Groups Geom. Dyn. 8 (2014), 1101-1140 Groups, Geometry, and Dynamics
DOI 10.4171/GGD/257 © European Mathematical Society

Fixed-point property of random quotients by plain words

Hiroyasu Izeki

Abstract. We show a fixed-point property of certain random groups for a wide class of
CAT(0) spaces. The model of random groups under consideration is given as the set of
presentations (S, R), where S is a generating set and the set of relations R is a subset of
the set of all plain words of the same length with suitably fixed density. Our main theorem
says that, with high probability, groups obtained by such presentations have the fixed-point
property for all CAT(0) spaces having bounded singularities.
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1. Introduction

Let Y be a metric space and Isom(Y) the group of isometries of Y. We say a group
I has the fixed-point property for Y if any isometric action of I" on Y admits a
fixed point; namely, for any homomorphism p: I' — Isom(Y), there is a point
p € Y suchthat p(y)p = p for all y € I'. When we take a Hilbert space H as Y,
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according to theorems due to Delorme and Guichardet, the fixed-point property
for H is equivalent to Kazhdan’s Property (T). Groups with Kazhdan’s Property
(T) have interesting and mysterious features, as described in [1]. On the other
hand, a group with the fixed-point property for trees cannot be decomposed into
an amalgamated free product, as explained in [20].

Looking at these examples, one may suspect that having such a fixed-point
property imposes a strong restriction on groups. Recent progress suggests, how-
ever, that groups with the fixed-point property are distributed densely in a certain
class of finitely generated groups, as shown in [8], [21], [23], [9], [10], and [6]. In
these papers, we see that certain random groups have a strong fixed-point prop-
erty: random groups in the triangle model ([23], [9]) and the graph model ([8],
[21], [10], and [6]). Here, models of random groups are provided as certain sets of
group presentations, and the phrase “random groups in the model admit the fixed-
point property” means that groups given by presentations in the model admit the
fixed-point property with high probability. In a slightly different direction, there
is a result on so-called marked groups presented in [13], which claims that groups
with the fixed-point property is dense in the closure of the set of marked groups
which are torsion-free, infinite, and non-elementary hyperbolic with respect to a
certain topology. Also we should mention that the existence of a group with a very
strong fixed-point property is shown in [5] and [17]. Along the same lines as these
results, our main theorems in the present paper say that groups with the fixed-point
property for certain metric spaces in fact form an extensive class among finitely
presented groups; random quotients by plain words with certain densities admit a
strong fixed-point property as we explain below.

Let m, n be natural numbers and 0 < d < 1 a real number. Denote by S a
set consisting of m letters and their inverses: S = {s1,s7',..., sm.5,'}. We call
a sequence of letters belonging to S a word, and the number of letters forming
a word the length of the word. Thus, any word with length 5 takes the form of
siis;y .5, where ¢; = £1 and 5;; € S. We denote by W, the set of words
(plain words) of length . We consider a group generated by S with a presentation
P = (S, R), where the set of relations R is a subset of W,,. We note that a relation
r € R may be areducible one, namely, r may contain a sequence of the form s;s; !
or sj_lsj. Fix a real number ¢ > 1 and set

P(m,n,d)={P = (S,R) | R C W, and ¢ "' (2m)?" < #R < c(2m)“").

Let I' be the free group generated by S: I' = (s1) * - - - * (s5,). Then each element
in W, determines an element in I" in an obvious way. Denote by I'p the group
given by a presentation P = (S, R): I'p = I'/R, where R is the normal closure
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of Rin I'. It is an easy exercise to show that, for any finitely presented group I,
there exists m,n € Nand 0 < d < 1 suchthatI" = I'p for some P € P(m,n,d);
that is, our model contains all finitely presented groups.

Let Y be a CAT(0) space, a metric space with nonpositive curvature (see §3
for the definition). Complete, simply connected Riemannian manifolds with non-
positive sectional curvature, trees, and Hilbert spaces are typical and important
examples of CAT(0) spaces. When I" has the fixed-point property for Y, we say I'
has F(Y) in what follows. Note that if I" is a finite group, then I" has the fixed-point
property for any CAT(0) space. In fact, an orbit of any isometric action of I" on Y
consists of finite points, and hence, in CAT(0) space Y, we can find the barycen-
ter of the orbit that must be invariant under the action of I". (See Proposition 3.2
for the definition and the existence of the barycenter.) Thus, in what follows, our
interest is in an infinite group I" with the fixed-point property for CAT(0) spaces.

If we take d in P (m, 1, d) larger, then producing homomorphism from I'p for
P € P(m,n,d)into Isom(Y) becomes more difficult, which means that isometric
actions of I'p on Y must carry a strong restriction in general. This leads us to a
naive consideration that the larger d becomes, the more we can expect I'p for
P e P(m,n,d) to have the fixed-point property. On the other hand, if we take d
too large, then R becomes large; it may force ['p to be a finite group, which is the
case we want to avoid. Our main theorems tell us that the truth is exactly as this
consideration describes, and there does exist d which provides infinite groups with
the fixed-point property for a certain class of CAT(0) spaces with high probability.
For Hilbert spaces, we will show the following theorem.

Theorem 1.1. Let H be a Hilbert space. For1/3 <d <1 — % log,,,(8m —4),

lim #{P € P(m,n,d) | Tp is an infinite group having F(H)}
1 =

1
n—00 #P(m,n,d)

holds.

If we only allow irreducible words to be relations in the definition of P(m, n, d),
we obtain the density model of Gromov. One can expect a result for the density
model similar to Theorem 1.1, and an idea of the proof, a reduction to Zuk’s theo-
rem ([23, Theorem 4]), is suggested in [18, 1.3.g]!.

! After the present paper was submitted, a complete proof was given by Marcin Kotowski
and Michal Kotowski [16].
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In order to state our result for general CAT(0) spaces, we need to introduce an
invariant of CAT(0) spaces defined in [11, Definition 6.1]: Let u be a measure on
a CAT(0) space Y, whose support supp p consists of finite points. Denote by /it
the barycenter of u (see Proposition 3.2), and let

S(1)
2

p:suppu — H, ¢(n) =0,
5 lo(p)| = d(, p) for any p € supp p. ;
/Y le(P)I” d1(P) | p(p) — p(q)] < d(p.q) for any p.q € supp

‘ / o(p) du(p)
Y

= inf

where H is a Hilbert space, and 0 denotes its origin. Then §(Y) is defined to be
8(Y) = sup{d(n) | n is a measure on Y with #supp u < oo} .

This invariant 6(Y) measures the singularity of Y, and obviously it takes values in
[0,1]. If§(Y) = 0, then Y is considered to be almost regular; CAT(0) Riemannian
manifolds and trees satisfy §(Y) = 0. For general CAT(0) spaces we will show:

Theorem 1.2. Take 0 < § < 1 and an integer k so that k > 1/(1 — §). Let
Ys be the class of CAT(0) spaces with §(Y) < 6. Then, for k/(2k + 1) < d <
1— % log,,, (8m —4),

lim #{P € P(m,n,d) | Up is an infinite group having F(Y) forall Y € Ys}
n—>00 #P(m,n,d)
=1

holds.

A part of the theorems above is due to Ollivier; Ollivier [19] proved that, by
choosing d < 1 — 3 1og,,,(8m —4),

lim #{P € P(m,n,d) | I'p is non-elementary hyperbolic}
1 =

17
n—>00 #P(m,n,d)

where I" being non-elementary hyperbolic means that I' is an infinite hyperbolic
group (in the sense of Gromov) which does not contain Z as a finite index sub-
group. Since %logz,n (8m —4) — 1/2 as m — oo, by taking m sufficiently large,
Theorem 1.2 tells us that, for any 0 < § < 1, we can choose d so that infinite
hyperbolic groups with F(Ys) form an extensive class among the groups com-
ing from P(m,n,d). Here a group I has F(Ys) means that I" has F(Y) for all
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Y € Ys. We note that, in [6], it is shown that any CAT(0) cube complex Y satis-
fies 6(Y) < 1/2. Therefore Y/, contains all CAT(0) Riemannian manifolds and
CAT(0) cube complexes. On the other hand, there does exist a CAT(0) space Y
with §(Y) = 1 ([14]).

