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Endomorphisms of profinite groups

Colin D. Reid

Abstract. We obtain some general restrictions on the continuous endomorphisms of a profinite
groupG under the assumption thatG has only finitely many open subgroups of each index (an
assumption which automatically holds, for instance, if G is finitely generated). In particular,
given such a groupG and a continuous endomorphism � we obtain a semidirect decomposition
ofG into a ‘contracting’ normal subgroup and a complement on which � induces an automor-
phism; both the normal subgroup and the complement are closed. If G is isomorphic to a
proper open subgroup of itself, we show that G has an infinite abelian normal pro-p subgroup
for some prime p.
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1. Introduction

LetG be a finitely generated residually finite group, and let � be an endomorphism. It
is a well-known theorem of Mal’cev thatG is Hopfian, that is, if � is surjective, then it
is an isomorphism. On the other hand, there can certainly be injective endomorphisms
of G that are not surjective, such as the map x 7! 2x for G D Z.

In this paper, we will focus on profinite groups, and all homomorphisms under
consideration are understood to be continuous. Here the obvious analogue of ‘finitely
generated’ is ‘topologically finitely generated’, but in fact it is appropriate to assume
a somewhat weaker property:

Definition 1.1. Let G be a profinite group. G is of type .F/ (or an .F/-group) if G
has finitely many open subgroups of index n for every integer n. In other words, if
we let IC

n .G/ be the intersection of all open normal subgroups of index at most n in
G, then G is of type .F/ if and only if IC

n .G/ is open in G for all n.

Finitely-generated profinite groups are necessarily of type .F/ (see for instance [4],
Proposition 2.5.1.). In the other direction, a residually nilpotent profinite group G is
of type .F/ if and only if its Sylow subgroups are all finitely generated, but this does
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not require any overall bound on the number of generators across different primes;
thus one can easily construct examples of infinitely generated residually nilpotent
.F/-groups. In addition, the class of .F/-groups includes all just infinite profinite
groups, which need not be finitely generated even if they are hereditarily just infinite
(see for instance [6]).

Profinite groups of type .F/ are Hopfian as topological groups (see [4], Proposi-
tion 2.5.2.), but not co-Hopfian in general. Given a profinite groupG, the question of
whetherG has any proper open subgroups isomorphic to itself is particularly interest-
ing in the theory of totally disconnected, locally compact groups. By a result of Willis
([5]), given a totally disconnected, locally compact group L and a topological auto-
morphism ˛ ofG, there is an open compact subgroup U of L such that U D UCU�,
where UC D T

i�0 ˛
i .U / and U� D T

i�0 ˛
i .U /. Thus UC and U� are profinite

groups, with ˛.U�/ an open subgroup of U� and UC an open subgroup of ˛.UC/,
and we have U� D ˛.U�/ and UC D ˛.UC/ only in the case that ˛ normalises U .

Given an endomorphism� of a profinite groupG, one can define two subgroups of
G which measure the extent to which positive powers of � fail to be automorphisms:

Con.�/ D fx 2 G j lim
n!C1�n.x/ D 1gI �C.G/ D T

n�0

�n.G/:

Example. Let G D H Ì K, where H is the additive group of Zp and K is the
group of units of Zp , acting by multiplication. Let � be the endomorphism of G
that centralises K and acts on H as multiplication by p. Then Con.�/ D H and
�C.G/ D K.

Our first main result shows that this splitting as a semidirect product is a general
phenomenon for profinite groups of type .F/.

TheoremA. LetG be a profinite group of type .F/, and let � be an endomorphism of
G. ThenG D Con.�/Ì�C.G/where Con.�/ and�C.G/ are both closed subgroups.
The restriction of � to �C.G/ is an automorphism, and we have �k.Con.�// D
Con.�/ \ �k.G/ for all k � 0.

