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Abstract. A subgroup G � Di�1
C.Œ0; 1�/ is C 1-close to the identity if there is a

sequence hn 2 Di�1
C.Œ0; 1�/ such that the conjugates hngh

�1
n tend to the identity for the

C 1-topology, for every g 2 G. �is is equivalent to the fact that G can be embedded in the

C 1-centralizer of a C 1-contraction of Œ0;C1/(see [6] and �eorem 1.1).

We �rst describe the topological dynamics of groups C 1-close to the identity. �en,

we show that the class of groups C 1-close to the identity is invariant under some natural

dynamical and algebraic extensions. As a consequence, we can describe a large class of

groups G � Di�1
C.Œ0; 1�/ whose topological dynamics implies that they are C 1-close to

the identity.

�is allows us to show that the free group F2 admits faithful actions which are

C 1-close to the identity. In particular, the C 1-centralizer of a C 1-contraction may con-

tain free groups.
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1. Introduction

1.1. Groups C 1-close to the identity and centralizers of contractions. �e

main motivation of this paper is the study of centralizers of the C 1-contractions

of the half line Œ0;C1/. A di�eomorphism f of Œ0;C1/ is called a contrac-

tion if f .x/ < x for every x ¤ 0. Unless it is explicitly indicated, a contraction

will now refer to a C 1-di�eomorphism. When f is at least C 2, Szekeres, in [17]

(see also [16]), proved thatf is the time-one map of the �ow of aC 1-vector �eldX ,
and Kopell’s Lemma (see [11]) implies that the C 1-centralizer of f is precisely
the �ow ¹Xt ; t 2 Rº of the Szekeres vector �eld. When f is only required to
be C 1, Szekeres result does not hold anymore and neither does Kopell’s Lemma.
Actually, the C 1-centralizer of a C 1-contraction f may be very di�erent accord-
ing to f . Generically it is trivial (i.e. equal to ¹f n; n 2 Zº, see [18]) but it can also
be very large (non abelian and non countable). We will see that there are at the
same time many algebraic and dynamical restrictions on the possible groups, but
also a large variety of dynamical properties which allows a group to be included
in a centralizer of a contraction.

We consider groups G of di�eomorphisms of a compact segment I � .0; 1/.
We say that G is embeddable in the centralizer of a contraction if there exists
a contraction f of Œ0;C1/ and a subgroup zG of the C 1-centralizer of f which
induces G by restriction to I . [6, �eorem 3] shows that G is embeddable in
the centralizer of a contraction if and only if there is a C 1-continuous path of
di�eomorphisms ht 2 Di�1C.I / such that htgh�1

t tends to the identity for every
g 2 G.

As a direct consequence one deduces that, ifG is embeddable in the centralizer
of a contraction, thenG is also embeddable in the centralizer of a di�eomorphism
f of Œ0; 1� without �xed point in .0; 1/.

Finally, an argument by A. Navas proves that:

�eorem 1.1. Let I be a compact segment. Given a group G � Di�1.I /, the two

following properties are equivalent:

� there is a path of di�eomorphisms ht 2 Di�1C.I /, t 2 Œ0; 1/, continuous

for the C 1-topology, and such that htgh
�1
t tends to the identity in the C 1-

topology when t tends to 1, for every g 2 G;

� there is a sequence of di�eomorphisms hn 2 Di�1C.I /, n 2 N, such that

hngh
�1
n tends to the identity in theC 1-topology, for everyg 2 G as n ! C1.
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�is fact is not trivial at all and is speci�c to the identity map: [6] provides
examples of pairs of di�eomorphisms f; g 2 Di�1.Œ0; 1�/ such that there are se-
quences hn 2 Di�1.Œ0; 1�/ leading g to f by conjugacy, that is

hngh
�1
n

C1

����!
n!1

f;

but such that there is no continuous path ht leading g to f by conjugacy. �e
proof of �eorem 1.1 is presented in Section 2.

�erefore, we have four equivalent notions which induce a well de�ned class
of subgroups G of Di�1C.Œ0; 1�/:

� G is embeddable in the centralizer of a contraction;

� G is embeddable in the centralizer of a di�eomorphism f 2 Di�1C.I / with-
out �xed point in the interior of I ;

� there exists a path of di�eomorphisms ht 2 Di�1C.Œ0I 1�/ leading by conju-
gacy every g 2 G to the identity;

� there exists a sequence of di�eomorphisms hn 2 Di�1C.Œ0I 1�/ leading by
conjugacy every g 2 G to the identity.

De�nition 1.1. Let I be a segment. We say that a group G � Di�1C.Œ0; 1�/ is
C 1-close to the identity if it satis�es one of the four equivalent properties above,
that is, for instance, if there is a sequence of di�eomorphisms hn 2 Di�1C.Œ0I 1�/
such that, for every g 2 G,

hngh
�1
n

C1

����!
n!1

id :

We denote by C1id.I / the class consisting of these groups; when I D Œ0; 1�, we
simply denote it by C1id.

�e aim of this paper is to describe this class of groups C 1-close to the iden-
tity, up to group isomorphisms, up to topological conjugacy, and/or up to smooth
conjugacy.

In other words, we try to answer to the following questions:

Question 1. What groups G admit a faithful representation

' W G �! Di�1.Œ0; 1/

such that '.G/ is C 1-close to the identity?
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Remark 1.2. (1) B. Farb and J. Franks [7] build examples ofC 1-actions of nilpo-
tent groups on the interval, so that the generators can be chosen in a prescribed
neighborhood of the identity. However, this is not enough for ensuring that the
action is C 1-close to the identity in our meaning: to each neighborhood of the
identity corresponds an action. It is clear from their construction that all these
actions are topologically conjugated, but they are not conjugated by di�eomor-
phisms. So, [7] does not prove that these actions they build are C 1-close to the
identity in our meaning.

(2) In the same way, Navas [15] considers the Grigorchuk–Maki group G
(whose growth is larger than polynomial but less than exponential). [15] shows
that, for every C 1-neighborhood V of the identity, there is a group isomorphism
fromG to Di�1C.Œ0; 1�/ such that the generators ofG are mapped to elements of V .
�is also does not imply that this group is C 1-close to the identity as we de�ned
above.

(3) In [14], Navas shows that any �nitely generated nilpotent subgroup G �
Di�1C.Œ0; 1�/ is topologically conjugated to a group whose generators are arbitrar-
ily C 1-close to the identity. Here again, as the conjugacy is a topological conju-
gacy, this does not state thatG isC 1-close to the identity in our meaning. However,
if we understood correctly the proof, [14] should prove that, if a �nitely generated
nilpotent subgroup G � Di�1C.Œ0; 1�/ is without hyperbolic �xed points, then it is
C 1-close to the identity.

(4) In [12], McCarthy proves that Baumslag–Solitar groups cannot be
C 1-close to the identity.

(5) In contrast, �eorem 1.9 shows that the free group F2 admits actions
C 1-close to the identity. �is shows in particular that our class of groups G �
Di�1C.Œ0; 1�/ C

1-close to the identity contains groups with exponential growth, in
contrast to the groups considered in [7], [15], [14].

Question 2. What is the topological dynamics of a group C1-close to the identity?

In other words, given a group G � HomeoC.Œ0; 1//, under what hypothe-

ses does there exist h 2 HomeoC.Œ0; 1�/ such that hGh�1 is contained in C1id �
Di�1C.Œ0; 1�/?

�eorem 1.7 presents a large class of groups G � Di�1C.Œ0; 1�/, called ele-

mentary groups, whose topological dynamics implies that they are C 1-close to
the identity. �us, every group G0 � Di�1C.Œ0; 1�/ topologically conjugated to an
elementary group is C 1-close to the identity.
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Question 3. Given a group G � Di�1C.Œ0; 1�/, under what conditions does it

belong to C1id?

Let us illustrate this question by another one, which is more precise. An im-
mediate obstruction for a group G � Di�1C.Œ0; 1�/ to be C 1-close to the identity
is the existence of a hyperbolic �xed point for an element g 2 G. We will say
that G is without hyperbolic �xed point if, for every g 2 G and every x 2 Fix.g/,
Dg.x/ D 1. A. Navas suggested that it could be a necessary and su�cient con-
dition, maybe for �nitely presented groups. [6] proved that this is true for cyclic
groups.

Question 4. LetG be a subgroup of Di�1C.Œ0; 1�/ (maybe assuming countable, or

�nitely presented, or any other natural hypothesis). We wonder if

G without hyperbolic �xed point
‹

() G C 1-close to identity.

We denote by C1nonhyp the class of groupsG � Di�1C.Œ0; 1�/without hyperbolic
�xed points. For now we know

C1id � C1nonhyp

�e rest of the introduction expounds the statements of the results above, and
proposes some directions for answering these questions.

1.2. Structure results: description of the topological dynamics. �is sec-
tion gives necessary conditions on the topological dynamics of a group G �
Di�1C.Œ0; 1�/, so that G is C 1-close to the identity.

Given a group G � HomeoC.Œ0; 1�/, a pair of successive �xed points of G is
a pair ¹a; bº such that .a; b/ is a connected component of Œ0; 1� n Fix.g/ for some
g 2 G. We say that two pairs of successive �xed points ¹a; bº and ¹c; dº are linked

if either .a; b/\ ¹c; dº or .c; d/ \ ¹a; bº consists of exactly one point.

De�nition 1.3. A group G � HomeoC.Œ0; 1�/ is without linked �xed points if
there are no linked pairs of successive �xed points.

�e main topological restriction for a group G � Di�1C.Œ0; 1�/ to be C 1-close
to identity is:

�eorem 1.2. If G � Di�1C.Œ0; 1�/ is C 1-close to the identity, then G is without

linked �xed points.
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Using completely di�erent methods due to A. Navas, we prove a slightly stronger
result:

�eorem 1.3 ([5]). Any groupG � Di�1C.Œ0; 1�/ without hyperbolic �xed point is

without linked �xed points.

�us, the intervals of successive �xed points form a nested family. As a con-
sequence, we will see that the family of pairs of successive �xed points is at most
countable (Proposition 4.9).

Another consequence of being without linked �xed points is that, for every
interval .a; b/ of successive �xed points and any g 2 G, either g.Œa; b�/ D Œa; b�

or g.Œa; b�/\ .a; b/ D ;. Considering the stabilizers GŒa;b� of the segments Œa; b�,
this provides a strati�ed description of the dynamics ofG, as stated in �eorem 1.4
below.

�eorem 1.4. Let G � HomeoC.Œ0; 1�/ be a group without linked �xed points,

and ¹a; bº be a pair of successive �xed points. �en

� for every g 2 G, either

g.Œa; b�/ D Œa; b�

or

g..a; b// \ .a; b/ D ;:

We denote by GŒa;b� the stabilizer of Œa; b�;

� there is a morphism

�a;b W GŒa;b� �! R

whose kernel is precisely the set of g 2 GŒa;b� having �xed points in .a; b/,

and which is positive at g 2 GŒa;b� if and only if g.x/ � x > 0 on .a; b/;

� the union of the minimal sets of the action of GŒa;b� on .a; b/ is a non-empty

closed subset ƒŒa;b� on which the action of GŒa;b� is semi-conjugated to the

group of translations �a;b.GŒa;b�/;

� the elements of the kernel of �a;b induce the identity map on ƒa;b .

�e morphism �a;b is unique up to multiplication by a positive number.

�e morphism �a;b is called a relative translation number.



Centralizers of C 1-contractions of the half line 837

To describe the dynamics of G, we are led to consider:

� the nested con�guration of the intervals of successive �xed points;

� for each interval .a; b/ of successive�xed points, the relative translation num-
ber �a;b and the setƒa;b , union of the minimal sets in .a; b/. Each connected
component I of .a; b/ nƒa;b is

– either a wandering interval,

– or an interval of successive �xed points,

– or else it may be the union of an increasing sequence of intervals of
successive �xed points.

In the �rst case, we can stop the study. In both last cases, we consider the
restriction to I of the stabilizer GI : it is a group without linked �xed points,
so we may proceed the study.

1.3. Completion of a group without linked �xed points. One di�culty for clas-
sifying the groups C 1-close to the identity is that each element g 2 G may have
in�nitely many pairs of successive �xed points. To bypass this di�culty, we enrich
the group G so that, for every g 2 G and any pair ¹a; bº of successive �xed points
of g, the group G contains the di�eomorphism ga;b which coincides with g on
Œa; b� and with the identity out of Œa; b�. �e di�eomorphism ga;b has a unique
pair of successive �xed points. Such a di�eomorphism will be called simple.
Every element g 2 G can be seen as an in�nite product of the simple elements
ga;b , for all the pairs ¹a; bº of successive �xed points of g.

More precisely, given g; h 2 HomeoC.Œ0; 1�/, we say that h is induced by g if g
and h coincide on the support of h. We say that a groupG � HomeoC.Œ0; 1�/with-
out linked �xed points is complete if it contains any homeomorphism h induced
by an element g 2 G.

Corollary 5.10 shows that every group C 1-close to the identity is a subgroup of
a complete group C 1-close to the identity. Analogous results hold for groups of
homeomorphisms without linked �xed points, or for groups of di�eomorphisms
without hyperbolic �xed point: Proposition 5.3 associates to each groupG without
linked �xed points its completion zG which is the smallest complete group without
linked �xed points containing G. �e families of intervals of successive �xed
points of zG and G are the same, and Corollary 5.6 states that the morphisms
of translation numbers associated to each interval of successive �xed points also
coincide for G and zG.
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1.3.1. Totally rational groups and topological basis. Let us present here a
problem, coming from an unsuccessful attempt of us to classify groups C 1-close
to the identity.

We say that a group G without linked �xed points is totally rational if, for
any pair of successive �xed points ¹a; bº, the image of the translation number
�a;b.GŒa;b�/ is a cyclic (monogene) group (i.e. a group of the form ˛Z). Proposi-
tion 5.3 and Corollary 5.6 imply that the completion of a totally rational group is
totally rational, which allows us to consider complete totally rational groups.

Given a complete totally rational group G, let us call a topological basis any
family ¹fiºi2I of elements fi 2 G satisfying the following conditions.

� For every i 2 I, fi has a unique pair ¹ai ; biº of successive �xed points; thus
Œai ; bi � is the support of fi .

� For every i 2 I, let �i be the relative translation number associated to .ai ; bi /.
As G is totally rational, its image is a cyclic group. We require that �i .fi / is
a generator of the image of �i .

� For every pair ¹a; bº of successive �xed points of G, there is a unique i 2 I

such that ¹ai ; biº and ¹a; bº are in the same G-orbit.

� For every pair ¹a; bº of successive �xed points of G, there is an element g
of the subgroup hfi ; i 2 Ii generated by the fi such that ¹a; bº is a pair of
successive �xed points of g.

