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1. Introduction

1.1. Żuk’s criterion and its generalizations toward proving property (T). For
a �nite graph L with a set of vertices VL, the Laplacian of the graph �C is an
operator on the space of real valued functions on VL which is de�ned as

�Cf .v/ D f .v/ � 1

m.v/

X

u�v

f .u/

where m.v/ is the valency of v and u � v means that there is an edge connecting
u and v. �e Laplacian is a positive operator and we denote by �.L/ its smallest
positive eigenvalue. One can generalize the de�nition of the Laplacian so it will
be de�ned for a simplicial complex X of any dimension. For such a complex the
Laplacian is again a positive operator and we denote by �.X/ its smallest positive
eigenvalue.

Ballmann and Światkowski in [2] and Żuk in [10] gave criteria for the van-
ishing of the L2-cohomology of a group � acting on a simplicial complex X ,
by considering the values of � for the links of X . More speci�cally in [2] and [10]
the following theorems were proved:
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[2, �eorem 2.5]. Let X be a locally �nite simplicial complex of dimension n
and let � be a group acting properly discontinuously by automorphisms on X .
Assume that for every simplex � of dimension k� 1, the link of �, denoted by X�,
is a connected simplicial complex and that there is " > 0 such that

�.X�/ � k.n� k/

k C 1
C ";

then

L2H k.X; �/ D 0

for any unitary representation � of �.

[10, �eorem 1]. Let X be a locally �nite simplicial complex of dimension 2 and
let � be a group acting properly discontinuously and freely by automorphisms
on X . Assume that for every vertex v, the link of v, denoted by Xv , is a connected
graph and that for every two connected vertices u; v in X we have the inequality

�.Xu/C �.Xv/

2
>
1

2
;

then

L2H 1.X; �/ D 0

for any unitary representation � of �.

In [4], the above theorems were generalized by Dymara and Januszkiewicz to a
more general setting in which � isn’t necessarily discrete but just locally compact
and unimodular.

If � acts cocompactly and properly discontinuously by automorphisms on a
contractible simplicial complex X , then the following are equivalent:

(1) � has property (T);

(2) L2H 1.X; �/ D 0 for any unitary representation � of � (see [3]);

(3) L2
H

1.X; �/ D 0 for any unitary representation � of �, where L2
H

1.X; �/ is
the �rst reduced L2-cohomology (see [3] and [8]).

�erefore the above theorems give criteria for property (T) when � acts
cocompactly and properly on a contractible locally �nite simplicial complex of
dimension 2.
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1.2. New criterion for property (T). In this article we shall generalize the above
approach to get new criteria for vanishing of L2-cohomologies for groups act-
ing on simplicial complexes. �e generalization is basically some sort of averag-
ing along a simplex of the �rst positive eigenvalues of the Laplacian at the links.
For the 2-dimensional case we get the following theorem:

�eorem 1. Let� be a locally compact, unimodular group of automorphisms ofX

acting cocompactly and properly on X such that X is a locally �nite contractible

2-dimensional simplicial complex. For a 1-simplex .u; v/ of X denote

S.u;v/ D �.Xu/C �.Xv/ � 1:

If for every 2-simplex .u; v; w/ of X the following holds:

� S.u;v/ C S.v;w/ C S.u;w/ > 0;

� S.u;v/S.u;w/ C S.u;v/S.v;w/ C S.u;w/S.v;w/ > 0;

then � has property (T).

�e di�erence between the our criterion stated above and Żuk’s criterion is
the extent of the eigenvalue averaging: Żuk’s criterion averages the �rst Laplacian
eigenvalue on edges, while the criterion stated above “averages” the �rst Lapla-
cian eigenvalue on triangles. In the notation of the theorem above, Żuk’s criterion
can be stated as S.u;v/ > 0 for each edge .u; v/ and therefore it is clear that Żuk’s
criterion is more restrictive than our criterion. Note that our criterion has an ad-
vantage only in cases where for each triangle .u; v; w/, there is an edge .u; v/ such
that S.u;v/ < 0. For instance in zA2 buildings where �u >

1
2

for every vertex u, our
criterion has no advantage over Żuk’s criterion.

