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Rigidity for equivalence relations on homogeneous spaces

Adrian Ioana and Yehuda Shalom™*

Abstract. We study Popa’s notion of rigidity for equivalence relations induced by actions
on homogeneous spaces. For any lattices I and A in a semisimple Lie group G with finite
center and no compact factors we prove that the action I' ~ G/A is rigid. If in addition G
has property (T) then we derive that the von Neumann algebra L°°(G/A) x I" has property
(T). We also show that if the stabilizer of any non-zero point in the Lie algebra of G under
the adjoint action of G is amenable (e.g., if G = SL2(R)), then any ergodic subequivalence
relation of the orbit equivalence relation of the action I' , G/ A is either hyperfinite or rigid.
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1. Introduction and statement of main results

In [Po06], S. Popa introduced the notion of relative property (T) for inclusions of
finite separable von Neumann algebras B C M - it has since been at the heart
of his deformation/rigidity theory. When applied to inclusions arising from actions
and equivalence relations, this concept suggested two new properties for actions and
equivalence relations:

* A probability measure preserving (pmp) action I' ~, (X, i) of a countable group
I" is rigid if the inclusion of L°°(X) in the crossed-product algebra L*°(X) x T’
([MvN36]) has the relative property (T) in the sense of [Po06], Definition 4.2.1.
e A countable pmp equivalence relation R on (X, i) is rigid if the inclusion
of L°°(X) in the von Neumann algebra L(R) of R ([FM77]) has the relative
property (T).
Note that for free actions, rigidity is a property of their equivalence relations:
a free pmp action I' ~, (X, ) is rigid if and only if its orbit equivalence relation
(x ~yifT'x =Ty)is.

*First author supported by a Clay Research Fellowship. Second author supported by NSF grants DMS
0701639 and 1007227.
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In the last decade these notions of rigidity have led to several remarkable ap-
plications, most notably, to calculations of invariants of von Neumann algebras and
equivalence relations ([Po06], [PV10], [Gall]) and to constructions of non-orbit
equivalent actions of non-amenable groups ([GP05], [Io11]).

Yet, while rigidity was successfully exploited in applications, the theoretical as-
pects of its study (e.g., finding new constructions of rigid equivalence relations and a
more manageable definition of rigidity — avoiding the use of von Neumann algebras)
were neglected. In fact, until recently all known examples of rigid actions and equiva-
lence relations ([Po06], [Gal1]) relied on the following group theoretic construction.
Let A be a countable abelian group together with an action of a countable group I'.
Then the pair (I" x A, A) has the relative property (T) of Kazhdan—-Margulis if and
only if the (Haar) measure preserving action I' A and its orbit equivalence relation
are rigid ([Po06]). In particular, since the pair (SL,(Z) x Z",7Z") has the relative
property (T) ([Ka67], [Ma82]), it follows that the natural action of SL, (Z) on the
n-torus T" is rigid for all n = 2.

The situation improved with the finding of an ergodic theoretic criterion for rigidity
of pmp actions and equivalence relations ([Io10], see the next section). The criterion
was then used to produce the first examples of rigid equivalence relations not built
from a pair of groups with relative property (T): if S denotes the orbit equivalence
relation of the action SL,(Z) ~, T?2, then any ergodic non-hyperfinite subequivalence
relation R C S is rigid ([Io10], Theorem 0.1). Although this result provides new
instances of rigidity, it has the disadvantage of being limited to a specific action.

In this paper, we work in the general framework of actions on homogeneous spaces
and prove rigidity for the induced (sub)equivalence relations under fairly general
assumptions. More precisely, we consider actions of countable subgroups I' < G on
the homogeneous space (G/A,mg, ), where G is a real algebraic group, A < G is
a lattice and mg/ A is the unique G-invariant probability measure on G/A.

Our first result asserts that, under mild assumptions on G, the action of any lattice
I' < G on G/A is rigid.

Theorem A. Let G be a real algebraic group with finite center, no proper normal
co-compact algebraic subgroups, and no non-trivial algebraic homomorphism into
R*.
If ', A < G are lattices, then the pmp action I' ~ (G/A,mgyy) is rigid.
Moreover; if G has property (T) (e.g., if G is a connected semisimple Lie group
with finite center whose simple factors have real-rank = 2), then L*°(G/A) x I has

property (T).

