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Hyperbolic hydra

Noel Brady, Will Dison and Timothy R. Riley*

Abstract. We give examples of hyperbolic groups with finite rank free subgroups of huge
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1. Introduction

1.1. Our result. Hyperbolic groups are algorithmically tractable (their word and
conjugacy problems are straightforward) and are characterised by a tree-like property
that geodesic triangles in their Cayley graphs are close to tripods [5], [8]. The purpose
of this article is to show that nonetheless some harbour extreme wildness within their
subgroups — their finite rank free subgroups, even. We prove (the terminology is
explained below):

Theorem 1.1. There are hyperbolic groups Ty for all k > 1 with free rank (k + 18)
subgroups A whose distortion satisfies Disti’; > Ag, that is, grows at least like the
k-th of Ackermann’s functions.

A distortion function Distg measures the degree to which a subgroup H < G
folds in on itself within G by comparing the intrinsic word metric on H with the
extrinsic word metric inherited from G. Suppose that S and T are finite generating
sets for G and H, respectively. Then

Distg(n) ;= max{dr(l,g) | g € H withds(1, g) <n}.

Up to the following equivalence, capturing qualitative agreement of growth rates,
Distg does notdepend on S and T'. For f,g: N — N, we write / < g when there
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exists C > O such that f(n) < Cg(Cn + C) 4+ Cn + C for all n. Define f ~ g
when f <gandg < f.

Ackermann’s Ag: N — N are a family of fast growing functions defined recur-
sively:

Ao(n) =n+2 forn >0,

0 fork=1,

Ae0) = {1 fork > 2.

and
Apr1(n + 1) = A (Ag+1(n)) fork,n > 0.

In particular, A;(n) = 2n, A>(n) = 2" and A3(n) is the n-fold iterated power of
2. They are representatives of the successive levels of the Grzegorczyk hierarchy of
primitive recursive functions — see, for example, [15].

1.2. The organisation of this article and an outline of our approach. Our groups
Iy are elaborations of the hydra groups

1

Gr = {ay,....ar,t |t ayt = ay, t~Yajt = a;a;_q (foralli > 1))

explored by the second and third authors in [6]. These Gy are CAT(0), free-by-
cyclic, biautomatic, and can be presented with only one relator, and yet the subgroups
Hy = (ait, ... axt) are free of rank k and their distortion grows like the k-th of
Ackermann’s functions: Distg: ~ Ag.

This extreme distortion stems from a phenomenon which can be described as a
re-imagining of Hercules’ battle with the Lernaean Hydra. A hydra is a positive word
w on the alphabet aj, a, .... Hercules removes the first letter and then the creature
regenerates in that each remaining a; with i > 1 becomes a;a;—;. (Each remaining
a is unaffected.) This repeats and Hercules triumphs when the hydra is reduced to
the empty word . The number of steps is denoted J(w). (Each step encompasses
the removal of the first letter and then regeneration.) For example, J#(a3) = 7:

ag — (azal)2 — alazaf — azaf — af — a% —a; — €.
In [6] it is shown that Hercules will be victorious whatever hydra he faces, but the
number of strikes it takes can be huge: the functions #y, defined by J (n) = H (a}),
grow like Ackermann’s functions: #; >~ Ay.

The group Gy is not hyperbolic because it has the subgroup (a;,) = Z?. We
obtain I'y by combining G with another free-by-cyclic group, which is hyperbolic, in
such a way that the hydra phenomenon persists in 't but the troublesome “Euclidean”
relations ¢ ~!at = a; are replaced by something “hyperbolic”.

In Section 2 we will give two presentations P and Qy for I'y and will prove
they are equivalent. Py is well suited to proving hyperbolicity: the associated Cayley



Hyperbolic hydra 963

2-complex, suitably metrized, will be shown in Section 3 to be CAT(0) and to contain
no isometrically embedded copies of R? and so is hyperbolic by the Flat Plane Theo-
rem. Qp places 't in a class of free-by-cyclic groups which we show in Section 4
(for k > 2) contain free subgroups of rank k + 18 and distortion > Ay. (In the case
k = 1, Theorem 1.1 is elementary: take I"; to be a free group and A to be I'1.)

