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1. Introduction

We present here a general approach to different classical measure-theoretic and metric
constructions in hyperbolic dynamics: expanding maps, hyperbolic groups, Anosov
flows, etc.. It is based on the notion of a hyperbolic groupoid, which was introduced
in [21].

The author was supported by NSF grant DMS1006280.
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We construct natural classes of measure and metric on the unit space of a hyper-
bolic groupoid. The metric is a generalization of what is sometimes called the visual
metric on the boundary of the hyperbolic group. It was defined in the original paper
of M. Gromov [9], 7.2.K, and has several equivalent definitions, see [8] and [5], for
example. The word “visual” comes from an interpretation of the metric as measuring
the “angle” between infinite geodesics converging to points on the boundary. It is
used to associate (quasi)conformal structure on the ideal boundary of a hyperbolic
space, see [19] and references therein.

Independently, natural metrics were associated with hyperbolic dynamical sys-
tems. For example, D. Fried defined such a metric for Smale spaces in [7]. This
includes Anosov diffeomorphisms, basic sets of axiom A diffeomorphisms, etc.
A natural analog of Fried’s metric is also well known for Anosov flows, see [11].
One of results of our paper is that these metrics coincide with visual metrics for
naturally defined hyperbolic graphs.

The measure constructed here is equivalent to the Hausdorff measure for the
visual metric, and is a direct generalization of the Patterson—Sullivan measure on the
boundary of a hyperbolic group; see [23], [27], and [4].

Applying this generalization to hyperbolic groupoids associated with Anosov
flows and Smale spaces, we recover the classical Bowen—Margulis, or Sinai—Ruelle—
Bowen measures. We get in this way a new approach to defining these measures: we
represent the stable and unstable leaves as boundaries of Gromov hyperbolic graphs
and then apply the Patterson—Sullivan construction.

Classically, Bowen—Margulis measure was constructed using Markov encoding
of the dynamical system, or by counting periodic orbits, or as measure of maximal
entropy see [1], [26], [17], and [2]. If f is ahyperbolic complex rational function, then
the measure of maximal entropy can be defined as the Brolin—Lyubich measure [15]
(weak limit of uniform distributions on f =" (¢) for a generic point #). Note that this
approach is very close to the classical Patterson—Sullivan construction (weak limit of
uniform distributions on balls of a hyperbolic graph). We show in our paper that this
is true in general: all these measures are Patterson—Sullivan measures associated with
naturally defined Gromov hyperbolic graphs. Note that this fact was known before
for geodesic flows, see [28] and [13]. In some way, we generalize the results of [28]
and [13] to arbitrary hyperbolic dynamical systems (quasi-flows).

Both the metric and the measure depend on the choice of a concrete Busemann
(quasi-)cocycle v on the groupoid of germs, which can be seen as a time scale of a
dynamical system. The Busemann cocycle will play then the role of a logarithm of
the derivative, in the sense that an element F of the pseudogroup multiplies the metric
in a neighborhood of a point x roughly by e*"(#>*) and the measure by e AV(F¥)
for some positive numbers « and . Here (F, x) denotes the germ of F at x, and 8
is the entropy of the groupoid (with respect to the cocycle v).

Different choices of the cocycle may be natural in different situations. For exam-
ple, if f is a hyperbolic rational function restricted to its Julia set, then there are two
natural choices for v. We can set the values of v on the germs of f to be equal to —1.
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Then the corresponding measure is the measure of maximal entropy (Brolin—Lyubich
measure) and the metric is the dynamical metric. The other natural choice is setting
the value of v on a germ of (f, z) to be equal to —In | f/(z)|. In this case the metric
(up to a local bi-Lipschitz equivalence) is the usual metric on C, and the measure is
the Hausdorff measure on the Julia set, see Example 6.3.

The fact that Bowen—Margulis measure for an Anosov flow is equivalent to the
Hausdorff measure associated with a natural metric on the stable and unstable leafs
(which follows now from Corollary 5.5) was proved by B. Hasselblatt [11]. In
the case of a geodesic flow on a negatively curved manifold this was proved by
U. Hamenstéadt [10].

Overview of the paper. In Section 2, we give a short overview of the notions
developed in [21]. We remind the basic notations of the theory of pseudogroups and
groupoids of germs, recall the notion of a log-scale, and review the main definitions
related to hyperbolic groupoids and Smale quasi-flows, duality theory for hyperbolic
groupoids, and properties of minimal hyperbolic groupoids.

We define the metric on the space of units of the groupoid in Section 3. Every
Busemann cocycle v: & — R determines a natural “logarithmic scale” on the bound-
ary of the Cayley graph equal to the associated Gromov product. Its value £(&1, &) is
equal to minimum of the value of v along a geodesic path connecting &1 and &, in the
Cayley graph of &. Using the Cayley graph of the dual groupoid & " instead, we get
alog-scale £ on the space of units of &. For any sufficiently small real number & > 0
we can find a metric |x — y| on &© such that ¢ =14 < |x — y| < ceY)
for some constant ¢ > 1. We call such a metric hyperbolic metric of exponent c.

We show (Proposition 3.3) that for every germ g € & there exists a neighborhood
Ue®of g and a constant ¢ > 1 such that

el ®v(@) < |U(x) =U®W)| < com @,
lx =yl
for all x, y in the domain of U. Moreover, we show that in some sense this property
completely characterizes the hyperbolic metrics, see Theorem 3.6. In particular, we
show that if & acts by conformal maps on a compact subset of C, then the usual
metric on C is a hyperbolic metric of exponent 1 for & with respect to the cocycle
v(F,x) = —1In|F’(x)|, see Proposition 3.7.

In “Growth and Entropy” we show that growth of cones (graded by the cocycle v)
in a Cayley graph of a hyperbolic groupoid is exponential, and give lower and upper
estimates of the form ce#” on the growth, where 8 depends only on the pair (&, v),
and is called the entropy of the graded groupoid (&, v). In fact, we prove more general
estimates, which can be used to construct Gibbs measures for hyperbolic groupoids.

Patterson—Sullivan measures for hyperbolic groupoids are constructed in Sec-
tion 5. It is a generalization of the classical construction, were we use the Cayley
graphs of the dual groupoid & T to construct the measure for the groupoid &. The mea-

sure p is characterized by the property that the Radon—Nicodim derivative df;—;“ (x)is
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estimated from below and from above by functions of the form ce ™ #V(F*)_ where B
is the entropy of (&, v). We also prove that the Patterson—Sullivan measure is equiv-
alent to the Hausdorff measure of dimension S/ for the hyperbolic metric on &(©
of exponent « (see Corollary 5.5).

Note that in all these results the map v: & — R is a quasi-cocycle: the equality
v(g1g2) = v(g1) + v(g2) holds only up to an additive constant. In particular, we get
only upper and lower estimates on the Radon—Nicodim derivative of the Patterson—
Sullivan measure.

On the other hand, if v: & — R is Hdlder continuous with respect to the hyper-
bolic metric on & (a condition depending only on & and v), then our results can be
made sharper. This case is analyzed in Section 6. We develop a duality theory for
Holder continuous cocycles, and show that in this case there exists a unique (up to a
multiplicative constant) measure jt satisfying

dFsp
dp

(x) = e PV,

Moreover, in this case it is easy to construct an invariant measure on the geodesic
flow of &. In all classical examples coming from Anosov flows, Smale spaces,
and hyperbolic rational functions the natural cocycles are Holder continuous, and
our constructions produce the classical Sinai-Ruelle-Bowen and Bowen—Margulis
measures.

2. Hyperbolic groupoids

2.1. Groupoids and pseudogroups. Here we give a short review of notions related
to pseudogroups and groupoids of germs. For more, see [21].
A pseudogroup & acting on a space X is a collection of homeomorphisms between
open subsets of X which is closed under
e compositions,
e taking inverses,
e restricting onto open subsets,

* taking unions (if for a homeomorphism F: U — V there exists a covering {U; }
of U by open sets such that F'|y, € &, then F € &).

We also assume that the identical homeomorphism X — X belongs to &.

Example 2.1. Let G be a group of homeomorphisms of a space X. Then the pseu-
dogroup generated by G (i.e., the smallest pseudogroup containing G) is the set of all
homeomorphisms F: U — V between open subsets of X such that for every x € U
there exists gx € G such that g, and F coincide on a neighborhood of x.
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It is convenient in many cases to consider elements F: U — V' of a pseudogroup
as sets of germs. Namely, a germ of an element of & is the equivalence class of a
pair (F, x), where F € ®, and x belongs to the domain of F. Two pairs (F;, x) and
(F, x) are equivalent if there exists a neighborhood U of x such that Fi|y = F>|y.
The set of germs of Gisa groupoid, i.e., it is a small category of isomorphisms with
respect to the usual composition and taking inverses. We will denote the groupoid of
germs of & by &. Fora germ g = (F, x) € & we denote

o(g) =x, tg) = Flx),

and call them origin and target of g. Similarly, we will denote for F € & by o(F) and
t(F') the domain and range of F, respectively. Germs of the identity homeomorphism
X — X are called units of the groupoid and are identified with the corresponding
points of X. We will also denote the set of units of a groupoid & by &(©.

We use the notation

&4 ={geB:o(g) €A}, &®={ged:t(g) e B}

and
o =e,n6l 6, =061

We also denote by &@ the set {(g1. g2):t(g2) = 0(g1)} of composable pairs of the
groupoid &.

The groupoid of germs & of a pseudogroup & has a natural topology. Namely, a
basis of topology is given by the collection of open sets of the form

{(F,x):x € o(F)}.

The groupoid & is topological with respect to this topology, i.e., multiplication
®® — & and inversion & — & are continuous.

On the other hand, the pseudogroup & is uniquely determined by the topological
groupoid &. We say that F C & is a bisection if 0: F — o(F) and t: F — t(F)
are homeomorphisms. Then every bisection F' determines a homeomorphism from
o(F) to t(F) by the rule o(g) — t(g) for g € F. It is easy to see that such
homeomorphisms are elements of ® and that every element I € ® defines a bisection
{(F,x):x € o(F)}. Hence, ® is the pseudogroup of bisections of the groupoid of
germs &. We will identify F € ® with the corresponding bisection (which is a
subset of ). We will use therefore terminology of pseudogroups and groupoids as
equivalent languages describing the same object.

Two units x,y € &© belong to one &-orbit if there exists g € & such that
x = o(g) and y = t(g). A subset Y C &© is said to be a S-transversal if it
intersects every ®-orbit.

Suppose that f:Y — &© is a local _homeomorphism such that f(Y) is a
O-transversal. Then localization (’5| r of & is the pseudogroup generated by all

lifts by f of elements of G, ie., by homeomorphisms F:U — V between open
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subsets of Y such that f|y and f |y are homeomorphisms, and f|y o Fo f |51 € 6.

We write the germs of the localization (75| 7 as triples (x, g,y), where ¢ € &, and

x,y € Y are such that f(x) = o(g) and f(y) = t(g).
In particular, if U = {U;};ier is an open covering of a &-transversal, then the

corresponding localization &|q; consists triples (i, g,j) € I x & x I such that
o(g) € U; and t(g) € Uj;, which are multiplied by the rule

(i1. &1, J1) - (i2, &2, j2) = (i2, 8182, J1):

where the product is defined if and only if j, = i; and t(g2) = 0o(g1).

Definition 2.1. Two group01ds of germs &1, &, are said to be equivalent if there

exists a pseudogroup & acting on QS(O) H] QS(O) such that (’5|®(0) &y, ®|®(0) = &,,
2

and every @&-orbit is a union of one &;-orbit and one &,- 0rb1t

One can show that two groupoids of germs are equivalent if and only if they have
isomorphic localizations.

A general definition of equivalence of topological groupoids (not only groupoids
of germs) is a bit more complicated, see [21], 2.2.2, and references therein.

We will often deal with covers of compact subsets of & by elements of ®. The
following statement is proved in [21], Lemma 2.1.1.

Lemma 2.1. Let & be a pseudogroup acting on a metric space. Let C C & be a
compact set, and let U C & bea covering of C. Then there exists € > 0 such that for
every g € C there exists U € U such that g € U and the e-neighborhood of o(g) is
contained in o(U).

If € satisfies the conditions of the lemma for a covering U, then we say that € is a
Lebesgue’s number of the covering. If g € U € & and the e-neighborhood of o(g)
is contained in o(U ), then we say that g is e-contained in U.

2.2. Logarithmicscales. Itwill be convenient sometimes to work with the following
version of the notion of distance.

Definition 2.2. A log-scale on a set X is a function £: X x X — R U {+o0} such
that

(1) €(x,y) =4(y,x)forall x,y € X;

(2) £(x,y) = +ooif and only if x = y;

(3) there exists § > 0 such that for any x, y,z € X we have

L(x,z) > min({(x, y),L(y,z)) — 6.
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It is a simple corollary of the Frink’s metrization lemma (see, for instance [21],
Proposition 1.1.1) that for every log-scale and for all sufficiently small numbers « > 0
there exists a metric |x — y| on X and a number C > 1 such that

¢l atx.y) <|x—y| < ce tx.y)

for all x, y € X. We say in this case that |x — y| is an associated metric of exponent
«a for the log-scale. Note that any two metrics associated with £ are Holder equivalent
to each other (moreover, they are “snowflake equivalent,” i.e., one is bi-Lipschitz
equivalent to a power of the other). In particular, they define the same topology.

Accordingly to the definition of an associated metric, we say that amap f between
two sets with log-scales is Lipschitz if there exists ¢ > 0 such that £( f(x), f(y)) >
£(x,y) —c forall x,y. A map f is bi-Lipschitz if it is invertible, and the maps f
and f ! are Lipschitz. A map f is Holder if there exist constants ¢ > 1 and n > 0
such that £( f(x), f(v)) > cf(x,y) —n forall x, y.

Definition 2.3. Two log-scales £1, £, on a set X are said to be Lipschitz equivalent
if [£1(x, y) — £2(x, y)| is uniformly bounded for all x, y such that x # y. They are
Hoélder equivalent if there exist constants ¢ > 1 and 1 > 0 such that

(e, y) = < La(x,y) <cli(x,y)+ 7
for all x, y.

Let & be a pseudogroup acting on a space s A Lipschitz structure on & (or
on the corresponding groupoid of germs &) is a log-scale on &(® such that every
element of & is locally bi-Lipschitz with respect to the log-scale. More on Lipschitz
structures on pseudogroups, see [21], Section 2.5.1.

We will use the following notations. Let F and G be two real-valued functions.
We write F' = G if the difference |F — G| is uniformly bounded for all values
of the variables. We will write F' < G if there exists a constant ¢ > 1 such that
¢~ VF < G < ¢F for all values of the variables.

2.3. Hyperbolic groupoids. Our notion of a hyperbolic groupoid will be in some
sense a generalization of the notion of a Gromov hyperbolic group (though it will com-
bine two notions of hyperbolicity: large scale Gromov hyperbolicity, and dynamical
hyperbolicity). In order to define the Gromov hyperbolicity, we need an appropriate
notion of a Cayley graph of a groupoid. The idea is rather straightforward, but we
want the definition to be invariant under equivalence of groupoids, which introduces
some technical details.

