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Random walks on nilpotent groups
driven by measures
supported on powers of generators

Laurent Saloff-Coste and Tianyi Zheng!

Abstract. We study the decay of convolution powers of a large family u s , of measures on
finitely generated nilpotent groups. Here, S = (s, ..., sx) is a generating k-tuple of group
elements and a = (oy,...,ax) is a k-tuple of reals in the interval (0,2). The symmetric
measure jis o is supported by S* = {s/",1 < i < k, m € Z} and gives probability
proportional to (1 + m)_"‘i_1 to sl.im, i =1,...,k, m € N. We determine the behavior of
the probability of return ug")a (e) as n tends to infinity. This behavior depends in somewhat
subtle ways on interactions between the k-tuple a and the positions of the generators s;

within the lower central series G; = [G;—1.G], G1 =G.
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1. Introduction

Generating sets play an essential role in the theory of countable groups. This is
obvious when a group is defined by generators and relations or when a group is
defined as the subgroup generated by a given finite subset of elements in a much
larger group. In this context, the larger ambient group serves as a sort of “black
box” that encodes the law of the group.

Given a group G with finite symmetric generating set A, the simple random
walk on G can be interpreted as a way to randomly explore the group G. Starting
at the identity element e, the position of the walk at time » is the product &; ... &,
where the G-valued random variables §; are independent equidistributed with law
given by the uniform probability on the set A. More generally, given a probability
measure i on G, the random walk driven by p corresponds to taking the sequence
(&) tobei.i.d. with law y and the position at time 7 has distribution 1, the n-fold
convolution product of p with itself. In particular, Po(£;...&, = ) = u®™(e).
In the case of the simple random walk based on the generating set 4, u = |A| ™ 14.

Not surprisingly, many aspects of the behavior of these random processes are
closely related to the algebraic and geometric property of the underlying group G.
Harry Kesten introduced this question in his Ph.D. thesis published in 1958. One
of Kesten’s fundamental results states that, for a random walk driven by a symmet-
ric measure with generating support, the probability of return, P.(§;...&, = e),
decays exponentially fast if and only the group G is non-amenable. See [16, 15].

1.1. The measures u s ,. This is the first of a series of papers where we study a
natural family of random walks driven by measures w5 , which are defined as fol-
lows. The letter S represents a finite generating tuple, i.e., alist S = (s1, 52, ..., k)
of generators (repetitions are permitted). In addition, we are given a k-tuple a of
(extended) positive reals a = (a1, ®2,...,0), @ € (0,00]. The measure us 4
allows long steps along any of the one-parameter group (s;) = {s/': n € Z},
1 <i < k. The probability of such a long step along (s;) is given by a power law
whose exponent «; is the i-th entry of the tuple a. Namely, we set,
k

ps.a(e) = £ Yo el@) 30+ Im) M p(e) (1.1

i=1 meZ
where

c@™ =) (1+mh=
VA

We make the somewhat arbitrary convention thatif « = oo then (1+|m|)™*"! =0
unless m = 0, £1 in which case (1 + |[m|)™*~! = 1. Note that j s, is symmetric,
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that is, satisfies s ,(g7") = ws.a(g). We can also describe ws , as the push-
forward of the probability measure p, on the free group Fy on k generators s;,
1 <i <k, which gives probability

Ha(s7™) = k™ (@) + [m) ™" to s
Indeed, if & is the projection from Fy onto G which sends s; to s;,

us,a(g) = Ha(”_l(g))-

On Z, the power laws jy (k) = c(a)(1+|k|)~*~! are very natural probability
measures. For « € (0,2), ity can be viewed as a discrete version of the symmetric
stable laws which is the probability distribution on R whose Laplace transform
is e 1V1°,

The main result of this paper, Theorem 1.2 below, describes the behavior of

ne— ,ug"l (e)

when G is any given finitely generated nilpotent group, S is any given finite gen-
erating tuple of elements of G and the entries of the tuple @ are in (0,2). What
makes this problem interesting is the interaction between the nature of the long
jumps allowed in the directions of each generators and the non-commutative struc-
ture of the group. As we shall see, the behaviors of the random walks driven by
the measures jig 4 capture a wealth of information on the algebraic structure of G.

Because of the results of [19] — in particular, Theorem 1.9 stated below — the
very precise form of the measure ps , defined at (1.1) is not really essential in
determining the behavior of n ,u(S"Zl (e). Indeed, any symmetric measure v on
G such that cv < g, < Cv will satisty

vEM(e) < Kudl(e) and p§(e) < Kv™(e)
for some k, K independent of #.

1.2. The case of Z%. In the G = Z, one can apply classical Fourier analysis
techniques or the results from [10] to find that if a = (ai)’f € (0, 0ol and we set

a = min{e;} and & = min{a, 2}

then
n-l/a if o # 2,

(n)
P (0) =
S (nlogn)~V2 ifa =2.
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Here and in the rest of this paper ~ and ~~ are used with the following meaning.
For two functions f, g defined either over the positive reals or the natural numbers,
we write

f~eg
(usually, at O or infinity), if
lim f/g = 1.
We write
f=g

if there are constants c¢; such that

c1f(cat) < g(t) < c3f(cat)

(in a neighborhood of the relevant value, usually O or infinity). We recommend to
restrict the use of ~ to cases where one of the two functions f or g is monotone.
In the next simplest case where

e G=7?={(x,y): x,y € Z},
e S =1{(1,0),(0,1)},and

o a = (a1,07) € (0, 0],

it is not hard to see that /LF;L (e), e = (0, 0), behaves as follows. Set

a = min{w, 2},

and
y =#{i:0 =2}
(1) If 2 € {1, a2}, then

1§ (e) ~ clar,a)n™b p

(2) If2e {061,062}, then

w§(e) = n~V (logn) /2.
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We briefly review what happens when G = Z¢ and S = (s1.....sx), k > d.

By hypothesis, S is generating. Givena = (oy,..., o), we extract from S a
d-tuple ¥ = (o1, ...,04) using the following algorithm. Set ¥, = {01 = s;,}
where ;;, = min{e;: 1 <i <k}. Fort > 1, if

¥ =(01,...,0¢), O1=58j,...,01 =,

have been chosen, pick o;,4+1 = s;,,, in {s;: 1 < i =< k} with the properties
that o, ., = min{e;: j & {i1,....i;}} and the rank of the lattice generated by
Y41 = Xy U {or41} is (strictly) greater than the rank of the lattice generated
by ;. Note that the final d-tuple ¥ might not generates Z¢ but does generate a
lattice of finite index in Z¢. Set a(X) = @iy iy).

Theorem 1.1. Let G = Z%. Let S = (si)’f be a generating k-tuple. Let a =
(oz,-)]f € (0,00%. Let = = (0,-)‘11 and a(X) be obtained from (S, a) by the algorithm
described above. Set

and

where & = min{«, 2}. Then we have

w8 (e) = u®, 5 (e) = n~ VP [logn] 71

With some work, this result can be extracted from [9] which treats a much
larger class of examples. More precisely, Griffin explains in [9] how to construct
what he call a minimal orthonormal basis (MONB) of R? adapted to a given
probability distribution (that drives a random walk on R¢ but can be supported on
74 asin our case). In the general case treated by Griffin, the choice of the (MONB)
may change with the number of steps n taken by the random walk but in our case,
the (MONB) will stay essentially the same for all n. Indeed, in the case of interest
to us, Griffin algorithm [9, page 239] to pick the (MONB) is, in a sense, equivalent
to the algorithm described above to pick ¥ and the vector subspace spanned by
the first i vectors on the (MNOB) essentially coincides with the vector subspace
spanned by the first i generators in X. Further, each vector in the (MONB) comes
equipped with a scaling coefficient that captures the natural scaling of the random
walk in that particular direction. These scaling coefficients are directly related to
the entries in a(X). For each entry «(0;) of a(X), the associated scaling coefficient
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is n=1/*@) if ¢ (0;) € (0,2), n~? is a(o;) > 2 and (nlogn)~V/2 if a(0;) = 2.
The computation of these scaling coeflicients (in [9] as well as in what follows)
is directly related to the (directional) truncated second moments associated to the
probability measure driving the random walk in question.

1.3. The main result in its simplest form. The goal of this paper is to prove the
following theorem together with more sophisticated assorted results.

Theorem 1.2. Let G be a nilpotent group equipped with a generating k-tuple
S = ()% and a = (a;)* € (0, 00]%. Assume that the subgroup generated by
{si: a; < 2} is of finite index in G. Then there exists a real D > 0 depending on

(G, S, a) such that

(n)

Ps q(€) = nP.