This paper is organized as follows. In §2, we introduce a finite graph associated
to each element of P(m, n, d) and state Proposition 2.1, which concerns with the
eigenvalue of random graphs associated to P(m,n,d). In §3, we introduce an
energy of equivariant maps from I" to Y, and give a criterion for an action of
I' on Y to have a fixed point in terms of the ratio of certain energies, which is a
modification of [10, Lemma 2.7(2)]. We also state Proposition 3.7, which connects
the ratio of energies and the eigenvalue of the graph introduced in §2. In §4, we
give the proofs of Theorem 1.1 and 1.2, assuming Propositions 2.1 and 3.7. After
a brief review of some facts in probability theory in §5, we give the proofs of
Propositions 2.1 and 3.7 in §6. As a matter of fact, our proofs give results on
random quotients of any group, which will be explained in §7.

Acknowledgements. The author would like to thank Shin Nayatani and Takefumi
Kondo for their interest in this work. The author is also grateful to Yann Ollivier
for his valuable comments on the first manuscript of this paper.

2. A graph associated to a presentation

Fix a natural number k. For each natural number n > k, we take [ so that / is the
largest integer satisfying n = [ (mod 2) and/ < n/(2k + 1). We set 2n = n —1.
Therefore we have

Qk + 1)l <p= 2n+1) < 2k + D) + 2k + 1), (2.1a)
kl <n <kl + 2k +1). (2.1b)

Note that  — oo implies both [ — oo and n — oo.

Let0 <d <1and P € P(m,n,d). We associate a finite graph Gp to P =
(S, R) as follows: the vertex set V of G p is identified with W}, and a pair {v;, v2} €
V x V is joined by an edge if there is a word viuvy! € R C W,, where u € W,
and v~! denotes the inverse word S;G" ...sl._le1 of v = sfll ...sf:, € = 1. We
denote the set of (unoriented) edges of Gp by Ep. Thus Gp = (V, Ep), where

V=W,
Ep = {{v1,v2} | viuvy ! € R for some u € W;}.
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If there are two words u,u’ € W; such that r = viuvy !, r’ = viu'v;! € R, then
r and r’ define distinct edges with the same endpoints vy, v, € V; thus Gp may
have multiple edges. Also Gp may have self loops, since r = vuv~! may appear
in R. Let v be a measure on V' x V' defined by

#HueW | vluv2_1 e R}y +#{u €W | vzu’vl_l € R}
2#R '

v(v1,v2) =

By definition, v is a symmetric probability measure on I x V' and can be regarded
as a probability measure on Ep. By a slight abuse of notation, we denote by v a
probability measure (or simply a funtion) on V' defined as

#Hue W,y lvue Ry +#u € W |u'v™ € R}

v(v) = Zv(v, V') = R

v/

Note that
o) < deg@) _ deg)
2#R 2#FEp

where deg(v) is the degree of v, which is defined to be the cardinality (counted
with multiplicity) of edges having v as one of the endpoints. Since a self loop
comes from a relation of the form vuv ™!, it is counted twice in the definition of
our degree. For real valued functions f, g defined on V, their inner product is
defined by

(@2 =) v fegW).

veV

The Laplacian Ap of Gp is defined by

Apf) = f) = 30 200 iy,

()

for a funtion f: V — R on V. Itis easy to see that Ap is a symmetric and
nonnegative operator with respect to the inner product (-, -); 2> defined above. The
eigenvalues of Ap are distributed in the interval [0, 2], and it is clear that constant
functions are eigenfunctions corresponding to the smallest eigenvalue 0. We de-
note by A1(Gp) the second smallest eigenvalue of Ap counted with multiplicity,
which is positive if and only if Gp is connected. The Rayleigh quotient RQ( f) of
f:V — Ris defined as

ldf 17
F(f) -

RO(f) =
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where

Idf 132 = 5 30 2 v )1 @) — F@DP

veV veV

F(f) =3 3 vew)lfe) - f&)P

v,v'eV

Easy computations show that F( f) is equal to the L2-norm of the component of
f which is perpendicular to constant functions and that [|df[|7, = (f. Ap f)p>.
Therefore we obtain

A1(Gp) = inf{RQ(f) | f is a nonconstant function on V}.

In §6.2, We will show the following proposition on the eigenvalue of the Laplacian
of G P.

Proposition 2.1. Fix a natural number k. If k/(2k + 1) < d, then, for any ¢ > 0,

. #{PeP(m,nd)|r(Gp)>1-—¢}
lim =

1
n—>00 #P(m,r;,d)

holds.

3. Energy of equivariant maps and fixed points

In this section, we review and improve some results obtained in [9] and [10],
which concern the energy of equivariant maps from a finitely generated group to a
CAT(0) space. A complete metric space Y is called CAT(0) space if any geodesic
triangle is thinner than that in the Euclidean plane in the following sense.

Let Y = (Y, dy) be a complete metric space and p,q € Y. A geodesic joining
p to ¢ is an isometric embedding ¢ of a closed interval [0, /] into Y such that
c(0) = pand c(l) = g, where | = dy(p,q). If any pair of points in ¥ are
joined by a geodesic, then Y is called a geodesic space. Consider a triangle in
a geodesic space Y with vertices pi, p2, p3 € Y and three geodesic segments
P1DP2, P2P3, p3p1 joining them. We denote this triangle by A(p1, p2, p3) and call
such a triangle a geodesic triangle. Note that we can take a triangle A(p1, P2, P3)
in R? so that dy (p;, p;) = dr2(Pi, P;), since the side lengths of A(py, p2, p3)
satisfy the triangle inequality. We call A(p1, P2, P3) a comparison triangle for
A(p1, p2, p3). And we call a point ¢ € p; p; a comparison point for g € p; p;
if dy (pi.q) = dp2(Ppi.q). Then we say that A(pi1, pa, p3) satisfies the CAT(0)
inequality, if dy (q1, q2) < dp2(q1, q2) for any pair of points q;, g» on the sides of
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A(p1, p2, p3) and their comparison points g7, 2. If every geodesic triangle in Y
satisfies the CAT(0) inequality, then Y is called a CAT(0) space.

If Y is a CAT(0) space, it is easy to verify that ¥ has two important properties:
the uniqueness of a geodesic connecting given two points and the contractibility.
A complete, simply connected Riemannian manifold of nonpositive sectional cur-
vature is a typical example of CAT(0) space. Also trees and Hilbert spaces are
CAT(0) spaces. For an detailed exposition on CAT(0) space, we refer the reader
to [3].

Now we recall some definitions which will be necessary later.

Definition 3.1. Let Y be a CAT(0) space.

(1) Let ¢ and ¢’ be two nontrivial geodesics in Y starting from p € Y. The
angle Z,(c,c’) between ¢ and ¢’ is defined by

AP(C’ C/) = tltillzl)o Lﬁ(m7 C/(Z/))7

where /5 (c(1).¢'(t")) denotes the angle between the sides pc(r) and pc’(t') of
the comparison triangle A(p, c(¢),c’(t")) C R2.

(2) Let p € Y. For a pair of nontrivial geodesics ¢, ¢’ starting from p, we
define a relation ~ by ¢ ~ ¢’ if and only if Z,(c,¢’) = 0. Then ~ becomes
an equivalence relation on the set of all nontrivial geodesics starting from p de-
noted by (S,Y)°. Then the angle Z, induces a distance on the quotient (S,Y)° =
(/51,7)/" / ~, which we denote by the same symbol Z,. The completion (S,Y, Z,)
of the metric space ((S,Y)°, £,) is called the space of directions at p.

(3) Let TC,Y be the cone over S,Y, namely,
TC,Y = (S,Y xRs0)/(SpY x{0}).

Let W,W' € TC,Y. We may write W = (V,t) and W' = (V',t’), where V, V' €
SpY and 7,t’ € Rxo. Then

drc,y (W.W') = 12+t —2¢¢ cos Ly(V, V")

defines a distance on TCpY . The metric space (T'C,Y, drc,y) is known to be a
CAT(0) space and is called the tangent cone at p. We define an “inner product”
on TC,Y by

(W, W'y = tt'cos L,(V, V).

We often denote the length ¢ of W by |W|; thus we have |W| = /(W, W) =
drc,y(0,, W), where 0, denotes the origin of TC,Y .
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(4) Defineamap ,: Y — TC,Y by m,(q) = ([c]. dy(p.q)), where c is the
geodesic joining p to ¢ and [c] € S,Y is the equivalence class of c. Then 7, is
distance non-increasing.

We often use the following important fact.

Proposition 3.2 ([15, Lemma 2.5.1]). Let Y be a CAT(0) space. Suppose that
W is a finitely supported measure on Y ; that is, i is a measure of the form yu =
>, wiDiracy,, where Dirac), is the Dirac measure supported on a point p € Y,
and py, ..., pm € Y. Then there exists a unique point po € Y which minimizes
the function

F@) = [ dp.a? dup) = Y wd(pia?, g€
i=1

We call the point pg the barycenter of {p1, ..., pm} with respect to a measure
W, or simply barycenter of |1.