1.3. Background. Other heavily distorted free subgroups of hyperbolic groups have
been exhibited by Mitra [12]: for all k, he gives an example with a free subgroup of
distortion like a k-fold iterated exponential function and, more extreme, an example
where the number of iterations grows like logn. Barnard, the first author and Dani
developed Mitra’s constructions into more explicit examples that are also CAT(—1)
[3]. We are not aware of any example of a hyperbolic group with a finite rank free
subgroup of distortion exceeding that of our examples. Indeed, we do not know of a
hyperbolic group with a finitely presented subgroup of greater distortion. The Rips
construction, applied to a finitely presentable group with unsolvable word problem
yields a hyperbolic (in fact, C’(1/6) small cancellation) group G with a finitely
generated subgroup N such that Distg isnotbounded above by any recursive function,
but these N are not finitely presentable. (See [1], §3.4, [7], Corollary 8.2, [9], §3,
3.K%, and [14].)

Whilst we will not call on it in this paper (as we will give the translation between
the presentations Py and Oy explicitly), a result that lies behind how we came to our
examples is that if a 2-complex admits an S!-valued Morse function all of whose
ascending and descending links are trees, then its fundamental group is free-by-cyclic
[2]. (The ascending link for our examples is visible in Figure 2 as the subgraph made
up of all edges connecting pairs of negative vertices. The descending is that made up
of all edges connecting pairs of positive vertices. Both are trees.)

1.4. Towards an upper bound on distortion. It seems likely that Distll;’; ~ Ag,
but we do not offer a proof that Distﬂ’; < Ag. The proof that Distfl’; < Ag in [6]
may guide a proof that Disti’; =< Ay, but that proof is technical and how to carry it

over to Disti" is not readily apparent. We are content to present here just the lower
bound, which we believe is the more significant.

1.5. Height and quasiconvexity. A finitely generated subgroup H of a finitely
generated group G is quasiconvex when Distg (n) < Cn for some constant C. An
infinite subgroup H of a group G has infinite height when, for all n, there exist g,
..., &n such that (\/_; g; ' Hg; is infinite and Hg; # Hg, foralli # j.

As Ay < Ty, for k > 2, are new examples of non-quasiconvex finitely presented
subgroups of hyperbolic groups, they are test cases for the question attributed to
Swarup in [13]: if a finitely presented subgroup H of a hyperbolic group G has finite
height, is H quasiconvex in G? (We thank Ilya Kapovich for drawing our attention
to this.)
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Our Ay < I'y do not resolve Swarup’s question as they have infinite height for all
k > 1. We explain this using the notation of Section 4. It follows from Proposition 4.8
thatt’ € Ay ifandonlyifi = 0. So Agt’ # Agt/ foralli # j. And (72, 17 Ayt
is infinite since the rank / free group (b1, ..., b;) is a subgroup of t ~* Axt* for all i.

Acknowledgement. We thank an anonymous referee for a careful reading.

2. Our examples

2.1. A CAT(0) presentation for I';. This presentation Py is well suited to estab-
lishing hyperbolicity (see Section 3):

generators:  o1,...,0%, B1,..., B8, Y1,-..,V8.0, T,

ai_lrai =ai— (1 <i <k),

Bi'thi =Bis1 (1 <i <7). PstBg' = Bu.
yiltoyi=visi (1<i <7), ysoyg' =y,
Y3aBs = Bays. a1y1T = Ty701.

relations:

It is convenient to encode Pj as shown in Figure 1 (which displays the case
k = 6). Each edge in the three labelled oriented trees (LOTs, see [10]) encodes a
commutator relation, an edge labelled y from a vertex labelled x to a vertex labelled
z corresponds to a relation y~!xy = z. The square and hexagonal 2-cells represent
the remaining two relations, y385 = B3ys and a1 Y17 = t)701.

Figure 1. The defining relations of the presentation Pg for I'¢ displayed as three LOTs and
two 2-cells.

If one removes the «; and all the relations in which they appear from Py, then one
essentially gets groups studied by Mecham and Muckerjee in [11]. These, in turn,
are built from two copies of groups studied by Barnard and the first author in [2].



