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Abstract. We show that for every metrizable Choquet simplex K and for every group G
which is infinite, countable, amenable and residually finite, there exists a Toeplitz G-sub-
shift whose set of shift-invariant probability measures is affinely homeomorphic to K. Fur-
thermore, we get that for every integer d > 1 and every Toeplitz flow (X, T'), there exists a
Toeplitz Z< -subshift which is topologically orbit equivalent to (X, T).
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1. Introduction

The Toeplitz subshifts are a rich class of symbolic systems introduced by Jacobs
and Keane in [21] in the context of Z-actions. Since then, they have been exten-
sively studied and used to provide series of examples with interesting dynami-
cal properties (see for example [7, 8, 17, 27]). Generalizations of Toeplitz sub-
shifts and some of their properties to more general group actions can be found in
[3, 5,9, 22, 23]. For instance, in [5] Toeplitz subshifts are characterized as the
minimal symbolic almost 1-1 extensions of odometers (see [13] for this result in
the context of Z-actions). In this paper, we give an explicit construction that gen-
eralizes the result of Downarowicz in [7], to Toeplitz subshifts given by actions of
groups which are amenable, countable and residually finite. The following is our
main result.

Theorem A. Let G be an infinite, countable, amenable and residually finite group.
For every metrizable Choquet simplex K and any G-odometer O, there exists a
Toeplitz G-subshift which is an almost 1-1 extension of O such that the set of its
invariant probability measures is affinely homeomorphic to K.

Typical examples of the groups G involved in this theorem are the finitely gen-
erated subgroups of upper triangular matrices in GL(n, C).

The strategy of Downarowicz in [7] is to construct an affine homeomorphism
between an arbitrary metrizable Choquet simplex K and a subset of the space of
invariant probability measures of the full shift {0, 1}%. Then he shows it coincides
with the space of invariant probability measures of a Toeplitz subshift ¥ < {0, 1}%.
To do this, he uses the structure of metric space of the space of measures. In this
paper we consider the representation of K as an inverse limit of finite dimensional
simplices with linear transition maps (M,),. Then we use this transition maps to
construct Toeplitz G-subshifts having sequences of Kakutani—Rokhlin partitions
with (M,), as the associated sequence of incidence matrices. Our approach is
closer to the strategy used in [17] by Gjerde and Johansen, and deals with the
combinatorics of Fglner sequences.

We obtain furthermore some consequences for orbit equivalence. Two mini-
mal Cantor systems are (topologically) orbit equivalent, if there exists an orbit-
preserving homeomorphism between their phase spaces. Giordano, Matui, Put-
nam and Skau show in [15] that every minimal 74 -action on the Cantor set is orbit
equivalent to a minimal Z-action. It is still unknown if every minimal action of
a countable amenable group on the Cantor set is orbit equivalent to a Z-action.
Nevertheless it is clear that the result in [15] can not be extended to any countable
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group. For instance, by using the notion of cost, Gaboriau [14] proves that if two
free actions of free groups I, and IF, are (even measurably) orbit equivalent then
their rank are the same i.e. n = p. Another problem is to know which are the
Z-orbit equivalence classes that the Z?-actions (or more general group actions)
realize. We give a partial answer for this question. As a consequence of the proof
of Theorem A we obtain the following result.

Theorem B. Let (X, ol|x, Z) be a Toeplitz Z-subshift. Then for every d > 1 there
exists a Toeplitz 74 -subshift which is orbit equivalent to (X, o |x, 7).

This paper is organized as follows. Section 2 is devoted to introduce the basic
definitions. For an amenable discrete group G and a decreasing sequence of finite
index subgroups of G with trivial intersection, we construct in Section 3 an as-
sociated sequence (F,)n>o of fundamental domains, so that it is Fglner and each
F, 4+ is tileable by translated copies of F},. In Section 4 we construct Kakutani—
Rokhlin partitions for generalized Toeplitz subshifts, and in Section 5 we use the
fundamental domains introduced in Section 3 to construct Toeplitz subshifts hav-
ing sequences of Kakutani—Rokhlin partitions with a prescribed sequence of inci-
dence matrices. This construction improves and generalizes that one given in [4]
for Z4-actions, and moreover allows one to characterize the associated ordered
group with unit. In Section 6 we give a characterization of any Choquet simplex
as an inverse limit defined by sequences of matrices that we use in Section 5 (they
are called “managed" sequences). Finally, in Section 7 we use the previous results
to prove Theorems A and B.

2. Basic definitions and background

In this article, by a topological dynamical system we mean a triple (X, T, G),
where T is a continuous left action of a countable group G on the compact metric
space (X, d). For every g € G, we denote T8 the homeomorphism that induces
the action of g on X. The unit element of G will be called e. The system (X, T, G)
or the action T is minimal if for every x € X the orbit or(x) = {T8(x): g € G}
is dense in X. We say that (X, T, G) is a minimal Cantor system or a minimal
Cantor G-system if (X, T, G) is a minimal topological dynamical system with X
a Cantor set.

An invariant probability measure of the topological dynamical system (X,7,G)
is a probability Borel measure p such that u(74(A)) = u(A), for every Borel
set A. We denote by M(X, T, G) the space of invariant probability measures of
(X, T, G).
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2.1. Subshifts. For every g € G, denote Ly: G — G the left multiplication
by g € G. Thatis, Lg(h) = gh for every h € G. Let X be a finite alphabet.
Y denotes the set of all the functions x: G — X. The (left) shift action o of
G on X is given by 0¥ (x) = x o L1, for every g € G. Thus o€ (x)(h) =
x(g~'h). We consider ¥ endowed with the discrete topology and ¢ with the
product topology. Thus every o€ is a homeomorphism of the Cantor set £¢. The
topological dynamical system (X, o, G) is called the full G-shift on X. For every
finite subset D of G and x € X, we denote x|p € =P the restriction of x to D.
For F € XP (F is a function from D to ¥) we denote by [F] the set of all x € %
such that x|p = F. The set [F] is called the cylinder defined by F, and it is a
clopen set (both open and closed). The collection of all the sets [F] is a base of
the topology of X¢.

Definition 1. A subshift or G-subshift of X is a closed subset X of £¢ which is
invariant under the shift action.

The topological dynamical system (X, oy, G) is also called subshift or G-
subshift. See [2] for details.

2.1.1. Toeplitz G-subshifts. An element x € XC is a Toeplitz sequence if for
every g € G there exists a finite index subgroup I' of G such that o7 (x)(g) =
x(y~lg) = x(g) forevery y € T.

A subshift X € X is a Toeplitz subshift or Toeplitz G -subshift if there exists
a Toeplitz sequence x € G such that X = o, (x). Itis shown in [5], [22] and [23]
that a Toeplitz sequence x is regularly recurrent, i.e., for every neighborhood V' of
x there exists a finite index subgroup I' of G suchthato?(x) € V,foreveryy € I'.
This condition is stronger than almost periodicity, which implies minimality of the
closure of the orbit of x (see [1] for details about almost periodicity).

2.2. Inverse and direct limit. Given a sequence of continuous maps
fn:Xn-‘rl_)Xn, n>0

on topological spaces X,, we denote the associated inverse limit by

1<i_m(Xn,f,,):X0<ﬁX1 Jox,
n

={(Xp)n:xn € Xy, xn = fu(xn+1), forall n > 0}.

Let us recall that this space is compact when all the spaces X,, are compact and
the inverse limit spaces associated to any increasing subsequences (#;); of indices
are homeomorphic.
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In a similar way, we denote for a sequence of maps
gn: Xn — Xp+1,n >0

the associated direct limit by
Hm(Xa. gn) = Xo -2 X1 <5 X, 225 ...
—n
={(x,n),x € X, n >0}/ ~,

where two elements are equivalent (x,n) ~ (y,m) if and only if there exists k >
m,nsuchthat ggo...0g,(x) = gro...ogm(x). We denote by [x, n] the equivalence
class of (x,n). When the maps g, are homomorphisms on groups X, then the
direct limit inherits a group structure.