We now consider the possible structure of Con.�/. Of course, any profinite
group (of type .F/) can appear as Con.�/ if � is the zero endomorphism. More
interesting is the case of open self-embeddings, that is, injective endomorphisms � of
G whose image is open. In this case one has an associated ascending HNN extension
L D G�� of G, and the topology of G naturally extends to a group topology on L
with G as an open subgroup. In effect, we are therefore considering special cases of
the automorphisms and associated contraction groups as considered by Baumgartner,
Glöckner and Willis in [1] and [2]. If the images ofG under the non-negative powers
of � have trivial intersection, then G�� is a contraction group in the sense of [2],
which gives a good description of the structure of such groups. In the special case
under consideration here, we can eliminate the case occurring in ([2], Theorem A) in
which G contains a Cartesian product of non-abelian finite simple groups.
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Definition 1.2. Given profinite groupsG andH , write Homo.G;H/ for the set of in-
jective homomorphisms fromG toH with image open inH , and define Endo.G/ WD
Homo.G;G/. Given ƒ � Endo.G/, define

Oƒ.G/ D hCon.�/ j � 2 ƒi:
Theorem B. Let G be a profinite group of type .F/, and let ƒ � Endo.G/.

(i) The group Oƒ.G/ is residually nilpotent.

(ii) Suppose that the set f�.G/ j � 2 ƒg forms a base of neighbourhoods of the
identity. Then G D Oƒ.G/, so G is residually nilpotent.

When combined with Theorems A and B of [2], Theorem B (i) above can be
refined to the following:

Corollary 1.3. Let G be a profinite group of type .F/, and let � be an open self-
embedding of G. Then Con.�/ is an open subgroup of a direct product of finitely
many uniform (in particular, torsion-free) pro-p groups that are nilpotent and a
residually nilpotent soluble group of finite exponent.

As a result we obtain the following, which generalises Theorem E (i) of [3].

Corollary 1.4. LetG be a profinite group of type .F/. Suppose that there is a proper
open subgroup of G that is isomorphic to G itself. Then there exists a prime number
p such that G has an infinite abelian pro-p normal subgroup.

Theorems A and B will be proved in somewhat greater generality, requiring some
more technical definitions to state. We will also prove some facts about open self-
embeddings in the class of all profinite groups. At this point it seems reasonable to
ask the following:

Question. Let G be a finitely generated profinite group, and let � be an open self-
embedding of G. Is Con.�/ necessarily nilpotent?

2. Preliminaries and general remarks

Given a set of sets A, the expression
T

A (respectively
S

A) is used to mean
T

A2AA

(respectively
S

A2AA). The notation H �o G (H Eo G) means that H is an open
(normal) subgroup of G.

The following standard compactness argument will be used in several places.

Lemma 2.1. Let G be a compact topological group, and let O be an open neigh-
bourhood of 1 in G. Let K be a set of closed subgroups of G such that

T
A 6� O

for every finite subset A of K . Let N D T
K . Then N 6� O; in particular, N is

non-trivial.
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Proof. GivenK 2 K , letCK D K\ .G nO/. Then fCK j K 2 Kg is a set of closed
subsets of G whose finite subsets have non-empty intersection. Since G is compact,
it follows that the intersection N \ .G nO/ of all the sets CK is non-empty. Hence
N 6� O .

Corollary 2.2. LetG be a profinite group, and letH be a closed subgroup ofG. Let
K be a set of closed subgroups ofG such that hT A;H i D G for every finite subset
A of K . Let K D T

K . Then hK;H i D G.

Proof. Let L D hK;H i, and suppose L < G. Then L � M for some proper open
subgroup M of G, since any closed subgroup of a profinite group is an intersection
of open subgroups. Then H � M , and it follows from Lemma 2.1 that there is
some finite subset A of K such that

T
A � M . But then hT A;H i � M < G, a

contradiction.

The following trivial observation will be used without further comment.

Lemma 2.3. Let G be a profinite group, let K be a closed normal subgroup of G,
and let � be an endomorphism ofG. Then ��1.K/ is a closed normal subgroup ofG.

When considering the existence of open embeddings between profinite groups,
many questions reduce to those about profinite groups involving finitely many primes,
thanks to the following:

Proposition 2.4. LetG andH be profinite groups, and suppose there is a continuous
isomorphism � from G to an open subgroup K ofH . Given a set of primes � , write
O�.G/ for the intersection of all closed normal subgroups L of G such that G=L is
a pro-� group. Then there is a finite set of primes � such that the following holds for
every set of primes �� containing �:

There is an injective homomorphism fromG=O��

.G/ toH=O��

.H/ such that
 �G D �H�, where �G is the quotient map from G to G=O��

.G/ and �H is the
quotient map fromH toH=O��

.H/.