Property (T) for von Neumann algebras M was introduced by Connes and Jones
in [CJ85]. For a crossed-product algebra L°°(X) x I' coming from a pmp action,
it is equivalent to having both that I is a property (T) group and that the action
I' n (X, ) is rigid. Because lattices inherit property (T) ([Ka67]), this indicates
how to deduce the last line of Theorem A.
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Theorem A implies that for any n > 3, the crossed product von Neumann algebra
L*°(SL,(R)/SL,(Z)) x SL,(Z) has property (T). This provides new examples of
property (T) von Neumann algebras that are not constructed from countable property
(T) groups. For other such examples, coming from discrete quantum groups, see
[Fil0].

As a consequence of Theorem A we also derive:

Corollary B. Let G be as in Theorem A and I', A < G be lattices. Let I be a
countable set on which T acts with infinite orbits and X be some probability space.
Endow X = X 01 with the corresponding generalized Bernoulli I'-action.

Then for any pmp I'-space Y , any measurable quotient I'-map p : X XY — G/A
depends a.e. on the second coordinate only.

The main result of [Io10] shows that the orbit equivalence relation S of the ac-
tion SLy(Z) ~ T? satisfies the following “global” dichotomy: any ergodic sube-
quivalence relation R C § is either hyperfinite or rigid. Our second result estab-
lishes this dichotomy for many other actions, including the action of SL;(Z) on
SL2(R)/SL2(Z):

Theorem C. Let G be any of the groups SL;(R), SL,(C), SLy(R)x R? or SL,(C) x
C2. Let T < G be a countable discrete subgroup and A < G be a lattice. Denote
by S the orbit equivalence relation of the action T" ~, (G/A,mg/ ).
Then any ergodic subequivalence relation R C S is either hyperfinite or rigid.
Moreover, for any subequivalence relation R C S, we can find a measurable
partition G/ A = Xo U Xy such that Xo, X1 are R-invariant, R|x, is hyperfinite and
R|x, is rigid.

The rest of the paper consists of two sections. In the next one, we recall two
ergodic theoretic criteria for rigidity of actions and equivalence relations. In the last
section, we use these criteria to prove Theorems A and C, and their more general
versions, Theorems D and E.

Acknowledgment. We would like to express our deep gratitude to Gregory Margulis
who made a crucial contribution to the paper during his distinguished lecture series
visit at UCLA.

2. A criterion for rigidity

Theorem 4.4 in [Io10] gives an ergodic theoretic formulation of rigidity for free
ergodic actions. Also, Proposition 2.2 in [Io10] provides an ergodic theoretic criterion
for rigidity of ergodic equivalence relations. In this section, we note that appropriate
versions of these results — implicitly proved but not stated in [Io10] — hold without
the freeness and the ergodicity assumptions.
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Throughout the paper, for a standard Borel space X, we denote by B(X) the
algebra of complex-valued bounded Borel functions on X and by M(X) the space
of Borel probability measures on X.

Proposition 1 (Equivalent formulation of rigidity for actions). A pmp action I' ~,
(X, n) of a countable group T on a probability space (X, ) is rigid if and only if for
any sequence of Borel probability measures v, on X x X satisfying
(1) piv, = pforallnandi = 1,2, where p': X x X — X denotes the projection
onto the i-th coordinate,

2) [xxx S)g)dva(x,y) = [y f(x)g(x)du(x) forall f.g € B(X),
3) Iy xY)«vn —vall — Oforeveryy €T,
we have that v, (A) — 1 (where A C X x X denotes the diagonal).

Here, for a bounded signed Borel measure v on X x X, the norm ||v|| is obtained
by viewing v as a linear functional on B(X x X).

Proposition 2 (Criterion for rigidity of equivalence relations). Let R be a countable
pmp equivalence relation on a probability space (X, (). Assume that for any sequence
of Borel probability measures v, on X x X satisfying (1), (2) and

3" (B x0)xvy—vyu|| — Oforevery 8 belonging to the group [R] of automorphisms
of (X, i) whose graph is contained in R,

we have that v, (A) — 1.
Then R is rigid.

Before indicating how these propositions follow from [Io10], let us recall the
notion of relative property (T) for von Neumann algebras.

Definition ([Po06], Definition 4.2.1). Let (M, 7) be a von Neumann algebra with a
normal faithful tracial state T and B C M a von Neumann subalgebra.

We say that B C M has relative property (T') if whenever J is a Hilbert M -
bimodule and £, € J is a sequence of unit vectors satisfying

o (x&,. &) = (E4x,&,) = t(x) forall x € M and every n = 1 (tracial),
e ||x& —&,x|| — Oforall x € M (almost central),

we can find n, € H such that by, = n,b forall b € B and every n > 1, and
72 — &nll — 0.

Proof of Proposition 1. The proof of the “only if part” is identical to that of “(a) =
(c)” in [I010], Theorem 4.4 (which does not actually use the freeness and ergodicity
assumptions).

