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Centralizers of C!-contractions of the half line

Christian Bonatti and Eglantine Farinelli

Abstract. A subgroup G C Diff LL([O, 1)) is Cl-close to the identity if there is a
sequence h,, € Diff },_ ([0, 1]) such that the conjugates h,gh,; ! tend to the identity for the
C'-topology, for every g € G. This is equivalent to the fact that G can be embedded in the
C!-centralizer of a C'-contraction of [0, +o0)(see [6] and Theorem 1.1).

We first describe the topological dynamics of groups C!-close to the identity. Then,
we show that the class of groups C !-close to the identity is invariant under some natural
dynamical and algebraic extensions. As a consequence, we can describe a large class of
groups G C Diff},_ ([0, 1]) whose topological dynamics implies that they are C!-close to
the identity.

This allows us to show that the free group I, admits faithful actions which are
C'-close to the identity. In particular, the C!-centralizer of a C!-contraction may con-
tain free groups.
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1. Introduction

1.1. Groups Cl-close to the identity and centralizers of contractions. The
main motivation of this paper is the study of centralizers of the C!-contractions
of the half line [0, +00). A diffeomorphism f of [0, +00) is called a contrac-
tion if f(x) < x for every x # 0. Unless it is explicitly indicated, a contraction
will now refer to a C !-diffeomorphism. When f is at least C2, Szekeres, in [17]
(see also [16]), proved that f is the time-one map of the flow of a C !-vector field X,
and Kopell’s Lemma (see [11]) implies that the C!-centralizer of f is precisely
the flow {X;, € R} of the Szekeres vector field. When f is only required to
be C!, Szekeres result does not hold anymore and neither does Kopell’s Lemma.
Actually, the C'-centralizer of a C!-contraction f may be very different accord-
ing to f. Generically it is trivial (i.e. equal to { f",n € Z}, see [18]) but it can also
be very large (non abelian and non countable). We will see that there are at the
same time many algebraic and dynamical restrictions on the possible groups, but
also a large variety of dynamical properties which allows a group to be included
in a centralizer of a contraction.

We consider groups G of diffeomorphisms of a compact segment / C (0, 1).
We say that G is embeddable in the centralizer of a contraction if there exists
a contraction f of [0, +00) and a subgroup G of the C!-centralizer of f which
induces G by restriction to /. [6, Theorem 3] shows that G is embeddable in
the centralizer of a contraction if and only if there is a C!-continuous path of
diffeomorphisms #; € Diﬂ“ﬂr (I) such that h,gh; ! tends to the identity for every
gegG.

As adirect consequence one deduces that, if G is embeddable in the centralizer
of a contraction, then G is also embeddable in the centralizer of a diffeomorphism
f of [0, 1] without fixed point in (0, 1).

Finally, an argument by A. Navas proves that:

Theorem 1.1. Let I be a compact segment. Given a group G C Diff' (I), the two
Jollowing properties are equivalent:

o there is a path of diffeomorphisms h; € Diffi(l), t € [0,1), continuous
for the C'-topology, and such that h,gh;' tends to the identity in the C!-
topology when t tends to 1, for every g € G;

o there is a sequence of diffeomorphisms h, € Difﬂr (1), n € N, such that
hngh;, ! tends to the identity in the C '-topology, for every g € G asn — +oc.
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This fact is not trivial at all and is specific to the identity map: [6] provides
examples of pairs of diffeomorphisms f, g € Diff!([0, 1]) such that there are se-
quences h, € Diff!([0, 1]) leading g to f by conjugacy, that is

Cl
hy, gh;1 — f,
n—-oo
but such that there is no continuous path %, leading g to f by conjugacy. The
proof of Theorem 1.1 is presented in Section 2.

Therefore, we have four equivalent notions which induce a well defined class

of subgroups G of Diffﬂr([o, 1]):

e (G is embeddable in the centralizer of a contraction;

e G is embeddable in the centralizer of a diffeomorphism f € Diff :— (1)) with-
out fixed point in the interior of /;

e there exists a path of diffeomorphisms %, € Diff fr([O; 1]) leading by conju-
gacy every g € G to the identity;

e there exists a sequence of diffeomorphisms 4, < Diffﬁr([o; 1]) leading by
conjugacy every g € G to the identity.

Definition 1.1. Let / be a segment. We say that a group G C Diffﬂr([O, 1]) is
C-close to the identity if it satisfies one of the four equivalent properties above,
that is, for instance, if there is a sequence of diffeomorphisms 4, € Diffﬂr([O; 1))
such that, for every g € G,
1
hnght —S5id.
n—>oo

We denote by Gild(l ) the class consisting of these groups; when I = [0, 1], we
simply denote it by Cl.

The aim of this paper is to describe this class of groups C!-close to the iden-
tity, up to group isomorphisms, up to topological conjugacy, and/or up to smooth
conjugacy.

In other words, we try to answer to the following questions:

Question 1. What groups G admit a faithful representation
¢: G — Diff!([0, 1)

such that ¢(G) is C'-close to the identity?
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Remark 1.2. (1) B. FarbandJ. Franks [7] build examples of C !-actions of nilpo-
tent groups on the interval, so that the generators can be chosen in a prescribed
neighborhood of the identity. However, this is not enough for ensuring that the
action is C!-close to the identity in our meaning: to each neighborhood of the
identity corresponds an action. It is clear from their construction that all these
actions are topologically conjugated, but they are not conjugated by diffeomor-
phisms. So, [7] does not prove that these actions they build are C!-close to the
identity in our meaning.

(2) In the same way, Navas [I5] considers the Grigorchuk—-Maki group G
(whose growth is larger than polynomial but less than exponential). [15] shows
that, for every C !-neighborhood V of the identity, there is a group isomorphism
from G to Diffﬂr([O, 1]) such that the generators of G are mapped to elements of V.
This also does not imply that this group is C !-close to the identity as we defined
above.

(3) In [14], Navas shows that any finitely generated nilpotent subgroup G C
Diff ﬂr([O, 1]) is topologically conjugated to a group whose generators are arbitrar-
ily C'-close to the identity. Here again, as the conjugacy is a topological conju-
gacy, this does not state that G is C !-close to the identity in our meaning. However,
if we understood correctly the proof, [14] should prove that, if a finitely generated
nilpotent subgroup G C Diff L([O, 1]) is without hyperbolic fixed points, then it is
C'-close to the identity.

(4) In [12], McCarthy proves that Baumslag—Solitar groups cannot be
C!-close to the identity.

(5) In contrast, Theorem 1.9 shows that the free group I, admits actions
C!-close to the identity. This shows in particular that our class of groups G C
Diff ﬂr([O, 1]) C'-close to the identity contains groups with exponential growth, in
contrast to the groups considered in [7], [15], [14].

Question 2. What is the topological dynamics of a group C'-close to the identity?

In other words, given a group G C Homeo4 ([0, 1)), under what hypothe-
ses does there exist h € Homeo ([0, 1]) such that hGh™" is contained in C; C
Diffl ([0, 1])?

Theorem 1.7 presents a large class of groups G C Diffﬁr([o, 1]), called ele-
mentary groups, whose topological dynamics implies that they are C'-close to
the identity. Thus, every group G’ C Diffﬂr([O, 1]) topologically conjugated to an
elementary group is C!'-close to the identity.
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Question 3. Given a group G C Diffﬁ_([O, 1]), under what conditions does it
belong to Gild?

Let us illustrate this question by another one, which is more precise. An im-
mediate obstruction for a group G C Diffﬂr([o, 1]) to be C!-close to the identity
is the existence of a hyperbolic fixed point for an element g € G. We will say
that G is without hyperbolic fixed point if, for every g € G and every x < Fix(g),
Dg(x) = 1. A. Navas suggested that it could be a necessary and sufficient con-
dition, maybe for finitely presented groups. [6] proved that this is true for cyclic
groups.

Question 4. Let G be a subgroup of Dift fr ([0, 1]) (maybe assuming countable, or
finitely presented, or any other natural hypothesis). We wonder if

?
G without hyperbolic fixed point < G C-close to identity.

We denote by G}mnhyp the class of groups G C Diffﬂr([O, 1]) without hyperbolic

fixed points. For now we know

1 1
eid - enonhyp
The rest of the introduction expounds the statements of the results above, and

proposes some directions for answering these questions.

1.2. Structure results: description of the topological dynamics. This sec-
tion gives necessary conditions on the topological dynamics of a group G C
Diff’, ([0, 1]), so that G is C'-close to the identity.

Given a group G C Homeo™ ([0, 1]), a pair of successive fixed points of G is
a pair {a, b} such that (a, b) is a connected component of [0, 1] \ Fix(g) for some
g € G. We say that two pairs of successive fixed points {a, b} and {c, d } are linked
if either (a,b) N {c,d} or (c,d) N {a, b} consists of exactly one point.

Definition 1.3. A group G C Homeo™ ([0, 1]) is without linked fixed points if
there are no linked pairs of successive fixed points.

The main topological restriction for a group G C Diff ﬂr([O, 1]) to be C'-close
to identity is:

Theorem 1.2. If G C Diffﬁr([O, 1)) is C-close to the identity, then G is without
linked fixed points.
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Using completely different methods due to A. Navas, we prove a slightly stronger
result:

Theorem 1.3 ([S]). Any group G C Diff :_([O, 1]) without hyperbolic fixed point is
without linked fixed points.

Thus, the intervals of successive fixed points form a nested family. As a con-
sequence, we will see that the family of pairs of successive fixed points is at most
countable (Proposition 4.9).

Another consequence of being without linked fixed points is that, for every
interval (a, b) of successive fixed points and any g € G, either g([a, b]) = [a, b]
or g([a,b]) N (a,b) = @. Considering the stabilizers Gy, p) of the segments [a, b],
this provides a stratified description of the dynamics of G, as stated in Theorem 1.4
below.

Theorem 1.4. Let G C Homeo4 ([0, 1]) be a group without linked fixed points,
and {a, b} be a pair of successive fixed points. Then
e for every g € G, either

g([a, b)) = [a. D]

or
g((a,b)) N (a,b) = 9.
We denote by G, p) the stabilizer of [a, b];

o there is a morphism

Ta,b5 G[a,b] — R

whose kernel is precisely the set of g € Gq,p) having fixed points in (a, b),
and which is positive at g € Gqp) if and only if g(x) —x > 0 on (a, b);

e the union of the minimal sets of the action of G, p) on (a,b) is a non-empty
closed subset A, p) on which the action of Giq p) is semi-conjugated to the
group of translations t4 5 (Ga,p]);

o the elements of the kernel of t, 5, induce the identity map on A, p.

The morphism 1, is unique up to multiplication by a positive number.

The morphism 7, is called a relative translation number.
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To describe the dynamics of G, we are led to consider:
o the nested configuration of the intervals of successive fixed points;

o foreachinterval (a, b) of successive fixed points, the relative translation num-
ber 7, 5 and the set A, p, union of the minimal sets in (a, b). Each connected
component I of (a,b) \ Agp is

— either a wandering interval,
— or an interval of successive fixed points,

— or else it may be the union of an increasing sequence of intervals of
successive fixed points.

In the first case, we can stop the study. In both last cases, we consider the
restriction to / of the stabilizer Gy: it is a group without linked fixed points,
so we may proceed the study.

1.3. Completion of a group without linked fixed points. One difficulty for clas-
sifying the groups C!-close to the identity is that each element g € G may have
infinitely many pairs of successive fixed points. To bypass this difficulty, we enrich
the group G so that, for every g € G and any pair {a, b} of successive fixed points
of g, the group G contains the diffeomorphism g, ; which coincides with g on
[a, b] and with the identity out of [a, b]. The diffeomorphism g, ;, has a unique
pair of successive fixed points. Such a diffeomorphism will be called simple.
Every element g € G can be seen as an infinite product of the simple elements
8a,p, for all the pairs {a, b} of successive fixed points of g.

More precisely, given g, h € Homeo ([0, 1]), we say that % is induced by g if g
and & coincide on the support of . We say that a group G C Homeo ([0, 1]) with-
out linked fixed points is complete if it contains any homeomorphism /4 induced
by an element g € G.

Corollary 5.10 shows that every group C '-close to the identity is a subgroup of
a complete group C!-close to the identity. Analogous results hold for groups of
homeomorphisms without linked fixed points, or for groups of diffeomorphisms
without hyperbolic fixed point: Proposition 5.3 associates to each group G without
linked fixed points its completion G which is the smallest complete group without
linked fixed points containing G. The families of intervals of successive fixed
points of G and G are the same, and Corollary 5.6 states that the morphisms
of translation numbers associated to each interval of successive fixed points also
coincide for G and G.
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1.3.1. Totally rational groups and topological basis. Let us present here a
problem, coming from an unsuccessful attempt of us to classify groups C!-close
to the identity.

We say that a group G without linked fixed points is totally rational if, for
any pair of successive fixed points {a, b}, the image of the translation number
74,6 (G[a,p)) is a cyclic (monogene) group (i.e. a group of the form «Z). Proposi-
tion 5.3 and Corollary 5.6 imply that the completion of a totally rational group is
totally rational, which allows us to consider complete totally rational groups.

Given a complete totally rational group G, let us call a topological basis any
family { f;};es of elements f; € G satisfying the following conditions.

e Foreveryi € J, f; has a unique pair {q;, b;} of successive fixed points; thus
[a;, b;] is the support of f;.

e Foreveryi € J, let 7; be the relative translation number associated to (a;, b;).
As G is totally rational, its image is a cyclic group. We require that 7; ( f;) is
a generator of the image of ;.

e For every pair {a, b} of successive fixed points of G, there is a unique i € J
such that {a;, b;} and {a, b} are in the same G-orbit.

e For every pair {a, b} of successive fixed points of G, there is an element g
of the subgroup ( f;,i € J) generated by the f; such that {a, b} is a pair of
successive fixed points of g.