Hyperbolic hydra 965

2.2. A presentation of I'y as a free-by-cyclic group. This presentation Q has

generators:  do,...,dg,b1,...,bg,c1,...,c8,d,t,
t~tajt = 0(a;), 0<i<k,
t7'hit = ¢p(b;), 1<i<S8,
t7'eit = dy(cs)Y(ci)Y(cs)'d™", 1<i <8,
171t = §*(bs) ™ dyr(csc3 g (b3),

relations:

where 6, ¢ and ' are defined by

uav, 1 =0,
0(a;) = { ao, i=1,

ajai—1, 1<i =<k,

¢(bi) = (bi...by)b'bs (1 <i <38),
Y(ci) = (ci...ce)eiles (1 <i <8),

and
U= t_kc;ltdW(cs)tk_l, v = t_(k_l)w(cs)_ld_lt_lcltk.
Lemma 2.1. Qj presents a free-by-cyclic group
F(ag,ay,...,ar,by,...,bg,c1,...,c8,d) X7,

where the Z-factor is (t) and t acts as an automorphism.

Proof. First note:

(1) u and v represent elements of the subgroup (by, ..., bg,c1,...,cg,d), and

(ii) ¢ and v define automorphismsof F (b1, ..., bg)and F(cy,...,cg), respectively,
as would 6 for F(ao,...,ax) were 8(ag) equal to a; rather than uav.

The action of ¢ by conjugation on
F(a05a17“"ak’b19“‘7b87cl""708’d)

apparent in the presentation Qy is an automorphism because, as we will explain, the
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following is a sequence of free bases:

(a07a11’ak1b177b8?cla?cgvd)

1) _ _
—_— (al,t lalt,...,t lakt,bl,...,bg,cl,...,68,d)

1

@  _ _ _
—_— (l 1(,10[,[ ait,...,t lak[,bl,...,bg,Cl,...,Cg,d)

16111,... ,t_lakl,l_lbll,. . .,l_lbgl,W(Cl), ...,W(Cg),d)

1

e, _ _
= (tLaot, t

art, ...t agt, t7 byt ...t gt Y (cr), .
o ¥(cs), dyr(eseyh))

@ _
— (taot, t

(%)

= (T aot, t 7 agt, .t Yagt, T by, Lt gt t T et
—1 —1
.t gt dy(esey )
©  _ _ _ _ _ _ _ _
— (T aot, t7agt, .t agt, T by, Lt gt T eyt Lt gt T ).

This is because (1) ay, t'ait, ..., t lagt is a free basis for F(ay,...,ay) as per
(i) above; (2) t~'agt = ua,v, which is equivalent via transvections to a; by (i);
(3) follows from (ii); (4) is via transvections; (5) conjugation by ¥ (c5)"'d ! =
V(cs) M (eses Dy (ese3)™1d™! is first conjugation by ¥ (cs) !¢ (csc3t),

which is an automorphism of F(cy,...,cs), and then by ¥ (csc3')™'d™!; and
(6) is via transvections as ¢~ !byt,...,t 'bgt are a free basis for F(by,...,bg)
and¢2(b5)_1,¢(b3) € F(by,...,bg). O

The subgroup Ax of Theorem 1.1 will be

(aot,...,art,by,...,bg,cy,...,c8,d).
2.3. The equivalence of the presentations. We will prove:
Proposition 2.2. Pj and Qy present the same groups.
As a first step we establish:

Lemma 2.3. Mapping t + t~ ' and B; — t='b; for 1 < i < 8 defines an isomor-
phism

(Bio....Bs. T | Bi'tBi = Biv1 (1 <i < 7). BstBs' = P1)
— F(by,...,bg) xg Z = (by,....bg,t |t hit = p(b;) (1<i<8)).

Proof. The given map translates the relations B;'tf; = Bit1 (1 <i < 7) and
BstBg! = Pi to the family

t 7 bit = bit'hiyat (1 <i <7), t 'bgt = by bg,

which is equivalent to t~1b;t = ¢(b;) (1 <i < 8). O
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Let P,é and Q ;c be the presentation obtained from Pj and QO by removing all the
generators «; and a;, respectively, and all the relations in which they occur.

Lemma 2.4. The groups presented by P,é and Q;c are isomorphic via

Tt Bi Y (1<i <38,
o s L Vi > s_lci (1<i<39)),
where s = tdyr(cs).

Proof. As per Lemma 2.3, translate 8, ..., s, T and associated relations to by, ...,
bg, t and yy, ..., ys, 0 and associated relations to ¢y, ..., Cg, S.
The given map converts the relation Y385 = B35 to

S_IC3t_lb5 = t_1b3S_IC5.