Lemma 2.5. Let G be a profinite group, and letH be an open subgroup of G. Then
there is a finite set of primes � such that O��

.H/ D O��

.G/, for any set of primes
�� containing � .

Proof. Let K be an open normal subgroup of G, let � be the set of primes dividing
jG W Kj, and let�� � � . ThenO��

.G/ � K sinceG=K is a�-group and hence a��-
group. MoreoverO��

.K/ � O��

.G/ sinceK=O��

.G/ is contained inG=O��

.G/

and is therefore pro-��. On the other handG=O��

.K/ is pro-��, being the extension
of a pro-�� group by another pro-�� group, so in fact O��

.K/ D O��

.G/.
We apply this argument inside G and inside H to obtain O��

.G/ D O��

.K/ D
O��

.H/ where K is the core of H in G, so the required finite set of primes � is
given by the prime divisors of jG W CoreG.H/j.
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Proof of Proposition 2.4. By Lemma 2.5, there is a finite set of primes � such that
O��

.�.G// D O��

.H/, for any set of primes �� containing � . It follows that there
is a well-defined and unique homomorphism fromG=O��

.G/ toH=O��

.H/ such
that

 .xO��

.G// D �.x/O��

.H/

for all x 2 G, in other words  �G D �H�. We also have  .G=O��

.G// D
�.G/O��

.H/ �o H , and

ker. / D fxO��

.G/ j x 2 G; �.x/ 2 O��

.�.G//g D 1:

Hence  is injective.

Preimages of endomorphisms are well-behaved with respect to indices of open
subgroups.

Lemma 2.6. LetG be a profinite group, letK be an open subgroup ofG, and let � be
an endomorphism of G. Then jG W ��1.K/j � jG W Kj. If jG W ��1.K/j D jG W Kj
then G D �.G/K.

Proof. Note that j�.G/ W K \ �.G/j � jG W Kj, with equality if and only if �.G/
contains a transversal of K in G, that is, if and only if G D �.G/K. Note also that
� induces a surjective map from left cosets of L in G to left cosets of K \ �.G/

in �.G/, where L D ��1.K/. Suppose jG W Lj > j�.G/ W K \ �.G/j. Then by
the pigeon-hole principle, there are distinct cosets xL and yL of L in G such that
�.x/.K \ �.G// D �.y/.K \ �.G//. But then �.xy�1/ D �.x/�.y�1/ 2 K, so
in fact xy�1 2 L, a contradiction. Hence jG W Lj � j�.G/ W K \ �.G/j � jG W Kj,
and if jG W Lj D jG W Kj then G D �.G/K.

To determine whether every open subgroup of a profinite groupG contains an open
subgroup isomorphic to G, it suffices to consider maximal open normal subgroups.

Proposition 2.7. Let G be a profinite group, and let H be an open subgroup of G.
Suppose that Homo.G;H/ D ;. Then Homo.G;K/ D ; for some open normal
subgroup K of G such that G=K is simple.

Proof. By replacingH by its core inG, we may assumeH is normal inG; moreover,
we may assume jG W H j realises the minimum value of the set

fjG W N j j N Eo G;Homo.G;N / D ;g:
Clearly H < G, so there is a normal subgroup K containing H such that G=K is
simple. Suppose there exists � 2 Homo.G;K/; let L D ��1.H/. Then �.G/H �
K < G, so jG W Lj < jG W H j by Lemma 2.6. By the minimality of jG W H j, there
must be some  2 Homo.G;L/. But then �jL 2 Homo.G;H/, a contradiction.
Hence Homo.G;K/ D ;.
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As an extreme case, one could consider profinite groups G in which every open
subgroupH ofG is isomorphic toG, or at least there is some (open) normal subgroup
ofG contained inH that is isomorphic toG. However, there are no examples of this
behaviour for groups of type .F/ aside from the obvious ones.