�ere are some interesting examples for the above theorem coming from the
exotic a�ne buildings. Here is one such example: in [6] it is shown that the Lyons
group (which is a sporadic �nite simple group) acts on a �nite simplicial complex
Y and that the universal cover of Y is an exotic a�ne building. �is yields an
extension of the Lyons group by �1.Y /:

0 �! �1.Y / �! ALyons �! Lyons �! 0:

As it turns out, Żuk’s criterion doesn’t show that �1.Y / has property (T) but our
criterion holds and we are able to prove property (T) for �1.Y / and ALyons. More
examples regarding exotic a�ne buildings in and hyperbolic Kac–Moody groups
where our criterion holds and Żuk’s criterion fails are given in Section 4.
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Finally, let us remark that our results are stated in this introduction only for the
vanishing of the �rst cohomology (property (T)), because it is easiest to present
and is usually considered the most interesting case. In this article, we shall present
a method of “averaging” Laplacian eigenvalue along simplices that gives a vanish-
ing result for higher cohomologies. �e most accessible case (in terms of �nding
the Laplacian eigenvalue and calculating the “average”) is “averaging” the eigen-
value of 1-dimensional links over the top dimensional simplices to give raise to a
vanishing of the n � 1 cohomology (where n is the top dimension).

Structure of the paper. Section 2 is devoted to introducing the framework de-
veloped in [2], Section 3 contains the vanishing results forL2-cohomologies relay-
ing on Laplacian eigenvalue and Section 4 contains examples of groups in which
�eorem 1 proves property (T).

Acknowledgements. �e author wishes to thank his advisor Uri Bader, for many
useful conversations and much encouragement along the way. �e author would
also like to thank the Technion – Israel Institute of Technology in which a large
portion of this research was done as part of the author’s Ph.D. thesis research.

2. Framework

Here we introduce the framework constructed in [2] and slightly generalized in [4]
([2] deals only with the case where the group acting is discrete, the generalization
to the locally compact case was done in [4]). �roughout this section, X is a
locally �nite simplicial complex of dimension n such that all the links of X are
connected, excluding the 0-dimensional ones. � is a locally compact, properly
discontinuous, unimodular group of automorphisms of X such that the action of
� on X is proper and � is a unitary representation of � on a complex Hilbert
space H .

2.1. General settings. Following [2] we introduce the following notations.

(1) For 0 � k � n, denote by †.k/ the set of ordered k-simplices (i.e. � 2 †.k/
is and ordered k C 1-tuple of vertices) and choose a set †.k; �/ � †.k/ of
representatives of �-orbits.



Property (T) for groups acting on simplicial complexes 1135

(2) For a simplex � 2 †.k/ denote by m.�/ the number of n-simplices contain-
ing � without ordering, i.e. if � D .v0; : : : ; vk/ then m.�/ is the number of
di�erent unordered n-simplices which contain ¹v0; : : : ; vkº. We shall assume
that m.�/ � 1 for every � .

(3) For � D .w0; : : : ; wk/; � D .v0; : : : ; vl/ such that k � l , we denote � � � if
¹w0; : : : ; wkº � ¹v0; : : : ; vlº and � @ � if there is a monotone function

f W ¹0; : : : ; kº 7�! ¹0; : : : ; lº

such that
wi D vf .i/:

(4) For a simplex � 2 †.k/, denote by �� the stabilizer of � and by j�� j the
measure of �� with respect to the Haar measure.

(5) For 0 � k � n, denote by C k.X; �/ the space of simplicial k-cochains of
X which are twisted by �, that is, � 2 C k.X; �/ is an alternating map on
ordered k-simplices of X with values in H such that

�.
/�.x/ D �.
x/; for all 
 2 �; x 2 †.k/:

For � 2 C k.X; �/ de�ne � to be square integrable mod � if

k�k2 WD
X

�2†.k;�/

m.�/

.k C 1/Š j�� j h�.�/; �.�/i < 1

Denote by Lk.X; �/ the space of all square integrable cochains in C k.X; �/.
On Lk.X; �/ there is an Hermitian form given by

h�;  i WD
X

�2†.k;�/

m.�/

.k C 1/Šj�� j h�.�/;  .�/i; �;  2 Lk.X; �/:

Note that if � acts cocompactly on X then Lk.X; �/ D C k.X; �/. To distin-
guish the norm of Lk.X; �/ from the norm ofH we will use j:j for the norm ofH
(i.e. h�.�/; �.�/i D j�.�/j2).

For 0 � k < n, the di�erential

d W C k.X; �/ �! C kC1.X; �/

is given by

d�.�/ WD
kC1
X

iD0

.�1/i�.�i /; � 2 †.k C 1/:

Where �i D .v0; : : : ; Ovi ; : : : ; vkC1/ for .v0; : : : ; vkC1/ D � 2 †.k C 1/.
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Proposition 2.1. In [2] the following facts are proved.

(1) [2, Proposition 1.5] When the di�erential is restricted to

d W Lk.X; �/ �! LkC1.X; �/

it is a bounded operator.

