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Abstract. We prove that the only finite factor representations of the Higman—Thompson groups
{Fy.r}and {G, ,} are the regular representations and scalar representations arising from group
abelianizations. As a corollary, we obtain that any measure-preserving ergodic action of the
commutator subgroup of a Higman—Thompson group must be essentially free. Finite factor
representations of other classes of groups are also discussed.
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1. Introduction

One of the directions in the representation theory of infinite groups is the classifi-
cation of factor representations of finite type for the group in question. In view of
the Gelfand—Naimark—Segal construction, this amounts to the study of non-negative-
definite central functions (termed “characters”) on the group. In [20] Vershik sug-
gested that each indecomposable character y (an extreme point in the simplex of
characters) of a “rich” group G “must” arise as y(g) = u(Fix(g)), Fix(g) = {x €
X : g(x) = x}, for some ergodic measure-preserving action of G on a measure-space
(X, u). We will refer to this suggestion as Vershik’s conjecture. This conjecture was
recently verified for the infinite symmetric group [21] and for the full groups of
Bratteli diagrams [6].

We notice that some older results of representation theory can also be given a
similar dynamical interpretation. Consider the general linear group GL, (IF,) over
a finite field F,; and set Goo(Fy) = (J,~; Gn(Fy) with the diagonal embedding.
The characters of GL(F,) were completely described by Skudlarek [15]. The
group GL4 (IF,) acts on the Cantor space X of one-sided sequences over F,. The
dynamical system (X, GLo (IF4)) is uniquely ergodic. Denote the invariant measure
by . Then, using the classification results of Skudlarek [15], one can check that
each indecomposable character y of GLy (IF;) has the form x(g) = ,u(Fix(g))k for
some k € {0,1,2,...} U {co}.
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The goal of the present paper is to study finite factor-representations (characters)
for the Higman—Thompson family of groups {F, ,} and {G ,} (see the definition in
Section 3) and to check the validity of Vershik’s conjecture for these groups. Appar-
ently, the most famous group from this family is the Thompson group F» ; consisting
of all piecewise linear continuous transformations of the unit interval with all singu-
larities at points in {£ : p,q € N} and slopes in {29 : ¢ € Z}. The discussion of
historical importance of these groups and their various algebraic properties can be
found in [2], [3], and [16].

Our motivation is two-fold. First, these groups have been extensively studied from
the group-theoretic point of view, but the theory of their representations has not been
addressed yet. Our second motivation is that the actions of these groups on the spaces
where they are defined have no non-atomic invariant measures, which, according to
Vershik’s conjecture, should imply that these groups have no non-identity/non-regular
characters. The following is the main result of the present paper.

Theorem. Let G be a group from the Higman—Thompson families { F, +} or {Gy r}.
(1) Let m be a finite factor representation of G. Then either w is the regular
representation or w has the form

7(g) = p(lgDld,

where [g] is the image of g in the abelianization G/ G', G’ is the commutator of G,
0: G/G" — T is a group homomorphism into the unit circle, and Id is the identity
operator in some Hilbert space.

In particular, if y is an indecomposable character of G, then y is either regular or
x(g) = p([g]), where [g] is the image of g in the abelianization of G and p: G/ G’ —
T is a group homomorphism.

(ii) The commutator subgroup G' has no non-identity, non-regular characters.

This result implies that the characters of any Higman—Thompson group G are con-
vex combinations of the regular character and characters of its abelianization G/G’.
The structure of group characters has implications on dynamical properties of group
actions. Suppose that a group G admitting no non-regular/non-identity characters
acts on a probability measure space (X, t) by measure-preserving transformations.
Setting y(g) = w(Fix(g)), Fix(g) = {x € X : g(x) = x}, one can check that the
function y is a character. This necessitates that the action must be essentially free,
i.e. u(Fix(g)) = 0 forevery g € G \ {e}, see Theorem 2.12 and Corollary 3.10 for
details.

