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1. Introduction

The results of this paper are motivated by orbit-equivalence theory and weak
equivalence of group actions. Let us first recall some terminology before delv-
ing into background material.

Let (X, u) be a standard non-atomic probability space and Aut(X, ) the group
of all measure-preserving automorphisms of (X, p) in which we identify two
automorphisms if they agree on a conull subset. Let G be a countable group.
By an action of G we will mean a homomorphism a: G — Aut(X, u). In partic-
ular, all actions in this paper are probability-measure-preserving. Let A(G, X, i)
denote the set of all such actions. It admits a natural topology as follows. First,
let us recall that Aut(X, u) is a Polish group with the weak topology (see §2 for
details). We endow the product space Aut(X, )¢ with the product topology and
view A(G, X, ;1) as a subspace A(G, X, 1) C Aut(X, )¢ with the induced topol-
ogy. It is well-known that A(G, X, ) is a Polish space [18].

1.0.1. Weak containment. If « € A(G, X, ) and T € Aut(X, ), define a” €
A(G, X, ) by
a’(g) = Ta(g)T™".

Let
[alpc = {aT: T e Aut(X, p)} C A(G, X, p)

be the measure-conjugacy class of a.
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Giventwo actionsa, b € A(G, X, u) we say a is weakly contained in b (denoted
a < b) if a is contained in the closure of the measure-conjugacy class of b (i.e.,
a € [blac). We say a is weakly equivalent to b if a < b and b < a. These notions
were introduced by A. Kechris [18] as an analog of weak containment of unitary
representations.

We can also think of weak equivalence as describing the manner in which
the Rohlin Lemma fails for non-amenable groups. Recall that the Rohlin Lemma
states that any pmp Z-action is approximately periodic. This fundamental fact
is critically important in much classical ergodic theory. It has been extended to
amenable groups [24]. Moreover, the Rohlin Lemma is essentially equivalent
to the statement that if G is infinite and amenable then any essentially free ac-
tion a € A(G, X, u) weakly contains all actions of G (i.e., [a]pc is dense in
A(G, X, p)) [19]. By contrast, any non-amenable group admits an essentially free
strongly ergodic action (e.g., Bernoulli shift actions) [27, 21]. By definition, the
closure of the measure-conjugacy class of a strongly ergodic action cannot con-
tain any non-ergodic action. So each non-amenable group admits at least two
non-weakly-equivalent essentially free actions. It is an open problem whether any
non-amenable group admits at least two ergodic non-weakly-equivalent actions.
However M. Abert and G. Elek [1] made use of profinite actions to show that
there is an explicit large family of residually finite groups G that admit an un-
countable family of ergodic non-weakly-equivalent actions. This family includes
non-abelian free groups.

1.0.2. Orbit-equivalence. We say two actionsa, b € A(G, X, ) are orbit-equiv-
alent if there exists T € Aut(X, u) which takes orbits to orbits: T(a(G)x) =
b(G)T(x) fora.e. x € X. We say thata € A(G, X, ) is essentially free if for a.e.
x € X the stabilizer of x in G is trivial: {g € G: a(g)x = x} = {eg}.

If G is amenable then every two essentially free ergodic actions of G are orbit
equivalent [24]. On the other hand, I. Epstein proved that if G is non-amenable
then G admits an uncountable family of essentially free non-orbit-equivalent er-
godic pmp actions [10, 16]. This followed a series of earlier results that dealt with
various important classes of non-amenable groups [13, 15, 17, 22, 23, 25]. In [16]
it shown that essentially free mixing actions of any non-amenable group G cannot
be classified by orbit-equivalence up to countable structures.

The main result of this paper shows that, although there are uncountably many
essentially free non-orbit-equivalent ergodic pmp actions of any non-abelian free
group, the orbit-equivalence class of any such action is dense in the space of all
actions.
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1.0.3. Results. Our main result is:

Theorem 1.1. Let G be a free group with at most countably many generators. Let
Afree (G, X, 1) C A(G, X, 1) denote the subset of all essentially free actions. For
any a € A(G, X, ), let [alor denote the set of all actions b € A(G, X, () which
are orbit-equivalent to a. Then for any a € Atree(G, X, ), [aloE N Atree(G, X, 1)
is dense in A(G, X, ).