The proof of the “if part” is implicitly contained in[lo10], Section 2, but for
completeness, we give full details. Let I' ~, (X, i) be an action such that for any
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sequence of probability measures v,, satisfying (1)—(3), we must have v, (A) — 1.
Denote M = L*°(X) x I" and let {uy },er be the canonical unitaries. To prove that
the action is rigid, let # be a Hilbert M -bimodule and £, € # a sequence of tracial,
almost central vectors.

Since (X, u) is a standard probability space, we may assume that X is a compact
metric space. We denote by C(X) the algebra of complex-valued continuous func-
tions on X. The left-right actions of C(X) on J induce a C*-algebra representation
of C(X x X) =~ C(X) ®umax C(X) into B(H). Let E: Q — P(J) be the spectral
measure giving this representation, where €2 is the Borel o-algebra of X x X and
P (#) denotes the set of projections in B(H) (see e.g. [Co99], Theorem 9.8). Thus,
if 7: B(X x X) — B(H#) is defined by 7(f) = [y, y fdE forall f € B(X x X),
then

(1 ® 2)() = fiffz forall fi, f € C(X)andall§ € K. (a)

Next, let v, € M(X x X) be given by the formula [y, fdv, = (7(f)én. &)
forall f € B(X x X). Since &, is tracial, equation (a) implies that v, satisfies (1)
foralln = 1.

Now, by approximating Borel functions with continuous functions (using e.g.
Lemma 9.7 of [C099]), we have that (a) holds for every fi, f> € B(X). Thus,

fl(x)fz(y)dvn(x,y)—/ S1(x) f2(x)dp(x)
X X
= |(f1§nf2»§n) - (flfzéménn < ”fl”oo ||f2§n - Enf2||’

for all f1, f> € B(X). Since &, are almost central it follows that v, satisfy (2).
Finally, letus show that vy satisfy (3). Fix y € I" andrecall thatu, fuy = foy~
for all f € L°°(X, u). Then (a) gives that for every f1, f> € C(X) we have that

e

1

/ (A ® f2)o (r x 7)VJdvy = / [(fior™) @ (fr®y dv,
XxX XxX

=((fiey DE(faoy™h). &)

= <”yf1”;$nuyf2u;?$n>

= (f1(uy&nuy) fo, uyntty)

= (m(fi ® L) uynrty) uynrty).

By approximating Borel functions with continuous functions we derive that

fo(yxy) tdv, = (w(f)WyEnuy), uyénuy) forall f € B(X xX). (b)
XxX
Since (/) < || flleo for all /' € B(X x X), and |lujéuuy — &l — O,
equation (b) implies that v, also satisfy condition (3).
Thus, we must have v, (A) — 1. Define 5, := w(1A)(§,) € H. Since fn, =
ny f forall f € L°°(X), and |9, — &4ll2 = V1 —vu(A) — 0, we are done. O
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Proof of Proposition 2. This is the same as the proof of the “if part” of Proposition 1,
where we replace M by L(R) and the unitaries {uy },er by the unitaries {ug}oc[r)-
O

3. Proofs
We begin by stating more general versions of Theorems A and C.

Theorem D. Let G be a real algebraic group and A C G be a lattice. LetT' C G
be a countable subgroup and denote by H its Zariski closure. Assume that H has
no proper normal co-compact algebraic subgroup and no non-trivial homomorphism
into R*. Let n be a T'-invariant probability measure on G/ A.

If the centralizer of T (equivalently, of H) in G is finite, then the pmp action
I' ~ (G/A,n) is rigid.

In the case n = mg/ A, the converse is true: if the action I' ~, (G/A,n) is rigid,
then the centralizer of T in G is finite.

Remark. Theorem D implies that for I' = F, x Z actions of the form I' ~,
(G/A,mgyp) are never rigid. It would be interesting to decide whether I" admits
a free ergodic rigid action at all. Note in this respect that the general question of
characterizing non-amenable groups which admit free ergodic rigid actions ([Po06],
Problem 5.10.2) remains open (see [Gal 1] for a partial result).

Theorem E. Let G be a real algebraic group, fix a Haar measure m = mg of G
and on (G, m) consider the left-right multiplication action of G X G : (g1,82)- & =
21885 "

Let ', A < G be two countable discrete subgroups and denote by H, K their
Zariski closures. Assume that the stabilizer of any non-zero point in the Lie algebra
of G under the adjoint actions of H and K is amenable.

Denote by S the orbit equivalence relation of the action I' x A ~, (G, m), i.e.,
S ={(x,y) e GXxG | x € TyA}. Let X C G be a Borel set with0 < m(X) < oo.

