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1. Introduction

With an orthogonal representation (H, 7) of a discrete group G, Voiculescu’s free
Gaussian functor associates an action of G on the free group factor I'(H)” =~
LFgim g (see Section 2.1 and [54, Section 2.6]). An action arising this way is
called a free Bogoljubov action of G. The associated free Bogoljubov crossed
product von Neumann algebras I'(H)” x G, also denoted by I'(H, G, )", were
studied by several authors [42, 17, 12, 13]. Note that in [42, Section 7] free Bo-
goljubov crossed products with Z appear under the name of free Krieger algebras
(see also [41, Section 3] and [17, Section 6]). The classification of free Bogoljubov
crossed products is especially interesting because of their close relation to free
Araki-Woods factors [40, 42]. In the context of the complete classification of free
Araki-Woods factors associated with almost periodic orthogonal representations
of R [40, Theorem 6.6], already the classification of the corresponding class of
free Bogoljubov crossed products becomes an attractive problem.

Popa initiated his deformation/rigidity theory in 2001 [30, 29, 31, 32, 34].
During the past decade this theory enabled him to prove a large number of non-
isomorphism results for von Neumann algebras and to calculate many of their
invariants. In particular, he obtained the first rigidity results for group measure
space 11 factors in [31, 32]. Moreover, he obtained the first calculations of funda-
mental groups not equal to R in [29] and of outer automorphisms groups in [20].
Further developments in the deformation/rigidity theory led Ozawa and Popa to
the discovery of II; factors with a unique Cartan subalgebra in [25, 26]. Also
W*-superrigidity theorems for group von Neumann algebras [21, 2] and group
measure space II; factors [37, 35, 36, 19] were proved by means of deforma-
tion/rigidity techniques. In the context of free Bogoljubov actions Popa’s tech-
niques were applied too. In [30, Section 6], Popa introduced the free malleable
deformation of free Bogoljubov crossed products. This lead in [15] and, using the
work of Ozawa-Popa, in [17, 16, 13] to several structural results and rigidity theo-
rems for free Araki-Woods factors and free Bogoljubov crossed products. We use
the main result of [17] in order to obtain certain non-isomorphism results for free
Bogoljubov crossed products.

In the cause of the deformation/rigidity theory, absence of Cartan algebras and
primeness were studied too. The latter means that a given II; factor has no decom-
position as a tensor product of two II; factors. Ozawa introduced in [24] the notion
of solid 11; factors, that is II; factors M such that for all diffuse von Neumann sub-
algebras A C M the relative commutant A’ N M is amenable. In [33], Popa used
his deformation/rigidity techniques in order to prove solidity of the free group
factors, leading to the discovery of strongly solid 11; factors in [25, 26]. A II;



Free Bogoljubov crossed product von Neumann algebras 1209

factor M is strongly solid if for all amenable, diffuse von Neumann subalgebras
A C M, its normaliser Nys(A)” is amenable too. We extend the results of [17] on
strong solidity of certain free Bogoljubov crossed products and point out a class
of non-solid free Bogoljubov crossed products.

Opposed to non-isomorphism results obtained in Popa’s deformation/rigidity
theory, there are two known sources of isomorphism results for von Neumann al-
gebras. First, the classification of injective von Neumann algebras by Connes [3]
shows that all group measure space 1I; factors L°(X) »x G associated with free,
ergodic, probability measure preserving actions G ~, X are isomorphic to the
hyperfinite II; factor R. By [23, 5], if H ~ Y is another free, ergodic, probabil-
ity measure preserving action of an amenable group, then these actions are orbit
equivalent, meaning that there is a probability measure preserving isomorphism
A: X — Y such that A(G - x) = H - A(x) for almost every x € X. By aresult of
Singer [44], this means that there is an isomorphism L*(X) x G = L*°(Y) x G
sending L°°(X) to L*°(Y).

The second source of unexpected isomorphism results for von Neumann al-
gebras is free probability theory as it was initiated by Voiculescu [52]. We em-
ploy two branches of free probability theory. On the one hand, we use the work
of Dykema on interpolated free group factors and amalgamated free products.
Interpolated free group factors were independently introduced by Dykema [8]
and Rédulescu [38]. If M is a II; factor, the amplification of M by t is M' =
pM,,(C) ® M)p, where p € M,(C) ® M is a projection of non-normalised
trace Tr®t(p) = ¢ . It does not depend on the specific choice of n and p. The
interpolated free group factors can be defined by
n—1

2

LF, = (LF,)", wherer =1+ , forsome s > 1andn € N5,.
Dykema’s first result on free products of von Neumann algebras in [7] says that
L(F,)* R = L(IF,+) for any natural number n. He developed his techniques in [8,
6, 9, 10] arriving in [11] at a description of arbitrary amalgamated free products
A xp B with respect to trace-preserving conditional expectations, where A and B
are tracial direct sums of hyperfinite von Neumann algebras and interpolated free
group factors and the amalgam D is finite dimensional.

We combine the work of Dykema with a result on factoriality of certain amal-
gamated free products. The first such results for proper amalgamated free prod-
ucts were obtained by Popa in [28, Theorem 4.1], followed by several results of
Ueda in the non-trace preserving setting [46, 47, 48, 49]. We will use a result of
Houdayer-Vaes [18, Theorem 5.8], which allows for a particularly easy application
in this paper.
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Operator-valued free probability theory, as it was developed by Voiculescu [53]
and Speicher [45], is the second aspect of free probability theory that we use. At
the heart of this theory lie the operator-valued semicircular elements. The von
Neumann algebras generated by such elements have been described by Shlyakht-
enko in [42]. We use this work in order to identify a certain free Bogoljubov
crossed product as a free group factor.

Section 3 treats the structure of free Bogoljubov crossed products. We obtain
several different representations of free Bogoljubov crossed products associated
with almost periodic orthogonal representations of Z in Theorem 3.3 and Propo-
sition 3.7. We calculate the normaliser and the quasi-normaliser of the canonical
abelian von Neumann subalgebra of a free Bogoljubov crossed product in Corol-
lary 3.9 and address the question of factoriality of free Bogoljubov crossed prod-
ucts in Corollary 3.10. Most of the results in this section are probably folklore.

In Section 4, we obtain isomorphism results for free Bogoljubov crossed prod-
ucts associated with almost periodic orthogonal representations. In particular, we
classify free Bogoljubov crossed products associated with non-faithful orthogonal
representations of Z in terms of the dimension of the representation and the index
of its kernel. They are tensor products of a diffuse abelian von Neumann algebra
with an interpolated free group factor.

Theorem A (See Theorem 4.3). Let (7, H) be a non-faithful orthogonal repre-
sentation of Z of dimension at least 2. Letr = 1 + (dimnw — 1)/[Z : kerx].
Then

['(H,Z,7)" = L>°(0,1]) ® LF,,

by an isomorphism carrying the subalgebra 1.Z. of T'(H,Z, )" onto the space
LOO([O’ 1]) ® C[Z:kern]‘

For general almost periodic orthogonal representations of Z we can prove that
the isomorphism class of the free Bogoljubov crossed product depends at most on
their dimension and on the concrete subgroup of S! generated by the eigenvalues
of their complexification. More generally, we have the following result.

Theorem B (See Theorem 4.2). The isomorphism class of the free Bogoljubov
crossed product associated with an orthogonal representation ©w of Z with almost
periodic part iy, depends at most on the weakly mixing part of 7, the dimension of
Tap and the concrete embedding into S* of the group generated by the eigenvalues
of the complexification of 1,p.

In contrast to the preceding result, we show later that representations with al-
most periodic parts of different dimension can be non-isomorphic.
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Theorem C (See Theorem 5.1 and Theorem 6.4). If A denotes the left regular
orthogonal representation of Z. and 1 denotes its trivial representation, then

Fr*(z)eC,Z A1) =2T(U*2),2, 1) £2T{*(Z)® C%Z,1$2-1)".

The next results shows, however, that there are representations whose com-
plexifications generate isomorphic, but different subgroups of S! and their free
Bogoljubov crossed products are isomorphic nevertheless.

Theorem D (See Corollary 4.5). All faithful two dimensional representations of
Z give rise to isomorphic free Bogoljubov crossed products.

Inspired by the connection between free Bogoljubov crossed products and
cores of Araki-Woods factors, and classification results for free Araki-Woods fac-
tors [40], Shlyakhtenko asked at the 2011 conference on von Neumann algebras and
ergodic theory at IHP, Paris, whether for an orthogonal representation (rr, Hr) of
Z. the isomorphism class of I'(Hg, Z, 7r)” is completely determined by the repre-
sentation P, n]%’” up to amplification. The present paper shows that this is not
the case. We discuss other possibilities of how a classification of free Bogoljubov
crossed products could look like and put forward the following conjecture in the
almost periodic case.

Conjecture (See Conjecture 4.6). The abstract isomorphism class of the subgroup
generated by the eigenvalues of the complexification of an infinite dimensional,
faithful, almost periodic orthogonal representation of Z. is a complete invariant
Jor isomorphism of the associated free Bogoljubov crossed product.

In Section 5, we describe strong solidity and solidity of a free Bogoljubov
crossed product T'(H, Z, )" in terms of properties of 7. The main result of [17]
on strong solidity of free Bogoljubov crossed products is combined with ideas
of Ioana [19] in order to obtain a bigger class of strongly solid free Bogoljubov
crossed products of Z.