This rearranges as
t~'bsc3shy't = c3'ls

and then as
(' bst)t s (s e ) (T b3 ) = s(sT ey ),

which is equivalent to
P (bs)t sy (cs) " ip(b3) T = sy(ea) ",
and so to
175y (es) T = T (bs) sy (ea) T ().
So, as s = tdyr(cs),
17t =171 (bs) " tdy (cs) ¥ (c3) " p(b3),

which gives
(lde = P (bs) T dY (esc3 g (b3)

1

as per Q. Next, as s = td(cs), the relation s~'¢;s = ¥ (c;) is equivalent to

et = dy (cs)y (e (cs)"Hd ™!
as per Q. 0
Inductively define words u; and v; fori > 0 by
"y (i 20),
Y=tvit (i >0).

Uy = Ak, Ujt1 = U;
Vo =ak, Vi1 =V; 1

The following observation from [6] can be proved by inducting on i.
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Lemma 2.5. On substituting an ay for each oy in u;, the words u; and tily
become freely equal for all i > 1.

Proof of Proposition 2.2. By Lemma 2.4 there is a sequence of Tietze moves carrying
the subpresentation P,é of Px to Q ;{ and the remaining relations (those involving the
o;) to

-1 = t_ls_lcwzl, o

ors eyt ; Uy =iy, 1<i<k.

A sequence of Tietze moves eliminating oy, ..., ¢x—1 transforms this family to the

single relation

-1 -1

uk_ls_lclt =1 s_lc7uk_1.

Now substitute an ay, for each og. Then, by Lemma 2.5, this relation is equivalent to
(tk_2'l)k_1Z_(k_l))S_IC1t_1 — I_IS_1C7 (tk_ka_lt_(k_l)),
which becomes

T ot = (t_(k_l)c;lstk_l)vk_l(t_(k_l)s_lcltk_l)

on conjugating by =1 and rearranging. A sequence of Tietze moves introducing
dak—1, ..., a1 expands this to the family
t7layt = 7 * D g kg m R DT e R T g = giaiy, 1 <0 < k.

The first of these relations becomes t ~'a ¢ = ag when we introduce aq together
with the new relation

ag = t—(k—l)c;lstk—la1t—(k—1)s—lcltk—1’
which becomes t'agt = ua;v on conjugating by ¢ and eliminating the s and s~ !
using s = tdy(cs). O

3. Hyperbolicity

We establish hyperbolicity using techniques employed in [2] and [11].

Consider the presentation 2-complex Kj for Py assembled from Euclidean unit
squares associated to each of the defining relations with the single exception of
a1y1T = tYy701 for which we use a Euclidean hexagon made from one unit square
and two equilateral triangles as shown in Figure 1.

The link in the case k = 6 is shown in Figure 2. All edges have length 7 /2 apart
from the edges t+—afr and T~ —a; (shownin grey), which have length /3, and the
edges from )/1+ —17, y7+ —oy, afr—)/l_ , and r+—y7+ (shown in green), which have
length 577/6. Inspecting the link we see that any simple loop in the graph has length at
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+
oy Q 03 oy 05 Og

Figure 2. The link of the vertex in the presentation 2-complex associated to the presentation
Pg for I'g given in Section 2. The two grey edges have length 77/3, the four green edges have
length 577/6, and all other edges have length /2.

least 27 (separately considering the cases of monochrome and multicoloured simple
loops in Figure 1 helps to check this) — that is, for all kK > 1 the link is large. So K
satisfies the link condition (see [5]) and its universal cover Ky is therefore a CAT(0)
space.

To establish that I'y is hyperbolic we will show that i{; contains no subspace
isometric to [E? and then appeal to the Flat Plane Theorem of [4], [8]. The link of a
vertex in any isometric copy of E? in K; would appear as a simple loop of length 27
in the link. But inspecting the link, we find that no edges of length 7/3 or 57 /6 (the
grey and green edges) occur in a simple loop of length 277. Next one can check the
edges yi —Bs, v3—B5, ¥5 —B3 and ys —pB2 (the brown edges in the figure) do
not occur in a simple loop of length 2. Then it becomes evident that edges occurring
in simple loops of length 27 are precisely the edges

r+—ai_, T—a; (2=i<k),

B B (1<i<T). TT—BF. B4,

O—+_Vi_’ U__Vi_ (1 Sl S 7)7 O'+_V§—, O'_—)/;_
So every corner of every 2-cell in an isometrically embedded copy of E? must give
rise to one of the edges in this list. But, looking at the defining relations, we see
that no 2-cell in K has this property. Therefore there are no such E2, and so Iy is
hyperbolic.
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4. Freeness and distortion