This statement suggests further questions including the following three.
e Can we compute D? how does it depends on S, a and G?

e What happen if the subgroup generated by {s; : @; < 2} is not of finite index
in G?

e What happens on other groups? In particular, how does Theorem 1.2 gener-
alize to finitely generated groups of polynomial volume growth?

The first question will be answered completely in this paper. Indeed, we would
not be able to prove the above theorem without a detailed understanding of how to
compute the real D. In particular, D belongs to the subring of the reals generated
by the inverses of the o; with o; < 2. The exact value of D depends in an intri-
cate and interesting way on (a) the commutator structure of G, (b) the position
of the generators s; in the commutator structure of G and (c) the values of the
parameters «;. See Theorem 1.8 in the next subsection.

The second question is rather subtle and will not be completely elucidated in
this paper although some partial results will be obtain in this direction including
what we believe is a sharp upper-bound. See Theorem 4.8. A technically very
challenging goal would be to extend the abelian results of Griffin [9] in the context
of nilpotent groups.

In its full generality, the third question is too wide ranging to be discussed here
in details. Partial results for various classes of groups (e.g., some classes of solv-
able groups and free groups) will be discussed elsewhere. The question regarding
groups of polynomial growth is tantalizing but appears surprisingly difficult to
attack.



Random walks on nilpotent groups 1053

1.4. Why studying the measures 15 ,? Since this is a long paper devoted to the
random walks driven by the measures s 4, the question of why these measures
are interesting should be addressed. The theory of random walk is about under-
standing how the algebraic structure of the underlying group G and the properties
of the measure driving the random walk interact and are reflected in the behavior
of the random walk itself. If the measure is symmetric finitely supported then the
central stage is taken by the algebraic structure of G (some may prefer to say, its ge-
ometry). Next, suppose that G is equipped with a “norm” || - || (|lg”!|| = llgll > O,
lgigz2ll < llg1ll + llgz2]l and | g|| = O only if g = ¢). Then one may want to under-
stand the behavior of the random walks driven by “radial” measures of the type
v(g) = 1/¥(|lgl)- See Section 1.7 and Theorem 5.1 for results in this direction. In
this case, the role played by the underlying group structure is very weak and may,
in some cases, disappear entirely. See [1, 2] and the references therein. Further
these radial measures are rather abstract objects. Take for instance the case when
| - || is the word-length | - | associated with a finite set of generators. If a group
element g is given to us in one way or another, it is rather unlikely we can actu-
ally compute precisely |g| (this, of course, is related to question about (geodesic)
normal forms). Unless we can determine ||g||, we just do not know what exactly
v(g) is. How could we, for example, simulate the random walk driven by v? Even
taken at a rhetorical level, this is a compelling question.

From this point of view, the measures jts , (and there natural generalizations
based on other classes of one dimensional measures) are among the rare natural
examples of explicitly defined probability measures on a group. The present work
demonstrates how, in the case of nilpotent groups, the behavior of the associated
random walks is determined by a rich interaction between the algebraic structure
of the group and the parameters defining s 4. Further evidence of the interest of
these walks are provided in [24], especially, the proof of Theorem 1.5 in [24].

1.5. Weight systems and the value of D. The goal of this section is to give the
reader a clear idea of the key ingredients that enter the exact computation of the

real D governing the behavior of M?L (e) in Theorem 1.2.

Consider S = (s1, ..., sg) as a formal alphabet equipped with a weight system
to which assigns weight w; € (0, 00) to the letter s;, 1 < i < k. We extend our
alphabet by adjoining to each s; its formal inverse s;!. Using this alphabet, we
build the set €(S, m) of all formal commutators of length m by induction on m.
Commutators of length 1 are the letters in S*!. Commutators of length m are
the formal expression ¢ of the form ¢ = [c1, c2] where ¢y, ¢, are commutators of
length mq,my > 1 with my + my = m.
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The commutators of length 2 are (the 1 must be understood here as indepen-
dent of each other)

[s=.sF. 1<ij <k

The commutators of length 3 are

+1 _+1 +1 +1 +1 _+1
([s; . s; ]’Se 1. [si . [s; Y 11

1<i,jl<k.

For 1 <iy,i»,13,i4 <k, the commutators of length 4 are

+1 +1 +17 *£1 +1 +1 £1 +1 +1 +1 :I:l
[[[Sil ’siz ’S ]’Si4 ]’ [[Sil ’[Siz ’Si3 ]]’Si4 ’ [ ll ’ 12 ] [Sl3 ’ l4 ]
+1 +1 *1 +1 +1 +1 +1 *1
[Sil 4 [Siz ’ si3 ]’ Si4 ]]’ [Sil ’ [Siz ’ [si3 ’ si4 ]]

To any formal commutators we can associate its build-word and its group-word.
The build-word of a commutator ¢ is the word over S that list the entries of ¢ in
order after one removes brackets and +1. So, the build-word of

+1 17 [ k1 E1
c=Is;; »si, L sy s, 1]

is

Si18i58i38iy-
The group word is the word on S*! obtained by applying repeatedly the group
rules

-1

[c1,¢2]" = [c2,c1] and [cl,cz]=c1_1c2_lclcz.

So the group-word of
¢ = [[si. 57", s¢]

is

S/‘Sl-_ISj_ISiSZISi_ISI'Sl'Sj_ISZ.
Definition 1.3 (power weight systems). Given a k-tuple (sy, ..., sg) of formal
letters and a k-tuple (wq, . . ., wg) of positive reals, define the weight system tv on

€(S) by setting (inductively)
w(c) = wl(cy) + w(cp) if ¢ = [c1, ¢a).

Let
Wy <Wp <---<Wj <---

be the increasing sequence of the weight values of the weight system tv. For
j=12,...,let Cj'-" be the set of all commutators ¢ with w(c) > w;.
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Clearly, the weight of a formal commutator is the sum of the weights of the
letters appearing in its build-word. If S = (s, 52) and

wy =3, wy=13/2,
then the weight-value sequence is
wy =3, Wy =06, w3 = 13/2, w4 =9,

II)S = 12, II)G = 25/2, lI)7 = 13,

Given a group G generated by a k-tuple S = (s1,...,S¢), any finite word @
on the alphabet S*! has a well defined image 7 () in G. Similarly, any formal
commutator ¢ on the alphabet S*! has an image in G given by its group-word
representation.

Definition 1.4 (group filtration associated to w). Let G be a nilpotent group

equipped with a generating k-tuple S = (s1,...,Sx) and a weight system tv gen-
erated by (w1, ..., wy) € (0, c0)¥. Set
Gf’ = (&}).

That is, G}“ is the subgroup of G generated by the images of all formal commuta-
tors of weight greater or equal to w;. Let j« = j«(G, S, ) be the smallest integer
such that G}? | = {e}.

Example 1.1. Let G be the discrete Heisenberg group

1 x =z
G = 01 y|:x,y,z€Z
0 0 1
Let
1 1 O\
s1=X=101 0],
0 0 1
1 1 O\
ss=Y=101 0],
011
1 0 5
s3=2Z2>=101 0],
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and
wp = 1, w2=3/2, w3 = 3.

In this case, the increasing sequence w; is given by
wy =1, wa=3/2, w3=2, wg=5/2,
ws =3, we=7/2, ...,
and we have
Gg = {e}.

GP = {sk: k e 7},

1 0 z
Gy =Gy = 01 0]):z€eZy;,
0 0 1
1 0 z
Gy = 01 y|:y,zel;,
0 0 1
G{"=G.

Proposition 1.5. Referring to the setting and notation of Definition 1.4, for all
j=1,2..., we have G/m D G;-”H and [G, G]“’] - G;-“H. In particular,

G:G‘I"QG;’Q...QG;}’Q...QGJ.‘ZDGJ‘T:_H:{e}

is a descending normal series with [G°, G’] € G1*, ;.
Proof. Recall thatif X, Y are subsets of G, [X, Y] denotes the subgroup generated
by {[x,y]: x € X,y € Y}. Recall further that

[(X).(Y)] = [X, Y]&)IT)

where the right-hand side is the group generated by all conjugates of [X, Y] by
elements of the form g = xy, x € (X),y € (Y). Since [f1, fj] € €}, for all
fredy, fje Q}?’ and

[G. G}l = [e}, ¢F1¢

it follows that
[G.GP1 < (G )°.
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Thus a descending induction on j shows that the groups G* are all normal sub-
groups of G and that
[G.G’] € G}%,.

Note that it may happen that G = G7, | for some values of j, 1 < j < jx.
For instance, it may happen that all formal commutators of a certain weight are
trivial in G. In Example 1.1, G} = G} because all commutators of weight w3 = 2
are obviously trivial. O

Definition 1.6. Referring to the setting and notation of Definition 1.4, let
R} = rank(G;"/G}* )
be the torsion free rank of the abelian group GI* /G, .