�e family of intervals of successive�xed points is countable (Proposition 4.9),
so that any countable basis is countable. We can get rather easily the three �rst
items of the de�nition: just choose one interval in eachG-orbit of intervals of suc-
cessive �xed points and for this interval choose a generator of the corresponding
translation number. �us, the di�culty is the last item. We have not been able to
solve it1, and the following natural question remains open:

1 Consider the groupG generated by a family gi 2 Di�1
C.Œ0; 1�/,i 2 N, such that the support

of gi consists of one interval Œai ; bi � contained in a fundamental domain of giC1 (i.e. a compact

segment of the form Œx; giC1.x/�). Now consider the family fi D giC1gig
�1
iC1

, i 2 N. �is

family satis�es the three �rst hypotheses, but not the last one: indeed, the fi ’s, i 2 N, have pair-

wise disjoint supports Œci ; di � D ŒgiC1.ai /; giC1.bi/�. Any pair ¹ai ; bi º is a pair of successive

�xed points of gi , i 2 N, but is not the image by an element f 2 hfi ; i 2 Ni of a pair ¹cj ; dj º,

j 2 N.
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Question 5. Given a complete totally rational groupG � HomeoC.Œ0; 1�/without

linked �xed points, does G admit a topological basis?

If the answer is negative, same question with the more restrictive assumption

that G � Di�1C.Œ0; 1�/ is C 1-close to the identity.

Our intuition is that every element g 2 G is determined by its intervals of
successive �xed points and, on each of them, by the value of the corresponding
translation number, which provides coordinates in the topological basis. However,
even assuming the existence of a topological basis, there remain many issues be-
fore making our intuition rigorous. In particular:

Question 6. Let G � HomeoC.Œ0; 1�/ be without linked �xed points, and assume

that G admits a topological basis ¹fiºi2I. Is G contained in the C 0-closure of the

group generated by the fi ’s?

Same question, in the C 1-topology, with the more restrictive assumption that

G � Di�1C.Œ0; 1�/ is C 1-close to the identity.

1.4. Realization results

1.4.1. Invariance of C
1

id
by some extensions. Let us �rst present two results,

enlightening some invariance of the class C1id by some natural extensions.

�eorem 1.5. Let Gn � Di�1C.Œ0; 1�/, n 2 N, be an increasing sequence of sub-

groups:

Gn � GnC1; for all n 2 N:

Assume that every Gn is �nitely generated and is C 1-close to the identity. �en

G D
S

n2NGn � Di�1C.Œ0; 1�/ is C 1-close to the identity.

We don’t know if �eorem 1.5 holds for uncountable groups Gn.

�e technical heart of this paper consists in proving:

�eorem 1.6. Consider a segment I � .0; 1/. Let G � Di�1C.I / be a group

C 1-close to the identity and f 2 Di�1C.Œ0; 1�/ be a di�eomorphism such that

f .I / \ I D ;

(in other words, I is contained in the interior of a fundamental domain of f ).

�en the group hf;Gi generated by f and G is C 1-close to the identity.
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Actually, we will prove in �eorem 8.1 a slightly stronger version, where I is
not assumed to be contained in the interior of a fundamental domain of f , but
only contained in a fundamental domain. �is weaker hypothesis requires extra
technical conditions.

Remark 1.4. Under the hypotheses of �eorem 1.6, any conjugates f iGf �i and
f jGf �j , i ¤ j , have disjoint supports and therefore commute. Actually, the
group hf;Gi generated by f and G is isomorphic to

hf;Gi D
�

M

Z

G
�

ÌZ;

where the factor Z is generated by f and acts on
�
L

Z
G

�

by conjugacy as a shift
of the G factors (see Lemma 5.14).

De�nition 1.5. �e group
�

L

Z
G

�

ÌZ, where Z acts on
�

L

Z
G

�

by conjugacy as
a shift of the G factors, has been considered in the same context in [9, Chapitre 5,
exercice 1.7 vi]. It is called the wreath-product of G by Z, and denoted by

G o Z:

1.4.2. Elementary groups and fundamental systems. We now de�ne a class
of subgroups G � Di�1.Œ0; 1�/, called elementary groups, whose topological
dynamics implies that they are C 1-close to the identity: every group G0 topo-

logically conjugated to G is C 1-close to the identity.

De�nition 1.6. A collection .fn/n2N, fn 2 Di�1.R/ is called a fundamental sys-

tem if, for every n 2 N, R n Fix.fn/ consists of a unique connected component
with compact closure Sn (called the support of fn), and if for every n 2 N there is
a fundamental domain In of fn such that, for every i; j 2 N we have the following
property:

� either Si � Ij ,

� or Sj � Ii ,

� or else fi and fj have supports with disjoint interiors

VSi \ VSj D ¿:

A group G � Di�1C.Œ0; 1�/ is said to be an elementary group if it is generated by
a fundamental system supported in Œ0; 1�.
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Remark 1.7. Every group G0 � Di�1C.Œ0; 1�/ topologically conjugated to an ele-
mentary group is an elementary group.

Our main result is:

�eorem 1.7. Every elementary group G � Di�1C.Œ0; 1�/ is C 1-close to the iden-

tity.

�eorem 1.7 is obtained as a consequence of �eorem 8.1 (the stronger version
of �eorem 1.6 above) and �eorem 1.5: by �eorem 1.5 one only needs to consider
groups generated by a �nite fundamental system, and for these groups, �eorem 8.1
enables us to argue by induction on the cardinal of the fundamental system.

�e groups contained in an elementary group are very speci�c. In particular,
we can prove:

Proposition 1.8. Every �nitely generated group contained in an elementary group

is solvable.

1.5. Examples and counter examples. An easy solvable (non nilpotent) group
is the Baumslag–Solitar group whose presentation is

B.1; n/ D ha; b j aba�1 D bni;

where n is an integer such that jnj > 1. �is group has a very natural a�ne action
on R (a acts as the homothety of ratio n and b is a translation) and on the circle
(by identifying the a�ne group to a subgroup of PSL.2;R/), and therefore on the
segment Œ0; 1� (by opening the �xed point 1 of the circle). In particular, B.1; n/
has analytic actions on Œ0; 1�. �ese analytic actions have been classi�ed in [2].
All these actions have linked pairs of successive �xed points, and therefore are
not C 1-close to the identity. On the other hand, B.1; n/ admits C 0-actions with-
out linked �xed points, but [10] shows that these C 0-actions cannot be C 1 (see
also [4]).

Indeed, [12] shows the following theorem, which holds in any dimension:

�eorem 1.8 (A. McCarthy). For every n, jnj > 1, and any compact manifoldM ,

there is a C 1-neighborhood Un of the identity in Di�1.M/ such that every mor-

phism � W B.1; n/ ! Di�1.M/ with �.a/ 2 Un and �.b/ 2 Un satis�es

�.b/ D id :
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In particular, no subgroup of C1id is isomorphic to B.1; n/. Actually, [12] con-
siders a more general class of groups called abelian-by-cyclic, and which are char-
acterized as follows:

GA D ha; b1; : : : ; bk jbibj D bj bi for all i; j;

fgif
�1 D g

ai;1

1 : : : g
ai;k

k
for all ii;

where A D .ai;j / 2 GL.k;R/ has integer entries. [12] shows that, if A has no
eigenvalue of modulus 1, then there is no faithful action on compact manifolds
such that the generators belong to a neighborhood UA of the identity in Di�1.M/.
In particular, no subgroup in C1id is isomorphic to GA. Actually, [4] showed re-
cently that, for every faithful C 1-action of the group GA on Œ0; 1�, the di�eomor-
phism associated to a admits a hyperbolic �xed point whose derivative is an eigen-
value of the matrix A. Consequently, no group in C1nonhyp is isomorphic to GA.

�is shows that there are algebraic obstructions for a group admitting faithful
actions on Œ0; 1� to be C 1-close to identity. It is natural to ask if C1id contains free
groups. �e answer is positive as stated below:

�eorem 1.9. �ere is a group G � Di�1.Œ0; 1�/, C 1-close to the identity (and

totally rational), such that G is isomorphic to the free group F2.

(See also [1] which proves that the free group F2 admits a faithful discrete
representation into Di�1C.Œ0; 1�/.)

�e proof of �eorem 1.9 consists in building a group

G! D hf! ; g!i � Di�1C.Œ0; 1�/;

for all the reduced words !, so that G! is C 1-close to the identity and the pair
¹f! ; g!º does not satisfy the relation !. �en, we glue together the groups G! in
such a way that their supports are pairwise disjoint. �eorem 1.6 is our main tool
for building the groups G! .

Acknowledgements. We thank Andrés Navas for our many discussions and for
his valuable advice which simpli�ed many arguments. �e �rst author thanks
Sylvain Crovisier and Amie Wilkinson with who this story started in 2003, when
we proved (but never wrote) �eorem 1.2 and 3.1. We thank the referee for the
references he/she suggested and for his/her careful reading of the �rst version of
this paper.
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2. Isotopies versus sequences of conjugacy to the identity

2.1. �e cohomological equation and the proof of �eorem 1.1. �e aim of
the section is the proof (suggested by A. Navas) of �eorem 1.1. Let us �rst start
with the following observation:

Lemma 2.1. Consider f 2 Di�1C.Œ0; 1�/ and a sequence ¹hnºn2N with

hn 2 Di�1C.Œ0; 1�/. �en

.hnf h
�1
n

C1

��! id/ () .logDhn.f .x// � logDhn.x/
unif
��! � logDf.x//:

Proof. Just notice that the right term means that logD.hnf h�1
n .h.x/// converges

uniformly to 0, that is, D.hnf h�1
n / converges uniformly to 1. �is implies that

hnf h
�1
n is C 1-close to an isometry of Œ0; 1�, that is, to the identity map.

A straightforward calculation implies:

Corollary 2.2. Assume that

 n W Œ0; 1� �! R

is a sequence of continuous maps satisfying

 n.f .x// �  n.x/
unif
��! � logDf.x/:

�en

hn W Œ0; 1� �! R

de�ned by

hn.x/ D

Z x

0

e n.t/dt

Z 1

0

e n.t/dt

is a sequence of di�eomorphisms of Œ0; 1� such that

hnf h
�1
n

C1

��! id :
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For any continuous map

 W Œ0; 1� �! R;

we will denote by h 2 Di�1C.Œ0; 1�/ the di�eomorphism de�ned as above, that is

h .x/ D

Z x

0

e .t/dt

Z 1

0

e .t/dt

:

Notice that

�  7! h is a continuous map from C0.Œ0; 1�;R/ to Di�1C.Œ0; 1�/;

� hlogDg D g for every g 2 Di�1C.Œ0; 1�/.

Consequently, �nding di�eomorphisms hn conjugating f C 1-close to the identity
is equivalent to �nd approximate solutions for the cohomological equation. �e
advantage of this approach is that the cohomological equation is a linear equation.
As a consequence, convex sums of approximate solutions are still approximate
solutions.

Lemma 2.3. Assume that  n W Œ0; 1� ! R is a sequence of continuous maps sat-

isfying

 n.f .x// �  n.x/
unif
��! � logDf.x/:

Let  t ; t 2 Œ0;C1/ be de�ned as follows:

� if t D n 2 N, then  t D  n;

� if t 2 .n; nC 1/, then  t .x/ D .nC 1 � t / n.x/C .t � n/ nC1.x/.

�en ¹ht D h t
ºt2Œ0;C1/ is a continuous path of di�eomorphisms satisfying

htf h
�1
t

C1

�����!
t!C1

id :

Proof of �eorem 1.1. Let G be a group and assume that hn is a sequence of dif-
feomorphisms such that

hngh
�1
n

C1

��! id; for all g 2 G.

Let  n denote logDh and de�ne  t ; t 2 Œ0;C1/, as in Lemma 2.3 as convex
sums of the  n. One denotes ht D h t

. Notice that, for t D n 2 N, one has
ht D hn, so that the notation is coherent. Now, for every g 2 G, one has

htgh
�1
t

C1

�����!
t!C1

id :
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2.2. Increasing union of groups C 1-close to the identity: proof of �eorem 1.5.

Proof of �eorem 1.5. Let ¹Gnºn2N be an increasing sequence of �nitely gener-
ated groups C 1-close to the identity. For every n 2 N, let kn be an integer such
that Sn D ¹g1;n; : : : ; gkn;nº is a system of generators of Gn.

One denotes
En D

[

i�n

Si :

AsGn is C 1-close to the identity, there is a sequence hn;i 2 Di�1C.Œ0; 1�/ such that

hn;igh
�1
n;i

C1

���!
i!1

id for all g 2 Gn:

Fix a sequence "n > 0 such that "n ����!
n!1

0. For every n, there is i.n/ so that

khn;i.n/gh
�1
n;i.n/ � id k1 < "n; for all g 2 En:

As a straightforward consequence, for every g 2 G D
S

n2NGn one has

hn;i.n/gh
�1
n;i.n/

C1

����!
n!1

id :

According to De�nition 1.1 (which is coherent according to �eorem 1.1), this is
equivalent to the fact that G is C 1-close to the identity, ending the proof.

As any countable group is an increasing union of �nitely generated groups, we
easily deduce:

Corollary 2.4. If ¹Gnºn2N is an increasing sequence of countable groups and if

Gn 2 C1id for all n, then

G D
[

n2N

Gn 2 C1id:

3. Relative translation numbers for groups C 1-close to the identity

�e aim of this section is to give a direct proof of �eorem 1.4 in the case of groups
of di�eomorphisms C 1-close to the identity. �is proof was essentially done (and
never written) by the �rst author with S. Crovisier and A. Wilkinson in 2003.
Section 4.2 presents the (later) proof due to A. Navas, with completely di�erent
arguments, for groups of homeomorphisms without linked �xed points.
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Let us restate �eorem 1.4 in the settings of groups G 2 C1id:

�eorem 3.1. Let G � Di�1C.Œ0; 1�/ be a subgroup C 1-close to the identity, f in

G, and I a connected component of Œ0; 1� n Fix.f /. Assume that .f .x/ � x/ > 0

for x 2 I .

� For every g 2 G, either g.I / D I or g.I / \ I D ;.

� Let us denote GI D ¹g 2 Gj g.I / D I º the stabilizer of I . �ere is a unique

group morphism �f;I W GI ! R with the following properties:

– the kernel Ker.�f;I / is precisely the set of elements g 2 G having a

�xed point in I ,

.g 2 GI and �f;I .g/ D 0/ () Fix.g/ \ I ¤ ;I

– �f;I is increasing: given any g; h 2 GI , if there exists x 2 I such that

g.x/ � h.x/, then �f;I .g/ � �f;I .h/I

– �f;I .f / D 1.

�eorem 3.1 is the purpose of this Section 3.