The family of intervals of successive fixed points is countable (Proposition 4.9),
so that any countable basis is countable. We can get rather easily the three first
items of the definition: just choose one interval in each G-orbit of intervals of suc-
cessive fixed points and for this interval choose a generator of the corresponding
translation number. Thus, the difficulty is the last item. We have not been able to
solve it!, and the following natural question remains open:

! Consider the group G generated by a family g; € Diff }1_ ([0, 1]),i € NN, such that the support
of g; consists of one interval [a;, b;] contained in a fundamental domain of g; 4+, (i.e. a compact
segment of the form [x, g;41(x)]). Now consider the family f; = g,'+1g,'gf+'1, i € IN. This
family satisfies the three first hypotheses, but not the last one: indeed, the f;’s, i € IN, have pair-
wise disjoint supports [c;, d;] = [gi+1(ai), gi+1(b;i)]. Any pair {a;, b; } is a pair of successive
fixed points of g;, i € IN, but is not the image by an element f € ( f;,i € IN) of a pair {c;,d;},
jeN.
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Question 5. Given a complete totally rational group G C Homeo ([0, 1]) without
linked fixed points, does G admit a topological basis?

If the answer is negative, same question with the more restrictive assumption
that G C Diffﬂr([O, 1]) is C'-close to the identity.

Our intuition is that every element g € G is determined by its intervals of
successive fixed points and, on each of them, by the value of the corresponding
translation number, which provides coordinates in the topological basis. However,
even assuming the existence of a topological basis, there remain many issues be-
fore making our intuition rigorous. In particular:

Question 6. Let G C Homeo ([0, 1]) be without linked fixed points, and assume
that G admits a topological basis { f;}icy. Is G contained in the C°-closure of the
group generated by the f;’s?

Same question, in the C'-topology, with the more restrictive assumption that
G C Diff} ([0, 1]) is C'-close to the identity.

1.4. Realization results

1.4.1. Invariance of Gild by some extensions. Let us first present two results,
enlightening some invariance of the class C; by some natural extensions.

Theorem 1.5. Let G, C Diffﬂr([O, 1)), n € N, be an increasing sequence of sub-
groups:
G, C Gy41, foralln e IN.

Assume that every G, is finitely generated and is C'-close to the identity. Then
G = U,en Gn C Diff} ([0, 1]) is C'-close to the identity.

We don’t know if Theorem 1.5 holds for uncountable groups G,.

The technical heart of this paper consists in proving:

Theorem 1.6. Consider a segment I C (0,1). Let G C Diffﬁ_ (1) be a group
C-close to the identity and f < Diff L([O, 1)) be a diffeomorphism such that

NI =9

(in other words, I is contained in the interior of a fundamental domain of f).
Then the group (f. G) generated by f and G is C'-close to the identity.
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Actually, we will prove in Theorem 8.1 a slightly stronger version, where [ is
not assumed to be contained in the interior of a fundamental domain of f, but
only contained in a fundamental domain. This weaker hypothesis requires extra
technical conditions.

Remark 1.4. Under the hypotheses of Theorem 1.6, any conjugates f'Gf~ and
fIGf=/,i # j, have disjoint supports and therefore commute. Actually, the
group ( f, G) generated by f and G is isomorphic to

(£.6) = (D G) = Z.

Z

where the factor Z is generated by f and acts on (D, G) by conjugacy as a shift
of the G factors (see Lemma 5.14).

Definition 1.5. The group (@, G)xZ, where Z acts on ( @, G) by conjugacy as
a shift of the G factors, has been considered in the same context in [9, Chapitre 5,
exercice 1.7 vi]. It is called the wreath-product of G by Z., and denoted by

G Z.

1.4.2. Elementary groups and fundamental systems. We now define a class
of subgroups G < Diff!([0, 1]), called elementary groups, whose topological
dynamics implies that they are C!-close to the identity: every group G’ topo-
logically conjugated to G is C'-close to the identity.

Definition 1.6. A collection ( f;)nen, fn € Diff' (R) is called a fundamental sys-
tem if, for every n € IN, R \ Fix(f,) consists of a unique connected component
with compact closure S, (called the support of f;), and if for every n € N there is
a fundamental domain 7, of f, such that, for every i, j € IN we have the following

property:
e cither S; C I,
e or §; C I;,

e orelse f; and f; have supports with disjoint interiors
o o
S;inNS;, =a.

A group G C Diff L([O, 1]) is said to be an elementary group if it is generated by
a fundamental system supported in [0, 1].
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Remark 1.7. Every group G’ C Diffi([O, 1]) topologically conjugated to an ele-
mentary group is an elementary group.

Our main result is:

Theorem 1.7. Every elementary group G C Diff L([O, 1)) is C'-close to the iden-
tity.

Theorem 1.7 is obtained as a consequence of Theorem 8.1 (the stronger version
of Theorem 1.6 above) and Theorem 1.5: by Theorem 1.5 one only needs to consider
groups generated by a finite fundamental system, and for these groups, Theorem 8.1
enables us to argue by induction on the cardinal of the fundamental system.

The groups contained in an elementary group are very specific. In particular,
we can prove:

Proposition 1.8. Every finitely generated group contained in an elementary group
is solvable.

1.5. Examples and counter examples. An easy solvable (non nilpotent) group
is the Baumslag—Solitar group whose presentation is

B(1,n) = {(a,b | aba™' = by,

where 7 is an integer such that |n| > 1. This group has a very natural affine action
on R (a acts as the homothety of ratio » and b is a translation) and on the circle
(by identifying the affine group to a subgroup of PSL(2, R)), and therefore on the
segment [0, 1] (by opening the fixed point oo of the circle). In particular, B(1, n)
has analytic actions on [0, 1]. These analytic actions have been classified in [2].
All these actions have linked pairs of successive fixed points, and therefore are
not C !-close to the identity. On the other hand, B(1,n) admits C°-actions with-
out linked fixed points, but [10] shows that these C°-actions cannot be C! (see
also [4]).
Indeed, [12] shows the following theorem, which holds in any dimension:

Theorem 1.8 (A. McCarthy). Foreveryn, |n| > 1, and any compact manifold M,
there is a C'-neighborhood U, of the identity in Diff' (M) such that every mor-
phism p: B(1,n) — Diff'(M) with p(a) € U, and p(b) € U, satisfies

p(b) = id.
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In particular, no subgroup of €}, is isomorphic to B(1, 7). Actually, [12] con-
siders a more general class of groups called abelian-by-cyclic, and which are char-
acterized as follows:

GA = (a,bl,...,bk |bibj = bjbi for all i,j,
feift =gl g F foralli),

where A = (a;,;) € GL(k,R) has integer entries. [12] shows that, if A has no
eigenvalue of modulus 1, then there is no faithful action on compact manifolds
such that the generators belong to a neighborhood Uy of the identity in Diff* (M).
In particular, no subgroup in Gild is isomorphic to G4. Actually, [4] showed re-
cently that, for every faithful C!-action of the group G4 on [0, 1], the diffeomor-
phism associated to @ admits a hyperbolic fixed point whose derivative is an eigen-
value of the matrix A. Consequently, no group in Glllonhyp is isomorphic to G4.

This shows that there are algebraic obstructions for a group admitting faithful
actions on [0, 1] to be C !-close to identity. It is natural to ask if Gild contains free
groups. The answer is positive as stated below:

Theorem 1.9. There is a group G C Diff' ([0, 1]), C'-close to the identity (and
totally rational), such that G is isomorphic to the free group IF,.

(See also [1] which proves that the free group I, admits a faithful discrete
representation into Diffi([O, 1]).)

The proof of Theorem 1.9 consists in building a group

Go = (fuw 8w) C Diﬁ‘-li-([o’ 1]),

for all the reduced words w, so that G, is C!-close to the identity and the pair
{fw, 8w} does not satisfy the relation w. Then, we glue together the groups G, in
such a way that their supports are pairwise disjoint. Theorem 1.6 is our main tool
for building the groups G,,.

Acknowledgements. We thank Andrés Navas for our many discussions and for
his valuable advice which simplified many arguments. The first author thanks
Sylvain Crovisier and Amie Wilkinson with who this story started in 2003, when
we proved (but never wrote) Theorem 1.2 and 3.1. We thank the referee for the
references he/she suggested and for his/her careful reading of the first version of
this paper.
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2. Isotopies versus sequences of conjugacy to the identity
2.1. The cohomological equation and the proof of Theorem 1.1. The aim of

the section is the proof (suggested by A. Navas) of Theorem 1.1. Let us first start
with the following observation:

Lemma 2.1. Consider f € Diffﬁ_([O, 1]) and a sequence {h,}nen with
hy € Diff} ([0, 1]). Then

1 e
(hn fh7' S5 id) <= (log Dha(f(x)) — log Dhn(x) 25 —log Df(x)).
Proof. Just notice that the right term means that log D (h, f h,, ! (h(x))) converges

uniformly to 0, that is, D(h, fh,') converges uniformly to 1. This implies that
hn f 1! is C-close to an isometry of [0, 1], that is, to the identity map. O

A straightforward calculation implies:

Corollary 2.2. Assume that
Yn:[0,1] — R
is a sequence of continuous maps satisfying

Un(F () = Y () 25 —log DF ().

Then
hy:[0,1] — R

X
/ oUn(® g
Jo
1
/ RAGHES
0

is a sequence of diffeomorphisms of [0, 1] such that

defined by

hn(x) =

1
ho £S5 4d.
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For any continuous map
¥ [0,1] — R,

we will denote by hy, € Diffﬂr([O, 1]) the diffeomorphism defined as above, that is

X
/ RICES
Jo
1 .
/ RAGHS
0

e Y > hy is a continuous map from C°([0, 1], R) to Diffﬁr([o, 1]);

hy(x) =
Notice that

® hogpg = g forevery g € Diffi([O, 1]).

Consequently, finding diffeomorphisms /,, conjugating f C!-close to the identity
is equivalent to find approximate solutions for the cohomological equation. The
advantage of this approach is that the cohomological equation is a linear equation.
As a consequence, convex sums of approximate solutions are still approximate
solutions.

Lemma 2.3. Assume that v, : [0, 1] = R is a sequence of continuous maps sat-
isfying
Yn(£(0) = Yn(x) > —log Df (x).
Let Yy, t € [0, +00) be defined as follows:
o ift =neN, then ¥y = Vp;
o ift € (n.n+1), then Yy (x) = (n + 1 =) Yn(x) + (¢ —=1)Ynt1(x).

Then {h; = hy, }ie[0,+00) IS a continuous path of diffeomorphisms satisfying
1 ¢!
he fhy ——id.
t—>+o00

Proof of Theorem 1.1. Let G be a group and assume that 4, is a sequence of dif-
feomorphisms such that

1
h,,gh;1 C—> id, forall g € G.

Let v, denote log Dh and define v;,t € [0, +00), as in Lemma 2.3 as convex
sums of the ¥,,. One denotes h; = hy,. Notice that, for t = n € IN, one has
h; = hp, so that the notation is coherent. Now, for every g € G, one has

Cl



Centralizers of C!-contractions of the half line 845

2.2. Increasing union of groups C !-close to the identity: proof of Theorem 1.5.

Proof of Theorem 1.5. Let {G,,},en be an increasing sequence of finitely gener-
ated groups C !-close to the identity. For every n € N, let k,, be an integer such
that 8, = {g1,n,-- ., &k,.ns 1S a system of generators of G,.

One denotes
&n=J8:.
i<n
As G, is C!-close to the identity, there is a sequence h, ; € Diffﬂr([O, 1]) such that
Cl
hn,igh;} ——id forall g € Gy,.
1—>00

Fix a sequence &, > 0 such that &, —— 0. For every n, there is i (n) so that
n—>oo

||h,,,,~(,,)gh;}(n) —id|; <e&,, forallgeé&,.

As a straightforward consequence, for every g € G = |,y G» One has
o ct
h”a’(")ghn,t(n) —>n_)oo ld.

According to Definition 1.1 (which is coherent according to Theorem 1.1), this is
equivalent to the fact that G is C'-close to the identity, ending the proof. O

As any countable group is an increasing union of finitely generated groups, we
easily deduce:

Corollary 2.4. If {G,}nen is an increasing sequence of countable groups and if
G, € Gildfor all n, then

G=|JG.ecl.
nelN

3. Relative translation numbers for groups C!-close to the identity

The aim of this section is to give a direct proof of Theorem 1.4 in the case of groups
of diffeomorphisms C!-close to the identity. This proof was essentially done (and
never written) by the first author with S. Crovisier and A. Wilkinson in 2003.
Section 4.2 presents the (later) proof due to A. Navas, with completely different
arguments, for groups of homeomorphisms without linked fixed points.
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Let us restate Theorem 1.4 in the settings of groups G € Gild:

Theorem 3.1. Let G C Diff L([O, 1)) be a subgroup C'-close to the identity, f in
G, and I a connected component of [0, 1] \ Fix(f). Assume that (f(x) —x) >0
forx el.

e Foreveryg € G, either g(I)=1org(I)NI = 0@.

o Letus denote Gy = {g € G| g(1) = 1} the stabilizer of 1. There is a unique
group morphism tys,;: G — R with the following properties:

— the kernel Ker(tyrr) is precisely the set of elements g € G having a
fixed point in I,

(g €Grandtsi(g) =0) < Fix(g) N1 # 0;

— 177 is increasing: given any g, h € Gy, if there exists x € I such that
g(x) = h(x), then 17,1 () = 17,1 (h):

- () =1

Theorem 3.1 is the purpose of this Section 3.