By construction, the images of the formal commutators of weight w; form a

generating subsetof G /G, j =1,2,..., jx. By definition, the torsion free

rank of this abelian group is the minimal number of elements needed to generates
G /G, modulo torsion.

Definition 1.7. Referring to the setup and notation of Definition 1.4, set

J

D(S.w) =Y i rank(G]/Gy).
1

Note that D (S, tv) depends on the weights values w; as well as on the algebraic
relations between elements of S in G (via the rank of the group G*).
Example 1.1 (continued). In Example 1.1, we have j. = 5,
GY/GE =Z. GP/GY =Z/SL. GP/GY = {0},

GY/GY =7 GY/GY =17,

Hence
rank(G2/Gg) =1,
rank(GY /G2) = rank(GY /G}) = 0,
rank(GY' /GY) = rank(G/GY) =1
and

D(S,w)=1+3/2+3=11/2
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since
wy =1, wy=3/2, w3=2, wg=5/2,
ws =3, we=7/2,
Example 1.2. Assume that the weight w; are all equal, namely,
w,=v, [=1,...,k.
Then the weight-value sequence is given by
w; = ju

and j, is equal to the nilpotency class of G. In this case, the descending normal
series G}” is the lower central series defined inductively by

e G =G,
e Gi =[G,Gj_1],] =2,

and
D(S,w) =vD(G),
where
Jx

D(G) =) jrank(G;/Gj+1). (1.2)
1

Theorem 1.8. Let G be a nilpotent group equipped with a generating k-tuple
S = ()% and a = (@)X € (0, 00]%. Assume that the subgroup generated by
{si: a; <2} is of finite index in G. Consider the weight system to(a) = o induced
by setting w; = 1/a&; where @ = min{2, a}. Then

nsy(e) = n=PEm
with D(S, w) as in Definition 1.7.

Example 1.3. Let G be the discrete Heisenberg group equipped with the gen-
erating triple S = (s;)3 has in Example 1.1. Let a = (;)3. In this case, the
condition that {s;: o; < 2} generates a subgroup of finite index is equivalent to
a1,z € (0,2). Let to be as defined in Theorem 1.8. Then

1 1 1 1 1
D(S,w) = — +——|—max{— +—,—}.
o1 (0% o1 0z o3
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1.6. Some background on random walks. Given a finite symmetric generating
set A, we set
|x|4 = inf{k: x € A}

(since A% = {e}, by convention, |e| = 0). This is called the word-length of x (with
respect to the generating set A). With some abuse of notation, if S = (s1, ..., )
is a generating k-tuple, we write | - |g for the word-length associated with the
symmetric generating set {sl.il, 1 <i < k}. The volume growth of G (with respect
to A) is the function

Va(r) =#{g: |gla = r}.
The ~-equivalence class of the function V4 is independent of the choice of A. It
is a group invariant called the growth function of G.

We say that a probability measure ¢ is symmetric if

$p=9¢
where
d(x) =p(x7Y), xeG.

The Dirichlet form associated with ¢ is the quadratic form

Eo(f ) =5 Y2 1100 = FQPS0).

x,yeG

This form is fundamental in the study of random walks because of the following
basic result.

Theorem 1.9 ([19]). Assume that ¢, are two symmetric probability measures on
a countable group G. If £y < C &y, then

1p(2kn)(e) < 2¢(2n)(6) + 26_2]‘"’ k=[C]+2.

This theorem will be use extensively in the present paper. In [19], it is used to
prove that the long time asymptotic behavior of the probability of return is roughly
the same for all random walks driven by symmetric measures with generating
support and finite second moment.

Theorem 1.10 ([19]). Assume that ¢ is a symmetric probability measure on a
finitely generated group G with finite symmetric generating set A. Let uy be the
uniform probability measure on A. If ¢ satisfies

> lglig(g) < oo (1.3)

geG
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then there are constants k, C such that
U™ (e) < C¢CM (o).
Further, if ¢ satisfies (1.3) and ¢ > 0 on a finite generating set then
6@ () = u(e).

This theorem implies that, if A and B are two symmetric finite generating sets
of the group G, we have uf”) (e) ~ ug”) (e). Further, for any symmetric ¢ with
finite second moment and generating support, ¢?" (e) ~ ul(;')(e). In this sense,
the equivalence class of the function n — uf”) (e) under the equivalence relation

~~ is a group invariant. This group invariant, which we denote by &g, i.e.,
oG (n) = ul™(e), (1.4)

has been studied extensively ([19] shows that ® is invariant under quasi-isome-
tries). In particular,

n—D/2 if G has volume growth V(r) ~ r?,

g (n) >~ {exp(—n'/3) if G is polycyclic with exponential volume growth,

exp(—n) if G is non-amenable.

Nilpotent groups belong to the first category and have D = D(G) given explicitly
by (1.2). Many other behaviors beyond the three mentioned above are known to
occurs and their are many groups for which ®¢ is unknown. See, e.g., [22, 23]
and the references therein.

To explain how Theorem 1.10 applies to the measures us, defined at (1.1),
we need the following definition.

Definition 1.11. Let G be a nilpotent group with descending lower central se-
ries G;. The commutator length £(g) of an element g of G is the supremum of
the integers £ such that g™ € G, for some integer m. In particular, by definition,
torsion elements have infinite commutator length.

Corollary 1.12. On any finitely generated group G equipped with a generating
k-tuple S, we have
(€)= @G (n) = n~ PO

forall k-tuple a = (ay, ..., ar) such that a;€(s;) > 2 foralli =1,... k.
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Proof. Ttis well known that for any fixed g € G, we have |g"|s ~ n!/¢(®) (see also
Proposition 2.17 where a more general version of this fact is proved). It follows
that, as long as the k-tuple a satisfies the condition stated in the corollary, us 4
has finite second moment. Hence, Theorem 1.10 implies ,u(”) (e) ~ Dg(n) as
desired. U

As a consequence of the more detailed results proved in this paper, we can state
the following complementary result.

Theorem 1.13. Let G be a nilpotent group equipped with a generating k-tuple S.
Let a € (0,00]F. If there exists i € {1,...,k} such that (c;, €(s;)) = (2, 1) or
a;L(s;) < 2 then we have
lim [nP©@/2,% ()] = (1.5)
n—o0o

Regarding (1.5), we conjecture but are not able to prove that the sufficient con-
dition provided by Theorem 1.13 is also necessary. See Theorems 5.11-5.12.

1.7. Radial stable laws. Let G be a finitely generated group with symmetric
finite generating set A. Set B, = {g: |g|la < m}. Define the radially symmetric
“stable law” on G with index o € (0, 2) to be probability measure

hal®) = ca 3 (1 4 myet 22 @ - Z<1+m)‘“

= Va(m)

Note that pq is well defined for all @ > 0 and that

Zlglﬁ,ua(g) <oo forall0< B <o < oo.
g

It is observed in [20, 21, 27] that
Va(n) = cen®, foralln = p™(e) < Cn=P/®, forall n.
In addition, by [13, 4], for a given group G and for some/any « # 2,

Va(n) ~ en? = pWe) ~cn P% G=min{2, a}. (1.6)

In fact, if we assume that the group G has polynomial volume growth V(n) ~ n®

then
a(g) =~ (1 + |gla) P~
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Further, it follows from [13] that, for any « € (0, 2), there are constants c¢; (), c2(«)
such that

cr(@) e < va < c2(0) e

where v, denotes the measure that is a-subordinated to u4 in the sense of ([5]),
that is,

o0

N F(l’l—Ol) )
Ve = 21: TI—o)l(n+1)4

Moreover, for any « € (0, 2),
n(e) ~ v (e) ~ n=P/* foralln e N.

In [24], motivated by applications given below, the authors prove the following
complementary statement regarding the behavior of 5.

Proposition 1.14 (Special case of [24, Theorem 1.5]). Assume that G has polyno-
mial volume growth Vs(n) ~ n?. Then we have

3 (e) = (nlogn)~P/2.

The lower bounds on Mg’L (e) obtained in this paper are proved by establish-
ing Dirichlet form comparisons involving appropriate generalization of the above
radially symmetric stable measures and using Theorem 1.9.

1.8. Background on nilpotent groups. The classical setting for the study of ran-
dom walks is the lattice Z4. See [25]. Since this work is concerned with random
walks on nilpotent groups, we briefly discuss some of the similarities and dif-
ferences between the lattice Z¢ and finitely generated nilpotent groups. We also
describe three basic examples.