3.1. Background on di�eomorphisms C 1-close to the identity and composi-

tions. According to [3, Lemme 4.3.B-1], we have:

Lemma 3.1. LetM be a compact manifold. For any " > 0 and n 2 N, there exists

ı > 0 such that, for any f 2 Di�1.M/ whose C 1-distance to the identity is less

than ı, for every x 2 M , for any y with ky � xk < nkf .x/ � xk, one has

k.f .y/ � y/ � .f .x/ � x/k < "kf .x/ � xk:

As a consequence, [3] shows:

Lemma 3.2. [3, Lemme 4.3.D-1] Let M be a compact manifold. For any " > 0

and n 2 N, there exists ı > 0 such that, for any f1; : : : ; fn 2 Di�1.M/ whose

C 1-distance to the identity is less than ı, for every x 2 M , one has








.fn : : : f1.x/ � x/ �
X

i

.fi .x/ � x/







 < " sup
i

kfi.x/ � xk:
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3.2. Translation numbers. In this section, G � Di�1C.Œ0; 1�/ denotes a group
C 1-close to the identity. �us, there is a C 1-continuous path ht 2 Di�1C.Œ0; 1�/,
t 2 Œ0; 1/, such that htgh�1

t tends to id as t ! 0 for the C 1-topology, for every
g 2 G. For every element g of G, we will denote gt D htgh

�1
t . For every point

x 2 Œ0; 1�, we denote xt D ht .x/.

As a direct consequence of Lemma 3.2, we get:

Lemma 3.3. Let g 2 G and x 2 Œ0; 1� such that g.x/ ¤ x. �en, for every n 2 Z,

one has

lim
t!1

gnt .xt / � xt
gt .xt / � xt

D n

We deduce:

Corollary 3.4. Consider f; g 2 G and x 2 Œ0; 1� such that f .x/ > x. Assume

that there are n > 0 and m 2 Z such that

gn.x/ 2 Œf m.x/; f mC1.x/�:

�en, for every t close enough to 1, one has

gt .xt / � xt
ft .xt / � xt

2
hm � 1

n
;
mC 2

n

i

:

Analogous statement holds in the case f .x/ < x or n < 0.

Proof. Obviously, the statement is satis�ed if g.x/ D x. One assumes now that
g.x/ ¤ x. �e conjugacy by ht preserves the order. �us, by assumption, one has

gnt .xt / � xt
f mt .xt / � xt

2
h

1;
f mC1
t .xt / � xt

f mt .xt / � xt

i

:

For every t we de�ne ˛t by

gnt .xt / � xt
f mt .xt / � xt

D ˛t
n

m

gt .xt / � xt

ft .xt / � xt
:

�us

˛t
gt .xt / � xt
ft .xt / � xt

2
hm

n
;
m

n

f mC1
t .xt / � xt

f mt .xt / � xt

i

:
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Lemma 3.3 implies that

˛t ���!
t!1

1 and
m

n

f mC1
t .xt / � xt

f mt .xt / � xt
���!
t!1

mC 1

n
:

One concludes by choosing t large enough so that
h

˛�1
t

m

n
; ˛�1
t

mC 1

n

i

�
�m � 1

n
;
mC 2

n

�

:

Conversely, we have:

Corollary 3.5. Consider f; g 2 G and x 2 Œ0; 1� such that f .x/ > x and assume

there are n;m 2 Z, n > 0, and a sequence ti ! 1, i 2 N such that

gti .xti / � xti
fti .xti / � xti

2
hm

n
;
mC 1

n

i

:

�en

gn.x/ 2 Œf m�1.x/; f mC2.x/�

Analogous statement holds in the case where f .x/ < x or n < 0. �e proof of
Corollary 3.5 follows from the same estimates as Corollary 3.4 and is left to the
reader.

Corollary 3.6. Consider f 2 G and x 2 Œ0; 1� such that f .x/ ¤ x.

(1) For any g 2 G, the ratio
gt .xt / � xt

ft .xt / � xt
converges as t ! 1. Its limit will be denoted by

�f .g; x/ 2 R [ ¹�1;C1º:

(2) �f �1.g; x/ D �f .g
�1; x/ D ��f .g; x/ (with the convention � ˙ 1 D �1).

(3) �f .g; x/ 2 ¹�1;C1º if and only if f has a �xed point in .x; g.x// or

.g.x/; x/ (according to the sign of g.x/ � x).

(4) Let us denote Gx;f D ¹g 2 G; �f .g; x/ 2 Rº. �en Gx;f is a subgroup of G

containing f and �f .g; x/ W Gx;f ! R is a group morphism sending f to 1.

(5) (a) If �f .g; x/ 2 R
�, then

�g.f; x/ D
1

�f .g; x/
:

(b) �f .g; x/ 2 ¹�1;C1º () �g.f; x/ D 0.
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(6) If �f .g; x/ 2 R
�, then for every h 2 G one has

� �f .h; x/ 2 ¹�1;C1º () �g .h; x/ 2 ¹�1;C1ºI

� �f .h; x/ 2 R H) �g .h; x/ D �g .f; x/�f .h; x/.

(7) �f .g; x/ D 0 () g has a �xed point in Œx; f .x/�.

Proof. First notice that the sign of �f .g; x/ is determined by the sign of
.f .x/ � x/.g.x/ � x/.

For the �rst item, assume that there is a sequence ti such that
gti
.xti

/�xti

fti
.xti

/�xti

is bounded. Hence, up to consider a subsequence, this ratio converges to some
� 2 R. �en Corollary 3.5 implies that any rational estimate of �

m

n
< � <

mC 1

n

leads to a dynamical estimate of gn.x/. Now Corollary 3.4 implies that gt .xt /�xt

ft .xt /�xt

belongs to Œm�2
n
; mC3

n
� for any t close enough to 1. By considering more precise

rational estimates, one easily deduces that gt .xt /�xt

ft .xt /�xt
converges to � . �is concludes

the proof of item 1.
Item 2 is a straightforward consequence of Lemma 3.3. Item 3 is a straightfor-

ward consequence of Corollaries 3.4 and 3.5 and of item 1. Assuming g.x/ > x

and f .x/ > x, notice that if f has no �xed point in Œx; g.x/�, then there is n > 0
with f n.x/ > g.x/, and therefore Corollary 3.4 implies that gt .xt /�xt

ft .xt /�xt
is bounded

by nC 1 for any t close to 1.
Item 4 is a straightforward consequence of Lemma 3.2. Items 5 and 6 are easy

consequences of the de�nition.
Finally, Item 7 is a straightforward consequence of Items 3 and 5.

Lemma 3.7. Consider f 2 G and x … Fix.f /. Let I be the connected component

of Œ0; 1� n Fix.f / containing x.

� for every g 2 G and any y 2 I , one has

�f .g; x/ D �f .g; y/:

We will denote this quantity by �f;I .g/.

� �f;I .g/ 2 R () g.I / D I I that is, g belongs to the stabilizer GI of I .

� �f;I W GI ! R is a group homomorphism sending f to 1.

� If �f;I .g/ 2 ¹�1;C1º then g.I / and I are disjoint.
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Proof. If �f .g; x/ D 0, then Corollary 3.6 states that g has a �xed point in the
interior of I . One easily deduces that �f .g; y/ D 0 for every y 2 I . �erefore,
Corollary 3.6 implies that Œy; f .y//\ Fix.g/ ¤ ; for every y 2 I . �is implies in
particular that the endpoints of I are �xed points of g, so that g 2 GI .

Assume now that �f .g; x/ 2 R
�. �en g has no �xed point in I . Let J be the

connected component of x in Œ0; 1�nFix.g/. We saw that �g.f; x/ D 1
�f .g;x/

2 R
�,

so f has no �xed point in J . One concludes that I D J , implying that g 2 GI .
Furthermore, Lemma 3.1 implies that, when t tends to 1, the di�erence

gt .yt / � yt (resp. ft .yt / � yt ) is almost constant on an interval of the form
Œg�k
t .xt /; g

k
t .xt /� (resp. Œf �k

t .xt /; f
k
t .xt /�), with jkj arbitrarily large, the error

term being arbitrarily small compared to gt .xt / � xt (resp. f .xt / � xt ). As, by
hypothesis, gt .xt / � xt and ft .xt / � xt remain in bounded ratio as t ! 1, one
gets that the error term is arbitrarily small compared with both gt .xt / � xt and
f .xt /�xt . As a consequence, one gets that �f .g; y/ D limt!1

gt .yt /�yt

ft .yt /�yt
is locally

constant, and hence is constant on I .
Finally, assume that �f .g; x/ 2 ¹�1;C1º. �is is equivalent to the condition

�g .f; x/ D 0. Let J denote the connected component of x in Œ0; 1� n Fix.g/.
We saw that each fundamental domain of g in J contains a �xed point of f .
Notice that the extremities of J are disjoint from I , whereas at least one of the
extremities of I is contained in J . One easily concludes that I � J .

Now, one denotes .a; b/ D I . Up to replace g by g�1, one can assume that
g.x/ � x > 0 so that g.y/ � y > 0 for every y 2 J . Now, for every small
" > 0, ŒaC "; g.aC "/� contains a �xed point of f . As there is no �xed point of f
between a and b, one deduces that g.aC"/ � b. As a consequence, g.I /\I D ;,
completing the proof.

We end the construction of the relative translation number �f;I and the proof
of �eorem 3.1 by showing

Lemma 3.8. Consider f 2 G and x such that f .x/ > x. Let I be the connected

component of x in Œ0; 1�nFix.f /. �en, for g; g0 in the stabilizerGI , if there exists

y 2 I such that g.y/ � g0.y/, then �f;I .g/ � �f;I .g
0/.

Proof. Just notice that

gt .yt / � yt

ft .yt / � yt
�
g0
t .yt / � yt
ft .yt / � yt

for every t .
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3.3. Groups of di�eomorphisms without linked �xed points

Remark 3.9. A group G � HomeoC.Œ0; 1�/ is without linked �xed points if and
only if, given any f; g 2 G, given .a; b/ and .c; d/ connected components of
Œ0; 1� n Fix.f / and Œ0; 1� n Fix.g/ respectively, then either

.a; b/\ .c; d/ D ;;

or

.a; b/ D .c; d/;

or

Œa; b� � .c; d; /

or

.a; b/ � Œc; d �:

�e following straightforward lemma gives another formulation of being with-
out linked �xed points:

Lemma 3.10. A group G � HomeoC.Œ0; 1�/ is without linked �xed points if and

only if, given ¹a; bº and ¹c; dº two pairs of successive �xed points of f 2 G and

g 2 G respectively, then either

¹c; dº \ .a; b/ D ;;

or

Œc; d � � .a; b/:

�eorem 3.2. Let G � Di�1C.Œ0; 1�/ be a group C 1-close to the identity. �en G

is without linked �xed points.

Proof. Let f; g 2 G, and I and J be connected components of Œ0; 1� n Fix.f /
and Œ0; 1� n Fix.g/ respectively. Assume that one endpoint of J belongs to I . �is
implies that �f;I .g/ D 0 . �erefore, according to Corollary 3.6, g has �xed points
in every fundamental domains of f in I . �is implies that J is contained in the
interior of I . If no endpoint of I or J belongs to the other interval, then either
I D J , or I \ J D ;.
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4. Groups without linked �xed points

4.1. Groups without linked �xed points and groups without crossing. In [13],
Navas de�nes the notion of groups without crossing as follows:

De�nition 4.1. One says that a group G � HomeoC.Œ0; 1�/ of homeomorphisms
is without crossing if, given any f; g 2 G, and any connected component .a; b/ of
Œ0; 1� n Fix.f /, one has:

¹g.a/; g.b/º \ .a; b/ D ;:

�ese two notions are equivalent:

Lemma 4.2. A group G � HomeoC.Œ0; 1�/ is without crossing if and only if it

has no linked �xed points.

Proof. Assume �rst thatG admits a crossing. �us there is f 2 G; a; b successive
�xed points of f , and g 2 G such that g.b/ 2 .a; b/ (or g.a/ 2 .a; b/, but this
case is analogous).

� First assume that g has a �xed point in Œa; b/. Let c; d be the successive �xed
points of g such that b 2 .c; d/. �en b 2 .c; d/ but Œa; b� ª .c; d/, so G has
linked �xed points.

� Assume now that g has no �xed points in Œa; b/. �en gfg�1 admits c D
g.a/ < a and d D g.b/ 2 .a; b/ as successive �xed points, so ¹a; bº
and¹c; dº are linked pairs of successive �xed points.

Conversely, assume that ¹a; bº and ¹c; dº are linked pairs of �xed points of
f 2 G and g 2 G respectively. Up to reverse the orientation or to exchange the
roles of f and g, one may assume that d 2 .a; b/ and c … .a; b/. Up to exchange
f with f �1, one may assume that f .d/ < d . �erefore c � a < f .d/ < d , so
f .d/ 2 .c; d/: G admits a crossing.

4.2. Dynamics of groups without crossing. In this section,G � HomeoC.Œ0; 1�/

is a group without crossing (or equivalently, without linked �xed points). We �x
an element f 2 G and a connected component I of Œ0; 1�nFix.f /. AsG is without
linked �xed point, for any g 2 G:

� either g.I / \ I D ;,

� or g.I / D I , that is: g belongs to the stabilizer GI of I .

In this section, we consider the dynamics of GI in restriction to I .



Centralizers of C 1-contractions of the half line 853

As f has no �xed point (by assumption) on I , every orbit GI .y/ where y 2
I intersects a (compact) fundamental domain Œx; f .x/� of f . We easily deduce
(using Zorn lemma) that:

Lemma 4.3. �e action of GI on I admits minimal closed sets.

Furthermore, the following classical result explains what are the possibilities:

Lemma 4.4. Let H � HomeoC.R/ be a group and assume that there is h 2 H

without �xed point. �en H admits minimal sets, the union of the minimal sets is

closed, and

� either there is a unique minimal set which is either R or the product C � Z

where C is a Cantor set,

� or there is h 2 H without �xed point such that every minimal of G is exactly

one orbit of h.

Let us denote by U � I the union of the open sets I n Fix.g/, for g 2 G with
Fix.g/ \ I ¤ ;. �at is,

U D
[

¹g2G;Fix.g/\I¤;º

I n Fix.g/:

U is an open set as union of open sets. As there are no linked �xed points, each
connected component of U is the union of an increasing sequence of connected
components of I n Fix.gn/. As a consequence, each connected component of U
is contained in a fundamental domain Œx; f .x/�, where x 2 I .

Remark 4.5. If g has a �xed point x in I , then it has another �xed point in
.x; f .x/�: otherwise, the next �xed point of g would be such that (x,y) contains
f .x/ and thus G would have a crossing.

�us, g has �xed points in every fundamental domain of f in I .

We deduce that

Lemma 4.6. ƒ D I n U is a nonempty closed subset invariant by GI . Further-

more, for every g 2 GI with �xed points in I , the restriction of g to ƒ is the

identity map:

Fix.g/ \ I ¤ ; () gjƒ D idƒ :
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Proof. Let J be a component of U . If g is the identity on J , then the extremities
of J are �xed points of g. Assume now that x 2 J is not a �xed point of g and
consider the pair ¹a; bº of successive �xed points of g around x. By construction
ofU , .a; b/ � J . One deduces easily that the extremities of J are �xed points of g.
�us, g is the identity map on the boundary @U . Finally, every point x 2 I nFix.g/
is contained in a connected component of U , so that g is the identity map on ƒ,
as announced.

LetG0I be the set of elements g 2 G such that Fix.g/\I ¤ ;. We deduce that

Lemma 4.7. G0I is a normal subgroup of GI . Furthermore, � D GI=G
0
I induces

a group of homeomorphisms of ƒ whose action is free (the nontrivial elements

have no �xed points).