Theorem E (See Theorem 5.2). Let (w, H) be the direct sum of a mixing rep-
resentation and a representation of dimension at most one. Then I'(H,Z., )" is
strongly solid.

Orthogonal representations that have an invariant subspace of dimension two
give rise to free Bogoljubov crossed products, which are obviously not strongly
solid. In particular, all almost periodic orthogonal representations are part of this
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class of representations. The next theorem describes a more general class of rep-
resentations of Z that give rise to non-solid free Bogoljubov crossed products. If
(m, H) is a representation of Z, we say that a non-zero subspace K < H is rigid
if there is a sequence (ng)x in Z such that 7 (ng)|x converges to idx strongly as
ng — OQ.

Theorem F (See Theorem 5.4). If the orthogonal representation (w, H) of Z
has a rigid subspace of dimension two, then the free Bogoljubov crossed prod-
uct T'(H,Z, )" is not solid.

We conjecture that this theorem describes all non-solid free Bogoljubov cros-
sed products of the integers.

Conjecture (See Conjecture 5.5). If (r, H) is an orthogonal representation of Z,
then the following are equivalent.

e I'(H,Z, )" is solid.
o I'(H,Z,m)" is strongly solid.

e 11 has no rigid subspace of dimension two.

In Section 6, we prove a rigidity result for free Bogoljubov crossed products
associated with orthogonal representations having at least a two dimensional al-
most periodic part. Due to the lack of invariants for bimodules over abelian von
Neumann algebras, we can obtain only some non-isomorphism results.

Theorem G (See Theorem 6.4). No free Bogoljubov crossed product associated
with a representation in the following classes is isomorphic to a free Bogoljubov
crossed product associated with a representation in the other classes.

o The class of representations A @ 7, where A is the left regular representation
of Z. and 7 is a faithful almost periodic representation of dimension at least
2.

o The class of representations A @ 7, where A is the left regular representation
of 7. and  is a non-faithful almost periodic representation of dimension at
least 2.

o The class of representations p @ m, where p is a representation of Z. whose
spectral measure y and all of its convolutions ©*"* are non-atomic and sin-
gular with respect to the Lebesgue measure on S and m is a faithful almost
periodic representation of dimension at least 2.
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The class of representations p @ m, where p is a representation of Z whose
spectral measure p and all of its convolutions ©*"* are non-atomic and sin-
gular with respect to the Lebesgue measure and 7 is a non-faithful almost
periodic representation of dimension at least 2.

Faithful almost periodic representations of dimension at least 2.

Non-faithful almost periodic representations of dimension at least 2.

The class of representations p ® 7, where p is mixing and dimnw < 1.
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2. Preliminaries

2.1. Orthogonal representations of Z and free Bogoljubov shifts. With a real
Hilbert space H, Voiculescu’s free Gaussian functor associates a von Neumann
algebra T'(H)" =~ LF4m g [54]. For every vector £ € H, we have a self-adjoint
element s(§) € T'(H)” and T (H)” is generated by these elements. If £, € H
are orthogonal then s(§) + is(n) is an element with circular distribution with re-
spect to the trace on I'(H)”. In particular, the polar decomposition of s(&§) +is(n)
equals a-u, where a, u are x-free from each other, ¢ has a quarter-circular distribu-
tion and u is a Haar unitary. By construction, the resulting von Neumann algebra
of the free Gaussian construction I'(H)” is represented on the full Fock space
CQ & @,., H®". Here Q is called the vacuum vector. It is cyclic and separating
for [(H)" and T(H)"Q D> H®u" foralln € N. Hence, for ; ®- - ®&, € H®u",
there is a unique element W(§1 ®---®§&,) € I'(H)” suchthat W(§1®---®&,)Q2 =
£1®-® &

The free Gaussian construction is functorial for isometries, so that an orthogo-
nal representation (7, H) of a group G yields a trace preserving action G ~, T'(H)",
which is completely determined by g - s(£) = s(7w(g)¢). If §; @ --- @ &, € H®a"
andg € G,theng- W1 ® --- ® &) = W(m(g)61 ® -+ @ m(g)én).
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An action obtained by the free Gaussian functor is called free Bogoljubov ac-
tion. If G ~, T'(H)" is the free Bogoljubov action associated with (x, H), then
the representation of G on L>(I'(H)”) © C - 1 is isomorphic with ,. , =®".
The associated von Neumann algebraic crossed product I'(H)” x G of a free Bo-
goljubov action is denoted by T'(H, G, 7)”. If there is no confusion possible, we
denote I'(H, G, )" by M, and the algebra LG C T'(H, G, )" by A.

An orthogonal representation (z, H) is called almost periodic if it is the direct
sum of finite dimensional representations. It is called periodic if the map = has a
kernel of finite index in G. We call &= weakly mixing, if it has no finite dimensional
subrepresentation. Every orthogonal representation (7, H) is the direct sum of
an almost periodic representation (7rap, Hap) and a weakly mixing representation
(rwm, Hwm).

Spectral theory says that unitary representations = of Z correspond to pairs
(i, N), where p is a Borel measure on S! and N is a function with values in
INU {00} called the multiplicity function of &. The measure x and the equivalence
class of N up to changing it on p-negligible sets are uniquely determined by .
Given any orthogonal representation (v, H ) of Z, denote by (¢, Hc) its complex-
ification. Note that a pair (i, N) as above is associated with a complexification of
an orthogonal representation if and only if u and N are invariant under complex
conjugation on S! C C. An orthogonal representation (r, H) is weakly mixing
if and only if p has no atoms. It is almost periodic if and only if the measure
associated with (w¢, He) is completely atomic. In this case the atoms of u and
the function N together form the multiset of eigenvalues with multiplicity of nc.
Up to isomorphism, an almost periodic representation 7 is uniquely determined
by this multiset.

2.2. Rigid subspaces of group representations. A rigid subspace of an orthog-
onal representation (z, H) of a discrete group G is a non-zero Hilbert subspace
K < H such that there is a sequence (g,), of elements in G tending to infinity
that satisfies 7 (g,)é —> & asn — oo for all £ € K. Note that this terminology is
borrowed from ergodic theory and has nothing to do with property (T).

We call mildly mixing a representation = when it is without any rigid subspace.
The main source of mildly mixing representations of groups are mildly mixing ac-
tions [39]. A probability measure preserving action G ~, (X, ) has arigid factor
if thereis a Borel subset B C X,0 < u(B) < I suchthatliminfg o n(BAgB) =
0. We say that G ~ (X, p) is mildly mixing if it has no rigid factor.
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Proposition 2.1. Let G ~, (X, i) be a probability measure preserving action of
a group G. Then the Koopman representation G ~, LE(X, 1) is mildly mixing if
and only if G ~, (X, ) is mildly mixing.

Proof. First assume that the Koopman representation is mildly mixing and take
B C X aBorel subset such that there is a sequence (g,), in G going to infinity that
satisfies (BAgn B) — 0. Consider the function § = u(B) -1 — 15 € L3(X, p).
Then

1E — gufll2 = |1g,5 — 15|12 = (BAgnB) — 0.

By mild mixing of G ~, L3(X, ), it follows that § = 0, so u(B) € {0, 1}. Hence
G ~ (X, p) is mildly mixing.

For the converse implication assume that there is a sequence (g5), in G tending
to infinity such that there is a unit vector § € L2(X, ) that satisfies g,& — &. We
have to show that G ~, (X, u) has a rigid factor. Replacing £ by its real part, we
may assume that it takes only real values. For § > 0 define A5 = {x | &(x) > §}
and Bs = {x|&(x) > §}. Since [y &(x)du(x) = 0, there is some § > 0 such that
0 < u(ds) < 1.

Take ¢ > 0. We have ()5, _s Bs» = As, so that we can choose §’ < § such that
w(Bs \ Ag) < ¢/4. Take N € IN such that for all n > N we have ||§ — g,&|| <
(6 —6")-¢/4. Then for all n > N, we have

(A5 DgnAs) = 11(As \ gnAs) + (A5 \ g, As)
_ &
< (A5 \ gnBy) + (A5 \ &' By) + 5

=5 [ o -sewie
s§\8nbg/

Cteazg) L E
+ /A 1y [0 g 6 dx) v

2
S G5y /X () — gnE (V) Pdpe(x) + %
<Eé€.

It follows that u(AsAgnAds) — 0Oasn — o0. S0 G ~ (X, ) is not mildly
mixing. U

2.3. Bimodules over von Neumann algebras. Let M, N be von Neumann al-
gebras. An M-N-bimodule is a Hilbert space H with a normal *-representation
of A: M — B(H) and a normal anti-*-representation p: N — B(H) such that
A(x)p(y) = p(y)A(x) forall x € M,y € N. If M, N are tracial, then we have



1216 S. Raum

uIH = yL2(M) @ 2(IN)*)p with p € M ® B((*(IN)). The left dimension
dimps— H of I is (zpr ® Tr)(p) by definition. Similarly, we define the right
dimension dim_y H of Hy. We say that ,,Hy is left finite, if it has finite left
dimension, we call it right finite if it has finite right dimension and we say that
is a finite index M -N-bimodule, if its left and right dimension are both finite.