The most fundamental similarity between a finitely generated nilpotent group
G and the lattice Z¢ is that, assuming that G is torsion free, there exists a real
nilpotent Lie group G such that G can be identified with a discrete subgroup of G
with compact quotient G/G. In other words, G is a (co-compact) lattice in G in
exactly the same way that Z¢ is a lattice in R¢ (except that the quotient is not a
group, in general). This is a fundamental result of Malcev. See, e.g., Philip Hall
famous notes [12]. However, simply connected real nilpotent Lie groups and their
lattices are classified only in very small dimensions. See [8]. For instance, there
are essentially 5 distinct “irreducible” simply connected real nilpotent Lie groups
of dimension 5. In dimension 6, there are 34. In high dimension, the classification
is unknown and there are continuously many different isomorphic classes.
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From a technical viewpoint, the study of random walks on abelian groups is
mostly based on the use of the Fourier transform (see [25]). Although the rep-
resentation theory of (real) nilpotent Lie groups is well developed, it has proved
very hard to use this theory to study random walks (except in some very particular
cases). For these reasons, the study of random walks on nilpotent groups is often
based on techniques that are rather different from the classical techniques used in
the abelian case. This is certainly the case for the present work.

Example 1.4. Let U(d) be the group of all upper triangular d x d matrices over
7. with diagonal entries equal to 1. This group is a lattice in the nilpotent real Lie
group U(d) of all upper triangular d x d matrices over the reals with diagonal
entries equal to 1. Let E; j, 1 <i < j < d, be the matrix in U(d) with all non-
diagonal entries equal to 0 except for the entry in the i-th row and j-th column
which equals 1. These elements are related by

EijE¢m =08 ¢Eim.
Further,
Eij =[Eii+1. [Eitrit2,---. [Ej—2,j—1, Ej—1,j]---]].

In particular, the (d — 1)-tuple S = (Ei,iH)f_l is generating. For any m =
1,...,d — 1, the elements {E; j+m: 1 <i < d —m} can be expressed as commu-
tators of length m on S*! and form a minimal generating set for the subgroup

U(d)m = [U(d). U(d)m-1]

in the lower central series of U(d). The nilpotency class of U(d) is d — 1, that is,
any commutator of length greater than d — 1 equals the identity in U(d).

Any matrix M = (m; ;) in U(d) can (obviously) be written uniquely (order
matters!)

d-1 k-1
= TT(TT&80)

k=1 i=0
where the m; ; are simply the entry of the matrix M. Much less trivially, there is
also a unique expression of the form

d-1 d-1
=TT (T &)
=1 i=

where (m] )1=i<j<n is obtained from (m;,;)1<i<j<n by a polynomial bijective
transformation with polynomial inverse.
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Since A = {Efilﬂ, 1 <i <d — 1} generates U(d), it is of great interest to
describe the word length |M |4 of a matrix M € U(d) in terms of the coordinate
systems (m; ;)1<i<j<q and (mg,j)15i<jsd- The answer is essentially the same in
both cases, namely,
Mlax 30 fmag VT 3T
1<i<j<d 1<i<j<d
This well known (but non-trivial) result is the key to the volume growth estimate
d—1
Voay,a(r) = rPU@D - DUd) =Y id i)
i=1
and to the assorted random walk result (see, e.g., [28]) @pay(n) ~ n~PU@)/2,
If we set
S =(si = Eii+1){ ",

then for any a = (o;)¢~! € (0,2)“~! our main result yields

Jj—1

ugnjl(e) ~n P, D= Z Z ai'

I<i<j<dm=i "
Example 1.5. The free nilpotent group of nilpotency class £ on k generators ,
N(k,£), can be defined as the quotient of the free group on k generators by the
normal subgroup generated by the images of all formal commutators of length
greater than £. This group has the (universal) property that it covers any £ gen-
erated nilpotent group G of nilpotency class £ with a covering homomorphism
sending the canonical generating k-tuple of N(k, {) to the given generating k-

tuple of G.
Marshal Hall gave a description of N(k, ) in terms of the so-called “basic
commutators”. See [11, Chapter 11]. Let (s, . . ., sx) be the canonical generators of

N(k,£). Define the ordered set of all basic commutators ¢; < --- < ¢; using the
following inductive procedure.

(1) s1,...,sg are the basic commutators of length 1 and s; < 55 < --- < s by
definition;

(2) for each m the basic commutators of length m are all commutators of the form
¢ = [c¢’, ¢”"] with ¢/, ¢” basic commutators of length m’, m” with m’ + m"” =
m such that ¢/ > ¢” and, if ¢/ = [d’,d"] (d,d’ basic commutators) then
C// > d//;

(3) commutators of length m come after commutators of length m — 1 and are
ordered arbitrary with respect to each other.
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By a theorem of Witt (e.g., [11, Theorem 11.2.2]), the number of basic commu-
tators of length m on k generators is

Mi(m) =m™ > p(d)k™?,
d|m

where p denotes the classical Mobius function. M. Hall proved that the basic
commutators of length m form a basis of the abelian group N(k, £),,/N(k, £)m+1
for 1 < m < £ and that any element g of N(k, ) can be written uniquely

t
g:Hcfi, x; € Z.
1

Moreover, the length of g with respect to the generating set A = {sl.il} satisfies

t
Igla = Y fxi M
1

where m; is the commutator length of ¢;. This gives the volume growth estimate

4 L
Va(r) = rPVED DN 0) = Y mMicim) = 3 > ()™

m=1 m=1d|m

and the assorted random walk estimate @yt ¢ (n) ~ n~ PN &D)/2

In this case, the main result of the present work, together with Witt’s theorem
(e.g., [11, Theorem 11.2.2]), gives that for any k-tuple a = (ai)’f € (0,2)%, we have

,ugnzl () ~nP

Example 1.6. Let G be the group
G = (up,....ug, tui,u;] = 1w t] = ujpr,i < ugt] =1)

defined by generators and relations. This group is nilpotent of nilpotency class ¢
and it is generated by S = (s; = uy, s = t) with G, generated by {u;: i > m}.
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In this case, we have
DG (n) = n~ P02,

with
D(G)=1+L(+1)/2.

If we let a = (g, ) € (0,2)2, our main result yields ,ug”’l(e) ~ n~P with

L Ire-ny2

aq (0%

D =

In any of the above examples, we can also consider other choices of generating
tuples. For instance, in the current example, we can fix j € {1,...,£ — 1} and
consider the generating 3-tuple S; = (s; = uy,52 = 1,53 = uj41) witha' =
(o), &b, ) € (0,2)3. In this case, our main result yields

ugj_),a,(e) ~n~P
with
1 1+—-1)¢/2
L, e
o oy
1 1 j
if—,f—/‘i'i,,
D= oz O
)l 14+ =Dj2 t—F (E—j-D—j)/2
L/Jr (J/)J/_l_ /J+( J )/( J)/
o o, 03 o,
1 1 j
a3 o 0

2. Quasi-norms and approximate coordinates

This section describes results of an algebraic and geometric nature that play a key
role in our study to the random walks driven by the measures us , defined at (1.1).
One of the basic idea in the study of simple random walks on groups (i.e., the
collection of random walks driven by the uniform probability measures u4 where
A is a finite symmetric generating set) is that the notion of “volume growth” of
the group leads to basic upper bounds on uf”) (e): the faster the volume growth,
the faster the decay of the probability of return. In the case of nilpotent group, this
heuristic leads to sharp bounds. Indeed, for any given D > 0, V4(n) ~ n® if and

only if uf”)(e) ~ n=D/2 See [28].



Random walks on nilpotent groups 1067

The estimates of MSS"L (e) obtained in this work are based on a similar heuristic
which requires us to define appropriate geometries associated with the different
choices of S and a. This section defines these geometries and develop the needed
key results.

2.1. Weight systems and weight-functions systems. We refer the reader to sub-
section 1.5 for notation regarding words and formal commutators over a finite al-
phabet S*1, S = (s1,...,5k).

Definition 2.1 (multidimensional weight system). Given a k-tuple (wy, ..., wg)
with
w; € (0,00) x R4, 1<i<k,

let to be the weight system
: €(S) 3¢ —> w(c) € (0,00) x R4™1
on the set ¢(S) of all formal commutators on S*! defined by

w(s; ) = w;
and
w(c) = w(cr) + w(ca),
if c = [c1, c2]. Let
Wy <Wp <o <Wj < -

be the ordered sequence of the values w(c) when ¢ runs over all formal commu-
tators and (0, oo) x R4~ is given the usual lexicographic order.

Note that we always have w([c1, ¢2]) > max{w(c1), w(cz)}.