As a consequence we get:

Lemma 4.8. Assume that the action ofGI on I has a unique minimal setM which

is either I or C � Z. �en, there is an increasing continuous map from M to R

which induces a semi-conjugacy of the action of � on M with a dense group of

translation of R.

Otherwise, � is cyclic (monogenous), and its action on ƒ is conjugated to a

translation.

Proof. If the minimal set is I itself, this implies that the elements of GI have no
�xed point in I . �erefore, Hölder �eorem implies that the action is conjugated
to a dense translations group.

Assume now that the action of GI on I has a unique minimal set M homeo-
morphic to C � Z. By collapsing each closure of a connected component of the
complement of the minimal on a point, one de�nes a projection of I to an interval,
which is surjective on M. �e action passes to the quotient and de�nes a free min-
imal action on the quotient interval: this quotient action is therefore conjugated to
a dense translations group.

When a minimal set M0 is the orbit of an element g 2 G, every minimal set
is an orbit of g; the union of the minimal sets is a closed subset K on which the
dynamics is generated by g. In this case, the minimal sets are precisely the orbits
of g which are invariant by the whole group. If the orbit of x by g is not a minimal
set for the action, there is h 2 GI such that x ¤ h.x/ but x and h.x/ are in the same
fundamental domain for g, and hence belong to the same connected component
of I n K. �is implies that h leaves invariant this component, hence has �xed
points in I . �is shows that x belongs to the open set U . In other words, we have
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shown that ƒ D K. As g is a generator of the action on K, one deduces that g is
a generator of �, ending the proof.

As a consequence, we proved �eorem 1.4 which provides for groups of home-
omorphisms without crossing (or without linked �xed points) the same dynami-
cal description as for group of di�eomorphisms C 1-close to the identity, given by
�eorem 3.1.

4.3. Countable family of intervals

Proposition 4.9. LetG � HomeoC.Œ0; 1�/ be a group without crossing. �en, the

family of pairs of successive �xed points of elements of G is at most countable.

Proof. Let G be a group without crossing and let Pn be the set of pairs of succes-
sive �xed points ¹a; bº such that ja � bj � 1

n
. To prove the lemma, it is enough to

prove that Pn is at most countable for every n 2 N n ¹0º.
Let ¹a; bº 2 Pn be such a pair and g 2 G such that ¹a; bº are successive �xed

points of g. Up to replace g by g�1, we can assume that g.x/�x > 0 for x 2 .a; b/.
Let " > 0 be such that 0 < g.x/ � x < 1

n
for x 2 .a; a C "/ and denote

c D g�1.aC "/.

Claim 1. Any pair ¹p; qº 2 Pn is disjoint from .a; c�.

Proof. Assume that ¹p; qº meets .a; c�. As G is without crossing and as ¹a; bº is
a pair of successive �xed points of g, the pair ¹p; qº is contained in a fundamental
domain of g, that is in Œp; g.p/�. However, the choice of c implies that jp�qj < 1

n
,

contradicting the fact that ¹p; qº 2 Pn.

Now, to every pair ¹a; bº, one can associate the largest open interval
Ja;b D .a; d/ such that .a; d/ is disjoint from any pair ¹p; qº 2 Pn. In other
words, d D inf¹p > a j there exists q such that ¹p; qº 2 Pnº. �e claim asserts
that this open interval Ja;b is not empty (that is, d > a).

By construction, if ¹a1; b1º; ¹a2; b2º are two distinct pairs in Pn, then
Ja1;b1

\ Ja2;b2
D ;. Now, any family of disjoint open intervals is countable,

concluding.

4.4. A characterization of crossing, and entropy. In the next section we will
show that groups of di�eomorphisms admitting a crossing have hyperbolic �xed
points. �e main step of the proof is the next lemma, which provides a dynamical
characterization of the existence of crossings:
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Lemma 4.10. Consider G � HomeoC.Œ0; 1�/. Assume that G admits crossings.

�en there are h1; h2 2 G and a segment I � Œ0; 1� such that h1.I / and h2.I / are

disjoint segments contained in I .

�us (see [8]), the topological entropy of the semi-group generated by h�1
1 and

h�1
2 is log 2.

Proof. According to Lemma 3.10 (up to reverse the orientation, and to exchange
f for g), there are f; g 2 G and successive �xed points ¹a; bº and ¹c; dº of
f; g respectively, such that b 2 .c; d/ and such that .a; b/ ª .c; d/, that is
a < c < b < d . Up to exchange f for f �1 and g with g�1, one may assume
that f .x/ � x > 0 on .a; b/ and g.x/ � x > 0 on .c; d/.

Consider x0 2 .a; c/, and �x I D Œx0; b�. �en, for n > 0 large, f n.I / is a
small segment in I arbitrarily close to b. �en, for positivem, g�mf n.I / form an
in�nite collection of disjoint segments contained in Œc; b/, and hence contained in
the interior of I .

4.5. Groups without hyperbolic �xed point. Let us recall that a group
G � Di�1C.Œ0; 1�/ is without hyperbolic �xed point if, for every g 2 G, one has
Dg.x/ D 1 for every x 2 Fix.g/. �e aim of this section is to prove �eorem 1.3,
that is, if G is without hyperbolic �xed point, then it is without crossing.

We present here a proof of A. Navas. Let us start by stating two lemmas.

Lemma 4.11. Let I be a segment and f; g W I ! I be di�eomorphisms onto their

images, and such that f .I / \ g.I / D ;. �en there is an in�nite sequence !i ,

i 2 N, !i 2 ¹f; gº such that

lim sup
1

n
log `.!n�1!n�2 � � �!0.I // < 0;

where ` denotes the length.

�e proof of Lemma 4.11 is postponed to the end of the section.

Lemma 4.12. Let f; g 2 Di�1C.Œ0; 1�/ be two C 1-di�eomorphisms and assume

there is a segment I for which there is an in�nite word !i , i 2 N, !i 2 ¹f; gº such

that

lim sup
1

n
log `.!n�1!n�2 � � �!0.I // < 0

�en, for every t 2 I , one has

lim sup
1

n
log jD..!n�1!n�2 � � �!0/.x/j D lim sup

1

n
log `.!n�1!n�2 � � �!0.I //

< 0
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Proof. �is lemma looks like a distortion control, which does not exist in the
C 1-setting. However, the proof is an easy consequence of the uniform continuity
of Df and Dg: the length of !n�1!n�2 � � �!0.I / tends to 0, by assumption.

�erefore,

log jD.!n/.!n�1!n�2 � � �!0.x/j � log
`.!n!n�1 � � �!0.I //

`.!n�1!n�2 � � �!0.I //

unif
����!
n!1

0:

One concludes by noticing that

1

n
log jD ..!n�1!n�2 � � �!0/ .x/j D

1

n

n�1
X

0

log j.D!i/.!i�1 � � �!0.x//j;

and

1

n
log `.!n�1!n�2 � � �!0.I // D

1

n

�

log `.I /C
n�1
X

1

log
`.!i � � �!0.I //

`.!i�1 � � �!0.I //

�

:

Before giving the proof of Lemma 4.11, let us conclude the proof of �eo-
rem 1.3.

Proof of �eorem 1.3 . Let G � Di�1C.Œ0; 1�/ be a group with a crossing. Accord-
ing to Lemma 4.10, there are f; g 2 G and a segment I � Œ0; 1� such that f .I /
and g.I / are disjoint segments contained in I .

According to Lemma 4.11, there is an in�nite word !i 2 ¹f; gº such that the
size of the segments !n�1 � � �!0.I / decreases exponentially. �en, Lemma 4.12
implies that, for every x 2 I , one has jD!n�1 � � �!0.x/j < 1. As we have
!n�1 � � �!0.I / � I , there is a �xed point in I and this �xed point has deriva-
tive < 1, so that it is hyperbolic.

�is implies thatG is not without hyperbolic �xed point, concluding the proof.

Proof of Lemma 4.11. For any n 2 N, let �n D ¹f; gºn be the set of words
.!i /i2¹0;:::;n�1º of length n, with letters !i 2 ¹f; gº. In particular the cardinal
of �n is

#�n D 2n:

As the intervals !n�1 : : : !0.I /, for .!i /i2¹0;:::;n�1º 2 �n, are pairwise dis-
joints, one expects that generally the length is not much more than 1

2n `.I /.
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Let us denote

Bn D
°

.!i/i2¹0;:::;n�1º 2 �nj`.!n�1 : : : !0.I // � `.I / �
�2

3

�n±

:

From a simple calculation, it follows that

#Bn �
�3

2

�n

:

�us
#Bn
#�n

�
�3

4

�n

:

Choose 0 < " < 1 and T > 0 such that
P1
iD1

�

3
4

�iT
< " and let us denote

BTn D ¹.!i/i2¹0;:::;nT�1º 2 �nT j there exists j > 0 such that .!i/ 2 BjT º:

A simple calculation shows

#BTn
#�nT

�
n�1
X

iD1

�3

4

�iT

:

Let�1 D ¹f; gºN be the set of in�nite words in letters f; g. It is a Cantor set.
Consider

GTn D ¹.!i/i2N 2 �1 j .!i/i2¹0;:::;nT�1º … BTn º

and

GT1 D ¹.!i/i2N 2 �1 j n > 0; .!i/i2¹0;:::;nT�1º … BTn º

�en GTn is a decreasing sequence of compact subsets of �1 and

GT1 D
\

n>0

GTn :

�e fact that
#BTn
#�nT

< 1

implies that GTn is not empty. One deduces that GT1 is not empty (as a decreasing
sequence of nonempty compact sets).

One concludes by noticing that, for every word .!i /i2N 2 GT1 one has

lim sup
1

n
log `.!n�1 � � �!0/.I / � log

�2

3

�

:
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Remark 4.13. �e proof above gives much more: if one endows �1 with the
measure whose weight on each cylinder of length n is 1

2n then, for almost every
word .!i/ in�1, the exponential rate of decreasing of the length is upper bounded
by � log 2 (this is proved in [5]).

5. Completion of a group without crossing

5.1. Complete groups without crossing. Consider a g 2 HomeoC.Œ0; 1�/.
We say that a homeomorphism h 2 HomeoC.Œ0; 1�/ is induced by g if, for ev-
ery x 2 Œ0; 1�, one has

h.x/ 2 ¹x; g.x/º:

In other words, h is obtained from g by replacing g by the identity map on the
union of some connected components of Œ0; 1� n Fix.g/. More precisely, we can
easily check:

Lemma 5.1. Given g 2 HomeoC.Œ0; 1�/, a homeomorphism h is induced by g if

and only if there is a family I of connected components of Œ0; 1� n Fix.g/ such that

h is the map gI de�ned as follows:

gI.x/ D

8

ˆ

<

ˆ

:

g.x/ if x 2
[

I2I

I ,

x otherwise.

De�nition 5.2. Let G � HomeoC.Œ0; 1�/ be a group without crossing. We say
that G is complete if, for any g 2 G, any homeomorphism induced by g belongs
to G.

�e aim of this section is to show:

Proposition 5.3. Any group G without crossing is contained in a complete group

without crossing.

Let G � HomeoC.Œ0; 1�/ be a group without crossing. We will denote by
I.G/ � HomeoC.Œ0; 1�/ the group generated by all the elements h induced by
elements g 2 G.

Remark 5.4. For every h 2 I.G/ and x 2 Œ0; 1�, there is g 2 G with h.x/ D g.x/.
In other words, I.G/ and G have the same orbits.
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Lemma 5.5. Assume that G is without crossing. If ¹a; bº are successive �xed

points for some h 2 I.G/, then ¹a; bº are successive �xed points for some g 2 G.

Proof. One proves the lemma by contradiction. Assume that there is a pair of
successive �xed points ¹a; bº for an element h 2 I.G/, which is not a pair of
successive �xed points for G. So, h can be written as h D hn � � �h1 where hi is
induced by gi 2 G. One chooses the pair ¹a; bº so that n is as small as possible.
Fix a point x 2 .a; b/.

For every i 2 ¹1; : : : ; nº, let ai be the largest �xed point of gi less than or
equal to x, and bi the smallest �xed point of gi larger than or equal to x. If
gi .x/ ¤ x, then ¹ai ; biº are successive �xed points of gi (otherwise, ai D bi D x).
As h.x/ ¤ x, there is at least one index i for which gi .x/ ¤ x.

As G is without crossing, the intervals .ai ; bi / are totally ordered for the in-
clusion. �e union I D

Sn
iD1.ai ; bi / is invariant by all the gi . Indeed, either I is

an interval of successive �xed points of gi , or gi has a �xed point in I , and then
belongs to the stabilizer of I . One deduces that I is �xed by all the hi ’s. As a
consequence, one gets .a; b/ � I .

Notice that there is j 2 ¹1; : : : ; nº such that I D .aj ; bj /. Let i1; : : : ; ik be the
set of indices such that I D .aij ; bij /. If there is i such that hi D id on I , then
n was not the minimal number. As the indices ij have been chosen so that I is a
component of Œ0; 1� n Fix.gij /, this implies that hij D gij on I . �us, one gets the
same interval ¹a; bº if we substitute the hij ’s by gij ’s. �us, one will now assume
that hij D gij .

One considers now the group generated by the restriction of the gi ’s to I . It is a
group without crossing and the restrictions of the hi ’s to I are induced by the gi ’s.
One considers a minimal setM � I of the action of the group generated by the gi ’s
on I : every gi , i … ¹i1; : : : ; ikº, has �xed points in I . According to Lemma 4.6,
these gi ’s induce the identity map on M. �erefore the same happens for hi ,
i … ¹i1; : : : ; ikº. So the action of h on M is the same as the one of g D gn � � �g1.

Consider now the translation number � relative to gi1 on I . �en �.g/ is the
sum of the �.gij /’s.

First assume that �.g/ ¤ 0. �us the orbits of g on the minimal M go from
one endpoint of I to the other, and so does the orbit of h on M. In particular,
I D .a; b/, so that ¹a; bº is a pair of successive �xed points of gi1 , contradicting
the de�nition of ¹a; bº.

�us �.g/ D 0. �is implies k > 1. Now one will use the fact that, if f 2 G

and h is induced by g 2 G, then f hf �1 is induced by fgf �1 in G. By using
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inductively the elementary fact f .f �1hf / D hf , one can rewrite the word

hn : : : hnkC1gnk
hnk�1 : : : hn1C1gn1

hn1�1 : : : h1 D gnk
: : : gn1

Qhn�k � � � Qh1;

where the Qhi ’s are induced by elements of G. However, Qg D gnk
: : : gn1

belongs
toG. �us, one can rewrite this word as Qg Qhn�k � � � Qh1, which has only n�kC1 < n
letters. �is contradicts the fact that n was chosen as realizing the minimum.

Corollary 5.6. Assume that the groupG is without crossing. �en I.G/ is without

crossing.