2.3. Odometers. A group G is said to be residually finite if there exists a nested
sequence (I';),>0 of finite index normal subgroups such that (1, , I, is trivial.
For every n > 0, there exists then a canonical projection ,,: G/ l:n+1 — G/ Ty.
The G-odometer or adding machine O associated to the sequence (I',), is the
inverse limit

0 :=lim(G/ Ty, 7p) = G/ Ty <> G/T; <= G/ T, <= ...
<n

We refer to [5] for the basic properties of such a space. Let us recall that it inherits a
group structure through the quotient groups G/ ', and it contains G as a subgroup
thanks to the injection G > g — ([g]l,) € O, where [g], denotes the class of
g in G/T,. Thus the group G acts by left multiplication on O. When there is
no confusion, we also call this action an odometer. It is equicontiuous, minimal
and the left Haar measure is the unique invariant probability measure. Note that
this action is free: the stabilizer of any point is trivial. The Toeplitz G-subshifts
are characterized as the subshifts that are minimal almost 1-1 extensions of G-
odometers [5].

2.4. Ordered groups. For more details about ordered groups and dimension
groups we refer to [12] and [18].

An ordered group is a pair (H, H™), such that H is a countable abelian group
and H* is asubsetof H verifying(HY)+(HY) C HT,(HT)+(-H*) = H and
(HT)N(—=H™) = {0} (we use 0 as the unit of H when H is abelian). An ordered
group (H, H™) is a dimension group if for every n € Z* there existk, > 1and a
positive homomorphism 4, : Zk» — 7Zkn+1 such that (H, H™) is isomorphic to
(J,J ™), where J is the direct limit

Ay Az

7k2

Ao

lim (Z*, A,) = ZFo zk
—n
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and J* = {[v,n]: a € (Z*)*,n € ZT}. The dimension group is simple if the
matrices A, can be chosen strictly positive.

An order unit in the ordered group (H, H ) is anelementu € H* such that for
every g € H there exists n € Z* such that nu —g € H™. If (H, H™) is a simple
dimension group then each element in H* \ {0} is an order unit. A unital ordered
group is a triple (H, H,u) such that (H, H™") is an ordered group and u is an
order unit. An isomorphism between two unital ordered groups (H, H,u) and
(J,J*,v) is an isomorphism ¢: H — J such that (H ) = J* and ¢ (u) = v.
A state of the unital ordered group (H, H,u) is a homomorphism ¢: H — R
so that ¢(u) = 1 and ¢(H') € R*. The infinitesimal subgroup of a simple
dimension group with unit (H, H ™, u) is

inf(H) ={a € H: ¢(a) = 0 for all state ¢}.

It is not difficult to show that inf(H ) does not depend on the order unit.
The quotient group H /inf(H) of a simple dimension group (H, H ™) is also a
simple dimension group with positive cone

(H/inf(H)* ={[a]: a € H}.
The next result is well known. The proof is left to the reader.

Lemma 1. Let (H, H") be a simple dimension group equal to the direct limit

My Zkl M, Zk2 M>

l_i)rg(Zk” M) = ZFo
Then for every z = (z4)n>0 in the inverse limit
lim((R)*, M) = (R 2wy ML ey 22
the function ¢, : H — R given by

¢([n.v]) = (v.zn),

for every [n,v] € H, is well defined and is a homomorphism of groups such that
¢, (H*) € R*. Conversely, for every group homomorphism ¢ : H — R such that
¢(H') C RY, there exists a unique z € lime, (RT)*", MT) such that ¢ = ¢.

The following lemma is a preparatory lemma to prove Theorem A and B.
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Lemma 2. Let (H, HY,u) be a simple dimension group with unit given by the
Jollowing direct limit

Ao Ay Ar

7k 7k2 .

i kn —
lim(Z*", A,) = 7.

with unit u = [1,0]. Suppose that A, > 0 for everyn > 0. Then (H, H",u) is
isomorphic to
7 ﬂ) Zk1+l i) Zk2+l i)

’

where Ay is the (k1 + 1) x 1-dimensional matrix given by

Ao(1,)
AO(l’ )
AO(Z’ )

=1
I

Ao(k1,+)

and A, is the (kn41 + 1) x (kn + 1) dimensional matrix given by

1 4,1, 1)—1 An(1,2) - An(1,kp)
1 A,(1,1)—1 An(1,2) - Ap(1,ky)

A, =1 4.2, 1)-1 An(2,2) - An(2,kn) ’
1 An(kn-f—la 1)_1 An(kn-i-lyz) An(kn-i-lykn)

Jor everyn > 0.
Proof. For n > 1, consider M,, the (k,, + 1) x k,-dimensional matrix given by

en1+e ifk =1,
Mn(-,k) _ _}n,l n,2

where éy 1, . . .,én 1, +1 are the canonical vectors in R¥»+1, Let B, be the k,+1 x
(kn 4+ 1)-dimensional matrix defined by

1 if j =1,
Bn(i,j) = A.G, ) =1 ifj=2,
An(i,j—1) if3<j<k,+1.

We have A,, = B, M,, and an = M, 1B, foreveryn > 1, and XO = M Ay.
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Thus the Bratteli diagrams defined by the sequences of matrices (A4,),>0 and
(An)n>o0 are contractions of the same diagram. This shows that the respective
dimension groups with unit are isomorphic (see [16] or [10]). O

2.5. Associated ordered group and orbit equivalence. Let (X, 7, G) be a topo-
logical dynamical system such that X is a Cantor setand 7 is minimal. The ordered
group associated to (X, T, G) is the unital ordered group

9(X’ T’ G) = (Dm(X’ T’ G)’ Dm(X’ T’ G)+’ [1])7
where

Dm(X.T,G) = C(X, Z)/{f e C(X,Z): /fdu =0, forall u € M(X, T, G)},

and
Dn(X.T.G)* ={[f]: f =0},

and where [1] € D, (X, T, G) is the class of the constant function 1.

Two topological dynamical systems (X7, 77, G1) and (X, T, G») are (topo-
logically) orbit equivalent if there exists a homeomorphism F: X; — X, such
that F(ot, (x)) = o1, (F(x)) for every x € Xj.

In [15] the authors show the following algebraic caracterization of orbit equiv-
alence.

Theorem 1 ([15], Theorem 2.5). Let (X, T, Z%) and (X', T’', Z™) be two minimal
actions on the Cantor set. Then they are orbit equivalent if and only if there is an
isomorphism

S(X,T,Z%) ~ §(X',T', 2™

of unital ordered groups.

3. Suitable Fglner sequences

Let G be a residually finite group, and let (I';),>0 be a nested sequence of finite
index normal subgroups of G such that (),,., I'» = {e}.

For technical reasons it is important to notice that since the groups I',, are
normal, we have gI',, = I, g, for every g € G.

To construct a Toeplitz G-subshift that is an almost 1-1 extension of the odome-
ter defined by the sequence (I',),,, we need a suitable sequence (F},), of fundamen-
tal domains of G/ T',. More precisely, each F; 1 has to be tileable by translated
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copies of F,. To control the simplex of invariant measures of the subshift, we
need in addition the sequence (F}), to be Fglner. We did not find in the special-
ized literature a result ensuring these conditions.

3.1. Suitable sequence of fundamental domains. Let I" be a normal subgroup
of G. By a fundamental domain of G/T", we mean a subset D C G containing
exactly one representative element of each equivalence class in G/ T".

Lemma 3. Let (Dy)n>0 be an increasing sequence of finite subsets of G such
that for everyn > 0, ¢ € D, and D,, is a fundamental domain of G/T,,. Let
(ni)iso0 € Z* be an increasing sequence. Consider (F;)i>o defined by Fo = Dy,
and
F, = U vFi_1, foreveryi > 1.
veDniﬂFni_l

Then for every i > 0 we have the following:
(1) F; € Fi41 and F; is a fundamental domain of G/ Ty, .
(2) E+1 = UveFi_,_lﬁFnl. UE.

Proof. Since e € Dy, the sequence (F;);>o is increasing.

Fo = Dy, is a fundamental domain of G/ T,,. We will prove by induction on
i that F; is a fundamental domain of G/T';. Leti > 0 and suppose that F;_ is a
fundamental domain of G/ I, _, .

Letv € Dy,. There exist thenu € F;_; and w € I';,_, such that v = wu. Let
z € Dy, and y € T'y, be such that w = yz. Since z € T'y;,_, N Dy, and v = yzu,
we conclude that F; contains one representing element of each class in G/ Iy, .

Let wy, w, € F; be such that there exists y € I',, verifying w; = yw,. By
definition, wy = viuy and wy = vou,, forsome uy, up € F;_yand vy, v, € Dy, N
I'n,;_,. This implies that u; and u, are in the same class of G/T';_,. Since F;_;
is a fundamental domain, we have u; = u,. From this we get v; = yv,, which
implies that v; = v,. Thus we deduce that F; contains at most one representing
element of each class in G/T',,. This shows that F; is a fundamental domain of
G/Ty,.