Definition 2.2. Foreach j = 1,...,let ;(S) be the set of all formal commutators
of weight at least w;. If G is a group generated by a k-tuple S = (s1....,5%),
let

G’ =(¢;(9))

be the subgroup of G generated by the image in G of €;(S). Assuming that G is
nilpotent, let j. = j.(tv) be the smallest integer such that
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The proof of the following proposition is the same as that of Proposition 1.5.

Proposition 2.3. Referring to the setting and notation of Definition 2.2, assume
that G is nilpotent. Then, forall j = 1,2..., we have Gjr.U D G]'."Jrl and [G, G]'."] -

Gm

e In particular,

G:G‘I"QG;’Q...QG;}’Q...QGJ.‘ZDGJ‘T:_H:{e}

is a descending normal series with [G}”, G"] € G, . We let R}® be the torsion

free rank of the abelian group G7° /G, .

Definition 2.4 (Weight-function system). Given increasing functions
Fi:[1,00) — [1,00),

we define the weight-function system § to be the collection of functions

F.:[1,00) — [1,00), ¢ € €(S),

by setting inductively

and
F. = F, F., ifc=]ci.ca]

Remark 2.5. According to Definitions 2.1-2.4, if the build-sequence of the com-
mutators ¢ of length £ is (uy,...,ug) € S* then

L l
w(c)=2w,~, Fc(r)=l_[Fi(V)-
1 1

Remark 2.6. A key collection of examples of weight systems are the (one-di-
mensional) power-weight systems introduced in 1.3 where w; € (0, c0). Such a
weight system is naturally associated with the weight-function system of power
functions where F;(r) = r¥i. In the context of the study of the random walks
driven by the measures us 4, these power weight systems and associated power
function systems are relevant to the case when a = (ozl-)llc € (0,2)k.

Example 2.1. In order to study the measures pg , with tuples a with o; = 2 for
some j, it is necessary to introduce weight functions of the type 2 log r. To allow
for such functions, one can consider the two-dimensional weight systems built on

w; = (u;,v;) withu; >0andv; € R, 1 <i <k.
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In this case a natural compatible weight-function system would be
Fi(r) =r"loge + )], 1=<i<k.

Example 2.2. When dealing with more general measures than us 4, it makes
sense to consider multiparameter weight functions such that

Joiwaw3(r) = r¥[log(e +r)][log(e +1og(e + )", v1 € (0,00),v2.v3 € R,

together with the natural associated lexicographical order on the parameter space
(v1, v2, V3).

Example 2.3. The functions considered in the previous example are special case
of regularly varying functions. Recall that a slowly varying function (at infinity)
is a positive measurable function £: (0, 00) — (0, o0) such that, for any A > 0,
£(Ax)/£(x) — 1as x tends to infinity. A regularly varying function of index @ € R
is a function of the type ¢ — t*{(¢) where £ is slowly varying. We refer the reader
to the classical treaty [6] for details on the basic definitions and the many classical
properties and techniques related to the notion of regular variation. Functions
of regular variation appear in our context in several different ways including via
natural generalizations of the definition of us 4 at (1.1).

In what follows we will mostly use weight-function systems 5§ such that there
exists C > 1 such that

2Fi(r) < Fi(Cr), F;2r) < CF;(r) foralli e {l,....k},r>1. (2.1

Further, we will often make the assumption that we are given a weight system to
and a weight-function system 7§ that are compatible in the sense that there exists
C > 1 such that

w(c) < w(c)foralle, ¢’ < F.(r) < CFu.(r)forall r. (2.2)

Note that under these two hypotheses, w(c) = w(c’) is equivalent to F, >~ F,.
In this case, except for notational convenience, it is obviously somewhat redundant
to use both tv and § since they contain more or less the same information.

Definition 2.7. Referring to the setting and notation introduced above, assume
that the weight-function system § and the weight system to satisfy (2.1) and (2.2).
Forany j = 1,..., jx, let F; be a function such that for any commutator ¢ with
w(c) = wj, we have

Fj ~ F,.
(The function F; corresponding to commutators ¢ with w(c) = w; should not be
confused F; = Fj,).
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In the following definition, given a finite tuple X of elements of a nilpotent
group G, we let Q(X) be the set of all finite words with formal letters in X U X!,
For w € Q(X), we write m(w) to denote the corresponding element of G. For
w € Q(X)and o € ¥, let deg, (w) is the number of occurrences of 0+ in w.

Definition 2.8. Let G be a nilpotent group generated by S = (s1,...,5¢).
Let 1o, § be a weight system and associated weight function system on a gener-
ating k-tuple S which satisfy (2.1) and (2.2). For any tuple X of elements in €(S),
set

Fs = F,
where w(c) = min{w(c): o € X}. For g # e, set

llgll=,5 = min{r > 1: there exists w € Q(X) such that
g = n(w) and
deg, (w) < F. o Fy'(r) forall ¢ € Z}.

By convention, |le|z,z = 0. Set also

0(2.3.r)={g€G: F5'(Igls.5) <r}.

Further, when S and tv, § are fixed, set

Igllcom = lIgll5.com = llgllecs)s:  lgllgen = I€ll5.en = €55

and
Ocom(r) = Q(&€(S),35.7r), Qgen(r) = O(S,5.7).
Note that Fg = Fes)-

According to this definition an element g € G has norm | g|| s,z less or equal
to r if and only if we can find a word w in the generators and their inverses that
represents g € G and satisfies the size condition

max (Fs (F”! (deg,, @)} <.

Remark 2.9. If ¥ generates G then || - ||z 5 is a quasi-norm on G (see 5.1 below
for a precise definition). It is a norm on G (i.e., satisfies the triangle inequality) if
each of the functions {F. o Fy, 1 ¢ € X}, defined on [1, 0o) can be extended to a
convex function on [0, co) that vanishes at 0.
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Example 2.4. The simplest example is when the weight system t is one dimen-
sional, generated by w(s;) = w; € [2,00), and the associated weight function
system § is generated by F;(r) = r™i. In this case, it will sometimes be conve-
nient to write || - [|s,w for || - [[s,5 (resp. || - [| 5,0 for || - [[,5)-

Example 2.5. For further illustration, consider the groups Z> equipped with its
natural generating 3-tuple S = (s;)3 and the discrete Heisenberg group (see Ex-
ample 1.1) equipped with the generating 3-tuple S = (s1 = X, 50 = Y, 53 = Z)
where X is the matrix with x = 1,y = z = 0 and Y, Z are defined similarly. Set
Fi(r) = r3/2, Fy(r) = r?log(e +r), F3(r) = r?, y > 3/2, and let § be the asso-
ciated weight-function system (we let the reader define the natural 2-dimensional
weight system tv that is compatible with §).

On Z3, it is clear from the definition that

|y[3/4
log(e + |y|)3/*’

On the Heisenberg group, it is not immediately obvious how to compute the
|| - [|3,gen-norm of the element

1(x, ¥, 2)[|5,gen =~ max {|x|, |z|3/(2y)},

o - %
— < N

1
8x,y,z = 0
0

Theorem 2.10 below (and the fact that the matrix representation of gy . . is unique)
leads to the conclusion that

|ly|3/4

3/(2y) :
“Togte + o ! y} ity >17/2

€2.y.zl5.gen = max {|x|

and

|y [* L

log(e + [y)**" [log(e + |z])]3/”

.2 n = max {15, biryzsy <o

One can check (without much trouble) that || - ||3,cen satisfies the triangle
inequality in this case (on either Z or the Heisenberg group). We shall see that
this choice of weight-function system is relevant to the study of the probability
measure (4 on G such that

1
wu(s?) is proportional to —————,  n € Z.
’ 1L+ |n|F 1 (In])
We will use this example to illustrate some of our main results in the rest of the

paper.
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The following theorem contains some of the key geometric results we will need
to study the walk driven by measures of the type s ,. We say that a finite subset B
of a finitely generated abelian group A is free if B is a basis of a free Z-submodule
of A.

Theorem 2.10 (1v- F-adapted coordinates). Let G be a nilpotent group equipped
with a generating k-tuple S = (s1,...,5¢). Let v, § be weight and weight-
function systems on S satisfying (2.1) and (2.2). Let RJ'." be as in Definition 1.6.
Let ¥ = (c1,...,ct) be a tuple of formal commutators in €(S) with non-
decreasing weights w(cy) < --- 2 w(cy). Letmj, j =0,..., ji« be defined by

{ciiw(e) =wjf={c:mj_1 <i <mj}.