Proposition 2.8. Let G be a profinite group of type .F/. Then the following are
equivalent:

(i) Every open subgroup of G contains a normal subgroup N of G such that
N Š G.

(ii) G is of the form
Q

p Z
np
p for non-negative integers np , where p ranges over a

set of prime numbers. In particular, every open subgroup of G is isomorphic
to G.

Proof. It is clear that (ii) implies (i). Suppose (i) holds; let C D fIC
n .G/ j n 2 Ng.

We claim first that G is abelian. Since C forms a base of neighbourhoods of
the identity, it suffices to show that G=H is abelian for all H 2 C . Fix H ; let
k D jAut.G=H/j, and letK D IC

k
.G/. Then by our assumption, there is an injective

endomorphism � ofG such that �.G/ is normal inG and �.G/ � K. Since �.H/ is
a characteristic subgroup of �.G/, we see thatG acts on �.G/=�.H/ by conjugation
as a subgroup of Aut.�.G/=�.H// Š Aut.G=H/, so jG W CG.�.G/=�.H//j � K,
and henceK � CG.�.G/=�.H//. In particular, �.G/ acts trivially on �.G/=�.H/,
so �.G/=�.H/ is abelian, and thus G=H is abelian.

ThusG is a Cartesian product of its Sylow subgroups Sp , each of which is abelian
of type .F/. This forces Sp D Fp � Z

np
p where Fp is finite; in fact Fp must be trivial

for (i) to hold, by considering the p-torsion subgroups of open subgroups ofG. Thus
G is of the form described in (ii).

3. Well-behaved groups and endomorphisms

We now define a somewhat technical property of a set of endomorphisms acting on
a profinite group. This property holds for all endomorphisms of .F/-groups, but is
additionally retained on passage to suitable invariant subgroups.

Definition 3.1. Let G be a profinite group, and let ƒ be a set of endomorphisms of
G. A subgroup H of G is ƒ-invariant if �.H/ � H for all � 2 ƒ. We define
ƒ to be stable on G if the set of all ƒ-invariant open subgroups of G is a base of
neighbourhoods of the identity.

Given a set � of automorphisms of G, let I�
n .G/ be the intersection of all �-

invariant open normal subgroups of G of index at most n. We will say � regulates
ƒ (on G) if the following conditions are satisfied:

(a) �� D �� for all � 2 ƒ.
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(b) I�
n .G/ is open in G for all n.

(c) The set fI�
n .G/ j n 2 Ng is a base of neighbourhoods of the identity.

We defineƒ to be regulated onG if a set of� of automorphisms exists such that
� regulates ƒ. Note that subsets of regulated sets are regulated.

If G is of type .F/ then the set of all endomorphisms is regulated (for instance by
the empty set).

Proposition 3.2. Let G be a profinite group, and letƒ be a set of endomorphisms of
G. Suppose that ƒ is regulated by � � Aut.G/ on G.

(i) IfK is an�-invariant open normal subgroup ofG and � 2 ƒ, then ��1.K/ is
an�-invariant open normal subgroup ofG. As a result, I�

n .G/ isƒ-invariant
for all n, so ƒ is stable on G.

(ii) Suppose thatG is of the formNÌH where bothN andH areƒ[�-invariant,
and where every element of ƒ induces a surjective map on H . Let ‰ be the
set of automorphisms of N induced by the conjugation action of H . Then
„ D � [‰ regulates ƒ acting on N .

Proof. (i) Let � 2 ƒ and ! 2 �. Then �! D !0� for some !0 2 �, so

�!.��1.K// D !0�.��1.K// D !0.K \ �.G// � !0.K/ D K

and thus!.��1.K// � ��1.K/, so��1.K/ is�-invariant. We have jG W ��1.K/j �
jG W Kj by Lemma 2.6, so ��1.K/ is open in G. It follows that ��1.I�

n .G// is
an intersection of �-invariant open normal subgroups of G of index at most n, so
��1.I�

n .G// � I�
n .G/, that is �.I�

n .G// � I�
n .G/.