If A,B C M are abelian von Neumann algebras and 44z C L%(M) is a
finite index bimodule, then there are non-zero projections p € A,q € B, a finite
index inclusion ¢: pA — ¢gB and a non-zero partial isometry v € pM g such that
av = v¢(a) for all a € pA. Since ¢ is a finite index inclusion, we can cut down
p and ¢ so as to assume that ¢ is an isomorphism.

2.4. The measure associated with a bimodule over an abelian von Neumann
algebra. We describe bimodules over abelian von Neumann algebras, as in [4,
V. Appendix B]. Compare also with [22, Section 3] concerning our formulation.
Let A = L°°(X, u) be an abelian von Neumann algebra and 434 an A-A-bimod-
ule such that A, p: A — B(H) are faithful. The two inclusions A, p: A — B(H)
generate an abelian von Neumann algebra A. Writing [v] for the class of a mea-
sure v and pq, p» for the projections on the two factors of X x X, we can identify
A = L*®(X x X, v) where [v] is subject to the condition (p1)«([v]) = (p2)«([V]) =
[]. We can disintegrate 3 with respect to v and obtain a decomposition H =
f}?xX Hyy x,dv(x1,x2). Let N: X x X — IN U {oo} be the dimension function
Hx,,x, > dimg Hy, x,. Then N is unique up to changing it on v-negligible sets
and the triple (X, [v], N) is a conjugacy invariant for 43, in the following sense.
Let (X, [vx], Nx) and (Y, [vy], Ny) be triples as before associated with bimodules
Hyx and Hy over A = L*°(X, ux) and B = L*°(Y, uy), respectively. A measur-
able isomorphisms A: (X, [ux]) — (¥, [ty]) suchthat (AxA)«([vx]) = [vy] and
Ny o (A x A) = Nx vy-almost everywhere induces an isomorphism 6: A — B
and a unitary isomorphism U : Hy — Hy satisfying

Ulx(a) = Ay (8(a))U and Upy (a) = py (8(a))U foralla € A.

Moreover, any such pair (U, 0) arises this way. The proof of this fact works similar
to that of [22].

Let 434 be an A-A-bimodule and identify A =~ L*°(X, u) and denote by
(X, [v], N) the spectral invariant of 434 as described in the previous paragraph.
If S C X is a non-negligible Borel subset and p = 15 € A denotes the asso-
ciated non-zero projection, then it follows right away that the spectral invariant
associated with ,4(pH p), 4 equals (S, [v|sxs], N|sxs)-
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Let Z ~ P be an action of Z on a tracial von Neumann algebra P and M =
P xZ. Let (1, Ny) denote the spectral invariant of the representation = on the
space L2(P)©C1 associated with the action of Z on P. Write A = LZ = L°°(S!),
where the identification is given by the Fourier transform. We describe the spectral
invariant (S', [v], N) of the A-A-bimodule L?(M) © L2(A) in terms of (i, Ny).
We first calculate the measure vegs, on S! x S! defined by

[ o ok (5.0) = (10 @ i £ 9 ,).

with a,b € Z, § € L2(P) © Cl and §, € ¢?>(Z) the canonical basis element
associated with n € Z. Denote by ¢ the measure on S! defined by

[ 5" aus0) = (@ ).
We obtain fora,b € Z, £ € L2(P)© Clandn € Z

/S 5 ke, (5.0) = (a6 © B £ @ 8)
= 8a-b(n(@)5.£)
= 5a — a d
oo [ )

:/ s4rath d(pe ® A)(s,1)

S1xS1

:/ Satde*(Mé‘@A)(syl)’
N

where T: S! x ST — S x St: (5,7) > (s,51). So vegs, = Tx(ie ® ) for all
£ € L2(M) © C1 and for all n € Z. It follows that [v] = T« ([t ® A]).

We calculate the multiplicity function N of L2(M) © L?(A) in terms of N,.
Let Y,,n € INU{oo} be pairwise disjoint Borel subsets of S! such that N |y, = n
for all n. There is a basis (£, x)o<k<neNu{oo} OF L2(P) © C such that Mg, . has
support equal to Y. So &, x ® §; with/ € Z and 0 <k <n € IN U {oo} is a basis
of L2(M) © L?(A). Write Z,, = T(Y, x S!). Then

[ st o= [ s, o 6.0,
X

n n

so the support of vg, , @5, is equal to Z,. As a consequence, N|z, = n for all
n € N U {oco}. We obtain the following proposition.
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Proposition 2.2. Let (i, N) be a symmetric measure with multiplicity function
on S having at least one atom and let  be the orthogonal representation of Z.
on H =12 (S', u, N) given by

Identifying LZ = L>®°(S') via the Fourier transform, the multiplicity function of
the bimodule (' (H, Z, )" (st is equal to oo almost everywhere.

Proof. We have I'(H,Z, )" = T'(H)"” x Z, where the crossed product is taken
with respect to the free Bogoljubov action of Z on I'(H)"”, which has @,>17®"
as its associated representation on L2(I'(H)”) © C- 1. If a is an atom of u, then
also a is one. Denote by y, the character of Z defined by 7Z =~ S'. We have
7T =7R(1)®"®(xa)®" < n®2"*1, Asaconsequence, the multiplicity function
of ®,>17®" is equal to oo almost everywhere. So, by the calculations preceding
the remark, this is also the case for the multiplicity function of the bimodule
Loo(SI)L2(F(H,Z,J‘[)//)LOO(SI). U

Proposition 2.3. The disintegration of [v] with respect to the projection onto the
first component of S* x S! is given by [v] = [[1 * 85] dA(s).

Proof. Let Y, Z C S! be Borel subsets and denote by (us)es1 the constant field
of measures with value u.

(T, ( /S | usdA(S)))(YxZ) - /Y W(Z 571 dA(s)
= 85(Z)dA
/Y 1 84(Z) dA(s)

_ (/SIM*SSdA(s))(YxZ).

This finishes the proof. O

2.5. Amalgamated free products over finite dimensional algebras. Let R,
denote the class of finite direct sums of hyperfinite von Neumann algebras and
interpolated free group factors, equipped with a normal faithful tracial state. In [11,
Theorem 4.5], amalgamated free products of elements of R, over finite dimen-
sional tracial von Neumann subalgebras were shown to be in R, again. Moreover,
their free dimension in the sense of Dykema [10] was calculated in terms of the
free dimension of the factors and of the amalgam of the amalgamated free product.
We explain the free dimension and Theorem 4.5 of [11].
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The free dimension of a set of generators of a von Neumann algebra M € R,
is used to keep track of the parameter of interpolated free group factors. If an
interpolated free group factor has a generating sets of free dimension r, then it is
isomorphic to LIF,. Following [11], we define the class F; C Ry, d € R~y as the
class of von Neumann algebras

M =D& pLF, & PqiMy, (©),
iel jeJ
where
e p; is the unit of LI, and g; the unit of My, (C),

o i =tm(pi)sj = Wn—(;]j) and D is a diffuse hyperfinite von Neumann alge-

bra, and

° 1+Ziti2(ri—1)—ZjSJ2:d.

Theorem 4.5 of [11] says thatif M = M;x4 M, with M1, M, € R, and A afinite
dimensional tracial von Neumann algebra, then M € R,. Moreover, if M; € Fy,,
M, € F4,and A € T4, then M € T4, 44,—a. We will use the following special
case.

Theorem 2.4 (See Theorem 4.5 of [11]). Let My € T4, and M, € T4, and A € T4
a common finite dimensional subalgebra of M1 and M. If M = M1 x4 M5 is a
non-amenable factor, then M =~ LI, withr = dy + d» — d.

We will use this result in combination with a special case Theorem 5.8 of [18].

Theorem 2.5 (See Theorem 5.8 of [18]). Let My, M, be diffuse von Neumann
algebras and A a common finite dimensional subalgebra. If

Z(My) N Z(M>) N Z(A) = Cl1,
then My x4 M; is a non-amenable factor.

2.6. Operator valued semicircular random variables. Given an inclusion of
von Neumann algebras A C M with conditional expectation E: M — A, we say
that an element X of M is a random variable with A-valued distribution

¢((;'(),A): AX---xA— A:(ay,...,an) —> E(Xa1X ---a,X), neN.
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If NC(n) denotes the set of all non-crossing partitions on »n points, then we can
use the framework of operator-valued multiplicative function of Speicher [45,
Chapter II] in order to write the operator-valued free cumulants of X as the unique
maps ¢ : A x --- x A — A satisfying

¢((;1()’A)(a1,...,an) = Z c((;?A)(al,...,an),
weNC

where c((;) 4 18 defined recursively over the block structure of =. If b = {i,

i+1,...,i +k—1}isaninterval of # € NC(n + 1), then we put

b k
c((;?A)(al, e, Ap) = c((;’\A;(al, . ..,a,-_lc((X)’A)(a,-, ey Qi k—1)igks -+, Qn) .
If n: A — Ais a completely positive map, then an A-valued random variable
X € M is called A-valued semicircular with distribution 7, if c(()l() A) (a) = n(a)

(n)

and cx.ay =0 for all n # 1. We will need the following proposition.

Proposition 2.6 (See Example 3.3(a) in [42]). If A =~ LZ and X is an A-valued
semicircular with distribution n = t: A — C C A, then W*(X, A) = LI, where
uy € A is identified with one canonical generator of LIF,.