Let ¹a; bº be a pair of successive �xed points, for some f 2 G. �en, the image

of the translation number associated to ¹a; bº is the same for G and I.G/:

�f;Œa;b�.G/ D �f;Œa;b�.I.G// � R

Proof. Groups without crossing are the groups without linked �xed points. �is
property is a property of the set of pairs of successive �xed points. According to
Lemma 5.5, the pairs of successive �xed points are the same for G and for I.G/,
concluding.

Let now ¹a; bº be a pair of successive �xed points for some g 2 G. Consider
the stabilizer I.G/Œa;b�. As I.G/ is without crossing, the translation number rela-
tive to g can be extended to I.G/.a;b/. Furthermore, the action of GŒa;b� on .a; b/
admits a minimal set M. For every x 2 Œ0; 1� and every h 2 I.G/, there exists
g 2 G such that h.x/ D g.x/. �is implies that

Claim 2. �e minimal set M is invariant under the action of I.G/.a;b/.

Proof. If h 2 I.G/ and x 2 M, and if h.x/ 2 .a; b/, then there is g 2 G with
g.x/ D h.x/. �en g.x/ 2 M (because M is invariant by G.a;b/). One concludes
that h.x/ 2 M. �us the minimal set M is invariant by I.G/.a;b/.

Now the action of I.G/.a;b/=Ker.�g;.a;b// is a free action. For every h 2 I.G/
and x 2 M, there is g 2 G with g.x/ D h.x/. �is implies that g and h coincide
on M, and thus �f;.a;b/.h/ D �f;.a;b/.g/, concluding.

We don’t know if, in general, I.G/ is a complete group, that is, if I.I.G// D
I.G/. For this reason, let us denote I n.G/ de�ned as I nC1.G/ D I.I n.G//. �e
sequence I n.G/ is an increasing sequence of groups. We denote

I1.G/ D
[

n2N

I n.G/:
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Next Lemma ends the proof of Proposition 5.3.

Lemma 5.7. For every G � HomeoC.Œ0; 1�/ without crossing, I1.G/ is a com-

plete group without crossing. Furthermore,

� the orbits of I1.G/ and of G are equal;

� any pair of successive �xed points ¹a; bº of I1.G/ is a pair of successive

�xed points of G;

� for any pair ¹a; bº of successive �xed points of some f 2 G, the images

�f;Œa;b�.G/ and �f;Œa;b�.I
1.G// are equal;

� any complete group without crossing containing G contains I1.G/.

Proof. �e unique non-trivial point is that I1.G/ is complete. For that, it is
enough to show that, if g 2 I1.G/, then every homeomorphism h induced from
g also belongs to I1.G/. Notice that there is n so that g 2 I n.G/; thus
h 2 I nC1.G/, concluding.

�e group I1.G/ is called the completion of G.

5.2. Completion of groups C 1-close to the identity or without hyperbolic

�xed points. �e aim of this section is to prove that the completion of groups
C 1-close to the identity or without hyperbolic �xed points are respectively C 1-
close to the identity or without hyperbolic �xed points. Notice that:

Remark 5.8. For any sequence H D ¹hn; n 2 Nº of di�eomorphisms of Œ0; 1�,
let GH be the set of di�eomorphisms g such that

hngh
�1
n

C1

����!
n!1

id :

�en GH is a group C 1-close to the identity.

Lemma 5.9. Consider a group G, C 1-close to the identity, and ¹hnºn2N a se-

quence of di�eomorphisms such that

hngh
�1
n

C1

����!
n!1

id for every g 2 G.

Consider an element g 2 G, and a family I of connected components of

Œ0; 1� n Fix.g/.
�en, the induced map gI (equal to g on the components in I and equal to id

out of these components), is a C 1-di�eomorphism of Œ0; 1�. Furthermore,

hngIh
�1
n

C1

����!
n!1

id :

In other words, gI 2 GH.
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Proof. First notice that g has no hyperbolic �xed point: the derivative of g is 1 at
each endpoint of the components of I. One deduces that gI is a di�eomorphism.

�en, hngIh�1
n is induced by hngh�1

n . �erefore its C 1-distance to the identity
is smaller than the distance between hngh�1

n and the identity.

Corollary 5.10. Consider a group G, C 1-close to the identity, and a sequence

H D ¹hnºn2N of di�eomorphisms such that

hngh
�1
n

C1

����!
n!1

id for every g 2 G.

�en the completion I1.G/ is contained inGH. In particular, I1.G/ is C 1-close

to the identity.

Lemma 5.11. If G � Di�1C.Œ0; 1�/ is a group without hyperbolic �xed point, then

the completion I1.G/ is contained in Di�1C.Œ0; 1�/ and is without hyperbolic �xed

point.

Proof. It is enough to show that I.G/ is a group of di�eomorphisms without
hyperbolic �xed point.

As we saw previously, since the elements g 2 G are di�eomorphism without
hyperbolic �xed point, every induced map is a di�eomorphism. It remains to show
that I.G/ is without hyperbolic �xed point.

Assume that a is a hyperbolic �xed point of an element h 2 I.G/. �en a is
an isolated �xed point of h. Let b be the next �xed point, so that ¹a; bº is a pair
of successive �xed points of h. According to Lemma 5.5, there exists g 2 G such
that ¹a; bº are successive �xed points of g. �us �g;.a;b/.h/ is well de�ned and
�nite. However, the derivative g0.a/ is 1 because G is without hyperbolic �xed
point. One easily deduces that h0.a/ D 1 (otherwise,�g;.a;b/.h/ would be in�nite),
contradicting the hypothesis.

5.3. Algebraic presentation: speci�c subgroups. �e �nitely generated groups
C 1-close to the identity may be complicated. However, the complete groups with-
out crossing admit special subgroups with a simple presentation.

An element in G is called simple if Œ0; 1� n Fix.g/ consists of a unique interval
whose closure is the support of g and is denoted by Supp.g/.

Remark 5.12. (1) Let G � HomeoC.Œ0; 1�/ be a complete group without cross-
ing. Each g 2 G is the limit, for the C 0-topology, of a product of induced simple
elements gI , where I covers the set of connected components of Œ0; 1� n Fix.g/.
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(2) Let G � Di�1C.Œ0; 1�/ be a complete group without hyperbolic �xed point.
Each g 2 G is the limit, for the C 1-topology, of a product of the induced simple
elements gI , where I covers the set of connected components of Œ0; 1� n Fix.g/.

Let G � HomeoC.Œ0; 1�/ be a group without crossing. According to �eo-
rem 1.4, given any pair f; g of simple elements ofG, we have one of the following
possibilities:

� either the supports Supp.f / and Supp.g/ have disjoint interiors,

� or the supports are equal,

� or the support of one of the di�eomorphisms is contained in a fundamental
domain of the other.

�e group generated by f and g depends essentially on these 3 con�gurations
and admits a simple presentation if Supp.f / ¤ Supp.g/.

Proposition 5.13. Let G be a group without crossing, and let g1 and g2 be two

simple elements of G.

(1) If the interior V.Supp.g1/ \ Supp.g2// is empty, then g1 and g2 commute:

hg1; g2i D Z
2:

(2) If Supp.g2/ is contained in the interior VSupp.g1/, then the group hg1; g2i
admits as unique relation that the conjugates gi1g2g

�i
1 , i 2 Z, pairwise com-

mute. More precisely,

hg1; g2i D
�

M

Z

Z

�

ÌZ;

where Z acts by conjugacy on
�
L

Z
Z

�

as a shift of the Z factors. In other

words, hg1; g2i is the wreath-product:

hg1; g2i D Z o Z:

Proof. One just needs to prove the second point. If Supp.g/ � VSupp.f /, then the
images of Supp.g/ by f i are pairwise disjoint. �is proves that the gi D f igf �i ,
i 2 Z, pairwise commute. �is allows to de�ne a morphism

' W
�

M

Z

Z

�

ÌZ D< a; bjŒaiba�i ; ajba�j �; i; j 2 Zº ! hf; gi;

such that '.a/ D f and '.b/ D g.
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It remains to show that ' is injective. Note that every element of the group can
be written as aibˇ1

i1
: : : b

ˇk

ik
with pairwise distinct bik D aikba�ik . �e image is

f ig
ˇ1

i1
: : : g

ˇk

ik
. �e translation number relative to f is i , so that f igˇ1

i1
: : : g

ˇk

ik
is

not the identity unless i D 0. In that case, the element is gˇ1

i1
: : : g

ˇk

ik
, which is the

identity only if all the ˇi vanish, ending the proof.

�e proposition admits a straightforward generalization as follows:

Lemma 5.14. (1) Let I , J be two segments with disjoint interiors. Consider sub-

groups H;K � HomeoC.Œ0; 1�/, respectively supported on I and J . �en the

group generated by H and K is isomorphic to H ˚K.

(2) Consider f 2 G and I a fundamental domain of the morphism f . Let

H � HomeoC.Œ0; 1�/ be a subgroup of homeomorphisms supported in I . �en

the group generated by H and f is

hH; f i D H o Z:

6. Elementary groups

In this section, we establish under what conditions on a family S � HomeoC.Œ0; 1�/

the generated group is without crossing and admits S as a topological basis.

6.1. Fundamental systems and elementary groups. Recall that a morphism
f 2 HomeoC.Œ0; 1�/ is called simple if Œ0; 1� n Fix.f / has a unique connected
component (whose closure is the support Supp.f /). A simple homeomorphism
f is called positive if f .x/ � x for all x 2 Œ0; 1�.

Let Int.Œ0; 1�/ denote the set of segments of Œ0; 1�.

De�nition 6.1. Consider a family

S D ¹f; Sf ; If º � HomeoC.Œ0; 1�/� Int.Œ0; 1�/ � Int.Œ0; 1�/:

We say that S is a fundamental system if

� for any .f; Sf ; If / 2 S, f is simple positive, Sf D Supp.f /, and
If � Supp.f / is a fundamental domain of f ;

� for any distinct .f; Sf ; If / ¤ .g; Sg ; Ig/ 2 S,

– either Sf and Sg have disjoint interiors,

– or Sf � Ig ,

– or Sg � If .
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�e aim of this section is to prove:

Proposition 6.2. Let S be a fundamental system. �en G � HomeoC.Œ0; 1�/ gen-

erated by the elements of S is without crossing, and totally rational.

Lemma 6.3. Let S be a fundamental system and G � HomeoC.Œ0; 1�/ be the

group generated by S. Assume that ¹a; bº is a pair of successive �xed points of an

element of G. �en there are f 2 G and .g; Sg ; Ig/ 2 S such that Œa; b� D f .Sg/.

Proof. Assume that it is not true, and consider a pair ¹a; bº of successive �xed
points which are not in the orbit of some Sg . Let h D f ˙1

n � � �f ˙1
1 , fi 2 S,

having ¹a; bº as a pair of successive �xed points. One chooses ¹a; bº and h so
that n is minimal for these properties. Notice that .a; b/ is not disjoint from all
the supports Sfi

, otherwise h would be the identity on Œa; b�, contradicting the
de�nition of ¹a; bº.

Claim 3. Consider x 2 .a; b/ such that h.x/ ¤ x. �e supports Sfj
containing x

are totally ordered by inclusion, by de�nition of a fundamental system. Let i such

that Sfi
is the largest support Sfj

; j D 1 : : : n, containing x. �en Sfi
contains

Œa; b�.

Proof. For every j , one has fj .Sfi
/ D Sfi

, because the support of fj is either
disjoint from Sfi

, or contained in it. �erefore the endpoints of Sfi
are �xed points

of all the fj , hence of h. �e de�nition of successive �xed points of h implies that
Œa; b� � Sfi

, concluding.

One deduces

Claim 4. Sfj
� Sfi

, for every j .

Proof. If Sfj
is not contained in Sfi

, then fj is the identity map on Sfi
. Further-

more, Sfi
is invariant under all the fk’s, and contains Œa; b�. One deduces that fi

is the identity map on the orbit of Œa; b� by the subgroup generated by the fk’s,
k D 1 : : : n. �us ¹a; bº is still a pair of successive �xed points of the word ob-
tained by deleting the letter fj . �is contradicts the minimality of n.

Now one splits ¹1; : : : ; nº D A
`

B where A is the set of indices j such that
fj D fi , and B the set of the other indices, so that, for j 2 B , one has

Sfj
� Ifi

:

Every element fj , j 2 B , acts as the identity on the orbit of @Ifi
by fi .

One deduces:
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Claim 5. Let ˛ denote the sum of the coe�cients ˙1 of the fk’s, k 2 A. �en

˛ D 0.

Proof. Notice that h D f ˛i on the orbit of @Ifi
. If ˛ ¤ 0, this implies that h has

no �xed point on Sfi
. �us .a; b/ D Sfi

, contradicting the de�nition of ¹a; bº.

Now, one can rewrite h as a product of conjugates of fj , j 2 B by some

power f
ˇj

i . In other words, there are ǰ 2 Z, j 2 B , such that

h D
Y

j2B

f
ˇj

i fjf
�ˇj

i :

Each of these conjugates f
ˇj

i fjf
�ˇj

i is supported in f
ˇj

i .Sj /, which is con-

tained in the fundamental domain f
ˇj

i .Ifi
/.

If all the ǰ ’s are not equal, then the interiors of the supports of the conjugates
corresponding to di�erent ǰ ’s are disjoint, hence these conjugates commute. Fur-
thermore, ¹a; bº is contained in one of these intervals. One does not change the
pair of successive �xed points by deleting the terms corresponding to the other

ǰ ’s. Here again, if the ǰ ’s are not constant, one gets a smaller word, contradict-
ing the minimality of n.

One can now assume that all the ǰ ’s are equal to someˇ. So, h is the conjugate
by f ˇi of the product of the fj ’s, j 2 B . So, ¹a; bº is the image by f ˇi of a pair
¹c; dº of successive �xed points of the product of the fj ; j 2 B . As the cardinal
of B is strictly smaller than n, the minimality of n implies that ¹c; dº is the image
by an element of G of one of the Sg’s, g 2 S. One deduces the same property for
¹a; bº D f

ˇ
i .¹c; dº/, leading to a contradiction with the de�nition of ¹a; bº.

If the groupG admits a crossing, this means by de�nition that there is a pair of
successive �xed points ¹a; bº and an element g 2 G with g.¹a; bº/ \ .a; b/ ¤ ;.
According to Lemma 6.3, one can assume that .a; b/ is some Sf with f 2 S. One
concludes the proof of Proposition 6.2 by showing:

Lemma 6.4. Let S be a fundamental system and G � HomeoC.Œ0; 1�/ be the

group generated by the elements of S. Given any f 2 S and any g 2 G, either

g.Sf / and Sf have disjoint interior, or g.Sf / D Sf .

Proof. One proves it by contradiction. Assume that it is not true and consider
g D g

˛n
n : : : g

˛1

1 , gi 2 S, and f 2 S such that

� giC1 ¤ gi for every i 2 ¹1; : : : n� 1º,

� g.Sf / ¤ Sf ,

� and g.Sf / intersects the interior of Sf .