Corollary. Let G be the commutator subgroup of a group from the Higman—Thompson
families { Fy, ,} or {Gy, »}. Then any faithful measure-preserving ergodic action of G
on a probability measure space (X, |1) is essentially free.

Combining this result with [1], Proposition 14, we obtain the following. Note
that the commutator subgroups of groups in { F;, ,} or {G, ,} are simple [2], [8].
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Corollary. Let G be the commutator subgroup of a group from the Higman—Thompson
families {Fy ;} or {Gp r}. Then G has no non-trivial invariant random subgroup.

In our proofs, we mostly utilize the fact that the commutators of Higman—Thomp-
son groups have no non-atomic invariant measures on the spaces over which they are
defined. This means that the orbit equivalence relations generated by their actions
are compressible [9]. This observation allows us to state the main result in terms of
dynamical properties of group actions (Theorems 2.9 and 2.11) and extend it to other
classes of transformation groups (Section 3).

We notice that the amenability of the Thompson group F3 ; is still an open ques-
tion. Thus, it would be interesting to relate the constraints on group actions coming
from the absence of non-trivial characters to the amenability. We would like to men-
tion though that there are amenable groups with no non-identity/non-regular charac-
ters. In [13], [14] Ovchinnikov showed that every Chevalier group G = L(K) over
an infinite discrete field K admits only the trivial and the regular indecomposable
characters. We notice that for some discrete fields the associated Chevalier groups
are locally finite.

The structure of the paper is the following. In Section 2 we develop the general
theory of finite type factor representations for groups admitting compressible actions.
In Section 3 we apply our general results to the Higman—Thompson groups and to
the full groups of irreducible shifts of finite type [11].

To complete the introduction, we mention that finite type representations have
been completely studied only for a handful of infinite groups. Amongst these, the
groups mentioned above, the infinite unitary group [18] and [19], and the general
linear group GL(n, K) over an infinite discrete field [10].

2. General theory

In this section we show that if a group admits a compressible action on a topological
space, then this group, under some algebraic assumptions, has no non-trivial factor
representations. We will start with definitions from the representation theory of
infinite groups.

Definition 2.1. A character of a group G is a function y: G — C satisfying the
following conditions:

1) x(g182) = x(g281) forany g1, g2 € G;
2) the mztrix {x(gi gj_l)}zjzl is non-negatively defined for any n and g1, ...,
8&n €6,

3) x(e) = 1. Here e is the group identity.

A character y is called indecomposable if it cannot be written in the form y =
ay1 + (1 —a)yz, where 0 < o < 1 and yq, y» are distinct characters.
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For a unitary representation 7 of a group G denote by M, the W*-algebra gen-
erated by the operators of the representation 7. Recall that the commutant S’ of a
set S of operators in a Hilbert space H is the algebra S’ = {4 € B(H) : AB =
BA for any B € S}.

Definition 2.2. A representation 7w of a group G is called a factor representation if
the algebra M, is a factor, that is M, N M}, = CId.

The indecomposable characters on a group G are in one-to-one correspondence
with the finite type factor representations of G. The classification of factors into types
can be found in Chapter 5 of [17]. Starting with an indecomposable character y on
G one can construct a triple (7, H, £), referred to as the Gelfand—Naimark—Segal
(GNS for short) construction. Here m is a finite type factor representation acting in
the space H, and £ is a unit vector in H such that y(g) = ((g)&, &) forevery g € G
(see, for example, [6], Section 2.3). Note that the vector £ is cyclic and separating for
the von Neumann algebra M. The latter means that if A& = 0, for some A € M,
then A = 0.

Remark 2.3. We note that each character defines a factor representation up to
quasi-equivalence. Two unitary representations w; and m, of the same group G
are called quasi-equivalent if there is an isomorphism of von Neumann algebras
w: My, — My, suchthat w(m(g)) = m2(g), foreach g € G. For example, all II;
factor representations of an amenable group are hyperfinite [4] (Corollary 6.9 and
Theorem 6) and, hence, generate isomorphic algebras. At the same time, they might
be not quasi-equivalent.