By contrast we can use deep rigidity results due to S. Popa [25, 26] and
Y. Kida [22] to show that many groups do not satisfy Theorem 1.1. For this pur-
pose, let us recall that if (K, «) is a probability space then any countable group G
acts on the product space (K, )¢ by

(gx)(f)=x(g'f), xek%g feq.

This action is called the Bernoulli shift over G with base space (K, «).

Theorem 1.2. Let G be any countably infinite group satisfying at least one of the
Jollowing conditions:

(1) G = Gy x G, where Gy, G, are both infinite, G1 is nonamenable and G has
no nontrivial finite normal subgroups;

(2) G is the mapping class group of the genus g n-holed surface for some (g, n)
with3g +n—4>0and (g,n) ¢ {(1,2),(2,0)};

(3) G has property (T) and every nontrivial conjugacy class of G is infinite.

Let (X, 1) be a standard non-atomic probability space and let a € A(T, X, 1)
be isomorphic to the Bernoulli action G~ ([0, 1], 1)C where A is the Lebesgue
measure on the unit interval [0,1]. Then [alog N Atee(G, X, 1) is not dense in
A(G, X, ).

Before proving this, we need a lemma.

Definition 1. Leta € A(G, X, 1) and « € Aut(G). Observe that the composition
aoa € A(G, X, ). We say that two actions a,b € A(G, X, ) are conjugate
up to automorphisms if there exists « € Aut(G) and T € Aut(X, i) such that
b=(aoa)T.

Lemma 1.3. Let G be any countable group, (K, k) a standard probability space
and GA%(K, k)€ the Bernoulli shift action. (So (gx)(f) = x(g7' f) forx € K¢
and g, [ € G). Then any action of G which is conjugate to a up to automorphisms
is measurably conjugate to a.
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Proof. Suppose o € Aut(G). It suffices to show that a is measurably conjugate to
a o a. For this purpose, define

T: K¢ — KC

by
T(x)(g) = x(a”'(2)).
Then forany g, f € G and x € K,

(fx) @' ()
=x(f"la7H(g)

= x(@ (@(f7)g)
= (Tx)(@(f)g)
= a(f)(Tx)(g).

T(fx)(g)

This shows that 7" intertwines a and a o « as required. U

Proof of Theorem 1.2. Using the previous lemma and [26, Corollary 1.3], [22,
Theorem 1.4] and [25, Corollary 0.2] we obtain that if G and a are as above then
[aloe N Afree(G, X, ) = [a]lmc. Moreover a is strongly ergodic [21]. So there
does not exist any non-ergodic actions in the closure of its measure-conjugacy
class. In particular [a]psc is not dense in A(G, X, ). O

Remark 1. Theorem 1.1 and the upper semi-continuity of cost [18, Theorem 10.12]
imply that finitely generated free groups have fixed price, a fact originally obtained
by Gaboriau [12].

Remark 2. Because free groups are residually finite and therefore sofic, Theo-
rem 1.1 implies that the orbit-equivalence relation of every essentially free a <
A(T, X, ) is sofic. This fact was first obtained in [9] (it can also be obtained as a
consequence of property MD for free groups [19] which was discovered earlier in
a different context in [4]). A new proof of this appears in [3].

Question 1. Which groups T satisfy the conclusion of Theorem 1.1? For example,
do all strongly treeable groups satisfy this conclusion? Does PSL(2,R) satisfy
the conclusion?
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Question 2. Are orbit-equivalence classes meager? That is, is the set [a]og from
Theorem 1.1 meager in A(G, X, u)? If so, then combined with ideas and results of
[16] it should be possible to prove that if G is a nonabelian free group then for
any comeager subset Y C A(G, X, ) it is not possible to classify actions in Y by
orbit-equivalence up to countable structures.

1.1. A special case. To give the reader a feeling for the proof of Theorem 1.1, we
show how to quickly prove a special case.