Then, for any subequivalence relation R C S|y = S N (X x X), we can find an
R-invariant measurable partition X = Xo U X such that R|x, is hyperfinite and
R|x, is rigid.

Remark. The assumption that I', A < G are discrete is essential. To see this, let
G be a simple connected compact Lie group together with two countable subgroups
I', A. Suppose that I' < G is dense and non-amenable. These assumptions imply
that the action I' x A ~, (G,m) is free ergodic and its equivalence relation S is
ergodic and non-hyperfinite.

We claim that S is not rigid. Let d be a G x G-invariant metric on G defining
the topology. Forn = 1,let A, = {(x,y) € G x G | d(x,y) < }l} and set
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Vy = % € M(G xG). Then v, is invariant under the diagonal product action

of G xGonG xG: (g1,82) - (h,k) = (g1hg5", g1kg; ') and its projection onto
both coordinates is equal to m. Moreover, we have foG f1(h) fa(k)dvy(h, k) —
Jg f1(h) f2(h)ydm(h) for all fi, f» € B(G) (this is clear when f; is a continuous
function; in general, use Lusin’s theorem to approximate f; and the fact that the
projection of v, onto the first coordinate is equal to m). Since v,({(h,h) | h €
G}) = 0 for all n, Proposition 1 shows that the free action I' x A ~, (G, m) is not
rigid. By [Po06] it follows that S is not rigid, which shows that the conclusion of
Theorem E fails in this case.

Next, we introduce some notation that we will use in the proofs of Theorems D
and E. Fix an unimodular real algebraic group G and a Haar measure m = mg.

* Denote by g the Lie algebra of G and by P(g) = (g \ {0})/R* the associated
projective variety together with the map p: g \ {0} — P(g).
We endow g and P (g) with the adjoint G-action.

e Letg: G — g be a Borel map which is equal to the logarithm in some neigh-
borhood U of 1 € G.

» Next, definer: G x G — G by r(x,y) = xy~ L.
e Wecannowsetp = pogor: (GXG)\A —P(g),where A = {(x,x) | x € G}.
* Finally,weletm: (GXxG)\A — G xP(g) be givenby 7 (x, y) = (x, p(x, y)).

Given a Borel subset X C G we denote Ay = A N (X x X) and the projection
onto the i-th coordinate by p*: X x X — X.

LemmaF. Let X C G be a Borel subset endowed with a Borel probability measure 1.
Let ¢ > 0. Suppose that i, € M(X x X) is a sequence satisfying plu, < cn,

Un(Ax) = 0foralln =1, and u, (A x (X \ A)) — 0 for any Borel set A C X.
Let 3 C G be a countable subgroup and ¢1, ¢2: X — X be two Borel maps. De-

noteby D the setof (x, y) € (XxX)\Ax suchthat p(¢1(x)x¢2(x), $1(y)y$2(y)) =

Ad(¢1(x))(p(x. y))-
Then limy,— o0 by (D) = 1.

Proof. We first claim that y, ({2 (B; x B;)) — 1 for any Borel partition {B;}$2 |
of X. Fork = 1, set X; = Ule B;. Note that (X x X) \ U72,(Bi x B;) C
Ule(Bi X (X \ B) U (X \ Xg) x X). Since un(B; x (X \ B;)) — 0forall i
and plu, < cn, we deduce that

o0
lim sup (X x X)\ | J(Bi x Bi)) < en(X \ X) forallk = 1.

i=1

Since {B;}72, is a partition of X, we obtain that n(Xy) — 1, which proves our
claim.
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Towards proving that pu,(D) — 1, let ¢ > 0. We can find a finite subset F' of
¥ such that n({x € X | ¢1(x) € F}) = 1 — £. Since plun < cn it follows that
A={(x,y) € X x X | ¢p1(x) € F} satisfies u,(A) =1 —¢, foralln > 1.

Next, since g(x) = log(x) for x in a neighborhood of 1 € G, we obtain that
for all x in a, possibly smaller, neighborhood V' of 1 we have that g(yxy~!) =
Ad(y)(g(x)) foreveryy € F. Let B = {(x,y) € X x X | xy~! € V}. Let W be
a neighborhood of 1 € G such that WW~=! C V and hy, hy,.. € G be a sequence
such that G = (J?2, Wh;. Fori > 1, define B; = (Wh; \ (U} Why)) N X.
Since {B;}2, is a partition of X and | J;2,(B; x B;) C B, the above claim yields
that u,(B) — 1.