To show that D,, N\I',,_, € F;NI',,_,, observe that the definition of F; implies
that for every v € D,, NI, _, andu € F;_y,vu € F;. Thenforu = e € F;_4
we get v = ve € F;. Now suppose that v € F; N T',,_, C F;. The definition of
F; implies there existu € F;_y and y € D,, N I, such that v = yu. Since v
and y arein I',,_,, we getthatu € I'y,_, N F;_;. This implies that u = e because
Toy_y N Fioy = fe). O
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In this paper, by Fglner sequences we mean right Fglner sequences. That is, a
sequence (Fy),>0 of nonempty finite sets of G is a Fglner sequence if for every

geG

li |anAFn|
im ———— =

0.

Observe that (Fy),>0 is a right Fglner sequence if and only if (Fn_l)nzo is a left
Fglner sequence.

Lemma 4. Suppose that G is amenable. There exists an increasing sequence
(n;)i=o € Z* and a Fplner sequence (F;);cy+, such that

i) F; C Fiy1 and F; is a fundamental domain of G/ T, for every i > 0.
i) G = ;s Fi-

iil) Fiy1 = UUGFH—lani vF;, for every i > 0.

Proof. From [26, Theorem 1] (see [22, Proposition 4.1] for a proof in our con-
text), there exists an increasing sequence (m;);>o € Z* and a Fglner sequence
(Di);ez+ such that for every i > 0, D; € D;4+1, D; is a fundamental domain of
G/Tp;,and G = ;. Di. Up to taking subsequences, we can assume that D; is
a fundamental domain of G/ T for every i > 0, and that e € D,.

We will construct the sequences (1;);>o and (F,)n>o as follows:

STteEP 0. We setng = 0 and Fy = Dy.

Step i. Leti > 0. We assume that we have chosen n; and F; for every
0 < j < i. Wetake n; > n;_; in order that the following two conditions are
verified:

|Dn;g A Dy, | 1
! L - , forevery g € F;_;. (D
Dal " ilF yes T
Dp_,c |J R )
veDniﬂFni_l

Such an integer n; exists because (Dy),>0 is a Fglner sequence and F;_; is a
fundamental domain of G/I',,_, (then G = Uvern._1 vFi_1).

We define
Fr= |J vF.
veDniﬂFni_l

Lemma 3 ensures that (F;);>¢ verifies i) and iii) of the lemma. Equation (2)
implies that (F;);>¢ verifies ii) of the lemma.
It remains to show that (F;);>¢ is a Fglner sequence.
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By definition of F; we have

(Fi \ D”i) - U (D”ig\D”i)'

8€Fi

Then by equation (1) we get

|Fi\Dni|< Z (|Dn1g\Dn,|)

|Dn;| geFr ) | Dy, |
< (|Fi—l|;)
i|Fi1]
1

i
Since
(IF; N Du;| + |Dp; \ Fil) = |Dp;| = | Fi| = |F; 0 Dy | 4 |F; \ Dy, |,

we obtain
Dw \Fil 1
|Dp,| i

Let g € G. Since
Fig\ Fi = [(Fi N Dyp)g \ F]U[(F; \ Dn;)g \ Fi]

S [(Fi N Du)g \ Fi] U (Fi \ Dn)g

we have

|Fig\ Fil < |Dnig\(FiﬂDn,-)| |(F1\Dn,)g|

I D]
3)
_ IDwg\(Fin Dyl | 1
- |Dy; | i

On the other hand, the relation

Dnig\Dni = Dnig\[(Dni N Fl) U (Dni \Fl)]
= [Dn; & \ (Dn; N F)]\ (Dp; \ F),
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implies that

Dy g \ (Fi N Dp;) = [(Dy; & \ (Fi N Dy;)) N (D, \ Fi)]
U [(Dn;g \ (F; N Dp))\ (D, \ Fy)]
= [(Dn; g \ (Fi 0 Dp;)) N (Dp,; \ F)]
U [Dp; g \ Dn,]
C (Dn; \ Fi) U (Dn; g\ Dn,),

which ensures that

|Dnig\(FimDni)| < |Dnl\Fl| |Dnig\Dni|

“)

From equations (3) and (4), we obtain

|Dn,-g\Dni|
[ D, |

’

|Fig \ Fil < g n
| Fil i
which implies

=0. 5)
In a similar way we deduce that
Fi \ Fig S [Dn; \ (Fi 0 Dp;)gl U (Fi \ Dp,),

Dn,- \Dnig = [Dni \(Dnl N Fi)gl\ (Dni \ Fi),

and
Dy, \ (F; N Dn,-)g < (Dni \ Fi) U (Dn,- \Dnig)-

Combining the last three equations we get

|Dn,- \Dn,g|

|Fi \ Fig| §+ ’
i | Dy, |

=
| Fil
which implies
lim i\ Figl

0. (0)
Equations (5) and (6) imply that (F;);>¢ is Fglner. ]

The following result is a direct consequence of Lemma 4.
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Lemma 5. Let G be an amenable residually finite group and let (I'n)n>0 be a
decreasing sequence of finite index normal subgroups of G such that (,~o I'n =
{e}. There exists an increasing sequence (n;)i>o C Z* and a Fplner s;quence
(Fi)i>o0 of G such that

(1) {e} € F; C F;+1 and F; is a fundamental domain of G/ Ty,, for everyi > 0;
@) G = Uiz Fis

3) F; = UveFJ_an' vFj, forevery j > i > 0.

Proof. 'The existence of the sequence of subgroups of G and the Fglner sequence
verifying (1), (2) and (3) for j =i + 1 is direct from Lemma 4. Using induction,
it is straightforward to show (3) for every j > i > 0. U

4. Kakutani—Rokhlin partitions for generalized Toeplitz subshifts

In this section G is an amenable, countable, and residually finite group.
Let X be a finite alphabet and let (¢, o, G) be the respective full G-shift.
For a finite index subgroup I' of G, x € >% and a € ¥, we define

Per(x,T,a) = {g € G: 67 (x)(g) = x(y"1g) = a, forall y € T'},

and
Per(x,T") = U Per(x, T, a).
acx

It is straightforward to show that x € X is a Toeplitz sequence if and only if
there exists an increasing sequence (I',)»>0 of finite index subgroups of G such
that

G = U Per(x,T},);
n>0
see [5, Proposition 5].

A period structure of x € £ is an increasing sequence of finite index sub-
groups (I'y)n>0 of G such that G = |, Per(x, ;) and such that for every
n > 0, I, is an essential group of periods._"[his means that if g € G is such that
Per(x, Ty, a) € Per(c4(x), 'y, a) foreverya € X, then g € [,.

It is known that every Toeplitz sequence has a period structure (see for example
[5, Corollary 6]). We construct in this section, thanks to the period structure,
a Kakutani—Rokhlin partition, and we deduce a characterization of its ordered

group.
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4.1. Existence of Kakutani—Rokhlin partitions. In this subsection we suppose
that xo € X is a non-periodic Toeplitz sequence (0% (xg) = xo implies g = e)
having a period structure (I',),>0 such that for every n > 0,

(i) Ty 41 is a proper subset of I'y;;
(ii) I, is a normal subgroup of G.

Every non-periodic Toeplitz sequence has a period structure verifying (i) [5,
Corollary 6]. Condition (ii) is satisfied for every Toeplitz sequence whose Toeplitz
subshift is an almost 1-1 extension of an odometer (in the general case these sys-
tems are almost 1-1 extensions of subodometers. See [5] for the details).

By Lemma 5 we can assume there exists a Fglner sequence (F}),>0 of G such
that

(F1) {e} C F,, C F,+1 and F}, is a fundamental domain of G/ I, for every n > 0;
F2) G = UnzO F,;
(F3) Fu = Uyper,nr, vFi, foreveryn > i > 0.

We denote by X the closure of the orbit of xq. Thus (X, o|x, G) is a Toeplitz
subshift.

Definition 2. We say that a finite clopen partition P of X is a regular Kakutani—
Rokhlin partition (r-K-R partition), if there exists a finite index subgroup I' of G
with a fundamental domain F containing e and a clopen Cy, such that

P=1{o""(C):uecF,1<k<N)

and
N

N
a”( U Ck) = U Cy forevery y € T
k=1 k=1

To construct a regular Kakutani—Rokhlin partition of X, we need the following
technical lemma.