Let Y be a CAT(0) space, and denote by Isom(Y') the group of isometries of
Y. Let T be a finitely generated group, and p: I' — Isom(Y) a homomorphism.
Wecallamap f: ' — Y p-equivariant if f satisfies f(yy’) = p(y) f(y’) for all
y,y’ € T. Suppose that a I'-invariant, symmetric random walk with finite-support
property on I' is given. In other words, we are given u: I' x ' — [0, 1] with the
following properties.

e FINITE-SUPPORT PROPERTY. For any y € T, u(y,y’) = 0 for all but
finitely many y’ € T,

e Forany y €T, Z uly,y) =1,
y’el
e I'-INVARIANCE. u(yy’,yy”) = u(y’,y”) forany y, y’,and y” € T,
e SYMMETRY. u(y,y") = u(y’,y) forany y,y’ € T.
Then we define the energy E, (/) of a p-equivariant map f by

Eu(f) = 5 3 im0y )dy (FG). F7). G.1)

y’el’

Note that, due to the I"-invariance of (-, -) and the p-equivariance of f, this value
does not depend on the choice of y. A p-equivariant map f is said to be har-
monic if f minimizes E, among all p-equivariant maps. Note that the image
of a p-equivariant map f: I' — Y is the p(I")-orbit of the point f(e), and f is
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determined by the choice of f(e). Therefore, the set of all p-equivariant maps
from I to Y can be identified with Y. Then the energy functional E,, becomes a
convex continuous function on Y, since Y is a CAT(0) space. Let —gradE (/)
be the negative gradient of the energy functional E, at f. When Y is a Rie-
mannian manifold this should be understood as the negative of the ordinary gra-
dient. In general, one can give a reasonable definition of —gradE, (f) as an el-
ement of the tangent cone of Y, identified with the space of p-equivariant maps,
at a point f. In fact, —gradE,(f) should be 2(—A f(e)), where —A f(e) is the
barycenter of {Fr)(y) = re) o f(y) | u(e,y) # 0} with respect to a measure
>, (e, y)Diracr,, (). The following proposition gives a sufficient condition
for the existence of a fixed point of p(I") in terms of the energy functional.

Proposition 3.3 ([9, §1], see also [8, §3]). Let I" be a finitely generated group
equipped with a T-invariant, finitely supported, symmetric random walk. Let Y
be a CAT(0) space and p: I' — Isom(Y) a homomorphism. Suppose there is a
positive constant C such that |— A f(e)|* > CE,(f) holds for every p-equivariant
map f. Then there is a p-equivariant map fo such that E, ( fo) = 0.

Recall that p is called irreducible if u satisfies the following: for any y, y’ € T,
there exists yg, y1,...,¥Yn € I' such that y = yg, ¥’ = yn, and u(y;, yit+1) # 0,
i =0,....,n—1. If E,(fo) = 0, then d(f(y), f(y')) = 0 for any pair y, )’
whenever there exists a sequence yy, y1,...,Yn» € ' as above. Therefore, if u is
irreducible, then fy with £, (fo) = 0 must be a constant map, and the image of
fo is a fixed-point of the action of p(T").

Let u be the transition probability of the standard random walk on I' with

generating set S = {s1,...,Sm,s7 ', ...,5,'}, namely,
n_ Mse S|y =ys)
p(y,y') = 7 :
m

We note that s € S may become the identity element in I', and if this is the case,
then wu(y,y) # 0 for any y € T'. It is clear that so defined p satisfies the four
properties listed above and the irreducibility.

Denote by ©” the nth convolution of u:

WYY =Y Y my) e i amn v).

viel'  yp—1€l

We define n-step energy E »(f) of a p-equivariant map f by

Ea(f) =3 X W0y (f0). fG/))

y’el’
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Since " is I'-invariant as u, again this does not depend on the choice of y.

In [8], Gromov gave an interesting criterion for an action of I" on Y to have a
fixed point in terms of the ratio of £, (/) and E,,»(f) (see also [10] and [21]). We
need a variant of this criterion, stated as Theorem 3.6 below, in order to prove our
main theorems.

A slight modification of the proof of [10, Lemma 2.7(2)] gives the following
lemma, which we state in a way convenient for our use.

Lemma 3.4. Let I be a finitely generated group equipped with the standard ran-
domwalk, andY a CAT(0) space. Let n, k, | be natural numbers satisfyingn > kl.
Then, for any natural number i < 2k, we have

Eon-ir(f) < 2k —i + 1)? (Eul (f)+ Euzn—Zkl(f)) 3.2)

and

|~ Aan-it f(@)] < @k =i+ 1)y/2 (B (f) + Ey2n-20a (),

where —A; f(e) is the barycenter of

{Fre)(y) = mtpey o f(¥) | W (e.y) # 0}

with respect to a measure Zy w’ (e, y)Dirac Frie) )

Proof. Noting

M2n—il — (Ml)Zk—i % M2n—2kl’

we get

E 2n-i1(f)

== > eyt Gaeicr v M (vai vak—iv1)
V1seosV2k—i41

x dy (f(e). f(yak—i+1)?

Z e, y1) - i1 Vak—iots Yak—i "2 (Vak—is Vak—it+1)
Y15 V2k—i+1
x (2k —i + D) (dy (f(e), f(1)? + -+ + dy (f (Yar—i). f (Vak-i+1))?).
3.3)

=

N —
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Note that

1 _
5 2 W) M o vakei o) dy (f (Vakei)- S (vak-i41)
Viseeos V2k—i+1

== > ). 1 (ak-io1 vak—i)

<Y M (i yakmi )y (f ak=i)s f (Pak—i+1))
V2k—i+1

> ey . i Yakmior Vak—i) X Epan-2ii (f)

= EMZn—zkl(f),
and, for j <2k —1,

> > ey M ki vak—i)dy (F(). f(vi+1))

Viseeos V2k—i+1

1
=5 2 ey w oy Gakeion o)
Viseeos V2k—i
X Z 1K (i yak—iv1)dy (f(e). f(Vj_lyj-‘rl))z
V2k—i+1
1
=3 Z wey).. -//vl(ijyj-H) o (Vak—iz2 Vok—iz1)

x Y w ak—ic1 var—)dy (f (). f (1))

Y2k —i
:% Y eyl ) X 30 i v dy (F). S ()
V1sees yj yj+1
— Z...Zul(e, Y1) .. .,ul()/j—h Vi) Eu(f)
Y1 Yj
=E i (f)

holds. Together with (3.3), this implies (3.2):
E on-it(f) < 2k —i + D)((2k —i)E, i (f) + E 2n—2x1(f))
<Q2k—-i+ I)Z(EMI (f)+ E on—2x1(f)).

Since | — Agy—is f(€)| < /2E 2n—is(f) follows from [10, Lemma 2.7(1)], com-
bining with (3.2) implies the other inequality. O
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The following is a variant of [10, Proposition 2.8].

Proposition 3.5. Let I' be a finitely generated group equipped with the standard
random walk, and Y a CAT(0) space. If natural numbers n, k andl satisfy n > kl,
we have

Eon(f) > Epan—2ki(f) + 2kE i (f)
X 3.4)

=30k —i + D)\2(Eu (/) + Eanan () |=Ai (o).
i=1

Proof. By using [10, Proposition 2.5] 2k times, we obtain

Eon(f) = Epon-i(f) + Ei (f) = (=A2n— fe). —As f(e))
> (Eyon—21(f) + Ei(f) = (=Dan—ai f(e), —=A; f(e)))
+ Eu(f) = (=B fe), —Arf(e))

2k

> Eyon—aii(f) + 2k E i (f) = Y (—Ban—ir f(e). —A1f(e))
i=1
2k

> Eyan-aii(f) + 2kEi (f) = Y | = Bon—it f(©)]] = Arf(e)].

i=1

Now Lemma 3.4 implies the desired inequality. O

Theorem 3.6. Let ' be a finitely generated group equipped with the standard
random walk, and Y a CAT(0) space. Suppose that natural numbers n, k and |
satisfy n > kl, and that there exists ¢ > 0 such that, for any p-equivariant map f,
the following inequality holds:

Eon(f) < Rk —e)Ei(f).

Then there is a p-equivariant map fo with E ;i ( fo) = 0. Moreover, p(I') admits a
fixed point.