3.1. Background on diffeomorphisms C!-close to the identity and composi-
tions. According to [3, Lemme 4.3.B-1], we have:

Lemma 3.1. Let M be a compact manifold. Forany e > 0 andn € N, there exists
§ > 0 such that, for any f € Diff'(M) whose C-distance to the identity is less
than §, for every x € M, for any y with ||y — x|| < n|| f(x) — x|, one has

(S = y) = (f(x) =) <ell f(x)—x]|.
As a consequence, [3] shows:

Lemma 3.2. [3, Lemme 4.3.D-1] Let M be a compact manifold. For any ¢ > 0
and n € N, there exists § > 0 such that, for any fi,..., f, € Diff'(M) whose
C!-distance to the identity is less than 8, for every x € M, one has

[ oo 10 =) = 3200 = 0] < esup ] () = x|
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3.2. Translation numbers. In this section, G C Diffﬂr([o, 1]) denotes a group
C!-close to the identity. Thus, there is a C!-continuous path h; € Diffﬂr([o, 1),
t € [0,1), such that h,gh; ! tends to id as t — 0 for the C!-topology, for every
g € G. For every element g of G, we will denote g, = h,gh;!. For every point
x € [0, 1], we denote x; = h;(x).

As a direct consequence of Lemma 3.2, we get:

Lemma 3.3. Let g € G and x € [0, 1] such that g(x) # x. Then, for everyn € Z,
one has

iy S0 — Xt

im>2*—— =

=1 g;(xy) — Xy

We deduce:

Corollary 3.4. Consider f,g € G and x € [0, 1] such that f(x) > x. Assume
that there are n > 0 and m € Z such that

g"(x) € [f™(x), f" ()]

Then, for every t close enough to 1, one has

st [, 22)

n n

Analogous statement holds in the case f(x) < x orn < 0.

Proof. Obviously, the statement is satisfied if g(x) = x. One assumes now that
g(x) # x. The conjugacy by h, preserves the order. Thus, by assumption, one has

gr (xe) — x; tm+l(xt) — Xt
S (xe) — x; © [1’ ftm(xt) — Xz ]

For every ¢ we define «; by

gr (X)) — X _ Egt(xt) — X
S —xe o tm file) —xi
Thus

gr(xs) — x; m m f"(x,) = x;
Froo—x L =
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Lemma 3.3 implies that

m N (x,) — x m+1
o —> 1 and —f’ — (x2) ! + .
t—>1 no fM(xy) —x; -1 n

One concludes by choosing ¢ large enough so that

1 -1 2
[a,‘lﬂ,at_lm+ ]C<m ’m+ ) O
n n n n

Conversely, we have:

Corollary 3.5. Consider f,g € G and x € [0, 1] such that f(x) > x and assume
there aren,m € Z, n > 0, and a sequence t; — 1, i € N such that

gy (xy)—x; pm m+1
Jt; (X)) — x4, © [;’ n ]
Then
g (x) € [/ ), SR

Analogous statement holds in the case where f(x) < x orn < 0. The proof of
Corollary 3.5 follows from the same estimates as Corollary 3.4 and is left to the
reader.

Corollary 3.6. Consider f € G and x € [0, 1] such that f(x) # x.

(1) Forany g € G, the ratio
ge(X¢) — x;
Je(xe) —xq

converges as t — 1. Its limit will be denoted by

77(g,x) € RU {—00, +00}.

(2) tr-1(g,x) =17 (g7, x) = —17(g, x) (with the convention — & oo = Fo0).
(3) t7(g,x) € {—o00, 400} if and only if f has a fixed point in (x, g(x)) or
(g(x), x) (according to the sign of g(x) — x).

(4) Let us denote G,y = {g € G,17(g,x) € R}. Then Gy, s is a subgroup of G
containing f and t7(g,x): Gy, 5 — R is a group morphism sending f to 1.
(5) (@) If tr(g.x) € R, then
1
(g, %)

e (fix) =

(b) 7(g, x) € {—00, +00} = T1.(f.x)=0.
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(6) If tr(g,x) € R*, then for every h € G one has
o 77(h,x) € {—00, +00} < 14(h,x) € {—00, +00};
o 7r(h,x) e R = 14(h,x) = 15(f. x)17r(h, X).

(7) t7(g,x) =0 < g has afixed point in [x, f(x)].

Proof. First notice that the sign of 7r(g,x) is determined by the sign of
(f(x) —x)(g(x) — x).

For the first item, assume that there is a sequence #; such that %

is bounded. Hence, up to consider a subsequence, this ratio converges to some
7 € R. Then Corollary 3.5 implies that any rational estimate of ¢

m+1
—<1<
n n
leads to a dynamical estimate of g” (x). Now Corollary 3.4 implies that %

belongs to [2=2, m:f] for any ¢ close enough to 1. By considering more precise

n
rational estimates, one easily deduces that % converges to t. This concludes
the proof of item 1.

Item 2 is a straightforward consequence of Lemma 3.3. Item 3 is a straightfor-
ward consequence of Corollaries 3.4 and 3.5 and of item 1. Assuming g(x) > x
and f(x) > x, notice that if f has no fixed point in [x, g(x)], then there isn > 0
with f"(x) > g(x), and therefore Corollary 3.4 implies that % is bounded
by n + 1 for any ¢ close to 1.

Item 4 is a straightforward consequence of Lemma 3.2. Items 5 and 6 are easy
consequences of the definition.

Finally, Item 7 is a straightforward consequence of Items 3 and 5. O

Lemma 3.7. Consider f € G and x ¢ Fix(f'). Let I be the connected component
of [0, 1]\ Fix(f) containing x.

e foreveryg € Gandany y € I, one has
77(g.X) = 17(8, »).
We will denote this quantity by t71(g).
o 777(8) € R < g(I) = I; that is, g belongs to the stabilizer Gy of I.
e 777: G; — R is a group homomorphism sending f to 1.

o Iftr1(g) € {—o0, +oo) then g(I) and I are disjoint.
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Proof. If t7(g,x) = 0, then Corollary 3.6 states that g has a fixed point in the
interior of /. One easily deduces that 77(g, y) = 0 for every y € I. Therefore,
Corollary 3.6 implies that [y, f(y)) NFix(g) # @ for every y € I. This implies in
particular that the endpoints of [ are fixed points of g, so that g € Gj.

Assume now that 77 (g, x) € R*. Then g has no fixed point in /. Let J be the
connected component of x in [0, 1]\ Fix(g). We saw that 7, (f, x) = rf(—;,x) € R*,
so f has no fixed point in J. One concludes that / = J, implying that g € Gj.

Furthermore, Lemma 3.1 implies that, when ¢ tends to 1, the difference
g:(ys) — yr (resp. f;(y:) — y¢) is almost constant on an interval of the form
[gt_k (x¢), gf‘ (x¢)] (resp. | f,‘k (x¢), f,k (x¢)]), with |k| arbitrarily large, the error
term being arbitrarily small compared to g;(x;) — x; (resp. f(x;) — x;). As, by
hypothesis, g;(x;) — x; and f;(x;) — x; remain in bounded ratio as ¢ — 1, one
gets that the error term is arbitrarily small compared with both g;(x;) — x; and
f(x¢)—x; . Asaconsequence, one gets that 77 (g, y) = lim, % is locally
constant, and hence is constant on /.

Finally, assume that 77 (g, x) € {—00, +00}. This is equivalent to the condition
7¢(f,x) = 0. Let J denote the connected component of x in [0, 1] \ Fix(g).
We saw that each fundamental domain of g in J contains a fixed point of f.
Notice that the extremities of J are disjoint from 7/, whereas at least one of the
extremities of / is contained in J. One easily concludes that / C J.

Now, one denotes (a,b) = I. Up to replace g by g~!, one can assume that
g(x) —x > 0 sothat g(y) —y > O for every y € J. Now, for every small
€ >0, [a+e¢, g(a+ ¢)] contains a fixed point of f. As there is no fixed point of f
between a and b, one deduces that g(a +¢) > b. As aconsequence, g(/)NI = @,

completing the proof. O

We end the construction of the relative translation number 7¢; and the proof
of Theorem 3.1 by showing

Lemma 3.8. Consider f € G and x such that f(x) > x. Let I be the connected
component of x in [0, 1]\ Fix( f). Then, for g, g’ in the stabilizer Gy, if there exists
y € I suchthat g(y) = g'(y), then t71(8) = t£1(g").

Proof. Just notice that

gt (ye) =yt > g (1) — ¥t
Je(ye) = ye = ft(ye) = e

for every ¢. O
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3.3. Groups of diffeomorphisms without linked fixed points

Remark 3.9. A group G C Homeo ([0, 1]) is without linked fixed points if and
only if, given any f,g € G, given (a,b) and (c,d) connected components of
[0, 1] \ Fix(f) and [0, 1] \ Fix(g) respectively, then either

(a,b)yN(c.d) =9,

or

(a,b) = (c.d),
or

la,b] C (c.d,)
or

(a,b) D [c,d].

The following straightforward lemma gives another formulation of being with-
out linked fixed points:

Lemma 3.10. A group G C Homeo ([0, 1]) is without linked fixed points if and
only if, given {a,b} and {c, d} two pairs of successive fixed points of f € G and
g € G respectively, then either

{c.d}N (a,b) = 0,
or

[c,d] C (a,b).

Theorem 3.2. Let G C Diff :_([O, 1]) be a group C'-close to the identity. Then G
is without linked fixed points.

Proof. Let f,g € G, and I and J be connected components of [0, 1] \ Fix(f)
and [0, 1] \ Fix(g) respectively. Assume that one endpoint of J belongs to /. This
implies that 77,7 (g) = 0. Therefore, according to Corollary 3.6, g has fixed points
in every fundamental domains of f in /. This implies that J is contained in the
interior of /. If no endpoint of / or J belongs to the other interval, then either
I=J,orINJ=040. U
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4. Groups without linked fixed points

4.1. Groups without linked fixed points and groups without crossing. In [13],
Navas defines the notion of groups without crossing as follows:

Definition 4.1. One says that a group G C Homeo ([0, 1]) of homeomorphisms
is without crossing if, given any f, g € G, and any connected component (a, b) of
[0, 1] \ Fix(f), one has:

1g(a),g(b)} N (a,b) = 0.
These two notions are equivalent:

Lemma 4.2. A group G C Homeo4 ([0, 1]) is without crossing if and only if it
has no linked fixed points.

Proof. Assume first that G admits a crossing. Thus there is f € G; a, b successive
fixed points of f, and g € G such that g(b) € (a,b) (or g(a) € (a,b), but this
case is analogous).

e First assume that g has a fixed point in [a, b). Let ¢, d be the successive fixed
points of g such thatb € (¢,d). Thenb € (¢,d) but [a,b] € (¢, d), so G has
linked fixed points.

e Assume now that g has no fixed points in [a, ). Then gfg~! admits ¢ =

gl@) < aandd = g(b) € (a,b) as successive fixed points, so {a,b}
and{c, d} are linked pairs of successive fixed points.

Conversely, assume that {a, b} and {c, d} are linked pairs of fixed points of
f € G and g € G respectively. Up to reverse the orientation or to exchange the
roles of f and g, one may assume that d € (a,b) and ¢ ¢ (a, b). Up to exchange
f with f~!, one may assume that f(d) < d. Therefore ¢ < a < f(d) < d, so
f(d) € (c,d): G admits a crossing. O

4.2. Dynamics of groups without crossing. In this section, G C Homeo ([0, 1])
is a group without crossing (or equivalently, without linked fixed points). We fix
anelement / € G and a connected component / of [0, 1]\Fix( f). As G is without
linked fixed point, for any g € G:

o citherg(/)NI =0,
e or g(I) = I, thatis: g belongs to the stabilizer Gy of I.

In this section, we consider the dynamics of Gy in restriction to /.
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As f has no fixed point (by assumption) on /, every orbit Gy(y) where y €
I intersects a (compact) fundamental domain [x, f(x)] of f. We easily deduce
(using Zorn lemma) that:

Lemma 4.3. The action of Gy on I admits minimal closed sets.
Furthermore, the following classical result explains what are the possibilities:

Lemma 4.4. Let H C Homeo (R) be a group and assume that there is h € H
without fixed point. Then H admits minimal sets, the union of the minimal sets is
closed, and

o cither there is a unique minimal set which is either R or the product C x Z
where C is a Cantor set,

e orthere is h € H without fixed point such that every minimal of G is exactly
one orbit of h.

Let us denote by U C [ the union of the open sets / \ Fix(g), for g € G with
Fix(g) N1 # @. That is,

U= U I \ Fix(g).

{g€G Fix(g)NI#0d}

U is an open set as union of open sets. As there are no linked fixed points, each
connected component of U is the union of an increasing sequence of connected
components of / \ Fix(g,). As a consequence, each connected component of U
is contained in a fundamental domain [x, f(x)], where x € I.

Remark 4.5. If g has a fixed point x in /, then it has another fixed point in
(x, f(x)]: otherwise, the next fixed point of g would be such that (x,y) contains
f(x) and thus G would have a crossing.

Thus, g has fixed points in every fundamental domain of f in /.