Finally, letus show that C = {(x,y) € X xX | ¢1(x) = ¢p1(¥), p2(x) = ¢2(¥)}
satisfies u, (C) — 1. This also follows from the above claim, after noticing that the
sets Cy, .y, = {x € X | 1(x) = Y1, ¢2(x) = y2}, with y1, y» € X, form a partition
of X and satisfy C = (U, ,,er(Cy,,y, X Cy,,y,). Finally, it is easy to see that
ANBNC C DUAy. Sinceliminf u,(ANBNC) = 1—¢and e > 0is arbitrary,
the proof is complete. (|

Proof of Theorem D. Suppose first that the centralizer of H in G isfinite. Let X C G
be a fundamental domain for the right A-action. Identify G/A with X via the map
G/A > xA — xA N X € X. Under this identification, the corresponding I"-action
on X is given by y - x = yxw(y, x) forall x € X and y € I', where A = w(y, x) is
the unique element of A such that yxA € X.

Let v, be a sequence of Borel probability measures on X x X satisfying

(1) piv, =nforallnandi = 1,2.

2) [xxx f()g()dvn(x,y) — [y fgdn forall f g € B(X).
3) Iy X y)xvn —vu|| = Oforall y € T.

By Proposition 1, to conclude that the action I' ~, (X, n) is rigid, it suffices to
argue that v, (Ay) — 1.

If this is false, then after passing to a subsequence we may assume that ¢, = 1 —
vy (Ax) verify ¢ = inf ¢, > 0. Define t, € M(X X X) by un(A) = ¢;; vy (A\ Ax)
forany Borel set A C X x X. Then conditions (1) and (2) imply that plu, < ¢~ 1nfor
all n, and pu, (A x (X \ A)) — 0 for any Borel set A C X. By applying Lemma F (to
the subgroup ¥ < G generated by I" and A), we obtain u, ({(x,y) € (X x X)\ Ax |
p(y - x,y-y) = Ad(y)(p(x,y)}) — 1.

Also, condition (3) gives that ||(Y X ¥)«in — in|| = O forall y € I'. Combining
the last two facts yields that the probability measures {, = p«u, on P(g) satisfy
| Ad(y)«Cy — Cull — O for all y € T'. Since P(g) is a compact metric space,
the space M (P(g)), endowed with the weak-* topology induced by the embedding
M(P(g)) C C(P(g))*, is compact metrizable. Let { € M(P(g)) be a weak-* limit
point of {,},>1. Since I' acts on P(g) by homeomorphisms, we deduce that ¢ is
invariant under the adjoint action of T".
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Since the connected component of H in the Zariski topology is a normal co-
compact algebraic subgroup, the hypothesis implies that H is connected as an alge-
braic group.

By applying [Sh99], Theorem 3.11 (which uses the fact that H is connected as an
algebraic group) we get that ¢ is invariant under the adjoint action of H and that H
has a normal co-compact subgroup which fixes every point in the support of . Now,
the hypothesis forces that H fixes every point in the support of {. In particular, there
exists Y € g\ {0} and a homomorphism y: H — R* such that Ad(y)(Y) = x(y)Y
for all y € H. Since every such y is trivial, we deduce that Y is invariant under the
adjoint action of H. Hence, for all n, we have that y, = exp(%) € G commutes
with H. Since Y # 0, this contradicts the assumption that the centralizer of H in G
is finite.

For the converse, suppose that n = mg,/ and that the action I' ~, (G/A,n)
is rigid. By way of contradiction, if the centralizer of H in G is infinite, we can
find a sequence of elements x,, € G \ {1} which commute with H and converge
to 1. For every n, let v, be the pushforward of 7 through the map G/A > gA —
(gA, x,gA) € G/A x G/A. Since x, and I' commute, v, is invariant under the
diagonal I'-action. It is also clear that the projection of v,, onto both coordinates is
equal to n.

Now, let f1, f> be bounded Borel functions on G/A. Since x, — 1, it is easy to
see that [/, | f2(xnX) — f2(x)|dn(x) — 0. This implies that

/ A SO0 dun(x.y) = / F10) o (eax)dn(x)
G/AXG/A G/A
R / A1) fo(x)dn(x).
G/A

Since the action I" ~, (G/A, n) is rigid, we conclude that v,(A) — 1. Equiva-
lently, m({(g € X | g7 'x,g ¢ A}) — 0 for every Borel set X C G with m(X) <
00. On the other hand, as x, — 1, we have m({(g € X | g7 'x,g ¢ U}) — 0 for
any neighborhood U of 1 in G. Since A is discrete, we deduce that x, = 1 for n
large enough, a contradiction. O

Proof of Theorem E. We claim that it is sufficient to show that whenever X C G is a
Borel set with m(X) € (0,00) and R C S|x is a non-rigid subequivalence relation,
there exists an R-invariant Borel subset Xo C X such that m(Xo) > 0 and R|x, is
hyperfinite.