Proof. By (3.4) and the assumption, we get

2k —e)E, i (f) = EMZn—Zkl(f) + 2kEM1(f)
2k

=30k =i+ D)\2(Eu(f) + Eanan()) |=Ai f (@)
i=1
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and hence

c(k)|=Arf(e)] \/EM/ (f) + Epan—2i (f)

> gEul(f) + EMZn—Zkl(f)
> g(Euz(f) + Euzn—zkl(f))’

since we may assume ¢ < 1. Hence

|=Arf(e)]

v

&
@\/EM, (f) + Eponaet (f)
Ei(f).

e
>
~ c(k)
By Proposition 3.3, this implies the existence of fo with E,;(fo) = 0. If  is odd,
then p!(e,s) # O forany s € S. Thus fy(s) = fo(e) for any s € S. Since fj is
p-equivariant, this implies that fy(y) = fo(e) for any y € I', which means that
fo is a constant map and fy(e) is a fixed point. Suppose [ is even. Let T be a
subgroup of I' generated by §' = {y € T | u?(e, y) # 0}. Then ! (e, y) # 0 for
any y € S/, and fy(e) is fixed by p(T'’). On the other hand,

0 if y can be expressed by word with even length,

p(y) = {

1 otherwise,

defines a homomorphism ¢ : I' — Z /27, and the kernel is exactly I'". Therefore,
I’ is a subgroup of index at most 2. Since f(I'’) is a point and the image fo(T")
is the p(T")-orbit of fo(I'’), fo(T") consists of at most two points. In other words,
we have an orbit consisting of at most two points. If the orbit consists of a single
point, then the point is a fixed point for the action of p(I"). Suppose the orbit
consists of two points. In this case, the action p(I") is simply a permutation of
these two points; if y € I, then p(y) must fix both points, while if y ¢ T, then
p(y) exchanges these two points. Since the action of p(I") is by isometry, their
unique midpoint must be fixed by p(I"). (The uniqueness of the midpoint follows
from the uniqueness of a geodesic joining given two points, which is true because
Y is a CAT(0) space.) This completes the proof. U

According to Theorem 3.6, in order to prove the fixed-point property of I" for ¥,
we need to give a bound on the ratio E,,2.(f)/E,,:(f), which is less than 2k and
independent of p and f. The ratio £,2. (f)/E,:( f) has an interesting connection
with the Rayleigh quotient of a map from a graph into Y as we explain below.

Let I" be the free group generated by S: I' = (s1) * --- * (s;,). Let ['p be the
group given by a presentation P = (S, R) € P(m,n,d). Let Gp = (V, Ep) be
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the graph associated to P defined in §2. Let Y be a CAT(0) space with a metric
d =dy,and f:V — Y amap into Y. Then the Rayleigh quotient RQC(f) of
f, introduced by Gromov, is defined as

ldf 117 -

ROO(f) =~

where

1
ldf 17z =5 3 D v, v)dy (/). [,

veV v'eV

1
F(f) =3 D vwE)dy (f@), f().

v, eV

When Y = R this is nothing but the Rayleigh quotient introduced in §2. For a
general CAT(0) space Y, using the triangle inequality, one sees that

F(f) = % Y v )2dy (bar(f), f(v))* + 2dy (bar(f), f())?)

v,v' eV

=2 dy(bar(f). f(v)),

vevV

where bar( f') is the barycenter of f (V). Let§(Y) be the invariant introduced in [11,
Definition 6.1], and A; (G, Y) be Wang’s invariant (see [22] or [11, Definition 4.2]).
Then by [11, Proposition 6.3], for any nonconstant map f: V' — Y, we obtain

1 ldf )3
23" dy (bar(f). f(v))

veV

h(G.Y) = (=5 )A(G),

ROC(f) =

(3.5)

%

Let p: 'p — Isom(Y') be a homomorphism, and take any p-equivariant map
f:Tp — Y. Then we can consider p-equivariant map f = fomp: ' > Y,
where p denotes the projection from I" onto I'p and p = powp: I' — Isom(Y).
Regarding v € V as an element np(v) € I'p in a natural way, we get a map
f:V — Y induced from f, where & denotes the element in I' determined by a
word v.

Regarding a p-equivariant map as a map defined on V' as above, we will be
able to show that the Rayleigh quotient approximates the ratio of /-step and 2n-
step energies with high probability.
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Proposition 3.7. Fix a natural number k, and let k/(2k + 1) < d < 1/2. Setl
and n as described in (2.1). Then, for any ¢ > 0, we have

#{P € P(m,n,d P
{ (.. d) for all nonconstant p-equivariant map f

(3.6) holds for all Y, p: Tp — Isom(Y),}

nli»nc}o #P(m,n,d) =1
where y
- Eu(f) .
1—e)ROC(f) < —£—=Z < (148 RO%(f). (3.6)
(1=e)RO(f) Eon () (1+eRO7(f)

and Y denotes a CAT(0) space.
The proof will be given in §6.2.

Remark 1. We are assuming d < 1/2 in order to regard P (m, n, d) as the prob-
ability space describing an experiment given by choosing a word co(2m)?" times
randomly from W;, where ¢! < ¢o < c. However, the assumption d < 1/2 is
not essential as we will explain in Remark 2.

4. Proofs of Theorem 1.1 and 1.2

We first give the proof of Theorem 1.2, assuming Proposition 2.1 and 3.7 and then
point out a necessary change in order to show Theorem 1.1.

Note that 1 — 1 log,,,(8m — 4) < 1/2 holds, and that we have RQC(f) >
AM(Gp.Y) = 2(1—=8(Y))A1(Gp) = 2(1 = 8)A1(Gp) forany ¥ € Y5 by (3.5) and
our assumption. By Propositions 2.1 and 3.7, we see that if k/(2k + 1) < d <
11— % log,,, (8m — 4), with probability tending to 1 as n — oo, I'p satisfies

Eu(f) _1
Eon(f) ~

;8(1 —¢) (4.1

forany Y € Y5, p: I'p — Isom(Y), and p-equivariant map f , Wwhere p = po
wp: ' — Isom(Y). Rewriting this, we see that, for any ¢’ > 0, P € P(m,n,d)
satisfies the following property with high probability, that is, probability tending
tolasn — oo: Forany Y € Y5, p: I'p — Isom(Y), and for any p-equivariant
map f ' —>Y,

2

Eon(f) < T+ &VEu(f)
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holds. Since we have k > 1/(1 — §), by taking &’ to be sufficiently small, we may
assume

2 / _ 1
T (1 e) < 2k —¢)

for some &” > 0. Therefore, we obtain, for any p: T'p — Isom(Y) and p-equivari-
ant map f,

Eon(f) < 2k — &) E i (f)

and hence p(I'p) = p(I") admits a fixed point by Theorem 3.6. This implies fixed-
point property of I'p with high probability. This completes the proof of Theo-
rem 1.2.

If Y = 3, then we have RO (f) > 1{(Gp). Therefore we have

M > 1—¢
E 2n(f)
instead of (4.1), and hence
Epon(f) = (1+)VEu(f).

Now we need 1 + ¢’ < (2k — ¢”) in order to apply Theorem 3.6, and it suffices to
take k = 1. Therefore taking d > 1/(241) = 1/3 is sufficient, and this completes
the proof of Theorem 1.1.

5. Preliminaries on probability theory

In this section, we collect some facts from probability theory, which will be used
in the proof of Propositions 2.1 and 3.7.

5.1. Notation and some inequalities. Let X be a random variable defined on a
probability space (2, P). We denote the probability of X taking its value in a set
Aby P(X € A):

P(X € 4) = / dP(w).

{w: X(w)eA}

Suppose X is nonnegative and let u be the mean (expected value E(X)) of X.
Then, for ¢t > 0,

M:/Xsz/ Xsz/ tuwdP =P(X > tu)tu.
X>tu X=tu
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Dividing the both ends by ¢ yields Markov’s inequality:
1
P(X >1tp) < T

Setting ¢ =t gives
PX >¢) < 2. (5.1)
e

If X is a real valued random variable with mean . and variance o2. Then, for
any d > 0,

B -whz [ (X dP = P(X ] = D,
| X—p|=d
Dividing the both ends by d2, we obtain Chebyshev’s inequality:

O.2
P(X —pl = d) = 7.

By taking d = su, we get

2

P(X —p| = ep) < 2

Let X be a binomially distributed random variable with size n and parameter
p; namely, X satisfies

P(X =x)= ,Cxp*(1—=p)" ™™, x=0,1,...,n.