One chooses g; f so that
Pn
iD1 j˛i j is minimal for these properties.
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If Sg1
� Sf or if Sg1

and Sf have disjoint interiors, then g1.Sf / D Sf . In
this case, one may delete g1 contradicting the minimality of n. �us, Sf � Ig1

by de�nition of a fundamental system. So, g˛1

1 .Sf / � g
˛1

1 .Ig1
/ and its interior is

disjoint from Ig1
but is contained in Sg1

.

If Sg1
6� Ig2

, as g2 ¤ g1, one gets that either the interior of Sg2
is disjoint

from Sg1
, or Sg2

� Ig1
. In both cases, g2 is the identity map on g˛1

1 .Sf /. �us,
one may delete g2, contradicting the minimality of the word. So Sg1

� Ig2
and

g
˛2

2 g
˛1

1 .Sf / � g
˛2

2 .Ig2
/ � Sg2

. In particular, g˛2

2 g
˛1

1 .Sf / is disjoint from Sf .

An easy induction proves that Sgi
� IgiC1

and g˛i C1
iC1 � � �g˛2

2 g
˛1

1 .Sf / is disjoint
from Sf for every i , concluding.

De�nition 6.5. A group G � HomeoC.Œ0; 1�/ is called an elementary group if it
is generated by a fundamental system.

Remark 6.6. If H is topologically conjugate to an elementary group G, then H
is an elementary group.

6.2. �e topological dynamics and the topology of the fundamental systems.

�e next proposition explains that an elementary group generated by a �nite fun-
damental system is topologically determined by the topological con�guration of
the intervals .Sf ; If / of the fundamental system.

Proposition 6.7. Let S and † be two �nite fundamental systems and let G and �

be the groups respectively generated by S and †. Assume that there is a homeo-

morphism h W Œ0; 1� ! Œ0; 1� and a bijection

' W S ! †; '.f; Sf ; If / D .'.f /; S'.f /; I'.f //;

such that for every f ,

S'.f / D h.Sf / and I'.f / D h.If /:

�en there is a homeomorphism Qh W Œ0; 1� ! Œ0; 1� conjugating G to �:

� D ¹ Qhg Qh�1; g 2 Gº:

More precisely, for every .f; Sf ; If / 2 S,

Qhf Qh�1 D '.f /:
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Proof. One proves it by induction on the cardinals of S and †. If the cardinal
is 1, one just notices that any two positive simple homeomorphisms of Œ0; 1� are
topologically conjugate.

One assumes now that the statement has been proved for any fundamental sys-
tem of cardinal less than or equal to n, and one considers fundamental systems
S and † of cardinal n C 1. Write S D ¹.f; Sf ; If /º [ zS, where Sf is a maximal
interval in the (nested) family of supports, and † D ¹.�; S�; I�/º [ z†, where
� D '.f /. One considers h1 such that h1gh�1

1 D '.g/ for g 2 zS. Notice that
h1.Sg/ D h.Sg/ D S'.g/ for g 2 zS. As a consequence, there is a homeomorphism
h2 which coincides with h1 on the union SzS of the supports Sg , g 2 zS, and with h
out of this union. Notice that SzS \ Sf � If . �erefore h2.If / D h.If / D I� .

�us there is a unique homeomorphisms h3 W Sf ! S� conjugating f with �
and coinciding with h2 on If . �e announced homeomorphism Qh is the homeo-
morphism which coincides with h3 on Sf , and with h2 out of Sf .

6.3. Elementary groups of di�eomorphisms. If the homeomorphisms of a
fundamental system are di�eomorphisms, the corresponding elementary group
will be a group of di�eomorphisms.

Proposition 6.8. Any elementary group G � Di�1C.Œ0; 1�/ is without hyperbolic

�xed point.

Proof. Let us consider a fundamental system S D ¹.f; S; f; If /º, where f 2
Di�1C.Œ0; 1�/. Notice that every di�eomorphism f in S is, by de�nition of a fun-
damental system, a simple di�eomorphism. �erefore, it has no hyperbolic �xed
point.

Let G be the group generated by S. Every g 2 G can be written as

g D f ˛n
n : : : f

˛1

1 2 G; fi 2 S, fiC1 ¤ fi , ˛i 2 Z

(this presentation of g may be not unique). One argues by contradiction and as-
sumes that there is g 2 G having a hyperbolic �xed point. One chooses g such
that

P

j˛i j is the minimal number with this property. A hyperbolic �xed point is
isolated, so that it belongs to a pair of successive �xed points ¹a; bº (let us assume
it is a).

One considers fi such that the support Sfi
is the largest of the supports Sfj

containing a; b. �en Sfi
is invariant by all the fj ’s. If some Sfj

is not contained
in Sfi

, one may delete the letter fj , contradicting the minimality of
P

j˛i j.



870 Ch. Bonatti and É. Farinelli

One considers the sum ˛ of the j̨ ’s for which fj D fi (recall that Sfi
is the

largest support). If ˛ ¤ 0, then g coincides with f ˛i on the orbit of @.Ifi
/. One

deduces that ¹a; bº D @Sfi
, and that the derivative of g at each end point is the

same as the one of f ˛i , which is 1 (because fi is simple).

So ˛ D 0. �is allows to rewrite g as the product of conjugates of the fj ¤ fi

by powers f
ˇj

i . �ese di�eomorphisms are supported on the f
ˇj

i .Ifi
/’s, which

have disjoint interiors. Exactly as in the proof of Lemma 6.3, one deduces that, if
the ǰ ’s are not all equal, then one may delete some of the f j̨

j ’s, contradicting
the minimality of

P

j˛i j.

So the ǰ ’s are all equal to some ˇ and one gets that g is the conjugate by
f
ˇ
i of the product of the f j̨

j ’s, fj ¤ fi . However, having a hyperbolic �xed

point is invariant by conjugacy, so that one deduces that the product of the f j̨

j ’s,
fj ¤ fi has an hyperbolic �xed point. �is contradicts again, the minimality of
P

j˛i j.

One of the main results of this paper consists in proving that every elementary
group of di�eomorphisms of Œ0; 1� is actually C 1-close to the identity. �is will
be the aim of Section 9.

7. Free group

�e aim of this section is to prove �eorem 1.9 (assuming �eorem 1.6). Let us
recall its statement:

�eorem 7.1. �ere exists a subgroupG � Di�1.Œ0; 1�/, C 1-close to the identity,

and isomorphic to the free group F2.

Before expounding its proof, let us notice that the elementary groups do not
contain any free group F2.

7.1. Finitely generated subgroups of elementary groups are solvable: proof

of Proposition 1.8. In contrast, we notice that elementary groups do not contain
non-cyclic free groups:

Proposition 7.1. Any elementary group G generated by a �nite fundamental sys-

tem S is solvable, and the associated solvability length is bounded by the cardinal

of S.
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Let us recall that a group is solvable if the sequence

G1 D ŒG; G�; : : : ; GnC1 D ŒGn; Gn�

strati�es: there exists k such that

Gk D ¹1º:

�e in�mum of all such k’s is the solvability length `.G/ of the solvable group G.

As a direct corollary, we get:

Corollary 7.2. For any fundamental system G, the group G generated by G does

not contain any non-cyclic free group.

Proof of Corollary 7.2. Assume that there is a subgroup hf; gi � G isomorphic
to F2. Notice that f and g are written as �nite words in the generators of G in G.
�us the group hf; gi is a subgroup of a group generated by a �nite fundamental
system. �is group is solvable, hence does not contain any subgroup isomorphic
to F2, contradicting the hypothesis.

Notice that our argument above proved Proposition 1.8.

We start the proof of Proposition 7.1 by showing:

Lemma 7.3. Fix and integer k. Assume that ¹Giºi2N is a sequence of solvable

groups of solvability length `.Gi / � k. �en the direct sum

G D
M

i2N

Gi

is solvable, and the solvability length associated is `.G/ � k.

Proof. Just notice that ŒG; G� D
L

i2NŒGi ; Gi �.

Proof of Proposition 7.1. One presents a proof by induction on the cardinal of S.
If this cardinal is 1, the group is a cyclic abelian group, hence is solvable of solv-
ability length 1. One assumes now that Proposition 7.1 is proved for fundamental
systems of cardinal less or equal to n. Let S D ¹.fi ; Si ; Ii /; i 2 ¹1; : : : ; nC 1ºº be
a fundamental system. Up to re-index the fi ’s, one may assume that SnC1 is max-
imal among the Si ’s for the inclusion. LetA � ¹1; : : : ; nº denote the set of indices
i for which the interiors of Si and SnC1 are disjoint, and B D ¹1; : : : ; nº n A the
set of indices j for which Sj is contained in InC1.
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First assume that A is not empty. �en SA D ¹.fi ; Si ; Ii /; i 2 Aº and S0 D
¹.fj ; Sj ; Ij /; j 2 B [ ¹n C 1ºº are fundamental systems with cardinal � n. Let
GA and G0 be the elementary groups respectively generated by SA and S0. �ey
are solvable groups of length bounded by n. �erefore, G D GA ˚G0 is solvable,
of length bounded by n, according to Lemma 7.3, which concludes the proof in
this case.

One assumes now that A is empty, so that B D ¹1; : : : ; nº. Let GB denote
the group generated by the fundamental system SB D ¹.fj ; Sj ; Ij /; j 2 Bº. One
easily shows that ŒG; G� is contained in

L

i2ZGB;i , where GB;i D f inC1GBf
�i
nC1.

�ese groups are solvable, of solvability length `.GBi
/ � n, by our induction

hypothesis, so that G is solvable, of solvability length `.G/ � nC 1, according to
Lemma 7.3.

7.2. Proof of �eorem 1.9. Let A D ¹ai ; i 2 Nº be a countable set, called
alphabet. We say that a word ! D ¹!iº in n letters of the alphabet A is universal

(among the groups in C1id) if !.f1; : : : ; fn/ D id for any f1; : : : ; fn 2 Di�1C.Œ0; 1�/
for which the group hf1; : : : ; fni is C 1-close to the identity.

�e length of such a word is n. �e word is reduced if !iC1!i ¤ 1, and
cyclically reduced if furthermore !n!1 ¤ 1.

We will prove:

Proposition 7.4. �ere is no universal reduced non-trivial word.

Let us deduce �eorem 1.9 from Proposition 7.4:

Proof. Assume that there is no universal reduced word. In particular, there is no
universal word in 2 letters. �erefore, for any word ! in 2 letters, there is a pair
f! ; g! such that the group hf! ; g!i isC 1-close to the identity and!.f! ; g!/ ¤ id.

One �xes a sequence I! � Œ0; 1� of pairwise disjoint segments. For every !,
one chooses di�eomorphisms Qf!; Qg! supported on I! , smoothly conjugated to
.f! ; g!/, and such that Qf!; Qg! tend uniformly to the identity when the length of
! tends to 1 (that is possible because hf! ; g!i is C 1-close to the identity). One
de�nes f and g as being Qf! , Qg! on I! and the identity map out of the union of the
I!’s. One easily checks that f and g are homeomorphisms. Now, f and g are
di�eomorphisms because Qf!; Qg! tend uniformly to the identity.

Finally, the group hf; gi is C 1-close to the identity and !.f; g/ ¤ id for every
reduced word !.
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7.3. No universal relation: proof of Proposition 7.4. Notice that, if ! is a
universal word, then for each letter ai 2 A, the sum of the coe�cients in ai of the
!i ’s vanishes. Otherwise, !.id; : : : ; id; f; id; : : : ; id/ would be di�erent from id,
for f ¤ id at the i th position, contradicting the universality of the relation !.

Consider a letter appearing in !, say !1. �en, one can write ! as a product
of conjugates of the other letters by powers of the letter corresponding to !1. One
replaces each!j1ai!

�j
1 with a new letter denoted by bi;j . One gets a reduced word

'.!/ of length less or equal than n � 2 (in the alphabet B D ¹bi;j º). Notice that
a reduced word of length � 2 cannot be universal. One concludes the proof of
Proposition 7.4 and therefore of �eorem 1.9 by proving

Lemma 7.5. If ! is universal, then '.!/ is universal.

Proof. Assume that '.!/ is not universal. �erefore, there is an interval I and
hi;j 2 Di�1.I / such that '.!/.hi;j / ¤ id, and the group generated by the hi;j
is C 1-close to the identity. One considers f 2 Di�1C.Œ0; 1�/, without hyperbolic
�xed point, and such that I is contained in the interior of a fundamental domain
of f . According to �eorem 1.6, as the group generated by the hi;j ’s is C 1-close
to the identity, the group generated by f and the hi;j ’s is still C 1-close to the
identity.

One denotes by gi the di�eomorphism which coincides with f �jhi;jf
j on

f �j .I /, for every j for which hi;j is de�ned, and with the identity out of the
f �j .I /’s. �e group generated by f and the gi ’s is C 1-close to the identity (it
is the group generated by f and the hi;j ’s). Now, !.f; ¹giº/ is a di�eomorphism
which coincides with '.!/.hi;j / in restriction to I , hence is not the identity map,
contradicting the hypothesis on !.

8. Group extensions in the class C1

id

�e aim of this section is to prove �eorem 1.6: given a group G � Di�1C.Œ0; 1�/,
C 1-close to the identity and supported in the interior of a fundamental domain
of a di�eomorphism f 2 Di�1C.Œ0; 1�/, without hyperbolic �xed point, the group
hG; f i is C 1-close to the identity. We will prove here a slightly stronger version
which will be used in the proof of �eorem 1.7.

�eorem 8.1. Let f 2 Di�1C.Œ0; 1�/ be a di�eomorphism without hyperbolic

�xed points and G � Di�1C.Œ0; 1�/ be a group supported on a fundamental do-

main Œx0; f .x0/�. Assume that there is a C 1-continuous path ht 2 Di�1C.Œ0; 1�/,
t 2 Œ0; 1/, such that
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� for every g 2 G,

htgh
�1
t

C1

��! id

and

� ht is supported on Œx0; f .x0/�.

�en the group hf;Gi generated by f and G is C 1-close to the identity.

More precisely, there is a C 1-continuous path Ht 2 Di�1C.Œ0; 1�/, t 2 Œ0; 1/,

such that

� for every g 2 hf;Gi,

HtgH
�1
t

C1

�! id

and

� Ht is supported on the support of f and DHt .0/ D DHt .1/ D 1.

Notice that �eorem 1.6 follows directly from �eorem 8.1: if the support of
G is contained in the interior of the fundamental domain .x0; f .x0//, then, given
h0t 2 Di�1.Supp.G//; t 2 Œ0; 1/ realizing an isotopy by conjugacy ofG to the iden-
tity, we easily build another isotopy by conjugacy ht 2 Di�1.Œ0; 1�/, supported on
Œx0; f .x0�.

�eorem 8.1 is the main technical result of this paper. �e proof is the aim of
the whole section. Let us �rst present a sketch of proof.