Assuming this is true, let R C S|x be a subequivalence relation. Let Xo C X bea
Borel subset of maximal measure such that R|y, is hyperfinite. Then the conclusion
of Theorem E is equivalent to the equivalence relation Ry := R|x\ x, being rigid. If
Ry is not rigid, then since Ry C S|x\x,, we could find X; C X \ X, Borel with
m(X1) > O such that R|y, = Rolx, is hyperfinite. This however would contradict
the maximality of Xj.
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So, let R C S|x be anon-rigid equivalence relation. Let n = m(X )™ !m|x be the
probability measure on X obtained by normalizing the restriction of m to X. Since
R is not rigid, Proposition 2 gives a sequence v, € M(X x X) such that

(1) piv, =nforallnandi = 1,2.

2) [xxx F()g()dvn(x,y) — [y fgdn forall f g € B(X).
3) (6 x 8)xvy —vy,|| — O forevery 6 € [R].
4 va(Ax) # L.

After passing to a subsequence we can assume that ¢, = 1 — v,(Ay) satisfy
¢ = infc, > 0. Define u, € M(X x X) by un(A) = ¢, 'vu(A\ Ax) for every
Borel set A C X x X. We have that
(") pipn <c 'pforallmandi =1,2.

(2") un(A x (X \ A)) — 0 for any Borel set A C X.
3" (0 x 0)sptn, — punl|| — O for every 6 € [R].
@) pun(Ax) = 0 forall n.

Let 6 € [R]. After modifying 6 on a null set, we can assume that 8(x) € T'xA for
allx € X. This allows us to define wg = (wy, w7): X — I’ x A through the formula
0(x) = wp(x) - x = wy(x)xw}(x)~" for every x € X. Using wj we construct a
Borel isomorphism 6 of X xP(g) by letting é(x, Y) = (0(x), Ad(wé (x)(Y)).

We split the rest of the proof into several steps.

Step 1. There exists ¢ € M(X x P(g)) such that é*é‘ = ( forall 6 € [R].

Proof of Step 1. For every n, let {,, = m«,. Let 8 € [R]. To prove this step we first
show that ¢, are “almost f-invariant” and then argue that any limit point ¢ of {{, },>1
satisfies the conclusion. We first claim that

16480 — Eall = O. (©

By Lemma F (which applies as (1), (2) and (4) hold true), the set D of (x, y) €
X x X such that p(6(x),0(y)) = Ad(wé (x))(p(x, y)) satisfies u, (D) — 1. Since
(x,y) € D ifand only if (é om)(x,y) = (wo(fx0))(x,y), condition (3) gives (c).

Now, since ¢, are Borel probability measures on the locally compact metrizable
space X xP(g), we can view them as elements of Co(X x P(g))* (the dual of the
algebra of continuous complex-valued functions on X x P (g) which vanish at infinity).
Since the unit ball of Co(X x P(g))* is compact metrizable in the weak-* topology,
by Riesz’ representation theorem we can find a subsequence {{,, }x>1 and a positive
Borel measure £ on X x P(g) such that fXXP(g) fdin, — fXXP(g) fdt for every
f € Co(XxP(g)).

Towards showing that ¢ satisfies the conclusion, note first that 0 < (X xP(g)) <
1. Let ¢ > 0. Since X x P(g) is a metrizable space, by Lusin’s theorem we can
find a closed subset Xo C X such that n(X \ Xo) < ¢ and wg|x,: Xo = I' x A is
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continuous. Condition (1) implies that &, (X \ Xo) X P(g)) = wx (X \ Xo) x X) <
¢ In(X \ Xo) < ¢ leforevery n. Thus ¢,(Xo x P(g)) = 1 — ¢~ 'e and since
Xo x P(g) closed, we deduce that £ (Xo x P(g)) = 1 —c7'e. As e > 0 is arbitrary,
this proves that ¢ is a probability measure.

By (c), in order to prove that é*C = ¢ it suffices to show that [(f o é)d{nk —
f(foé)dg“foreveryf € Co(XxP(g)) with || f|loo < 1. Note that the restriction of §
to XoxP(g) continuous. Leth € Co(X xP(g)) suchthat||Aoo < landZ|x,xp(g) =
(f 00)lxoxb(g)- Since £((X\ Xo) x P(g)) < c~eand &, (X \ Xo) x P(9)) < ¢~ e,
we have that

| /X KLU /X e iz

<dc Ve + | hd ey, —/ hde|.
X xP(g) X xP(g)

Since |, XxP(q) hdln, — [x«p @) hd({ and & > 0is arbitrary, this concludes the proof
of Step 1. O

Next, by disintegrating ¢, we derive the following:

Step 2. There exist an R-invariant Borel set Xo C X with n(Xo) > 0 and a
Borel function ¢: Xg — M(P(g)) such that for all & € [R] we have {(6(x)) =
Ad(wé (%)), ¢ (x) for n-a.e. x € Xo.