Suppose that G is an infinite conjugacy class (abbr. ICC) group. Then its left
regular representation 7 generates a II;-factor and the function y(g) = (7(g)de, Se)
is an indecomposable character (termed the regular character).

Definition 2.4. We say that a group H has no proper characters if y being an
indecomposable character of H implies that either y is the identity character given
by

x(g) =1 foreverygeG

or the regular character defined as

x(g) =0 ifg+#eandy(e) = 1.

We notice that for non-ICC groups the regular characters are decomposable.

Fix a regular Hausdorff topological space X. Notice that any two distinct
points of X have open neighborhoods with disjoint closures. To exclude trivial
counterexamples to our statements we assume that the set X is infinite. Suppose
that a group G acts on X. For a group element g € G, denote its support by

supp(g) = {x € X : g(x) # x}.
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Definition 2.5. We say that the action of G on X is compressible if there exists a
basis U of the topology on X such that

(i) forall g € G, there exists U € U such that supp(g) C U;
(ii) for all Uy, U, € U, there exists g € G such that g(Uy) C Uy;

(iii) for all Uy, Uy, Uz € U with U, N U, = @, there exists g € G such that
g(U) NU; = @ and supp(g) N U, = @.

(iv) for all Uy, U, € U, there exists Uz € U such that U3 D Uy U Us,.

Remark 2.6. Suppose that X is a Polish space. If an action of G on X is compressible,
then the G-action has no probability invariant measure. The latter is equivalent to
the G-orbit equivalence relation being compressible (see [9] and references therein).
This observation motivates our terminology.

The following result relates the dynamical properties of group actions to the func-
tional properties of group characters.

Proposition 2.7. Let G be a countable group admitting a compressible action by
homeomorphisms on some regular Hausdorff topological space X. Then for ev-
ery non-regular indecomposable character y of G there exists g # e such that

lx(@l =1

Proof. Consider a proper indecomposable character y of G. Assume that | y(g)| < 1
for all g # e. Let (7, H, £) be the GNS-construction associated to y.

(1) We notice that the definition of the compressible action implies that y has the
multiplicativity property in the sense that if Uy, U, € U and g, h € G are such that

supp(g) C Uy, supp(h) CU> and U;NU, = &,

then
x(gh) = x(g)x(h). (1)

Indeed, find an increasing sequence of finite sets ,, C G with | J, F, = G. Then
by condition (i) and condition (iv) of Definition 2.5, we can find open sets V,, € U
such that

Va2 | supp(f).

feFy

By condition (iii) there exist elements r, € G such that
r(U)NV, =@ and supp(r,) NU; = 2.

Then rphr, ! = h and supp(rngr, ') N supp(f) = @ for every f € F,. Passing
to a subsequence if needed, we can assume that (r, gr, 1) converges weakly to an
operator Q € M,. Notice that the trace t(Q) is equal to x(g). Since the operator
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O commutes with 7 (F,) for every n, we obtain that Q belongs to the center of M.
Therefore, Q is scalar and Q = y(g)Id. Thus

x(gh) = lim (x(raghr, )E.§) = (Qm(W)E.§) = x(&)x(h).

(2) We claim that, for every ¢ > 0 and every open set U there exists g € G with
supp(g) C U and |x(g)| < e. Indeed, fix an element 2 # ¢ and n € N. Find n
subsets Vi,...,V, € U such that V; NV, = @, for j # k. By condition (i) and
condition (ii) we can choose elements g1, ..., g, € G such that g;(supp(h)) C V;,
for each j. Set

[ = (g1hgy ) (g2hgs ") -+ (gnhgy ).
By multiplicativity, we obtain that y( ) = y(h)". Choosing n sufficiently large we
obtain an element f with |x(f)| < e. By condition (i) and condition (ii) we can find
an element g conjugate to f with supp(g) C U, which proves the claim.