Lemma 6. Let P’ = {0“_1 (Dg):ue F,1 <k < N} be an r-K-R partition of X
and Q any other finite clopen partition of X. Then there exists a r-K-R partition
P={c""(Cr):ueF, 1<k <M)ofX such that

(1) P is finer than P and Q,

(2) Uljcw=1 Cr = Ul]cv=1 Dx.
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Proof. Let F = {ug,uy,...,ujr—1}, withug = e.
We refine every set Dy with respect to the partition Q. Thus we get a collection
of disjoint sets
Dl,l, ey Dl,ll; .. ~;DN,1, ey DN,IN’

such that each of these sets is in an atom of Q and Dy = Uj’;l Dy, ; for every
1 <k < N. Thus

Po={0* (Dr,):ueF.1<j<l.1<k<N}
is an r-K-R partition of X . For simplicity we write
Po=1{0" (DP):ue F, 1<k <N}

We have that P, verifies (2) and every D ,(CO) is contained in atoms of P" and Q.
Let 0 <n < |F|— 1. Suppose that we have defined a r-K-R partition of X

Py ={c" (DM):ue F,1<k <N,

such that P, verifies (2) and such that for every 0 < j <mn and 1 < k < N, there
exist A € P’ and B € Q such that

o' (DM) C 4, B.

—1
Now we refine every set g"n+1 (D,(C")) with respect to Q. Thus we get a collection
of disjoint sets

DigsoesDisyseo i Dty ooy Digosw,

such that each of these sets is in an atom of Q and
1 Sk
Oun+1 (D](Cn)) = U Dk,j’
j=1

forevery 1 <k < N,.
Forevery 1 <k < Nyand 1 < j < s, let Gy j = o+ (Dy ;) C D,(C"). We
have that

Prt1 :{a"_l(Ck,j): ueF,1<j<s,1<k<N,}

is an r-K-R partition of X verifying (2) and such that for every 0 <i < n + 1,
1 <j<sgand1l <k < N, there exist A € P’ and B € Q such that

o7 (Cr;) € A, B.

At the stepn = |F| — 1 we get P = P|p|—; verifying (1) and (2). O
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Proposition 1. There exists a sequence (P, = {U”_I(Cn,k): ueF,1<k<
kn}ns0 of -K-R partitions of X such that for every n > 0,

(1) Pn41 is finer than Py,

(2) Cat1 S Co = URZ, Cue

(3) Mys1 Cn = {x0}.

(4) The sequence (Py)n>0 spans the topology of X.

Proof. For every n > 0, let define
C, ={x € X: Per(x,I'y,a) = Per(xg, ['y,a), foralla € }.

From [5, Proposition 6] we get

Cn ={07(x0): y € I'n},

and that P, = {a“_1 (Cp): u € Fy,}is aclopen partition of X such that o7 (C,) =
C, for every y € I',. Thus P, is an r-K-R partition of X. Furthermore, the se-
quence (P))n>0 verifies (1), (2) and (3).

For every n > 0, let

Q, ={[B]NX:Bex" [BINnX # 0.

This is a finite clopen partition of X and (Q,).>0 spans the topology of X.
We define
Po = {Uu_l(co,k)i ueFy,1 <k <ko})

the r-K-R partition finer than P and Qy given by Lemma 6. Now we take P/, the
r-K-R partition finer that P,_; and Q,, given by Lemma 6, and we define

Pp=1{0" (Cox): tt € Fp. 1 <k <k},

the r-K-R partition finer than P’ = P/, and Q = P}, given by Lemma 6. Thus P,, is
finer than P, and Q,. This implies that the sequence (P,),>¢ verifies (1) and (4).
Since Ulli”: 1 Cuk = Cy, we deduce that (Py,),>0 verifies (2) and (3). O

Remark 1. The sequence of partitions introduced in Proposition 1 is a generaliza-
tion to Toeplitz G-subshifts of the sequences of Kakutani—Rokhlin partitions for
Toeplitz Z-subshifts introduced in [17]. See [19] for more details about Kakutani—
Rokhlin partitions for minimal Z-actions on the Cantor set

Definition 3. We say that a sequence (P,),>0 of r-K-R partitions as in Proposi-
tion 1 is a nested sequence of r-K-R partitions of X.
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Let
(P = {0 (Cps): u € Fu. 1 <k < kn))nzo

be a sequence of nested r-K-R partitions of X.
For every n > 0 we define the matrix M, € My, xx, 4 (Z*) as

. —1
My(i,k) =y € Far1 NTyw: 07 (Cut1k) S Chii}l,

We call M,, the incidence matrix of the partitions P, +; and P,,.

Let p be a positive integer. For every n > 1 we denote by A(n, p) the closed
convex hull generated by the vectors e em }De,(,"), where e, ... el is the
canonical basis in R”. Thus A(n, 1) is the unitary simplex in R”.

Observe that for everyn > 0and 1 <k < ky+1,

ZM (l k) |Fn+1|

i=1 | |

This implies that My, (A (kn+1, |Fa+1])) € A(kn, | Fnl)-

The next result characterizes the maximal equicontinuous factor, the space of
invariant probability measures and the associated ordered group of (X, olx, G)
in terms of the sequence of incidence matrices of a nested sequence of r-K-R
partitions.

Proposition 2. Let
(Tn = {Ou_l(cn,k): uerk,l=< k =< kn})nzo

be a nested sequence of r-K-R partitions of X with an associated sequence of
incidence matrices (My)n>0. Then

(1) (X,o0lx,G) is an almost -1 extension of the odometer O = 1<£1n (G/ Ty, 7tp);

(2) there is an affine homeomorphism between the set of invariant probability
measures of (X, 0 |x, G) and the inverse limit l(iLnn (Akn, |Ful), My);

(3) the ordered group G(X, olx, G) is isomorphic to (H/inf(H), (H /inf(H))™,
u + inf(H)), where (H, H™) is given by

where M = |Fy|(1,...,1)andu = [MT,0].
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Proof. (1) Forevery x € X,n > 0, let v,(x) € F, be such that x € g"» @ (Cy).

The map 7: X — O given by 7(x) = (v,(x)"'Ty)n>1 is well defined, is a
factor map and verifies 7! ((xg)) = {xo}. This shows that (X,o|x,G) is an
almost 1-1 extension of O.

(2) It is clear that for any invariant probability measure u of (X, o|x, G), the
sequence (in)n>0, With t, = (u(Cp): 1 < k < k), is an element of the inverse
limit 1<i£1n (A(ky, | Fyl), My). Conversely, any element (i, x: 1 < k < ky)mso of
such an inverse limit defines a probability measure u on the o-algebra generated
by (Pr)n>0, which is equal to the Borel o-algebra of X because (P,),>0 spans the
topology of X and is countable. Since the sequence (F) is Fglner, it is standard
to check that the measure p is invariant by the G-action.

The function i +— (in)n>o0 is thus an affine bijection between M(X, o |x, G)
and the inverse limit 1<iLnn (A(kn, | Ful), My). Observe that this function is a home-
omorphism with respect to the weak topology in M(X, o|x, G) and the product
topology in the inverse limit.

(3) We denote by [k, —1] the class of the element (k, —1) € Zx{—1}in H. Let
¢: H— D,(X,0lx,G)

be the function given by

kn
¢(lv.n) =Y willc,,]. foreveryv = (vi.....v,) € Z¥ andn > 0,
k=1
and
¢([k,—1]) = klx forevery k € Z.

It is easy to check that ¢ is a well defined homomorphism of groups that ver-
ifies p(H') € Du(X,0lx,G)T. Since (Py)n>0 spans the topology of X, ev-
ery function f € C(X,Z) is constant on every atom of P,, for some n > 0.
This implies that ¢ is surjective. Lemma 1 and (2) of Proposition 2, imply that
Ker(¢) = inf(H). Finally, ¢ induces a isomorphism

$: H/inf(H) — D,(X.0|x.G)

such that
¢((H/inf(H))") = Dm(X.0lx,G)".

Since [1,—1] = [MT,0], we get p([M T, 0]) = [1x]. O
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5. Kakutani—Rokhlin partitions with prescribed incidence matrices

We say that a sequence of positive integer matrices (Mpy)n>o is managed by the
increasing sequence of positive integers (p,)n>o, if for every n > 0 the integer p,
divides p,+1, and if the matrix M, verifies the following properties:

(1) M, has k, > 2 rows and k41 > 2 columns;

) ngl M, (i, k) = %, forevery 1 <k < kptq.

If (M) n>0 is a sequence of matrices managed by (p,).>o0, then for eachn > 0,
My (A(kn+t1, pn+1)) S Alkn, pn)-

Observe that the sequences of incidence matrices associated to the nested se-
quences of r-K-R partitions defined in Section 4 are managed by (| Fy,|)a>o0.