4.1. A family of free-by-cyclic groups. Fix an integer / > 1, words u and v on
bi,...,b;, and an automorphism ¢ of F(by,...,b;). Then, for k > 1, define

‘lfk = F(Cl(),...,ak,bl,...,bl) Xg Z,

where 6 is the automorphism of F(ao,...,dax, b1, ..., b;) the restriction of which to
F(by,...,b;)is ¢ and

uav, i =0,
0(ai) = § ao. i=1,
ajai—1, 1<i<k.

Let 7 denote a generator of the Z-factor, so 1~ 'a;t = 6(a;) and t~'b;t = 6(b;) for
all i and j.

The presentation Qf in Section 2.2 shows I'x is an example of such a V.

Our aim in the remainder of this section is to establish:

Proposition 4.1. The subgroup
Ak = (aot, .. .,akt,bl, .. ,bl)
of Yy is free of rank k + 1 + 1 and Distii > Ag.

4.2. Towards a lower bound on distortion. In what follows, when, for a word
u =u(ap,...,ar,by,...,by), we refer to 6" (1), we mean the freely reduced word
that equals 6" (u) in F(ao,...,ak,b1,...,by).

The extreme distortion in the hydra groups of [6] stemmed from the battle between
Hercules and the hydra that we described in Section 1. When studying W we will
need the following more elaborate version of that battle. A hydra is now a word on

a07al"-‘7ak’b1"--7bl

in which the a; only appear with positive exponents. As before, Hercules fights a
hydra by removing the first letter. But in this version, the hydra only regenerates after
an a; is removed, and that regeneration is: each remaining a; and bjil becomes 0 (a;)
and G(bjil), respectively. Again, we consider Hercules victorious if, on sufficient
repetition, the hydra is reduced to the empty word.

Reprising the example from Section 1, Hercules defeats a3 as follows:

ag — (azal)2 — apazaiag —> aajdouarv — aguavl(u)agb(v)

— apf(v)0*(W)uav6%(v) — agb(v)03(v) — e.
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Here the steps in which Hercules removes a b; are not shown; the arrows indicate the
progression from when an g; is about to be removed to when an a; next appears at
the front of the word or the hydra becomes the empty word.

The salient point is that ag and the b; play no essential role in this battle; if we
removed all b; and replaced all ag by a1, we would have a battle of the original form.
Thus we have the following lemma. (Recall that ¢ (u) denotes the duration of the
battle (of the original type from Section 1 and [6]) against the hydra u.)

Lemma 4.2. Hercules wins against all hydra w and, in the battle, the number of times
he removes an a; equals H (W) where w is the word obtained from w by removing
all b;.':l and replacing all ag by a;.

Consideration of the original battle between Hercules and the hydra led to the
result that, for all k,n > 1, there is a positive word ug , = ug,(ait,...,axt) of
length # (n) that equals a,’Zt‘%k ™) in Gg. (This is Lemma 5.1 in [6].) The reason is
that the pairing off of a # with an initial a; in a positive word on ay, ..., ai corresponds
to a decapitation, and the conjugation by ¢ that moves that ¢ into place from the right-
hand end causes regeneration for the remainder of the word. For example #,(3) = 7
and

3.7
ast

= (axt)t a3ttt
= (aat)(azay)*t°

= (azt)(azt)t_lalazaltts

= (az2t)(azt)(art)(azt)(art)(art)(at)
M2,3 .
In the corresponding calculation for Wy, only the a; get paired with ¢, and on each

of the Jx (n) times that happens, the subsequent conjugation by ¢ can increase length
by a factor C which depends only on ¢, £(u) and £(v). So:

Lemma 4.3. There exists C > 0 such that for all k,n > 1 there is a word iy, =
Uk n(aot,...,axt,by, ..., by)that equals al’ét‘%k(”) in Wy, and has the properties that

T (n) < L(iig) < CH* D
and all the (a;t) it contains have positive exponents.

This and our next two lemmas will be components of a calculation that will yield
Proposition 4.6 (the analogue of Proposition 5.2 in [6]), which will be the key to
establishing a lower bound on the distortion of Ay in Wy.