(2) [2, Proposition 1.6] �e adjoint operator of d , denoted by

ı W LkC1.X; �/ �! Lk.X; �/

is

ı�.�/ D
X

v2†.0/;

v�2†.kC1/

m.v�/

m.�/
�.v�/; � 2 †.k/;

where v� D .v; v0; : : : ; vk/ for � D .v0; : : : ; vk/:

(3) [2, Corollary 1.7] For � 2 Lk.X; �/ and � 2 †.k/,

ıd�.�/ D .n � k/�.�/ �
X

v2†.0/;

v�2†.kC1/

X

0�i�k

.�1/im.v�/
m.�/

�.v�i/:

Remark 2.2. Note that if X is a 1-dimensional connected graph, k D 0 and
H D R, then ıd is the (classical) graph Laplacian.

2.2. L
2-cohomology. �e L2-cohomology of X with respect to � is de�ned as

L2H k.X; �/ D ker.d j Lk.X; �//= im.d j Lk�1.X; �//

and the reduced L2-cohomology of X with respect to � is de�ned as

ker.d j Lk.X; �//=im.d j Lk�1.X; �//:

Recall that if � acts cocompactly on a contractible X then

L2H k.X; �/ D L2H k.�; �/:

Let
�C D ıd;�� D dı;� D �C C��:

De�ne the space of L2
H

k.X; �/ of square integrable mod � harmonic k-forms

twisted by � to be

L2
H

k.X; �/ D ker.� j Lk.X; �//

D ker.�C j Lk.X; �//\ ker.�� j Lk.X; �//:



Property (T) for groups acting on simplicial complexes 1137

We have

.ker.�C j Lk.X; �///? D im.�C j Lk.X; �// D im.ı j LkC1.X; �//;

.ker.�� j Lk.X; �///? D im.�� j Lk.X; �// D im.d j Lk�1.X; �//;

and the orthogonal decompositions

ker.�C j Lk.X; �// D L2
H

k.X; �/˚ im.�� j Lk.X; �//;

ker.�� j Lk.X; �// D L2
H

k.X; �/˚ im.�C j Lk.X; �//:

In particular,

L2
H

k.X; �/ D ker.d j Lk.X; �//=im.d j Lk�1.X; �//:

So L2
H

k.X; �/ equals the reduced cohomology.

2.3. Localization. Let
�

v0; : : : ; vj

�

D � 2 †.j /, denote by X� the link of �
in X , that is, the subcomplex of dimension n � j � 1 consisting on simplices
� D .w0; : : : ; wk/ such that

®

v0; : : : ; vj

¯

; ¹w0; : : : ; wkº are disjoint as sets and
�

v0; : : : ; vj ; w0; : : : ; wk

�

D �� 2 †.j C k C 1/. �e isotropy group �� acts by
automorphisms on X� and if we denote by �� the restriction of � to �� , we get
that �� is a unitary representation of �� . Note that since X is locally �nite and the
action of � on X is proper, we get that X� is �nite and �� is compact. Denote as
in the general settings:

(1) for 0 � k � n � j � 1, denote by †� .k/ the set of ordered k-simplices and
choose a set †� .k; ��/ � †� .k/ of representatives of �� -orbits;

(2) for a simplex � 2 †� .k/ denote by m� .�/ the number of n� j � 1-simplices
containing � in X� . Note that m� .�/ D m.��/ and by our previous assump-
tion, m� .�/ � 1 for every � ;

(3) for a simplex � 2 †� .k/, denote by ��� the stabilizer of � in �� ;

(4) for 0 � k � n � j � 1, denote by C k.X� ; ��/ the space of simplicial
k-cochains of X� which are twisted by �� .

We also de�ne Lk.X� ; ��/; d� ; ı� ; �
C
� ; �

�
� ; �� and the L2-cohomology as before.

Note that since X� is �nite we get that Lk.X� ; �� / D C k.X� ; ��/.
De�ne the localization map

C k.X; �/ �! C k�j �1.X� ; ��/; � 7�! �� ;

where �� .�/ D �.��/.
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2.4. Further results from [2], [4]

Proposition 2.3. In [2],[4] following results were proven.

(1) [2, Lemma 1.3], [4, Lemma 3.3] For 0 � l < k � n, let f D f .�; �/ be a

�-invariant function on the set of pairs .�; �/, where � is an ordered l-simplex

and � is an ordered k-simplex with � � � �en

X

�2†.k;�/

X

�2†.l/

���

f .�; �/

j�� j D
X

�2†.l;�/

X

�2†.k/

���

f .�; �/

j�� j :

(2) [2, equality (1.9)] For  2 C l .X� ; �� / we have

k k2 D
X

�2†� .l;�� /

m� .�/
ˇ

ˇ���

ˇ

ˇ .l C 1/Š
j .�/j2

D 1

.l C 1/Š j�� j
X

�2†� .l/

m.��/ j .�/j2 :