In this Section we construct Toeplitz subshifts with nested sequences of r-K-R
partitions whose sequences of incidence matrices are managed.

5.1. Construction of the partitions. In the rest of this section G is an amenable
and residually finite group. Let (I';),>0 be a decreasing sequence of finite index
normal subgroup of G such that (),.,I» = {e}, and let (F,),>0 be a Fglner
sequence of G such that -

(F1) {e} € F,, € F,+1 and F}, is afundamental domain of G/ I, for every n > 0;
F2) G =, 50 Fn;
(F3) Fu = Uyer,nr, vFi, forevery n > i > 0.

Lemma 5 ensures the existence of a Fglner sequence verifying conditions (F1),
(F2) and (F3).

For every n > 0, we call R, the set F,, - F, ' U F,"! . F,,. This will enable us to
define a “border” of each domain F, 4.

Let X be a finite alphabet. For every n > 0, let k,, > 3 be an integer. We say
that the sequence of sets ({Bx,1.. ... By k, })n=0 (Where {By 1,..., By, } € >Fn
for any n > 0, is a collection of different functions) verifies conditions (C1)—(C4)
if it verifies the following four conditions for any n > 0:

(C) 0¥ ' (Bpi1x)|F, € {Bni:1 < i < ky}, forevery y € Fyyq N T, and
1 <k <kps1;

(C2) BptiklF, = B, forevery 1 <k <kyy1;
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(C3) For any g € F, such that for some 1 < k, k" < ky, B, x(gv) = By (v) for
allve F, N g~ 'F,, then g = e;

(C4) Uy_l (Bn+1,k)|Fn = Bn,kn for every y € (Fn+1 N 1—‘n) N [Fn+1 \ Fn+1g_1]a
for some g € R,,.

Example 1. To illustrate these conditions, let us consider the case G = Z, with
Y ={1,2,3,4}and I, = 32"+D7Z for every n > 0. The set

32(n+1) -1 32(n+1) -1 32(n+1) -1

o () L

is a fundamental domain of Z/ I';,. Furthermore we have

F, = U (Fn—l_l_v)v

ve{k32n: —4<k<4}

for every n > 1. This shows that sequence (Fy),>o satisfies (F1), (F2) and (F3).
Now let us consider the case where k, = 4 for every n > 0. We define
Box(j) =k forevery j € Fpand1 <k <4, andforn > 1,

Bn,k|Fn_1 = Bn—l,la

Bn,k |Fn_1 +v = Bn—1,4

forv e {—1-3%",1.32":] =3 4).

Thus they verify the conditions (C1) and (C4). We fill the restof the B, k|F,_, +v
with B,—13 and B,—_1, in order that B, 1,..., By 4 are different. They satisfy
conditions (C2) and (C4). The limit in X% of the functions B, 1 is a Z-Toeplitz
sequence x. If X denotes the closure of the orbit of x, then we prove in the next
lemma (in a more general setting) that

(Pn = {0/ ([BaglNX): j € Fpul <k <4})uxo

is a sequence of nested Kakutani—Rokhlin partitions of the subshift X.

In the next lemma, we show that conditions (Cl) and (C2) are sufficient to
construct a Toeplitz sequence. The technical conditions (C3) (aperiodicity) and
(C4) (also known as “forcing the border”’) will allow to construct a nested sequence
of r-K-R partitions of X.
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Lemma 7. Let ({Bn,1, ..., Byk,})n>0 be a sequence that verifies (C1)—(C4).

(1) The set (\,5o[Bn.1] contains only one element xo which is a Toeplitz se-
quence.

(2) Let X be the orbit closure of xo with respect to the shift action. For every
n >0, let

1

Pu = {Uu_ ([BaglN X): 1 <k <kn,u € Fy}.

Then (Py)n>0 is a sequence of nested r-K-R partitions of X.

Let (My)n>0 be the sequence of incidence matrices of (Pp)n>o0.

(3) The Toeplitz subshift (X, olx, G) is an almost I-1 extension of the odometer
0= l(iLnn (G/ Ty, ).

(4) There is an affine homeomorphism between the set of invariant probability
measures of (X, 0 |x, G) and the inverse limit l(iLnn (Akn, |Fal), My).

(5) The ordered group G(X, olx, G) is isomorphic to (H/inf(H), (H /inf(H))™,
u + inf(H)), where (H, H™) is given by
Mg

T T
Ml M2

zk 7k

with M = |Fo|(1,...,1) andu = [MT ,0].

Proof. Condition (C2) implies that (), ([Bx,1] is non empty, and since G =
UnzO F,, there is only one element xg in this intersection. Let X be the orbit
closure of xo. Foreveryn > 0and 1 <k < k,, we denote C,, = [B, x| N X.

Claim: Foreverym >n > 0,1 <k <k, andy € F,, N [,

0" (Bms)F, € {Bui: 1 <i <kn). )

Condition (C1) implies that (7) holds when n = m — 1. We will show the claim
by induction on n.
Suppose that forevery 1 <k <k, and y € F,, N T'y41,

-1 .
o’ (Bm,k)|Fn+1 € {Bn-‘rl,i: I1<i=< kn+1}-

Let g € [, N Fy,. Condition (F3) implies there exist v € [, 41 N F andu € Fp4g
such that g = vu. Thus we get

-1 —1,-1 -1
of (Bm,k)|Fn =o" 7 (Bm,k)=0v (Bm,k)|an'
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Since u € I',N F,, 41, condition (F3) implies that u F;, € F,+;. Then by hypothesis
there exists 1 <[ < k;, 4+ such that

—1
ol (Bm,k)|an = Bn+1,l|uF,,,
which is equal to some By, 5, by (CI). This shows the claim.

From (7) we deduce that o’ (x0)|F, €{Bn,i: 1 <i <k}, foreveryy € I,.
Thus if g is any element in G, and u € F,, and y € I[';, are such that g = yu, then
o8 (x0) = 0% (67 (x0)) € 0¥ (Cpx), for some 1 < k < k. It follows that

Py ={0" (Cos): 1 <k <kp.u € Fy}

is a clopen covering of X.

From condition (C2) and (7) we get that o’ (x0)|F,_, = By—1,1 forany y €
I',,, which implies that F,,—; € Per(xo, I',). This shows that x is Toeplitz.

Now we will show that P, is a partition. Suppose that 1 < k,! < k, and
u € F, are such that a"_l(C,,,k) N C,,; # . Then there exist x € C, x and
y € Cp; such that ot (x) = y. From this we have x(uv) = y(v) for every
v € G. In particular, x(uv) = y(v) for every v € F, N u~!F,, which implies
B, x(uv) = B, (v) for every v € F, Nu~'F,. From condition (C3) we get
u = e and k = [. This ensures that the set of return times of xo to Ui": 1 Cnoks
ie. the set {g € G: 08 '(x) € Ui"zl Cnk}, is Ty. From this it follows that
P, is an r-K-R partition. From (C1) we have that P, is finer than P, and that
Cut1 C Ui"zl Cyx = C,. By the definition of xo we have that {xo} = (1),~¢ Cn.

Now we will show that (P,),>0 spans the topology of X. Since every_CP,, is
a partition, for every n > 0 and every x € X there are unique v,(x) € F, and
1 < kyu(x) < k; such that

-1
X € Uvn(x) (Cn,k,,(x))-

The collection (P,)n>0 spans the topology of X if and only if (va(x))ns>0 =
(vn(¥))nz0 and (kp(x))n>0 = (kn(¥))nzo imply x = y.

Let x, y € X be two sequences such that v,(x) = v,(y) = v, and k,(x) =
kn(y) for every n > 0. Let g € G be such that x(g) # y(g).

We have then for any n > 0

0" (X)|F, = 0" (VF, €{Bni: 1 =i <kn},

and then

x|v;1Fn = y|U;1Fn'
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Thus by definition, we get g & v, ! F,, for any n. We can take n sufficiently large
in order that g € F,,_;.

Lety € I, and u € F, such that v,(x)g = yu. Observe that ug=' ¢ F,.
Indeed, if ug™! € F,, then the relation v,(x) = yug~! implies y = e, but in
that case we get v,(x)g = u € F, which is not possible by hypothesis. By the
condition (C1), there exists anindex 1 < i < k, such that o™ (0" (x))|F, = Bn,i
and then

x(g) = 0" " (xX)(y vng) = Bu,iw).