We deduce that

Lemma 4.6. A = I \ U is a nonempty closed subset invariant by Gjy. Further-
more, for every g € Gy with fixed points in I, the restriction of g to A is the
identity map:

Fix(g) N1 #0 < glpn =ida.
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Proof. Let J be a component of U. If g is the identity on J, then the extremities
of J are fixed points of g. Assume now that x € J is not a fixed point of g and
consider the pair {a, b} of successive fixed points of g around x. By construction
of U, (a,b) C J. One deduces easily that the extremities of J are fixed points of g.
Thus, g is the identity map on the boundary dU . Finally, every point x € [ \Fix(g)
is contained in a connected component of U, so that g is the identity map on A,
as announced. U

Let G? be the set of elements g € G such that Fix(g) NI # @. We deduce that

Lemma 4.7. G} is a normal subgroup of Gy. Furthermore, T = G1/G? induces
a group of homeomorphisms of A whose action is free (the nontrivial elements
have no fixed points).

As a consequence we get:

Lemma 4.8. Assume that the action of Gy on I has a unique minimal set M which
is either I or C x Z. Then, there is an increasing continuous map from M to R
which induces a semi-conjugacy of the action of ' on M with a dense group of
translation of R.

Otherwise, T is cyclic (monogenous), and its action on A is conjugated to a
translation.

Proof. If the minimal set is / itself, this implies that the elements of G; have no
fixed point in /. Therefore, Holder Theorem implies that the action is conjugated
to a dense translations group.

Assume now that the action of Gy on / has a unique minimal set M homeo-
morphic to € x Z. By collapsing each closure of a connected component of the
complement of the minimal on a point, one defines a projection of / to an interval,
which is surjective on M. The action passes to the quotient and defines a free min-
imal action on the quotient interval: this quotient action is therefore conjugated to
a dense translations group.

When a minimal set M is the orbit of an element g € G, every minimal set
is an orbit of g; the union of the minimal sets is a closed subset K on which the
dynamics is generated by g. In this case, the minimal sets are precisely the orbits
of g which are invariant by the whole group. If the orbit of x by g is not a minimal
set for the action, there is & € Gy such that x # h(x) but x and i (x) are in the same
fundamental domain for g, and hence belong to the same connected component
of I \ K. This implies that / leaves invariant this component, hence has fixed
points in /. This shows that x belongs to the open set U. In other words, we have
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shown that A = K. As g is a generator of the action on K, one deduces that g is
a generator of I', ending the proof. U

As a consequence, we proved Theorem 1.4 which provides for groups of home-
omorphisms without crossing (or without linked fixed points) the same dynami-
cal description as for group of diffeomorphisms C !-close to the identity, given by
Theorem 3.1.

4.3. Countable family of intervals

Proposition 4.9. Let G C Homeo. ([0, 1]) be a group without crossing. Then, the
Sfamily of pairs of successive fixed points of elements of G is at most countable.

Proof. Let G be a group without crossing and let P, be the set of pairs of succes-
sive fixed points {a, b} such that |[a — b| > % To prove the lemma, it is enough to
prove that P, is at most countable for every n € IN \ {0}.
Let {a,b} € P, be such a pair and g € G such that {a, b} are successive fixed
points of g. Up to replace g by g~!, we can assume that g(x)—x > 0 for x € (a, b).
Let ¢ > 0 be such that 0 < g(x) —x < L for x € (a,a + ¢) and denote

n
c=g a+e).
Claim 1. Any pair {p,q} € P, is disjoint from (a, c].

Proof. Assume that {p, g} meets (a, c]. As G is without crossing and as {a, b} is
a pair of successive fixed points of g, the pair {p, g} is contained in a fundamental
domain of g, thatisin [p, g(p)]. However, the choice of ¢ implies that | p—¢g| < %,
contradicting the fact that {p, g} € P,. ]

Now, to every pair {a,b}, one can associate the largest open interval
Jap = (a,d) such that (a,d) is disjoint from any pair {p.q} € P,. In other
words, d = inf{p > a | there exists ¢ such that {p, g} € P,}. The claim asserts
that this open interval J, j is not empty (that is, d > a).

By construction, if {ai, b1}, {a», by} are two distinct pairs in P,, then
Jayby N Jasb, = 0. Now, any family of disjoint open intervals is countable,
concluding. O

4.4. A characterization of crossing, and entropy. In the next section we will
show that groups of diffeomorphisms admitting a crossing have hyperbolic fixed
points. The main step of the proof is the next lemma, which provides a dynamical
characterization of the existence of crossings:
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Lemma 4.10. Consider G C Homeo ([0, 1]). Assume that G admits crossings.
Then there are h1, hy € G and a segment I C [0, 1] such that hy(I) and hy(1) are
disjoint segments contained in 1.

Thus (see [81]), the topological entropy of the semi-group generated by h' and
hy'islog2.

Proof. According to Lemma 3.10 (up to reverse the orientation, and to exchange
f for g), there are f,g € G and successive fixed points {a,b} and {c,d} of
[, g respectively, such that b € (c,d) and such that (a,b) € (c,d), that is
a <c <b <d. Uptoexchange f for f~! and g with g~', one may assume
that f(x) —x > Oon (a,b) and g(x) —x > O on (¢, d).

Consider xo € (a,c¢), and fix I = [xg, b]. Then, for n > 0 large, f"(/) is a
small segment in / arbitrarily close to . Then, for positive m, g=™ f"(I) form an
infinite collection of disjoint segments contained in [c, b), and hence contained in
the interior of /. O

4.5. Groups without hyperbolic fixed point. Let us recall that a group
G C Diffﬂr([o, 1]) is without hyperbolic fixed point if, for every g € G, one has
Dg(x) = 1 for every x € Fix(g). The aim of this section is to prove Theorem 1.3,
that is, if G is without hyperbolic fixed point, then it is without crossing.

We present here a proof of A. Navas. Let us start by stating two lemmas.

Lemma 4.11. Let I be a segmentand f, g: I — I be diffeomorphisms onto their
images, and such that f(I) N g(I) = @. Then there is an infinite sequence w;,
i €N, w; €{f, g} suchthat

1
lim sup — log £(wp—1wp—2 - - wo (1)) <O,
n
where £ denotes the length.
The proof of Lemma 4.11 is postponed to the end of the section.

Lemma 4.12. Let f, g € Diffﬂr([O, 1]) be two C'-diffeomorphisms and assume
there is a segment I for which there is an infinite word w;, i € N, w; € {f, g} such
that

1
lim sup - log {(wp—1wp—2 -+~ wo(l)) <0

Then, for everyt € I, one has
. 1 . 1
lim sup p log | D((wp—1@wn—2 - wo)(x)| = lim sup . log {(wp—1wp—2 -+ wo (1))

<0
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Proof. This lemma looks like a distortion control, which does not exist in the

C!-setting. However, the proof is an easy consequence of the uniform continuity

of Df and Dg: the length of w,—jwy—3 - - - (1) tends to 0, by assumption.
Therefore,

V4 1" 1 uni
108 | D (@n) (@n10n_2 -+ 00 (x)] — log —2n@n=1 = @0)) it

Uwp—1wp—2 -+ wo(l)) n—oo

One concludes by noticing that

n—1
L10g 1D (@n-10m-2-00) (1)) = — 3" log|(Dey) (@i-1 -~ (x)],
n n 0

and

n—1

1 1
~10g L(@n-10n-2-@0(1)) = —(log (1) + Y log
n n 1

L(w; -~ wo (1)) )
wi—1-+-wo(1))/

Before giving the proof of Lemma 4.11, let us conclude the proof of Theo-
rem 1.3.

Proof of Theorem 1.3. Let G C Diffi([o, 1]) be a group with a crossing. Accord-
ing to Lemma 4.10, there are f, g € G and a segment / C [0, 1] such that f(/)
and g(/) are disjoint segments contained in /.

According to Lemma 4.11, there is an infinite word w; € {f, g} such that the
size of the segments w,—_; ---wo (/) decreases exponentially. Then, Lemma 4.12
implies that, for every x € I, one has |Dw,—;---wo(x)] < 1. As we have
wn—1--+wo(l) C I, there is a fixed point in / and this fixed point has deriva-
tive < 1, so that it is hyperbolic.

This implies that G is not without hyperbolic fixed point, concluding the proof.

O

Proof of Lemma 4.11. For any n € N, let Q, = {f, g}" be the set of words
(®i)iefo,....n—1) of length n, with letters w; € {f, g}. In particular the cardinal
of @, is

#Q, =2".

As the intervals w,—1...wo(1), for (w;)iefo,...n—1} € 2, are pairwise dis-
joints, one expects that generally the length is not much more than 2%(8(1 ).
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Let us denote

Thus

vy
#Q, — \4
Choose 0 < & < 1 and T > 0 such that > 72, (%)iT < ¢ and let us denote

.....

A simple calculation shows

#BT 2\ 3\iIT
< =) .
#Qur — ; (4)

Let Qo = { f. g} be the set of infinite words in letters f, g. It is a Cantor set.
Consider

and

Then ST is a decreasing sequence of compact subsets of Qo and

sL=()sr.

n>0
The fact that
#BT
#QnT
implies that GI' is not empty. One deduces that GZ is not empty (as a decreasing

sequence of nonempty compact sets).
One concludes by noticing that, for every word (w;);ew € GL one has

<1

1 2
lim sup - log £(wp—1 - wo)(1) < log (5) O
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Remark 4.13. The proof above gives much more: if one endows Q2 with the
measure whose weight on each cylinder of length #n is 2% then, for almost every
word (w;) in Q.+, the exponential rate of decreasing of the length is upper bounded
by —log 2 (this is proved in [5]).

5. Completion of a group without crossing

5.1. Complete groups without crossing. Consider a ¢ € Homeo ([0, 1]).
We say that a homeomorphism # € Homeo ([0, 1]) is induced by g if, for ev-
ery x € [0, 1], one has

h(x) € {x, g(x)}.

In other words, h is obtained from g by replacing g by the identity map on the
union of some connected components of [0, 1] \ Fix(g). More precisely, we can
easily check:

Lemma 5.1. Given g € Homeo ([0, 1]), a homeomorphism h is induced by g if
and only if there is a family J of connected components of [0, 1]\ Fix(g) such that
h is the map gq defined as follows:

gx) ifxelJ1,
gi(x) = Ied
X otherwise.

Definition 5.2. Let G C Homeo ([0, 1]) be a group without crossing. We say
that G is complete if, for any g € G, any homeomorphism induced by g belongs
to G.

The aim of this section is to show:

Proposition 5.3. Any group G without crossing is contained in a complete group
without crossing.

Let G C Homeo4 ([0, 1]) be a group without crossing. We will denote by
1(G) C Homeo4 ([0, 1]) the group generated by all the elements / induced by
elements g € G.

Remark 5.4. Forevery h € I(G) and x € [0, 1], thereis g € G with h(x) = g(x).
In other words, /(G) and G have the same orbits.
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Lemma 5.5. Assume that G is without crossing. If {a, b} are successive fixed
points for some h € 1(G), then {a, b} are successive fixed points for some g € G.

Proof. One proves the lemma by contradiction. Assume that there is a pair of
successive fixed points {a, b} for an element 7 € I(G), which is not a pair of
successive fixed points for G. So, i can be written as h = h, ---hy where h; is
induced by g; € G. One chooses the pair {a, b} so that n is as small as possible.
Fix a point x € (a, b).

For every i € {l,...,n}, let a; be the largest fixed point of g; less than or
equal to x, and b; the smallest fixed point of g; larger than or equal to x. If
gi (x) # x,then{a;, b; } are successive fixed points of g; (otherwise, a; = b; = x).
As h(x) # x, there is at least one index i for which g; (x) # x.

As G is without crossing, the intervals (a;, b;) are totally ordered for the in-
clusion. The union I = Ul’.’=1(ai ,b;) is invariant by all the g;. Indeed, either / is
an interval of successive fixed points of g;, or g; has a fixed point in /, and then
belongs to the stabilizer of /. One deduces that / is fixed by all the /s;’s. As a
consequence, one gets (a,b) C 1.

Notice that there is j € {1,...,n} such that I = (a;,b;). Letiy,..., i, be the
set of indices such that I = (q; s b; j). If there is i such that #; = id on I, then
n was not the minimal number. As the indices i; have been chosen so that / is a
component of [0, 1]\ Fix(g;;), this implies that #;, = g;; on I. Thus, one gets the
same interval {a, b} if we substitute the &; s by g; ’s. Thus, one will now assume
that h,’j = &i;-

One considers now the group generated by the restriction of the g;’sto /. Itis a
group without crossing and the restrictions of the /;’s to I are induced by the g;’s.
One considers a minimal set M C [ of the action of the group generated by the g;’s
on [: every g;,i ¢ {i1,...,ir}, has fixed points in /. According to Lemma 4.6,
these g;’s induce the identity map on M. Therefore the same happens for 4;,
i ¢ {i1,...,ix}. Sothe action of # on M is the same as the one of g = g;,--- g1.

Consider now the translation number t relative to g;, on /. Then z(g) is the
sum of the 7(g;;)’s.

First assume that 7(g) # 0. Thus the orbits of g on the minimal M go from
one endpoint of / to the other, and so does the orbit of 7 on M. In particular,
I = (a,b), so that {a, b} is a pair of successive fixed points of g;,, contradicting
the definition of {a, b}.

Thus t(g) = 0. This implies k > 1. Now one will use the fact that, if f € G
and £ is induced by g € G, then fhf~! is induced by fgf~! in G. By using
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inductively the elementary fact f(f~'hf) = hf, one can rewrite the word

hn .. -hnk+1gnkhnk_1 .. .hn1+1gn1hn1_1 .. .hl = &ny -- .gnlh,,_k "'hl’

where the ﬁi’s are induced by elements of G. However, § = gy, ...gn, belongs
to G. Thus, one can rewrite this word as gh,, ¢ - -- h1, whichhasonlyn—k+1 < n
letters. This contradicts the fact that n was chosen as realizing the minimum. [

Corollary 5.6. Assume that the group G is without crossing. Then 1(G) is without
crossing.