Theorem 1.4. Let G be a finitely generated free group and a € A(G, X, 1) be
essentially free. Let S C G be a free generating set. Suppose that for everys € S,
the automorphism a(s) € Aut(X, ) is ergodic. Then [alog N Agee(G, X, 1) is
dense in A(G, X, |v).

We need two lemmas first.

Lemma 1.5. Suppose that T € Aut(X, u) is ergodic, € > 0 and {C; }; <, {Di}i <k
are two measurable partitions of X such that for eachi < k, C; and D; have the
same measure. Then there is a T’ € Aut(X, i) with the same orbits as T such that
for all i the measure of T'(C;) A Dj is less than €.

Proof. 'This is [11, Lemma §]. |

Lemma 1.6. Let Hy, ..., H, be countable groups and G = Hy * - --x H, be their
free product. Let a € Agee(G, X, 1), a’ € A(G, X, i) and suppose that for every
i, (@ |} H;) is essentially free and (a |} H;) and (a' | H;) have essentially the
same orbits. Then a’ is essentially free.

Proof. If g € G is nontrivial then g = ¢;---1, for some t; € Hj, \ {e} with
Ji # Ji+1 fori < n. Forae. x € X, a;,x = ayx for some h € G of the form
h = si---s, with s; € Hj,. Since (a’ | H;) is essentially free, s; is nontrivial
for each i. Since « is essentially free, apx # x almost surely, so afgx = x almost
surely. Since g is arbitrary, a’ is essentially free. U

Proof of Theorem 1.4. Let b € A(G, X,un). We will show that b € [a]ok.
By Lemma 2.3 below, it suffices to show that if {C;}; < is a measurable parti-
tion of X and € > 0 then there exists a measurable partition {D; }; <x of X and an
action @’ € [a]pg such that

[1(Ci N bsCj) — w(Di NagDj)| <€ )]

foreverys € S and 1 <i,j < k (where for example by = b(s)).
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By Lemma 1.5 for every s € S there is an automorphism a;, € Aut(X, u) with
the same orbits as a, such that

p(ag(Ci) A by(Ci)) < e.

Therefore, equation (1) holds with D; = C; for all i. It is easy to verify that
a’ is orbit-equivalent to a (indeed a’ has the same orbits as ¢). By Lemma 1.6,
a' € Apee(G, X, ). O

The conclusion of Lemma 1.5 does not hold in general if 7 is non-ergodic.
In order to prove Theorem 1.1 we will show instead that if the sets {C;}; <x are
sufficiently equidistributed with respect to the ergodic decomposition of 7' then
we can find an automorphism 7’ with the same orbits as 7 such that the numbers
w(C; N T'C;) are close to any pre-specified set of numbers satisfying the obvious
restrictions.

Acknowledgements. Thanks to Robin Tucker-Drob for pointing me to the refer-
ence [11, Lemma 8]. I am partially supported by NSF grant DMS-0968762 and
NSF CAREER Award DMS-0954606.

2. The weak topology

Here we review the weak topology and obtain some general results regarding weak
containment. So let (X, ;) be a standard non-atomic probability space. The mea-
sure algebra of ., denoted MALG(u), is the collection of all measurable subsets
of X modulo sets of measure zero. There is a natural distance function on the
measure-algebra defined by

d(A, B) = u(A A B)

for any A, B € MALG(u). Because u is standard, there exists a dense sequence
{4i}72, € MALG(u). Using this sequence we define the weak-distance between
elements T, S € Aut(X, u) by

o
dy(T.S) =Y 27 u(TA; A SA).
i=1
The topology induced by this distance is called the weak topology. While d,

depends on the choice of {4;}72,, the topology on Aut(X, 1) does not depend on
this choice.
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Let G be a countable group. Recall that A(G, X, ) denotes the set of all ho-
momorphisms a: G — Aut(X, n). We may view A(G, X, i) as a subset of the
product space Aut(X, )¢ from which it inherits a Polish topology [18].

Notation 1. If v € A(G, X, ) and g € G then we write vg = v(g).