(ii) We must check that each of the conditions (a)–(c) are satisfied by „.
Let � 2 ƒ. We have �� D �� by assumption. Suppose h 2 H induces  h 2 ‰

by conjugation. Then for all x 2 N :

� h.x/ D �.hxh�1/ D �.h/�.x/�.h/�1 D  �.h/�.x/;

so � h D  �.h/�. Similarly  h� D � k , where k is an element of H such that
�.k/ D h. This proves condition (a).

Let K be a „-invariant open normal subgroup of N of index at most n. Then
K is normalised by H , so K E G, and KH is an open �-invariant subgroup of
G, so the core of KH in G is an open normal �-invariant subgroup of G. Thus
KH � I�

nŠ
.G/, which ensures that K contains I�

nŠ
.G/ \ N . Thus I„

n .N / contains
the open subgroup I�

nŠ
.G/\N ofN . Moreover, we see that I„

t.n/
.N / � I�

n .G/\N
for all n 2 N, where t .n/ D jG W I�

n .G/j, so the set fI„
n .N / j n 2 Ng has trivial

intersection. This proves conditions (b) and (c).
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We can also generalise the hypotheses of Theorem A by considering contraction
for more general semigroups of endomorphisms, in place of the cyclic monoid f�k j
k � 0g.

Definition 3.3. Let G be a profinite group, and let ƒ be a semigroup of endomor-
phisms of G acting on the left. Write ƒ\.G/ for

T
�2ƒ �.G/. Let F consist of

all subsets of ƒ which contain
T

�2„ƒ� for some finite subset „ of ƒ. Given a
closed subgroup K of G, let Con.ƒ;K/ be the set of elements x 2 G such that for
all open sets O � K there is some † 2 F such that �x 2 O for all � 2 †; define
Con.ƒ/ D Con.ƒ; 1/. (One can regard Con.ƒ/ as the set on which ƒ converges
pointwise to the zero endomorphism.) For these definitions to be useful, we are
particularly interested in those semigroups ƒ which satisfy following conditions:

(I) For every finite subset „ of ƒ, the intersection
T

�2„ƒ� is non-empty.
(II) For every finite subset„ ofƒ, there is some � 2 ƒ such that �.G/ � „\.G/.
Notice that conditions (I) and (II) are automatically satisfied ifƒ is a commutative

semigroup. In the simplest case, whenƒ is the set of non-negative powers of a single
endomorphism �, we see that Con.ƒ/ D Con.�/ and ƒ\.G/ D �C.G/.

Lemma 3.4. LetG be a profinite group, and letƒ be a semigroup of endomorphisms
of G. Let K be a closed subgroup of G.

(i) The set Con.ƒ;K/ is a subgroup of G, and if K E G then Con.ƒ;K/ E G.

(ii) Given � 2 ƒ and x 2 G, then �.Con.ƒ;K// � Con.ƒ;K/ \ �.G/ and
ker � � Con.ƒ;K/.

Proof. (i) Since we have

Con.ƒ;K/ D T

L2L

Con.ƒ;L/;

where L is any set of open subgroups ofG with intersectionK, we may assume that
K is open in G.

Given x; y 2 Con.ƒ;K/, there exist †1; †2 2 F such that

x 2 T

�2†1

��1.K/ and y 2 T

�2†2

��1.K/:

Since F is a filter we also have†3 D †1 \†2 2 F , and since the preimages ��1.K/

are always subgroups of G, it follows that xy�1 2 T
�2†3

��1.K/ � Con.ƒ;K/.
Hence Con.ƒ;K/ is a group.

Now suppose K E G and let x 2 Con.ƒ;K/. Then there is some † 2 F such
that �.x/ 2 K for all � 2 †. This implies that �.y�1xy/ 2 K for all � 2 † and
y 2 G.