Assume that (the image of) {c; : w(c;) = w;} generates G]‘.‘3 modulo G]‘."+1 and that
{citmj_y <i =mj_1 + RY}is freein G /G, ,. Then the following properties
hold.

o There exists a constant C = C(G, S, §) such that foranyr > 1, if g € G can
be expressed as a word w over €(S) with deg.(w) < F.(r) for all c € €(S)
then g can be expressed in the form

ro Fi(r) ifmj—1+1<i<RP,
g:l_[cix’with|x,-|§Cx ! ! /
ie1 1 ifR]‘.”+1§i§mj.

o There exist an integer p = p(G, S,5§), a constant C = C(G, S,§) and a
sequence (i1, ...,ip) € {1,...,k}? such that if g can be expressed as a word
w over €(S) with deg,(w) < F.(r) for somer > 1 and all c € &(S) then g
can be expressed in the form

p
g = S:] with |x]|§CF,J(V)
j=1

This important theorem will be proved in the last section of this article. See
also Theorem A.22 for an additional improvement of the the last statement of
Theorem 2.10. Note that in the decomposition g = [ s;7, the sequence (i;)%

j=1%i; >
is independent of the group element g. ’
The proof of the following simple corollary is omitted.



Random walks on nilpotent groups 1073

Corollary 2.11. Referring to Definition 2.8, the quasi-norms || - ||com and || - || gen
defined on G satisfy
[ - ||gen > |- llcom overG.

Further, referring to the t-tuple ¥ = (c1, ..., cs) of Theorem 2.10, we have
F'(lI-|

Remark 2.12. In the case when the generators s; are given equal weight-functions,
ie, F; =F;,1 <i <j <k,thequasi-norms || - ||s,3, | - [|z,5 and || - ||e(s),5 are
all comparable to the usual word-norm | - |s.

E,%') = FS_I(” : ”com) over G.

2.2. Norm equivalences. In this section, we briefly discuss how changing weight
functions affect the quasi-norms || - ||com and || - [|gen introduced in Definition 2.8.

Definition 2.13. Let G be a countable nilpotent group equipped with a generating
k-tuple S = (s1,..., ) and a (possibly multidimensional) weight system tv as
above. For each g € G, let

Jr(g) = max{j: there exists u € IN such that g¥ € G,‘”}

Let core(tv, S) be the sub-sequence of S obtained by keeping only those s; such
that w(s;) = w;, (s)-

By construction, we always have w(s) < w;_ (s). Those generators s € S with
w(s) < wj(s) are, in some sense, inefficient. The following proposition makes this
precise and motivates this definition.

Proposition 2.14. Any formal commutator ¢ € €(S) whose image in G is free
in G]’."/ G]’.‘J+1 must only use letters in core(w, S). In particular, referring to the
sequence of commutators ci, ..., c; in Theorem 2.10, any formal commutator c;
withi emj_y +1,....mj_1 + R]‘.’3 must only use letters in core(rv, S).

Proof. Assume that the image of ¢ is in the torsion free part of G*/G %, and
involves s ¢ core(S), say ¢ = [c/,[s,c”]]. Then there exists u € IN such that
s¥ e Gﬁs) with W) > w(s) (where we write j(s) = jw(s)). From the linearity
of brackets, we have
" =, [s".c"] mod G},
while [¢/, [s*, ¢"]] € G[*, | since s* € G]’.‘ES) with wj(s) > w(s). Therefore
¢"=0 mod G},,.

This contradicts the assumption that ¢ is free in G;*/G}% ;. The proposition fol-
lows. =



1074 L. Saloff-Coste and T. Zheng

Definition 2.15. Let G be a countable nilpotent group equipped with a generat-
ing k-tuple S = (s1, ..., sx) and a (possibly multidimensional) weight system tv
as above. Let ¥ = (cy,...,c;) be a sequence of formal commutators as in The-
orem 2.10. Let core(iv, S, X) be the sub-sequence of S of those letters ss that
appear in the build-sequence of one or more of the formal commutators ¢; € X
withi € U?:ll{mj_1 +1,...,mj_1 + RJ'-"’}.

Remark 2.16. Proposition 2.14 shows that, for any sequence ¥ of formal com-
mutators as in Theorem 2.10, we have

core(iv, S, ) C core(, S).

In what follows, given two tuples S = {s1,...,5%), ® = (61,..., 0) of ele-
ments of G (possibly of different length k, x), we write S C © if there is a one to
onemap J: {l,...,k} — {I,...,«} such that s;;) = 60; in G. This applies, for
instance, to the “inclusion” core(tv, S, ¥) C core(to, S) in the previous remark.
Abusing notation, we will sometimes use the same letter s to denote an element
of S and the associated element in ©.

Proposition 2.17. Referring to the setting and notation of Theorem 2.10, for each
g € G either G is a torsion element and ||g"||com = 1 for all n or

lg" lcom ~ Fs OFj_l(”) where j = jw(g). (2.3)

Proof. 'The upper bound is very easy. Let « be such that g* € G]“’, J = Jr(g).
Since g* is in G}” it can be written as word w using formal commutators of weight
at least w;. Hence, g“”* can be written as a word w,, namely, w repeated n times.
Obviously, if w(c) > w;, deg.(w,) < deg.(w)n. By definition, this implies
18" lcom < CFsoF;!(n). The estimate ||¢"[lcom < C'Fs oF; ! (n) easily follows.

The lower bound is more involved. Using Theorem 2.10, it suffices to show that
any writing of g“” as a product

t
g =[]¢" with x| < Cfori €| Jmp—1+RY +1.....mp}  (24)
1 h

.....

a constant 7' (independent of g but depending on the structure of G, S, the weight
system tv and the constant C appearing in the above displayed equation) such that
for any n and any writing of g“” as above we have

xi| <T foralli <my_.h<]. (2.5)



Random walks on nilpotent groups 1075

The proof is by induction on # < j. There is nothing to prove for # = 1. Assume
that # + 1 < j and that we have proved that |x;| < T for all i < mj_;. Since
g“.g"" € G, the product o = []""~' ¢;" is in G}°. Since |x;| < T,i < mp_y,

0 = [li=m,_, ¢ With |z;| < T’ where T’ depends only on G, S, tv, T but not on

g,n. Computing in G’ modulo G, , we have
mp
g =[] ¢ =e modGp,,.
mp_1+1

The last equality holds because g” € G;” and h + 1 < j. Since

{th_l—l—l’ < Cmy +R}'l°}

isfreein G’ /G’ | andsup; |z;| < T, sup{|x;|: mp—1 + R +1 <i <mp} <C,
there is a constant 7” depending only on G, S, w, C and T’ such that |x;| < T”
fori € {mp—y +1,...,mp—1 + R}}. This proves (2.5).

On the one hand, since j is the largest integer such that g% € G}." for some u,

it follows that for any n we can write

m;j mj_l_;’_Rer
Kn __ Yi o : A
g = l_[ ¢;' mod G, with E |yil > cn
i=m;_1+1 i=m;_1+1

and
max{|y;|: mj—1 + R +1<i <mj} <C’.

On the other hand, since any writing of g“” as in (2.4) satisfies (2.5), the same
reasoning as in the induction step for (2.5) gives

m;

Kkn __ YVi—Xi—zi _ o
gt = 1_[ c; =e mod G}’

1
mj_1+1

with |z;| < T. Since {¢;: mj_1 + 1 <i <mj_; + RJ'."} is free, the facts that

mj_l_;’_Rer

Z lyil > en,  max{|y;[: mj—1 + R} +1<i <m;} <C’

i=m;_1+1
and |z;| < T together imply that

mj_l-f-RJr-":J

Z |xi| > c'n.

i=m;_1+1

Hence, [ g*" [lcom =~ Fs o ;' (n). O
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Theorem 2.18. Let G be a countable nilpotent group equipped with two gener-
ating tuples S, S’ and associated multidimensional weight systems to, w’ as well
as weight function systems §,§’ satisfying (2.1) and (2.2). By definition, Fs and
Fg, are the weight functions associated with the smallest weights in v and w’,
respectively. Let ¥ = (c1,...,¢;) be a sequence of formal commutators as in
Theorem 2.10 applied to (S, w0, §).

(1) Assume that S’ O core(t, S, X) and F. > F; for all s € core(t, S, X). Then
(Fs)~'(lglls5) < CFs ' (lglls,3), forallg €G.
(2) Assume that, for all s € S', F <F;_ (). Then

(F$) ' lgllsz) = cFs'(lgls,z). forallg €G.

Proof. To prove the first statement, referring to the notation used in Theorem 2.10,
Set

11:Uj{mj_l+1,...,mj_1+R;-"}, L =A{l,....,t}\

and recall that any any g € G can be written as

! -1 .

i Fe, (Fg (Igllcom)) ifi € Iy,
g:HC;C" lx;| < C

1 1 ifi € .