(3) [2, Lemma 1.11] For 0 � k � n, � 2 †.k � 1/ and � 2 Lk.X; �/, denote by

�0
� the component of �� in the subspace of constant maps in C 0.X� ; �� / then





�0
�







2 D m.�/

.n� k C 1/ j�� j jı�.�/j2

and therefore

kı�k2 D
X

�2†.k�1;�/

n � k C 1

kŠ





�0
�







2
:

(4) [2, �eorem 1.12] Let 0 � j < k < n and � 2 Lk.X; �/ then

kŠ.kd�k2 � .n� k/k�k2/ D .k � j � 1/Š
X

�2†.j;�/

kd���k2 � .n � k/k��k2:

[2, Corollary 1.13] For 0 < k < n and � 2 †.k � 1/ de�ne a quadratic form

Q� on C 0.X� ; ��/ by

Q� . / D kd� k2 � k

k C 1
.n � k/ k k2

D
˝

�C
�  ; 

˛

� k

k C 1
.n � k/ k k2

:

�en for every � 2 Lk.X; �/ we have

kŠ kd�k2 D
X

�2†.k�1;�/

Q� .�� /:



Property (T) for groups acting on simplicial complexes 1139

2.5. Vanishing of L
2-cohomologies. �e idea (taken from [2]) for proving that

L2H k.X; �/ D 0 for every � goes as follows: prove that there is an " > 0 such
that

kd�k2 D 0 H) kı�k2 � "k�k2; for all � 2 Lk.X; �/:

�is will imply that ker.d j Lk.X; �// \ ker.ı j Lk.X; �// D 0 and therefore
ker.�C j Lk.X; �// \ ker.�� j Lk.X; �// D 0 so we get L2

H
k.X; �/ D 0.

Also, by the above inequality, we get that the image of �� j Lk.X; �/ is closed in
ker.�C j Lk.X; �//. Hence ker.�C j Lk.X; �// D im.�� j Lk.X; �// and there-
fore L2H k.X; �/ D 0. In particular, one could prove the vanishing of Lk.X; �/

for every � by showing that there is an " > 0 such that for every representation �
the following holds:

kd�k2 C kı�k2 � "k�k2; for all � 2 Lk.X; �/:

In the same manner, to prove that L2
H

k.X; �/ D 0 for every �, it is enough to
prove

kı�k2 D 0 H) kd�k2 > 0; for all � 2 Lk.X; �/:

3. Taking an “average” of Laplacian eigenvalues

In this section we shall �nd criteria for the vanishing of L2-cohomologies using
the eigenvalues for the Laplacians.

De�nition 3.1. For 0 � k < l integers de�ne M l
k

as following: let 
 be an
ordered simplex of dimension l denote F D ¹� @ 
 W dim.�/ D kº; F 0 D
¹� @ 
 W dim.�/ D k C 1º. Denote by Œ� W �� the sign of � in �, i.e. if � D
.v0; : : : ; vkC1/; � D .v0; : : : ; Ovi ; : : : ; vkC1/, then Œ� W �� D .�1/i . M l

k
is a matrix

indexed by F [ F 0 de�ned as

.M l
k/˛;ˇ D

8

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

:

x˛ if ˛ D ˇ 2 F;
Œˇ W ˛� if ˛ @ ˇ when ˛ 2 F and ˇ 2 F 0;

Œ˛ W ˇ� if ˇ @ ˛ when ˇ 2 F and ˛ 2 F;0

0 otherwise.

De�ne pl
k
.x� / to be the multi-polynomial with variables indexed by F as

pl
k.x� / D det.M l

k/:
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Example 3.2. For l D k C 1,

pl
k.x� / D �

X

�2F

Y

� 02F;� 0¤�

x� 0

notice that in this case we get

pl
k.x�/ D �r � .

Y

� 02F

x� 0/:

Remark 3.3. Notice that if 2.k C 1/ < l C 1 then

jF j D
�

l C 1

k C 1

�

�
�

l C 1

k C 2

�

D jF 0j

and therefore pl
k

is constant (if 2.k C 1/ < l then pl
k

� 0).

For every simplex � of dimension k � 1 denote by �� the smallest positive
eigenvalue of �C

� on X� (the link of �) also denote

�� D �� � k.n� k/
k C 1

:

Now for a simplex � of dimension k denote

S� D
X

�2†.k�1/;

�@�

�� :

�eorem 3.4. If there is an l > k and " > 0 such that for any 
 2 †.l; �/ one

has

pl
k.� � S�/ D 0 H) � � "

where pl
k
.� � S�/ is the polynomial obtained by placing x� D � � S� for each

� � 
 , then L2H k.X; �/ D 0 for every �.

Proof. We shall start with repeating the proof in [2].