(ii) Let x 2 G, and let y D �.x/; suppose y 2 Con.ƒ;K/. Then for all open sets
O containing K, there is some † 2 F such that ��.x/ D �.y/ 2 O for all � 2 †.
Since †� 2 F it follows that x 2 Con.ƒ;K/. The case y D 1 shows that ker � �
Con.ƒ;K/, and in general we see that �.Con.ƒ;K// � Con.ƒ;K/ \ �.G/.
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4. Main theorems

Theorem 4.1. Let G be a countably based profinite group. Let ƒ be a semigroup
of endomorphisms of G that is stable and satisfies condition (I). Then Con.ƒ/ is a
closed normal subgroup ofG that has trivial intersection withƒ\.G/. For any� 2 ƒ
we have G D Con.ƒ/�.G/ and Con.ƒ/ \ �.G/ D �.Con.ƒ//. In particular, ƒ
restricts to a stable semigroup of endomorphisms of Con.ƒ/ andƒ\.Con.ƒ// D 1.

If in addition ƒ satisfies condition (II), then G D Con.ƒ/ Ì ƒ\.G/ and every
� 2 ƒ restricts to an automorphism on ƒ\.G/.

Proof. Let N D Con.ƒ/ and H D ƒ\.G/.
Let K be an open subgroup of G. For † 2 F write R† D T

�2† �
�1.K/, and

let R D fR† j † 2 F g. Then K contains a ƒ-invariant open subgroup L of G,
so R† � L for all † 2 F . Hence Con.ƒ;K/ is an open subgroup of G, since
Con.ƒ;K/ D S

R. Thus by Lemma 3.4, we have

jG W Con.ƒ;K/j � j�.G/ W �.G/ \ Con.ƒ;K/j
� j�.G/ W �.Con.ƒ;K//j D jG W Con.ƒ;K/j;

where all indices are finite. We see that in fact equality must hold for both inequalities
here.

For the first inequality, this ensures Con.ƒ;K/�.G/ D G. We let K range over
a descending chain of open subgroups with trivial intersection; the corresponding
groups Con.ƒ;K/ then also form a descending chain. Applying Corollary 2.2 then
gives N�.G/ D G.

Given Lemma 3.4 (ii), the equality j�.G/ W �.G/ \ Con.ƒ;K/j D j�.G/ W
�.Con.ƒ;K//j implies that Con.ƒ;K/ \ �.G/ D �.Con.ƒ;K// for all open sub-
groups K; this implies that N \ �.G/ D �.N /, so N \H D ƒ\.N /.

We have Con.ƒ;K/ D S
R; in fact, R is a direct system of open subgroups,

since R†1\†2
� hR†1

; R†2
i, so by the compactness of Con.ƒ;K/ we must have

Con.ƒ;K/ D R† for some † depending on K. Condition (I) ensures this set †
is non-empty, in other words there exists � 2 ƒ such that �.Con.ƒ;K// � K,
so ƒ\.Con.ƒ;K// � K. Since N is the intersection of Con.ƒ;K/ as K ranges
over the open subgroups, it follows that N is closed and ƒ\.N / D 1, and hence
N \H D 1.

Now suppose condition (II) holds. Then we have N„\.G/ D G for all finite
subsets „ of ƒ, so G D NH by Corollary 2.2 and hence G D N ÌH .

Fix � 2 ƒ; it remains to show that � induces an automorphism on H . We have
H \ ker � � H \ N D 1, so � induces an isomorphism from H to �.H/; since
�ƒ � ƒ, we also have �.H/ � H . If �.H/ > H , then since G D NH we must
have some x 2 H n f1g such that �.x/ 2 N . But then x 2 N as in the proof of
Lemma 3.4 (ii), so x 2 N \H D 1, a contradiction.
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Theorem 4.1 and Proposition 3.2 combined imply Theorem A. They also have the
following consequence:

Corollary 4.2. LetG be a countably based profinite group. Letƒ be a semigroup of
endomorphisms of G that is regulated and satisfies conditions (I) and (II). Thenƒ is
regulated on Con.ƒ/.

The following theorem is a more general form of Theorem B. Corollary 1.3 can
of course be generalised in the same way.

Theorem 4.3. Let G be a profinite group, and let ƒ � Endo.G/. Suppose that ƒ is
regulated on G.

(i) The group Oƒ.G/ is residually nilpotent.

(ii) Suppose that the set f�.G/ j � 2 ƒg forms a base of neighbourhoods of the
identity. Then G D Oƒ.G/, so G is residually nilpotent.