By hypothesis, Fc/l_ > F,, fori € I,. Further, each ¢;, i € I5, is a product of
elements in S’. Hence, we obtain an expression for g as a word @ on formal
commutators on S’ with

deg,(w) < CF/(Fg ' (lIgllcom))-

This proves that (F¢,)~'(lIglls’,z7) < CFs'(lglls,3) as desired.
To prove the second statement, apply Theorem 2.10 to (S’, ', §) to write any
g € G as a product

p
g=[1e)" withly| < £ o (Fs)™ lglls )
1

where s/ ;€S " (note that the sequence (i;) and the integer p are fixed and inde-

pendent of g). By Proposition 2.17 and the hypothesis F;_ sy > F; forall s € §’,
we obtain that FS_I(”g”S’%’) < C(Fé/)_1(||g||5/,g/) as desired. O
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Corollary 2.19. Let G be a countable nilpotent group equipped with two gen-
erating tuple S, S’ and associated multidimensional weight systems 1, o’ with
function systems §,§ satisfying (2.1) and (2.2). Let ¥ = (cy,...,c;) be a se-
quence of formal commutators as in Theorem 2.10 applied to (S, v, F). Assume
that there exists C € (0, 00) such that the following two conditions are satisfied:

(i) core(to, S, X) C S" and CF] > Fs for all s € core(w, S, X);
(i) Fy <CFj (5 foralls eSS’
Then
(Fs)"'(lglls') = Fs'(lglls,s) forall g € G.

In particular,
#O(S",§.r) ~#0(S.5,r) forallr > 0.

Example 2.6 (continuation of Example 2.5). Consider the discrete Heisenberg
group as in Example 2.5 equipped with the generating 3-tuple

S=@G1=X,52=Y,53=2) and S ' =(s;=X,5,=7Y).
Set
Fi(r) = F{(r) = r*/2,
Fy(r) = Fy(r) = r*log(e + r),
FEr)=r", y>3/2,

and let §, § be the associated weight-function systems. The natural 2 dimensional
weight systems tv, " are generated by

w; = w) = (3/2,0),
wy = whH = (2,1),
wsz = (y,0).

The first observation is that core(tv, S) = (s1, 52, 53) if y > 7/2 and core(t, S) =
(s1,82) if 3/2 <y < 7/2. It follows that,

lglls 3 = lglls,g forallg e G,

if y € (3/2,7/2] whereas these norms are not equivalent if y > 7/2.
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3. Volume estimates

This section gathers some of the main results we will need regrading volume es-
timates for the balls Q (S, §, r) introduced in Definition 2.8. It also addresses the
question of how changes in the weight-function system affect these volume esti-
mates.

We start with a general and very flexible result which admits a rather simple
proof. In this theorem, the weight-function system § is not necessarily tightly
related to the weight system to. The proof of this theorem will be given in the last
section of this paper.

Theorem 3.1. Let v be a multidimensional weight system as in Section 2.1.
Assume that we are given weight functions F;, 1 < i < k satisfying (2.1).
Let ¥ = (c1,...,cs) be a s-tuple of formal commutators on {siil 1 <i <k}
Assume that, for any h, the family {c; : w(c;) = wy} projects to a free family in the
abelian group Gy /G’ .
(i1,....im) €{1,....k}M, depending on ¥ such that for any r > 0 there exists a

subset Kx(r) C G satisfying the following two properties:

Then there exist an integer M = My, and a sequence

(1) #Ks(r) = [[@F () + 1)

i=1
2) geKs() = g=[1"%, s;/5 1] < Fij (r).
Further, every s; L1 =j = M, belongs to the build-sequence of at least one
cp € 2.

Theorem 3.1 is very useful for comparing the volume growth associated with
different “weight-function systems”. See the proof of Theorem 3.4 below.
Next we state and prove sharp volume estimates related to Theorem 2.10.

Theorem 3.2. Referring the setting and notation of Theorem 2.10, we have
j* 1o
#O(C(S), T, r) 2 #0(X,5,r) ~ #0(S,§,1r) ~ 1_[ Fj(r)Rj .
j=1

Remark 3.3. Assume that the weight system tv is unidimensional, generated by
(wi)’f € (0, 00)*, and the weight-functions F; are power functions F;(r) = r™i,
i=1,...,k. Then

0O(S,§.r) = rPE

with D(S, tv) as in Definition 1.7.
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Proof. The equivalences

#0(C(S).§.r) 2 #O(X.§.r) > #0(S.5.7)

and the upper bound

Jx
#0(2.5.1) = C [ K™

Jj=1

follows immediately from Theorem 2.10 and inspection.
The lower bound

Jx
#O(Z.5.r) = c [[F;(0%
j=1

requires an additional argument. Note that Q (X, §, r) contains the image in G of

jx mj—1tR;

IT I1 < Ixl<Fy@).

j=li=m;_;+1

Further, it is not hard to check that

mj_1+R; mj_1+R;
Xi __ Yi
[1 IT &= II «
J i=m;_1+1 J o i=m;_1+1
implies
VES
Xi = Yi, iEU{mJ-_l—i-l,...,mj_l—i-Rj}.
j=1
The desired lower bound follows. O

Theorem 3.4. Let G be a countable nilpotent group equipped with two generat-
ing tuples S, S’ and associated multidimensional weight systems v, w’ as well as
weight function systems §,§’ satisfying (2.1) and 2.2. Let ¥ = (c¢1,...,¢;) be a
sequence of formal commutators as in Theorem 2.10 applied to (S, o, F). Assume
that S’ O core(t, S, X) and that

F;>F; foralls € core(w, S, X).

Then

Jx (') o Js(r0) o
#0(S'. ¥~ [ F;™ =#05.5.n~ [[ EOY.
j=1

Jj=1
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Assume further that there exists o € S’ such that F] > ¥; (5. Then

Fo(r)

#Q(S/’S;/’r) > C(F ( )(r)
Jro o

J#0(S.5.1).

Proof. Since core(ivo, S, X) C S’ it follows that, for any ¢; € X, Fc/i is well de-
fined as the product of F; with s € core(to, S, X) C S’. Use the collection of
commutators ¢;, i € {m;_1 +1,....,mj_1 + R]‘?”}, j =1,..., jx in Theorem 2.10
with the weight system o and weight-function system §’. For each r, Theorem 3.1
provides a set K(r) € G such that

Ji(w) mj—1+RP

#k = [T [ F.o (3.1)

j=1 i=m;_j+1

and, by Theorem 2.10 , Theorem 3.1 and the definition of core(iv, S, X),
K(r) ClgeG: ligllsiy < Fi(r)h
By Theorem 3.2, it follows that, for all r,
#K(r) <#0(S".¥.r).

By hypothesis, F; > Fy if s € core(to, S, X). Hence we have Fc/i > F,
(i.e., w'(¢c;) = w(c;)). By (3.1) and Theorem 3.2, this implies

J(10) w
#K(r) > c 1_[ F,7.

Jj=1

This proves the first statement.

Suppose that there exists 0 € S’ such that w'(s) > Wj,, (). Set jo = jw(0).
In the sequence of commutators ¢, . . ., ¢; used above, consider the the free family

{eitie{mjp—1+1,...,mj,—1 + R]'-?)}} in G}E/G}EH-

By hypothesis, there exists an integer u such that o* € G7 is free in G2 /G . ;.
Since a maximal free subset of {o*} U {c;: i € {mj,—1 +1,...,mj,—1 + R]’-‘(’)}} in
G /G, containing o must contain R elements, we can replace one of the ¢;,
say ¢;, by o" so that the R?-tuple so obtained is free in G7/GF ;.
Let by = ¢; if i # ix, b, = o¥ F' = F/ ifi # ix, F*(r) = FJ(r/lul),
and apply Theorem A.4. The desired result follows. U
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4. Random walk upper bounds

This section is devoted to obtaining upper bounds on the return probability of a
large collection of random walks including those driven by the measures us g.
Generalizing one of the approaches developed in [28] for simple random walks,
we will make use of appropriate volume growth estimates and of the notion of
pseudo-Poincaré inequality.

4.1. Pseudo-Poincaré inequality. Let G be a group generated by a finite sym-
metric set A. Then it holds that for any finitely supported function f on G,

I fe — fII3 < Calglialf f) (4.1)
where .
alf ) =5 Yoy = fWP
xeG,yeA

This expression is the Dirichlet form associated with the simple random walk
based on A. Inequality (4.1) captures a fundamental universal property of Cayley
graphs. In [28], it is proved that this simple property implies interesting upper-
bounds on u/(f") (e) in terms of the volume growth function Vy4.