Lemma 2.1. Let G be a countable group. Letv € A(G, X, p) and W C A(G, X, ).
Then v is in the closure W if and only if. for every € > 0, for every finite Borel
partition P = {Pq, ..., P,} of X and every finite set F C G there exists w € W
and a finite Borel partition Q = {Q1, ..., Qn} of X such that

(P Nvg Pp) — n(Qi Nwg Qj)| <€

foreveryge Fand1 <i,j <n.

Proof. 'This is essentially the same as [18, Proposition 10.1]. It also follows from
[5, Theorem 1]. O

Corollary 2.2. In order to prove Theorem 1.1, it suffices to prove the special case
in which G is finitely generated.

Proof. Let G be a countably generated free group with free generating set
S = {51,82,...} C G. Leta,b € A(G, X, u) and suppose a is essentially free.
Lete > 0, P = {Py,..., P,} be a Borel partition of X and FF C G be finite.
By Lemma 2.1 it suffices to show there exists a’ € [a]og N Afree(G, X, 1) and a
finite Borel partition Q = {Q1, ..., Q,} of X such that

|1 (Pi N bg P) — (Qi Nay Q)] < e (2)

forevery g € Fand 1 <i,j < n. Let G, < G be the subgroup generated by
{$1,...,8,}. Choose n large enough so that F C G,. Because we are assuming
Theorem 1.1 is true for finitely generated free groups, there exists an action a” €
Atree(Gn, X, ) orbit-equivalent to a|g, such that

[1W(Pi N bg Pj) — n(Qi Nay Q)] < € (3)

forevery g € F and 1 < i, j < n. By definition of orbit-equivalence, there exists
an automorphism 7' € Aut(X, i) such that a” and (a|g,)” have the same orbits.
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Define a’ € A(G, X, ) by

a”(sy) ifl <i <n,

a'(si) =
Ta(s;)T™! fori > n.
Then clearly @’ is orbit-equivalent to @ and a’ satisfies (2) because of (3).
By Lemma 1.6, @’ is essentially free. O

The next result implies that we can replace the finite set /' C G appearing in
the lemma above with a fixed generating set S C G. This is crucial to the whole
approach because it allows us to reduce Theorem 1.1 from a problem about actions
of the free group to a problem about actions of the integers.

Lemma 2.3. Let G be a group with a finite symmetric generating set S. Let v €
A(G, X, pn) and W C A(G, X, ). Suppose that for every € > 0 for every finite
Borel partition P = {P1,..., Py} of X there exists w € W and a finite Borel
partition Q = {01, ..., Qn} of X such that

(P NogPi) — w(Qi Nws Q)| <e

foreverys e Sand1 <i,j <n. Thenv € w.

Proof. Lete > 0, = {Py,..., P,} be a Borel partition of X and F C G be a
finite set. By Lemma 2.1 it suffices to show that there exists w € W and a finite
Borel partition Q = {Q1, ..., O,} of X such that

(P Nog Pj) — pn(Qi Nwg Q)| <€ “4)

forevery g e Fand1 <i,j <n.

In order to do this, we may assume that for some integer r > 0, F = B(e,r)
is the ball of radius r centered at the identity in G with respect to the word metric
ds (-, -) induced by the generating set S

Let P =/ ger &P be the common refinement of the partitions {gP: g € F}.
By hypothesis, there exists a partition Q" of X, a bijection §: P — Q' and an
action w € W such that

[W(P" Mg P") — n(B(P") NwsB(P"))| < e|P|72|F|7" /4 o)

for every P/, P” € P ands € S.
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Let X(P') denote the sigma-algebra generated by P’ (and define X(Q’) sim-
ilarly). There is a unique boolean-algebra homomorphism from X (') to X(Q')
extending . We also let 8 denote this homomorphism.

Let Q = {B(P): P € P}. Itis immediate that Q is a finite Borel partition of X .
We will show that it satisfies (4).