1

Lety’ € Ty—1 N F, and u' € F,_; such that u = y'u’. Since y'u’g™
ug=! ¢ F,, we get y’ € F, \ F,gu'~!. This implies that y’ € F, \ F,w, for
w = gu'"' € Ry_y and B, ;(u) = By_14,_,(u’) by the condition (C4). Thus
x(g) = Bu_1,_, (). The same argument implies that y(g) = B,—1,_, (1) =
x(g) and we obtain a contradiction.

This shows that (P,),>0 is a sequence of nested r-K-R partitions of X.

The point (3), (4) and (5) follows from Propositions 2. O

The next result shows that, up to telescoping a managed sequence of matrices,
it is possible to obtain a managed sequence of matrices with sufficiently large
coefficients to satisfy the conditions of Lemma 7.

Lemma 8. Let (My,),>0 be a sequence of matrices managed by (| Fy|)n>0. Let kp
be the number of rows of M, for everyn > Q.

Then there exists an increasing sequence (n;)i=o < 7% such that for every
i >0andeveryl <k <kp;_,,

(1) Rni g FnH_];

(ii) foreveryl <1 <k,,,

My My, g1+ My (LK) > 14| | Fapy \ Fapyr 877,
geRni

If in addition there exists a constant K > 0 such that k,41 < K “T}',:lll for every
n > 0, then the sequence (n;)i>o can be chosen in order that

(iii) k,,,.Jrl <My, ---Mni+1_1(i,k),for everyl <i < ky,.
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Proof. We defineng = 0. Leti > 0 and suppose that we have defined n; for every
0 < j <i.Letmg > n; be such that for every m > my,

Ry, C Fy.

i =

Let 0 < & < 1 be such that ¢|R,;| < 1. Since (Fy)n>0 is a Fglner sequence, there
exists m; > mg such that for every m > m,

|Fm\Fmg_1| < €
|Fm| |Fni+1|’

for every g € Ry, . (8)

Since ¢|R,,| < 1, there exists m, > m such that for every m > m»,

| Fnil
| Fon|

> &|Rp,|.

Then
| Fon|

| F; +1

| Fon|
| Fo; 1l

1 > ¢|Ry,|

Since the matrices M, are positive, using induction on m and condition (2) for
managed sequences, we get

F,
Man—l(lyj)Z | m|

; , forevery 1 <[ <ky;,1=<j =<kn.
| Fnj+1]

Combining the last two equations we get

| |

M b
" | F; +1

o Mp—1(l,j)— 1> e|Rpy,|

and from equation (8), we obtain
My, -+ My—1(1,j) — 1> |Fy \ Fng '||Ry;|, forevery g e Ry,,

which finally implies that

Mn- "'Mm—l(lsj) >

l

U Fm\Fmg_1 + 1,

8€Ry;

forevery 1 <[ <kp, and 1 < j < kp,.
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Now, suppose there exists K > 0 such that

| Fong1]

k <K
m+1 = |Fm|

for every m > 0.

Property (2) for managed sequences of matrices implies

|Fm+1|
|Fni+1|

My, - My(l,j) > for every m > n;.

Let m3 > m5 be such that

| Fim|
|Fni+1|

Then for every m > m3 we have

K < for every m > ms.

|Fm+1|

o

kmi1 = K

5 Mni "'Mm(lsj)
forevery 1 <[ <k, and1 < j < kpy1.
By taking n; 11 > m3 we get the desired subsequence (n;)i>0 € Z™. O

The following proposition shows that given a managed sequence, there exists
a sequence of decorations verifying conditions (C1)-(C4). The aperiodicity condi-
tion (C3) is obtained by decorating the center of F;, in a unique way with respect
to other places in F;,. A restriction on the number of columns of the matrices gives
enough choices of coloring to ensure conditions (C3) and (C4).

Proposition 3. Let (My)n>0 be a sequence of matrices which is managed by
(| Funzo0. For every n > 0, we denote by k, the number of rows of M. Sup-
pose in addition there exists K > 0 such that k,41 < K lf}jll l, for everyn > 0.
Then there exists a Toeplitz subshift (X, o |x, G) verifying the following three con-

ditions:

(1) the set of invariant probability measures of (X, o |x, G) is affinely homeo-
morphic to Lﬂln(A(kn, | Ful), My);

(2) the ordered group G(X, o|x.G) is isomorphic to (H /inf(H), (H /inf(H)) ¥,
u + inf(H)), where (H, H™) is given by

with M = |Fo|(1,...,1) andu = [MT,0];

3) (X,0|x,G) is an almost -1 extension of the odometer O = l(iLnn (G/ Ty, mtp).
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Proof. Let (ni)i>o < 7" be a sequence as in Lemma 8. Since (My)n>0 and the
sequence (My; - -+ My; ,—1)i>o0 define the same inverse and direct limits, without
loss of generality we can assume that, for every n > 0,

R, € Fyia,

My k) > 14| | Fap1\ Fapag™"| forevery 1 <i <k 1 <k <kny1,
gE€R,

and
knt1 <min{M,(i,j): 1 <i <kp, 1 <j <kpt1}.

Let M be the 1 x (ko + 1)-dimensional matrix given by
M(-.1) = M(.2) = M(. 1),
and
M k+1) = M(-.k) forevery2 <k < k.

For every n > 0, consider the (k, + 1) X (k,4+1 + 1)-dimensional matrix given by

1
M,(1,1)—1
My 1) = Mu(2) = | Ma(2.1)
M, (ky, 1)
and
1
M,(1,k)—1
My k+1) =] Ma@2K) | forevery2 <k <knyi.
M, (ky, k)
Lemma 2 implies that the dimension groups with unit given by
T T T
7 M gk 20, g X e 22
and
v Ml Ml mr

M
7 - Zk0+1 —0> Zk1+l —1> Zk2+1 2. ...

’

are isomorphic.
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Thus from Lemma 1 we get that both

Um(A (kn, [Fal), M) and  lim(A(kn + 1, | Fal), M)

n n

are affinely homeomorphic. Observe that (1\71,,)20 is managed by (| F;|)n>0 and
verifies, for every n > 0,

Mn(i,k)21+ U Fn-i—l\Fn-i-lg_1 ’
g€R,

forevery2 <i <k,+1land1 <k <k,4+; + 1, and
3<kpt1+1<min{M, (i, j):2<i<k,+1,1<j <kpy1+1}.

Thus, by Lemma 7, to prove the proposition it is enough to find a Toeplitz subshift
having a sequence of r-K-R-partitions whose sequence of incidence matrices is
(Mn)nzo-

For every n > 0, we call [, and /,,4; the number of rows and columns of Mn
respectively.

For every n > 0, we will construct a collection of functions By 1,..., By, €
Y asin Lemma 7, where = = {1, ..., lo}.

For every 1 < k < Iy we define By € %0 by By (g) = k, forevery g € Fp.
Observe that the collection {By,1, ..., By ,} verifies condition (C3).

Let n > 0. Suppose that we have defined By 1,..., B, , € X" verifying
condition (C3). For 1 < k < [,4+1, we define

Bn+1,k|Fn = Bn,lv

and

-1 _
0° (Bnt+1.k)|F, = Bny, foreverys e U Foii1\ Fup187 1 N T,.
g8E€R,

We fill the rest of the coordinates v € F;,+1 N I’ in order that oV (Bn+1.x)|F, €
{Bn,1....,By,} and such that

—1 ~
{v € Fop1 NTn: 0" (Bugr)lF, = Buitl = Ma(i k),

forevery 2 <i <I,.
Since M,(1,k) = 1,if 6° ' (Bus14)|F, = Bn thenv = e.
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Note that the number of such v is at least M, (2, k)+1, because there are at least
Mn (2, k) coordinates to be filled with B, » and at least 1 coordinate to be filled
with B, ;,. Thus we have at least M,(2,k) + 1 > I, different ways to fill the
coordinates such that the functions By 41,1, ..., Bpt1,, 4 are pairwise different
(the number of columns of M, which are equal to the k-column is at most the
number of different functions that “respect the rules" of the k-column).

