that H and G are both word-hyperbolic. By Lemma 5.12 M and
N have positive simplicial volume. From the argument above and by symmetry we
conclude that m = n.

The group G is an orientable Poincaré duality group; the Poincaré duality iso-
morphism is functorial with respect to coefficient homomorphisms. Further, for any
coefficient module E there is a functorial isomorphism H%(G, E) =~ E G . Thus we
obtain a commutative diagram:

Hy(G,Z) — Hy(G, L"(Xn, Z))

F F

H°(G,Z) — H(G,L(Xy,Z))

F F

7 —=— LY (Xy,7)C.

The bottom map is an isomorphism because of ergodicity. In combination with (5.7)
this implies that there is a non-zero integer e € Z such that

H" (@) o HV (jir) © Hairr) o Hy(crr) (IN])
=e-ca- HyY(jo) o Hulig) o H(co)([M)).
Since the maps involved here are isometric and |e| > 1, this implies that

INI = co-IM].

(5.8)
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By interchanging the roles of H and G, we obtain similarly ||[M| > ¢~! - ||N| and
thus
e=+1 and M| =cq-|N]. (5.9)

which concludes the proof of Theorem 1.9.

Next we prove Theorem 5.13. The assumptions imply that M and N have positive
simplicial volume (see Lemma 5.12). Hence we know from the argument above
that (5.8) holds withe = £1. The assertion follows from the factthat H" (H,R) = R
and H"(ig)ol" o H)'(2)o H}} (j(;)(xtc’;) evaluated against the image H, ([cg])([N])
of the fundamental class of [N] is £cgq:

(H™(ig) o I" o H}(Q) o H{' (jo)(xg). Ha(ca)(IN]))
= (H"(ig) o I" o H} () o H{! (j6)(xg). Hu(ca)([N])
= (1" o H'(@) o H (j6)(xg). Hu(imr) © Hy(cr)(IN])
= (H'(@) o H(j)(xg). HM (ju) o Hy(in) © Hy(cu)(IN])
= (H{ (jo)(x§). H{V (o) o H{V (jr) o Hu(imr) © Ha(crr)([N]))
(5.8)

= tcq - (H (jo)(x). H® (j) © Hulic) © Hu(co)(IM)))
= tcq - (x&. Halic) o Hu(cc)([M]))

= eq- (xq. Hy(cg) (M)
= *cgq. -
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