Claim 1. |u(8(P)) — u(P)| < €/2 for every P € Z(P).
Proof of Claim 1. Lets € S. By (5)

[1(B(P)) — (P < D |u(P' NusP") — w(B(P") NwsB(P"))| < €/2

P/’P//

where the sum is over all P/, P” € P’ with P’ C P. O

Claim 2. u(B(vgP) A weB(P)) < €|g|/(2|F|) forall P € P and g € F where
|g| denotes the word length of g. Moreover equality holds only in the case |g| = 0.

Proof of Claim 2. We prove this by induction on the word length |g|. It is obvi-
ously true when |g| = 0. So we assume there is an integer m > 0 such that the
statement is true for all g with |g| < m. Now suppose that |g| = m+land g € F.
Then g = sh for some & € F and s € S such that |#| = m. By induction,

1(pvg P) & weB(P))
= n(BsnP) & wspf(P))
= (B P) & wsB(vpP)) + p(wsfp P) A wsnB(P))
= n(BsnP) & wsf(aP)) + w(B(vpP) A wpp(P))
= p(BwsnP) & wsB(vpP)) + ||/ (2] F]).

Next we observe that

(B s P) A wsf(vpP))
= Z /,L(ﬁ(Pl) N ws,B(P2)) + Z ﬁ(P3 N wSIB(P4))

Py,P P3,Py

where the first sum is over all Py, P, € P’ such that P; C vy, P and P, Nv, P = @
while the second sum is over all P, P, € P such that P3s N v, P = @ and
Py Cu,P.
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By (5)if (i, j) = (1,2) or (i, j) = (3, 4) as above then

1(B(P) NwsB(P)) < 1(Pi N s Py) + €| P'[72/(4[F|) = e|P'|72/ (4] F)).
Therefore,

n(BspP) A wsB(upP)) < €/2|F]).

This implies the claim. O
Next we verify (4) with Q; = B(P;):
l(Pi Mg Pj) — pn(Qi Nwg Q)
= [u(Pi Nvg Pj) — u(B(Pi) Nwg B(F;))]
< |u(Pi Nvg Pj) — w(B(Pi) N B(vg P))| + €lgl/ (2| F)
= |n(Pi Nvg Pj) — u(B(Pi Nvg P))| + €lgl/ (2| F|)
<€/2+€lgl/IF])

< €.

The first inequality follows from Claim 1 and the second inequality from Claim 2.
O

3. A combinatorial lemma

The next lemma will be used to rearrange partial orbits of a single transformation.
Roughly speaking it states that any partial orbit which is roughly equidistributed
with respect to some partition can be rearranged so as to approximate the local
statistics of any given Markov chain on the partition.

Lemma 3.1. Let A be a finite set, w be a probability distribution on A and { be

a self-coupling of w (so J is a probability distribution on A x A such that the

projection of J to either factor is w). Let 0 < € < 1 and N > 0 be an integer and

¢:{1,...,N} — A a map such that if 7' is the empirical distribution of ¢ then

|7 — 7|loo < €. (By definition, &' = ¢un where uy is the uniform probability

distribution on {1, ..., N}). We assume ming pe4 d(a,b) > 2|Ale + |A|*/N.
Then there exists a bijection

o=04:{1,....N -1} — {2,...,N}

such that if T'(0) is the graph with vertices {1,..., N} and edges {(i,o(i)):
1 <i <N —1}then



Weak density of orbit equivalence classes of free group actions 821

e I'(0) is connected (so it is isomorphic to a line graph)

o if Dy {l,....,.N —1} > A X Ais the map O,() = (¢(i),p(0(i))) and
do = (®g)xuUN—1 is the empirical distribution of @, then

130 — dlloo < 2|Ale + 3|AI*/N.
To prove Lemma 3.1 we need some preliminary results.
Claim 1. There exists a self-coupling J' of n’ such that
18" = 3lloo < 21Ale + |A]*/N
and J takes values only in Z[1/N].

Proof of Claim 1. Leta € A. For b, c € A\ {a}, let J'(b, c¢) be the closest number
in Z[1/N] to J(b, ¢). Define

Jac)=r'c)— Y o)

teA\{a}

Jb.a)y=a'b)y— Y Jb),
teA\{a}

Jaay=n'@- Y Jan=r@- > J¢a).
reA\{a} teA\{a}

It is straightforward to check that
13" = Fllos < € + [Al(e + [A|/N) < 2|Ale + |A?/N.