2.7. Deformation/rigidity. Let A C M be an inclusion of von Neumann alge-
bras. The normaliser of 4 in M, denoted by Nz (A)”, is the von Neumann algebra
generated by all unitaries u € M satisfying uAu™ = A. The quasi-normaliser
of A in M is the von Neumann algebra QN,,(A4)” generated by all elements
X € M such that there are ay,...,a, and by, ..., b, satisfying Nx C ) ;a; N
and xN C >, Nb;.

The following notion was introduced in [31, Theorem 2.1 and Corollary 2.3]. If
M is a tracial von Neumann algebra, A, B C M are von Neumann subalgebras,
we say that A embeds into B inside M if there is a right finite A-B-subbimodule
of L2(M). In this case, we write A <p; B. If every A-M -subbimodule of L2(M)
contains a right finite A-B-subbimodule, then we say that A fully embeds into B
inside M and write A <f\4 B.

The notion of relative amenability was introduced in [27] and further developed
in [1, 25]. If A, B C (M, 7) is an inclusion of tracial von Neumann algebras, we
say that A is amenable relative to B inside M, if there is an A-central state ¢ on
the basic construction (M, eg) such that ¢|yr = 7. If A is amenable relative to an
amenable subalgebra, then it is amenable itself.

We will use the following theorem from [17]. It is proven there for unital von
Neumann subalgebras only, but the same proof shows that it’s true for non-unital
von Neumann subalgebras.
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Theorem 2.7 (Theorem 3.5 of [17]). Let G be an amenable group with an orthogo-
nal representation (w, H) and write M = T'(H, G, )". Let p € M be a non-zero
projection and P C pM p a von Neumann subalgebra such that P 4y LG. Then
Npmp(P)" is amenable.

Since we need full embedding of subalgebras in this paper, let us deduce a
corollary of the previous theorem.

Corollary 2.8 (See Theorem 3.5 of [17]). Let G be an amenable group with an
orthogonal representation (7w, H) and write M = T'(H,G,n)". Let P C M be
a von Neumann subalgebra such that Ny (P)"” has no amenable direct summand.
Then P <§u LG.

Proof. Take P C M as in the statement and let us assume for a contradiction that
P 7634 LG. Let p € P’ N M be the maximal projection such that pP 43 LG.
Then p € Z(Np(P)”). By [31, Lemma 3.5], we have N,pr, (pP)” DO pNy(P)” p.
By Theorem 2.7, Nparp(pP)” is amenable. So Ny (P)” has an amenable direct
summand. This is contradiction. U

The next theorem, due to Vaes, allows us to obtain from intertwining bimodules
a much better behaved finite index bimodule.

Proposition 2.9 (Proposition 3.5 of [51]). Let M be a tracial von Neumann al-
gebra and suppose that A, B C M are von Neumann subalgebras that satisfy the
Jollowing conditions.

o A<y Band B <§MA.
o If H < L2(M) is an A-A bimodule with finite right dimension, then H <
L?(QNy (4)").
Then there is a finite index A-B-subbimodule of L>(M).

2.7.1. Deformation/rigidity for amalgamated free products. We will make
use of the following results, which control relative commutants in amalgamated
free products.

Theorem 2.10 (See Theorem 1.1 of [20]). Let M = M x4 M» be an amalgamated
free product of tracial von Neumann algebras and p € My a non-zero projection.
If O C pM, p is a von Neumann subalgebra such that Q #u, A, then

Q'NnpMp =0Q'npMip.
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Theorem 2.11 (See Theorem 6.3 in [19]). Let M = M; x4 M> be an amalgamated
free product of tracial von Neumann algebras and p € M. Let Q C pMp be
an arbitrary von Neumann subalgebra and w a non-principal ultrafilter. Denote
by B the von Neumann algebra generated by A® and M. One of the following
statements is true.

e O'N(pMp)® C Band Q' N (pMp)® <pye A%,
o Noump(Q)' <M M;, for some i € {1,2} or

e Qe is amenable relative to A for some non-zero projectione € Z(Q'N pMp).
Also, we will need one result on relative commutants in ultrapowers.

Lemma 2.12 (See Lemma 2.7 in [19]). Let M be a tracial von Neumann algebra,
p € M a non-zero projection, P C pMp and w a non-principal ultrafilter. There
is a decomposition p = e + f, wheree, f € Z(P' 0 (pMp)®) N Z(P' N pMp)
are projections such that

e ¢(P'N(pMp)®) = e(P’' N pMp) and this algebra is completely atomic and

e f(P' N (pMp)®) is diffuse.

A tracial inclusion B C M of von Neumann algebras is called mixing if for all
sequences (xy), in the unit ball (B); that go to 0 weakly and forall y,z € M © B,
we have

IEg(yxnz)|l — 0 ifn — oo.

If a subalgebra is mixing, we can control the normaliser of algebras embedding
into it.

Lemma 2.13 (See Lemma 9.4in [19]). Let B C M be a mixing inclusion of tracial
von Neumann algebras. Let p € M be a projection and Q C pMp. If Q <y B,
then :NM(Q)// <m B.

Finally, we will use two theorems on intertwining in amalgamated free prod-
ucts from the work of Ioana [19]. This theorem is stated in [19] for unital inclusions
into amalgamated free products, but it remains valid in the more general case.

Theorem 2.14 (See Theorem 1.6 in [19]). Let M = M x4 M> be an amalgamated
free product of tracial von Neumann algebras, p € M a projection and Q C
pMp an amenable von Neumann subalgebra. Denote by P = Npp,(Q)” the
normaliser of Q inside pMp and assume that P’ N (pMp)® = Cp for some
non-principal ultrafilter . Then, one of the following holds.
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[ Q <M A,
o P <y M, for somei € {1,2} or

e P is amenable relative to A.

Theorem 2.15 (See Theorem 9.5 in [19]). Let B C M be a mixing inclusion of
von Neumann algebras. Take a non-principal ultrafilter w, a projection p € M
andlet P C pMp be a von Neumann subalgebra such that P’ N\ (pMp)® is diffuse
and P’ N (pMp)® <po B®. Then P <y B.

3. General structure of I'(H, Z, )"

Recall that we write M, for T'(H, Z, 7)"”. The decomposition of orthogonal rep-
resentations into almost periodic and weakly mixing part also gives rise to a de-
composition of their free Bogoljubov crossed products.

Remark 3.1. Let (;r, H) be an orthogonal representation of a discrete group G.
Then

T(H)" 2= T'(Hap)" * T (Hym)"

and so we get a decomposition
My =T(H)" %G = (I'(Hqyp)" xG) *1g ([(Hym)" x G).
More generally, if 7 = @, n;, then My = x1G; My;.

3.1. I'(H,Z, x)” for almost periodic representations. If not mentioned ex-
plicitly, = denotes an almost periodic orthogonal representation of Z in this sec-
tion. Recall that an irreducible almost periodic orthogonal representation of Z
has dimension 1 if and only if its eigenvalue is 1 or —1. In all other cases, it has
dimension 2 and its complexification has a pair of conjugate eigenvalues A, A €
ST\ {1,-1}.

Notation 3.2. We denote by LZ x; Z, A € S! the crossed product by the action of
Z on LZ where 1 € Z acts by multiplying the canonical generator of LZ with A.
This is isomorphic to the crossed products L®(S!) x; Z and Z x;, L*°(S!), where
Z acts on S! by rotation by A. Moreover, 1 ® LZ is carried onto 1 ® LZ and
1 ® L°°(S?!), respectively, under this isomorphism.
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Theorem 3.3. Let w be an almost periodic orthogonal representation of Z.. Let
AivAi, 0 <i <n; € NU{oo} be an enumeration of all eigenvalues in S* \ {1, —1}
of the complexification of . Denote by n, and mq the multiplicity of —1 and 1,
respectively, as an eigenvalues of . Note that dim & = 2ny + n, + mgy and write
n=mnq1+ny m=ni+ mg. Then

M; = (LT, ® LZ) *19Lz (LI, Xq Z)
=~ (LFn ® L®(Sh) #;gLoosty (Fn xg L(S1)),

where, denoting by g;, 0 < i < ny, and h;, 0 < i < ny, the canonical basis of
Fnl-f—nz = ]Fn,

o o(1) acts on ug; by multiplication with A; for 0 <i < ny,
e a(1) acts on uy, by multiplication with —1 for 0 < i < na,
e B(gi) acts on S by multiplication with A; for 0 <i < ny,
e B(h;) acts on S' by multiplication with —1 for 0 < i < n.

Moreover, T'(Hy)" = L(F,+n) under this identification and A, is carried onto
LZ and L>°(S1), respectively.

Proof. If & is the trivial representation, then M, =~ LFgiy » ® LZ. If 7 is the one
dimensional representation with eigenvalue —1, then

(A CMy)=(1QLZCLZx_17).