A simple calculation yields:
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[m+1

Lemma 4.4. t""a; = Ty in Vg for allm > 1 where

aot form =1,
= 20™2(u) ... o2 (wu(at)p(v)p3(v)...¢" L (v) forevenm > 2,
" 2(u) ... 3 (w)p(u)(agt)p?(v)p*(v) ... ™ Y (v) foroddm > 2.

Tm

This combines with
T Hat™H = T lat®) e BantH) P age®) (a2 !
to give:

Lemma 4.5. There is a constant C > 0, depending only on ¢, £(u) and £(v), such
that for all n > 0 there is a word v, = vy (aot, by, ..., b;) such that t ™' (a;t™ )" =
Ut 72" in Wy, the number of (aot) contained in vy is n and all have positive
exponent, andn < £(v,) < C".

Proposition 4.6. For all k > 2 and n > 1, there is a reduced word of length at least
2Hy(n) + 3 on apt, ait, ..., axt, by, ..., by that equals aZaztalaz_la,:” in V.

Proof. After rewriting the relation t'art = asa; as az_ltaz = tal_l, we see
a; ' t#xMa, = (ta7h)* ™. So

apay = g paz(tay) =7

for 1ix , as in Lemma 4.3. This gives the first of the equalities

A—

—1,-n _ » —1\—, —1\J —15-1
alastayaya;™ = G paz(tay)y e Wra; (a7t ®a; Ui

= fign (azz)z—l(za;l)—«"’k@)zal(za;l)”k("%(azz)—la,;;

ZJfk(n)—ltaltZJfk(n)-f-lv—l

= U n(a2t)vge, )t~ ,;ek(n)(azt)‘lft;,h

- -1 —15-1
= U (a20) Ve, (n) T230, (1) V3, (n) (@20) ™ U -

The second is a free equality and the third and fourth are applications of Lemmas 4.5
and 4.4, respectively.

This calculation arrives at a word on agt, ait, ..., agt, by, ..., b; that equals
aZaztalaz_ la;” in W,. This word may not be freely reduced, but if we delete all
the b]il it contains, replace all aif! by ai!, and then freely reduce (i.e., cancel away
all (a;t)*1(a;t)T! subwords), we get uy , (azt)(art)(azt) " uy ), which has length
2H (n) + 3. O

4.3. Freeness and rank. The result of this section is:

Proposition 4.7. The subgroup Ay, is free of rank k + 1 + 1.
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It will be convenient to prove more. In the special case where w represents
the identity, the following proposition tells us that there are no non-trivial relations
between aot, ..., axt, b, ..., by and so establishes Proposition 4.7.

Proposition 4.8. If w = w(aot,...,art,by,...,b;) represents an element of the
subgroup (t) in VY, then w freely equals the empty word.

We begin with an observation on how the groups Wy nest.
Lemma4.9. For1 <i <k, the canonical homomorphism V; — Wy is an inclusion.

Proof. The free-by-cyclic normal forms — a reduced word on ay, ..., ai, by, ..., b;
times a power of ¢ — of an element of W; and its image in Wy are the same. O

We will prove Proposition 4.8 by induction, but first we give a corollary which
will be useful in the induction step. We emphasise that when we say that
v(aot,...,art,by,...,by) is freely reduced in the following we mean that there
are no (a;1)*!(a;t)T' or b]ilbfl subwords.

Corollary 4.10. Suppose that v(aot,...,axt,b1,...,b;y) is a freely reduced word
equalling 0t° in Vi, where s € Z and U = v(ay,...,ar,b1,...,b;) is a word in
which all the a; that occur have positive exponents. Then all the (a;t) in v have
positive exponents.

Proof. When played out against 0(ao, . .., dg, b1, ..., by), the hydra battle described
prior to Lemma 4.2 gives a word v/ = v’(aot, ..., art,by,...,b;) and an integer s’
such that v/ = 97" in Wy. Moreover, the exponents of all the (a;7) in v’ are positive.
Now v~ € (¢) since © = vt~ = v/t~, and so v and v’ are freely equal by

Proposition 4.8. Therefore the exponents of all the (a;¢) in v are positive. O

Proof of Proposition 4.8. We induct on k. For the base case of k = 1, notice that
defining ao := aot and a; := a,t, we can transform the presentation

(ag,ay,b1,...,b;,t |t_1aot = uav, t ‘at = ay, t_lbjt = ¢(b;) forall j)
for ¥, to
(@o,ar, by,....by,t |t  aot = uap(v), t~'ait = ao, t 'hjt = ¢(b;) forall j),

which is an alternative means of expressing W as a free-by-cyclic group from which
the result is evident.