Let � 2 Lk.X; �/ then by Proposition 2.3 (4), one has

kŠ kd�k2 D
X

�2†.k�1;�/

h�C
� .�� /; ��i � k

k C 1
.n � k/ k��k2 :
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Now denote as before �0
� to be the projection of �� on the space of constant func-

tion on X� and by �1
� its orthogonal complement. Note that since ker.�C

� / is that
space of constant function on X� (since X� is connected), we get that

h�C
� .�� /; ��i D h�C

� .�
1
� /; �

1
� i � ��k�1

� k2:

�erefore

kŠ kd�k2 �
X

�2†.k�1;�/

��k�1
� k2 � k

k C 1
.n� k/ k��k2

D
X

�2†.k�1;�/

��k��k2 � ��k�0
� k2 � k

k C 1
.n � k/ k�� k2 :

So we get

kŠ kd�k2 C
X

�2†.k�1;�/

��k�0
� k2 �

X

�2†.k�1;�/

�� k��k2 :

Note that since kd�k2 � 2.n � k/ for every � (see [2, Proposition 1.5]) then
�� � 2.n� k/ for every � and therefore

kŠ
2.n� k/

n � k C 1
kı�k2 D

X

�2†.k�1;�/

2.n � k/k�0
� k2

�
X

�2†.k�1;�/

��k�0
� k2:

So we get

kŠ kd�k2 C kŠ
2.n� k/

n � k C 1
kı�k2 �

X

�2†.k�1;�/

�� k��k2
:

Remark 3.5. At this stage, if we wanted to prove the result in [2] (every �� � "

implies the vanishing of the cohomology) we would be done, because then

kŠ kd�k2 C kŠ
2.n � k/
n � k C 1

kı�k2 � ".k C 1/Šk�k2:
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Now we shall assume that � 2 ker.d/ and show that under the condition stated
in the theorem we get that

2.n � k/
n � k C 1

kı�k2 � "k�k2

and that will �nish the proof (using the idea stated in Section 2.5).

By de�nition and Proposition 2.3 (2) we get that

X

�2†.k�1;�/

�� k��k2 D
X

�2†.k�1;�/

��

1

j�� j
X

�2†� .0/

m.��/ j�.��/j2

D
X

�2†.k�1;�/

��

1

j�� j
X

�2†.k/;

���

1

.k C 1/Š
m.�/ j�.�/j2

by Proposition 2.3 (1) we can change the order of summation and get

X

�2†.k;�/

m.�/j�.�/j2
.k C 1/Šj�� j

X

�2†.k�1/;

���

�� D kŠ
X

�2†.k;�/

m.�/j�.�/j2
.k C 1/Šj�� jS� :

Now note that

.l C 1/Š

�

n � k
l � k

�

m.�/ D
X


2†.l/;

��


m.
/:

So we get

kŠ
X

�2†.k;�/

m.�/j�.�/j2
.k C 1/Šj�� jS�

D kŠ
X

�2†.k;�/

j�.�/j2
.k C 1/Šj�� jS�

X


2†.l/;

��


m.
/

.l C 1/Š

�

n� k

l � k

�
:

and by changing the order of summation again we get

kŠ

.k C 1/Š

X


2†.l;�/

m.
/

.l C 1/Š

�

n � k
l � k

�

j�
 j

X

�2†.k/;

��


S� j�.�/j2:
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Now we shall show that, under the conditions of the theorem, for every

 2 †.l; �/ we have the the following inequality

X

�2†.k/;��


S� j�.�/j2 � "
X

�2†.k/;

��


j�.�/j2

and that will complete the proof because then we have

kŠ

.k C 1/Š

X


2†.l;�/

m.
/

.l C 1/Š

�

n � k
l � k

�

j�
 j

X

�2†.k/;

��


S� j�.�/j2

� kŠ

.k C 1/Š

X


2†.l;�/

m.
/

.l C 1/Š

�

n � k
l � k

�

j�
 j

X

�2†.k/;

��


"j�.�/j2

"
kŠ

.k C 1/Š

X

�2†.k;�/

j�.�/j2
j�� j

X


2†.l/;

��


m.
/

.l C 1/Š

�

n � k
l � k

�

"kŠ
X

�2†.k;�/

m.�/j�.�/j2
.k C 1/Šj�� j D "kŠk�k2;

and therefore we get
2.n � k/
n � k C 1

kı�k2 � "k�k2:

So we are left with proving the following inequality - for every � 2 Lk.X; �/ \
ker.d/ and for every 
 2 †.l; �/ one has (under the conditions of the theorem):

X

�2†.k/;��


S� j�.�/j2 � "
X

�2†.k/;��


j�.�/j2:

Fix 
 2 †.l; �/, �rst note that since � is alternating we get that
X

�2†.k/;��


S� j�.�/j2 D .k C 1/Š
X

�2†.k/;�@


S� j�.�/j2

and
X

�2†.k/;��


j�.�/j2 D .k C 1/Š
X

�2†.k/;�@


j�.�/j2

therefore it is enough to prove that
X

�2†.k/;�@


S� j�.�/j2 � "
X

�2†.k/;�@


j�.�/j2:
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Now we shall need the following simple but useful lemma, which is a straight-
forward generalization of [2, Lemma 2.3].