We say that a subset X of the set of units of a groupoid & is a fopological
transversal if X contains an open transversal of the groupoid.

Definition 2.4. A compact generating pair (S, X) of a groupoid & is a compact
subset S C & and a compact topological transversal X such that for every g € &|x
there exists n such that the set Uosksn (SUS Hrisa neighborhood of g in &|x.
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If (S, X) is a generating pair of & and x € X, then the Cayley graph &(x, S) is
the directed graph with the set of vertices & ff in which there is an arrow from g to &
whenever there exists s € S such that 7 = sg. If &(x, S) is Gromov hyperbolic,
then we denote its boundary by 0®(x, ).

The Cayley graph &(x, S) does not depend, up to quasi-isometry, on the choice
of the generating pair, similarly to the group case. It depends, however, on the choice
of the basepoint x.

Definition 2.5. A groupoid of germs & is hyperbolic if there exists a compact gen-
erating pair (S, X) and a metric | - | defined on a neighborhood of X, such that all
elements of & are locally Lipschitz with respect to | - |, and

(1) for every x € X the Cayley graph &(x, S) is §-hyperbolic (where § does not
depend on x);

(2) eachelement g € S is a germ of a contraction F' € &;

(3) forevery x € X there exists w, € dB(x, S) such that every directed path in the
Cayley graph &(x, S~!) is (uniformly) a quasi-geodesic converging to wy;

@) o(S) =1(S) = X.

Here a map F is a contraction if there exists 0 < A < 1 suchthat |F(x)—F(y)| <
Alx — y| for all x, y in the domain of F. A (A, A)-quasi-geodesic is a (finite or
infinite) sequence vg, v1, .. ., of vertices such that |v; — v; 41| < A for all i, (where
|v; — v;41] is the combinatorial distance in the graph) and |i — j| < A|v; — v;| for
every pair of indices i, j. A collection of quasi-geodesics is said to be uniform if they
are (A, A)-quasi-geodesics for a common choice of the numbers A and A.

Example 2.2. Let G be a Gromov hyperbolic group. Consider the action of G on its
boundary dG. Let & be the groupoid of germs of the action. Let us assume that all
germs of any non-trivial element of G are non-trivial (this is true for all torsion-free
groups, but also for many other). Take any finite generating set of G, and let S be
the set of germs of its elements. Then (dG, S) is a compact generating pair of &.
The Cayley graph &(x, S) naturally coincides with the Cayley graph of G. One can
show (it is simple but not absolutely trivial, since S does not satisfy the conditions of
Definition 2.5) that the groupoid & is hyperbolic. Note that @, from condition (3) of
Definition 2.5 is the point x € 0® itself.

Example 2.3. Let /: X — X be an expanding covering map of finite degree greater
than one, where X is a compact metric space. For instance, we can take the map
fiR/Z — R/Z givenby f(x) = dx (mod 1) for some integer d satisfying |d| > 1.
Here expanding means that there exist numbers € > 0 and L > 1 such that we have
| f(x)— f(y)| = L|x — y| forall x, y € X such that |[x — y| < e.

Let § be the groupoid of germs of the pseudogroup generated by f, i.e., by
restrictions of f to open sets U such that f:U — f(U) is a homeomorphism.
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Let S be the set of germs of the maps f~!: f(U) — U. Then (S, X) is a compact
generating pair. It is easy to show that the Cayley graphs §(x, S) are regular trees
of degree deg f + 1. Every vertex has deg f outgoing arrows (germs of branches of
/1) and one incoming arrow (germ of f'). Note also that elements of S are germs of
contractions. It is easy to check that (S, X)) satisfies the conditions of Definition 2.5,
and therefore § is a hyperbolic groupoid.

Example 2.4. Previous example can be generalized to the case when f: X — X
is an expanding map of a non-constant degree. Consider the following example.
Let X be a finite alphabet, and let P be a finite set of finite words over X. Let X
be the set of all infinite sequences x1x; ... of elements of X such that no subword
XiXit+1...Xj+x belongs to P. Then X is a one-sided shift of finite type. The shift
map f(x1xz...) = X2X3...is expanding with respect to a natural metric on X. In
the same way as in the previous example, we can consider the groupoid § generated
by the germs of f, and check that it is hyperbolic. The only difference is that the
Cayley graphs of § are non-regular trees.

2.4. Busemann cocycles. An important role in the study of hyperbolic groupoids
is played by the Busemann cocycles associated with the special points wy from
condition (3) of Definition 2.5. It plays in some sense a role of time in dynamics of
the groupoid.

Recall that the Busemann cocycle B, on a Gromov-hyperbolic graph I', where
w € dT', is given by

Bo(v1.v2) = lim (Jv; —v| — |v2 — V),
vV—>w

where v1, vy are vertices of the graph, | - | is the combinatorial metric on the graph,
and we choose any one of the partial limits on the right-hand side. The number S,
is uniquely defined, up to an additive constant, i.e., for any other choice f,, of the
partial limits we have sup,, ,, |Bw(v1, v2) — B, (v1,v2)| < C for some C depending
only on 6.

Definition 2.6. An n-quasi-cocycle on a groupoid & is a map v: &|xy — R, where
X is a topological transversal, such that

(1) forevery g € &|x there exists aneighborhood U of g such that [v(g)—v(h)| < 7
forallh e U N By;

(2) |v(g1g2) —v(g1) — v(g2)| < n for any composable pair g1, g2 of elements of
B|x.

A graded groupoid is a groupoid & together with a quasi-cocycle. Two quasi-
cocycles v1: G|y, — R and v2:&|x, — R define the same grading (are strongly
equivalent) if there exists a quasi-cocycle v: &|x,ux, — R such that [v(g) — vi(g)|
and |v(h) — v2(h)| are bounded (where g € &|x, and / € B|x,).
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One can check that the Busemann cocycle B, (g1,g2) on the Cayley graph
®(x, S) depends (up to an additive constant) only on g1g5"'. We get thus a quasi-
cocycle v(g1g5 1) = Bu, (g1, g2), which we will also call a Busemann quasi-cocycle
on the groupoid &.

More generally, we adopt the following definition.

Definition 2.7. Let & be a hyperbolic groupoid, and let (S, X) be a generating
pair satisfying the conditions of Definition 2.5. A quasi-cocycle v on & is called a
Busemann quasi-cocycle if there exist C > 1 and D > 0 such that

C'n—D<v(sis2---s,) <Cn+D
for all composable sequences s1, 52, ...,5, € S.

It is shown in [21] that every quasi-cocycle of the form v(g185") = B, (81, £2)
satisfies the conditions of Definition 2.7 and that the definition does not depend on
the choice of the generating pair.

A graded hyperbolic groupoid (8, v) is a hyperbolic groupoid together with a
strong equivalence class of a Busemann quasi-cocycle.

Example 2.5. Let § be the groupoid generated by the germs of an expanding self-
covering f: X — X of a compact metric space X, see Example 2.3. We can define
a continuous cocycle v: § — Z (i.e., a map satistying v(g1g2) = v(g1) + v(g2) for
all composable g1, g> € §) by the condition v( f, x) = —1 for every x € X. Then v
is the Busemann cocycle on the Cayley graphs of §, which are trees.

2.5. Some technical definitions and lemmas

Definition 2.8. We say that a subset C C & of a graded hyperbolic groupoid (&, v),
where v is a Busemann n-quasi-cocycle, is positive if for every g € C we have
v(g) > 2n.

A subset C C & is contracting if for every g € C there exists a contracting map
U e ®suchthatg e U.

If C is positive, then for every composable product ...g,g; of elements of
C the path g1, 2291, £38281, . - - is a quasi-geodesic path converging to a point of
06(x, S) \ {wx}.
We denote
06y = 06(x, S) \ {ox}

where 98 (x, S) is the boundary of the hyperbolic graph &(x, ). One can show that
36(x, S), wy, and 3G, do not depend on the choice of (S, X). Denote also by &X
the space &% U d&,, i.e., the completion of the Cayley graph &(x, S) with the point

wy removed. Note that &X does not depend on S (but depends on X).
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If (S, X) is a compact generating pair satisfying the conditions of Definition 2.5,
then we denote
T.=Js"ne,.

n>0

i.e., Ty is the set of elements of & representable as a product of elements of S (where
inverses are not allowed).

Similarly, we denote Ty = | J,,~o S™- g for g € &. We obviously have a bijection
x > x - g between Tygy and Tg.

We denote by 7 the intersection of the closure of Ty in @ with 06, for x =
o(g). Itis equal to the set of points of &, that can be represented as infinite products

... g28g1g = lim gy---g1-¢
n—>o0

for g; € S. We will denote Ty = T, U Tg.
The following proposition is proved in [21], Proposition 3.3.1.

Proposition 2.2. Let (8, vg) be a graded hyperbolic groupoid. Let X be a compact
topological &-transversal. Choose a metric | - | on a neighborhood X of X satisfy-
ing the conditions of Definition 2.5, and an n-quasi-cocycle v:|G|g — R strongly
equivalent to vy.

Then there exist a compact generating set S of &|x such that

(1) for every g € S we have v(g) > 3n;
(2) o(S) =t(S) = X;

(3) there exists A € (0, 1) such that every g € S has a A-contracting neighborhood
U e 6| Fa

(4) every element g € ®|x is equal to a product of the form gn -+~ g1+ (hp -+ - h1) ™!
for some gi, h; € S.

The following proposition is proved in the same way as [21], Proposition 3.4.4.

Proposition 2.3. Let (S, X) be a generating pair of & satisfying the conditions of
Proposition 2.2. Then there exists a compact set A C &|x suchthat foreveryh € &x
there exists a € A such that T,y is a neighborhood of Tp,.

2.6. Smale quasi-flows. The classical notion of a Smale space (see [26] and [25]) is
a topological generalization of the axiom-A diffeomorphisms (when restricted to the
basic set) and Anosov diffeomorphisms. We present here a generalization of Ruelle’s
definition that will include Anosov flows (restricted to a transversal). Moreover, in
our definition time is additive only up to a finite error, so that our notion is general
enough to include “geodesic flow” on a Gromov hyperbolic group.
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Let R be a topological space. A direct product structure on R is given by a
continuous map [+, -]: R X R — R such that

[x.x] =x, [lx,yl.z]=[x.z]. [x [y, z]] =[x, 2]

for all x, y,z € R. One can show that if [-, -] defines a direct product structure, then
we can find topological spaces A, B and a homeomorphism 7: A x B — R such
that [ (aq, b1), w(az, ba)] = mw(ay, bz). Namely, we can take A = P;(R, x) and
B = P,(R, x), where

Pl(R,X)Z{yER:[X,y]:X}, Pz(R,X):{yER:[X,y]=y}, (1)

and (y1, y2) = [y1, y2l-

A local product structure on a space X is given by a covering of X by open subsets
R; (rectangles) together with direct product structures [-, -]z, on them such that for
every pair R;, R; of rectangles and for every 1 € R; U R; there exists a neighborhood
U of t and a direct product structure [-, -]y on it such that [x, y]g, = [x, y]y and
[x, y]r;, = [x, y]u whenever the corresponding expressions are defined. We call the
covering of X by rectangles satisfying the above conditions atlas of the local product
structure.

If X is a space with a local product structure, then an open subset R C X and a
direct product structure [-, -]g on R is a rectangle of X if when we add it to an atlas
of X, we get again an atlas of X. In particular, we can define the maximal atlas of a
local product structure consisting of all rectangles of X.

We say that a metric |x — y| agrees with a local product structure on X if for
every rectangle R = A x B of X there exist metrics |- |4 and | - | on A and B such
that restriction of |x — y| onto R is locally bi-Lipschitz equivalent to the metric

|(a1, bl) - (612, bz)|R = maX{|al —a2|A, |b1 - b2|B}-

A pseudogroup & acting on a space X with a local product structure preserves
the local product structure if for every germ (F, z) of & there exist rectangles R;
and R; such that z € R;, F(z) € R; and F([x, y]r;) = [F(x), F(y)]r; forall x, y
belonging to a neighborhood of z. Note that if & preserves a local product structure
then for every germ g € & of & there exist rectangles Ro(g) = Ao(g) X Bo(g)
and Ryg) = Ai(g) X Bi(g) and a neighborhood F € & of g such that o(F) = Ry (),
t(F) = Ry),and themap F': Ry(g) — Ry(g) can be decomposed into a direct product
of maps Ap: Ag(g) — Aig) and Br: Byg) — By(g). In particular, the groupoid of
germs & of & has a local product structure in a natural way. Projections of the germ
g are the germs P;(g) and P»(g) of Ar and BF, respectively, at the points a € A
and b € B such that (a, b) = o(g). We also denote Ar = P1(F) and B = P,(F).
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Definition 2.9. A Smale space is ahomeomorphism f: X — X of a compact metric
space together with a local product structure on X such that f preserves the local
product structure, and is uniformly expanding on the sets P; (R, x) and uniformly
contracting on the sets P,(R, x).

Our goal is to “quasify” this definition. First of all, we will have a pseudogroup
acting on X rather than one homeomorphism. Time will be given then by a quasi-
cocycle v. We also want the pseudogroup to be a quasi-flow in the sense that v induces
quasi-isometries of the Cayley graphs of the groupoid of germs with R.

Let & be a groupoid of germs preserving a local product structure on &(®, and
let v be a quasi-cocycle defined on a restriction of & onto a compact topological
transversal X. We say that v agrees with the local product structure if there exists an
open covering R of X by rectangles and a constant ¢ > Osuchthatif P;(g1) = P;(g2)
for some g1, g2 € Bandi € {1,2}, then |v(g1) —v(g2)| < c.

A groupoid & preserving a local product structure on & is locally diagonal if
there exits a covering R of a topological &-transversal by rectangles such that if for
g € & either P(g) or P2(g) is a unit, then g is a unit.

Definition 2.10. A Smale quasi-flow is a groupoid & together with an n-quasi-cocycle
v:®|x — R and a local product structure on & such that there exists a compact
generating pair (S, X), a metric | - | defined on a neighborhood of X, and a number
A € (0, 1) such that

(1) the metric | - | and the quasi-cocycle v agree with the local product structure;
(2) & acts by locally Lipschitz transformations with respect to | - |;
3) o(S)=t(S) = X,and v(g) > 3nforall g € S;

(4) for every g € S there exists a rectangular neighborhood F € & of g such that
restrictions of F and F~! onto Py (o(F), x) and P,(o(F), x), respectively, are
A-contractions for all x € o(F);

(5) for every compact subset C C X and for every real number k > 0 the closure
of the set {g € &|x:|v(g)| < k} is compact;

(6) the groupoid & is locally diagonal.

For definition of sets P; (R, x), see (1) on page 894. We denote P; and P, in the
case of a Smale quasi-flow by P and P_, respectively.