Proof of Step 2. Since plu, < c¢c7'nand n(x,y) = (x,p(x,y)), we deduce that
the push forward of ¢, onto the X -coordinate is < ¢~!n. Thus, the push forward of
¢ onto the X -coordinate, denoted 7, satisfies 77 < ¢~ !7. By using Step 1, we obtain
that 7 is R-invariant. Disintegrate { = [y {(x)d7j(x), where {(x) € M(P(g)) for
all x € X (see e.g. [KMO04], Theorem 3.3). By using Step 1 and the fact that 7 is
R-invariant, the uniqueness of the disintegration implies that

L(Ox)) = Ad(wé (x)),¢(x) forf-ae. x € X andall 0 € [R].

Denote by Xo C X the support of 7 and notice that it is R-invariant. Since
71 < ¢~ we obtain that n(X,) > 0 and the conclusion follows. O

In the second half of the proof, we use Step 2 (and an analogous identity for wg)
to deduce that R|x, is hyperfinite. We first do this under the additional assumption
that R|y, is ergodic with respect to n and then treat the general case (see the end of
the proof).

By using the fact that the action H ~, M(P(g)) is smooth, we further obtain:

Step 3. There exist an amenable subgroup P < H and a Borel function ¢p: X¢ —
H /P such that for all 8 € [R] we have ¢(0(x)) = wé (x)¢(x) for n-a.e. x € Xop.
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Proof of Step 3. Since the adjoint action of H on g is linear, by [Zi84], Corol-
lary 3.2.12, the action of H on M(P(g)) is smooth (recall from [Zi84], Defini-
tion 2.1.9, that a Borel action H ~, Z is smooth if there exists a sequence of Borel
sets W, C Z/H which separate points). Since R|x, is ergodic, by Step 2 we deduce
that ¢, lies in a single H -orbit, on a co-null subset of X. In other words, there exists
& € M(P(g)) such that {, € HE for n-almost every x € X,. Identify HE with
H/ P, where P denotes the stabilizer of & in H.

We claim that P is amenable. By [Sh99], Theorem 3.11, P has a normal co-
compact subgroup Py which fixes every point in the support of £. Thus, if Y € g\ {0}
is such that p(Y) € P(g) is in the support of &, then there exists a homomorphism
x: Po — R* such that Ad(y)(Y) = x(y)Y forall y € Py. Now, P; = ker(y)
stabilizes Y and our assumption implies that Py is amenable. Since y is continuous
and R* is amenable, we deduce that Py is amenable. Finally, as Py is co-compact in
P, it follows that P is amenable and the conclusion follows. O

Now, definer’: GxG — Gasr'(x,y) =x"ly. Letp' = pogor’: (GxG)\
A —P(g)and’: (GxG)\ A - G xP(g) be given by ' (x, y) = (x, 0'(x, y)).
Repeating the above argument with r’, o', 7’ instead of r, p, = yields an amenable
subgroup Q@ < K and a Borel function ¥ : Xo — K/Q and such that ¢ (6(x)) =
wg (x)y (x) for almost every x € X, for all 6 € [R] (note that 7 is the weak-* limit
of p} pn, , so its support, Xo, does not depend on the definition of r).

SetZ=H/PxK/Qandt:=(¢,¥): Xo = Z. Then t(0(x)) = wy(x)t(x)
for almost every x € X, for all 8 € [R]. Here on Z = (H x K)/(P x Q) we
consider the left multiplication action of I' X A. Since P x Q is amenable and I x A
is discrete, this action is topologically amenable, in the sense of [An02] (see the proof
of [BOO0S8], Theorem 5.4.1). This fact allows us to derive the following:

Step 4. R|x, is hyperfinite.

Proof of Step 4. This is a consequence of Proposition 3.6 in [lo10]. For the reader’s
convenience we provide a self-contained argument. Fix a sequence {6;};>1 C [R]
such that R = ;- {(6i(x),x) | x € X}. Definew: R — T' x A by w(x,y) =
wg; (), where i is the least integer with x = 6;(y). Then t: X¢ — Z satisfies

7(x) = w(x,y)tr(y) for n-almostevery (x,y) € R|x,. (d)

Since the action I' X A ~, Z is topologically amenable, by Connes—Feldman—
Weiss’ theorem ([CFW81]), its orbit equivalence relation 7 is hyperfinite with respect
to any measure on Z. Let n|x, be the measure on Xy given by 7x,(4) = n(4AN Xo).
Then we can find an increasing sequence 7, of finite equivalence relations on Z such
that T = J,,»1 Tn, up to 7«(n|x,)-null sets.