Let{a, b} be a pair of successive fixed points, for some f € G. Then, the image
of the translation number associated to {a, b} is the same for G and 1(G):

T£1a,61(G) = Trap)(1(G)) CR

Proof. Groups without crossing are the groups without linked fixed points. This
property is a property of the set of pairs of successive fixed points. According to
Lemma 5.5, the pairs of successive fixed points are the same for G and for 1(G),
concluding.

Let now {a, b} be a pair of successive fixed points for some g € G. Consider
the stabilizer 1(G)[4,5)- As 1(G) is without crossing, the translation number rela-
tive to g can be extended to /(G)(q,p). Furthermore, the action of G, ) on (a, b)
admits a minimal set M. For every x € [0, 1] and every & € I(G), there exists
g € G such that i(x) = g(x). This implies that

Claim 2. The minimal set M is invariant under the action of 1(G)q,p)-

Proof. If h € I(G) and x € M, and if h(x) € (a, b), then there is g € G with
g(x) = h(x). Then g(x) € M (because M is invariant by G4 p)). One concludes
that 2(x) € M. Thus the minimal set M is invariant by 1(G)4,5)- O

Now the action of 1(G)(a,5)/ Ker(tg,,p)) is a free action. Forevery h € 1(G)
and x € M, there is g € G with g(x) = h(x). This implies that g and / coincide
on M, and thus 77,4 5)(h) = T£,4,6)(g), concluding. O

We don’t know if, in general, /(G) is a complete group, that is, if 1(/(G)) =
I(G). For this reason, let us denote 1™ (G) defined as I"t1(G) = I(I1"(G)). The
sequence /"(G) is an increasing sequence of groups. We denote

1°G) = | J 1"(6).

nelN
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Next Lemma ends the proof of Proposition 5.3.

Lemma 5.7. For every G C Homeo4 ([0, 1]) without crossing, 1°°(G) is a com-
plete group without crossing. Furthermore,
o the orbits of I*°(G) and of G are equal;
e any pair of successive fixed points {a,b} of 1°°(G) is a pair of successive
fixed points of G;
e for any pair {a,b} of successive fixed points of some f € G, the images
Tf1a,0](G) and Tz 51 (1 *°(G)) are equal,

e any complete group without crossing containing G contains 1*°(G).

Proof. The unique non-trivial point is that /°°(G) is complete. For that, it is
enough to show that, if g € /°°(G), then every homeomorphism % induced from
g also belongs to /°°(G). Notice that there is n so that g € ["(G); thus
h € I"t1(G), concluding. O

The group /°°(G) is called the completion of G.

5.2. Completion of groups C!-close to the identity or without hyperbolic
fixed points. The aim of this section is to prove that the completion of groups
C!-close to the identity or without hyperbolic fixed points are respectively C!-
close to the identity or without hyperbolic fixed points. Notice that:

Remark 5.8. For any sequence H = {h,,n € IN} of diffeomorphisms of [0, 1],
let G4¢ be the set of diffeomorphisms g such that

- ¢t
hnghnl m id.

Then Gy is a group C !-close to the identity.

Lemma 5.9. Consider a group G, C'-close to the identity, and {h,\nex a se-
quence of diffeomorphisms such that

Cl
h,,gh;1 —= id forevery g e G.

Consider an element g € G, and a family J of connected components of
Then, the induced map g (equal to g on the components in J and equal to id
out of these components), is a C-diffeomorphism of [0, 1. Furthermore,

4 ¢t
hngghnlmld.

In other words, g5 € Gqq.
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Proof. First notice that g has no hyperbolic fixed point: the derivative of g is 1 at
each endpoint of the components of J. One deduces that g5 is a diffeomorphism.

Then, h,gqh, ! is induced by h,gh;,*. Therefore its C !-distance to the identity
is smaller than the distance between #4,, gh;1 and the identity. O

Corollary 5.10. Consider a group G, C'-close to the identity, and a sequence
H = {hn}nen of diffeomorphisms such that

Cl
h,,gh;1 —= id forevery g e G.

Then the completion 1°°(G) is contained in Gy¢. In particular, I°(G) is C'-close
to the identity.

Lemma 5.11. IfG C Diffi([O, 1]) is a group without hyperbolic fixed point, then
the completion 1 *°(G) is contained in Dift ﬂr ([0, 1]) and is without hyperbolic fixed
point.

Proof. It is enough to show that /(G) is a group of diffeomorphisms without
hyperbolic fixed point.

As we saw previously, since the elements g € G are diffeomorphism without
hyperbolic fixed point, every induced map is a diffeomorphism. It remains to show
that /(G) is without hyperbolic fixed point.

Assume that a is a hyperbolic fixed point of an element 7 € I(G). Then a is
an isolated fixed point of 4. Let b be the next fixed point, so that {a, b} is a pair
of successive fixed points of /. According to Lemma 5.5, there exists g € G such
that {a, b} are successive fixed points of g. Thus 74 (4,5)(h) is well defined and
finite. However, the derivative g’(«) is 1 because G is without hyperbolic fixed
point. One easily deduces that /’(a) = 1 (otherwise, 7 (4,5)(h) would be infinite),
contradicting the hypothesis. O

5.3. Algebraic presentation: specific subgroups. The finitely generated groups
C!-close to the identity may be complicated. However, the complete groups with-
out crossing admit special subgroups with a simple presentation.

An element in G is called simple if [0, 1] \ Fix(g) consists of a unique interval
whose closure is the support of g and is denoted by Supp(g).

Remark 5.12. (1) Let G C Homeo4 ([0, 1]) be a complete group without cross-
ing. Each g € G is the limit, for the C°-topology, of a product of induced simple
elements gy, where I covers the set of connected components of [0, 1] \ Fix(g).
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(2) LetG C DiffiL ([0, 1]) be a complete group without hyperbolic fixed point.
Each g € G is the limit, for the C !-topology, of a product of the induced simple
elements gy, where I covers the set of connected components of [0, 1] \ Fix(g).

Let G C Homeo ([0, 1]) be a group without crossing. According to Theo-
rem 1.4, given any pair f, g of simple elements of G, we have one of the following
possibilities:

e cither the supports Supp( /) and Supp(g) have disjoint interiors,
e or the supports are equal,

o or the support of one of the diffeomorphisms is contained in a fundamental
domain of the other.

The group generated by f and g depends essentially on these 3 configurations
and admits a simple presentation if Supp(f) # Supp(g).

Proposition 5.13. Let G be a group without crossing, and let g1 and g, be two
simple elements of G.

(1) If the interior (Supp(g1) N Supp(g2)) is empty, then g1 and g, commute:
(gl ’ g2) = Zz‘

(2) If Supp(g2) is contained in the interior Sup}g(gl), then the group (g1, g2)
admits as unique relation that the conjugates g’ g2g7", i € Z, pairwise com-
mute. More precisely,

(61.22) = (PZ) » 2.
V/

where 7. acts by conjugacy on (@Z Z) as a shift of the Z factors. In other
words, (g1, g2) is the wreath-product:

(g1.82) =7 Z.

Proof. One just needs to prove the second point. If Supp(g) C Suploa( f), then the
images of Supp(g) by f* are pairwise disjoint. This proves that the g; = figf ™,
i € Z, pairwise commute. This allows to define a morphism

Q: (@Z) N7 =<a,b|la'ba” ,a’ba™’,i,j € Z} — (f. g),
z

such that ¢(a) = f and ¢(b) = g.
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It remains to show that ¢ is injective. Note that every element of the group can
be written as a"bfi1 . .bi" with pairwise distinct b;, = a’*ba~". The image is

fi gﬁ L gi % The translation number relative to f is i, so that f* gi‘i L gl.i ks
not the identity unless i = 0. In that case, the element is giﬂ1 L .gi k. which is the
identity only if all the 8; vanish, ending the proof. O

The proposition admits a straightforward generalization as follows:

Lemma 5.14. (1) Let I, J be two segments with disjoint interiors. Consider sub-
groups H, K C Homeo ([0, 1]), respectively supported on I and J. Then the
group generated by H and K is isomorphic to H @ K.

(2) Consider f € G and I a fundamental domain of the morphism f. Let
H C Homeoy ([0, 1]) be a subgroup of homeomorphisms supported in 1. Then
the group generated by H and f is

(H, f)=HZ.

6. Elementary groups

In this section, we establish under what conditions on a family 8 C Homeo ([0, 1])
the generated group is without crossing and admits $ as a topological basis.

6.1. Fundamental systems and elementary groups. Recall that a morphism
f € Homeo4 ([0, 1]) is called simple if [0, 1] \ Fix(f) has a unique connected
component (whose closure is the support Supp(f)). A simple homeomorphism
f is called positive if f(x) > x for all x € [0, 1].

Let Int([0, 1]) denote the set of segments of [0, 1].

Definition 6.1. Consider a family
8 ={f.Sr. Iy} C Homeo4 ([0, 1]) x Int([0, 1]) x Int([O, 1]).

We say that S is a fundamental system if

e for any (f,Sy.Ir) € 8, f is simple positive, Sy = Supp(f), and
Iy C Supp(f) is a fundamental domain of f';

e for any distinct (f, S¢, Ir) # (g, Sg. Ig) €8,
— either Sy and S, have disjoint interiors,
—or Sy Clg,

—orS, Cly.
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The aim of this section is to prove:

Proposition 6.2. Let S be a fundamental system. Then G C Homeo ([0, 1]) gen-
erated by the elements of 8 is without crossing, and totally rational.

Lemma 6.3. Let 8 be a fundamental system and G C Homeo ([0, 1]) be the
group generated by 8. Assume that {a, b} is a pair of successive fixed points of an
element of G. Then there are f € G and (g, Sg, Ig) € 8 such that [a,b] = f(Sg).

Proof. Assume that it is not true, and consider a pair {a, b} of successive fixed
points which are not in the orbit of some Sg. Let h = f*'... fF1, f; € 8,
having {a, b} as a pair of successive fixed points. One chooses {a,b} and & so
that n is minimal for these properties. Notice that (a, b) is not disjoint from all
the supports Sy,, otherwise 2 would be the identity on [a, b], contradicting the
definition of {a, b}.

Claim 3. Consider x € (a,b) such that h(x) # x. The supports Sy, containing x
are totally ordered by inclusion, by definition of a fundamental system. Let i such
that Sy, is the largest support Sy;, j = 1...n, containing x. Then Sy, contains
[a, b].

Proof. For every j, one has f;(Sy,) = Sy,, because the support of f; is either
disjoint from Sy, , or contained in it. Therefore the endpoints of Sy, are fixed points
of all the f;, hence of i. The definition of successive fixed points of # implies that
[a,b] C Sf,, concluding. O

One deduces
Claim 4. Sy, C Sy, for every j.

Proof. If Sy, is not contained in Sy,, then f; is the identity map on Sy,. Further-
more, Sy, is invariant under all the f;’s, and contains [a, b]. One deduces that f;
is the identity map on the orbit of [a, b] by the subgroup generated by the f;’s,
k = 1...n. Thus {a, b} is still a pair of successive fixed points of the word ob-
tained by deleting the letter f;. This contradicts the minimality of n. U

Now one splits {1,...,n} = A]] B where A4 is the set of indices j such that
J; = fi, and B the set of the other indices, so that, for j € B, one has

Sfj C Iy,.

Every element f;, j € B, acts as the identity on the orbit of d/f, by f;.
One deduces:
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Claim 5. Let o denote the sum of the coefficients +1 of the fi’s, k € A. Then
a=0.

Proof. Notice that h = f;* on the orbit of d/¢,. If « # 0, this implies that & has
no fixed point on Sy,. Thus (a, b) = Sy,, contradicting the definition of {a, b}. [l

Now, one can rewrite s as a product of conjugates of f;, j € B by some
power fiﬁj . In other words, there are §; € Z, j € B, such that

n=T1 /75577
JjE€B

P/ is supported in fiﬂ 7(S;), which is con-

Each of these conjugates fiﬂ 71 fs
tained in the fundamental domain fiﬁj (I7,).

If all the B;’s are not equal, then the interiors of the supports of the conjugates
corresponding to different ;s are disjoint, hence these conjugates commute. Fur-
thermore, {a, b} is contained in one of these intervals. One does not change the
pair of successive fixed points by deleting the terms corresponding to the other
B;’s. Here again, if the ;’s are not constant, one gets a smaller word, contradict-
ing the minimality of n.

One can now assume that all the ;s are equal to some B. So, % is the conjugate
by fiﬁ of the product of the f;’s, j € B. So, {a, b} is the image by fiﬂ of a pair
{c, d} of successive fixed points of the product of the f;, j € B. As the cardinal
of B is strictly smaller than n, the minimality of » implies that {c, d} is the image
by an element of G of one of the Sg’s, g € §. One deduces the same property for
{a,b} = fiﬁ ({c, d}), leading to a contradiction with the definition of {a,b}. [

If the group G admits a crossing, this means by definition that there is a pair of
successive fixed points {a, b} and an element g € G with g({a, b}) N (a,b) # 0.
According to Lemma 6.3, one can assume that (a, b) is some Sy with f € 8. One
concludes the proof of Proposition 6.2 by showing:

Lemma 6.4. Let S be a fundamental system and G C Homeo4 ([0, 1]) be the
group generated by the elements of 8. Given any f € 8 and any g € G, either
g(Sy) and Sy have disjoint interior, or g(Sy) = Sy.