(3) Consider an element g € G, g # e. Find an open set U with (gTU) nU = g.
Fix ¢ > 0 and n € N. Using condition (ii) and (iv) of Definition 2.5, we can
find subsets Uy, ...,U,, V1,...,V, € U with pairwise disjoint closures such that
g(Vi) c Ui Cc U foreachi. Findh; € G, j = 1,...,n, supported by U; with
|x(hj)| <e. Set§ = n(hjghj_l)é. Then fori # j, the multiplicativity of y implies
that

(&) = x(hjg "hi highi")
= x(hj (g7 h7 ) (g hig)h ")
= x(hj)x(g ' h7 @) x(g  hig) x (hi ).

As |x(h;)| < e, we obtain that |(&;,&;)| < e. Thus,
1
61 + ...+ & < (n +n(n — 1)8)2.
Since (&7, &) = x(g) for each [, we have

x@l=YE+6+.. . +&. <2(n+n@n- 1)8)%.

When n goes to infinity, we obtain

1
lx(g)] = e2.
Since & > 0 is arbitrary, we conclude that y(g) = 0. Thus, y is the regular character.

O

Lemma 2.8. Let G be a simple group and y be a character. If | x(g)| = 1 for some
g €G,g #e,then
x(s)=1 foralsegG.

Equivalently, if x is not the identity character, then |x(s)| < 1 for all s # e.
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Proof. Let ¢ = y(g), |c| = 1. Consider the GNS construction (7, H, §) corre-
sponding to y. Using the Cauchy-Schwarz inequality and the fact that the vector &
is separating, we obtain that

((8)§.8) =c = n(g)§ =c§ = n(g) =cld.

Take an arbitrary element # € G which does not commute with g and set s =
hgh='g~!. Then n(s) = Id. It follows that 7 (s;) = Id for all s; from the normal
subgroup generated by s. Since G is simple, we obtain that w(g) = Id for every
g € G. Thus, y is the identity character. O

As a corollary of Lemma 2.8 and Proposition 2.7, we immediately obtain the
following result.

Theorem 2.9. Let G be a simple countable group admitting a compressible action
on a regular Hausdorff topological space X. Then G has no proper characters.

Remark 2.10. Jesse Peterson [private communications] noticed that the proof of
Proposition 2.7, in fact, implies that if y is not a regular character, then |y(g)| = 1
forall g € G\ {e}. Since 1 = |y(g)| = |(w(g)¢, &)| < 1, by the Cauchy—Schwarz
inequality, we obtain that 7(g)§ = cg& for some |cg| = 1. This yields that y is a
homomorphism of G into the unit circle. Thus, if a group (not necessarily simple) G
admitting a compressible action has no homomorphisms into the unit circle, then G
has no proper characters. We notice that perfect (and, in particular, simple) groups
have no non-trivial homomorphisms into the unit circle.

Let G be a group. For a subgroup R of G and an element g € G set Cgr(g) =
{hgh™! : h € R}. Denote by N(R) the normal closure of R in G, i.e., the subgroup
of G generated by all elements of the form grg=', g € G,r € R.

Theorem 2.11. Let G be a group and R be an ICC subgroup of G such that
(1) R has no proper characters;

(ii) for every g € G \ {e}, there exists a sequence of distinct elements {g; }i>1 C
CRr(g) such that gi_lgj € Rforanyi, j.

Then each finite type factor representation w of G is either regular or has the form
7(g) = w((g]).

where w is a finite type factor representation of G/N(R) and [g] € G/N(R) is the
coset of the element g.

Proof. Consider an indecomposable character y of G. Let (w, H, &) be the GNS-
construction associated to y.
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(1) Consider the restriction of 7 onto the subgroup R. Set H, = Lin(w(R)§).
Since the restriction of y on R is a character and the only indecomposable characters
of the group R are the regular and the identity characters, we can decompose the
space H, into R-invariant subspaces H; and H (possibly trivial) such that H, =
H, @ H, with w(R)|H; being the identity representation and 7 (R)|H, being the
regular representation.