8.1. Sketch of proof. �e proof uses strongly arguments in [6] which builds
explicit conjugacies from a given di�eomorphism to another in a given neighbor-
hood of the identity. Here, we will need to come back to the construction of [6]
to get a simultaneous conjugacy. For this reason it will be sometimes practical to
use the following notation:

Notation 1. Given f; g 2 Di�1C.Œ0; 1�/ and ht 2 Di�1C.Œ0; 1�/, t 2 Œ0; 1/ a
C 1-continuous path of di�eomorphisms, the notation

f  
ht

g

means that .htf h�1
t /t2Œ0;1/ is an isotopy by conjugacy from f to g, that is

htf h
�1
t

C1

���!
t!1

g:
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We will write f  g if there exists an isotopy by conjugacy from f to g.

Sketch of proof of �eorem 8.1. Let G be a group C 1-close to the identity, sup-
ported in a fundamental domain Œa; b� of f 2 Di�1C.Œ0; 1�/. Let .ht /t2Œ0;1/ be a
continuous path of C 1-di�eomorphisms realizing an isotopy by conjugacy from
G to id and such that ht has derivative equal to 1 at a and b. One will extend these
di�eomorphisms ¹htºt2Œ0;1/ to di�eomorphisms Qht of Œ0; 1� in such a way that

htf h
�1
t

C1

�! f

(Lemma 8.3). In other words, for t ! 1, the extensions Qht almost commute with
f . In this way, the impact induced on f by the isotopy by conjugacy from G to
id will be slight.

Let .'t /t2Œ0;1/ be a continuous path of C 1-di�eomorphisms for which

'tf '
�1
t

C1

���!
t!1

id

(the existence of .'t /t2Œ0;1/ is given by [6]). Assume that one can choose 't so
that, furthermore, 't is a�ne on Œa; b� for all t 2 Œ0; 1/. Under this assumption, the
conjugacy by .'t /t2Œ0;1/ will not a�ect the C 1-distance of htgh�1

t to the identity
for g 2 G, and one can compose the two isotopies, by �rst conjugating by Qht and
then by 't :

g  
't ı Qht

id; for all g 2 hG; f i:

Indeed, one will ensure the existence of such 't a�ne on the support of G
when the support of G is contained in the interior of a fundamental domain of f .
When the support of G is precisely one fundamental domain, one will weaken
slightly this assumption, ensuring that the logarithm of the derivative of 't is
equicontinuous on Œa; b� (Lemma 8.4). �is will ensure that conjugating by 't will
have a bounded e�ect on the C 1-distance of htgh�1

t to the identity for g 2 G.

As explained in this sketch of proof, the two main tools for �eorem 1.6 are
Lemmas 8.3 and 8.4 stated in next sections.

8.2. Background from [6]. We rewrite [6, Proposition 9] in a form which will
be more convenient here.

If h0 is a di�eomorphism supported in a fundamental domain of the di�eomor-
phism f , we get a homeomorphism h commuting with f by de�ning the restric-
tion hn D hjIn

, In D f n.I0/ as hn D fn�1hn�1f
�1
n�1, where fn is the restriction

f jIn
. �e homeomorphism h will be a di�eomorphism if and only if hn tends to
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the identity map in the C 1 topology as n ! ˙1. �at is not the case in gen-
eral. However, if we only want that f and h almost commute, then we are allowed
to modify slightly the induction process, and we can do it without a�ecting this
convergence to the identity. �at was the aim of [6]. In Propositions 8.1 and 8.2
below, we renormalized the intervals In so that fn appears as di�eomorphisms of
Œ0; 1�.

Proposition 8.1. Let .fn/n2N be a sequence of di�eomorphisms of Œ0; 1� such that

.fn/n2N converges to the identity in the C 1-topology when n tends to in�nity.Let

h0 be a di�eomorphism of Œ0; 1� such that, Dh0.0/ D 1 D Dh0.1/. Fix " > 0 .

�en there exists a sequence . n/n2N ofC 1-di�eomorphisms of Œ0; 1� such that

� D n.0/ D 1 D D n.1/ for all n 2 N;

� kfn ı  n � fnk1 < " for all n 2 N;

� the sequence .hn/n2N of C 1-di�eomorphisms of Œ0; 1�, de�ned by induction

by h0 and

hn D fn�1 n�1hn�1f
�1
n�1

if n 2 N
�, satis�es

there exists N > 0 such that hn D id for all n � N:

For �eorem 9.1 we will need the version with parameters, also due to [6], of
this proposition. Let us state it below:

Proposition 8.2. Let .ft;n/.t;n/2Œ0;1/�N be a collection of di�eomorphisms such

that

� for all n, .ft;n/t2Œ0;1/ is a C 1-continuous path in Di�1C.Œ0; 1�/ such that both

Dft;n.0/ and Dft;n.1/ do not depend on t 2 Œ0; 1/I

� for all t 2 Œ0; 1/, .ft;n/n2N converges to the identity in the C 1-topology, when

n tends to in�nity.

Let .ht;0/t2Œ0;1/ be a C 1-continuous path of di�eomorphisms of Œ0; 1� such that,

for all t 2 Œ0; 1/, one hasDht;0.0/ D 1 D Dht;0.1/. Let ."t /t2Œ0;1/ be a continuous

path of strictly positive real numbers.
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�en there exists a collection . t;n/.t;n/2Œ0;1/�N ofC 1-di�eomorphisms of Œ0; 1�

such that

� D t;n.0/ D 1 D D t;n.1/ for all .t; n/ 2 Œ0; 1/� NI

� kft;n ı  t;n � ft;nk1 < "t for all .t; n/ 2 Œ0; 1/ � NI

� if .ht;n/n2N;t2Œ0;1/ is the collection of C 1-di�eomorphisms of Œ0; 1� de�ned by

induction from ht;0 by

ht;n D ft;n�1 t;n�1ht;n�1f
�1
t;n�1 if n 2 N

�;

then, for every t 2 Œ0; 1/, there isNt > 0, increasing with t 2 Œ0; 1/, such that

ht;n D ft;n�1 t;n�1ht;n�1f
�1
t;n�1 D id for all n � Nt I

� . t;n/t2Œ0;1/ is C 1-continuous for all n 2 NI

� .ht;n/t2Œ0;1/ is C 1-continuous for all n 2 N.

8.3. Di�eomorphisms almost commuting with f and prescribed in a funda-

mental domain.

Lemma 8.3. Consider f 2 Di�1C.Œ0; 1�/, I D Œx; f .x/�, a fundamental do-

main of f , .a; b/ the connected component of Œ0; 1� n Fix.f / containing x, and

.ht /t2Œ0;1/, a C 1-continuous path of C 1-di�eomorphisms of Œ0; 1� supported on

I . �en, for all continuous path ."t /t2Œ0;1/ of strictly positive real numbers, there

exists a C 1-continuous path . Qht /t2Œ0;1/ of C 1-di�eomorphisms of Œ0; 1� such that,

for all t 2 Œ0; 1/,

� Qht coincides with the identity map on a neighborhood of a and bI

� the support of Qht is contained in the orbit of the support of ht by f :

Supp. Qht / �
[

n2Z

f n.Supp.ht //I

� Qht coincides with ht on the fundamental domain I :

Qht I D ht I

� k Qhtf Qh�1
t � f k1 < "t .
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�e proof of Lemma 8.3 consists in pushing ht by f in the iterates f n.I / of
the fundamental domain. In each of these fundamental domains, we apply a small
perturbation so that the di�eomorphism obtained in f n.I / becomes closer to id.

Proof of Lemma 8.3. Let ."t /t2Œ0I1/ be a continuous path of strictly positive real
numbers converging to 0. One denotes by .fn/n2N the sequence of C 1-di�eomor-
phisms of Œ0; 1� de�ned by: for all n 2 N, fn is the normalization of the di�eomor-
phism f Œf n.x/If nC1.x/�, that is : fn is obtained by conjugating f Œf n.x/;f nC1.x/�

by the a�ne maps from Œf n.x/; f nC1.x/� and Œf nC1.x/; f nC2.x/�to Œ0; 1�.
Notice that, as f is C 1, the sequence .fn/n2N converges to id when n tends to
1, with respect to the C 1-topology. One considers then ht;0 as being the normal-
ization of ht Œx;f .x/� on the interval Œ0; 1�. In particular, the equality Dht;0.0/ D
1 D Dht;0.1/ is satis�ed.

Proposition 8.2 asserts that there exists a collection . t;n/t;n2Œ0;1/�N of di�eo-
morphisms of Œ0; 1� such that

� . t;n/t2Œ0;1/ is a C 1-continuous path for all n 2 N;

� for all .t; n/ 2 Œ0; 1/ � N, D t;n.0/ D 1 D D t;n.1/;

� for all .t; n/ 2 Œ0; 1/ � N,

kfn ı  t;n � fnk1 < "t I

� for all t 2 Œ0; 1/, the sequence of di�eomorphisms of Œ0; 1� de�ned by ht;0
and

ht;n D fn�1 t;n�1ht;n�1f
�1
n�1; for all n 2 N

�;

is stationary, equal to id for all n 2 N large enough;

� for all n 2 N, the path .ht;n/t2Œ0;1/ is a C 1-continuous path.

We get a similar result and a similarC 1-continuous collection .ht;n/.t;n/2Œ0;1/�.�N/

by considering the negative iterates of f .
Consider now the C 1-continuous path .ht /t2Œ0;1/ of C 1-di�eomorphisms of

Œ0; 1� de�ned by

� the restriction ht Œf n.x/;f nC1.x/� is conjugated to ht;n by the a�ne map from
Œf n.x/; f nC1.x/� to Œ0; 1�, for all n 2 Z,

� ht D id on the complement of
S

n2Z

f n.Œx; f .x/�/.

By straightforward calculations using that kfn ı  t;n � fnk1 < "t , one gets

kD.ht;nC1fnh
�1
t;n/ �Dfnk1 < "t ;

from which follows kht;nC1fnh
�1
t;n � fnk1 < "t , thus khtf h�1

t � f k1 < "t ,
concluding the proof.
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8.4. Conjugacy to the identity prescribed in a fundamental domain. �e aim
of this section is to prove the following lemma.

Lemma 8.4. Let f 2 Di�1C.Œ0; 1�/ be a di�eomorphism without hyperbolic �xed

point, and let Œa; b�, b D f .a/, be a fundamental domain of f . �ere exists a

C 1-continuous path .˛t /t2Œ0;1/ of C 1-di�eomorphisms of Œ0; 1� such that

� D˛t .0/ D 1 D D˛t .1/ for all t 2 Œ0; 1/I

� .˛t /t2Œ0;1/ has equicontinuous Log-derivative on Œa; b�: for all " > 0 there

exists ı > 0 such that, for all t 2 Œ0; 1/ and x; y 2 Œa; b� satisfying jx�yj � ı,

j logD˛t .x/ � logD˛t .y/j < "I

� f  
˛t

id.

�e proof is a variation on the proof of the following main result in [6]:

�eorem 8.2 ([6]). Given f 2 Di�1C.Œ0; 1�/ without �xed point in .0; 1/, given

any continuous paths 0 < at < bt < 1, t 2 Œ0; 1/, given any C 1-continuous path

.gt /t2Œ0;1/, where gt 2 Di�1C.Œ0; 1�/ is a di�eomorphism without �xed point in

.0; 1/ which coincides with f on Œ0; at � and on Œbt ; 1�, there is a C 1-continuous

path ht 2 Di�1C.Œ0; 1�/, t 2 Œ0; 1/ such that, for every t , ht coincides with the

identity on a neighborhood of 0 and of 1, and the C 1-distance khtf h�1
t � gtk1

tends to 0 as t ! 1.

Let us sketch the proof of [6], so that we will explain the modi�cation we need
here.

Sketch of proof of [6]. As f and gt coincide on Œ0; at �, there is a unique di�eo-
morphism Oht of Œ0; 1/which is the identity map in a neighborhood of 0, and which
conjugates the restriction f jŒ0;1/ to gt jŒ0;1/. [6] chooses ht so that it coincides with
Oht out of an arbitrarily small neighborhood of 1. �e idea is that, in a neighbor-
hood of 1, f and gt coincide so that Oht commute with f . One concludes as in the
proof of Lemma 8.3: by using Proposition 8.2, one can modify Oht slowly in the
successive fundamental domains of f in order to get a di�eomorphism ht coin-
ciding with Oht out of a small neighborhood of 1, with the identity map in a smaller
neighborhood of 1 and almost commuting with f on Œbt ; 1�.
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Let us now modify slightly the proof of [6]. Consider points xt ; yt 2 Œat ; bt �

varying continuously with t 2 Œ0; 1/. Let

't W Œxt ; f .xt /� �! Œyt ; gt .yt /�; t 2 Œ0; 1/;

be a C 1-continuous path of di�eomorphisms satisfying

D't .f .xt //Df .xt / D Dgt .yt /D't .xt /:

�en there is a unique C 1-di�eomorphism

Qht W .0; 1/ �! .0; 1/

conjugating f to gt and coinciding with 't on Œxt ; f .xt /�. As before, since f
and gt coincide on Œ0; at � and Œbt ; 1�, we get that Qht commutes with f in a neigh-
borhood of 0 and of 1. We conclude as before: we can modify Qht slowly in the
successive fundamental domains of f and f �1 in order to get a di�eomorphism
ht coinciding with Qht out of a small neighborhood of 0 and of 1, with the iden-
tity map in a smaller neighborhoods of 0 and 1 and almost commuting with f on
Œ0; at � and on Œbt ; 1�.

Summarizing, this proves:

�eorem 8.3. [6]

� Given f 2 Di�1C.Œ0; 1�/ without �xed points in .0; 1/ such that f .x/� x > 0
on .0; 1/,

� given any continuous paths 0 < at < bt < 1, t 2 Œ0; 1/,

� given any continuous paths xt ; yt 2 Œat ; bt �, t 2 Œ0; 1/,

� given any C 1-continuous path .gt /t2Œ0;1/, where gt 2 Di�1C.Œ0; 1�/ is a dif-

feomorphism without �xed point in .0; 1/ such that gt coincides with f on

Œ0; at � and on Œbt ; 1�,

� given any C 1-continuous path

't W Œxt ; f .xt /� �! Œyt ; gt .yt /�

such that

D't .f .xt /Df .xt / D Dgt .yt /D't .xt /;
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there is a C 1-continuous path ht 2 Di�1C.Œ0; 1�/, t 2 Œ0; 1/, such that

� for every t , the di�eomorphism ht coincides with the identity on a neighbor-

hood of 0 and of 1,

� ht coincides with 't on Œxt ; f .xt /�,

� the C 1-distance khtf h�1
t � gtk1 tends to 0 as t ! 1.

According to �eorem 8.3, Lemma 8.4 is now a direct consequence of the
following lemma:

Lemma 8.5. Let f 2 Di�1C.Œ0; 1�/ without hyperbolic �xed point, without �xed

point in .0; 1/ such that f .x/ � x > 0 on .0; 1/. Let Œa; b�, b D f .a/, be a funda-

mental domain of f .