Because min, peq J(a,b) > 2|Ale + |A|%€/N, this implies J’ is positive every-
where. So it is a self-coupling of 7’. U

Claim 2. There exists a bijection
:{l,....N -1} — {2,...,N}

such that if ®: {1,...,.N} —> A x A is the map ®.(i) = (¢(i),p(z(i))) and
dr = (Pr)«un is the empirical distribution of ®. then

13z = 3'lloo < 1/N.
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Proof of Claim 2. Because J’ is a self-coupling of 7’ taking values in Z[1/N]
there exist partitions P = {Py p}apea, Q ={0Qabtaben of {1,..., N} such that

o |Pyp| =10Qap| =NJ(a,b)foreverya,b e A;
e P, Copl(a)and Q,p C ¢~ 1(b) foreverya,b € A.

Next we choose bijections B, : Py p — Qg forall a,b € A. Define

Tl N—1)—{2,... N}

by
() :Ba,b(i) ifi € Pa,b and ,Ba,b(i) 7é 1’
T\ ) =
N ifi € P, (for some a,b) and B, (i) = 1.
This satisfies the claim. O

Letz: {1,...,N—1} - {2,..., N} be abijection satisfying the conclusion of
Claim 2 with the property that the number of connected components of the graph
I'(7) is as small as possible given that 7 satisfies Claim 2.

Claim 3. I'(t) has at most |A|? connected components.

Proof of Claim 3. To obtain a contradiction, suppose I'(t) has more than |A|?
connected components. Then there exists 1 <i < j < N —1suchthati and j are
in different connected components of I'(z), ¢ (i) = ¢(j) and ¢(z(i)) = ¢ (z())).
Let us define

:{1,...,N—1} — {2,...,N}

by
(k) ifk ¢{i,j},
(k) = 1(j) ifk =i,
(i) ifk =
Observe that 7/ also satisfies Claim 2 and I'(z’) has one fewer connected compo-
nent than I'(7) contradicting the choice of I'(7). O

Proof of Lemma 3.1. Let1 <i; <ip <...<i; < N be a maximal set of indices
such that for ¢ # s, i; and i are in different connected components of I'(z). Define
the bijection

o:{l,...,N—-1} —{2,...,N}
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by
(1) ift ¢ {iy,..., i},

T(is+1) ift =iy (indices mod k).

o(t) =

Observe that I'(o) is connected and, since k < |A|?,

#Ml<i<N—-1:¢() =a,¢((i)) =b}

|3<7(a’b)_3r(a,b)| = v

- H‘E(a7b)
< [AP*/N.

This implies the lemma. O

4. Proof of Theorem 1.1

From here on, it will be convenient to work with observables instead of partitions.
So instead of considering partitions P of a space X we consider measurable maps
¢: X — A where A is a finite set. Of course, {¢p~'({a}): a € A} is the partition
of X represented by ¢.

Lemma 4.1. Ler (X, ) be a standard probability space and T € Aut(X, n)
be aperiodic. Let ¥: X — A be a measurable map into a finite set. Let @ =
[ v dw(v) be the ergodic decomposition of u with respect to T (so w is a prob-
ability measure on the space of T-invariant ergodic Borel probability measures
on X). Suppose that for some 1/6 > € > 0,

O [[Yav — Yuptfloo > €}) <€

Suppose also that J is a self-coupling of W« (i.e. J is a probability measure on
A x A whose projections are both equal to V) and

min J(a,b) > 2|Ale.
a,beA

Then there exists T' € Aut(X, ) such that T and T’ have the same orbits (a.e.)
and if ®: X — A x A is the map ®(x) = (Y (x), ¥ (T'x)) then

[®spt = dlloo = 9N Ale.
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Proof. By the pointwise ergodic theorem, there exists a Borel set X’ C X and an
integer M > 0 such that

e u(X)>1-—¢,

e forevery x € X', everya € A and every K;, K, > M,

#H—K1 <j<K:y(T'x)=a)}
Ki+Ky+1

— Vxp(a)| <e.