The orthogonal projections {P;} onto H;, i = 1,2 belong to the center of the
algebra generated by 7 (R). In particular, P; lies in the algebra M, . Furthermore,

x(8) = ayia(g) + (1 —a) xree(g) forall g € R,

where yiq is the identity character, yr is the regular character, and o € [0, 1]. If
o # 0,1, we can write down the vector £ as

1
E=atf +(1-)f, )
where &; € Hy, & € H, are unit vectors such that

(m(h)é1, &) = piath) =1, (t(h)é&2, &) = Yree(h) = Spe Tforallh € R.

For convenience, ifa = 0,weseté) = 0,& = &, andifa = 1, weseté; = £,& = 0.
Observe that H; = Lin(w(R)&;),i = 1,2.

(2) Assume that H, # {0}. Consider an arbitrary element g € G, g # e.
By our assumptions there exists a sequence of elements {#,} € R\ {e} such that
h, g Yhmh;Ygh, € R, for all n and m, and the elements h, ' gh, are pairwise
distinct. Set g,y = h;,' ghm. Since g,,' g, € R\ {e}, we obtain that

(7(gn)62. T(Em)E2) = Xreg(&rm &n) = 0.

This shows that 7(g,,)&2 — 0 weakly. Observe also that

(71(gn)€2. &2) = (w(gn) P2k, P2€) = t(Pam(hy," ghy) P2)
= t(n(h, ") P2 (g) Pyt (hn)) = (P27 (g) P2).

Since the latter is independent of n and 7 (g,)&>, — 0, we conclude that

((8)82.62) = ©(Pam(g) P2) = 0.

Set Hy = Lin(7(G)&). Then n(G)|Hy is quasi-equivalent to the regular rep-
resentation. Since m is a factor representation, we conclude that & is the regular
representation.

(3) Assume that H, = {0}. Then § = & and n(h) = Id for every h € R.
Therefore, 7(g) = Id for all g € N(R). This means that the representation 7 factors
through the quotient G/N(R) and defines a finite type factor representation @ of
G/N(R) such that 7(g) = w([g]) forall g € G. O



Finite factor representations of Higman—-Thompson groups 383

Recall that a finite type factor representation of a group G is of frype I if the
von Neumann algebra of the representation is isomorphic to the algebra of all linear
operators in some finite-dimensional Hilbert space. We say that an action of group G
on a measure space (Y, u) is trivial it g(x) = x for every g € G and pu-almost every
x € X. The following result shows that any ergodic action of a group admitting no
non-identity/non-regular characters must be essentially free, that is u(Fix(g)) = 0
forall g € G \ {e}.

Theorem 2.12. Assume that every finite type factor representation of a countable
ICC group G is either regular or of type 1 and that there is at most countably many
(up to quasi-equivalence) finite type factor representations of G. Then every faithful
ergodic measure-preserving action of G is essentially free.

Proof. Consider an ergodic action of G on a measure space (Y, it). Set
Y ={(x,y) €Y xY | x = g(y) forsome g € G }.

For a Borel set A C Y anda point x € Y, set Ay = {(x, y) € A}. Define a o-finite
measure [i on Y by fi(4) = [y card(Ax)du(x). Given a function f € L?(Y, f1)
and a group element g € G, set

(m(g) f)(x,y) = f(g'x. ).

Then 7(g) is a unitary operator on the Hilbert space L2(Y, jt). Denote by ¢ the
indicator function of the diagonal of Y x Y. Set H = Lin{z(G)&}. We note the von
Neumann algebra M, generated by 7 (G), restricted to H , is of finite type. We refer
the reader to [5] for details. Since the group G has at most countably many finite
factor representations, the representation & decomposes into a direct sum (at most
countable) of factor representations.

Our goal is to show that the representation 7 is regular. Then the uniqueness of the
trace implies that (7 (g)£&, &) = O for every g # e. Using the identity u(Fix(g)) =
(m(g)&, &), we obtain that the action is essentially free.