Then we say that X has the binomial distribution Bi(n, p). Such an X has mean
w = np and variance 62 = np(1 — p). Thus Chebyshev’s inequality yields
np(l—p) 1-—p 1

P(1X — pu| > ep) < = < —.
(1X —pl =z ep) = D 2. S

In particular, we see that if {X;} is a sequence of binomially distributed random
variable with mean u; — oo, then P(|X; — w;| > eui) — 0. Actually, there are
finer and more useful bounds called Chernoff bounds:

2
POz +1)<exp (‘m)

[2
P(X <pu—1t)<exp (—2—) .
"

See, for example, [12, § 2.1] for proofs. In particular, taking t = ep with0 <& < 1,

we obtain
&2
P(|X — u| > ep) < 2exp - ) (5.2)
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5.2. Moment generating function for binomially distributed random vari-
ables. Let X be a random variable on a probability space. Then

E(exp(tX)) = E (Z %zkxk) =Y %tk]E(Xk)
k=0 k=0

is called the moment generating function of X. We can compute ath moment
E(X%) of X by

o

d
E(X% = ﬁE(exp(tX))

1=0
Let X be a random variable with distribution Bi(#, p). Then the mean of X is np,
and by computing the average, we get

E(expt(X —np)) = Y expt(x —np) nCxp*q" ™™

x=0

— Z(ncx (etp)an—x)e—tnp

x=0

— (etp + q)ne—tnp’

where ¢ = 1 — p. A computation shows the following.
Lemma 5.1. Let X be a random variable with distribution Bi(n, p), and set

M(t) = E(expt(X —np)).
Then, ath derivative M ® (t) of M(t) can be computed as

o
M@ @) = 3" oChlle’ p + )" PLe™7) ),
=0

where []@ denotes the ath derivative of -] and they turned out to be

n!
(n—j)!

[e—tnp](a—ﬂ) — (_np)a—ﬂe—tnp_

(e'p+q)" el p (B>0),

B
[e'p + )" 1P = "c(B. )
j=1

Here c(k, J) is determined by
c(j,))=1 ¢(,0)=0, ctk+1j)=clk,j—1)+ jelk,j).

We will use the following estimate in the proof of Proposition 2.1.
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Lemma 5.2. For a random variable X with distribution Bi(n, p) and with mean
u=np <1, we have
[E((X —np)*)| = c(a)np.

Proof. Since E((X —np)*) = M @ (0) as we have seen above, we need to estimate
M®(0). By Lemma 5.1, and np < 1, if 8 > 0, then

B
. n! :
e P+ )" 1 Plimol < D (B, ) —p’
= (n = j)!
B
<Y c(B.jyn’ p’
j=1
B
< ) c(B,jnp,
j=1
and ifa > B
[e™"P1 @B, _o| < (np)*~P < np.
Thus we obtain the desired estimate. O

5.3. Remarks on our model. In order to prove Propositions 2.1 and 3.7, it is
convenient to fix the cardinality of R, the set of relations, and consider

P(m,n,d,co) ={P = (S,R) € P(m,n,d) | #R = co(2m)“"},

where ¢™! < ¢¢ < c. Then the model P(m,n,d,co) can be regarded as the set
of subsets of W, with cardinality co(2m)?" equipped with the uniform counting
measure. Of course, this is not the same as the probability space P’(m, n,d, co)
which describes an experiment given by choosing a word co(2m)4" times ran-
domly from W;; there may be multiply chosen words and there is a natural action
of the permutation group given by changing the order of the choice. If we take
d < 1/2, then the probability of an elements in P’(m, n,d, ¢y) to have multiply
chosen words tends to 0 as  — oo as the following computation shows. Note
that, on the subset Pj(m,n,d, co) of P'(m,n,d, co) consisting of elements with-
out multiply chosen words, the action of the permutation group mentioned above
is free. Thus, taking the quotient by the action of the permutation group, we can
regard P{(m,n.d,co) as P(m,n,d, co).
If X is arandom variable with distribution Bi(n, p), then

P(X>2)=1-P(X =0o0rl)=1—((1—p)" +n(l—p)"'p).
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Since
(I—=p)"+n(1—p)"'p
n n—1
= wCal"(=p)* +np Y n-1Cal" ™ (=p)*
a=0 a=0
> 1—np—n2p2—---—n”p”
+np(l—(n—Dp—(n—1)2*p>—---—(n—1)"""1p"1
> 1—=2(np)> —---—2(np)",
we obtain

n
P(X >22) <2} (mp)*.
a=2
Take any w € W;,, and denote by X, (P) the number of times that w is chosen in
an element P € P’(m,n,d, co). Then X, is a random variable on P’'(m, n, d, co)
with distribution Bi(co(2m)?", (2m)~"). By the computation above, we have

co(2m)dn
P(Xy=2) <2 Y (co@m)?"(2m)™")
a=2
Since #W; = (2m)", we see that
co(@m)dn
P(X, > 2 for some w € Wy) < 2m)" x2 Y c§(2m)*¥" (2m)~*"
a=2

co(@m)dn

=2 > cg@m)*n@2m)=n
a=2

co(@m)n
=2c§(2m)(2d_1)" Z Cg—2(2m)(tx—2)(d—1)n
a=2
1

< 2¢2(2m)@d=bn e T

holds for large 7, since co(2m)~1=D7 < 1 when 7 is large enough. By taking
d < 1/2 and suitable constant ¢’, we see that

P(X, > 2 for some w € Wy) < ¢/(2m)@4 D" — 0 (5 - o0).
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Note that ¢’ can be taken so that depending only on ¢ taken in order to define
P(m,n,d) but independent of c¢. In other words, the measure of Pj(m,n,d, co)
in the probability space P’(m,n,d, co) uniformly tends to 1. Hence, assuming
d < 1/2, we may identify P(m,n,d,co) with P'(m,n,d, co). We will use this
identification in the proof of Proposition 3.7.

In order to prove Proposition 2.1, we need another model P”(m,n,d,co) of
random groups. In this model P”(m, n, d, cy), each word in W, is independently
chosen to be a relation of P = (S, R) with probability (co(2m)?")/(2m)". There-
fore any subset of W, can occur as R of P = (S, R) in P"(m,n,d, cy), and the
probability of the occurrence is given by

#R (2m)"—#R
co(2m)d") (1_ co(2m)d") "

PP =080 = (W @m)?

This model corresponds to a model of random graphs often denoted by G(xn, p)
in the literature, where n = (2m)" and p = (co(2m)?")/(2m)" in our case; while
our original model P (m, n, d, cy) corresponds to another model of random graphs
often denoted by G(n, M), where n = (2m)" and M = ¢o(2m)?" in our case. In
our setting, a well-known relation between G(n, p) and G(n, M) can be read as
follows.

Lemma 5.3 (cf. [2, p. 38] and [12, p. 17]). Let Q be any property of a group, and
denote by Pp(Gp € Q) (resp. Ppr(Gp € Q)) the probability of Gp given by
P e P(m,n,d,co) (resp. P € P"(m,n,d,co)) having property Q. Then we have

Pp(Gp € Q) < 3\/c0(2m)d’7]Pp~(Gp € Q).

Proof. Set N = 2m)", M = co(2m)?", p = (co(2m)@")/(2m)" and ¢ = 1 — p.
By the law of total probability, we have

N
Ppr(Gp € Q) =) Pps(Gp e QnCsp'q"~*
s=0

> Ppu(Gp € Q nCypMg" ™M,
where Pp (Gp € Q) denotes the probability of Gp € Qin the model P(m, 7, d, c;)
with s = ¢)(2m)". Now [2, p. 4] gives

_ _ 1 _
NCMquN MZe 1/(6M) zn(qu) 1/2.

Noting M = pN implies the desired inequality. O
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6. Proofs of Proposition 2.1 and 3.7
We first prove Proposition 3.7 and then proceed to Proposition 2.1.
6.1. Proof of Proposition 3.7. Let ¢, be a positive real number such that ¢=! <
co < ¢, where c is the constant fixed in order to define P(m, 1, d), and set
P(m,n,d,co) ={P = (S,R) € P(m,n,d) | #R = co(2m)?"}

as above. Recall that n = 2n + [ > (2k + 1)/, take d > k/(2k + 1), and set
g0 = d(2k + 1) — k. Because of (2.1), we see that

dn > d(2k + 1)l = gol +kl,
dn—n=>dQ2k + 1)l — (kl + 2k + 1)) = eol — 2k + 1), 6.1)
dn—n <d((2k + )l +22k + 1)) —kl = gol +2d(2k +1).