Let 7 be an irreducible two dimensional representation of Z with eigenvalues
A, A € St of its complexification. We show that

M, =~ (LZ ® LZ) %1012 (LZ %, Z)

where the inclusion 1 ® LZ C (LZ ® LZ) *,gLz (LZ % Z) is identified with
An C M; under this isomorphism. Indeed, let §&,7 € H be orthogonal such
that £ + in is an eigenvector with eigenvalue A for the complexification of .
Write ¢ = s(§) + is(n). Then c is a circular element in M, such that a,(1)c =
Ac. Let ¢ = ua be the polar decomposition. As explained in Section 2.1, u is
a Haar unitary and a has quarter-circular distribution and they are *-free from
each other. Moreover, ¢, (1)a = a and thus «; (1)u = Au, by uniqueness of the
polar decomposition. So the von Neumann algebra generated by a, u and LZ is
isomorphic to (LZQLZ) *1g1z(LZxLZ) and A, is identified with the subalgebra
1 ® LZ. This gives the first isomorphism in the statement of the theorem. Since
LZx;7 = 7Zx;L>®(S!) sending 1 ®LZ onto 1®L>®(S!) via the Fourier transform,
we also obtain the second isomorphism in the statement of the theorem.
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The case of a general almost periodic orthogonal representation 7 follows by
considering its decomposition into irreducible components as in Remark 3.1. In-

deed, denote by
T = @ T D @ 19D @ i1

0<i<n 0<i<nn 0<i<myg
the decomposition of_ 7 into irreducible components. Here 7; . has dimension 2
with eigenvalues A;, A; of (7; )¢ and 7r; —; has eigenvalue —1 and 7; ; is the trivial
representation. Then
My = (%o<i<n; Mx; ) ¥4, (*0<i<ny, AMz; ;) %4, (¥o<i<mo,AMax; )
= (%g<i<n;a@Loos1)(LZ ® L(SY) #1g100(s1y (Z X2, L¥(S1)))
*19100(51) (*o<i<ny1@Lo0(s1)(Z X1 L¥(S1))
*19L00(51) (*o<i<mp1gLoo(s)(LZ ® L2(S1)))
2 (LEn;+mo ® L2(S1)) *1100(s1) (Fny4ny xg LP(S)
= (LF, ® L®(S")) *1gr00(s1y (Fn x5 L®(Sh)
and this isomorphism carries A, = LZ onto L>®(S?!). U

Corollary 3.4. A, is regular inside M.

Proof. By Theorem 3.3, we know that
My = (LF; ®@ L®(SY)) #1005ty (Fn xg L2(SY),

and A, is sent onto 1 ® L (S') under this isomorphism. It follows immediately
that A, C M, is regular. |

Note that in Theorem 3.3 the action of IF,,, on S! is not free.

Proposition 3.5. Adopting the notation of Theorem 3.3, the relative commutant
of L=(S1) in (LF, @ L®(S")) % groosty (Fn x L®(S1)) is LG @ L®°(S'), where
G =T, xkermw and n: F, — S! sends a generator g; to A; and h; to —1.

Proof. 1t is clear that the algebra generated by the elements u, with g € G is
part of the relative commutant of L>°(S!) in M, so we have to prove the other
inclusion. Let x € L*(S!)’ N M,; and write x = )", ., xxu the Fourier decom-
position with respect to the action of Z on T'(H;)"”. Then x; € LZ' N M., so
we can assume that x € I'(Hz)" = L(Fm4n). Write x = 3 o cp . agug with
ag € C. Since for all g the action of (1) leaves Cu, invariant, x is fixed by « if
and only if it has only coefficients in G. This proves the lemma. U
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Corollary 3.6. The von Neumann algebra M, is factorial if and only if 7 is faith-

Sul.

Proof. Let 7 be a non-faithful representation and take g € Z such that 7 (g) = id.
Then ug € LZ is central in M. For the converse implication, note that 7 is
faithful if and only if the eigenvalues of 7 generate an infinite subgroup of S!.
Any central element x of M, must lie in LG ® LZ and hence in LZ, since G is a
free group. Writing LIF,, x Z = IF,, x L°°(S!) as in Theorem 3.3, the assumption
implies that the action of IF,, on L°(S!) is ergodic. So x € CI. ]

Using Proposition 3.5, we can derive a representation of M, as a cocycle
crossed product of LG ® LZ by the group K C S! generated by the eigenvalues of
nc. Forany elementk € K choose anelement g € IF,, suchthato(1)ug, = kug, .
Define a G valued 2-cocycle 2 on K by

Qk.1) = grg; g -

Then K acts on G by conjugation and on LZ by k % u; = k - u;. Note that if
K is cyclic and infinite, then we can choose €2 to be trivial. In this case, denote
by g1, g2, ... abasis of F,,, 1, such that u,, acts by rotation on S!and g5, g3.. ..
commute with A,. We see that the elements g’f gigl_k ,i1 > 2,k € 7Z are a free
basis of G. So K acts by shifting a free basis of G. This proves the following
proposition.

Proposition 3.7. There is an isomorphism (Ax C Mz) = (1 @ L®(S') C K xgq
(LG ® L*®(SY))). In particular, if 7 is two dimensional and faithful, then M, =
Z x (LFo ® L®(S1)), where Z acts on F, by shifting the free basis and on S!
by multiplication with a non-trivial eigenvalue of m¢.

3.2. A,-A,-bimodules in L2(M,). If x is weakly mixing, it is known [50,
Proof of Theorem D.4] that every right finite A,-A,-bimodule is contained in
L2(A,). More generally, we have the following proposition.

Proposition 3.8. Let (v, H) be an orthogonal representation of Z. and let M, =
Map x4, My be the decomposition of My, into almost periodic and weakly mixing
part. Then every right finite Ay-Ax-bimodule in L*(My) lies in L?(Mjp).

Proof. By Lemma D.3 in [50], we have to prove that there is a sequence of uni-
taries (uy)r in Ay tending to O weakly such that for all x,y € M, © M,, we
have ||[E4, (xu,y*)|l2 — 0. It suffices to consider x = w(§; ® --- ® &),y =
w( @+ ®npy) forsome §; @ - @& € H® .1 @ -+ @ nm € HE™ such that
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at least one §; and one n; lie in Hym. Take a sequence (gx)x going to infinity in
Z. such that (7 (gx)€,n) — O for all £, n € Hymy. Then

IEa, (xug, y )2 = IEa, (W1 ® - @ En)w(m(gi) M ® -+~ & 7(gic)Nm) Ntgy |2
=[t(wE ® - @ E)w(m(g)m ® -+ @ 7(gk)m)")|
=1 ® Q& m(g)m @+ ® w(gk)Nm))
= 8nm - (1. 7 (gr)m) -+ (n, 7 (k) Nn)

— 0.

This finishes the proof. O

As an immediate consequence, we obtain the following corollaries.

Corollary 3.9. Let w be an orthogonal representation of Z.. The quasi-normaliser
and the normaliser of Ax C My are equal to M. In particular, A7, N M, =
LG ® A, where G as defined in Proposition 3.5 is isomorphic to a free group.

Proof. 'This follows from Proposition 3.8 and Corollary 3.4. O

Corollary 3.10. If  is an orthogonal representation of Z, then M, is factorial if
and only if  is faithful.

Proof. 'This follows from Proposition 3.8 and Corollary 3.6. U

Remark 3.11. Note that Corollary 3.10 also follows directly from Theorem 5.1
of [17].

4. Almost periodic representations

In this section, we prove that the isomorphism class of M, for an almost periodic
orthogonal representation 7 of the integers depends at most on the concrete sub-
group of S! generated by the eigenvalues of the complexification of 7. We also
classify non-faithful almost periodic orthogonal representations, that is periodic
orthogonal representations, in terms of their kernel and their dimension.

4.1. Isomorphism of free Bogoljubov crossed products of almost periodic
representations depends at most on the subgroup generated by the eigenval-
ues of their complexifications. The following lemma will be used extensively in
the proof of Theorem 4.2.
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Lemma 4.1. Let S be any set and x5, s € S a free basis of Fs. Let I C S and
ws, § € I be words with lettersin {xs | s € S\ I}. Then y; = xsws, s € I together
with ys = x5, s € S \ I form a basis of Fs.

Proof. It suffices to show that the map F's — Fg: x; — y, has an inverse. This
inverse is given by the map

xswyl o ifsel,

Fs — Fs: x5 —>
Xs otherwise. U

Theorem 4.2. Let 7, p be orthogonal representations of Z. whose weakly mixing
parts are equal and whose almost periodic parts have the same dimension and the
eigenvalues of their complexifications generate the same concrete subgroup of S*.
Then My = M, via an isomorphism that is the identity on Ay = LZ = A,.

Proof. By the amalgamated free product decomposition M, = My, *4,, Mym of
Remark 3.1, it suffices to consider almost periodic representations. Denote by G
the subgroup of S! generated by the eigenvalues of the complexification of . We
may assume that the number of eigenvalues in 27 (©: 2) of the complexification of
7 is not less than the one of p. Denote by A; € e27i03) 0 <i <pyn e INU{oo}
and A;,0 < i < n; the eigenvalues of the complexification of 7 that are not equal
to 1 or —1. Denote by n,, my € INU{oo} the multiplicity of —1 and 1, respectively,
as eigenvalues of 7. By Theorem 3.3, we have M, == Fgim, x L®(S!), where
Fgim » has a basis consisting of

e elements x;, 0 <i < n; acting on S' by multiplication with A;,

e elements y;, 0 <i < np acting trivially on S!,

e elements z;, 0 < i < n, acting on S! by multiplication with —1, and
e elements w;, 0 < i < mg acting trivially on S!.