Proof. (i) To show that Oƒ.G/ is residually nilpotent, it suffices to show Con.�/
is residually nilpotent for all � 2 ƒ, since any profinite group has a unique largest
residually nilpotent normal subgroup. Note that the set 	 of non-negative powers
of � is regulated on G and hence also on Con.�/ by Corollary 4.2. Thus we may
assume G D Con.�/.

Let k D jG W �.G/j; we may assume k > 1, as otherwise � is an automorphism
and Con.�/ D 1. Let� be a regulating set for	 onG, and equip�with the discrete
topology. Define the following series of subgroups of L D G Ì�:

N0 D GI NiC1 D Ni \ CoreNi �..�
iC1.G/ \Ni /�/:

Let i 2 N. By construction, Ni is �-invariant and we have Ni � �i .G/ (so in
particular

T
Ni D 1) and NiC1 E Ni .

Given! 2 �, note that!�iC1 D �iC1!0 for some!0 2 � (as endomorphisms of
G) by condition (a). Thus�iC1.G/\Ni is normalised by� inL, so .�iC1.G/\Ni /�

is a subgroup of Ni� of index at most k, and hence

jNi W NiC1j D jNi� W NiC1�j � kŠ:

Now let M be an open subgroup of G that is maximal subject to the conditions
that M is �-invariant and that there is an �-invariant closed subnormal series from
M to L; let ˆ�.G/ be the intersection of all such subgroups M . Then clearly
M C G, so M is a maximal �-invariant open normal subgroup of G. As M is
a proper open subgroup of G, there is some i such that Ni 6� M but NiC1 � M .
ThusMNi is�-invariant, and there is an�-invariant subnormal series fromMNi to
G; thus MNi D G by the maximality of M . This ensures that jG W M j D jMNi W
MNiC1j � jNi W NiC1j � kŠ. It follows thatˆ�.G/ � I�

kŠ
.G/, soˆ�.G/ is an open
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subgroup of G. Thus there exists i such that �i .G/ � ˆ�.G/, since G D Con.�/;
by replacing � with �i we may assume i D 1.

Let H D �.G/. Given t 2 N, let Gt D I�
t .G/ and Ht D I�

t .H/. Consider a
proper �-invariant open normal subgroup K of G such that jG W Kj � t C 1. Then
KH is a proper open subgroup of G, since it is contained in Kˆ�.G/. In addition,
H \K is an �-invariant open normal subgroup of H , and jH W H \Kj D jKH W
Kj < jG W Kj; in particular, jH W H \ Kj � t . Hence K contains Ht . Since this
argument holds for all t , and for all proper �-invariant open normal subgroups of G
of index at most t C 1, it follows that GtC1 � Ht for all t . Hence:

jG W Ht j D kjH W Ht j D jG W Gt jjGt W GtC1jjGtC1 W Ht j:
Now � induces an isomorphism from G to H that sends �-invariant subgroups to
�-invariant subgroups (by virtue of condition (a) in Definition 3.1), accounting in this
way for all�-invariant subgroups ofH . Hence jH W Ht j D jG W Gt j, so jGt W GtC1j
divides k for all t .

Let n be the largest order of Aut.F /, as F ranges over all finite groups of order
dividing k, and let R D I�

n .G/. Then for all t , the centraliser of Gt=GtC1 in G is
an �-invariant open normal subgroup of G of index at most n, and so contains R;
thus the series .R \Gt /t2N is a descending central series for R, and in particular R
is residually nilpotent. MoreoverR has finite index inG, so there is some i such that
�i .G/ � R; since G Š �i .G/, it follows that G is residually nilpotent.

(ii) Suppose Oƒ.G/ < G. Then there is some proper open subgroup K of G
containingOƒ.G/, and some � 2 ƒ such that �.G/ � K and henceOƒ.G/�.G/ �
K; in particular, Con.�/�.G/ � K. However, by Proposition 3.2 and Theorem 4.1
we have Con.�/�.G/ D G, a contradiction.

Acknowledgements. My thanks go to Charles Leedham-Green for helpful discus-
sions on an earlier version of this paper.
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