Suppose to the contrary that the decomposition of m into factors contains a
non-regular factor representation 1, which, by our assumptions, generates a finite-
dimensional von Neumann factor. Let P; be a projection from the center of M, such
that 71(g) = P1n(g), forevery g € G. Set &; = P4€.

Since for every g € G the unitary operator (77'(g) f)(x,y) = f(x,g"'y) be-
longs to M/, and 7/(g)é = m(g~")&, we have that

7' (&) (g)k1 = 7' (g)n(g) 1§ = P’ (9)m(g)§ = P& = &1,

for all g € G. This implies that the function #(x) := |&1(x, x)| is G-invariant and
u-integrable on Y. By ergodicity, we obtain that 4(x) = C on Y, for some constant
C. Note that if C = 0, then

0= [ £ (e E ) x. y) = (E1.5),
Y
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which is impossible as the projection of & onto &; is non-trivial.
Fix an orthonormal basis 711, . .., i, for Lin{m,(G)&;}. For a given g € G, write

m(E =Y e (g)n;.
=1

for some a1(g), ..., an(g) with Y | (g)|> = |£1]*> < 1. Observe that

n

Y ai(@ni(x, y) = (M (QEN(x, y) = ((@)EN(x,y) = E1(g7"x, y),

J=1

for every (x, y) € Y. Since |£;(g'x, y)| = C, for (x,y) € ¥ with x = g(y), we
conclude t’lvlat Z;’zl Inj(x,y)| = C > 0, for (x, y) with x = gy and, thus, for any
(x,y) € Y. This implies that the function Z;’Zl [n; (x,y)| is not integrable with
respect to fi. This contradiction yields that 771 = 0 and, thus, the representation 7 is
regular. O

We finish this section by giving examples of groups admitting no compressible
actions. We observe that even though the following proposition yields a result similar
to that of Theorem 2.11, the underlying assumptions are different and not mutually
interchangeable.

Proposition 2.13. Let G be a countable group with trivial center and such that every
proper quotient is finite or abelian. Assume that the group G admits a compressible
action on a regular Hausdorff space. Then all finite type non-regular representations

of G are of type L.

Proof. Consider a non-regular indecomposable character y of G. Let (7, H, &) be
the GNS-construction associated to y. By Proposition 2.7 there exists g # e such
that | y(g)|] = 1. Choose & € G not commuting with g. Denote by N the normal
subgroup of G generated by the element ghg~'h~!. Using the arguments from the
proof of Lemma 2.8 we obtain that 7|N = Id. Thus, the representation m of the
group G gives rise to the representation of G/ N with the same von Neumann algebra.
Recall that factor representations of abelian groups are scalar. O

If a group G as in the proposition above has a measure-preserving action on a
measure space (X, u) with 0 < w(Fix(g)) < 1 for some g # e, then, in view of
Theorem 2.12, such a group cannot have compressible actions. Examples of such
groups are full groups of even Bratteli diagrams, commutators of topological full
groups of Cantor minimal systems [6], and just infinite branch groups [7].



Finite factor representations of Higman—-Thompson groups 385
3. Applications

In this section we show that the results established in the previous section are applica-
ble to Higman—-Thompson groups and to the full groups of irreducible shifts of finite

type.
3.1. Higman-Thompson groups

Definition 3.1. Fix two positive integers n and r. Consider an interval I, = [0, r].
Define the group F}, , as the set of all orientation preserving piecewise linear home-
omorphisms /4 of [, such that all singularities of 4 are in Z[1/n] = {nlk : p,k € N}

and the derivative of / at any non-singular point is 7% for some k € Z.

Observe that the commutator subgroup of F;, , is a simple group and the abelian-
ization of F,, , is isomorphic to Z" [2], Section 4. Consider the subgroup F,?,r of Fy, ,
consisting of all elements f € F, , with supp( /) being a subset of (0, r). Note that,
in general, supp(f), f € F,,, might contain the endpoints of the interval /. Observe
that (the commutator subgroup) F,, . = (F, ,?’r)’ [2], Section 4. The following lemma
shows that the commutator subgroup F,:,r satisfies the assumptions of Theorem 2.9.