� �ere is a C 1-continuous path gt , t 2 Œ0; 1/, gt 2 Di�1C.Œ0; 1�/ such that

– gt is without �xed point in .0; 1/,

– there are continuous paths 0 < at < bt < 1 such that gt coincides with

f on Œ0; at � [ Œbt ; 1�,

– gt
C1

���!
t!1

idI

� there is a C 1-continuous path of di�eomorphisms

't W Œa; f .a/� �! Œa; gt .a/�

such that

D't .f .a/Df .a/ D Dgt .a/D't .a/I

� .'t /t2Œ0;1/ has equicontinuous Log-derivative on Œa; f .a/�.

Proof of Lemma 8.4. Lemma 8.5 and �eorem 8.3 imply that there exists ht such
that htf h�1

t is C 1-asymptotic to the isotopy gt , which tends to the identity.
Furthermore, ht coincides with 't on Œa; f .a/�, hence has equicontinuous Log-de-
rivative on the fundamental domain Œa; f .a/�, ending the proof.
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Lemma 8.5 announces the existence of two objects: the path

gt
C1

���!
t!1

id;

and the path 't with equicontinous Log-derivative. �is suggests a natural split-
ting of the proof in two easy observations.

Lemma 8.6. Consider f 2 Di�1C.Œ0; 1�/ without hyperbolic �xed point, without

�xed point in .0; 1/ so that f .x/ � x > 0 on .0; 1/, and a fundamental domain

Œc; d D f .c/� of f . Let c < dt � d be a continuous path such that dt ! c as

t ! 1 and ˛t > 0 be a continuous path with ˛t ! 1 as t ! 1.

�ere is a C 1-continuous path of di�eomorphisms gt 2 Di�1C.Œ0; 1�/, there are

continuous paths 0 < at < bt < 1 such that

� gt .x/ > x for x 2 .0; 1/,

� gt coincides with f on Œ0; at �[ Œbt ; 1�,

� gt .c/ D dt ,

� Dgt .c/ D ˛t ,

� gt
C1

���!
t!1

id.

Hint of proof. In other words, gt is an isotopy from g0 to the identity map, which
does not require to create any �xed point, whose image and derivative may be
prescribed at a point c, and satisfying that gt coincides with f on a small neigh-
borhood of 0 and 1. �is is possible because we require that the image dt D gt .c/

tends to c, that the derivative ˛t D Dgt .c/ tends to 1, and because Df.0/ D
Df.1/ D 1, so that f is arbitrarily C 1-close to the identity map on a su�ciently
small neighborhoods of 0 and 1.

Lemma 8.7. Consider f 2 Di�1C.Œ0; 1�/ without hyperbolic �xed point, without

�xed point in .0; 1/, such that f .x/ � x > 0 on .0; 1/. Let Œc; d �, d D f .c/ be a

fundamental domain of f . �en there exists a C 1-continuous path of di�eomor-

phisms 't W Œc; d � ! Œc; 't .d/�, t 2 Œ0; 1/, such that

� 't .d/�!
t!1

cI

� if we set

˛t D
Df.c/ �D't .d/

D't .c/
;

then

˛t �!
t!1

1I

� ¹log.D't /ºt2Œ0;1/ is equicontinuous.
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Proof. Notice that adding a constant to a function does not change the equiconti-
nuity properties. As a consequence, one can compose each 't by some a�ne map
without changing the equicontinuity of the family log.D't /. Furthermore, com-
posing by an a�ne map does not change the ratio Df.c/�D't .d/

D't .c/
. In other words,

the �rst item is for free.
Now, one chooses some 't0 so that Df.c/�D't .d/

D't .c/
D 1, and, for t > t0, one

chooses 't as being the composition of 't0 by some a�ne map.

8.5. Conjugacy by an equicontinous Log-derivative map.

Lemma 8.8. Let .˛t /t2Œ0;1/ be a C 1-continuous path of C 1-di�eomorphisms of

Œ0; 1�with equicontinuous Log-derivative: ¹logD˛t ºt2Œ0;1/ is equicontinuous. For

every � > 0, there is " > 0 such that, for all g 2 Di�1C.Œ0; 1�/ satisfying kg �
id k1 < ",

k˛tg˛
�1
t � id k1 < � for all t 2 Œ0; 1/:

In particular, if .gt /t2Œ0;1/ is a path of di�eomorphisms converging to id when

t tends to 1, then

˛tgt˛
�1
t

C1

���!
t!1

id :

Proof. Consider x 2 Œ0; 1� and y D ˛�1
t .x/. �en

D.˛tg˛
�1
t /.x/ D

D˛t .g.y/

D˛t .y/
�Dg.y/:

By assumption, jDg.y/ � 1j < ". �erefore, it is enough to check that

log
�D˛t .g.y//

D˛t .y/

�

D logD˛t .g.y// � logD˛t .y/

is uniformly bounded with respect to ", and that this bound tends to 0 as
" ! 0. Notice that jg.y/ � yj < �. �us, the equicontinuity of logD˛ provides
the uniform bound of log.D˛t .g.y/

D˛t .y/
/ as a function of ".

8.6. Isotopy to the identity by conjugacy and perturbations.

De�nition 8.9. Let "t > 0 and �t > 0, t 2 Œ0; 1/, be continuous paths such that
"t �!

t!1
0 and �t �!

t!1
0. A C 1-continuous path . t /t2Œ0;1/,  t 2 Di�1C.Œ0; 1�/ is an

."t /t2Œ0;1/-robust isotopy by conjugacy of speed .�t /t2Œ0;1/ from f to id if, for all
continuous path .gt /t2Œ0;1/ satisfying kgt � f k1 < "t , one has

k tgt 
�1
t � id k1 < �t :
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Lemma 8.10. Let f , .'t /t2Œ0;1/ be C 1-di�eomorphisms of R such that

k'tf '
�1
t � id k1 ���!

t!1
0; and '0 D id :

For all continuous path ."t /t2Œ0;1/ of strictly positive real numbers converging to

0, there exist a continuous path .�t /t2Œ0;1/ of strictly positive real numbers con-

verging to 0 and a continuous map

r W Œ0; 1/ �! Œ0; 1/;

satisfying

r.0/ D 0; and r.t/ ���!
t!1

1;

such that, . t D 'r.t//t2Œ0;1/ is an ."t /t2Œ0;1/-robust isotopy by conjugacy of speed

.�t /t2Œ0;1/ from f to id.

We split the proof in two lemmas. �e �rst one just states that any isotopy by
conjugacy is "t -robust, if we choose "t > 0 small enough.

Lemma 8.11. Consider f 2 Di�1C.Œ0; 1�/ and a C 1-continuous path .'t /t2Œ0;1/
of C1-di�eomorphisms of Œ0; 1� and '0 D id, such that

k'tf '
�1
t � id k1 ���!

t!1
0:

Denote

�t D 2 � k'tf '
�1
t � id k1:

�ere exists a continuous path �t > 0 such that

k'tgt'
�1
t � id k1 < �t

for all continuous path .gt /t2Œ0;1/ satisfying kgt � f k1 < �t .In other words, the

isotopy by conjugacy 't is �t -robust of speed �t .

Sketch of proof. For every t 2 Œ0; 1/, one needs to bound jD't .g.x//�D't .f .x/j
D't .x/

,
for jg.x/ � f .x/j < �t , uniformly in x 2 Œ0; 1�, by a constant Q�t depending in
a simple continuous way on �t . As D't is bounded on Œ0; 1�, one essentially
needs to bound (uniformly in x)D't .g.x//�D't .f .x//, for jg.x/�f .x/j < �t .
In other words, �t depends strongly on the continuity modulus ıt of D't for the
constant O�t , where O�t D Q�t � maxx2Œ0;1� jD't .x/j.

jx � yj < ıt H) D't .x/ �D't .y/ < Q�t � max
x2Œ0;1�

jD't .x/j
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�e unique di�culty is to choose 0 < �t < ıt depending continuously on
t 2 Œ0; 1/. �is is possible because the modulus of continuity of a continuous
function (on a compact metric space) associated to a given constant depends lower-
semi-continuously on the function. One concludes by noticing that, given a strictly
positive lower-semi-continuous map ıt W Œ0; 1/ ! R, there is a strictly positive
function 0 < �t < ıt .

To get Lemma 8.10 from Lemma 8.11, one just needs to apply the following
simple observation:

Lemma 8.12. Let "t > 0 and �t > 0, t 2 Œ0; 1/, be continuous paths such that

"t �!
t!1

0. �en there is a continuous map

r W Œ0; 1/ �! Œ0; 1/;

such that

r.0/ D 0 and r.t/ ���!
t!1

1;

and there is 0 � t0 < 1 such that, for every t0 � t < 1,

�r.t/ > "t :

Proof of Lemma 8.10. Choose �t , �t > 0 given by Lemma 8.11, and r.t/ and t0
given by Lemma 8.12. �en, for all continuous path .gt /t2Œ0;1/ satisfying

kgt � f k1 < "t ; for every t � t0,

one has
k'r.t/gt'

�1
r.t/ � id k1 < �r.t/:

Notice that t 7! �r.t/ is continuous and tends to 0 as t ! 1.
In other words, the choice �t D �r.t/ is convenient for t � t0. One extends

such �t for t 2 Œ0; t0� by a simple compactness argument. More precisely, one
chooses �t , t 2 Œ0; 1/ so that:

� for every t 2 Œ0; 1/, �t � �r.t/;

� �t D �r.t/ for every t close enough to 1;

� for every t 2 Œ0; t0/,

�t � max
x2Œ0;1�

Df.x/C max "t

C max
t2Œ0;t0�;x2Œ0;1�

D'r.t/.x/C max
t2Œ0;t0�;x2Œ0;1�

D'�1
r.t/.x/I

� t 7! �t is continuous.

For this choice of �, 'r.t/ is "t -robust with speed �t , concluding the proof.
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8.7. Group extensions in the class C
1

id
: proof of �eorem 1.6. We are now

ready to prove �eorem 1.6:

Proof of �eorem 1.6. Let f be aC 1-di�eomorphism of Œ0; 1�, without hyperbolic
�xed point and I D Œx; f .x/� a fundamental domain of f . Let G � Di�1.Œ0; 1�/
be a group of di�eomorphisms whose supports are included in I . Assume that
G is C 1-close to id; more precisely, one assumes that there is a C 1-continuous
path of di�eomorphisms ht , t 2 Œ0; 1/, supported on I , which realizes an iso-
topy by conjugacy from the elements of G to the identity. One will prove that
the group hG; f i, generated by f and the elements of G, is C 1-close to the iden-
tity and admits an isotopy by conjugacy to the identity Ht , t 2 Œ0; 1/, such that
D.Ht /.0/ D D.Ht .1// D 1. Actually, Ht will coincide with the identity in small
neighborhoods of 0 and 1.

One begins by extending the path .ht /t2Œ0;1/ to Œ0; 1� by Lemma 8.3, in such
a way that khtf .ht /�1 � f k1 < "t , where ."t /t2Œ0;1/ is some continuous path
of strictly positive real numbers converging to 0, and that ht coincides with the
identity on a neighborhood of 0 and 1. As explained in Section 8.4, and from
Lemma 8.10, one can choose an ."t /t2Œ0;1/-robust isotopy .˛t /t2Œ0;1/ from f to
id which has equicontinuous Log-derivative, and so that ˛t coincides with the
identity map on small neighborhoods of 0 and 1. �en, by de�nition of an
."t /t2Œ0;1/-robust isotopy, one has:

k˛thtf h
�1
t ˛

�1
t � id k1 �!

t!1
0;

and, from Lemma 8.8,

k˛thtgh
�1
t ˛

�1
t � id k1�!

t!1
0; for all g 2 G:

�usHt D ˛tht is the announced isotopy by conjugacy from hf;Gi to the identity.

9. Isotopy to the identity of groups generated by a fundamental system

�e aim of this section is to prove �eorem 1.7: any group G of di�eomorphisms
of Œ0; 1� generated by a fundamental system is C 1-close to the identity. We will
prove a slightly stronger version: the di�eomorphisms fn are not assumed to be
simple.
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�eorem 9.1. Let .fn/n2N be a collection of C 1-di�eomorphisms of R with com-

pact support Sn and without hyperbolic �xed point and, for each n 2 N, let In be

a given fundamental domain of fn such that for all i < n,

� either Sn � Ii ;

� or Si � In;

� or VSn \ VSi D ¿:

�en the group hfn; n 2 Ni generated by .fn/n2N is isotopic by conjugacy to the

identity.

Let fn, n 2 N, be a collection of di�eomorphisms satisfying the hypotheses of
�eorem 9.1 and let us denote byG the group generated by the fn’s. �erefore,G is
the increasing union of the groups Gn D hf0; : : : ; fni. According to �eorem 1.5,
if all the Gn’s are C 1-close to the identity, then G is C 1-close to the identity.

�erefore, �eorem 9.1 is a straightforward consequence of �eorem 1.5 with
the following �nite version of �eorem 9.1:

�eorem 9.2. Let N > 0 be an integer and .fn/n2¹0;:::;N º be a collection of

C 1-di�eomorphisms of Œ0; 1� without hyperbolic �xed point, with compact sup-

ports Sn and, for each n 2 ¹0; : : : ; N º, let In be a given fundamental domain of

fn such that, for all i < n,

� either Sn � Ii ;

� or Si � In;

� or VSn \ VSi D ¿.

�en the group hf0; : : : ; fN i is C 1-close to the identity. More precisely, there is

a C 1-continuous family ¹htºt2Œ0;1/, ht 2 Di�1C.Œ0; 1�/, supported on
SN
0 Sn, such

that Dht .0/ D Dht .1/ D 1 and

fi  
ht

id; for all i 2 ¹0; : : : ; N º:

9.1. Proof of �eorem 9.2. One proves �eorem 9.2 by induction on N .
For N D 0, this is precisely the main result of [6]. Assume now that �eorem 9.2
is proved for N � 0; one will prove it for N C 1.

Let f0; : : : ; fNC1 be a collection of di�eomorphisms satisfying the hypothe-
ses of �eorem 9.2. Either the supports Si ; Sj of fi ; fj , i ¤ j , have disjoint
interiors, or one of them is included in a fundamental domain of the other. Let
I � ¹0; : : : ; N C 1º be the set of indices for which Si is maximal for the inclusion.
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First assume that I contains more than 1 element. �en, for every i 2 I the
collection ¹fj ; Sj � Siº satis�es the hypotheses of �eorem 9.2 and contains
strictly less elements than N C 1. �erefore, the induction hypothesis provides
continuous paths hit ; t 2 Œ0; 1/, supported on Si , realizing an isotopy from all the
fj ’s with Sj � Si to the identity, and so that the derivatives at 0 and 1 are equal
to 1. One de�nes the announced family ht as coinciding with hit on Si , i 2 I.

Assume now that I contains a unique element. Up to change indices, one may
assume that I D ¹N C 1º. �us, the group GN D hf0; : : : ; fN i is supported in
the fundamental domain InC1 of fNC1. By the induction hypothesis, there is a
C 1-continuous path hNt , t 2 Œ0; 1/, supported on INC1 and realizing an isotopy by
conjugacy from the elements ofGN to the identity. �us,GN and fNC1 satisfy the
hypotheses of �eorem 8.1, which provides the announced path hNC1

t , concluding
the proof.
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