Let (8, v) be a Smale quasi-flow. Then, informally, its Ruelle groupoids P (&)
and P_(®) are groupoids generated by the projections P4 (g) and P_(g) of the
elements g € & onto the stable and unstable directions of the local product structure.

More precise definition is as follows. Let &R be a covering of a topological &-
transversal by sufficiently small rectangles. Consider localization &|g of & onto R,
and denote by P (&) and P_(®) the groupoids of germs of pseudogroups generated
by projections P4 (F) and P_(F') of rectangular elements of the pseudogroup 6| 5.
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Itis provedin [21] that groupoids P4 (&) and P_ (&) are well defined up to equivalence
of groupoids (i.e., their equivalence class does not depend on the choice of R). They
are called Ruelle groupoids of the quasi-flow &.

We will need the following technical result of [21], Proposition 4.2.1.

Proposition 2.4. Every Smale quasi-flow is equivalent to a groupoid $) satisfying the
Jollowing properties.

The space of units $©) is a disjoint union of a finite number of rectangles Wy =
Ay X By,.... W, = Ay X Bpy.

There exists an open transversal Xy equal to the union of open sub-rectangles
W = A; x B} C R; such that the closure of R; is compact. Denote by X the union
of closures of the rectangles W;°.

There exists a finite set S of elements of the pseudogroup § such that
(1) every F € § is a rectangle Ap X B = P (F) x P_(F);

(2) for every F € § there existi,j € 1,...,n such that o(F) C W;, t(F) C W;,
o(Ar) = A;, ((BF) = B;;

(3) intersections of o( F) and t(F) with X are non-empty;

(4) Af and By' are A-contracting for some A € (0,1);

(5) S ={(F,x):x, F(x) € X} is a generating set of 9H|x (i.e., (S, X) is a generat-
ing pair);

©6) o(S) =t(S) = X;

(7) v(g) > 2n for all germs of elements of S;

2.7. Dual groupoid. If G is a Gromov hyperbolic group, then it acts by right mul-
tiplication on the left Cayley graph of G, hence it acts by homeomorphisms on its
boundary dG. For a general hyperbolic groupoid & there is no natural action of & on
the boundaries of its Cayley graph. An element g € & just maps the boundary of the
Cayley graph 6(i(g), S) to the boundary of the Cayley graph &(o(g), S). We get in
this way only an action of & on the disjoint union of the boundaries of the Cayley
graphs based at different points.

But the union of the boundaries d®, = 0&(x, S) \ {wx} has a natural local
product structure coming from the fact that if two points x, y are close to each other
in X, then the positive cones Ty, T), in the Cayley graphs &(x, S), &(y, S) based at
x and y are almost isomorphic to each other. If we introduce a topology on the union
of the boundaries d&, compatible with this local product structure, then the action of
® on it will be a Smale quasi-flow. We can project this quasi-flow and get a natural
groupoid acting on the boundaries of the Cayley graphs of &.

So, & does not act on its boundary, but there is another groupoid, which we
denote & T acting on it. An interesting fact is that & T is also hyperbolic, and (&) T
is equivalent to &. We call & T the dual groupoid to &.

We will give now two formal definitions of the dual groupoid. Their equivalence
is proved in [21].
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Definition 2.11. Let & be a hyperbolic groupoid with a compact generating pair
(S, X). Let Ty C & and T> C &3 be compact neighborhoods of points §; € 96
and & € 0&,. Here & is the union of the set of vertices Qﬁf of the Cayley graph
&(x, S) with 08, = 0&(x, S) \ {wx}, X’ is a compact neighborhood of X, and Qﬁf/
is defined using a generating pair (S’, X”’), where S’ D S.

A continuous map F: Ty — T is an asymptotic automorphism if the following
condition holds. If sequences g,, h, € T1 N &, eventually leave every finite set, and
g, 'hy € S forall n, then F(g,)~' F(hy,) eventually belongs to S’, and

|gnh,71 - F(gn)F(hn)_l| —0
as n — oo, where | - | is a metric on S”.

Note that since S’ is compact, the definition does not depend on the choice of the
metric on S”.

For an asymptotic automorphism F:7; — T3, consider its restriction to the
interior in &, of T7 N d&,. It will be a homeomorphism from an open subset of
0® to an open subset of &, The set of germs of such homeomorphisms does not
depend on the choice of the generating pairs (S, X), (S’, X”), hence we can consider
the groupoid of all germs of such local homeomorphisms of the formal disjoint union

Llxes© 06sx.

Definition 2.12. The dual groupoid & is the groupoid of germs of restrictions of
asymptotic automorphisms to the boundaries 0®,, for x € X.

Let us give an equivalent definition of the dual groupoid, which uses explicit
asymptotic automorphisms.

Let (&, v) be a graded hyperbolic groupoid. Let (S, X) be a generating pair of &
satisfying the conditions of Proposition 2.2 for the quasi-cocycle v. Let § be a finite
covering of S by contracting positive elements of &.

Let A C ® be a compact set satisfying the conditions of Proposition 2.3. Suppose
also that for any two sequences g;, i; of germs of elements of § an equality ... g>g;
g =...hyhy-hforsome g, h,o(g) = o(h) € X implies that for all sufficiently big
n there exists m and a € A such that ag, ---g12 = hm ---h1h. Existence of such
a set A follows from hyperbolicity of the Cayley graphs of & and the fact that all
directed paths in &(x, ) are quasi-geodesics. »

Find then a finite covering A = {U} of A by bi-Lipschitz elements of &. Let A
be the set of germs of the elements of A.

The following lemma is proved in [21], Lemmas 3.6.3, and 4.6.1.

Lemma 2.5. Let € be a common Lebesgue’s number of the coverings S, +, and A™!
of S, A, and A7, respectively. There exists 0 < 8y < € such that the following
condition is satisfied.
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Let Ui, Vi, i = 1,2,... be finite or infinite sequences of elements of the set
S U A in which at most one element belongs to A. Let |x — y| < &g for x,y € X,
the €-neighborhoods of U; - --Uy(x) and V; - - - V1(x) are contained in o(U;+1) and
o(Vi41), respectively. Then an equality

(. .. U2U1,X) = ( .. Vle,x)
of finite or infinite products of germs implies

(...U2U1,y) = (...V2V1,y).

Fix 8y satisfying the conditions of Lemma 2.5. Suppose that g € &|x and h € &
are such that |t(g) — t(h)| < 8. For a finite or infinite product § = ...g>g1g € Ty,
where g; € §, find elements U; € § such that g; is e-contained in U;. Define then

RIE) =...UUy - . 2)

By Lemma 2.5, Rg (&) depends only on g, &, and £ (and does not depend on the
choice of the generators g; or the choice of the elements U; ). Note that RZ (&) ¢ &|x
in general (even for § € &X).

For every h € & we have a natural homeomorphism £ +— £ - & from 0, to
8@0(;,) defined by

...8281°8 ... 8281 gh.

Note that every germ of this homeomorphism is also a germ of a transformation of
the form Rgh for some g € Gyp).

The natural log-scale (the Gromov product) £ on &X is defined by the condition
that £(&1, &) is equal to the minimal value of v on a geodesic path connecting &;
to &. It is a log-scale, which is well defined, up to bi-Lipschitz equivalence, by the
strong equivalence class of v.

The proof of the following proposition is straightforward.

Proposition 2.6. Let g € &x and h € & are such that R,‘f is defined. Then the
map Ri is bi-Lipschitz with respect to the natural log-scale. Moreover, there exists
a constant ¢ > 0 (not depending on g and h) such that

L(E1, &) +v(g) —v(h) — ¢ < LR} (E1). R} (52))
< (E1.8) +v(e) —v(h) + ¢

forall &1, & € Ty. It particular; Ri is @ homeomorphism between Tj, and Ri (T3).

Here { is defined using a generating set of &|y, where X, contains o(§) U t(S).



Hyperbolic groupoids: metric and measure 899

Itis proved in [21], Theorem 4.3.1, that the disjoint union 0® = |, c¢50) 0 has
anatural topology and a local products structure coming from the maps Rg’,. Namely,

ifU € Gisa sufficiently small neighborhood of an element g € &, and £ is an
interior point of T, then a neighborhood of § in & is the set

Rg,U = U Rg("]'go)’
helU

where 7, is the interior of Ty C & (g). The set Rg p is naturally homeomorphic to
o(U) x 7', where the homeomorphism is given by the map

(. 0) = [x.{u = RYV(©). 3

These direct product decompositions agree with each other, and we get in this way a
local product structure and topology on d&. For more details, see [21], Section 3.7.

Every U € & defines a local homeomorphism of 0& with domain 0& and
range 0®,(r), mapping § € 08y (y) for x € t(U) to & - (U, x). The groupoid of
germs of the pseudogroup generated by such maps is called the geodesic quasi-flow
of &. Its elements can be written as pairs (&, g), where § € 0&(,), 0(§, g) = £, and
t(&, g) = £ - g. We denote the geodesic flow by d& x &.

The following theorem is proved in [21], Theorem 4.6.2.

Theorem 2.7. The space 9 x of germs of restrictions of the maps R", for g €
&|x,h € & onto open subsets of the disjoint union | | ..y 08 is a groupoid (i.e., is
closed under taking compositions and inverses), and depends only on & and X .

The dual groupoid & T of a hyperbolic groupoid @ is defined in [21] as the projec-
tion P_(0® x®). Itis also shown in [21], Section 4.6, that this definition is equivalent
to the following.

Definition 2.13. Let & be a hyperbolic groupoid. The dual groupoid &' is any
groupoid equivalent to 0& x .

The groupoid dG x is not second countable, but it is equivalent to a second count-
able groupoid.

2.8. Minimal hyperbolic groupoids. Let & be ahyperbolic groupoid andlet (S, X)
be its generating pair. We say that a Cayley graph &(x, S) is topologically mixing if
forevery pointé € &, and every neighborhood U of € in &X the set of accumulation
points of t(U N &X) contains the interior of X.

The following description of topologically mixing hyperbolic groupoids is given
in [21], Proposition 4.7.1.
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Proposition 2.8. Let & be a hyperbolic groupoid. Then the following conditions are
equivalent.

(1) Some Cayley graph of & is topologically mixing.
(2) Every Cayley graph of & is topologically mixing.
(3) Every &-orbit is dense in &,

Definition 2.14. We say that a hyperbolic groupoid & is minimal if it satisfies the
equivalent conditions of Proposition 2.8.

For the proof of the next proposition and theorem, see [21], Section 4.7.

Proposition 2.9. If & is minimal, then the groupoid 08, equal to restriction of 0& x
onto 08, is equivalent to the groupoid 3G x, and & is also minimal.

The following theorem is one of central results of [21].

Theorem 2.10. Let & be a minimal hyperbolic groupoid. Then the groupoid & is
hyperbolic, and the groupoid (&) 7 is equivalent to &.

This duality theorem holds not only for minimal groupoids, but for all hyperbolic
groupoids whose geodesic flow is locally diagonal.

3. Hyperbolic metric

Recall that a hyperbolic groupoids together with a strong equivalence class of the
cocycle is a graded hyperbolic groupoid. In different situations different gradings
are natural.

Example 3.1. Let f be a hyperbolic complex rational function. Then f is expanding
with respect to a Riemanian metric on a neighborhood of the Julia set of £, hence the
groupoid § generated by the germs of the action of f on its Julia set is hyperbolic,
where the grading v: § — Z is given by the degree of germs. Namely, every element
of § is a composition g = (", x)~' o (f™, y) for some points x, y of the Julia set.
We define then v(g) = n — m. The Cayley graphs of § are regular trees and v is
equal to the Busemann cocycle associated with the point of its boundary given by the
path x, f(x), f2(x),.... This example is discussed in detail in [21].
On the other hand, it is easy to see that the map

vi((F.x)) = —In|F'(x)], “)

for F € F, is also a Busemann quasi-cocycle, and hence (§, v1) is also a graded
hyperbolic groupoid.
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If (&, v) is a graded hyperbolic groupoid, then (0® x &, V) is a graded groupoid
where v(g, &) = v(g) is the lift of the quasi-cocycle v to the geodesic quasi-flow.
The graded groupoid (0® x &, V) is uniquely determined by the graded groupoid
(B, v).

On the other hand, by [21], Theorem 4.4.1, if (£, v) is a Smale quasi-flow, then its
projections P ($)) and P_($)) onto the stable and unstable directions are hyperbolic,
and there exist quasi-cocycles vy and v_ on P4 () and P_($)) such that the functions
[v+(P+(g)) —v(g)| and [v—(P-(g)) + v(g)| are uniformly bounded.

We get hence the following summary of the above facts.

Proposition 3.1. Letr (&, v) be a minimal graded hyperbolic groupoid. There exist
unique, up to strong equivalence, quasi-cocycles v and v’ on % x & and & such
that |v(P4(g)) — U(g)| and |vT (P_(g)) + ¥(g)| are uniformly bounded.

It follows directly from the definitions that for every germ (R”, £) we have

vI(RE.§) = [v(g) —v()l. ©)

Definition 3.1. Let (&, v) be a graded hyperbolic groupoid with locally diago-
nal geodesic quasi-flow. Then the dual graded groupoid (%,v)T is the groupoid
(&T,vT) where &7 is the hyperbolic groupoid dual to &, and the quasi-cocycle
vT: BT — Ris equal to the projection of the quasi-cocycle —: & x & — R, where
v is the lift of v.

Let now (&, v) be a minimal graded hyperbolic groupoid. The space of units
of &7 is locally homeomorphic to boundaries of the Cayley graphs &(x, S) of &.
The quasi-cocycle v defines a natural log-scale on d®, by the rule that £, (&1, &) is
equal to the minimal value of v along a geodesic path in &(x, S) connecting &; to &;.

This log-scale satisfies an estimate (see Proposition 2.6)

6o (R (51), R (82)) = €y (61, £2) + v(g) —v(h) (6)

forall £1,& € Tj,.

Consequently, we get a Lipschitz structure on & T, which is uniquely determined
(up to bi-Lipschitz equivalence) by the grading v. We will call it the hyperbolic
log-scale associated with v. Since v and v uniquely determine each other, we will
also say that the defined log-scale is associated with v T (if there is no confusion on
which of the groupoids & and & the log-scale is defined).

Estimates (6) and (5) immediately imply the following proposition.

Proposition 3.2. Let £ be the hyperbolic log-scale on & associated with the grading
v of the hyperbolic groupoid (&, v). Then there exists a constant ¢ such that for every
g € & there exists a neighborhood U € & such that for any two points x,y € o(U)
we have

[E(U(x), U(y)) = (b(x, y) +v(@)] <c.
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Recall that we say that a metric | - | is associated with a log-scale £ if there exists

a constant o > 0 such that
=y = e )

for all pairs of points x, y. We call « the exponent of the associated metric. For every
log-scale there exists a constant ¢g such that an associated metric exists for every
positive exponent o < «g. The biggest « (called the critical exponent) with this
property can be characterized in the following way.