Lemma 3.2. The basis 1 = {(a,b) : [a,b] C (0,7),a,b € Z[%]} of the topology
satisfies conditions (1)—(iv) of Definition 2.5 for the action of the group R = (F,?,r)’
on (0, 7). Thus, the action of R is compressible.

Proof. (1) Condition (i) and condition (iv) of Definition 2.5 are clearly satisfied.

To check condition (ii), consider intervals Uy = (a, b) and U, = (c, d) both in
U. Replacing U, by a subinterval if necessary we may assume that Z,_Tﬁ = n* for
some k € Z. Since the function % is continuous in x for x # ¢, we can find
X € Z[%] such that 0 < x < min{a,c} and o= = nk, for some k € Z. Similarly,
we can find y € Z[}I], max{b,d} < y < r such that ;%Z = n*, for some k € Z.
Let : [0, 7] — [0, r] be the function such that

h(0)=0, h(x)=x, h(a)=c, h)=d, h(y) =y, h@)=r,

and A is linear on each of the line segments [0, x|, [x, a], [a, b], [b, y], [y, r]. Note
that h € F, , and h(U;) = Us.

Set m = min(a,c) and M = max(b, d). Using the same arguments as above,
find an element f € F, , with f([m, M]) C (y,r). Theng = f~'h™1 fh € R and
g(Ur) = Us.

(2) To check condition (iii), we consider intervals U; = (a;, b;),i = 1,2, 3 from
U such that U; N U, = @. Without loss of generality, assume that a; > b,. Choose
r’ < rsuchthat U3 N (r',r) = &. Using the ideas from (1) above, one can construct
an element g € R such that supp(g) N (a2, b2) = @ and g(Uz) C (+', r). We leave
the details to the reader. O
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Observe that all finite factor representations of abelian groups are scalar rep-
resentations, i.e. w(g) = cgld, with ¢, € T, the unit circle. In particular, the
indecomposable characters of abelian groups are homomorphisms into T'.

Corollary 3.3. (1) The group F,;’r has no proper characters.

(2) If y is an indecomposable character of F, », then x is either regular or x(g) =
p([g]), where [g] is the image of g in the abelianization of Fy, » and p: Z" — T is a
group homomorphism.

Proof. Statement (1) immediately follows from Lemma 3.2 and Theorem 2.9.

To establish the second result, we only need to check condition (2) of Theo-
rem 2.11. Fix g € F,; \ {e}. Find an interval (a, b) with g(a,b) N (a,b) = .
Find a sequence of distinct elements {/,},>1 C (Fn )" supported by (a,b). Then
(h;;Yg Y hy)(h,, ghm) € (Fy,r) for any n # m. This completes the proof. O

Definition 3.4. Let n and r be positive integers. Define Higman’s group G, , as
the group of all right continuous bijections of [0, r) which are piecewise linear, with
finitely many discontinuities and singularities, all in Z[1/n], slopes in {n¥ : k € Z},
and mapping Z[1/n] N [0, r) to itself.

Note that F, , C Gy ,r. Infact, F;, , consists exactly of all continuous elements
g € Gpr. In [8] Higman showed that the commutator subgroup G,’,’, is simple and
that the abelianization of G, is trivial for even n and is Z /2Z for odd n.

Lemma 3.5. The groups R = F, , and G = Gy, satisfy the conditions of Theo-
rem 2.11.

Proof. Corollary 3.3 shows that the group R has no proper characters. Consider an
arbitrary element g € G, g # e. Choose an openinterval I suchthat /Ng~'(/) = @
and g is continuous on both 7 and g~!(I). It follows that for any two elements
r1,r2 € R with supp(r1) C I, supp(r2) C I the element

lrz_lrlgrl_1 #e

is a continuous bijection of [0, r). Observe that & acts as the identity near O and r.
It follows that 4 € R and the elements r1 g7 Land r, gr, ! belong to the same coset
of G/R. Since the group R has infinitely many elements supported by the set /, we
immediately establish condition (ii). O

h=rg"

The following result is an immediate corollary of Theorem 2.11 applied twice to
the pairs R = F,, ,,G = (Gp,) and R = F, ., G = Gp,.

n,r»

Corollary 3.6. (1) The group G,, , has no proper characters.