Proof. One proves it by contradiction. Assume that it is not true and consider
g=gn"...87", g €8,and f € 8 such that

e gii1 # giforeveryi € {l,...n—1},

o g(Sr) # Sf,

e and g(Sy) intersects the interior of Sy.
One chooses g, f so that Y 7_, |;| is minimal for these properties.
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If Sg;, C Sy orif Sg, and Sy have disjoint interiors, then g;(Sy) = Sy. In
this case, one may delete g contradicting the minimality of n. Thus, Sy C Ig,
by definition of a fundamental system. So, g{' (Sy) C g{' (I,) and its interior is
disjoint from /g, but is contained in Sg, .

If Sg, & Ig,, as g» # g1, one gets that either the interior of Sy, is disjoint
from Sg,, or Sg, C I, . In both cases, g, is the identity map on g7'(Sr). Thus,
one may delete g», contradicting the minimality of the word. So Sg, C I, and
852871 (Sr) C g5%(Ig,) C Sg,. In particular, g52g7" (Sy) is disjoint from Sy.

An easy induction proves that Sg, C I, and gl 7" .. g52 ¢! (Sy) is disjoint
from Sy for every i, concluding. U

Definition 6.5. A group G C Homeo4 ([0, 1]) is called an elementary group if it
is generated by a fundamental system.

Remark 6.6. If H is topologically conjugate to an elementary group G, then H
is an elementary group.

6.2. The topological dynamics and the topology of the fundamental systems.
The next proposition explains that an elementary group generated by a finite fun-
damental system is topologically determined by the topological configuration of
the intervals (S¢, Ir) of the fundamental system.

Proposition 6.7. Let S and X be two finite fundamental systems and let G and T’
be the groups respectively generated by 8 and X. Assume that there is a homeo-
morphism h: [0, 1] — [0, 1] and a bijection

p:8—=>X, o(f;Sr. Ir) = (0(f): Ser)s Lo(f))
such that for every f,
Ser) = h(Sy) and lyp) = h(ly).
Then there is a homeomorphism h: [0,1] — [0, 1] conjugating G to T':
I = {ﬁgﬁ_l,g € G}.
More precisely, for every (f,Sr, Ir) € 8,

hfh™" = o(f).
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Proof. One proves it by induction on the cardinals of § and X. If the cardinal
is 1, one just notices that any two positive simple homeomorphisms of [0, 1] are
topologically conjugate.

One assumes now that the statement has been proved for any fundamental sys-
tem of cardinal less than or equal to 7, and one considers fundamental systems
8 and X of cardinal n + 1. Write § = {(f, S¢, If)} U S, where Sr is a maximal
interval in the (nested) family of supports, and £ = {(¢, S¢, Is)} U s, where
¢ = @(f). One considers h; such that highy! = ¢(g) for g € S. Notice that
h1(Sg) = h(Sg) = Sy for g € S. Asa consequence, there is a homeomorphism
h2 which coincides with /; on the union Sg of the supports Sg, g € S, and with
out of this union. Notice that Sg N Sy C Ir. Therefore ha(Iy) = h(ly) = 1.

Thus there is a unique homeomorphisms s3: Sy — Sg conjugating f* with ¢
and coinciding with /5 on ;. The announced homeomorphism / is the homeo-
morphism which coincides with /3 on Sy, and with s, out of Sy. Ol

6.3. Elementary groups of diffeomorphisms. If the homeomorphisms of a
fundamental system are diffeomorphisms, the corresponding elementary group
will be a group of diffeomorphisms.

Proposition 6.8. Any elementary group G C Diffﬂr([O, 1]) is without hyperbolic
fixed point.

Proof. Let us consider a fundamental system 8 = {(f. S, f,Ir)}, where f €
Diff i([O, 1]). Notice that every diffeomorphism f in 8 is, by definition of a fun-
damental system, a simple diffeomorphism. Therefore, it has no hyperbolic fixed
point.

Let G be the group generated by 8. Every g € G can be written as

g=f. ' eG, fi€8, firi# fiiwi €L

(this presentation of g may be not unique). One argues by contradiction and as-
sumes that there is g € G having a hyperbolic fixed point. One chooses g such
that ) |o; | is the minimal number with this property. A hyperbolic fixed point is
isolated, so that it belongs to a pair of successive fixed points {a, b} (let us assume
itis a).

One considers f; such that the support Sy, is the largest of the supports Sy,
containing a, b. Then Sy, is invariant by all the f;’s. If some Sy, is not contained
in S,, one may delete the letter f;, contradicting the minimality of ) |o;|.
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One considers the sum « of the o;’s for which f; = f; (recall that Sy, is the
largest support). If o # 0, then g coincides with f;* on the orbit of d(/f,). One
deduces that {a, b} = dSy,, and that the derivative of g at each end point is the
same as the one of %, which is 1 (because f; is simple).

So a = 0. This allows to rewrite g as the product of conjugates of the f; # f;
by powers fiﬂ /. These diffeomorphisms are supported on the fiﬂ 7 (I£,)’s, which
have disjoint interiors. Exactly as in the proof of Lemma 6.3, one deduces that, if
the B;’s are not all equal, then one may delete some of the fjaj ’s, contradicting
the minimality of ) |«;].

So the B;’s are all equal to some B and one gets that g is the conjugate by
fiﬁ of the product of the fjaj ’s, fi # fi. However, having a hyperbolic fixed
point is invariant by conjugacy, so that one deduces that the product of the fjaj ’s,
J; # fi has an hyperbolic fixed point. This contradicts again, the minimality of

> lail. ]

One of the main results of this paper consists in proving that every elementary
group of diffeomorphisms of [0, 1] is actually C!-close to the identity. This will
be the aim of Section 9.

7. Free group

The aim of this section is to prove Theorem 1.9 (assuming Theorem 1.6). Let us
recall its statement:

Theorem 7.1. There exists a subgroup G C Diff' ([0, 1]), C'-close to the identity,
and isomorphic to the free group 5.

Before expounding its proof, let us notice that the elementary groups do not
contain any free group IF5.

7.1. Finitely generated subgroups of elementary groups are solvable: proof
of Proposition 1.8. In contrast, we notice that elementary groups do not contain
non-cyclic free groups:

Proposition 7.1. Any elementary group G generated by a finite fundamental sys-
tem S is solvable, and the associated solvability length is bounded by the cardinal

of 8.
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Let us recall that a group is solvable if the sequence
G1 =[G.G],...,Gny1 = [Gn, Gyl
stratifies: there exists k such that
G, = {1}.

The infimum of all such ks is the solvability length £(G) of the solvable group G.

As a direct corollary, we get:

Corollary 7.2. For any fundamental system G, the group G generated by G does
not contain any non-cyclic free group.

Proof of Corollary 7.2. Assume that there is a subgroup ( f, g) C G isomorphic
to IF,. Notice that f and g are written as finite words in the generators of G in §.
Thus the group ( f, g) is a subgroup of a group generated by a finite fundamental
system. This group is solvable, hence does not contain any subgroup isomorphic
to IF,, contradicting the hypothesis. U

Notice that our argument above proved Proposition 1.8.

We start the proof of Proposition 7.1 by showing:

Lemma 7.3. Fix and integer k. Assume that {G;}ien is a sequence of solvable
groups of solvability length £(G;) < k. Then the direct sum

G:@Gi

ielN
is solvable, and the solvability length associated is £(G) < k.

Proof. Just notice that [G, G] = @, x[Gi. Gi]. O

Proof of Proposition 7.1. One presents a proof by induction on the cardinal of 8.
If this cardinal is 1, the group is a cyclic abelian group, hence is solvable of solv-
ability length 1. One assumes now that Proposition 7.1 is proved for fundamental
systems of cardinal less or equal to n. Let S = {(f;, Si, [;).i € {l,...,n+1}} be
a fundamental system. Up to re-index the f;’s, one may assume that S, is max-
imal among the S;’s for the inclusion. Let A C {1, ..., n} denote the set of indices
i for which the interiors of S; and S,+; are disjoint, and B = {1,...,n} \ A the
set of indices j for which S; is contained in /.
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First assume that A is not empty. Then 84 = {(f;, Si, [;),i € A} and §' =
{(f;.S;.1j),j € BU{n + 1}} are fundamental systems with cardinal < n. Let
G4 and G’ be the elementary groups respectively generated by S84 and 8'. They
are solvable groups of length bounded by n. Therefore, G = G4 @ G’ is solvable,
of length bounded by 7, according to Lemma 7.3, which concludes the proof in
this case.

One assumes now that A is empty, so that B = {1,...,n}. Let Gp denote
the group generated by the fundamental system Sp = {(f;.S;.{;).j € B}. One
easily shows that [G, G] is contained in @,y Gg,i, where Gp; = f', G f,};.
These groups are solvable, of solvability length £(Gp;) < n, by our induction
hypothesis, so that G is solvable, of solvability length £(G) < n + 1, according to
Lemma 7.3. O

7.2. Proof of Theorem 1.9. Let A = {a;,i € IN} be a countable set, called
alphabet. We say that a word w = {w;} in n letters of the alphabet A is universal
(among the groups in Gild) ifow(fi,..., fu) =idforany fi,..., fn € Diffﬂr([O, 1))
for which the group ( f1,..., fu) is C'-close to the identity.

The length of such a word is n. The word is reduced if w;+1w; # 1, and
cyclically reduced if furthermore w,w; # 1.

We will prove:

Proposition 7.4. There is no universal reduced non-trivial word.
Let us deduce Theorem 1.9 from Proposition 7.4:

Proof. Assume that there is no universal reduced word. In particular, there is no
universal word in 2 letters. Therefore, for any word w in 2 letters, there is a pair
f+ 8w such that the group ( f,, go) is C !-close to the identity and w( f,,, go) # id.

One fixes a sequence I, C [0, 1] of pairwise disjoint segments. For every o,
one chooses diffeomorphisms foos oo supported on /,, smoothly conjugated to
(fo, &), and such that fw, g tend uniformly to the identity when the length of
o tends to oo (that is possible because ( f,,, g») is C !-close to the identity). One
defines f and g as being fw,gw on I, and the identity map out of the union of the
1,’s. One easily checks that f and g are homeomorphisms. Now, f and g are
diffeomorphisms because £, g, tend uniformly to the identity.

Finally, the group (£, g) is C'-close to the identity and w( f, g) # id for every
reduced word w. O
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7.3. No universal relation: proof of Proposition 7.4. Notice that, if w is a
universal word, then for each letter a; € A, the sum of the coefficients in a; of the
w;’s vanishes. Otherwise, w(id,...,id, f,id,...,id) would be different from id,
for f # id at the i** position, contradicting the universality of the relation w.

Consider a letter appearing in w, say w;. Then, one can write @ as a product
of conjugates of the other letters by powers of the letter corresponding to w;. One
replaces each a){ a; a)l_j with a new letter denoted by b; ;. One gets a reduced word
¢(w) of length less or equal than n — 2 (in the alphabet B = {b; ;}). Notice that
a reduced word of length < 2 cannot be universal. One concludes the proof of
Proposition 7.4 and therefore of Theorem 1.9 by proving

Lemma 7.5. If w is universal, then ¢(w) is universal.

Proof. Assume that ¢(w) is not universal. Therefore, there is an interval / and
hij € Diff! (1) such that ¢(w)(h; ;) # id, and the group generated by the h; ;
is C!-close to the identity. One considers f € Diffﬂr([o, 1]), without hyperbolic
fixed point, and such that / is contained in the interior of a fundamental domain
of f. According to Theorem 1.6, as the group generated by the A; ;’s is C!-close
to the identity, the group generated by f and the h; ;’s is still C!-close to the
identity.

One denotes by g; the diffeomorphism which coincides with f~/h; ; f7 on
f=/(I), for every j for which h; ; is defined, and with the identity out of the
f77/(I)’s. The group generated by f and the g;’s is C'-close to the identity (it
is the group generated by f and the £; ;’s). Now, w(f, {g;}) is a diffeomorphism
which coincides with ¢(w)(h;,;) in restriction to I, hence is not the identity map,
contradicting the hypothesis on w. U

8. Group extensions in the class Gild

The aim of this section is to prove Theorem 1.6: given a group G C Diffi([O, 1D,
C!'-close to the identity and supported in the interior of a fundamental domain
of a diffeomorphism f € Diff :— ([0, 1]), without hyperbolic fixed point, the group
(G, f) is C'-close to the identity. We will prove here a slightly stronger version
which will be used in the proof of Theorem 1.7.

Theorem 8.1. Let f € Diffﬁr([O, 1]) be a diffeomorphism without hyperbolic
fixed points and G C Diffﬁ_([O, 1]) be a group supported on a fundamental do-
main [xg, f(xo0)]. Assume that there is a C'-continuous path h, € Diffﬂr([O, 1]),
t €10, 1), such that
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e forevery g € G,
hegh,! C—1> id
and
e Ny is supported on [xo, f(xo)].

Then the group ( f, G) generated by f and G is C'-close to the identity.
More precisely, there is a C'-continuous path H; € Diffﬁr([O, 1]), t € [0, 1),
such that

e forevery g € (f,G),
1
HegH' S5 id
and

o H; is supported on the support of f and DH;(0) = DH,(1) = 1.

Notice that Theorem 1.6 follows directly from Theorem 8.1: if the support of
G is contained in the interior of the fundamental domain (x¢, f(x¢)), then, given
h? e Diff' (Supp(G)),t € [0, 1) realizing an isotopy by conjugacy of G to the iden-
tity, we easily build another isotopy by conjugacy 4, € Diff! ([0, 1]), supported on
[xo0, f(xo].

Theorem 8.1 is the main technical result of this paper. The proof is the aim of
the whole section. Let us first present a sketch of proof.