For the induction step, we consider a freely reduced word w = w(aot, ..., axt,
by, ...,b;) representing an element of (t) in Wy where k > 2. If no (axt)*! are
present in w we can deduce from the induction hypothesis and Lemma 4.9 that w
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freely reduces to the empty word. For the remainder of our proof we suppose there
are (axt)*! present, and we seek a contradiction.

Consider shuffling the ! to the start of w using the defining relations — replacing
each a; and b; passed by a ¢! with 6%1(a;) and 6% (b;), respectively. The result
will be a power of ¢ times a word on ay, ..., di, b1, ..., by which freely reduces
to the empty word. Such is 6, no a; are created or destroyed in this process of
shuffling the 1. So there is some expression wq(ax?)T u(art) T w; for w such
that u = u(aot,....ax—1t,by.....b;) and the aif' and a' in the (ax?)*! and
(axt) ™! buttressing u cancel after the shuffling and free reduction.

We will address first the case w = wq(ax?) 'u(axt)w;. Break down the shuffling
process by first shuffling the t*1 out of wo, u and wy, and then carrying the resulting
powers to the front of the word:

w = wolart) ulart)wy — " Wo(art) Lt i (agt)t™ 0y
— lro+r+r19r+r1 (wo)er-{-rl+1(a;1)0r1+1(12)0r1+l(ak)@1’

where ro, r, 71 € Z and

@0 = ljl)\()(a(),...,ak,bl,...,bl),
ﬁ =ﬁ(ao,...,ak_l,bl,...,bl),
@1 = @l(ao,...,ak,bl,...,bl)

are words such that 10wy = wo, t"# = u and t"'W; = w; in Y. When we expand
0"t (a; ') and 0111 (ag) as words on aq, ..., a, the former ends with an a;!
which must cancel with the ay at the start of the latter. So 8711 (i), and therefore
u, freely equal the empty word. So u represents an element of (¢) and, by induction
hypothesis, freely reduces to the empty word, contrary to the initial assumption that
w(apt,...agt,by,...,by) is reduced.

In the case w = wo(axt)u(art) ™ wy, the shuffling process is

w = wolagt)u(agt) twy — "W (art)t t(art) "0,
— tr0+r+r1 9r+r1 (wo)er-i-rl (ak)9r1—1 (12)9” (021)@1 ,

where 1"°Wy = wq, 1" = u and t"'W; = w; in Wy, as before. The first and last
letters of 6771 (ax)0™ 1 (1)0" (a; ') are ax and a;’' which cancel, so this subword
must freely reduce to the empty word. So 67 ()0~ (ﬁ)a,:l also freely reduces to
the empty word, that is, 8”1 (ay )il freely equals agay_;.

If » = 0 then this says that # freely equals the empty word and, as before, we have
a contradiction. Suppose that 7 > 0. Then 1! = (agax_1)~ 10" (ar) would be a
positive word on ay, ..., ax—, were we to remove all the bf—Ll, ey bljEl it contains. So,
as 't~ = u~!, Corollary 4.10 applies and tells us that u~! would be a positive
word were we to remove all the bfcl e bljEl it contains. But r is the exponent sum of
the (aot)™?, ..., (ax—1t)*' in u, and so we deduce the contradiction » < 0. Finally
we note that the case r < 0 also leads to a contradiction because if we replace w by
w~! it becomes the case r > 0. O
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4.4. Conclusion. We deduce from Proposition 4.8 that the word posited in Proposi-

tion 4.6 is the wunique reduced word on aot, ..., art, by, ..., b; that equals

aZaztalaz_la;” in W;. This establishes that DiStX’; > H for all k > 2. So, by

Proposition 1.2 in [6], which says that #; >~ A forall k > 1, we have Distlll\”; > Ay

for all k > 2. Added to Proposition 4.7, this completes the proof of Proposition 4.1.
Proposition 4.1 applies to the subgroup

(aot,...,akt, bl,...,bg, C1,...,C8, d)

of I'y (presented as Qy of Section 2) and so, as we established I'x to be hyperbolic
in Section 3, Theorem 1.1 is proved.
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