(2) If x is an indecomposable character of G, r, then y is either regular or x(g) =
p([g]), where [g] is the image of g in the abelianization of Gy, and p: Gy /G, , —
T is a group homomorphism.
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3.2. Full groups of irreducible shifts of finite type. We refer the reader to Section 6
of [11] for a comprehensive study of full groups of étale groupoids including the
groups discussed below.

Let (V, E) be a finite directed graph. Suppose that the adjacency matrix of the
graph is irreducible and is not a permutation matrix. For an edge e € E, denote by
i (e) the initial vertex and by 7 (e) its terminal vertex. Set

X ={{entn>1 € EN :t(ex) = i(eg4y) forevery k € X}.

Equipped with the product topology, X is a Cantor set. We note that the space X
along with the left shift is called a one-sided subshift of finite type, see [11] and
references therein regarding relations with symbolic dynamics.

An n-tuple (ey,...,e,) € E" is called admissible if t(ex) = i(ex41) for every
1 <k <n — 1. Two admissible tuples e = (e1,...,e,) and f = (f1,..., fim) are
called compatible if t (e,) = t( fi,). Each admissible tuple ¢ = (e, ..., e,) defines
aclopenset U(e) = {x € X : x; = ¢;, i = 1,...,n}. Such clopen sets form a
basis of the topology. Given two compatible admissible tuples e; and e;, define a
continuous map g, &, : U(e;) — U(eyz) as

”El,éz(éla-xn—i-l,xn—l—Za L] ) = (521 xn+1,xn+2, .. )

Definition 3.7. Following [11], we define the full group of X, in symbols [[X]], as
the set of all homeomorphisms g of X for which there exists two clopen partitions
X =, Ue;) = LI/—, U(f;) with ¢; and f; being compatible admissible tuples
(possibly of different lengths), i = 1,...,n, such that g|U;, = T, 7, for every
i=1,...,n.

ForaclopensubsetY C X,set[[X|Y ] asthesetofallg € [[X]] withsupp(g) C Y.

The following result was established in Lemma 6.1 and Theorem 4.16 of [11]
Proposition 3.8. Forany clopensetY C X, the commutator group [[X |Y]] is simple.

Fix an arbitrary point xo € X. Find an increasing sequence of clopen sets {Y,}
such that X \ {xo} = |J,, Y. Set R = |, [[X|Yx]]". It follows from Proposition 3.8
that the group R is simple. Observe that the group R consists of all elements g € [[X]]’
equal to the identity on some neighborhood of xj.

Denote by F the set of all admissible tuples which are not prefixes of x¢. Define
U as the family of all finite unions of sets from {U(e)}zc. Notice that U is a base
of the topology on X \ {x¢}. One can check that U satisfies conditions (i)—(iv) of
Definition 2.5 for the action of R. Thus, using Theorem 2.9, we conclude that the
group R has no characters. Considering R as a subgroup of G = [[X]], one can check
that the assumptions of Theorem 2.11 are satisfied. We leave the details to the reader.

Corollary 3.9. If y is an indecomposable character of [ X]], then y is either regular
or x(g) = p([g]), where [g] is the image of g in the abelianization of [[X]] and
o: [XN/IX]) — T is a group homomorphism.
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Applying Theorem 2.12, we also obtain the following result.

Corollary 3.10. Let G be the commutator subgroup of either a Higman—Thompson
group or the full group of an irreducible shift of finite type. Then every ergodic
measure-preserving action of G is essentially free.

To finish our discussion, we notice that the full group of the one-sided Bernoulli
shift over the alphabet with n letters is isomorphic to G, ; [12].
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