8.1. Sketch of proof. The proof uses strongly arguments in [6] which builds
explicit conjugacies from a given diffeomorphism to another in a given neighbor-
hood of the identity. Here, we will need to come back to the construction of [6]
to get a simultaneous conjugacy. For this reason it will be sometimes practical to
use the following notation:

Notation 1. Given f,g € Diffi([O, 1]) and h, € Diffﬂr([o, 1]), t € [0,1) a
C !-continuous path of diffeomorphisms, the notation

N>
fhtg

means that (h; fh; ') ie[0,1) is an isotopy by conjugacy from f to g, that is

_, c!
hy fhy &

t—
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We will write f ~> g if there exists an isotopy by conjugacy from f to g.

Sketch of proof of Theorem 8.1. Let G be a group C!-close to the identity, sup-
ported in a fundamental domain [a, b] of f € Diffﬂr([o, 1]). Let (h¢)seq0,1) be a
continuous path of C!-diffeomorphisms realizing an isotopy by conjugacy from
G to id and such that /i, has derivative equal to 1 at @ and b. One will extend these
diffeomorphisms {/;};¢[o,1) to diffeomorphisms h; of [0, 1] in such a way that

- !
htfht —)f

(Lemma 8.3). In other words, for r — 1, the extensions h ; almost commute with
f. In this way, the impact induced on f by the isotopy by conjugacy from G to
id will be slight.

Let (¢:):e[0,1) be a continuous path of C !_diffeomorphisms for which

-, C'
¢ for —id
(the existence of (¢;);e[0,1) is given by [6]). Assume that one can choose ¢; so
that, furthermore, ¢; is affine on [a, b] forall ¢ € [0, 1). Under this assumption, the
conjugacy by (¢;);efo,1) Will not affect the C'-distance of i, gh; ! to the identity
for g € G, and one can compose the two isotopies, by first conjugating by h; and
then by ¢;:
g ~ id, forallg € (G, f).
@roh;

Indeed, one will ensure the existence of such ¢; affine on the support of G
when the support of G is contained in the interior of a fundamental domain of f.
When the support of G is precisely one fundamental domain, one will weaken
slightly this assumption, ensuring that the logarithm of the derivative of ¢; is
equicontinuous on [a, b] (Lemma 8.4). This will ensure that conjugating by ¢; will
have a bounded effect on the C !-distance of h,gh; ! to the identity for g € G. O

As explained in this sketch of proof, the two main tools for Theorem 1.6 are
Lemmas 8.3 and 8.4 stated in next sections.

8.2. Background from [6]. We rewrite [6, Proposition 9] in a form which will
be more convenient here.

If ho is a diffeomorphism supported in a fundamental domain of the diffeomor-
phism £, we get a homeomorphism 4 commuting with f by defining the restric-
tion h, = hl5,, I, = f"(lo) as hy = fu—1hn—1 n__ll, where f, is the restriction
fl1,,- The homeomorphism & will be a diffeomorphism if and only if /, tends to
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the identity map in the C! topology as n — 4o0o. That is not the case in gen-
eral. However, if we only want that f and & almost commute, then we are allowed
to modify slightly the induction process, and we can do it without affecting this
convergence to the identity. That was the aim of [6]. In Propositions 8.1 and 8.2
below, we renormalized the intervals 7, so that f, appears as diffeomorphisms of
[0, 1].

Proposition 8.1. Let ( f,)nen be a sequence of diffeomorphisms of [0, 1] such that
(fn)nen converges to the identity in the C'-topology when n tends to infinity.Let
ho be a diffeomorphism of [0, 1] such that, Dho(0) = 1 = Dho(1). Fixe > 0.

Then there exists a sequence (Yn)nen of C -diffeomorphisms of [0, 1] such that

e DY, (0) =1= Dy,(1) foralln € N;

o || fuo¥y— fuli <eforalln € N;

o the sequence (hy)nen of C-diffeomorphisms of [0, 1], defined by induction
by ho and

hn = fn—lwn—lhn—lfn_—ll
if n € N*, satisfies

there exists N > 0 such that h, = id for alln > N.

For Theorem 9.1 we will need the version with parameters, also due to [6], of
this proposition. Let us state it below:

Proposition 8.2. Let (f1,1).n)efo,1)x be a collection of diffeomorphisms such
that

e foralln, (fin)iefo.1) is a C'-continuous path in Diffﬂr([O, 1]) such that both
Df: »(0) and Df; (1) do not depend on t € [0, 1);

o forallt € [0,1), (f1.n)new converges to the identity in the C ' -topology, when
n tends to infinity.

Let (ht,0)re[0.1) be a C-continuous path of diffeomorphisms of [0, 1] such that,
forallt € [0,1), one has Dh; o(0) = 1 = Dh;o(1). Let (¢1)¢[0,1) be a continuous
path of strictly positive real numbers.
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Then there exists a collection (V¢ n) (. nyefo,1)xi of C ' -diffeomorphisms of [0, 1]
such that

o DYy (0) =1= Dy ,(1) forall (t,n) € [0,1) x N;
o [ finoVin— finli <é: forall (t,n) €[0,1) x IN;
e if (ht.n)nen.refo.1) is the collection of C-diffeomorphisms of [0, 1] defined by

induction from hy o by

ht,n = ft,n—lwt,n—lht,n—lft;gl_l lf” e IN*,
then, for everyt € [0, 1), there is N; > 0, increasing with t € [0, 1), such that

ht,n = ft,n—ll/’t,n—lht,n—lft;:_1 =id fO}’ alln > Ny;

o (Y.n)teo,1) is C'-continuous for all n € IN;
o (hen)iefo,1) is C'-continuous for alln € .

8.3. Diffeomorphisms almost commuting with f* and prescribed in a funda-
mental domain.

Lemma 8.3. Consider f € Diffﬂr([O, 1), I = [x, f(x)], a fundamental do-
main of f, (a,b) the connected component of [0, 1] \ Fix(f) containing x, and
(ht)tef0,1), a C'-continuous path of C'-diffeomorphisms of [0, 1] supported on
1. Then, for all continuous path (;):efo,1) of strictly positive real numbers, there
exists a C'-continuous path (ﬁ t)teo,1) of C'-diffeomorphisms of [0, 1] such that,
forallt €[0,1),

e h; coincides with the identity map on a neighborhood of a and b;

o the support of h; is contained in the orbit of the support of hy by f:

Supp(h:) C | £ (Supp(h)):

nez
o ¢ coincides with hy on the fundamental domain I :

};t|1 = hy;

o |l fh7' — flli < eér
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The proof of Lemma 8.3 consists in pushing /; by f in the iterates f”(/) of
the fundamental domain. In each of these fundamental domains, we apply a small
perturbation so that the diffeomorphism obtained in f” (/) becomes closer to id.

Proof of Lemma 8.3. Let (&;)¢[0;1) be a continuous path of strictly positive real
numbers converging to 0. One denotes by ( f,)»en the sequence of C !-diffeomor-
phisms of [0, 1] defined by: for all n € IN, f, is the normalization of the diffeomor-
phism  f|[ rn (). fn+1(x))> thatis : f, is obtained by conjugating f'|[ rn (), fr+1(x)]
by the affine maps from [f”(x), f"*T!1(x)] and [f"*!(x), f**2(x)]to [0, 1].
Notice that, as f is C!, the sequence (fy)nenw converges to id when n tends to
oo, with respect to the C !-topology. One considers then £, ¢ as being the normal-
ization of /i |[x, r(x)] on the interval [0, 1]. In particular, the equality Dh;o(0) =
1 = Dh; (1) is satisfied.

Proposition 8.2 asserts that there exists a collection (¥1,,)¢.ne[0,1)xw of diffeo-
morphisms of [0, 1] such that

® (Y.n)iefo,1) is a C'-continuous path for all n € IN;
e forall (t,n) € [0,1) x N, D ,(0) = 1 = Dy n(1);
e forall (z,n) € [0,1) x I,

”fn o Vin _fn”l < &t;

e for all # € [0, 1), the sequence of diffeomorphisms of [0, 1] defined by 4, ¢
and
ht,n = fn—lwt,n—lht,n—lfn__ll, foralln e ]N*,
is stationary, equal to id for all » € IN large enough;
e forall n € IN, the path (h;,,)e[0,1) is a C !-continuous path.
We get a similar result and a similar C '-continuous collection (/1,1 (¢ n)e[0.1)x (— V)
by considering the negative iterates of f.
Consider now the C!-continuous path (/;);e[0,1) of C!-diffeomorphisms of
[0, 1] defined by
e the restriction /i |[ gn(y), pn+1(x)) IS conjugated to /1, by the affine map from
[f™(x), f"1(x)] to [0, 1], for all n € Z,
e i, = id on the complement of | J f"([x, f(x)]).

nez
By straightforward calculations using that || f, o ¥+ » — full1 < &:, One gets

”D(ht,n—l—lfnht_,;i —Dfull1 < e,

from which follows [[hyn1 fuhiy — falli < & thus [, fht — flln < e,
concluding the proof. U
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8.4. Conjugacy to the identity prescribed in a fundamental domain. The aim
of this section is to prove the following lemma.

Lemma 8.4. Ler f € Diff 5_([0, 1]) be a diffeomorphism without hyperbolic fixed
point, and let [a,b], b = f(a), be a fundamental domain of f. There exists a
C-continuous path (a;)sef0.1) of C-diffeomorphisms of [0, 1] such that

e Du;(0)=1= Da,(1) forallt €0, 1);

o (a¢)sefo,1) has equicontinuous Log-derivative on [a, b]: for all ¢ > 0 there
exists 6 > 0 suchthat, forallt € [0,1)and x, y € [a, b] satisfying |x—y| <6,

|log Da;(x) —log Do, ()| < &;
o [~ id
or
The proof is a variation on the proof of the following main result in [6]:

Theorem 8.2 ([6]). Given f € Diffﬁr([O, 1]) without fixed point in (0, 1), given
any continuous paths 0 < a; < b, < 1, t € [0, 1), given any C'-continuous path
(81)sefo,1), Where g € Diffﬁr([O, 1)) is a diffeomorphism without fixed point in
(0, 1) which coincides with f on [0,a,] and on [b;, 1], there is a C'-continuous
path h; € Diffﬁr([O, 1]), t € [0,1) such that, for every t, h; coincides with the
identity on a neighborhood of 0 and of 1, and the C'-distance ||h; fh7' — g1
tendsto0ast — 1.

Let us sketch the proof of [6], so that we will explain the modification we need
here.

Sketch of proof of [6]. As f and g; coincide on [0, a,], there is a unique diffeo-
morphism hy of [0, 1) which is the identity map in a neighborhood of 0, and which
conjugates the restriction f'|[o,1) to g¢|[0,1). [6] chooses &, so that it coincides with
h; out of an arbitrarily small neighborhood of 1. The idea is that, in a neighbor-
hood of 1, f and g; coincide so that h; commute with f. One concludes as in the
proof of Lemma 8.3: by using Proposition 8.2, one can modify hy slowly in the
successive fundamental domains of f in order to get a diffeomorphism /; coin-
ciding with h; out of a small neighborhood of 1, with the identity map in a smaller
neighborhood of 1 and almost commuting with f on [b;, 1]. O
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Let us now modify slightly the proof of [6]. Consider points x;, y; € [a;, b]
varying continuously with 7 € [0, 1). Let

@ [xe, fx)] —> e, ge(ve)], 1 €][0,1),

be a C!-continuous path of diffeomorphisms satisfying

Do (f(x))Df (x¢) = Dgi(ye) Dopr(x:).
Then there is a unique C !-diffeomorphism
hy:(0,1) — (0,1)

conjugating f to g; and coinciding with ¢; on [x;, f(x;)]. As before, since f
and g, coincide on [0, a,] and [b;, 1], we get that #, commutes with / in a neigh-
borhood of 0 and of 1. We conclude as before: we can modify hy slowly in the
successive fundamental domains of f and f~! in order to get a diffeomorphism
h; coinciding with h ¢ out of a small neighborhood of 0 and of 1, with the iden-
tity map in a smaller neighborhoods of 0 and 1 and almost commuting with f on
[0,a;] and on [by, 1].

Summarizing, this proves:

Theorem 8.3. [6]

e Given f € Diﬂﬂ([O, 1]) without fixed points in (0, 1) such that f(x)—x > 0
on (0, 1),

e given any continuous paths 0 < a; < by < 1, ¢t € [0, 1),
e given any continuous paths x;, y; € [as, bs], t € [0, 1),

e given any C'-continuous path (8t)1ef0,1), Where g; € Diffi([O, 1)) is a dif-
Sfeomorphism without fixed point in (0, 1) such that g; coincides with f on
[0, a;] and on [b;, 1],

e given any C'-continuous path
@1 [xe, f(x)] —> [ye, & (¥e)]

such that
Do (f(x)Df(x:) = Dge(ye) Dopr(x1),
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there is a C'-continuous path h, € Diﬂﬂ([O, 1]), t € [0, 1), such that

e foreveryt, the diffeomorphism h; coincides with the identity on a neighbor-
hood of 0 and of 1,

e Iy coincides with ¢, on [x;, f(x;)],

o the C'-distance |h, fh;! — g;|1 tendsto O as t — 1.

According to Theorem 8.3, Lemma 8.4 is now a direct consequence of the
following lemma:

Lemma 8.5. Let f € Diffi([O, 1]) without hyperbolic fixed point, without fixed
point in (0, 1) such that f(x) —x > 0on (0,1). Let [a, b], b = f(a), be a funda-
mental domain of f.

e There is a C'-continuous path g;, t € [0,1), g; € Diffﬁr([o, 1]) such that

— g; is without fixed point in (0, 1),

— there are continuous paths 0 < a; < by < 1 such that g, coincides with
fonl0,a;]UJ[bs, 1],

ct .
- g —id;
t—1

e there is a C'-continuous path of diffeomorphisms
¢t la, f(@)] — la, g:(a)]
such that
Dy (f(a)Df(a) = Dgi(a)Dy;:(a);

® (¢1)iefo,1) has equicontinuous Log-derivative on [a, f(a)].