Without loss of generality, we may assume M is large enough so that

min J(a,b) > 2|Ale + [A|?/2M + 1)
a,beA

and 3|A|2/2M +1) < e.

Let Y C X be a complete section with u(Y) < ¢/(2M + 1). By a complete
section we mean that for p-a.e. x € X the orbit of x intersects Y nontrivially. The
existence of such a complete section is proved in [20, Chapter 1I, Lemma 6.7].
Without loss of generality, we will assume thatif y € Y then Ty ¢ Y.

For any integer N > 1 let us say that a map n: {1,..., N} — A is e-good if

Insun — Yaptlloo < €
and
min J(a,b) > 2|Ale + |A|?/N
a,beA
where u y is the uniform probability measure on {1, ..., N}. For each e-good map

n:{l,.... N} — A

choose a map
op:{l,...,N—1} —{2,...,N}

as in Lemma 3.1.
For x € X, let o(x) be the smallest nonnegative integer such that 7’ 2y ey,
let B(x) be the smallest nonnegative integer such that 7#®)x € Y and let

Y {l.,a(x)+B(x)+ 1} — A

be the map _
Yel(j) = Y (7740 1y,
So
Vo = (YT 0), g (T F ),y (TFWx)).
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Note that v is e-good if x € X/, a(x) > M and S(x) > M. In this case, let
ox = Oy, and g = J,, (with notation as in Lemma 3.1).
Now we can define 7" as follows:

Tx if either x € Y or ¥ is not e-good,

Tox@X)+D—a)=1(x) otherwise.

T'x =

Because each oy is a bijection and the graph I'(oy) is connected it immediately
follows that 77 and T have the same orbits.
By Kac’s Theorem (see for example [6, Theorem 4.3.4]),

/ B(Tx)+ 1du(x) =1.
Y

Therefore the set Y’ of all x € Y such that 8(Tx) + 1 > 2M + 1 satisfies

/ B(Tx)+ 1dux)=1- B(Tx)+ 1du(x)
Y’ Y\Y’

= 1—p)2M +1)

>1—e€.

Let X" be the setof all T/x forx € Y and M < j < B(Tx) — M. Then

mar /Y (BTx)—2M + 1) du(x)
>1—e—p(Y')2M)
>1—2e.

Let
X/// — X/ m X//

So u(X") > 1 — 3e. Observe that if x € X" then a(x) > M and B(x) > M
s0 Yy is e-good. Finally, let Y” be the set of all y € Y’ such that T/y € X" for
some 1 < j < B(Tx)+ 1. Then

B(Tx)+1du(x) > pu(X"”)>1-3e.
Y//

If y € Y”, then ¥y is e-good (this uses our hypothesis thatif y € Y” C Y then
Ty ¢Y). Let Zbethesetofall T/y fory e Y” and 0 < j < B(Ty). So

w(Z) = /Y”ﬁ(Tx) +1dpu(x) > 1-—3e.
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Recall that ®: X — A x A is defined by ®(x) = (¥ (x), ¥ (T'x)). Let uz
denote the unnormalized restriction of u to Z. Then

[Pupt — oo < [ Pspt — Pucptzlloo + [|Pxptz — dlloo
<3€ + || Puptz — Illoo-
Next observe that
Supz = [ BT+ Wrs duo.
Y//
By Lemma 3.1, for x € Y”
137 — dlloo < 2|Ale + 3JAI?/2M + 1) < 3|Ale.
So
[@uprz —dlloo < (| Al€)/(1 —3€) < 6|Ale

(because € < 1/6) and therefore,
[®spt — dlloc = 3€ + 6| Ale < 9| Ale. O
In the next lemma, we prove the existence of a “good observable” .

Lemma 4.2. Let G be a countable group and S C G a finite set of elements of
infinite order. Let T € A(G, X, ) be an essentially free action of G. For each
s € Slet uw = [vdws(v) be the ergodic decomposition of u with respect to Ty
(so ws is a Borel probability measure on the space of all Ts-invariant ergodic
Borel probability measures).