We will show that, for any ¢ > 0, there exist constants a; and a, depending only
onm, k, ¢, and ¢ (and independent of / and c¢¢) such that

/ .
{p e P(m,n,d, co) (3.6)' holds forall Y, p: I'p — Isom(Y),}

for all nonconstant p-equivariant map f

#P(m,n,d, co)
> 1 —ay exp(—az(2m)®’)
holds for large / (and hence for large 1), where
Eu(f)
E 2n(f) (3.6
< (1+£)ROC(f).

It is clear that this implies Proposition 3.7.

Since we are assuming d < 1/2, we may deal with P’(m, n, d, co) instead of
P(m,n,d, co) as we have just explained in §5.3. Thus what we will actually show

is that, for any ¢’ > 0, there exist constants a; and a, depending only on m, k, c,
and ¢’ (and independent of / and ¢g) such that

(1-€¢)ROC(f) <

P € P'(m,n,d, cp) satisfies (3.6)’
P forall Y, p: I'p — Isom(Y),

for all nonconstant p-equivariant map f 6.2)

>1—a; exp(—a2(2m)8°l)

holds for large / (and hence for large 7). Then this implies Proposition 3.7.
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Let w € W;,. We denote the word given by the first n letters of w by w, the
word formed by the next / letters by u, and the inverse word of the last n letters by
wy; thus w can be written as w = wiuw; . Take P = (S, R) € P'(m,n,d, co).
Let p: T'p — Isom(Y) be a homomorphism, and take any p-equivariant map
f:Tp — Y. Then we can consider p-equivariant map f:T = Y, where p =
pomp: ' — Isom(Y). Regarding w;, i = 1,2, as an element 7p(w;) € ['p in a
natural way, we getamap f: V — Y induced from f. Since V = W,,, we have

> v )y (f (). f(v)?

v, v eEWy

> v )dy (f(D). f ()

v, v EW,

Y vy (fle), f( "))

v, €Wy

=Y X e fon

vel yveWw,: o= 1v/=y

=Y X > v (fe). frp)).

ypelp yeT:mp(V)=vp vv'eW,: i~ lv=y

N =

ld 17> =

N~

N =

Note that w = wluwz_1 € R means that np(wiu) = mp(wy) in I'p. Hence
wp(W1 'Ww3) = 7p (i) and 7p (w2 'wy) = mp(~"). Thus, recalling the defini-
tion of v(v, v’) and fixing yp € Tp, we can rewrite as

Z Z v(v, v’

vel:mwp(V)=vp v,/ eW,: o~ v/ =y

B Z Z #H{we R|w, =vand wy = v’}
o 2#R

vel:ap()=vpr v/ eW,: v—lv/=y
#{we R|w, =v and wy, = v}
2#R
_#weR|np@) =ypornp@") = yp}
2#R

Therefore we get

o —1
3 #HweR| an(:L_ yp OF Vp }dy(f(e), Fp)2 (63)

= 1
14712 = 5
14

pel’p
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Since
#weR |zp@ =yporyp't= ) #HweR|i=yory™},
vel': np(y)=yp
lifting (6.3) to T yields

- Y = _1 ~ ~
Ja fl = 5 0 O ERIEZ VOV D (o). Finpy
yel

Note that if @ = e, then dy (f(e), f(y)) = dy(f(e), f(e)) = 0, and hence we
may ignore this case in what follows. Then we have

#HweR|u=yory 1}
=#weR|i=y)+#weR|u=y")
= Y #weRlu=vi+ Y #HweR|u=1)
veW,: i=y VW v'=y—1
for y # e. Now let X,,;: P'(m,n,d,co) — Z be a random variable defined by
Xpi(P)=#we R|u=v},

where v € W;. By the definition of P’(m,n,d, co), X, has the binomial distri-
bution Bi(#R, ﬁ) with mean %. Note that, for P = (S, R) € P'(m,n,d, co)
under consideration, we can write as

- 1 Y vew;: o=y Xl (P) + X vew,: 5=yt X1 (P)
Ild flI7, = = A4 AR 4
L 2 y; 2#R 6.4)
x dy (f(e), f(y))*.

Then, since ,ul(e,l/) = ~#{w e W, | w = y}/#W,, the expected value of the
coefficient of dy (f (e), f(y)) in (6.4) becomes

E ZUGW]: =y X1 + Zu/eWI: v/=y—1 Xor 1
2#R

- [ ¥ Bx+ Y B

2#R
veW;: v=y veW;: v/=y~1
1 #R #R
“wE| 2wt X W
veW;: v=y veWw;: v=y~1

= 30 e + ey ™)

= ul(e,y).
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Therefore, if X, ;(P) =#{w € R |u = v} of P = (S, R) is close to the expected
value for all v € W, then ||d |7, must be close to

1 ~ ~ ~

52w endr(F (). fo)? = E (/).

yel

More precisely speaking, if P = (S, R) satisfies
#R #R
l—e)— < X, (P) < (1 —
(=) = Xoa(P) = (14 0) g

for all v € W, then we see that, for any Y, p: I'p — Isom(Y') and p-equivariant
map f,
(1=&Eu(f) < dfI7> < 1+ ) Eu(f) 6.5)

holds.
On the other hand, we have

F(f)=3 X vne)ir(Fo). f0)7
-2 X @) (frp @), fre ()7
- % ZW vV (). fGrp(0))?
-0 D SRR TGN

vV €L v v/ eWw,: d=y,v' =y’

Let X; pn: P(m,n,d,co) - Z,i = 1,2, be arandom variable defined by
Xipn(P)=#w e R|w; =v},

where v € W,,. Using this random variable and recalling the definition of v(v),
we see that, for P = (S, R),

p(v) = Z b(v,v') = #HweR|w = v}2;-R#{w €eR|w, =0}

v ew,
Xl,v,n(P) + X2,v,n(P)
2#R
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holds. Therefore we get

F(f) = % Z Y vew,: v=y (X1.00(P) + X204 (P))

yreT 2#R

% ZveWn: v=y’ (Xl,v,n(P) + Xz,v,n (P))
2#R

xdy (f(e), f™Y' )

Since X; v, has the binomial distribution Bi(#R, ﬁ) fori = 1,2, we get

2#R 2#R

veW, : v=y

Z Cr Xl’, +X2,, 1
B ( VEW), : D=y v,n vrl Z (E(Xl,v,n) + E(XZ,v,n))

#R
#Wn

1 _
:ﬁ#{v EWulv=1r}
=u"(e.y).

Therefore, if both #{w € R | w; = v} and #{w € R | wp, = v} are close to the
expected value for all v € W,,, then F(f) must be close to

S e )y (F@. Fr )

y,y'€l

:% Do oty Ty (fle). Sy

y,y' el
_ % St Y Wiy )dy (o). FirTy))?
4 Y
_ %Z Wiey™) S w Ty dy (fe). F ()2
4 v
= S D S W e Yy (@), F?
vy
= 3 Y ey Ny (o). ")
-~

= Eon(f).
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Actually, if P = (S, R) satisfies

#R

1 —
( 8)#W,,
for all v € W,,, then we see that, for any Y, p: I'p — Isom(Y'), and p-equivariant

map f,

#R
fXj,v’n(P)f(l-‘rS)W, i :1,2
n

(1=&)E2n(f) < F(f) < (14 6)*E2n (f) (6.6)
holds.
Since our random variables X, ; and X, ,, are binomially distributed with
distribution Bi(#R, g55-) and Bi(#R, g7-) respectively, we have

#R
E(Xy,) = i co(2m)¥=! > ¢o(2m)sol DI

#R
E(Xi,v,n) = W = co(zm)dﬂ—n > Co(zm)S()l—(Zk-l—l)
n

by (2.1) and (6.1). Since each expected value does not depend on the choice of v,
we denote it by u; and u; , respectively. Using (5.2), we see that, for any given
>0,

82C0 (2m)(£()+k—l)l )
3 9

8260 (Zm)sol—(2k+1) )
3
hold. Since #W,, = 2m)", n <kl + 2k + 1), and d(2k + 1) = o + k, we have
P(|Xiv,n — Wil > eiin for some v € Wy)

8200(2m)801_(2k+1) )
3

P(| Xy — | > epy) < 2exp (-

IP(|Xi,v,n - /'Li,nl > 8/'Li,n) <2exp (_

< (2m)"2exp (_
2 1—(2k+1
= 2mlax {(zm)kl+(2k+1) exp (_8 co(2m)®o ))}

6
( 8200(2m)£01—(2k+1))
xexp | — .