Denote by pu; € e?™! 05 0<i<l,eNU {oo} the non-trivial eigenvalues of
the complexification of p that lie in the upper half of the circle and by /5, ko €
IN U {oo} the multiplicity of —1 and 1, respectively, as eigenvalues of p. Since
dimm = dimp,wehave2-1; + 1, + ko = 2-ny + np + mo. We will find a new
basisr; (0 <i <ly),s;i (0<i <ly+ ko)t (0<i<lIl)of F4jmr such that

e 1,0 <i <y, acts by multiplication with u; on S!,
e 5,0 <i <ko+ Iy, acts trivially on S!, and
e 1;,0 <i < l,, acts by multiplication with —1 on S'.

Invoking Theorem 3.3, this suffices to finish the proof.
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In what follows, we will apply Lemma 4.1 repeatedly. Replace the basis el-
ements y;, 0 < i < ny by y; = y;x; for 0 < i < n;. Then j; acts on S! by
multiplication with u;, 0 < i < ny. Since the number of eigenvalues of 7 in
27103 i5 not less than the corresponding number of eigenvalues of p, we have
I1 < ny. Since the subgroups of S! generated by the eigenvalues of the complexifi-
cations of 7 and p agree, forevery 0 <i < /; there are elementsa; 1, ...,diq € Z,
0<ji1,..., Jiw <nipanda; g € {0, 1} such that

Wi = )L;.ll“ )&;’O’;ﬂ (—=1)%0
where a; o = 0 if —1 is not an eigenvalue of 7. Replacing x;, 0 <i </, by
Sdia) | 4.0

rio= X; sl
! Vi Vi, yJi,a(i) 1

we obtain a new basis of Fyiy  consisting of r; (0 <i < /1), x; (I1 <i <mny),y;
(0<i<ny),zi(0<i<ny)and w; (0 <i < myp).

We distinguish whether —1 in an eigenvalue of p or not. If —1 is no eigenvalue
of p, we produce elements s; (0 <i < (n; —[1) + n1 + ny + myp) acting trivially
on S!, where we put ny — [y = 0, if 4 = ny = oo. Replace x; by x; ;! for
/iy <i < np and then multiply y;, 0 < i < ny and z;, 0 < i < np from the
right with words in r;, 0 < i < [; so as to obtain these new basis elements s;
0 <i<(m —1l1)+ny+ny+mg). Sincedimn = 2ny +ny, +mo =1 +
(n1 —1l1) +ny +ny+mpand l, = 0, we found a basis r; (0 < i < [y), s;
(0 <i <y + ko) of Fgim acting on S! as desired. This finishes the proof in the
case —1 is no eigenvalue of p.

Now assume that —1 is an eigenvalue of p. We distinguish three further cases.
Case l; < ny. There are elements a1,...,aq4 € 7,0 < iy,...,iy < njandag €
{0, 1} such that

1= A;l]l Af‘; (=1%o,

where a¢ = 0 if —1 is not an eigenvalue of 7. Replace x;, 11 by
— s—1  saj Saa a0
= X414V 7 Vi Z1 -
Case |y = ny and —1 is an eigenvalue of 7. Put t; = z;.

Case Iy = ny and —1 is no eigenvalue of 7. Since 2n; +mo = 211 + I +
ko, in this case, 7 has a trivial subrepresentation of dimension 1 or x is infinite
dimensional. Hence, we may assume that mo > 1, since all y;,0 < i < n; act
trivially on S'. There are elements ay,...,aq € Z,0 < iy,...,iy < ny such that

a o
1= A
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Put
nh= w1j7fll )7?;‘ .
In all three cases, we obtain a basis of Fgin, with elements r; (0 < i < [;),
possibly #; and some other elements such that

e 1,0 <i <y, acts by multiplication with u; on S!,
e t; acts by multiplication with —1 on S! and

e all other elements of the basis act on S! by multiplication with some element
in G c S.

We can multiply the elements different from r;, (0 < i < /1), and #; in the basis
by some word in the letters r;, 0 < i < [; and #; in order to obtain a basis r; (0 <
i<l),si(0<i<dimm—ILj—1),tq0orr; (0<i <ly),s; (0<i<dimmz—1I)
where all elements s; act trivially on S!. We used the convention dim 7 —/; = oo,
if/} =dimnm = oo. If I} + ko < oo, replace s;, (I1 + ko <i <[y + ko +[2) by
ti—kyo = ;i - t1, in order to obtain a basis r; (0 <i < [1),s; (0 <i <1 + ko),
ti (0 <i < I) of Fgim acting on S! as desired. If /; + ko = oo, then replace
l,-many s; by s;¢; so as to obtain the new basis r; (0 <i < ly),s; (0 <i < l1+ko),
ti (0 <i < Ip) of Fyim acting on S! as desired. This finished the proof. |

4.2. The classification of free Bogoljubov crossed products associated with
periodic representations of the integers. The classification of free Bogoljubov
crossed products associated with non-faithful, that is periodic, orthogonal rep-
resentations of Z implies a solution to the isomorphism problem for free group
factors. For example, if 1 denotes the trivial orthogonal representation of Z, we
have M,.q1 = LI, ® LZ. So, proving whether M,,.q4 = M,,.; or not for different n
and m amounts to solving the isomorphism problem for free group factors. More
generally, we have the following result.

Theorem 4.3. Let 7w be a periodic orthogonal representation of the integers. If &
is trivial, then A, C M is isomorphic to an inclusion

1 ® L*([0, 1]) C LFgim~» ® L([0, 1]).
If v is one dimensional and non-trivial, then
(A C My) = (C*® 1 ®L%([0,1]) C Ma(C) ® L°°([0, 1]) ® L*°([0, 1])).
If w has dimension at least 2, let T be the index of the kernel of w in Z.. Then

(Ar C My) = (CT @ L®([0,1]) C LF, ® L®([0, 1])),
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where LI, is an interpolated free group factor with parameter
1
=1+ =(dimz —1).
r + T( imm —1)

Proof. The case where 7 is trivial, follows from the definition of I'(H, Z, ).
To prove all other cases, by Theorem 4.2, it suffices to consider representations
7w = 7y @ n - 1 with wy irreducible and non-trivial and n € IN U {c0}.

We first consider irreducible representations. The case of = one dimensional
is verified from the definition of M, = I'(H, Z, 7)”. If 7 has dimension 2 and is
irreducible denote by A = eF and L = e F ,with T = [Z : ker 7] € N>,, the
eigenvalues of 7¢. Then

My = (LZ ® LZ) %1917 (LZ %, Z)
~ (LZ® CT @ L([0. 1)) *1ge7 gL ([0.1])
(L>°([0,1]) ® M7 (C) ® L*=([0, 1]))
=~ (LZ ® CT) %, ger (L([0, 1)) ® M7(C))) ® L=([0,1]) .

Since (LZ ® CT) x,gcr (L°°([0, 1]) ® M7 (C)) is a non-amenable factor by The-
orem 2.5, Theorem 2.4 shows that

(LZ ® CT) *1gcr (L=([0,1])) ® M7 (C))) = LF,

with . |
r:1+1—(1—7) =1+ Z(dimzx —1).
Moreover,
(Ar C My) = (1@ CT @ L®(]0,1])
C (LZ ® CT) #;gcr (L®([0. 1]) ® M7 (C))) ® L®([0. 1]))
~ (CT @ L*([0,1]) ¢ LF, ® L*([0, 1])) .

Consider now m = w9 @ n - 1 for an irreducible, non-trivial and non-faithful
representation of dimension two mg. The case where g is of dimension one and
has eigenvalue —1 is similar, but simpler. Let T = [Z : kermg] € N>, and
nelNU{oo}. Letro =1+ % Then Theorems 2.4 and 2.5 imply that

Mnoean-r = (L]Fn ® LZ) *19LZ=CT @L>°([0,1]) (LFro ® LOO([()’ 1]))
~ (LF, ® CT x,gcr LF,,) ® L®([0, 1])

~ LF,  L*([0,1]),
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with
r=1+l(n—1)+ro—(1—l) — 1+ L dim(re®n-1)—1).
T T T
Also
(Ar C My) = (€T ® L*([0, 1]) € LF, ® L*°([0, 1]))
and this finishes the proof. O

4.3. A flexibility result for representations with one pair of non-trivial eigen-
value. In this section, we will show that all free Bogoljubov crossed products
associated with almost periodic orthogonal representations of Z with a single non-
trivial irreducible component, which is faithful, are isomorphic.

Proposition 4.4. Let 7; fori € {1,2} be almost periodic orthogonal representa-
tions of Z. having the same dimension. Assume that their complexifications (7;)¢
each have a single pair of non-trivial eigenvalues A;, A; € 2™ B\Q with any mul-
tiplicity. Then My, = My, by an isomorphism, which carries Az, onto Ax,.

Proof. By Theorem 4.2 is suffices to consider the case where the eigenvalue A; of
(i) has multiplicity one. Theorem 3.3 shows that

My, = (LEdimz—1 ® L®(SY)) # 910051y (Z X3, L¥(SY)),

by an isomorphism, which caries 4, onto L>°(S!). Taking an orbit equivalence of

the ergodic hyperfinite / /; equivalence relations induced by Z &i Stand Z % St,
we obtain an isomorphism Z x;, L>°(S!) =~ Z x;, L>°(S!), which preserves
L°°(S!) globally. This can be extended to an isomorphism My, = My,, which
carries Ay, onto Ay,. |

Corollary 4.5. All faithful two dimensional representations of Z. give rise to iso-
morphic free Bogoljubov crossed products.