Lemma 3.6. For a �nite set F D ¹x1; : : : ; xnº, denote by C.F;H/ the space of

maps from F to H . On that space there is a natural inner product:

h�;  i D
n

X

kD1

h�.xk/;  .xk/i

and denote by k:k the norm induced by this inner product. Note that C.F;H/ D
C.F;R/ ˝ H (as a Hilbert space). Let Tj ; j D 1; : : : ; m and Mi ; i D 1; : : : ; l

be bounded linear operators on C.F;H/ so there are operators Tj;R;Mi;R on

C.F;R/ such that Tj D Tj;R ˝ id;Mi D Mi;R ˝ id . Let a1; : : : ; aj 2 R be

constants, then if there is an " such that

� 2 \ ker.Mi;R/ H)
X

j

aj kTj;R�k2 � "k�k2; for all � 2 C.F;R/:

�en also

� 2 \ ker.Mi / H)
X

j

aj kTj�k2 � "k�k2; for all � 2 C.F;H/:

Proof. Choose ¹v˛º orthonormal basis of H . For every � 2 C.F;H/ one has
�˛ 2 C.X;R/ such that � D

P

�˛ ˝v˛. Now note that � 2 \ ker.Mi / if and only
if, for all ˛, �˛ 2 \ ker.Mi;R/, so we get

X

j

aj kTj�k2 D k
X

j

Tj

X

˛

�˛ ˝ v˛k2

D
X

˛

X

j

aj kTj;R�˛k2

�
X

˛

"k�˛k2

D "k�k2; � 2 \ ker.Mi /:

Now we can use the above lemma to reduce our problem to a much simpler
one. Denote

F D ¹� 2 †.k/ W � @ 
º
and

F 0 D ¹� 2 †.k C 1/ W � @ 
º



Property (T) for groups acting on simplicial complexes 1145

and for � 2 Lk.X; �/ \ ker.d/ we can look at the restriction of � to F . Note
that � 2 ker.d/ implies that for every � 2 †.k C 1/ we have d�.�/ D 0 and in
particular, for all � 2 F 0, d�.�/ D 0. �erefore for every � 2 F 0, we de�ne M�

acting on C.F;H/ as M�� D
P

.�1/i�.�i /. For every � 2 F de�ne T� acting
on C.F;H/ as the projection on the space spanned by the indicator function of � .
If we can prove that for every � 2 C.F;H/ the following holds

� 2 \ ker.M�/ H)
X

�@


S�kT��k2 � "k�k2;

then in particular, for every � 2 C k.X; �/ we have
X

�2†.k/;�@


S� j�.�/j2 � "
X

�2†.k/;�@


j�.�/j2:

By the above lemma, it is enough to prove that for � 2 C.F;R/ we have

� 2 \ ker.M�/ H)
X

�@


S� kT��k2 � "k�k2

and if we denote �.�/ D x� we get the following problem: prove that
X

�2†.k/;�@


S�x
2
� � "

X

�2†.k/;�@


x2
�

under the constraints

kC1
X

iD0

.�1/ix�i
D 0; for all � 2 F 0:

since both sides of the inequality we are trying to prove are quadratic, without loss
of generality it is enough to prove that

X

�2†.k/;�@


S�x
2
� � "

under the constraints
X

�2†.k/;�@


x2
� D 1;

X

�2F;�@�

Œ� W ��x� D 0; for all � 2 F 0:



1146 I. Oppenheim

�is is a problem of �nding a minimum of a function in R
jF j under constraints

which de�ne a compact set in R
jF j and so we can use the Lagrange multiplier

theorem. De�ne the Lagrange function to be

ƒ.x� ; ��; �/

D
X

�2†.k/;�@


S�x
2
� � 2

X

�2F 0

��

�

X

�2F;�@�

Œ� W ��x� � �
X

�2†.k/;�@


x2
� � 1

�

(the 2 multiplying
P

�2F 0 is added for convenience)
So for every � 2 F we get a equation by derivation of ƒ by x� :

2S�x� � 2�x� � 2
X

�2F 0;�@�

Œ� W ���� D 0

if we multiply every such equation by x� and add them up (over all � 2 F ) we get

2
X

�2†.k/;�@


S�x
2
� � 2�

�

X

�2†.k/;�@


x2
�

�

� 2
X

�2F 0

��

X

�2F;�@�

Œ� W ��x� D 0

and by the equations coming from the constraints we get

X

�2†.k/;�@


S�x
2
� D �:

So the minimum is some � which is a part of a vector .x� ; ��; �/ which solves
rƒ D 0.