6
Letting

A 1—(2k
a = 2max (2m)kl+(2k+1) exp _82c L(2m)®o (2k+1)
1 c ’

g2¢~1 (2m)—(2k+1)
6 b

a =
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we obtain
P(|Xivn — Min| > &tin for some v € Wy,) < aexp(—a’(2m)®0’)
for any P’(m,n.d, co) for c™' < ¢o < c. Since k > 1,
P(| Xy — w1 > epy for some v € Wy) < aexp(—a’ (2m)®?)

holds for the same a and a’ as above. Recalling (6.5) and (6.6) and letting a; = 3a
and a, = a’, we see that these inequalities imply

P € P'(m,n,d, co) satisfies (6.7)
P forallY, p: T'p — Isom(Y), > 1 —ay exp(—az(2m)®?),
for all nonconstant p-equivariant map f

where
1—c¢
(1+¢)2

Eu(f) _ 1+
Eon(f) ~ (1—¢)?

ROC(f) = ROC(f). (6.7)
Thus, by taking ¢ suitably, this implies (6.2). This completes the proof of Propo-
sition 3.7.

Remark 2. We should mention that it is also possible to prove Proposition 3.7
using the model P”(m, n,d, cp) introduced in §5.3 with the help of Lemma 5.3;
thus we can drop the assumption d < 1/2 in Proposition 3.7. However, the ap-
pearance of u/ and " in the proof becomes less natural compared with the proof
presented above.

6.2. Proof of Proposition 2.1. Our proof follows the idea of [4], although our
model is different from theirs and a certain modification is needed.

As we have mentioned in §5.3, we will deal with P”(m, 1, d, ¢¢) in order to
prove Proposition 2.1. Let P € P"(m,n,d,co) and Gp = (V, Ep) the graph
associated to P. Recall that Gp has measures on V' x V and V both denoted
by v, which are used to define the inner product on the space of functions on V
and the Laplacian Ap. We are going to deal with the eigenvalues of Ap, and
it is convenient to give an expression of Ap by matrices. Let us denote V' =
{v1,...,vem)"}, and €; be a function defined by

1
e(vj) = | Vo)
0 ifi # j.

ifi = j,
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Then {ey, ..., €@~} forms an orthonormal basis of the space of functions on V'
with respect to the inner product (-, -);2. Note that

Apei(vj) = ei(vj) _ Z U(Uj, v/)ei(v/) _ 8ij _ U(Uj, U,’)

= () V@) ) e
therefore

v(vj, v;)
Are = )

and Ap can be expressed as

Ap=1-4,

where I denotes the identity matrix, and A’ is expressed by means of its entries
as

A= ( v(v;, v))
V(i) (v))
Note that, by definition,

v(vi,v;)  multiplicity of {v;, v;}

v(i)v(v;) deg(vi)deg(v;)

Let A be the multiplicity matrix (the adjacency matrix taking the multiplicity in
account) and D the square root of the inverse of the degree matrix:

§::
A = (multiplicity of {v;,v;}) and D =|—L—].
vdeg(vi)
Then we see that A’ = DAD.
Let o be the orthogonal projection onto the space of constant functions on V.
Note that

M=(-Ap)I—-mp)=1—Ap—my=DAD — ¢

has eigenvalues 0 and 1 — A;(Gp), i # 0, where 0 = Ao(Gp) < A1(Gp) <--- <
Am(Gp) are the eigenvalues of Ap, and eigenfunctions corresponding to O are
constant functions. (Here we regard M is given as a matrix form with respect the
orthonormal basis {e; }. Note that the eigenfunctions of M are the same as that of
Ap.) Thus we have
max |1 — 2;(Gp)| < [|M]. (6.8)
i#0

where || M || denotes the operator norm of M.
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We regard |M| = ||Mp]|| as a random variable on P”(m,n,d,co) and will
show that, for any ¢’ > 0, there exist positive constants a; and a, depending only
onm, k, ¢, and ¢ (and, in particular, independent of ¢¢) and a3 depending on m,
k, ¢, and « such that

Ppr(|M|| > €') < a; exp(—az(2m)*0") + as(2m)~@eo=)! (6.9)

holds, where « is an arbitrary natural number and g9 = d(2k + 1) —k. Once (6.9)
is proven, recalling Lemma 5.3 and dn < (k + &9)! + 2(k + &¢), we obtain

Pp(IM] > &)

< 3y/co2m)®Ppr(|M]| > &)

< 3¢12m) K+l +2(+20) (4 exp(—an (2m)®0) + a3 (2m)~ @0k
< ay 2m)* e exp(—az (2m)*") + aly(2m)~ @0~ CRre],
By choosing & > (2k + €9)/eo and setting a9 = o« — (2k + €9) /€0, we see that
Pp(IM| < &) = 1 —aj@m)* 0 exp(—az (2m)*') — a5 (2m) =@ — |

as n — oo, where a/, aj, and «y depends only on m, k, ¢, ¢, and « chosen as
above (and independent of c¢g). Together with (6.8), this implies Proposition 2.1.
In what follows we will deal only with P”(m, n, d, co), and will drop subscript P”
of Pp~, since there will be no chance of confusion.

The first step of the proof of (6.9) is to estimate || B|| of an operator B defined
below, which approximates M with high probability. Recall our random graph
has #V = (2m)" vertices and, for each pair of vertices, the multiplicity of the
edge joining them is at most (2m)’ = #W;. Since each word in W,, is chosen with
probability (co(2m)9")/(2m)", the multiplicity of an edge has the binomial dis-
tribution Bi((2m)?, (co(2m)?")/(2m)"), and the expected multiplicity s, of each
edge is (2m)! x (co(2m)9")/(2m)". Thus, by recalling (2.1) and (6.1), the expected
multiplicity u. can be estimated as

Lo = co(2m)lH@—DCn+D

< 2¢0(2m) 4@k DI+2d @k +1)—-@k+ 1) +]
= 2c0(2m)_(k—80)l+2d(2k+1)‘
On the other hand, since a vertex is given as the first (or the last) n letters of

elements of W, it is followed by (or follows) the elements of W,, ;. Therefore, for
any v € W, the random variable Y; , , on P”(m,n,d, co) defined by

Yi,v,n(P) =##w e R | w; = v}
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has the binomial distribution Bi((2m)"*!, (co(2m)@")/(2m)"). Since the degree
of a vertex v is given by deg(v) = Y1,u.n + Y20, the expected degree u, of a
vertex is given by p, = 2(2m)"* ! x (co(2m)")/(2m)". Thus, again by (2.1) and
(6.1), uy can be estimated as

o = 2¢0(2m)¥M(2m) ™" > 2¢(2m)*0l~kFD,

Let a matrix B be .
B=— (A - I’LEK) ’
Jos

where K is a matrix all of whose entries are 1. Note that each entries of the matrix
A — K is equal to

(multiplicity of {v;, v;}) — e,

and hence, writing B = (b;;), we see that E(b;;) = 0 for each (i, j). We first
show that the eigenvalue of B approaches to 0 as / — oco. Note that, since B is
symmetric

trace(B) = A1(B)** + ... A@my (B)*®

for any positive integer o, where A; (B)’s are eigenvalues of B (counted with mul-
tiplicity). Let A (B) be the eigenvalue of B with maximum absolute value, which
is equal to the operator norm of B: || B|| = |A1(B)|. Then we have

E(|B[**) = E(A1(B)*) < E(trace(B**)).

The ith diagonal entry of B2* is a sum of terms of the form b;;, biyis - - . biny i
which corresponds to a closed path of length 2« in the complete graph (with self-
loops) having V' as the vertex set with basepoint v;.

Note that b;;’s are independent random variables, and that the mean of b;; is 0
as we have mentioned above. Therefore the expected value of the diagonal entries
B?* involves only closed paths of length 2« all of whose edges are visited at least
twice. Such a closed path is called a closed good walk in [7]. Now we see that
E(trace(B?%)) is a sum of terms of the form

E (1_[ b[‘;ij) — 1_[ E(bl‘_xjij)’
where «;;’s are positive integers greater than 1 and their sum is equal to 2«. The
multiplicity of each edge is distributed binomially with mean p. and, by taking /

suitably large, we may assume jte < 2co(2m)~*k—20)+2d@k+1) ~ | Therefore,
we can apply Lemma 5.2 to obtain

i 1 e i 1
E(bf;”) = G E ((multlphclty of {v;,vj} — ,ue)a’) < c(oz,-j)ﬁ,ue.
v

v
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Let W(a, B) be the set of all closed good walks of length 2o which pass through
B + 1 distinct vertices. If b;;, bj i, . .. bi,,_,i corresponds to a walk in W(e, B),
then there appear at least 8 distinct b;;’s. Since we may assume (. < 1, we get

i 1
[TE®5) < c@)u

v

< 2_2"‘c(a)c€_2a (2m)—2aaol+2a(2k+l) (2m)—ﬂ(k—ao)l+2dﬂ(2k+1)

(6.10)

for some constant ¢ («). Note that

#W(a. B)
< #(choice of 8 + 1 vertices from V)
x #(good walks with length 2¢ in the complete graph with 8 + 1 vertices)
<#VFP*c(a, B)
= 2m)P*+ Ve (a, B)
< c(a, B)(2m)BFDEI+Ck+1)

holds, where, clearly, ¢(«, B) is a constant depending only on « and 8. (See [7]
for a sharp bound of W(x, B).)