Let X be a set with a log-scale £. For a positive number 7, let ', be the graph
with the set of vertices X in which two points x, y € X are connected by an edge if
and only if £(x, y) > n. Let d,, be the combinatorial distance on the vertex set X of
the graph ;. A number @ > 0 is a lower exponent of (X, £) if there exists C > 0
such that

dn(x, y) = Ce®r=teD

forall x,y € X andn € R.

In the case when X is the boundary of a hyperbolic graph, and £(£, ¢) is the natural
log-scale given by the Gromov product £(x, y) = %(|x —Xo| + [y — xo| — |x — y]),
the metric d, (€, {) is equivalent to the length of a path avoiding the ball of radius n
with center in xo and connecting vertices on the geodesic paths representing & and ¢.
Lower exponents are then lower estimates of exponential divergence of the geodesics.

One can show (see, for instance [22], Theorem 3.3) that there exists a metric of
exponent « if and only if « is smaller than some lower exponent. It follows that the
critical exponent ¢ is equal to the supremum of the lower exponents.

Definition 3.2. A (hyperbolic) metric of exponent o on 0®, associated with the
quasi-cocycle v is a metric of exponent « associated with the hyperbolic log-scale £,,.

The hyperbolic metric is called sometimes visual. Note that, by definition, a
metric locally bi-Lipschitz equivalent to a hyperbolic metric of exponent « is also a
hyperbolic metric of exponent .

Thus, a grading v of a hyperbolic groupoid determines for every positive suf-
ficiently close to zero number « a unique locally bi-Lipschitz class of hyperbolic
metrics. Proposition 3.2 is reformulated then as follows.

Proposition 3.3. Let |- | be a hyperbolic metric of exponent a on a graded hyperbolic
groupoid (&, v). Then there exists a constant ¢ > 1 such that for every g € & there
exists a neighborhood U € & such that for every pair of different points x, y € o(U)
we have
e < IO ZUDI _ | —anie),
|x — |

In other words, the quasi-cocycle v(g) is proportional, up to an additive constant, to
the logarithm of the scaling factor of the germ g.



Hyperbolic groupoids: metric and measure 903
We will need a more precise version of the last proposition.

Proposition 3.4. Let | - | be a hyperbolic metric of exponent o. Let S be a compact
positive subset of &. Let § be a finite covering of S by A-contracting positive elements
of 8, where A € (0, 1) is a fixed constant.

Let € > 0 be sufficiently small. Then there exists a constant ¢ > 1 such that if
g182 -+ gn Is a product of elements of S, and F; € § are such that g; is €-contained
in F;, then for any two points x,y € o(Fy --- Fy,) on distance less than € from o(gy)
we have

Tl ETE |y —y| < [ Fy s Fy(x) = Fro e Fy(p)] < cem 8 [y —y. ()

Proof. Note that if §’ is a finite covering of S subordinate to a covering §, then the
statement of the proposition holds for § if and only if it holds for §’. Since any two
open coverings of S have a common finite subordinate covering, if the statement is
true for some covering §, then it is true for all coverings.

Let (S1, X1) be a generating pair of & satisfying Proposition 2.2 and let S C & be
any positive contracting set. Assume that S satisfies the conditions of the proposition.
Let us show that it is satisfied for S.

Let (S2, X») be a generating pair of & such that S C &|x, and X; C X,. Then

Qﬁfl is a net in Qﬁfz. Consequently, every element of &y, can be represented as a
product ay ga,, where g € &x, and ay, a, belong to a fixed compact set Q1 C &.

Every path corresponding to a finite or infinite product - - - g> g1 of elements of S is
a quasi-geodesic (in a uniform way in the corresponding Cayley graph &(0(g1), S2)).
If the path is infinite, then it converges to a point of d®(,,). Since S satisfies the
conditions of Proposition 2.2, there exists a compact set Q0 C & such that every
product g, --- g1 € S” can be represented in the form ay - sy, - - - 51 -a foraq,a € Q
and s5; € 5.

Let @ be a finite covering of Q by bi-Lipschitz elements of ®,andlet § C &
be a finite covering of S U §; by contractions. Then there exists € > 0 such that
if we have g, ---g1 = hoSy ---s1hy forg; € S,s; € S1, hi € Q,andif G; € §,
H; € @, and U; € § are such that g;, h;, and s; are e-contained in G;, H;, and
Ui, respectively, then the compositions G, --- Gy and HoU,, --- Uy H; coincide on
the e-neighborhood of 0(g1) = o(h1), see [21], Corollary 2.4.2. It follows that the
proposition holds for .

Consequently, it is enough to prove the proposition for any groupoid equivalent
to &.

We can represent & as projection P4 (08 x &) of the geodesic quasi-flow and
use a generating set equal to projection of the generating set satisfying conditions
of Proposition 2.4. Then the statement of the proposition will follow from (6) on
page 901 and the fact that the quasi-cocycle V: 96 x & — R agrees with the local
products structure. Ol
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Corollary 3.5. Let S be a positive compact subset of a hyperbolic groupoid (&, v),
let S be a finite covering of S by positive contracting elements of &. Then there exist
¢ > 0 and € > 0 such that for any product U = F --- F, of elements of § and for
any two germs g1, g2 of U such that |0(gy) — 0(g2)| < € we have

lv(g1) —v(g2)| <c.

Proof. There existe > 0 and ¢ such that for every product U = Fj --- F,, of elements
of § and every pair x1,x, € o(U) for F; € §, such that |[x; — x3| < € we have
clemWUxi)|x ) — x,| < |U(x1) — U(xz)| < ce™ WX |x; — xp| fori = 1,2. It
implies [v(U, x1) — v(U, x2)| < 2a 'Inec. O

Theorem 3.6. Let (&, v) be a graded hyperbolic groupoid, let (S, X)) be a generating
pair satisfying the conditions of Proposition 2.2 (for an arbitrary metric |-|). A metric
| - |1 defined on a neighborhood of X is a hyperbolic metric of exponent « if and only
if there exists a finite covering S of S by positive elements of & such that for every
product Fy --- F, of elements of § we have

|Fi - Fy(x) = Fy - Fy(0)l1 < e ®|x —y)y,

Jorall x,y € o(Fy---Fy,), where g is any germ of Fy --- F,, and the coefficients in
the estimate do not depend on n, F;, g, x, and y.

Proof. Proposition 3.3 implies the ‘if” part of the theorem. In order to prove the
theorem in the other direction, is enough to show that if | - |; and | - |, are metrics
satisfying the conditions of the theorem, then they are locally bi-Lipschitz equivalent.

There exists a covering § of S satisfying the condition of the theorem for both
metric |-|;. Let e be acommon Lebesgue’s number of the covering § for both metrics.

Let x € X be an arbitrary point. Let A be an upper bound on the value of the
cocycle v on elements of S . For every n there exists a sequence g1, ..., gk of
elements of S such that t(g;---gx) = x,andn < v(gy---gx) <n+ A+ n. Let
G; € § be such that g; is e-contained in G;. Then, forany i = 1, 2, if

|x — y|l < C_le_a(n+A+n)€ — C_le_a(A+7l)6 . e—Oln

then (G ---Gy)~!(y) is defined. Here ¢ > 1 is a sufficiently big constant.

On the other hand, if (G - -- G ) ™! (y) is defined, then |x — y|; < cDe™*", where
D is an upper bound on the diameters of the sets o(G;).

Since |x — y|; < ¢ le™®(AFM¢ . pman for

a(A-H])E—

Lln(ce 1-|x—y|1)J

n —=

’

—u
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we have for all x, y, such that |x — y| is small enough

Ix = y|» <eD exp(_atln(Cea(A—Hl)g—l x _yll)J)

—a
< cDexp(In(ce®@ et |x — y|)) 4 a)

— czDe_le“(A+"+1) X |X —)’|1’

hence | - |1 and | - |, are locally bi-Lipschitz equivalent. O
As an example of application of the previous theorem, consider the following.

Proposition 3.7. Let & bea pseudogroup acting on a subset X of C by biholomorphic
maps. Define v(F,z) = —In|F’(z)| and suppose that (&, v) is hyperbolic. Then
the usual metric |zy — z3| is a hyperbolic metric on X of exponent 1.

In particular, if ® is the groupoid generated by the restriction of a hyperbolic
complex rational function onto its Julia set, then the usual metric on C (restricted
to the Julia set) is a hyperbolic metric for the groupoid (&, v), where v is as in
Proposition 3.7.

Proof. Let S be a compact subset of & such that v(s) > 0 for all s € S. Then
v(s) for s € S is bounded from below by a positive constant. Let § be a finite open
covering of S by relatively compact extendable A-contracting elements of &, where
0 < A < 1. Here an element F € & is extendable if there exists F/ € & containing
the closure of F'.

Since the set § is finite, and F' € § are relatively compact and extendable, there
exist constants € > 0 and ¢; > 0 such that for every F € § and any x,y € o(F)
such that |x — y| < € we have

FOO=FO) | o
(x = y)F'(x)
Taking € small enough, we may assume that c;e < 1, then
F(x) — F(y)
O<l—cilx—y|<|————=| < 1+ci|x—y|
(x = y)F'(x)

We also assume that € is less than the Lebesgue’s number of the covering .

Let us show that € satisfies then the conditions of Theorem 3.6. Suppose that
gn&n—1 - g11s aproduct of elements of S, and F; € § are such that g; is e-contained
in F;. Let xg, yo be points on distance less than € from o(g;). Denote x; =
Fic++ Fi(xo) and yj = Fic -+ Fi(yo). Then |x; — y| < €A¥.



906 V. Nekrashevych

We have
|(Fn -+ F1) (x0)]
= |F;;(xn—1)| : IFy;—1(xn—2)|"'|F1/(x0)|

— ‘ Fr;(xn—l)(xn—l - Yn—l)
Xn — Yn

‘ Fy_1(n—2)(Xn—2 = yn-2)| ‘ Fi(x0)(Xo — yo) | |Xn — ¥n
Xn—1 — VYn—1 X1 —MN Xo —Jo '
The last product is less than
(I —ct]xn—1 — yn—1 |)_1(1 —ci|xp—2 — yn—2|)_1 T
_ Xn —
(1 —ci]xo— yo)) ™"~ T
X0 — Yo
X, — o0
n—Jn H(l — ey,
Xo—=Yol,

where the infinite product is convergent. Similarly, |(F, -+ F1)'(xo)] is bigger than
(1 + ¢ |xn—1 — Vn—1 |)_1(1 + ¢ |Xn—2 - yn—2|)_1 T

Xn — Vn
Xo — Yo

(1 + cilxo — yo)) 7"

Xn — YVn
Xo — Yo

o0
[] + ety

k=0

We have shown that there exists a constant ¢, > 1 such that for any two points
x, y from the e-neighborhood of 0(g;) we have

Ux) —U(y)

3 U ()] <‘ <e|U'(x)]

where U = Fy, -+ Fy. It follows that ¢ 2|U’(y)| < |U'(x)| < ¢2|U’(y)| for all such
x, y. In particular,

52U (0(g1))| = c32e @81 < |U'(x)| < c3|U'(0(g1))| = cZe"(&n&D),

hence

U(x) — yU(y) ‘ < e Ene),

C2—3e—V(gn---g1) <
x —_

which implies by Theorem 3.6 that |x — y| is a hyperbolic metric for the cocycle v. [
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4. Growth and Entropy
4.1. Growth of graded hyperbolic groupoids

Definition 4.1. We say that a quasi-cocycle ¥: &|x — R is dualizable if there exists
aquasi-cocycle — " on & T such that lifts of { and — T to the geodesic flow 0& x &
are strongly equivalent.

Here lift of a quasi-cocycle i to the geodesic flow & x & is given by ¥ (£, g) =
¥ (g). Recall that 36 x & is also equivalent to the geodesic flow of & T, by [21],
Theorem 4.5.1.

Any Busemann quasi-cocycle is dualizable by [21], Theorem 4.4.1. Another
obvious example of a dualizable cocycle is the constant zero cocycle. We will see
later that any Holder continuous cocycle is dualizable.

We are mostly interested in the case when v is constant zero.

Theorem 4.1. Let & be a minimal hyperbolic groupoid graded by a Busemann quasi-
cocycle v:B|x — R. Let ¥: 8|x — R be a dualizable quasi-cocycle.

There exists a positive number A and a number B such that for every x € X and
for any compact neighborhood C of § € &, in X there exist positive constants k1
and ko such that

kleﬁn < Z eW(g) < kzeﬂ”
geCN&Gx,n—A<v(g)<n

Jor all sufficiently large n.

If + is constant zero, then the sum in Theorem 4.1 is just the number of elements
of C N &, in the thickened level set {g:n — A < v(g) < n} of the cocycle v. The
theorem thus shows precise estimates of growth of these level sets. We will need
these estimates later, when we will define the measure on the boundary of the Cayley
graph as a weak limit of rescaled counting measures on the level sets of v.

Definition 4.2. The number 8 from Theorem 4.1 is called pressure of ¥ relative to v.
Proof. Let us prove at first the following technical result.

Proposition 4.2. Let (&, v) be a minimal graded hyperbolic groupoid, and let X be
a compact topological &-transversal. Then there exists a compact generating set S
of ®|x satisfying the conditions of Proposition 2.2, and such that there exists ro > 0
such that for every x € X the set Ty contains a point {x such that the ball of X of
radius ro (with respect to a metric associated with the natural log-scale on &X) and
center in { is contained in Tx.
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Proof. Let S be a generating set satisfying conditions of Proposition 2.2. Denote by
Tél) and Tg(l) the sets defined with respect to the set S;. There exists a compact set
A C &|x andapositive number ry such that forevery g € &|x theset|J e une,, 7_"‘,(;)

contains the rj-neighborhood of Tél) (see Proposition 2.3). There exists then an

integer n > 0 such that S = S; U AS7 satisfies the conditions of Proposition 2.2.

Then it will satisfy the condition of our proposition for any point {, € Tx(l) cJ:. O

Let n > 0 be such that v and ¥ are n-quasi-cocycles. Let (S, X) be a generating
pair of & satisfying Proposition 4.2. Let § be a finite covering of S by positive
contracting elements of ®, and let §; be a Lebesgue’s number of the covering S.

Let D be an upper bound on values of v on elements of S, and let A = D + 7.
Recall that v(g) > 27 for all g € S. Then for every product ... g,g; of elements of
S we have

n<v(gn--81) —v(gn-1--81) <A.
Denote forx € X andn >0
L(x,n) ={geTx:in—A <v(g) <n},

and

u(x,n) = Z eV @,

g€L(x,n)
Lemma 4.3. For every k > 0 there exist positive constants cy, co such that
ciu(x,n) <u(x,n + k) < cou(x,n)

forall x € X andn > 0.