Treat � as a parameter and consider the system of linear equations in .x� ; ��/

.� � S�/x� C
X

�2F 0;�@�

Œ� W ���� D 0;

X

�2F;�@�

Œ� W ��x� D 0:

Note that from
X

�2†.k/;�@


x2
� D 1

the minimum is obtained only if this system of equations has a non trivial solution,
that is only if the determinant is zero, but this determinant is exactlypl

k
.��S� / and

by the conditions of the theorem we know that for every root � of this polynomial
we have � � " and so we are done.
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Now �eorem 1 is proven as a corollary:

Corollary 3.7. Let � be a locally compact, properly discontinuous, unimodu-

lar group of automorphisms of X acting cocompactly on X such that X is a lo-

cally �nite contractible 2-dimensional simplicial complex. If for every .u; v; w/ 2
†.2; �/ the following holds:

� S.u;v/ C S.v;w/ C S.u;w/ > 0;

� S.u;v/S.u;w/ C S.u;v/S.v;w/ C S.u;w/S.v;w/ > 0;

then � has property (T).

Proof. By the above theorem it is enough to prove that for every .u; v; w/ 2
†.2; �/ all the roots of p2

1.� � S.u;v/; � � S.v;w/; � � S.u;w// are positive.
We have

p2
1.� � S.u;v/; � � S.v;w/; � � S.u;w//

D .� � S.u;v//.� � S.v;w//

C .� � S.u;v//.� � S.u;w//

C .� � S.v;w//.� � S.u;w//

one can �nd the roots of the polynomial explicitly and the roots of this polynomial
are positive if and only if

� S.u;v/ C S.v;w/ C S.u;w/ > 0,

� S.u;v/S.u;w/ C S.u;v/S.v;w/ C S.u;w/S.v;w/ > 0.

Remark 3.8. �e above corollary gives some intuition to the nature of the criteria
given in theorem 3.4. Intuitively speaking, the condition takes an “average” of the
eigenvalues of Laplacians corresponding to di�erent links of a simplex and if this
“average” is large enough for each simplex, then the cohomology vanishes.

4. Examples

In this section we’ll present examples for which our 2 dimensional criterion for
property (T) holds and the Żuk’s criterion fails. Both type of examples will involve
Tits buildings. We shall not present the theory of Tits buildings apart from saying
that they are simplicial complexes for which that the links of dimension 1 are
generalized polygons introduced below. �e interested reader can �nd a good
introduction to the subject of buildings in [1].
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4.1. Generalized polygons. A generalized m-gon (or in another name, a 1-di-
mensional spherical building) is a connected bipartite graph L D .V; E/ of di-
ameter m and girth 2m in which each vertex lies on at least two edges. Denote
V D V1 [ V2 were V1; V2 are the two sides of the graph (there is an edge be-
tween two vertices only if one belong to V1 and the other to V2). A generalized
m-gon is said to have parameters .s; t / if every vertex in V1 has valency s C 1

and every vertex in V2 has valency t C 1. A generalized m-gon is called thick if
s � 2; t � 2. A theorem by Feit and Higman [5] states that a thick m-gon exists
only if m D 2; 3; 4; 6; 8. Moreover, Feit and Higman computed the smallest pos-
itive eigenvalue for the Laplacian on general m-gon of type .s; t / and those are
given in the list below.

(1) Form D 2 the generalizedm-gon is a complete bipartite graph and the small-
est positive eigenvalue of the Laplacian is always 1 (is does not depend on
.s; t /).

(2) For m D 3 one always have s D t and the generalized m-gon is the �ag
complex of a projective plane. In that case the smallest positive eigenvalue
of the Laplacian is

1 �
p
s

s C 1

(3) For m D 4 the smallest positive eigenvalue of the Laplacian is

1 �
s

s C t

.s C 1/.t C 1/
:

(4) For m D 6 the smallest positive eigenvalue of the Laplacian is

1 �

s

s C t C
p
st

.s C 1/.t C 1/
:

(5) For m D 8 the smallest positive eigenvalue of the Laplacian is

1 �

s

s C t C
p
2st

.s C 1/.t C 1/
:

4.2. Exotic 2-dimensional a�ne buildings. Recall 2-dimensional a�ne build-
ing is a 2-dimensional simplicial complexX for which the links of all vertices are
generalized thick m-gons such that if .u; v; w/ is a simplex in X and Xu; Xv; Xw

are generalized mu; mv; mw-gons respectively, then

1

mu

C 1

mv

C 1

mw

D 1:
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�ere is a way to construct a�ne buildings from local �elds, but there are examples
of 2-dimensional a�ne buildings that do not arise from a local �eld. Below is a
table of examples of �nite simplicial complexes whose universal cover is an exotic
2-dimensional a�ne building (i.e. the fundamental group of those complexes acts
cocompactly and freely on an exotic building). �ose examples are interesting in
our context because they fail to meet Żuk’s criterion for property (T), but they meet
our criterion given in corollary 3.7. In the table below the �rst column indicates
the Coxeter diagram of the �nite simplicial complex (with .s; t / written above
every link), the second column indicates the universal cover and the last column
indicates the reference from which the example was taken.

Table 1. Examples of �1 groups acting on exotic a�ne buildings which meet out criterion.

diagram universal cover reference
sDtD5 sDtD5

zG2 [6], 4th example

sD3;tD9 sD9;tD3
zC2 [6], 2th example

sD3;tD5 sD3;tD5
zC2 [7, C.6.10]

We will show that the �rst of those examples meets our criterion (checking the
other two examples is left to the reader). In the �rst example, there are three types
of links:

(1) bipartite graph in which � D 1 and therefore

N�1 D 1

2
;

(2) generalized 3-gon with s D 5 in which

N�2 D 1

2
�

p
5

6
;

(3) generalized 6-gon with s D t D 5 in which

N�3 D 1

2
�

p
15

6
:
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�erefore

N�2 C N�3 D 1�
p
5C

p
15

6
< 0

so Żuk’s criterion does not hold, but

N�1 C N�2 C N�3 D 3

2
�

p
5C

p
15

6
> 0

and

. N�1 C N�2/. N�1 C N�3/C . N�1 C N�2/. N�2 C N�3/C . N�1 C N�3/. N�2 C N�3/ D

D 3
5

9
C 15

p
3

36
� 4

6
.
p
5C

p
15/ > 0

therefore the criterion stated in the corollary holds.

Remark 4.1. �e �rst example indicated in the table above is a �nite simplicial
complex on which the Lyons sporadic group acts. �is is the example mentioned
in the introduction. As mentioned in the table, more details about this simplicial
complex and its connection to the Lyons group can be found in [6] (4th example).

It is also of some interest to indicate which cases property (T) is still unsettled
for exotic 2-dimensional a�ne buildings. �e table below compares the minimal q
needed to assure property (T) using our �eorem 1 and [10, �eorem 1] for exotic
a�ne buildings of uniform thickness q (i.e. s D t D q for all the generalized
polygons). One can see that for buildings of type zC2 and zG2 there are still unsettled
cases when the thickness q is less than 4.

Table 2. Comparison of criteria for 2 dimensional a�ne buildings of uniform thickness.

Building type minimal q by [10, �eorem 1] minimal q by �eorem 1
zA2 2 2

zC2 7 4

zG2 7 4

4.3. Hyperbolic buildings. A Dynkin diagram is of hyperbolic type, if it is not
of �nite or a�ne type, but every proper subdiagram is �nite or a�ne. A Dynkin
diagram is of hyperbolic compact type if it is not of �nite or a�ne type, but every
proper subdiagram is �nite. A Dynkin diagram is called symmetrizable if the
associated generalized Cartan matrix can be written as a product of a diagonal
matrix and a symmetric matrix.
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For every compact hyperbolic and symmetrizable Dynkin diagram and every
�nite �eld Fpr , Tits [9] constructed a Kac–Moody group, acting cocompactly
on an hyperbolic building with thickness q D pr C 1. We will deal only with
cases in which the Dynkin diagram is symmetrizable, compact that has 3 vertices.
Such Dynkin diagram is a triangle with m1; m2; m3 labels on the edges where
mi D 2; 3; 4; 6 and 1

m1
C 1

m2
C 1

m3
< 1. Checking symmetrizablity of the gen-

eralized Cartan matrix in this case is straightforward and will not be done here.
We note that since our criterion is only depends on the links, we only care about
the Coxeter group associate with the diagram and the thickness of the building
and not with any �ner details of the building structure.

Since the links are again generalized polygons, we can use the results of [5]
again for the smallest positive eigenvalue of the Laplacian of each link. �e table
below compares the minimal q needed to assure property (T) using our �eorem 1
and [10, �eorem 1] (cases in which both theorems give the same q were omitted).

Table 3. Comparison of criteria for 2 dimensional hyperbolic buildings.

Coxeter diagram minimal q by �eorem 1 minimal q by [10, �eorem 1]

10 12

6 9
8 12
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