By construction, every function B, verifies (Cl), (C2) and (C4). Let us
assume there are g € Fp4q and 1 < k,k’ < k,4y such that B,y x(gv) =
By 1.4 (v) for any v where it is defined, then by the induction hypothesis, g € I',.
This implies o8 (Bnt+1.k)|Fy = Bu+1.k’|F, = Bn,1 and then g = e. This shows

that the collection Byy1,1,..., Byy1,,,, verifies (C3). We conclude applying
Lemma 7. 0
For positive integers ny, . .., ng, we denote by (n1, ..., ng)! the corresponding

multinomial coeflicient. That is,

(n1 4+ -+ ng)!
(ny,...,np) = ————.
nyl---ng!
Remark 2. To construct the collection of functions (By,1 - -+ . By 1, )n>0 in Propo-

sition 3 we just need that the number of columns of Mn which are equal to Mn (k)
does not exceed the number of possible ways to construct different functions B €
S verifying

Ban—l = Bn—l,l and Blan—l = Bn—laln—l ’

for every

ve (J Fu\Fug™' Nl
8€R;

In other words, it is possible to make this construction with M, verifying the
following property: for every 1 < k < [, the number of 1 </ < /,4; such that
M, (-, 1) = M, (-, k) is not greater than

My (2.K). .o My(ly = 1.6), My(n k) — | | ) Fa\ Fag™' N0 | |!
gE€R,—1

Among the hypothesis of Proposition 3, we ask a stronger condition on the number
of columns of M, which is stable under multiplication of matrices, unlike the
condition that we mention in this remark.
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6. Characterization of Choquet simplices

A compact, convex, and metrizable subset K of a locally convex real vector space
is said to be a (metrizable) Choquet simplex, if for each v € K there is a unique
probability measure p supported on the set of extreme points of K such that

/xdu(x) = .

In this section we show that any metrizable Choquet simplex is affinely homeo-
morphic to the inverse limit defined by a managed sequence of matrices satisfying
the additional restriction on the number of columns.

6.1. Finite dimensional Choquet simplices. For technical reasons, we have to
separate the finite and the infinite dimensional cases.

Lemma 9. Let K be a finite dimensional metrizable Choquet simplex with exactly
d > 1 extreme points. Let (py)n>0 be an increasing sequence of positive integers
such that for everyn > 0 the integer p, divides p,+1, and let k > max{2,d}. Then
there exist an increasing subsequence (n;);>o of indices and a sequence (M;);>o
of square k-dimensional matrices which is managed by (pp,)i>o0 such that K is
affinely homeomorphic to l(iLnn(A(k, Dn;), M;).

Proof. Let k > max{3, d}, we will define the subsequence (n;);>¢ by induction
on i through a condition explained later. For every i > 0, we define M; the
k-dimensional matrix by

Prisi -1y ifl<l=j<d,
M;(,j) = \k ifl #£j1<l<kandl<j <d,
M;(l,d) ifd <j <k.

We always suppose that n; 1 is sufficiently large in order to have

Privt ik —1y > 0.

nj

By the very definition, M; is a positive matrix having k > 3 rows and columns;

k
. Pn;
Y M, j) = =
p.

1=1 i
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for every 1 < j < k and the range of M; is at most d. Thus the convex set
l(iLnn(A(k, Dn;), M;) has at most d extreme points.

If it has exactly d extreme points, it is affinely homeomorphic to K. We will
choose the sequence (pn; )i>o in order that P = ("), Mo - -- M; (A(k, pn;,)) has
d extreme points, which implies that 1<i£1n(A(k, Dn;), M;) has exactly d extreme
points.

Forevery i > 0, the set P; = Mo --- M;(A(k, pn,,,)) is the closed convex set
generated by the vectors v; 1, ..., v; 4, where

Vi = My---M;(-, 1), forevery 1 <1 <d.

ni4+1
Since every v; ; isin A(k, pn,), there exists a sequence (i;);>o such that for every
1 < [ =< d, the sequence (v;;1)j>0 converges to an element v; in A(k, pp).
Observe that P is the closed convex set generated by vy, ..., vg. Thusifvy, ..., vg
are linearly independent then P has d extreme points.

Since for every 1 </ < d we have

k

, 1
Mo---M;(j. 1) = —,
p

j=1 an—] no
there exists a positive vector

5l(i) — (50)

\T
WIRERE 8k,l)

such that .
@ _
D8 =1
j=1

and such that, foreach 1 < j <k,

n 1
Mo+ M;(j.1) = §)
an_l ” Pno
Thus if B; is the matrix given by
Vil ifl <l <d,

B-(',l) = 1
’ —e® ifd+1<1l<k
Png

then B; = DA;, where D is the k-dimensional diagonal matrix given by

1
Di(l,l)=—, forevery 1 <[ <k,

no
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and A; is the k-dimensional matrix defined by

59 if1<l<d,

A.(.’l) =
' e® itd+1<1 <k,

Iflim; o Aj = Aisinvertible (A4 is the k-dimensional matrix whose columns are
the vectors lim; SI(ij ) and the canonical vectors ec(zklv e, e,(ck)), then vy, ..., v;
are linearly independent. For this it is enough to show that A is strictly diagonally
dominant (see the Levy—Desplanques Theorem in [20]).

Now we will define (n;);>¢ in order that A is strictly diagonally dominant.

Let e € (0, %). Let ng = 0 and ny > ng such that forevery 1 </ <d,

k
£ro 3

39O =1-Lm 3 My =120k -1 = 2 4.
" =1, Dny 4

For i > 1 we choose n;+1 > n; in order that

1
M()---Mi_l(l l) <é&

1
, ——— forevery1 <[ <d.
it Pk (k — D2 Y

After a standard computation, for everyi > l and 1 </ < d we get

59D > 8070 _ Lm0t )My My (1, 1),
’ ’ Pn;yy

which implies that

-lklb)

1
(l) - 8(0) Z -
= 27

It follows that A(/, 1) > % forevery 1 <!/ < k, and since the sum of the elements in
a column of A is equal to 1, we deduce that A is strictly diagonally dominant. [

6.2. Infinite dimensional Choquet simplices. We use the following character-
ization of an infinite dimensional metrizable Choquet simplex.

Lemma 10 ([24], Corollary p.186). For every infinite dimensional metrizable
Choquet simplex K, there exists a sequence of matrices (An)n>1 such that, for
everyn > 1,

(1) Ap(An +1.1)) = An, 1),
(2) K is affinely homeomorphic to LiLnn(A(n, 1), Ap).
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Our strategy is to approximate the sequence of matrices (A4,), by a managed
sequence. Then we show that the associated inverse limits are affinely homeomor-
phic. For this, we need the following classical density result, whose proof follows
from the fact that every non cyclic subgroup of R is dense.

Lemma 11. Let r = (ry)a>0 be a sequence of integers such that r, > 2 for every
n > 0. Let Cy be the subgroup of (R, +) generated by {(ro---r,)"': n > 0}. Then

CH?PnAa(p,HNn{veR?:v>0}
is densein A(p, 1), for every p > 2, where (Cy)? is the Cartesian product [ [7_, Cy.

Lemma 12. Let K be an infinite dimensional metrizable Choquet simplex, and let
(Pn)n=0 be an increasing sequence of positive integers such that for everyn > 0
the integer p, divides pn+1. Then there exist an increasing subsequence (n;)i>1
of indices and a sequence of matrices (M;);>1 managed by (pn,)i>o such that, for
everyi > 0,

kivr <min{M;(l,k): 1 <l <k;,1 <k <kjt1},
and K is affinely homeomorphic to the inverse limit Liﬂln(A(ki’ Dn;), M;), where

ki is the number of rows of M;, for everyi > 0.

Proof. For every n > 0, let r,, > 2 be the integer such that p,+1 = pur,.

Let (A,)n>1 be the sequence of matrices given in Lemma 10. We can assume
that A,: A(n + 3,1) — A(n + 2,1), for every n > 1. Now we define the
subsequence (#;); by induction.

We setn; = 0.
Leti > 1 and suppose that we have defined n; > 0. We set
r® = (m)nzn,;
Forevery 1 < j <i + 3, Lemma 11 ensures the existence of
0@ e (Ci) PPN AG+2.1)N{v e RT2: v > 0)
such that

. ) 1
[v@ = A Dl < 57 ©)

Let B; be the matrix given by

Bi(-.j) = 0@ for every 1 <j <i+3.
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Observe that (9) implies that

ZSUP{HA,,U = Byvll1: v € Apys} < oo,

n>1
It follows from [6, Lemma 9] that K is affine homeomorphic l(gln (A@GE+2,1), By).

Let ni41 > n; be such that ry, -+ ry, ., —1v®/) is an integer vector and such
that rp, ---rni+1_1v(""") >i+3,foreveryl < j <i+3.

We define

M; = Pt g,
Pn;

Thus M; = Pl._lBi P;+1, where P; is the diagonal matrix given by P;(j, j) =
pn; forevery 1 < j <i +2andi > 1. This shows that LiLnn(A(i +2,1), B;) is
affinely homeomorphic to l<i£1n(A(i + 2, pn;), M;).