Proof. For every element g = g;---g1 € L(x,n + k), where g; € S, there exists
anindex j < f such that h = g;---g1 € L(x,n). Choose one such & for every
g € L(x,n + k) and denote it ¢;(g). There is a uniform upper bound (depending

on k but not on x or 1) on the distance from g to ¢;(g) in the Cayley graph, hence
there is a uniform upper bound g on |<,01_1 (h)|, and a uniform upper bound ¢y on

[v(g) — ¥ (p1(g))]|. It follows that

u(x,n+ k)= Z V@
geL(x,n+k)

< % Z eV (1)
geL(x,n+k)

<geo 3 o¥®
heL(x,n)

= ge“u(x,n).
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On the other hand for every element 7 = g;--- g1 € L(x, n) there exists g, (h) €
L(x,n + k) of the form g, --- g;11g; --- g1 where r > [. Again, there is a uniform
upper bound on the distance between 4 and ¢, (). Hence, there are uniform upper
bounds on |/ (g) — ¥ (¢2(h))| and on |p; ! (h)|, which implies an inequality of the
form u(x,n) < ¢y u(x,n + k). O

Lemma 4.4. There exists a constant ¢ > 1 such that for any two points x,y € X we
have

¢ u(y,n) < ulx,n) < cu(y,n)

foralln > 0.

Proof. The sets of values of the transformations Ré’l in general do not belong to G| x,
since the ranges of the elements ' € § do not belong to X. However, the ranges
of F € § belong to a compact set X’ containing X, and since X is a topological
transversal, there exists a compact set O C & such that for every f € Rf, there exists
qr € Q such that gy f € &|x. Choose such gy for every f € Tg, and define

RIS =qrf (8)

Note that both transformations Rf, and ﬁf, have the same continuous extension
to 7,
onto Jg.

Lemma 4.5. There is a constant N > 0 such that for every pair x, y € X there exists
g € Ty such that R is defined, v(g) < N, and R§(Ty) C Tk.

Proof. Let §y be as in Lemma 2.5 Consider a finite covering {W; }; ey of the set X by
open subsets of diameter less than §y.

Let a point {, € T and a number r( satisfy the conditions of Proposition 4.2.
Then the ro-neighborhood of ¢y = -+ - hahy in X is contained in Ty. By minimality
of &, for every i € [ the set of elements g € Qﬁf such that t(g) € WW; is an E-net
(with respect to the usual combinatorial metric on the Cayley graph) in &(x, S) for
some fixed E > 0 (not depending on x and 7).

If ¢ € &|x is an element of length at most E such that o(g) = t(h;---hy), and
D is an upper bound on the values of |v| on elements of S, then the value of v on
a geodesic path connecting h; ---hy with gh; ---hy in the Cayley graph &(x, S) is
bounded below by v(h;---h1) — (D +n)E > In— (D + n) E. It follows that there
exists /o not depending on x such that for every / > [y the (combinatorial) E-neigh-
borhood of /; ---hy in the Cayley graph &(x,.S) is contained in the (hyperbolic)
ro/2-neighborhood of .

If [ is big enough, g belongs to the combinatorial E-neighborhood of A; ---hq,
and T} is defined, then by (6), the hyperbolic diameter of the set of values of ff is
less than rg /2.
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It follows that there exists a constant N such that for every i € I there exists
gi € Ty such that t(g) € W;, v(g) < N, the set of values of 7} for every y € W is
contained in the ro-neighborhood of ¢, hence is contained in T. O

The set of elements g satisfying the conditions of Lemma 4.5 is contained in a
compact set of the form | Jj _o S k for some n not depending on x and y. It follows, by
dualizability of v and v, that the differences |v (RS (h))—v (k)| and |y (RS (h))— (h)|
are uniformly bounded.

The map Rj is injective by Lemma 2.5. Consequently, the cardinalities of the
sets (R$)~" () are uniformly bounded.

Consequently, using Lemma 4.3 we have an estimate of the form u(y,n) <
c-u(x,n). O

Proposition 4.6. There exists a constant ¢y such that for every x € Xg and any
positive numbers ny, np we have

52_1”(&711)”(36,"2) <u(x,n; +nz) < cou(x,n)v(x,ny).

Proof. There exists a constant ¢; such that every element g € L(x,n; + ny) can
be decomposed into a product g = g1 g» such that v(g;) and v(g) belong to the
intervals [n; — A,n; + A] and [n, — A, np + A] respectively, at least in one and at
most in g; ways.

It follows (using Lemmas 4.4 and 4.3) that u(x, ny +ns) < ky-u(x,ny)u(x,ny)
for some constant k.

On the other hand, for any pair g1 € L(x,n1) and g» € L(t(g1),n2) we have
ny +ny —2A —n < v(g281) < n1 + nz + n. There exists a constant g, > 1
such that there exist at most ¢, pairs 7; € L(x,n1) and hp € L(t(h1),n2) such that
hohy = g»g1. Hence (again using Lemmas 4.4 and 4.3) we have u(x,n; + ny) >
¢ 'u(x, ny)u(x, ny) for some ¢z > 1. O

The following lemma is Exercise 99 in [24] (next after a more famous problem
on sub-additive sequences).

Lemma4.7. Leta,, n > 1, be a sequence of real numbers such that an, +an, —1 <
An,+ny < An, + an, + 1 for all ny and ny. Then the limit p = lim, o an/n exists
andnp —1 <a, <np+ 1 forall n.
Let now ¢; be as in Proposition 4.6. Define the sequence
a, = In(u(x,n))/Inc,.

Then Proposition 4.6 implies that for any n1, n,, we have

Ony +Oln2 -1 = Ani+n, = (077H +an2 + 1’
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and by Lemma 4.7 it follows that the limit limy, o o,/ = p exists and np — 1 <
an < np—+ 1 for all n.
Consequently there exist constants 8 and k > 1 such that

ke < u(x,n) < ke"P 9)

foralln > O0and x € X. L

Let now C be any compact neighborhood in X of a point of 3&,. Then by
compactness, C can be covered by a finite number of sets of the form Tg, which
gives us an upper bound of the form k,e”? for > geCn®  n—A<v(g)<n e¥(®). On the

other hand, since the collection Tg for g € &, is a basis of neighborhoods of points
of 0B, there exists a subset of C of the form T,, which gives us a lower bound
finishing the proof of the theorem. O

The following proposition is a direct corollary of Theorem 4.1.

Proposition 4.8. Let v and  be a Busemann and a dualizable quasi-cocycles on

®, respectively. Let f be a continuous function of compact support on X not
identically equal to zero on 0®y. Consider the series

Prow(®) = Y f(gle®FVE),
ges¥
If B is pressure of r relative to v, then the series Py, y (s) diverges for s < B and
converges for s > .

4.2. Entropy of hyperbolic groupoids and Smale quasi-flows

Definition 4.3. Pressure of the zero cocycle ¥ (g) = O relative to the Busemann
cocycle v is called the entropy of the graded groupoid (&, v) and is denoted 4 (&, v),
or just 2(v).

Proposition 4.9. Entropy of a hyperbolic groupoid is positive and

hv) = lim In|{g € Tx:v(g) < n}I_

— 00 n

forevery x € X.

Proof. 1t is enough to prove that entropy is positive, i.e., that sequence u(x, n) from
the proof of Theorem 4.1 is unbounded.

Suppose, by contradiction that u(x,n) < m for every n. Since every path
g1, 8281.838281, ... connecting x to a point £ € T, (where g; € §) intersects
each of the sets L(x,n), and any two such paths which have infinite intersection
converge to the same point of Ty, we get that |Ty| < m, in particular, that &® has
isolated points. Then we can find a singleton that is a ®-transversal (by minimality
of ). But groupoid of germs of a pseudogroup acting on a single point can not
satisfy the conditions of Definition 2.5. O
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Let (S, X) be a generating pair of & satisfying Definition 2.5. For a finite subset
N C X denote by v(N, n) cardinality of the set of elements g € & such that g is a
product of elements of S, v(g) <n,and o(g) € N.

Lemma 4.10. Supremum of the number

1 N,
By = lim 2&.n)

n—oo n

over finite subsets N C X is attained and is equal to the entropy h(v).

Proof. Since S can be embedded into a generating set satisfying Proposition 2.2, S5
is not greater than the entropy. It is also obvious that 8 does not decrease when we
increase the set N. Consequently, it is enough to show that there exists N such that
Bn is equal to the entropy.

Let £ € 08, and let C be a compact neighborhood of & in &X. Then there
exists a finite set A C Qﬁf such that C is included in the set of products ... g>g1g
for gi € S and g € A. Tt follows then that B for N = t(A) is not less than the
entropy. O

Theorem 4.11. Entropies of (&, v) and (&, v) " are equal.

Proof. Let (S, X) be a generating pair of & x & satisfying the conditions of [21],
Definition 4.1.1, and let § be a covering of S by rectangles.

Choosing the elements of the covering § small enough, we may assume that there
exists ¢ > 0 such that for every non-empty product Uj --- U, of elements of § the
values of

7(g), 5(h), v(P+(g)), v (P_(g))

differ from each other not more than by ¢ forall g, h € U; - - - U, (see Corollary 3.5).

Let € be a Lebesgue’s number of the covering S, and let R be a covering of X by
a finite number of open rectangles of diameter less than €.

Since the Smale quasi-flow & x® is locally diagonal (see [21 ], Proposition 4.7.8),
we may assume that for any two rectangles Ry, R, € R and elements g1, g> € § such
that o(g;) € Ry and t(g;) € R> equalities P4 (g1) = P1(g2) or P_(g1) = P_(g2)
imply g1 = g». Consider localization $) of & x & onto R.

Let Ny C P+(H©)and N_ C P_(H©) be finite subsets such that Sy, and Sy_
are equal to the entropies of P4 ($)) and P_($)). We may assume that Ny and N_
have non-empty intersections with P4 (R) and P_(R), respectively, forevery R € R.

Let V(N;,n), for i € {4, —}, be the set of elements h; € P;($)) such that k;
is a product of elements of P;(S), v(h;) < n, and o(h;) € N;. Then By, =
lim, o0 In [V(N;, n)|/ Inn. We will denote V(N;) = |J,,~; V(N;.n).

We will say that g € V(N4 ) and g_ € V(N_) are related if there exists h €
such that / is a product of elements of S (more precisely of their copies in the
localization), P4 (h) = g4, and P_(h) = g_.
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Suppose that g € V(N4, n) is equal to a product P4 (s1) - - - P4 (sg ) of elements
of P4 (S). Let Ry, R, € R be such that o(sg) € Ry and t(s;) € Ry. LetU; € §
be such that s; is e-contained in U;. Then P4 (o(Uy---U,) N Ry) = P4 (Ry), and
P_(t(U,---Uy) N Ry) = P_(R,). For any x_ € N_ such that x_ € P_(R5)
we can find germs rq, ..., rg of Uy, - -+, Ug such that P (s;) = P4 (rq), the product

1 -+ rr isdefined, and P_(t(r1)) = x,. Consequently, every element g4+ € V(Ny,n)
is related to an element g_ € V(N_,n + ¢). By the same argument, every element
g— € V(N_,n) is related to an element g € V(N4,n + ¢).

Note that by local diagonality, an element of V' (/N4) can not be related to more
than | N_| elements of V(N_), and similarly, an element of V' (N_) can not be related
to more than | N | elements of V(Ny).

Consequently, |V(N4,n)| < [N4|-|V(N=,n + 2¢)|, and |V(N—-,n)| < |N_| -
|[V(N+,n + 2c)|, which implies that By, = Bn_. O

One can prove in a similar way that pressure of a cocycle y relative to v is equal
to pressure of ¥ | relative to v .

5. Quasi-conformal measures

5.1. Definition and basic properties. Let Gbea pseudo group: actingonaspace O,
A Radon measure i on &©) is guasi-invariant if for every F € ®and every A C o(F)
such that (A4) = 0 we have u(F(A4)) = 0.

If p is quasi-invariant with respect to &, then for every I' € & we have the
corresponding Radon—-Nicodim derivative

dF*u
du

IO/L (F’ X) = (.X),
where x € o(F) and F*p is the pull-back of u by F. Note that p, (F, x) depends
only on the germ (F, x) € &.

Integrating the counting measure on &, by  we get a measure [, on & given by
the formula

[ 1@ duoter = [ 3 1@ dutoten.

geBx

where f:® — R is a compactly supported continuous function. Similarly, we have
a measure i; on & given by

[ 1@ duter = [ 3 1) dutien.
geBx

Quasi-invariance of u is equivalent to absolute continuity of (o and p with respect to
each other. In particular, if p is quasi-invariant, then we have a well defined notion of
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null sets in & with respect to u (i.e., with respect to i, or ut). The Radon—Nicodim
derivative p,(g) is equal to the Radon—Nicodim derivative j—l’ﬁ(g).

It is easy to see that the map p,: & — Rs satisfies the multiplicative cocycle
condition

pu(8182) = pp(g1)pu(g2)

for p-almost all composable pairs.

Definition 5.1. Let (&, v) be a graded hyperbolic groupoid. A Radon measure mea-
sure i on & is said to be (&)-quasi-conformal if it is &-quasi-invariant, and there
exists § > 0 such that

pulg) =< e P&

for all g € &. The number f is called the exponent of the quasi-conformal measure.

Note that quasi-conformality of the measure does not depend on the choice of the
quasi-cocycle (i.e., if a measure is quasi-conformal with respect to one quasi-cocycle,
then it is quasi-conformal with respect to any strongly equivalent quasi-cocycle).

Proposition 5.1. Let (8, v) be a minimal graded hyperbolic groupoid, where the map
v:® — R is everywhere defined. Let Xo C &© be an open subset, and suppose
that there exists a ®|x,-quasi-conformal measure |Lo on &|x,. Then there exists a
&-quasi-conformal measure |1 on ®© of the same exponent as |Lo.

Proof. Since every open subset of &© is a &-transversal, for every x € &© there
exists g € & such that t(g) = x and o(g) € Xo. Hence, there exists a set U C &
such that {t(U): U € U} is a covering of &© and o(U) C X, forall U € U.
Let {¢pu }ueu be a partition of unity, where ¢y : »© — 10, 1] is a continuous
non-negative (possibly zero) function with compact support contained in t(U).
Define then a measure 1 on &© by the formula

[ 10 due = 3 [ FU0D@ENPCD do).

UeU

where f is the exponent of j1q, and f: &©® — R is a continuous function of compact
support.
Let 4 € & be such that o(h) € X, and let x = t(h). We have

dh*p _ 1 d(U™Y o h)*(1o)
() = D7 gy (e MOYTION T (o(h))
Mo Ueu Mo
=y o (x)e BYUUT () =pr (U h)
UsUu

UeU

X
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It follows that for every g € & we have dg;/g“) = e P® e, that p is quasi-

conformal. O

Corollary 5.2. Let (8, v) be a minimal graded hyperbolic groupoid. If there exists
a quasi-conformal measure on a graded groupoid equivalent to (8, v), then it exists

on (&,v).

Proposition 5.3. The exponent of a quasi-conformal measure is equal to the entropy
of the groupoid ®.