For every n > 1, set R, = {(x,y) € Rlx, | (tr(x),7(y)) € T,}. Then R, is
an increasing sequence of subequivalence relations of Ry, . By (d) we have that
U,=1 Rn = Rlx,, up to n-null sets. Thus, to show that R|x, is hyperfinite, it is
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enough to argue that R, is hyperfinite for all n > 1. Now, if Ry = {(x,y) € R|x, |
7(x) = ()}, then Ry has finite index in each R,. Therefore, we can further reduce
to proving that Ry is hyperfinite.

Let us first prove this under the additional assumption that R is ergodic. Then
we can find © € Z such that t(x) = t for almost every x € Xy. Denote by L the
stabilizer of T in I x A and by Sy the orbit equivalence relation of the action L ~, G
(recall that I' x A acts on G by left-right multiplication). By using (d) we derive
that w(x, y) € L for almost every (x,y) € Ro. Thus, Ry C So|x,. On the other
hand, since P an Q are amenable, it follows that L is amenable. Thus, Sy and R,
are hyperfinite ((CFW81]).

If Ry is not necessarily ergodic, we consider its ergodic decomposition. Let M
be the set of ergodic Ry-invariant probability measures on X, (viewed as a Borel
subset as M (Xp)). Then there is an Ry-invariant Borel map m: X¢ — M such that
Nx, = on m(z)dn|x,(z). Equation (d) implies that the set of z € X, such that
7(x) = w(x, y)t(y), for m(z)-almost every (x, y) € Ry, has full measure. Since
m(z) is Ro-ergodic, arguing as in the previous paragraph yields that R is hyperfinite
with respect to m(z) for n-almost every z € Xy. Since 7|y, = on m(z)dn|x,(z),
we conclude that Ry is hyperfinite. O

Finally, if R|x, is not ergodic, then one proceeds as in the last paragraph. Consider
the ergodic decomposition 7|y, = on m(z)dn|x,(z), where m(z) are ergodic R|x,-
invariant probability measures. Then the identity from Step 2 (and the analogous
identity for wg obtained by replacing p with p’) holds when 7 is replaced with m(z)
for almost every z € X,. Now, for such z, the above proof yields that R|x, is
m(z)-hyperfinite. Finally, this gives that R|x, is n|x,-hyperfinite. O

We are now ready to prove the results announced in the introduction.

Proof of Theorem A. The first part is immediate by Theorem D. For the moreover
part, recall Kazhdan’s result: any connected semisimple Lie group G with finite
center whose simple factors have real-rank > 2 has property (T) ([Ka67], see [Zi84],
Theorem 7.4.2). O

Proof of Corollary B. Denote by u the probability measure on X. Let (Y, v) be a
pmp I'-space and p: X x ¥ — G/A be a measurable, quotient ['-map. If 4 :=
{(x1,x2,y) € X x X XY | p(x1,y) = p(x2,y)}, then the conclusion is equivalent
to (U X u x v)(A) = 1. This implies that we may assume that the action I' ~, (Y, v)
is ergodic.

Now, the action I' ~, (G/A,mgyp) is rigid by Theorem A. By [1009], Proposi-
tion 3.3, we obtain that A has positive measure. Since I' -7 is infinite for all i € 7, the
action I' ~, (X, p) is weakly mixing. Hence, the product actionof "on X x X x Y
is ergodic. Since A is invariant under this action, the conclusion follows. O



416 A. Toana and Y. Shalom

Remark. In the case Y is a single point space, Corollary B has been first proved
by Furman in [FuO7], Remark 1.15 (2), by using entropy. When I" has property (T),
this also follows from [FuO7], Theorem 1.14, by using Popa’s cocycle superrigidity
theorem.

Proof of Theorem C. Let X C G beafundamental set for the right A -action endowed
with the probability measure m(X) 'm|x. Set T = {(x,y) € X x X | x € TyA}.
Since the stabilizers under the adjoint action of G of non-zero points in its Lie algebra
g are amenable, Theorem E implies that any subequivalence relation R C 7', admits
an R-invariant measurable partition X = X, U X such that R|x, is hyperfinite
and Ry, isrigid. Since ¢: G/A 3 xA — xA N X € X is a measure preserving
isomorphism with ¢(S) = T, we are done. O
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