4.4. Some remarks on a possible classification of Bogoljubov crossed prod-
ucts associated with almost periodic orthogonal representations. In Theo-
rem 4.2 we showed that the isomorphism class of free Bogoljubov crossed prod-
ucts associated with almost periodic orthogonal representations of Z depends at
most on the concrete subgroup of S! generated by the eigenvalues of its com-
plexification. However, Theorem 4.3 and Proposition 4.4 both show that there are
orthogonal representations 7, p of Z such that these subgroups of S! are not equal
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and still they give rise to isomorphic free Bogoljubov crossed products. This an-
swers a question of Shlyakhtenko, asking whether a complete invariant for the
isomorphism class of the free Bogoljubov crossed products associated with an or-
thogonal representation 7 of Z is @®,>17®" up to amplification. By Theorem 4.3,
the classification of free Bogoljubov crossed products associated with non-faithful
orthogonal representations of Z is equivalent to the isomorphism problem for free
group factors. However, assuming that M, is a factor, i.e. that = is faithful, the
abstract isomorphism class of the group generated by the eigenvalues of the com-
plexification of 7 could be an invariant. Due to the fact that the isomorphisms
found in Theorem 4.3 preserve the subalgebra A, C M, for non-faithful orthog-
onal representations, we believe that this abstract group is indeed an invariant for
infinite dimensional representations.

Conjecture 4.6. The abstract isomorphism class of the subgroup generated by
the eigenvalues of the complexification of an infinite dimensional faithful almost
periodic orthogonal representation of Z. is a complete invariant for isomorphism
of the associated free Bogoljubov crossed product.

5. Solidity and strong solidity for free Bogoljubov crossed products

The proof of the following result can be extracted literally from the proof of [43,
Theorem 1]. It shows that the dimension of the almost periodic part of an orthogo-
nal representation of Z is relevant for the isomorphism class of its free Bogoljubov
crossed product. We give a full proof for the convenience of the reader. Recall
that we denote by 1 the trivial orthogonal representation of the integers.

Theorem 5.1. The free Bogoljubov crossed products M) and M) g are isomor-
phic to LIF,.

Proof. We have M =~ LF x Z, where Z acts by shifting a free basis of o, SO
M, = LF,. Consider Mgy = M) *4 (LZ ® A). Let B =L7Z ® A. By [41], we
know that M, is isomorphic to the free Krieger algebra ®(4, 7) for the completely
positive map 7: A — C C A. Let X € M) be the A-valued semicircular variable
coming from this isomorphism. We show that X is B-valued semicircular with
distribution 73 = 7 ® t: B — C C B. Then it follows that M g1 = ®(B, 15) =
LIF,.
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From the definition of freeness with amalgamation, we see that for all by, . . .,
b, € B we have

Ep(Xb1 X ---byX) = E4(XEq(D1) X ---E4(by) X)
=E4(X{d® 1)(b1)X ---(d ® 1) (bp) X) .
As aresult, for the free cumulants of c((;? B) of X with respectto B can be expressed

in terms of the free cumulants c((;? A) of X with respectto A as

e pyBr.. . by) = ¢ ([ d@ T)(by). ... (id ® T)(bn))

(t®1)(b) ifn=1,

0 otherwise .
This shows that X is B-valued semicircular with distribution
=11 LZA—CCLZ® A.
We have finished the proof. U

The fact that the left regular representation plus a trivial one dimensional repre-
sentation gives rise to a strongly solid free Bogoljubov crossed product, triggered
the following observation.

Theorem 5.2. Let w be an orthogonal representation of Z. that is the direct sum
of a mixing representation and a representation of dimension at most one. Then
M, is strongly solid.

This theorem follows from the next, more general, one. Its proof can be taken
almost literally from [19, Theorem 1.8]. We include a proof for the convenience of
the reader. Also note the similarity of our theorem with [16, Theorem D (2)].

Theorem 5.3. Let A be an amenable von Neumann algebra and A C My, M, be
inclusions of A into two strongly solid, tracial von Neumann algebras. Assume
that A C M, is mixing. Then M = My x4 M is strongly solid.

Proof. We first show that M, C M is mixing. As in [19, Theorem 1.8], we have
to show that for every sequence (x,), in (M3); with x, — 0 weakly and for all
X,y € Ma,a,b € M; © A we have

E4q(aE4(xx,y)b) M 0.
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Since x, — 0 weakly, also E4q(xx,y) — 0 weakly. The fact that A C M; is
mixing, then implies that ||E4(aE4(xx,y)b)||2 — 0.
Let Q C M be a diffuse, amenable von Neumann subalgebra and write

P =Nu(0)".

Let p € Z(P) be the maximal projection such that Pp has no amenable direct
summand. We assume p # 0 and deduce a contradiction. Let @ be a non-principal
ultrafilter. By Theorem 2.12 we have p = e + f with

e. f € Z((Pp)' N pMp) N Z((Pp)' N (pMp)®)

such that
e ¢((Pp) N(pMp)®) =e((Pp) N pMp) and this algebra is atomic and
e f((Pp) N (pMp)?) is diffuse.

Either ¢ # 0 or f # 0. In both cases, we will deduce that Pp <p M; or
Pp <pm M.
Ife # 0leteg € (Pp) N pMp be a minimal projection. Then

(Peg) N (egMeg)” = Cey,

so Theorem 2.14 applies to Aeg C egMep and Peg C Negnme,(Qeo)”. We obtain
that one of the following holds:

e QOeg <m A,

o Pey <y My,

o Peg <y M, or

e Peg is amenable relative to A.

The first item implies that Qe <psr M; and since M, C M is mixing, Lemma 2.13
shows that Pey <pr M,. The last item implies that Pey has an amenable direct
summand, which contradicts the choice of p. We obtain Pp <3 My or Pp <p
M, in the case e # 0.

If f # 0 then Theorem 2.11 applied to Pf C fMf shows that one of the
following holds:

o (PfYN(SMSf)® <meo A®,
o Pf <y My,
o Pf <M Mz or

e there is a non-zero projection fo € Z((Pf) N fMf) such that Pfy is
amenable relative to A.
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The first item implies (Pf) N (fMf)® <peo MY and since M, C M is mix-
ing, Theorem 2.15 shows that Pf <js M,. The last item implies that P f has an
amenable direct summand, contradicting the choice of p. This shows Pp <3 M;
or Pp <y M, inthe case f # 0.

We showed that there is i € {1, 2} such that Pp <3 M;. Let pg € P,q € M;,
po < p be non-zero projections, v € pM ¢ satisfying vv* = po and

¢: poPpo — qMiq

a *-homomorphism such that xv = v¢(x) for all x € pyPpy. We have v*v €
¢ (poPpo) N M. Since pg P po has no amenable direct summand it follows that
¢(poPpo) #m A, and hence Theorem 2.10 shows that v*v € M;. So we can
conjugate P by a unitary in order to assume po Ppo C M;. Take partial isometries
wy,...,w, € Psuchthatz = ), wyw/ € Z(P) and wiw; = p < po for all
i =1,...,n. Then we obtain a *~homomorphism

Y Pz —> Mu(C) ® pM; p: x —> (wixw;); ;.

By [14, Proposition 5.2], we know that M, (C) ® pM, p is strongly solid. This
contradicts

Y (Pz) C Nm,©eiM, 5V (Az2))”
and the choice of p. O

Proof of Theorem 5.2. Write 1 = m; @ 7, with 7; mixing and dim 77, < 1. Then
My = My, x4 My,. Since A C My, is mixing by [50, Theorem D.4], it is strongly
solid by [17, Theorem B]. Also My, is amenable, and in particular it is strongly
solid, so Theorem 5.3 applies. U

We have a partial converse to the previous theorem.

Theorem 5.4. Let w be an orthogonal representation of Z. with a rigid subspace
of dimension at least two. Then My, is not solid.

Proof. Let w be a non-principal ultrafilter. Let §,7 € H be orthogonal vec-
tors such that there is a sequence (ny); going to infinity in Z and 7w (ng)é — &,
w(ng)n — nif k — oo. Denote by K the subspace generated by £ and 5. Then
the von Neumann subalgebra I'(K, Z, 7 |g)” of M, contains the non-trivial cen-
tral sequence (uy, )k, S0 by [24, Proposition 7] it follows that I' (K, Z, 7 |x)" is not
solid. So neither can M, be solid. Ol

We conjecture that the previous theorem is sharp.
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Conjecture 5.5. Let & be an orthogonal representation of Z. Then the following
are equivalent:

o M, is strongly solid;
o M, is solid;

o 71 has no rigid subspace of dimension two.

The Theorems 5.2 and 5.4 of this work as well as Theorem A of [13] on free
Bogoljubov crossed products that do not have property Gamma are supporting
evidence for our conjecture. We explain how Houdayer’s result is related with it.

Theorem 5.6 (See Theorem A of [13]). Let G be a countable discrete group and
w: G — O(H) any faithful orthogonal representation such that dim H > 2 and
7(G) is discrete in O(H) with respect to the strong topology. Then T'(H)" x, G
is a 111 factor which does not have property Gamma.