Proof. We will prove this proposition for the dual groupoid & . Let (S, X) be a
generating pair of & satisfying the conditions of Proposition 2.2. We will realize & "
as the groupoid 08, acting on the boundary d®, of a Cayley graph &(x, S). Let
be a & " -quasi-invariant measure on 08,

It follows from Lemma 4.5 that there exists a compact set Q such that for every
g, h € &X there exists ¢ € Q such that gh € Ty, Rgh is defined, and ﬁgh(Tg) C Tp.

Then Rgh(‘fg) C ;. The values of vT on the germs of Rgh are equal (up to
a uniformly bounded additive constant) to v(h) — v(g) (see Proposition 2.6). It
follows that there exists a constant ¢ > 1 such that w(7;,) > M(Rgh(rfg)) >
e le POV | (T,), i.e., such that eB*P) 1 (T;) > ¢71ePV®) 1 (Ty). Tt follows
that

w(Ty) = e PV (10)

for all g.

Let u(x, n) be as in the proof of Theorem 4.1 (for ¥ = 0). Then for every n we
get a covering of Ty by at most u(x, 1) sets T, such that 1(T5,) =< e#”, and there is
a constant k > 1 such that we can find at least K~ - u(x, n) disjoint subsets 73, such
that 1(75) =< e #”. It follows that there exist a constant ¢o > 1 such that

co u(x,me P < (7)< cou(x,n)e PO

But 1(T5) is a constant, and u(x, n) < ePo" where B is entropy of (&, v). Conse-
quently, B = Bo. Theorem 4.11 now finishes the proof. O

Proposition 5.4. Let  be a quasi-conformal measure on an open transversal X of
a graded minimal hyperbolic groupoid (&, v). Let | - | be a hyperbolic metric on X
of exponent a. Let f = h(v). Let X1 C X be a compact topological transversal.
Then for all r > 0 small enough and all x € X1 we have

w(B(x,r)) =< rb/e.

Proof. 1t is enough to prove the proposition for any equivalent groupoid. Conse-
quently, we can use duality, and prove the proposition for the groupoid & = 28,
instead of &.
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Every ball B(¢,r) C 08, is contained in the set of points { € d®, such that
£(x,y) > Inr/a — ¢ for some constant ¢ > 0. Recall that £(x, y) is the minimal
value of v along a geodesic path in a Cayley graph of & connecting & to £. It follows
that the ball B(£, r) can be covered by a bounded number (not depending on & and r)
of sets of the form 77, such that v(h) = —Inr/a.

On the other hand, moving % along the geodesic converging to £ we can find a set
T, C B(&,r)such that v(h) = —Inr/a.

By (10), u(75,) =< e P*® . We get then the necessary estimates from both sides
to show that u(B(£, 1)) =< efnr/e = pBle O

Corollary 5.5. Every quasi-conformal measure on &© is equivalent to the Hausdorff
measure of the hyperbolic metric of dimension B/a, where B = h(v), and o is the
exponent of the hyperbolic metric. In particular, any two quasi-conformal measures
are equivalent.

5.2. Existence of quasi-conformal measures. We will apply here the standard con-
struction of the Patterson—Sullivan measure on boundaries of hyperbolic graphs (see
for example [4]) to show existence of quasi-conformal measures.

Let (&, v) be a graded hyperbolic groupoid, and let &(x, S) be its Cayley graph.
Denote by 8 = h(v).

Lemma5.6. Let f: &X — C be a continuous function of compact support. Consider
the series

Ps)= Y Qe .

geoy

There exists a constant ¢ > 0 such that |P(s)| < c(1 — eP=)"! forall s > B that
are sufficiently close to B.

Recall, that by Proposition 4.8, the series & (s) converges for all s > f.
Proof. Let C be the support of f. By Theorem 4.1, there exist positive integers A,
k, and ng such that
Hge CNGyin—A<v(g) <n}| <ke"

foralln > ng. Denote L(n) = {g € CNG:n—A <v(g) <n}. Letc; =sup|f].
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We have

PO Y ce®

geCNGy
<er ) LM 4o Y (L)Y
n<no n=no
<c Z |L(n)|e™ D) 4 ¢1ke*? Ze(ﬂ_s)”
n<ng n>0
=c1 Y [L()]e™ "™ 4 crke (1P 7).
n<ng

There exists only a finite number of elements of C such that v(g) < n¢, consequently
the first summand is continuous for all s, and hence its product with (1 — e#~%) goes
to zero as s — f. O

Let measure s on @ for s > B be given by
[ 7 dus == Y s . an

for all continuous functions f* on X of compact support.

Proposition 5.7. There exists a sequence sy — P+ such that i, is weakly converg-
ing to a measure (L. The limit measure i is supported on 0, and is quasi-conformal
with respect to (&, vT).

Proof. By Uniform Boundedness Principle, the set {its:s > B} is bounded in the
space dual to the space of continuous compactly supported functions on @ Hence,
by Banach-Alaoglu Theorem, there exists a sequence sy such that s — B+ and iy,
is weakly converging to a measure on @

Since for every g € &X (i.e., for any point g € @\ 08,) we have
(1= By @ _,

as s — f, the support of u is contained in d&,. Suppose that f: &X — Ris a
continuous non-negative compactly supported function, and let £ (&) > 0 for a point
¢ € 0®,. Then for any positive number p less than f(§) there exists a compact
neighborhood Cy of & in & such that f(x) > p for all x € Cy. Let A be as in
Theorem 4.1. Denote by L(n) the setof elements g € Cy suchthatn—A < v(g) < n.
Then the size of the set L(n) is bounded below by k¢ef” for some ko > 0 and for
all n > n; for some k;. Every point of Cy belongs to at most A + 1 sets L(n).
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Consequently,
[ 71z = = Y pigre
> (1 _eﬂ—S) Z pe V@

g€Co

> (1—eP)kop(1 + A)! Z e"Bomsn

n=ni
=(- eﬁ—S)kopA—le(ﬂ—S)nl (1— e(ﬁ—S))—l
= kopA—le(ﬂ—S)nl i

hence [ f dp > 0, and support of 4 coincides with 38 .
Let ﬁi be partial transformations of &% defined by (8). The values of v on

germs of ﬁi on 08, differ from v(g) — v(h) by a uniformly bounded constant not
depending on g or A see (6).

Taking d¢ in the definition of maps Ri sufficiently small, and using Corollary 3.5,
we get an estimate v(ﬁi (x)) =v(g) —v(h) for all x € Ty, whence

e—SVRE (X)) o p=sv(x) ,—s((g)—v(h) o ,=sv(x) p=sv T ()

for every x € T}, and for any germ y of Rﬁ on 7. It follows that for every subset
A C Ty we have

us(RE (4)) = ™" D pg(a),

where y is any germ of Ri on 7,. Consequently, the measure y is (&', v )-quasi-
conformal. Ol

6. Continuous cocycles
6.1. General definitions

Definition 6.1. Let & be a topological groupoid. A map v: & — R is a continuous
cocycle if it is continuous and v(gh) = v(g) + v(h) for all (g, h) € &P,

An orbispace is an equivalence class of a proper groupoid of germs. A groupoid
® is said to be proper if the map o x t: & — &© x &© is proper, i.e., if for this
map preimages of compact sets are compact.

Note that if a groupoid of germs & is proper and principal (i.e., if all isotropy
groups &7 are trivial), then it is equivalent to the trivial groupoid (a groupoid without
non-unit elements) on the space of &-orbits.
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A flow (resp. a Z-action) on an orbispace is an equivalence class (in the sense
of [20]) of a proper groupoid of germs & together with an action F; of R (resp. of Z)
on &© such that for every g € & and every ¢ € R (resp. € Z) there exists a unique
element g; € & such that the germs F; o g and g; o F; are equal. The corresponding
topological flow is given by the action of R (resp. of Z) on the space of orbits of &.

Proposition 6.1. Every Smale quasi-flow (), v) with a continuous cocycle v is equiv-
alent to a flow on an orbispace.

Proof. Consider the space $(® x R and the action of §) on it defined by the rule

(g.t)-h =(gh,t +v(h)).

The obvious action of R on $(® x R commutes with the defined action of §. We get
then commuting actions on $(° x R of §) and of the groupoid f generated by the action
of $ and R. It follows from [21], Theorem 4.3.1, and condition (5) of Definition 4.1.1
in [21] that these actions are proper. They are also obviously free. It follows that they
define equivalence between §) and 5 in the sense of [20].

It also follows from properness of the action of $3 on £ x R that the groupoid
of this action together with the natural action of R define an orbispace flow. O

Definition 6.2. Two continuous cocycles v; and v, on & are co-homologous if there
exists a continuous function ¢: &©® — R such that

v1(g) —v2(g) = ¢(t(g)) — P(o(g))

forall g € &.

Let v:® — R be a continuous cocycle, let f:Y — &© be an étale map, and
let | be the corresponding localization. Then the /ift vy of v to &|s is given
by vr(x,g,¥) = v(g), where (x, g, y) is a lift of g. It is easy to see that vr is a
continuous and well defined cocycle.

Recall that two groupoids are equivalent if and only if they have isomorphic
localization (see a remark just after Definition 2.1).

Definition 6.3. We say that two continuous cocycles v1: &; — R and v: 8, — R
defined on equivalent groupoids are continuously equivalent if there exists a common
localization of &; and & such that the lifts of v; and v, to it are cohomologous.

It is not hard to see that two continuously equivalent graded groupoids define
topologically conjugate flows. Choice of a particular graded groupoid in a continuous
equivalence class correspond in some sense to the choice of a “generalized transversal”
of the flow.
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6.2. Holder continuous cocycles

Definition 6.4. Let & be a groupoid of germs preserving Lipschitz class of a metric
| -] on &© . We say that a cocycle v: & — R is Holder continuous if there exists
p > 0 such that for every g € & there exists a neighborhood U € & of g such that
v(U, x) is p-Holder continuous with respect to | - | as a function of x.

Proposition 6.2. Let $) be a Smale quasi-flow and let : § — R be a Holder continu-
ous cocycle (with respect to ametric satisfying the conditions of Definition 2.10). Then
there exists an equivalent groupoid $) and a Hélder continuous cocycle y': $' — R
continuously equivalent to , and a unique, up to cohomology, Holder continuous
cocycle Y4+:P+(9) — R such that ¥+ (P+(g)) = ¥/'(g) forall g € §'.

Proof. Possibly passing to a localization, we assume that there exist sets X, X1, S, S
satisfying the conditions of Proposition 2.4. We will prove our proposition for re-
striction of the groupoid onto X .

Choose apointxg € B° forevery rectangle Ax B. Forapointy € A°x B° choose
a sequence Fy, F,, ... of elements of $~! such that P_(t(F,)) C P—(o(F,+1)) and
y € o(Fy,--- Fy) forall n. Let y’ = [y, xp]. Then {y, y’} C o(F,--- Fy) for all n
and |Fy,--- F1(y) — F,--- F1(')| < A"y — y’| for some A € (0, 1). Define then

¢(Y):nli)ngOW(Fn"'Flay)_‘/’(Fn"'Flvy/)

o0
=Y (W (Fn. Far -+ F1(3)) = Y (Fu. Faer -+ F1()))).
n=1
Note that [ (Fy, Fu—1 -+ F1(y)) = ¥ (Fu, Fpe1--- F1()")| = cAP"|y — y'|? for
some ¢, p > 0, by the Holder continuity of . It follows that the limit exists.
Let yq, y2 € A° x B° such that P (y1) = P4 (y2). Then

PO —P(r2) = D (Y (Fu. Far - Fr(y1) = ¥ (Fa. Facy - F1(32))):

n=1

and since [ (Fu, Fu—1--- F1(01)) = Y (Fp, Fpe1 -+ F1(y2))| < cAP"|y — )'|?, the
function ¢ is p-Holder continuous on each slice P;l (x).

Let us show that ¢ does not depend on the choice of the sequence F;. Let F/ € §
be another sequence. Then there exist strictly increasing sequences n; and m;, a finite
set 4 of relatively compact elements of $,anda sequence U; € #4 such that

(Uan,Fl’y):(Fr/anl/’y)’
and
(UiFn,’"'Fl’y/):(Frili"'Fl/’y/)

foralli.
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Then
Y (Fypy oo FLy) =Y (B - FLLY)
=Y UiFp, - F1.y) =Y (Ui Fy, -+~ F1.Y)
=Y Ui Fy; - F1(0) =Y (Ui, Fy; -+~ F1(0))
+ Y (Fu o F1.y) =Y (Fuy oo F1. )"
Since

|Fo, - F1(y) — Fp, - F1(y)] < A"y — '],

the difference Y (U; Fy; -+ F1,y) — Y (U; Fy, - -- F1, y") goes to zero by Holder con-
tinuity of ¥. Consequently, the limit ¢(y) defined in terms of F; is the same as the
one defined in terms of F;.

Lemma 6.3. Define y'(g) = ¥ (g)—¢(0(g)) +¢(1(g)). Thenforanytwogi, g2 € $
such that P4 (g1) = P1(g2) we have ¥'(g1) = ¥'(g2).

Proof. Consider two sequences Fi, F»,...and G1, Go, ... of elements of § such that
P_(t(F)) C P—(0(Fn+1)), P-(t(Gpn)) C P—(0(Gr+1)); and 0(g1),0(g2) € o(F1),
t(g1).1(g2) € 0o(G1). Let A be as above. Then there exist increasing sequences
n; and m;, a sequence U; € A and € > 0 such that G, --- G181 (Fp, o F)7lis
e-contained in U;. It follows that for all i big enough we have

Fp; -+ F1(0(g2)) € o(U;).

Then Py (U;, F; -+ F1(0(g2))) = P(Gn; -+ G181(Fm, -+ F1)™1), as U; is arect-
angle. But P (Gp, -~ G182(Fm,; -+ F1)™") = Py (Gp; -+~ G182(Fm, - F1)™").
By local diagonality of $), if two elements of §) have the same source and equal
projections, then they are equal (we assume that the rectangles A° x B° are small
enough). Consequently, Gy, ---G182(Fm; --- F1)™' € U;. It follows then that
Y(Gp, -+ G181 (Fy -+ F1)™") = ¥(Gp, -+ G182(Fny - F1)™') — 0 as i — oc.
We have
v'(g1) — ¥ (g2)
= ¥ (g1) — ¥ (g2) —¢(0(g1)) + ¢(0(g2)) + ¢(t(g1)) — ¢ (t(g2))
= V(g1) — ¥(g2) + lim Y (F, -+~ F1,0(82)) = ¥ (Fm, -~ F1.0(81))

+ lim ¥(Gp -+ G1,1(81)) = V(G -+ G1.1(g2))

= llggo Y (Gp, - G181(Fm; - F1)™") = ¥(Gn; - G182(Fpm, -+~ F1) 1)
=0. O
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Let us show that ¢ is Holder continuous, which will imply Holder continuity
of ¥’. Let € be a Lebesgue’s number of the covering § of S. Suppose that F is
A-Lipschitz for every F € §. If |y; — y»| < €A™, then there exists a sequence
Fi,F,, ..., Fy € §71 such that P_(t(F,)) C P_(0(Fy41)) forall1 <n <k —1,
and y1, y2 € o(Fy -+ Fy).