Proof of Lemma 8.4. Lemma 8.5 and Theorem 8.3 imply that there exists /s, such
that h, fh;! is Cl-asymptotic to the isotopy g;, which tends to the identity.
Furthermore, /1, coincides with ¢; on [a, f(a)], hence has equicontinuous Log-de-
rivative on the fundamental domain [a, f(a)], ending the proof. U
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Lemma 8.5 announces the existence of two objects: the path
Cl
gr — id,
t—>1
and the path ¢; with equicontinous Log-derivative. This suggests a natural split-
ting of the proof in two easy observations.

Lemma 8.6. Consider [ € Diﬂﬂ([O, 1]) without hyperbolic fixed point, without
fixed point in (0, 1) so that f(x) —x > 0on (0,1), and a fundamental domain
[c,d = f(c)]of f. Let c < d; < d be a continuous path such that d;, — ¢ as
t — 1 and oy > 0 be a continuous path with oy — 1 ast — 1.

There is a C ' -continuous path of diffeomorphisms g; € Diffﬁ_ ([0, 1]), there are
continuous paths 0 < a; < by < 1 such that

o g/(x)>xforx e (0,1),

e g; coincides with f on [0, a;] U [b;, 1],
° gi(c) =dy,

® Dgi(c) =y,

cl
o g, —id
t—>1

Hint of proof. In other words, g; is an isotopy from gy to the identity map, which
does not require to create any fixed point, whose image and derivative may be
prescribed at a point ¢, and satisfying that g; coincides with f on a small neigh-
borhood of 0 and 1. This is possible because we require that the image d; = g;(c)
tends to c, that the derivative oy = Dg,(c) tends to 1, and because Df(0) =
Df(1) = 1, so that f is arbitrarily C!-close to the identity map on a sufficiently
small neighborhoods of 0 and 1. O

Lemma 8.7. Consider f € Diffﬁ_([O, 1]) without hyperbolic fixed point, without
fixed point in (0, 1), such that f(x) —x > 0on (0,1). Let [c,d], d = f(c) bea
fundamental domain of f. Then there exists a C'-continuous path of diffeomor-
phisms ¢;: [c,d] — [c,0:(d)], t € [0, 1), such that

* pild) —c:
t—

o if we set
_ Df(©) - Dgy(d)
’ Dgi(c)
then
oy —>1;
t—1

o {log(D¢;)}refo,1) is equicontinuous.
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Proof. Notice that adding a constant to a function does not change the equiconti-
nuity properties. As a consequence, one can compose each ¢, by some affine map
without changing the equicontinuity of the family log(D¢;). Furthermore, com-

posing by an affine map does not change the ratio Df)Dei(d) 1p other words,

Do;(c)
the first item is for free.
Now, one chooses some ¢y, so that W = 1, and, for ¢t > to, one
chooses ¢; as being the composition of ¢;, by some affine map. U

8.5. Conjugacy by an equicontinous Log-derivative map.

Lemma 8.8. Ler (a¢)e0,1) be a C'-continuous path of C'-diffeomorphisms of
[0, 1] with equicontinuous Log-derivative: {log Do }se[o,1) is equicontinuous. For
every n > 0, there is ¢ > 0 such that, for all g € Diffi([O, 1)) satisfying ||g —
id ||1 <§g,

lacga; ! —id |1 <n forallt €[0,1).

In particular, if (8:):e[0,1) is a path of diffeomorphisms converging to id when

t tends to 1, then
- ¢t
08ty I~ 5id.
t—>1

Proof. Consider x € [0,1] and y = ;!(x). Then

Da;(g(y) )
Da;(y)

By assumption, |Dg(y) — 1| < e. Therefore, it is enough to check that

D(aga; ") (x) = Dg(y).

o (Dat (g(»)
& Doy (y)

is uniformly bounded with respect to ¢, and that this bound tends to O as
¢ — 0. Notice that |[g(y) — y| < €. Thus, the equicontinuity of log D« provides
the uniform bound of log(%‘g&{)) as a function of ¢. ]

) = log Da;(g(y)) —log Do (y)

8.6. Isotopy to the identity by conjugacy and perturbations.

Definition 8.9. Let s, > O and ; > 0, ¢ € [0, 1), be continuous paths such that
& —1>O and n; —1>0. A C'-continuous path (V)se[0.1), ¥ € Diffﬂr([o, 1]) is an
t— t—

(&1)tef0,1)-Tobust isotopy by conjugacy of speed (n:)e[o,1) from f to id if, for all
continuous path (g;);e[o,1) satisfying [|g; — f||1 < &;, one has

Ivegey; "t —id |y < s
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Lemma 8.10. Let f, (¢;):ef0.1) be C'-diffeomorphisms of R such that
lec for ! —id s —> 0. and g =id.

For all continuous path (&1):e[0,1) of strictly positive real numbers converging to
0, there exist a continuous path (0;)e[0,1) of strictly positive real numbers con-
verging to 0 and a continuous map

r:[0,1) — [0, 1),

satisfying
r(0)=0, and r(t) - 1,
t—

such that, (Y = @r))ref0,1) I8 an (&¢)e[o,1)-robust isotopy by conjugacy of speed
(M) zefo,1) from f toid.

We split the proof in two lemmas. The first one just states that any isotopy by
conjugacy is &;-robust, if we choose ¢; > 0 small enough.

Lemma 8.11. Consider f € Diﬂﬂ([O, 1]) and a C'-continuous path (¢;)efo,1)
of Cl-diffeomorphisms of [0, 1] and ¢o = id, such that

||<Ptf§0z_1 —id |1 :) 0.

Denote
_1 .
pe =2-llor fo, —id|ls.
There exists a continuous path v; > 0 such that

”(ptgt(pt_l —id |y < pq

for all continuous path (g:)e[o0,1) satisfying |g: — fll1 < v:.In other words, the
isotopy by conjugacy ¢ is vs-robust of speed 1s.

Sketch of proof. For every t € [0,1), one needs to bound 22& (g);t_(?)‘p’ (el

for |g(x) — f(x)| < v, uniformly in x € [0, 1], by a constant ji; depending in
a simple continuous way on u;. As D¢, is bounded on [0, 1], one essentially
needs to bound (uniformly in x) Dy, (g(x)) — D (f(x)), for |g(x) — f(x)]| < v;.
In other words, v; depends strongly on the continuity modulus &, of D¢, for the
constant fi;, where [l; = fi; - maXye[o,1] | D s (X)].

lx —y| <8 = Di(x) — Doi(y) < fis - rg[gﬁlleoz(X)l
xelo,
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The unique difficulty is to choose 0 < v; < §; depending continuously on
t € [0,1). This is possible because the modulus of continuity of a continuous
function (on a compact metric space) associated to a given constant depends lower-
semi-continuously on the function. One concludes by noticing that, given a strictly
positive lower-semi-continuous map &;: [0, 1) — R, there is a strictly positive
function 0 < v; < é;. Ol

To get Lemma 8.10 from Lemma 8.11, one just needs to apply the following
simple observation:

Lemma 8.12. Let g, > 0 and vy > 0, t € [0, 1), be continuous paths such that
&t —1> 0. Then there is a continuous map
t—

r:[0,1) — [0, 1),

such that
r(0)=0 and r(t) P 1,
t—

and there is 0 < ty < 1 such that, for everyty <t < 1,
Vr@) > &t-

Proof of Lemma 8.10. Choose u;, v; > 0 given by Lemma 8.11, and r(¢) and ¢,
given by Lemma 8.12. Then, for all continuous path (g;);¢[o,1) satisfying

lgr = fll1 <& foreveryt > to,

one has
ler@&ery —id 1l < tr).-
Notice that ¢ — p, () is continuous and tends to 0 as ¢ — 1.
In other words, the choice n; = p,(;) is convenient for t > 5. One extends
such n; for t € [0, 7] by a simple compactness argument. More precisely, one

chooses n;, t € [0, 1) so that:
e foreveryt €[0,1), 1/ > lr@)s

® 1; = Ur() for every ¢ close enough to 1;
e foreveryt € [0, t9),

n; > max Df(x) + max g,
x€[0,1]

+ max D xX) + max Do\ (x):
1€[0,t0].x€[0,1] ¢r () te[0,t0].x€[0,1] )

e { — 1, is continuous.

For this choice of 1, ¢, () is &;-robust with speed n,, concluding the proof. ]
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8.7. Group extensions in the class Gild: proof of Theorem 1.6. We are now
ready to prove Theorem 1.6:

Proof of Theorem 1.6. Let f be a C !-diffeomorphism of [0, 1], without hyperbolic
fixed point and I = [x, f(x)] a fundamental domain of f. Let G  Diff' ([0, 1])
be a group of diffeomorphisms whose supports are included in /. Assume that
G is C'-close to id; more precisely, one assumes that there is a C'-continuous
path of diffeomorphisms #;, ¢t € [0, 1), supported on /, which realizes an iso-
topy by conjugacy from the elements of G to the identity. One will prove that
the group (G, f), generated by f and the elements of G, is C'-close to the iden-
tity and admits an isotopy by conjugacy to the identity H;, ¢ € [0, 1), such that
D(H;)(0) = D(H(1)) = 1. Actually, H; will coincide with the identity in small
neighborhoods of 0 and 1.

One begins by extending the path (/);¢[o,1) to [0, 1] by Lemma 8.3, in such
a way that ||h, f(h)™' — fll1 < &, where (&1)tef0,1) s some continuous path
of strictly positive real numbers converging to 0, and that %, coincides with the
identity on a neighborhood of 0 and 1. As explained in Section 8.4, and from
Lemma 8.10, one can choose an (g;);e[o,1)-robust isotopy (c;);e[o,1) from f to
id which has equicontinuous Log-derivative, and so that «; coincides with the
identity map on small neighborhoods of 0 and 1. Then, by definition of an
(&1)€[0,1)-Tobust isotopy, one has:

lecehs f R ot —id |y = 0,
t—
and, from Lemma 8.8,

s ghyta ! —id || :0, forall g € G.

Thus H; = a;h, is the announced isotopy by conjugacy from ( f, G) to the identity.
O

9. Isotopy to the identity of groups generated by a fundamental system

The aim of this section is to prove Theorem 1.7: any group G of diffeomorphisms
of [0, 1] generated by a fundamental system is C!-close to the identity. We will
prove a slightly stronger version: the diffeomorphisms f;, are not assumed to be
simple.



Centralizers of C!-contractions of the half line 887

Theorem 9.1. Let ( f;)nen be a collection of C-diffeomorphisms of R with com-
pact support S, and without hyperbolic fixed point and, for eachn € N, let I,, be
a given fundamental domain of f, such that for all i < n,

e cither S, C I;,
e orS; C I,

o o
e orS,NS;, =o.

Then the group { f,,n € IN) generated by (fn)nen is isotopic by conjugacy to the
identity.

Let f,,n € IN, be a collection of diffeomorphisms satisfying the hypotheses of
Theorem 9.1 and let us denote by G the group generated by the f,,’s. Therefore, G is
the increasing union of the groups G, = (fo, ..., fx). According to Theorem 1.5,
if all the G,,’s are C !-close to the identity, then G is C!-close to the identity.

Therefore, Theorem 9.1 is a straightforward consequence of Theorem 1.5 with
the following finite version of Theorem 9.1:

Theorem 9.2. Let N > 0 be an integer and ( fu)neqo,...,n} be a collection of
C'-diffeomorphisms of [0, 1] without hyperbolic fixed point, with compact sup-
ports S, and, for eachn € {0,..., N}, let I, be a given fundamental domain of
fn such that, for all i < n,

e cither S, C I;,
e orS; C I,

o o
e orS,NS;, =a.

Then the group { fo, ..., fn) is C'-close to the identity. More precisely, there is
a C-continuous family {h;}:cjo.1), h: € Diffﬂr([O, 1]), supported on Uév Sy, such
that Dh;(0) = Dh;(1) = 1 and

fi Z»id, foralli €{0,...,N}.
t

9.1. Proof of Theorem 9.2. One proves Theorem 9.2 by induction on N.
For N = 0, this is precisely the main result of [6]. Assume now that Theorem 9.2
is proved for N > 0; one will prove it for N + 1.

Let fo,..., fa+1 be a collection of diffeomorphisms satisfying the hypothe-
ses of Theorem 9.2. Either the supports S;, S; of f;, fj, i # j, have disjoint
interiors, or one of them is included in a fundamental domain of the other. Let
J C{0,..., N+ 1} be the set of indices for which S; is maximal for the inclusion.
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First assume that J contains more than 1 element. Then, for every i € J the
collection { f;,S; C S;} satisfies the hypotheses of Theorem 9.2 and contains
strictly less elements than N + 1. Therefore, the induction hypothesis provides
continuous paths A%, ¢ € [0, 1), supported on S;, realizing an isotopy from all the
J;’s with §; C S; to the identity, and so that the derivatives at 0 and 1 are equal
to 1. One defines the announced family /4, as coinciding with h’; onS;,i €.

Assume now that J contains a unique element. Up to change indices, one may
assume that J = {N + 1}. Thus, the group Gy = (fo,..., fa) is supported in
the fundamental domain 7,41 of fy+1. By the induction hypothesis, there is a
C'-continuous path ¥, ¢ € [0, 1), supported on /4 and realizing an isotopy by
conjugacy from the elements of Gy to the identity. Thus, Gy and fx 41 satisfy the
hypotheses of Theorem 8.1, which provides the announced path Y !, concluding
the proof.
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