First of all, note that in view of Proposition 7 of [24], being non-Gamma can
be considered as a weak form of solidity. Secondly, we remark that an orthog-
onal representation 7: G — O(H) has discrete range, if and only if the whole
Hilbert space H is not rigid in our terminology. This explains the link between
our conjecture and the result of Houdayer.

6. Rigidity results

In this section, we want to show how to extract some information about 7 from
the von Neumann algebra M. As an application, we exhibit orthogonal represen-
tations of Z that cannot give rise to isomorphic free Bogoljubov crossed products.

Theorem 6.1. Let 1, my be orthogonal representations of 7. such that each of
them has a finite dimensional invariant subspace of dimension 2. Assume that
M = My, = My,. Let A = Ay, and identify An, with a subalgebra B C M.
Then there is a finite index A-B-subbimodule of L>(M).

Proof. We want to use Theorem 2.9 in order to find a finite index A-B bimod-
ule in L?2(M). So we have to verify its assumptions. Corollary 3.9 implies that
the normalisers of A and B are non-amenable. So by Corollary 2.8, 4 <§u B
and B <f\4 A hold. By Proposition 3.8, every right finite A-A subbimodule of
L2(M) lies in L?2(QN,;(A4)”). So Theorem 2.9 says that there is a finite index
A-B-subbimodule of L?(M). O
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Corollary 6.2. Let 1, w5 be two orthogonal representations of Z. having a finite
dimensional subrepresentation of dimension at least 2. Let Ay C M; and A, C
M5 be the inclusions of the free Bogoljubov crossed products associated with m,
and 75, respectively. Assume that M1 = M,. Then there are projections p1 € Ay,
D2 € Ay and an isomorphism ¢: A1 p1 — Ap ps preserving the normalised traces
such that the bimodules 4, ,,(p1L*(M)p1)a, p, and g4, pr)(P2L* (M) p2)g (4, pr) are
isomorphic.

Proof. By Theorem 6.1, there are projections p; € A;, p» € A,, an isomorphism
¢: A1p1 — Az p> and a partial isometry v € p;Mp, such that av = v¢(a)
for all @ € A;p;. Denote by g1 and ¢, the left and right support of v, respec-
tively. Cutting down p; and p,, we can assume that suppE4,(¢1) = p; and
suppE4,(q2) = p2. The map g1 Mq; > x — v*xv € g, Mg is trace preserving
and hence, by the intertwining relation av = v¢(a), it extends to an isomorphism
of the bimodules 4, ,, (¢1L*(M)q1) 4, p, a0d g4, p1)(@2L*(M)G2)p4, p)-

By Proposition 3.5, the centre of (A1)’ N M equals Ay, so p; is the cen-
tral support of ¢g; in (A1)’ N M. The element E4, (¢1) can be considered as a
function on a standard Borel space. Let y, € A;, n € IN* be the almost ev-

erywhere well-defined characteristic functions of the sets {E4,(¢1) = 1} and
{15 >E4,(q1) = 1}, n > 2, and pute, = y,q1. Then g, = Y, ey, since By, is
positive and satisfies |E4, | = 1. Since the restriction E4, : (41)’ N M — A; is

the centre-valued trace, there are partial isometries v,’,‘ e(A)NM,neN,k<n
such that 3", _, vE(v5)* = y, and (v])*v} = e,, (V¥)*vk < ey, foralln € N and
all 2 < k < n. Since the multiplicity function of 4,L?(M),, is constantly equal to
infinity by Proposition 2.2, we find that for all n,m € IN

A1p1 (emLz(M)e")Alpl = @ A1p1 (vrlile(M)(vrlz)*)Alpl

k<m,l<n

= Alpl(XmLz(M)Xn)Alpl .

So also

m,nelN

= @ Al p1 (emL2(M)en)A1p1

m,nelN

g Alpl(QILZ(M)qI)Alpl M

Similarly, we have

A2p2 (p2L2 (M)pz)Azpz % A2p2 (quz (M)qz)Azpz'
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So the chain of isomorphisms

A (PILZ(M) p1)ap, = ap, (1L (M)q1)ap,
=~ 4apn) (@2 (M)q2)pap1)
= apn) (P22 (M) p2)y(apy)

finishes the proof. O

A measure theoretic reformulation of Corollary 6.2 can be given as follows.

Corollary 6.3. Let (i1, N1), (L2, N2) be symmetric probability measures with
multiplicity function on S' such that both have at least 2 atoms when counted with
multiplicity. Fori = 1,2, let ; be the orthogonal representation of 7. by mul-
tiplication with idg1 on Ll%{(Sl, Wi, Ni). If My, = My,, then there are Lebesgue
non-negligible Borel subsets By, B, C S' and a Borel isomorphism ¢: By — B,
preserving the normalised Lebesgue measures such that

o[ Doy + 5<p(s>])31) =Y w3 %4

n>0 n>0

By’
for Lebesgue almost every s € Bs.

Proof. Write
M =My, = Mg,

and A;, fori € {1,2}. Denote by

1= [ [ X a]are

n>0

the maximal spectral type of 4,L.2(M),, according to Proposition 2.3. By Corol-
lary 6.2, there are projections p; € Ay, p» € A, and an there is an isomorphism

¢: Aipr — Azp>

such that the bimodules 4, ,, (P1L*(M) p1) 4, p, and g4, p1)(P2L?* (M) p2)s 4, py) ar€
isomorphic. The projections p; are indicator functions of Lebesgue non-negligible
Borel sets B; C S! and the isomorphism ¢ equals ¢, for some Borel isomorphism
¢: B1 — B, preserving the normalised Lebesgue measures. Since the bimodules
A, (PIL2(M) p1)a, p, and 4, ,,(p2L*(M) p2) 4, », are isomorphic via ¢, their max-
imal spectral types are isomorphic via ¢ x ¢. Using their integral decomposition
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with respect to the projection on the first component of S! x S as it is calculated
in Proposition 2.3, we obtain

(/B [Z’u;n * 83] B> d)‘(s)) = (p x 90)*(/13 [Z,u’f” * SS] 5, dk(s))
2 n>0 i
= xia.( [ |

> i % 0o dA(s))
- (/BZ o[ Dy *5¢(s)]|31)dx(s))

n>0
n>0
As a result, for almost every s € B;, we obtain the equality

ol [ D *5“)@)]’31) = [ xs]|,

n>0 n>0

O

The next theorem follows by applying the previous one to some special cases.

Theorem 6.4. No free Bogoljubov crossed product associated with a representa-
tion in the following classes is isomorphic to a free Bogoljubov crossed product
associated with a representation in the other classes.

(i) The class of representations A @ map, where A is a multiple of the left regular
representation of Z. and myp is a faithful almost periodic representation of
dimension at least 2.

(ii) The class of representations A @ map, where A is a multiple of the left regular
representation of Z. and myp is a non-faithful almost periodic representation
of dimension at least 2.

(iii) The class of representations p @ map, where p is a representation of Z. by mul-
tiplication with idq1 on L%{ (ST, ), w is a probability measure on S' such that
w*" is singular for all n and myy, is a faithful almost periodic representation
of dimension at least 2.

(iv) The class of representations p @ map, where p is a representation of 7. by
multiplication with idg1 on Lf{(Sl, W), | is a probability measure on S' such
that w*" is singular for all n and m,p is a non-faithful almost periodic repre-
sentation of dimension at least 2.

(v) Faithful almost periodic representations of dimension at least 2.
(vi) Non-faithful, almost periodic representations of dimension at least 2.

(vii) The class of representations p @ m, where p is mixing and dimnz < 1.

Note that by [17], there are measures as mentioned item (iii) and (iv).
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Proof. By Theorem 5.3, all free Bogoljubov crossed products associated with rep-
resentations in (vii) are strongly solid, but for all other free Bogoljubov crossed
products A C M is an amenable diffuse von Neumann subalgebra with a non-
amenable normaliser.

It remains to consider representations in (i) to (vi). They satisfy the require-
ments of Corollaries 6.2 and 6.3.

We first claim that representations from (i) to (vi) with a faithful and non-
faithful almost periodic part, respectively, cannot give rise to isomorphic free Bo-
goljubov crossed products. Let = be an orthogonal representation of Z and let
B C S! be Lebesgue non-negligible. The subgroup generated by the eigenvalues
of the complexification of r is dense if and only if the almost periodic part of x is
faithful. So by Section 2.4, the atoms of the spectral invariant of ,4_pL*(M)p,a.,
are an ergodic equivalence relation on B x B if and only if & has a faithful almost
periodic part. So Corollary 6.2 proves our claim.

Let us now consider the weakly mixing part of the representations in the the-
orem. It is known that the spectral measure of the left regular representation of Z
on Z%R(Z) is the Lebesgue measure. So from Corollary 6.3, it follows that the rep-
resentations whose weakly mixing part is the left regular representation, cannot
give a free Bogoljubov crossed product isomorphic to a free Bogoljubov crossed
product associated with any of the other representations in the theorem. Finally,
note that for any non-zero projection p € A, the bimodules ,4 L?(pMyp),a, is
a direct sum of finite index bimodules if and only if the representation = has no
weakly mixing part. So appealing to Corollary 6.2, we finish the proof. O
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