Continuing the sequence Fi, ..., Fi to two sequences F; and F for y; and y-,
respectively, and repeating the estimates in the proof of uniqueness of ¢, we get an
estimate |¢(y1) — ¢ (y2)| < CAF, which implies that ¢ is Holder continuous.

It remains to show that ¥’ can be projected onto the groupoid P+ (£)), i.e., that there
exists a Holder continuous cocycle ¥4: Py () — R such that ¥ (P+(g)) = ¥'(g)
forevery g € §).

Every element of P () is equal to a product P4 (s1)---Py(s,) where s; €
S U8~ Let us define

Uy (P(s1) - Pi(sn)) = ¥/ (s1) + - + ¥/ ().

We have to show that ¥ is well defined. Itis enough to show thatif P4 (s1) -+ Py (s,)
is a unit, then ¥'(s1) + -+ + ¥/(sp) = 0.

By [21], Lemma 4.4.2, there exist sequences g;, h;, 7, rl./ € % such that 5; =
g\ rigi, P4 (ri) = P4(r}), and r} - -1} g, is composable. Then

Pi(s1) - P4(sn) = P(go P+ (ry - - 15 gn),

and since this product is a unit, we have P (go) = P4(r{---7,8x), hence ¥'(go) =
Y(ry - rpgn)-

But then > y/(s;) = > /(g0 rigi) = ¥/'(gg") + ¥'(gn) + XY/ (ri) =
V(g ") + ¥ (gn) + XV (r) = V(g5 ") + ¥ (r] - rygn) = 0.

Holder continuity of ¥4 follows from Holder continuity of v’ and the fact that
every element of P4 ($)) is a product P (g)P+(h) for g, h € $. Uniqueness of ¥
is straightforward. O

If v4+:P+($H) — R satisfies the conditions of the last proposition for a cocycle
¥:$H — R, then we say that Yy is a projection of .

Note that if : & — R is an arbitrary Holder continuous cocycle on a hyperbolic
groupoid, then its lift (£, g) = ¥ (g) to the geodesic flow 3 x & is Holder continu-
ousand i = v/, is projection of 1. According to Proposition 6.2 there is a projection
Y87 — Rof — onto P_(0® x &). Wecall T = Py (=) = P_(V/) the dual
cocycle for the cocycle ¥. The dual cocycle is Holder continuous and is uniquely
defined up to continuous equivalence.

In particular, we have the following corollary of Proposition 6.2.

Corollary 6.4. Every Holder continuous cocycle on a hyperbolic groupoid is dual-
izable.

We have the following explicit description of the dual cocycle ¥ ": 9%, — R.
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Proposition 6.5. Let & be a minimal hyperbolic groupoid, and let : & — R be a
Holder continuous cocycle.
Define a map p: Tg — R by

p(f) = V(RG(f) =¥ (f).
Then p( f) converges uniformly to T (R", &) as f — &.
Proof. Leté € 08, beequalto...grg-gforg; € S. Let U; € § be such that g; is
e-contained in U;. It follows from the proof of Proposition 6.2 that cocycle is given
by
V(R §) = lim Y (Un---Uth) =y (Uy---U19).

Note that RZ,(U,, ---U1g) = U, ---Urh, so we have
U (Rg.§) = lim y(Rg(Uy -+ U1g) = ¥ (Un -+ Urg)).

Let A C &|x be as in Proposition 2.3. Then for every n there exists a € A such
that Tgg,, g, ¢ 18 @ neighborhood of £. Since £ is an internal point of Ty, for all n big
enough we have Ty, ..¢,¢ C Tg. Let # be a finite covering of A by bi-Lipschitz

elements of &. Letl = ... hyhjag,---g1g € Tagn~~~g1g (where the sequence h; is
finite or infinite), and suppose that U € +4 and V; € § are such that ¢ and h; are
e-contained in U and V;. Then, by Lemma 2.5, we have

RE() =...VaV\UUy -+ Uyh.

Since ¥ is Holder, we may assume that § is such that there exist constants c;
and p such that [y (V;, x) =¥ (Vi, y)| < cilx —y|? forall V; € §,and x, y € o(V}).

Since V; and U; are contracting, and the elements of 4 are bi-Lipschitz, there
exist ¢ > 1 and A € (0, 1) such that

(Y (Un - Urh) = ¢ (Uyp -+~ Ur g)
— (Vi ViUUy - Urh) =y (Vg - - ViU Uy - -~ Ur g))|

=YV ViU tUn - Urh)) =y (Vi - ViU AUy - - - U1 8))|

m
<Y Wit Viea - ViU Uy -+ Uih)) = Y (Vi (Vg - ViU Uy -+ Ur0))|
i=1

<D A" th) —t(g)]
i=1

_ et — (gl
- 1-2

It follows that 1//(R£’, (f)) — ¥ (f) uniformly converges to ¥ ' (R”, &) when f — &.
O

A"
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Example 6.1. Dual cocycle to the cocycle v(F, z) = —In|F’(z)|, where F belongs
to the pseudogroup generated by a complex rational function, was studied in [14],
Section 3.4.

6.3. Conformal measures. We say that a Busemann cocycle v on a hyperbolic
groupoid & is Holder continuous if it is Holder continuous with respect to a hyper-
bolic metric on & defined by v. Note that this definition does not depend on a
particular choice of the metric, since all hyperbolic metrics associated with v are
Holder equivalent to each other.

Definition 6.5. Let v:® — R be a Hdolder continuous Busemann cocycle on a
hyperbolic groupoid. A Radon measure & on &© is v-conformal if

pulg) = e P

for every g € &, where 8 = h(v).

Proposition 6.6. Suppose that vi:®; — R and vy: &, — R are continuously
equivalent continuous cocycles. If there exists a vy -conformal measure on (’5(0), then

. 0
there exists a vp-conformal measure on Qﬁg ),

Proof. Suppose that the Radon—Nicodim derivative of 1 is e ™" and let v; be coho-
mologous to v. If ¢ is the corresponding function such that

v1(g) = v(g) + ¢(t(g)) — ¢(0(g)),

then the measure ju; given by e?™ dyu(x) satisfies Pu, (g) = e Pvie),

It remains to prove that a v-conformal measure on a hyperbolic groupoid (&, v)
exists if and only if it exists for its localization.

Let Xo C &© pe an open subset, and let ;o be a v-conformal measure on Xj.
Repeating the proof of Proposition 5.1 for the case of a conformal measure, we note
that we get strict equalities everywhere instead of estimates. Consequently, conformal
measures on open subsets are uniquely extended to conformal measures on the whole
unit space. In the other direction, a conformal measure on & restricted to an open
subset X is conformal with respect to the restriction of the groupoid. This implies
immediately that a localization of & has a conformal measure if and only if & has a
conformal measure. O

Theorem 6.7. Let (&,v) be a minimal hyperbolic groupoid graded by a Hélder
continuous Busemann cocycle. Then there exists a unique, up to a multiplicative
constant, v-conformal measure on &0
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Proof. As usual, we will prove the theorem for the groupoid (&7, vT"), and then use
duality. Let X C &(© be a compact topological transversal, and let ¢: & — R be
a non-negative continuous function with non-empty compact support that is a subset
of X. Let § = h(®, v). Define for s > § a measure s on &, by the equality

[ 7 dus == soptiene . (12)

geByx

Note that support of /i is a subset of &X, since ¢ (t(g)) = 0 for g ¢ &X.

The same arguments as in Proposition 5.7 show that there exists a sequence
sk — P+ such that j5, weakly converge to a measure p supported on 0& .

Let us show that 4 is v'-conformal. Let S and § satisfy the conditions of
Proposition 2.2. Consider a germ (Ri , &) of the transformation Ri T — G, UG,
where & is an internal point of 7, and g,h € &, are such that t(g) and t(h) are
sufficiently close to each other.

Recall that ¢ is uniformly continuous on &@, £ is continuous on &X and there
exist ¢ > 0 and A € (0, 1) such that |t(Rf(r)) —t(r)| < cA’") forall r € Tj,. Let

CC @ be a compact neighborhood of &, and denote Cyp = C N &,. We have

Ji

h —

/ f(Ri(r)) d,l,Ls(r) N Z f(Ri(r))(p(t(r))e—sv(r)
C

seCo

Sf(r) dus(r) > F(RE(r)P (R (r)))e Rl )
)

seCo

As we make the neighborhood C converge to &, the difference |¢(t(R§ (r)—¢t(r))]
uniformly converges to 0, while the difference v (Ri (r)) — v(r) uniformly con-

verges to vT(Rf , &), by Proposition 6.5. The functions ¢ and f are bounded, the

series Y ,.cc e—sv() converges and has an upper bound not depending on C (see
Lemma 5.6). Consequently,

Ji

£(

/C FORE(r) dpis(r)

S(r) dps(r)
o —svT(RE.%)

—> e

as C converges to £. It follows that j is v T -conformal.

It remains to prove uniqueness of a conformal measure. It is enough to prove
uniqueness of a conformal measure on 9&, for some x € &  Assume that S
satisfies the conditions of Proposition 4.2. Let |§ — | be a metric on 08, of exponent
« associated with the cocycle v. We will denote by B(£, r) the ball of radius r with
center in £ in 0®.

Fix a number §¢ that is small enough to satisfy the conditions of Lemma 2.5.



926 V. Nekrashevych

By Lemma 4.5, there exists aconstant N > 0 such that forevery /11, h, € & there
is a transformation of the form R}flhz such that Rilhz (Tn,) C T,,0 <v(g) < N,and
[t(gha) —t(h1)| < 8. For every & € 0® there exists g such that B(§;,1) C Tg,.
(The proof is similar to the proof of [21], Proposition 3.4.4; see also Proposition 2.3
of our paper.)

It follows now from Propositions 4.2 that for all r{, r, > O and &1, &, € 0 there
exists a map of the form R5? such that R3?(B(§1,71)) C B(2,12), v(g2) — v(g1)
differs from —w by a uniformly bounded constant, and [t(g1) — t(g2)| < do.

Fix r; € (0,1), & € 0®,, and choose for every r, € (0,1) and & € &, a
transformation R5?, and denote Vg, ,, = {&2} U R32(B(&1,71)). Let Vg, ,, be the
set of all sets of the form V¢ , for &£ € 0&, and r € (0,1). Then Vg, ,, is a covering
of 08, by closed sets.

It follows from Proposition 6.5 and the fact that elements of § are A-contractions
for some fixed A, that there exists a constant L depending only on § such that for any
germ (R52, ¢) we have

VT(RE2,§) — (v(g2) — v(gn)| < Llt(g1) —t(g2)| < L.

By conformality of © and p, we get
[ e dno
p1(Ver)  Jve,

HalVer) [ TR 4y )
E.r

- e B0 (g2)=v(@) LB . | (B(E, 1))
— e—BW(g2)—v(g1))e—LBdo . MZ(B(EI’ rl))

_ s (B )
pa2(B(Er, 1))

We also conclude that there exist positive constants ¢y, ¢z such that

Cle—ﬁ(v(gz)—V(gl)) < Wi (Rﬁf(ffgl)) < c2e—ﬂ(V(gz)—V(gl)),

for all transformations Rf‘;f and for all i = 1, 2. It follows, by Proposition 5.4, that
there exist constants c3, ¢4 such that

c3eﬂlnr/a — C3rﬂ/a < Mi(VE,r) < C4eﬂlnr/a — C4rﬂ/a‘

We will use a version of Vitali’s covering theorem given in [6], Theorem 2.8.7.
Fix a constant T > 1 and denote for a set Vg, € Vg, ,, by V¢, the union of all the
set of the form V¢ ¢ € Vg, ,, such that V¢ ¢ N Vg, is non-empty, and s < tr. Then

Vg,r C B(&,r + 2tr), since diameter of V¢  is not greater than 2s < 27r. It follows
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then from Proposition 5.4 that there exists a constant ¢s > 0 such that

i (Vey) < es(1 + 2r)Plorhle < wi (Ve,r).

cs(1 +2r)P/e
c
Consequently, the conditions of [6], Theorem 2.8.7, are satisfied for the covering
Ve, .r, of 38 . Consequently, for any open subset W C 0, there exists a set W of
pairwise disjoint elements of Vg, ,, such that ( JW C W and u; (W \ U W) = 0.
It follows from Proposition 5.4 that p; are doubling measures (see [12], Sec-
tion 1.4), hence they satisfy Lebesgue’s differentiation theorem [12], Theorem 1.8:

Iim ——— du; = 13
M G BE) oy W= T® (4

for almost all £ and for all locally integrable functions f.

The measures (11, (1o are mutually absolutely continuous by Corollary 5.5. The
Radon—Nicodim derivative dji;/du, is constant on d¢ " -orbits, by conformality.
Suppose that djt;/d i, is not constant on d&. Then there exist m; < m, and sets
of non-zero measure Ay, Ay C 0®, such that du;/d; is less than m; on Ay and
bigger than m, on A,. There exists £, € A; such that

(B _ 1 dpuy

lim = lim ————= ——d
0 i (BEL ) o0 a(BEL ) Jaen din 1
_ dm
= @)
<mi.

It follows for every € > 0 there exists 1 such that % is less than m + €
for all » > ry. Consider then the covering Vg, ,,. For every V € Vg, . we have
3104)
w2 (V)
a countable union of disjoint elements of Vg, , and a zero-set, for every open set

< e2L%(m; + €). Since every open subset of 3, can be represented as

W C 06, we have % < ¢2Ldo (my + €). But € and §y can be made arbitrarily
w (W)
u2 (W)

the inequalities lim, ¢ %%’:g > my > my. O

small. Consequently, < m; for all open sets W, which is a contradiction with

Example 6.2. Consider the map f:R/Z — R/Z given by f(x) = 2x (mod 1).
It is expanding, hence the groupoid § generated by germs of f is hyperbolic. Its
Cayley graphs are regular trees of degree 3 (see Example 2.3). The usual Busemann
cocycle v on the tree is defined by the condition v( f, x) = —1 for every x € R/Z.
The Lebesgue measure on R/Z is conformal, since p,(f,x) =2 = e VX2 g
that p,,(g) = e @2 for every g € 3.
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Example 6.3. Let f(z) € C(z) be a hyperbolic rational function, i.e., a complex
rational function expanding on a neighborhood of its Julia set J¢. Then f: Jr — Jy
is a local homeomorphism, and the pseudogroup § generated by it is hyperbolic. We
have seen (in Section 3) that a Busemann cocycle v: § — Z is given by the formula

V(") (M) =n—m.

Note that v is locally constant, hence Holder continuous.

The conformal measure associated with v is the weak limit of uniform distributions
Wn on the sets " (zo) for any fixed zg € Jr. It is also the measure of maximal
entropy of the dynamical system ( f, Jr), and is known (in the general setting of not
necessarily hyperbolic functions) as Brolin—Lyubich measure [15].