Let w be a probability measure on a finite set A. Also let 0 < € < 1/2. Then
there exists a measurable map : X — A such that for every s € S,

ws({v: [|[¥«v — 7|leo > 3€}) <.

Proof. Given a measurable map ¢: X — A, an element s € S and an integer
N > lletysn: X — AV be the map

YN (X) = (W (Tex), Y (T2x), ..., Y (TN x)).

According to Abert-Weiss [2], the action T" weakly contains the Bernoulli shift
action G~ (A, 7)%. This immediately implies that for any integer N > 1 there
exists a measurable map ¢ : X — A such that for every s € S

2

€
| (Vs,N )5t — ”N”oo < 5
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Given a sequence y € A", let E[y] denote its empirical distribution. To be pre-
cise, E[y] is the probability measure on A defined by

E[yl(a) =#{1 <i < N:y(i) =a}/N.
By the law of large numbers we may choose N large enough so that
aV({y e AV |E[y] = 7lloo > €}) < €2/2.
Therefore,

p{x € X |E[Ys,n(x)] = 7lloo > €})

= W0y € AV EY] = 7lloo > €})

<62

forevery s € S. Let
Z={xeX: |E[YsNx)] -7l > €}.

So
/U(Z) dws(v) = w(Z) < €2

This implies ws({v: v(Z) > €}) < €.
Next we claim that if a probability measure v satisfies v(Z) < € then

[Vsv — 7 ]loo < 3e€.

Indeed,
Yev = Ey (ws,N)*U-

Soif v(Z) < € then
[Ysv — Ex(Ys,N)«(v | Z)|loo < €

(where Z¢ = X \ Z is the complement of Z) and

7 = Ex (o)« (v } Z)oo < ——

by definition of Z. So | ¥«v — 7|l e < 3€ (since we assume € < 1/2).
Since ws({v: v(Z) > €}) < €, we now have

ws({v: Yy — 7|0 > 3€}) <e. O
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Proof of Theorem 1.1. Let G be a finitely generated free group with free generating
set S C G. Leta,b € A(G, X, ) and assume a is essentially free. It suffices to

show that b € [a]pg. By Lemma 2.3 it suffices to show that for every finite set A,
measurable map ¢: X — A and € > 0 there exists a measurable map ¥ : X — A
and a’ € [a]og such that

I VY oag) —(¢V¢obs)ulo < 10Ale Vs e S

where, for example, ¢ vV ¢ o by: X — A x A is the map

¢V ¢ obs(x) = (d(x), p(bsx)).

After replacing A with the essential range of ¢ if necessary, we may assume
that ¢, u(c) > 0 for every ¢ € A. We claim that there exists a self-coupling J; of
¢« such that Js(c,d) > Oforall c,d € A and

1@V ¢ obs)sp —dslloo < €.
Indeed, the self-coupling

ds = (L=€)(@V P obs)spt + €(p X P)x(p x 1)

has this property. After choosing ¢ smaller if necessary we may assume that
€ < 1/6 and

min min Js(c,d) > 2|Ale.
seS c,deA

Let © = [ v dws be the ergodic decomposition of ;2 with respect to a;. By
Lemma 4.2 there exists a measurable map ¥ : X — A such that

os{v: |pspt — Yav|oo > €}) <€

for every s € S. By Lemma 4.1 for every s € S there exists a;, € Aut(X, ) such
that a} and a, have the same orbits and

(¥ VY oal)p —Islloo < 9Ale.

Because a and a; have the same orbits for every s € S it follows that the ho-
momorphism a’: G — Aut(X, ) defined by {a}}ses is orbit-equivalent to a. In
other words, a’ € [a]og. Also

(¥ Vv yoa)i—(¢dVe¢obg)loo
= ||(1ﬂ Vo a;)*ﬂ - 3s||oo + ||3s - (¢ Vo bs)*ﬂ”oo
< 10|Ale.

By Lemma 1.6, @’ € Agee(G, X, ). This finishes the special case in which G is
finitely generated. The general case follows from Corollary 2.2. O
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