Thus, noting ¢! < ¢ < ¢ and summing up (6.10) over all good walks of
length 2« gives

E(trace(B2%))

o
< 2_2‘1(}(0{) Z cz"_ﬂ#W(a, ﬁ)(zm)—ZaS()l (2m)—ﬂ(k—8())l (2m)(2a+2dﬂ)(2k+l)
B=0

C\ 2 o
< <§> (@) Z c(@, B)(2m)BFDEI+@EFD) (3,,)(a+2dB)(2k+1)

B=0
% (2m)—2asol—ﬂ (k—eo)l

2o d
< (%) (@) Z c(, B)(2m)BH1+20+2dB)CK+1) (9, (B+DkI=2as0l pk—e0)l
B=0

o
< (%)th C(a)(zm)(5a+l)(2k+l) Z C(Ol, ﬁ)(zm)kl—(Z(x—,B)SQI’
B=0



1134 H. Izeki

where we have used 8 < « to deduce the last inequality. By 8 < « again, and by
setting ¢/ (o) = 272%¢ ()¢ (2m) S TVEFD 37 ) ¢ (a, B), we get

E(trace(B%%)) < ¢/(a)(2m)kt ool

Thus, by Markov’s inequality (5.1), for any ¢ > 0, we get

P(|BII** = **) <

]E(||Ij||2°‘) - E(trace(B¥)) _ @) (2m)kl-asol
g2 g2a g2

and hence

P(IBI = ) < <& @my-toroh). 6.11)

Next we will show that B actually approximates M with high probability. Now
take a matrix M’ to be

M’ =D (A— j.K) D.
Writing M" = (m};), we see that

<3

m;j = bij.
Vv deg(vi)deg(v;)

Let f: V — Rand write f = ), fie;. Since M’ is symmetric,

nMn—mefoH

= i Ko .. f.

- lI}lla:Xl szl (; deg(vi)deg(vj)bl‘/f/)
~ VT IR/ T
P e (Zb mf)
= max |(/". B')|

= max |1BI1/'P,

where f' =", f/e; is defined by

=
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By deg(v) = Yi,u.n + Y2,0.» and (5.2), we know that, for any ¢ > 0, there is a
constant a, and

P(|deg(v) — ol

> glL, for some v € V)

2
<2#Vx2exp(—8 ;‘”)

822c0(2m)801_(2k+1))
3

(6.12)

= 4(2m)" exp (—
< 2a exp(—a'(2m)®oh),

where a, a’ can be taken as the same constants as the preceding subsection. Thus
we have, for any given ¢ > 0,

1M < 1BII(1 — &)~ (6.13)
with probability 1—2a exp (—a’ (2m)®o! ), which is independent of ¢o (but depends

onm,k, c,and ¢g).

On the other hand, since M = DAD — my, we see that
M —-M' = pu.,DKD — my.

With respect to the orthonormal basis {e;}, 7o can be expressed as

Vv(vr)
deg(v;)d j
mo = : («/V(vl) V(U(zm)n)) _ ( eg(;)#)Reg(v;)) ’
1/V(U(2m)n)

and hence

Vdeg(v;)deg(vj) 2#R

1 (2#Rue — deg(vi)deg(vj))

~ 2#R deg(v;)deg(v;)

M ( e \/deg<vi—>deg<v,~>‘)




1136 H. Izeki
Therefore we obtain
IM — M|

= max |(f£.(M —M")])

- : 2#R e — deg(vi)deg(v)) .
= 3R 5 2= 7 (,Z- Adeg(o)deg(2) f')

1
= —— max
2#R | f1=1

S Jdeg(on f (Z (% 1) deg(v.,-)fj) -

— \deg(vi)deg(vy)

Recall that, by definition, #R is a binomially distributed random variable with
distribution Bi((2m)", (co(2m)?")/(2m)™"). Thus the expected value of #R is equal
to co(2m)?". Noting that

2¢0(2m) M e = 2¢0(2m)4" x 2¢0(2m)41 2"
= 4c2(2m)?4" (2m)~2"

and (5.2), we see that, for any ¢ > 0,

P(|2#Rpe — py| > ep3) = P(#R — co@m)?"| > sco(2m)?")

2 dn

2
< 2exp (—%(Zm)kl“ol)
< bexp(=b'(2m)*o")
holds, where

b=2, b=

3

Note that we may assume 2a > b and @’ < b’, which implies

P(2#Rp, — 2| > eu?) < 2a exp(—a'(2m)*o). (6.14)
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By (6.12) and (6.14), we see that, for any given ¢ > 0,
1M — M|

1
< — max Z Vdeg(vi) fi (ng — 1) Z deg(vy) f;

T 2#R |f|= (1—¢) r

1 3
< o7 /Zdeg(vz)lfl (f— /Zdeg(v])lfl

2¢
~ 2#R (1 — 8)2) Xl: deg(vi)

+
T1-¢ (1—8)2

\B

with probability 1 — 4a exp(—a’(2m)®0"), where Cauchy-Schwarz inequality is
used in the second inequality and ) ; deg(v;) = 2#Ep = 2#R implies the last
equality. Thus, together with (6.13), for any ¢ > 0, we see that

IMI < 1Ml + 1M — M|

1B e 2¢
< +
T1l—¢ 1—g¢ (1-—¢)2

holds with probability greater than 1—6a exp (—a’(2m)®0"), which is independent
of ¢ (but depends on m, k, ¢, and ¢). Recall that (6.11) tells us that we may assume
| B|| < e with high probability. By taking ¢ < 1/2, we may assume
2¢e 2¢e
1—¢ + (1—¢)2
Thus we obtain, by taking (6.11) in account,

P(|M| < 12¢) > 1 — ay exp(—az(2m)®°") — az(2m)~ @=L

< 12e.

where
(@)

f— — / f—
a; = 6a, az—a,a3——82a.

By taking ¢ = ¢’/12, this completes the proof of (6.9).

7. Random quotients

In the proof of Propositions 2.1 and 3.7, we did not use the fact that I is a free
group generated by S; I" can be any group generated by S (see [18, IV.c] for related



1138 H. Izeki

comments). Therefore what we have actually proven is the following fixed-point
theorem for random quotients:

Theorem 7.1. Let H be a Hilbert space. Suppose that T is a group generated by
S ={st,....sm 57 ...u5,1), and let T = T'/R for P € P(m,n,d), where R

denotes the normal closure of the subset of I' determined by R. For 1/3 < d,

. #{P e P(m,nd)|Tp has F(H)}
lim =

1
n—00 #P(m,r;,d)

holds.

Theorem 7.2. Let Y be a CAT(0) space. Suppose that T is a group generated by
S = {s1,. ..,sm,sl_l, ) ..,s;l}, and let T'p = F/Rfor P € P(m,n,d), where R
denotes the normal closure of the subset of I determined by R. Take 0 < § < 1
and an integer k so that k > 1/(1 —§8). Let Ys be the class of CAT(0) spaces with
8(Y) <. Then, fork/(2k + 1) < d,

y #HP e P(m,nd)|Tphas F(Y) forallY € Ys} .
1m =
n—>00 #P(m,n,d)

holds.

In the theorems above, we cannot say I is infinite in general. What is known
in this direction is the following theorem for hyperbolic groups due to Ollivier:

Theorem 7.3 ([19, Theorem 4]). Let I be a hyperbolic group with harmless tor-

sion generated by S = {s1,...,8m.57",...,s,,'} and 0 the gross cogrowth of T.

Suppose that d < 1 — 0. Then we have

#{P € P(m,n,d) | 'y is non-elementary hyperbolic} |
m =
n—>00 #P(m,n,d)

See [19] for the definitions of gross cogrowth and harmless torsion. We remark
here that the gross cogrowth of the free group of rank m is equal to

1
3 log,,,(8m —4).
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