The inverse limit § of the constant sequence of maps f:Jr — Jr together with
the homeomorphism on it induced by f is a Smale space called the natural extension
of f. The groupoid § is projection of this Smale space onto the unstable direction of
the natural local product structure. The properties of the natural extensions (also in
general, not only in the hyperbolic case), including their measure theory were studied
in [16] and [14].

The cocycle

vi(F.z) = —In|F'(2)]

is another natural Busemann cocycle on §. Restriction onto Jy of the usual metric on
C is a hyperbolic metric of exponent 1 associated with vy, by Proposition 3.7. Note
that v; is smooth, hence Holder continuous. Measures conformal with respect to the
cocycle v; were defined for any complex rational function by D. Sullivan in [29].
It would be interesting to extend theory of hyperbolic groupoids to a more general
setting, so that it will include all rational functions acting on the Julia set and all
Kleinian groups acting on the limit set, see [27] (and not only geometrically finite
groups without parabolic elements, as it is now).

The v;-conformal measure is, by Corollary 5.5, equivalent to the Hausdorff mea-
sure on the Julia set. In particular, the Hausdorff dimension of the Julia set is equal
to the critical exponent of the series

SO @SS ey,

n>=0 ze f~"(zp) n=0 ze f~"(zo)

These results (existence of the conformal measure and the formula for the Hausdorff
dimension) are partial cases of [18], Theorem 1.2, due to C. McMullen.

6.4. Invariant measure on the flow. Let (&, v) be a hyperbolic groupoid with
a Holder continuous Busemann cocycle. Suppose that &©® is a disjoint union of
rectangles.
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Let v; for i = +, — be cocycles cohomologous to v such that P; (v;) are well
defined on P; (). Let ¢;: ®© — R be such that

v(g) —vi(g) = ¢i(t(g)) — ¢i(o(g))

and
vi(g) = v(g) — ¢i(t(g)) + ¢i(0(g)).

Consider then on each rectangle the direct product ;4 x p— of the conformal
measures defined by projections of v; and —v; onto the corresponding directions.
We have

P xu—(8)
= exp(—pv+(g) + Br-(g))
= exp(—B(v(g) — ¢+ (1(g)) + ¢+ (0(g)) — v(g) + ¢-(1(g)) — 9—(0(g))))
= exp(—B((¢-(1(g)) — ¢+ (1(2))) — ($—(0(g)) — P+ (1(£))))).

It follows that the measure j on ¢ given by

/ F) dp(x) = / F)eBO=Cr+6D g ()

is invariant with respect to &.
We can extend this invariant measure to any groupoid equivalent to &, using the
same methods as in Propositions 5.1 and 6.6.

Example 6.4. In the case when the cocycle v: & — R has values in Z, the Smale
quasi-flow & is equivalent to a Smale (orbi)space. The corresponding invariant
measure is the classical Bowen measure, see [1] and [26], which is usually constructed
using Markov partitions.

Example 6.5. In general, for a continuous cocycle v: & — R on a Smale quasi-flow,
the groupoid & is equivalent to a Smale flow on an orbispace (see Proposition 6.1) and
the constructed measure is a direct generalization of the Bowen—Margulis measure for
Anosov flows, constructed in [17] and [2]. This follows from the scaling properties
of the corresponding measures on the stable and unstable foliations, invariance under
holonomies (i.e., definition of a v-conformal measure), and the uniqueness statement
of Theorem 6.7. See also [3].

Example 6.6. Note that the geodesic flow on a negatively curved compact manifold
M is equivalent (as a topological groupoid) to the action of the fundamental group
1(M) on the square dM x dM of the ideal boundary of the universal covering of
M , minus the diagonal. It follows that the groupoid generated by the geodesic flow is
equivalent to the geodesic flow & x & of the hyperbolic groupoid & of the action of
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the fundamental group 71 (M) on its Gromov boundary (equivalently, on IM). We
obtain in this way the well known fact that the Bowen—Margulis measure associated
with a geodesic flow on a negatively curved compact manifold M can be obtained
from the Patterson—Sullivan measure on d.M . See the paper of D. Sullivan [28], for the
constant curvature case, and the paper of V. Kaimanovich [13] for the general case.
Note that it is also shown in the latter paper that the Patterson—Sullivan measures
are Hausdorff measures of naturally defined metrics. The paper [13] also considers
measures and metrics arising from different choices of the cocycle.

For more on relations between hyperbolic geometry, Busemann cocycles, and
conformal measures, see the monograph [14]. In particular, it studies conformal

measures on the groupoid § generated by a complex rational function and on its
dual §T.

References

[1] R. Bowen, Periodic points and measures for Axiom A diffeomorphisms. Trans. Amer.
Math. Soc. 154 (1971), 377-397.Zbl 0212.29103 MR 0282372

[2] R. Bowen, Periodic orbits for hyperbolic flows. Amer. J. Math. 94 (1972), 1-30.
Zbl 0254.58005 MR 0298700

[3] R. Bowen and B. Marcus, Unique ergodicity for horocycle foliations. Israel J. Math. 26
(1977), no. 1, 43-67. Zbl 0346.58009 MR 0451307

[4] M. Coornaert, Mesures de Patterson—Sullivan sur le bord d’un espace hyperbolique
au sens de Gromov. Pacific J. Math. 159 (1993), no. 2, 241-270. Zbl 0797.20029
MR 1214072

[5] M. Coornaert, Th. Delzant, and A. Papadopoulos, Géométrie et théorie des groupes.
Les groupes hyperboliques de Gromov. Lectures Notes in Mathematics, 1441. Springer
Verlag, Berlin etc., 1990. Zbl 0727.20018 MR 1075994

[6] H. Federer, Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, 153. Springer Verlag New York Inc., New York, 1969. Zbl 0257325
MR 0176.00801

[7] D. Fried, Métriques naturelles sur les espaces de Smale. C. R. Acad. Sci. Paris Sér. 1
Math. 297 (1983), 77-79. Zbl 0542.58028 MR 0719952

[8] E.GhysandP.delaHarpe, Le bord d’unespace hyperbolique. In E. Ghys and P. de la Harpe
(eds.), Sur les groupes hyperboliques d’apres Mikhael Gromov. Papers from the Swiss
Seminar on Hyperbolic Groups held in Bern, 1988. Birkhduser Boston, Boston, MA,
1990, 117-134.Zbl 0731.20025 (collection) MR 1086655

[91 M. Gromov, Hyperbolic groups. In S. M. Gersten (ed.), Essays in Group Theory. Seminar
held at the Mathematical Sciences Research Institute, Berkeley, California, June 1985.
Springer, New York etc., 1987, 75-263. Zbl 0634.20015 MR 0919829

[10] U. Hamenstéddt, A new description of the Bowen—Margulis measure. Ergodic Theory
Dynam. Systems 9 (1989), 455-464.7Zbl 0722.58029 MR 1016663


http://zbmath.org/?q=an:0212.29103
http://www.ams.org/mathscinet-getitem?mr=0282372
http://zbmath.org/?q=an:0254.58005
http://www.ams.org/mathscinet-getitem?mr=0298700
http://zbmath.org/?q=an:0346.58009
http://www.ams.org/mathscinet-getitem?mr=0451307
http://zbmath.org/?q=an:0797.20029
http://www.ams.org/mathscinet-getitem?mr=1214072
http://zbmath.org/?q=an:0727.20018
http://www.ams.org/mathscinet-getitem?mr=1075994
http://zbmath.org/?q=an:0257325
http://www.ams.org/mathscinet-getitem?mr=0176.00801
http://zbmath.org/?q=an:0542.58028
http://www.ams.org/mathscinet-getitem?mr=0719952
http://zbmath.org/?q=an:0731.20025
http://www.ams.org/mathscinet-getitem?mr=1086655
http://zbmath.org/?q=an:0634.20015
http://www.ams.org/mathscinet-getitem?mr=0919829
http://zbmath.org/?q=an:0722.58029
http://www.ams.org/mathscinet-getitem?mr=1016663

(11]

[12]

[13]

(14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

Hyperbolic groupoids: metric and measure 931

B. Hasselblatt, A new construction of the Margulis measure for Anosov flows. Ergodic
Theory Dynam. Systems 9 (1989) 465-468. Zbl 0664.58026 MR 1016664

J. Heinonen, Lectures on analysis on metric spaces. Universitext. Springer Verlag,
New York, 2001. Zbl 0985.46008 MR 1800917

V. A. Kaimanovich, Invariant measures of the geodesic flow and measures at infinity on
negatively curved manifolds. In P. Collet and F. Ledrappier (eds.), Hyperbolic behaviour
of dynamical systems. Papers from the meeting held at the Institut H. Poincaré, 1990. Ann.
Inst. H. Poincaré Phys. Théor. 53 (1990), no. 4, 361-393. Zbl 0725.58026 MR 1096098

V. A. Kaimanovich and M. Lyubich, Conformal and harmonic measures on laminations as-
sociated with rational maps. Mem. Amer. Math. Soc. 173 (2005), no. 820. Zbl 1242.37032
MR 2111096

M. Lyubich, The maximum-entropy measure of a rational endomorphism of the Riemann
sphere. Funktsional. Anal. i Prilozhen. 16 (1982), no. 4, 78=79. English transl., Funct.
Anal. Appl. 16 (1983),309-311. Zbl 0525.28021 MR 0684138

M. Lyubich and Y. Minsky, Laminations in holomorphic dynamics. J. Differential
Geom. 47 (1997), 17-94. Zbl 0910.58032 MR 1601430

G. A. Margulis, Certain measures associated with U-flows on compact manifolds.
Funkcional. Anal. i PriloZen. 4 (1970), 62-76. English transl., Anal. Appl. 4 (1970),
55-67.Zbl 0245.58003 MR 0272984

C. T. McMullen, Hausdorff dimension and conformal dynamics II. Geometrically finite
rational maps. Comment. Math. Helv. 75 (2000), no. 4, 535-593. Zbl 0982.37043
MR 1789177

I. Mineyev, Metric conformal structures and hyperbolic dimension. Conform. Geom.
Dyn. 11 (2007), 137-163. Zbl 1165.20035 MR 2346214

P. S. Muhly, J. N. Renault, and D. P. Williams, Equivalence and isomorphism for groupoid
C *-algebras. J. Oper. Theory 17 (1987), 3-22. Zbl 0645.46040 MR 0873460

V. Nekrashevych, Hyperbolic groupoids and duality. Preprint 2011. arXiv:1101.5603
[math.DS]

V. Nekrashevych, Smale spaces with virtually nilpotent splitting. Preprint 2012.
arXiv:1210.7383 [math.DS]

S.J. Patterson, The limit set of a Fuchsian group. Acta Math. 136 (1976) no.3-4,241-273.
7Zbl 0336.30005 MR 0450547

G. Polyaand G. Szego, Problems and theorems in analysis. Vol. 1. Series, integral calculus,
theory of functions. Translated from the German by D. Aeppli. Die Grundlehren der
mathematischen Wissenschaften in Einzeldarstellungen, 193. Springer Verlag, Berlinetc.,
1972. Zbl 0236.00003 MR 0344042

L. F. Putnam, C *-algebras from Smale spaces. Can. J. Math., 48:175-195, 1996.
Zbl 0855.46034 MR 1382481

D. Ruelle, Thermodynamic formalism. The mathematical structures of classical equilib-
rium statistical mechanics. With a foreword by G. Gallavotti and G.-C. Rota. Encyclopedia
of Mathematics and its Applications, 5. Addison—Wesley Publishing Co., Reading, Mass.,
1978. Zbl 0401.28016 MR 0511655


http://zbmath.org/?q=an:0664.58026
http://www.ams.org/mathscinet-getitem?mr=1016664
http://zbmath.org/?q=an:0985.46008
http://www.ams.org/mathscinet-getitem?mr=1800917
http://zbmath.org/?q=an:0725.58026
http://www.ams.org/mathscinet-getitem?mr=1096098
http://zbmath.org/?q=an:1242.37032
http://www.ams.org/mathscinet-getitem?mr=2111096
http://zbmath.org/?q=an:0525.28021
http://www.ams.org/mathscinet-getitem?mr=0684138
http://zbmath.org/?q=an:0910.58032
http://www.ams.org/mathscinet-getitem?mr=1601430
http://zbmath.org/?q=an:0245.58003
http://www.ams.org/mathscinet-getitem?mr=0272984
http://zbmath.org/?q=an:0982.37043
http://www.ams.org/mathscinet-getitem?mr=1789177
http://zbmath.org/?q=an:1165.20035
http://www.ams.org/mathscinet-getitem?mr=2346214
http://zbmath.org/?q=an:0645.46040
http://www.ams.org/mathscinet-getitem?mr=0873460
http://arxiv.org/abs/1101.5603
http://arxiv.org/abs/1210.7383
http://zbmath.org/?q=an:0336.30005
http://www.ams.org/mathscinet-getitem?mr=0450547
http://zbmath.org/?q=an:0236.00003
http://www.ams.org/mathscinet-getitem?mr=0344042
http://zbmath.org/?q=an:0855.46034
http://www.ams.org/mathscinet-getitem?mr=1382481
http://zbmath.org/?q=an:0401.28016
http://www.ams.org/mathscinet-getitem?mr=0511655

932 V. Nekrashevych

[27] D. Sullivan, The density at infinity of a discrete group of hyperbolic motions. Inst. Hautes
Etudes Sci. Publ. Math. 50 (1979), 171-202. Zbl 0439.30034 MR 0556586

[28] D. Sullivan, On the ergodic theory at infinity of an arbitrary discrete group of hyperbolic
motions. In I. Kra and B. Maskit (eds.), Riemann surfaces and related topics. Proceedings
of the 1978 Stony Brook Conference. Princeton University Press, Princeton, N.J., and
University of Tokyo Press, Tokyo, 1981, 465-496. Zbl 0567.58015 MR 0624833

[29] D. Sullivan, Conformal dynamical systems. In J. Palis Jr (ed.), Geometric dynamics.
Proceedings of the international symposium on dynamical systems held at the Instituto
de Matematica Purae Aplicada, Rio de Janeiro, 1981. Springer,Berlin etc., 1983, 725-752.
7Zbl 0524.58024 MR 0730296

Received August 19, 2014

Volodymyr Nekrashevych, Department of Mathematics Texas A&M University,
College Station, TX 77843-3368, U.S.A.

E-mail: nekrash@math.tamu.edu


http://zbmath.org/?q=an:0439.30034
http://www.ams.org/mathscinet-getitem?mr=0556586
http://zbmath.org/?q=an:0567.58015
http://www.ams.org/mathscinet-getitem?mr=0624833
http://zbmath.org/?q=an:0524.58024
http://www.ams.org/mathscinet-getitem?mr=0730296
mailto:nekrash@math.tamu.edu

	Introduction
	Hyperbolic groupoids
	Hyperbolic metric
	Growth and Entropy
	Quasi-conformal measures
	Continuous cocycles
	References