The proof conclude verifying that (M;);>o is managed by (pn,)i>o- Ol

7. Proofs of the main theorems

7.1. Proof of Theorem A. The proof of Theorem A is a corollary of previous
results.

Proof of Theorem A. Let ext(K) be the set of extreme points of K. If ext(K) is
finite, then the proof is direct from Proposition 3 and Lemma 9. If ext(K) is
infinite, the proof follows from Proposition 3 and Lemma 12. O

7.2. Proof of Theorem B. We refer to [8] for definitions and properties about
Toeplitz Z-subshifts or Toeplitz flows. See [11] and [19] for details about ordered
Bratteli diagrams, Kakutani—Rokhlin partitions and dimension groups associated
to minimal Z-actions on the Cantor set.

We denote by X a finite alphabet with at least two elements. For x = (x,)nez €
>Z andn < m € 7, we set

x[n,m] = xp - Xpm.
In a similar way, if w = wg ---wy,—; is a word in X", we set
wlk,l] = wg---wy, forevery0 <k <[ <n.

The next result follows from the proof of [17, Theorem §].
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Lemma 13. Let xo € X% be a Toeplitz sequence and let (X,0|x,Z) be the as-
sociated Toeplitz Z-subshift. There exist a period structure (pn)n>0 of xo and a
sequence of matrices (Ay)n>0 managed by (pn)n>o such that the dimension group
associated to (X, o|x, Z) is isomorphic to

Furthermore, if ky is the number of rows of A, and r, = p;“, then for every

m>n>0andl1 <k <k, !

|{1 <!l <knm: An,m—l('yl) = An,m—l('yk)H

= (An,m—l(lsk) —Frn42°Fm—1, .. -yAn,m—l(knsk) - rn+2"'rm—1)!a

where Apm—1 = An -+ Am—1.

Proof. Inthe proof of Theorem 8 in [17] the authors show there exist a period struc-
ture (pn)n>1 of xo and a sequence (P,),>o of nested Kakutani—Rokhlin partitions
of (X, o|x.Z) such that

Po =1{X}
and
Pn = {T'](Cn,k): 0<j<pnl=<k=<k,},
where
Cok ={x e X:x[0,pp — 1] =w, i}, foreveryl <k <k,
with W, = {wn,1,..., Wy, the set of the words w of xq of length p, verifying

w[0, pp—1 — 1] = x0[0, pp—1 — 1], for every n > 1 (with pg = 1).
Thus the dimension group with unit associated to (X, o|x, Z) is isomorphic to

T
A2

7k2

lim(Z. A7) = Z

where A, (i, j) is the number of times that the word w, ; appears in the word
Wp41,j,forevery 1 <i <k,,1 <j <kuy1andn > 1, and the matrix Ag is the
vector in ZK1 whose coordinates are equal to p;.

Since wy+41,; # Wwp+1,; fori # j, equal columns of the matrix A4, produce
different concatenations of words in W,,. This implies that for every 1 < k <
kn+1, the number of columns of A, which are equal to A4, (-, k) can not exceed
the number of different concatenations of r, words in W}, using exactly A, (j, k)
copies of wy ;, for every 1 < j < k,. This means that the number of columns
which are equal to 4,,(-, k) is smaller than or equal to (4, (1, k), ..., A, (ks k))!.
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Now fix n > 0 and take m > n. The coordinate (i, j) of the matrix A, ;—1
contains the number of times that the word w,; € W, appears in wy, ; € Wy,.
Observe that every word u in W, is a concatenation of r,45---ry—; words in
Wy 42. In addition, each word in W, starts with x¢[0, py+1 — 1] € Wy +1, which
is a word containing every word in W), (we can always assume that the matrices
Ay are positive). Thus there exist 0 < Iy < -+- < I, .r,,_; < Pm such that
ulls,ls + pn— 1] =wlls,ls + pn —1] € Wy, forevery | <s <ryyp---ryp—1 and
u,we W,

This implies that the number of all possible concatenations of words in W,
producing a word in W, according to the column k of the matrix A, ;;— is smaller
than or equal to

(An,m—l(lvk) —Frn4+2 " Fm—1,-- "An,m—l(kn,k) —Fng2 o Tm—) O

Proof of Theorem B. Letxo € X be aToeplitz sequence. Let (p,)n>1 and (A,)ns0
be the period structure of xo and the sequence of matrices given by Lemma 13
respectively. It is straightforward to check that Lemma 13 is also true if we take
a subsequence of (p)n>0. Thus we can assume that for every n > 1, the matrix
A, has its coordinates strictly greater than 1 and that there exist positive integers
Fna,--->Tn,q > 1such that

Pn+1
=TIn ="n1"""Tnd.
DPn
Define gn41; = ro,i---rni forevery 1 <i < d,and [y = ]_[;izlqnﬂ,,Z,

for every n > 0. We have T'y41 € Ty, (), [n = {0} and |Z¢/T,| = py. Let
(Fu)n>0 be a Fglner sequence associated to EF,,),,EI as in Lemma 5. We let R,, be
as in Section 5 (the set that defines the “border").

Now, we define an increasing sequence (n;);>; of integers as follows:

We setny = 1. Fori > 1, given n; we chose n;+1 > n; + 1 such that

Z |Fni+1 \F”H-l — g < !
gERy. |Fnz‘+1| | o |7 Tny 41
12
Thus,
| Fni | | Foy | |Foy |
- Z |F”i+1\Fni+1_g|> -
[ Fni | | F, | [ o |0 Ty +1

8€Ry;
= In; "'rnH_]—l _rni+2"'rn,-+1—l

> rni "'rn,-_H—l _knirni+2"'rnl~+1—l-
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Let My = Agand M; = Ay, o Ang -1 foreveryi > 1. Forevery | <k <k,
we get

i+1

Mi(kni7k)_ Z |Fn,-+1 \FnH_] _g| > Mi(kn,wk)_rni+2"'rni+1—ls
g€Ry;

which implies that

(Mi(lvk)""vMi(kni - lvk)vMi(kni’k)_ Z |Fn,-+1 \Fni—H _g|)'

g€Ry;
is greater than
(Mi(17 k) - rn,-+2"'rnl~+1—ly cees Mi(knivk) - rni+2"'rnl~+1—1)!

Then by the previous inequality and Lemma 13, the number of columns of M;
which are equal to M; (-, k) is smaller than

(Mi(lvk)""vMi(kni - lvk)vMi(kni’k)_ Z |Fn,-+1 \Fni—H _g|)'

g€Ry;

As in the proof of Proposition 3, we define ]\71,- and we call /; and /; 4, the number
of rows and columns of M; respectively, for every i > 0. According to the nota-
tion of the proof of Proposition 3, in our case M, corresponds to the matrix M
and 1% corresponds to the matrix M . Observe that the bound on the number of
columns which are equal to M; (-, k) (and then to M; (-, k)) ensures the existence
of enough possibilities to fill the coordinates of F;, in order to obtain different
function B; 1 ---, B;;, € {1,..., 1;)¥ni as in the proof of Proposition 3, for every
i > 1 (see Remark 2).

The Toeplitz Z4-subshift (Y, o |y, Z%) given by (Bi1,..., Bi ;. )i>1 has an or-
dered group (Y, o|y, Z¢) isomorphic to (H/inf(H), (H/inf(H))", u +inf(H)),
where (H, H™) is given by
M

v T vl
MZ M3

VAE

z zlo Vi
with My = |Fy|(1,...,1) and u = [1,0] (Cf. Lemma 7).

Lemma 2 implies that (H, H ™, u) is isomorphic to the dimension group with
unit (J, J T, w) associated to (X, o|x, Z). Thus, we deduce that the ordered group
(J/inf(J), (J/inf(J))™, w + inf(J)) associated to (X, o|x,Z) is isomorphic to
S(Y, oy, Z%). We conclude the proof applying Theorem 1. U
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In [25], the author shows that every minimal Cantor system (Y, T, Z) having
an associated Bratteli diagram which satisfies the equal path number property is
strong orbit equivalent to a Toeplitz subshift (X, o|x, Z). Thus the next result is
immediate.

Corollary 1. Let (X, T,7Z) be a minimal Cantor having an associated Bratteli
diagram which satisfies the equal path number property. Then for every d > 1
there exists a Toeplitz subshift (Y, o |y, Z%) which is orbit equivalent to (X, T, Z.).

Acknowledgment. We would like to thank the referee for many valuable com-
ments which served to improve the article.
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