The main result of this section is a pseudo-Poincaré inequality adapted to prob-
ability measure of the form

k
(@ =k i) (g). (4.2)
j=1neZ
where (s1, ..., Sg) is a generating k-tuple in G and the p;’s are probability mea-
sures on 7 with truncated second moment
Sin) =Y m*ui(n) 4.3)
|m|<n
satisfying
Si(n) = en®* % Li(n), & €(0,2], 4.4)

for some slowly positive varying functions L;, 1 < i < k. Under these circum-
stances, we let F; denote the inverse function of n > n% /L;(n). The function F;
is a regularly varying function of positive index 1/&; € [2,00). In addition, we
assume that the u;’s are essentially decreasing in the sense that there is a constant
C; such that

ni(n) < Ciui(m), foralli=1,...,k,0<m<n, . 4.5)



1082 L. Saloff-Coste and T. Zheng

Example 4.1. The measure ps , witha = (ozl-)llc € (0, 00) satisfies

n?>~% ifa; €(0,2),
Gi(n) ~ qlogn ifo; =2,
1 if ; > 2.

Hence, in this case, we have @; = min{¢;,2} and L; = 1 exceptif o; = 2 in
which case L;(n) = logn.

We will make use of the following general result (which is essentially well-
known). We let C.(G) be the set of all finitely supported function on G and set

Je(x) = f(xg).

Theorem 4.1. Let G be a finitely generated group. Let | be a symmetric proba-
bility measure on G. Assume that for each r > 1 there is a subset K(r) of G such
that

I fe = fl53 = Cor&u(f. f), forallg e K(r). (4.6)

and
#K(r) > v(r), forallr>1. 4.7)

where v is increasing and regularly varying of positive index (see Example 2.3).
Let  be the right-continuous inverse of v. Then there is a function ¥ ~ v such
that the Nash inequality

LAIZ < WA FIT/NSIDERS 1) forall f e LH(G). (4.8)

is satisfied. Moreover
n®(e) < Cun(n) 4.9)

where 1 is defined implicitly by

1/n(z) ds
t:/ Y(s)—, t>0.
1 S

Proof. Assuming (4.6) and #K(r) > v(r), the Nash inequality (4.8) easily follows
from writing

1f N2 < IIf = frollz + 1 fx 2
< (Cor&u(fe INYZ +v() 2| £1Is
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and optimizing in 7. Here fx()(x) is the average of f over K(r) so that, obviously,

| fkrllz < KN f I

and (4.11) gives

If = frmllz < (Cor&u(f, f)Y?  with Co = CMk.

The return probability estimate (4.9) is a well-known consequence of (4.8).
See [7, 18]. O

Remark 4.2. In this theorem, the parametrization of the set K(r) is chosen so
that r appears on the right-hand side of (4.6) instead of r2.

Theorem 4.3. Let G be a finitely generated nilpotent group equipped with a gener-
ating k-tuple (s1, ..., sx). Let u be as in (4.2) with (&;)%, L; and F; be as in (4.4).
Assume that (4.5) holds. Assume that there exists an integer M and a sequence
(ij)jl"l e {1,.... kW™ such that for each r > 1 there is a subset K(r) of G with the
property that

M
geKir) = g= ]‘[sj“jf, with |xj| < Fj, (r). (4.10)
1

Then there exists a constant C = C(u) such that
Ife = FI53 < CM? réu(f. f), forall g € K(r). (4.11)

Proof. Because we assume (4.10), the proof boils down to a collection of one
dimensional inequalities, one for each of the measures p; on Z that appear in the
definition (4.2) of u. Indeed, Lemma 4.4 stated below shows that there exists a
constant C such that, for eachi € {1,...,k} and y € Z with |y| < F;(r) we have

I fyy = f13 = Creuf. /) (4.12)

for any finitely supported function f on G. Together, (4.10) and (4.12) imply (4.11).
Since there exists a constant C such that, for alli € {1,...,k},

ly| < Fi(r) implies G;(ly])~'|y|* < Cr,

the claim (4.12) follows from Lemma 4.4. ]
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Lemma 4.4. Let v be a symmetric probability measure on 7. satisfying the fol-

lowing condition:

there exists Cysuch that v(n) < Cyv(m) forall 0 <m < n.

Let G be a finitely generated group equipped with a distinguished element s. Set

Enlf )=y X 15— fPve)

x€G,z€Z
and

Su(m) = Y InPv(n).

|n|<m

(1) For any finitely supported function f on G we have
I for = F15 < oSy yPEsw(fs f) forall y € Z.
(ii) Further, for any two finitely supported functions f,g and all x € G, y € Z,
|f +gxs”) = £ g()* < CuGuly) ™ 1> Esn (£ ) N1€115 -
Proof of (i). For any pair of integers 0 < m < n, write
n=damm—+ by

with 0 < b,, < m and

Lf = fonlls = D (f(xs™) = f(x))?

or
<2 ZG(f(xs“mm) — f(0))*+2 ZG(f(xsbm) - f(x0)?
< 2ay, ZG(f(xs'") — f(x)* +2 ZG(f(xs”m) — f(0))%.
This yields
I1f = fon l3( Zl m2v(m)) <2 ZG i:l(f(xs’") — f(x))?agm?v(m)

+2) Y (flasP™) = f(x)PmPu(m).

xeG m=1
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Next, observe that

DO (fxs™) = f(x0) (amm)Pv(m)

xeG m=1

<123 3 (fas™ — F(0))2v(m)

xeG m=1

=< nzgs,v(ﬁ f)

Further, using the hypothesis that v is essentially decreasing, i.e., v(m) < C;v(b)
is 0 < b < m, write

S S (FasPm) = f(x)2mPu(m)

xeG m=1
n/2

=22 X ) = f@mvim)

x€G b=1 min—b

b<m=<n

n/2

=a Y3 (X m) st = fe)Po).

x€G b=1 min—b

b<m=<n
As
o0
E m? 5( E i_z)n2,
m|n—b 1
b<m=<n
we obtain

DD (flasbmy = f(0))*mPv(m) < Can®Esu(f, f).

xeG m=1

It follows that, for both n > 0 and n < 0,

1f = flB( 32 mPvem) <20+ ConPesu(f ). O

0<m<|n|
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Proof of (ii). By Cauchy—Schwarz

|/ *g(xs”) = frg) = | D (S xs”) = fz7'0))g(2)

zeG
1 1
= (X UE ) - £02) (X le@)P)
zeG zeG
= I/ = Ssrl2llgll2.
Applying part (i) to || f — fsv |, yields the desired inequality. O

Remark 4.5. When G = Z, Lemma 4.4 provides an interesting and new pseudo-
Poincaré inequality for probability measure v satisfying (4.5) (i.e., which are
essentially decreasing) in terms of the truncated second moment §,. Namely,
assuming (4.5), we have

ly|?
- 2 Cvi(gv )
;mxw) f)? < 0D (f, f)

where

1
& ) =5 2 Ifx+2) = fOPvE).
X,Z€EZ
Together with the trivial fact that #{y: |y| < r} = 2r + 1, this pseudo-Poincaré
inequality and Theorem 4.1 provide a sharp Nash inequality satisfied by &,,.

4.2. Assorted return probability upper bounds. This section describes direct
applications of Theorem 3.1 together with Theorems 4.1-4.3. We use the notation
introduced in Sections 1.5 and 2.1.

Theorem 4.6. Let G be a finitely generated nilpotent group equipped with a gen-
erating k-tuple (s1, .. ., sx) and a k-tuple of positive reals a = (a1, ..., k). Let o
be the weight system which assigns weight w; = 1/&; to s; where &; = min{2, «; }.
Then

W) < Co an P

where D(S, 1) =}, wyrank(G /G, ).

Proof. By Theorem 3.1, for each r > 1 we can find a subset K(r) of G such
that #K(r) > rP5™ and ¢ € K(r) implies g = [V s;cj" with |x;| < %),
The result then follows from Theorems 4.1-4.3 U
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Remark 4.7. If all the «;’s are in (0, 2) or, more generally, if R‘}f > 0 implies
wy, > 1/2, the upper bound given in Theorem 4.6 is sharp. Indeed, we will prove
a matching lower bound in the next section.

If all the ; ’s are greater than 2 the measure us 4 has finite second moment and
D(S,w) = % > hrank(Gp/Gp41). In this case the upper bound of Theorem 4.6
is also sharp. It coincides with the bound provided by Corollary 1.12.

We conjecture that this upper bound is sharp when o; # 2 foralli € {1,...,k}
but we have not been able to prove this conjecture when there exists i, j such that
o; <2anda; > 2.

The next result shows that Theorem 4.6 is not always sharp when some of the
«;’s are equal to 2.

Theorem 4.8. Let G be a finitely generated nilpotent group equipped with a gen-
erating k-tuple (s1,...,s;) and a k-tuple of positive reals a = (a1,...,q) €
(0,00]F. Let v = w(a) be the two-dimensional weight system which assigns
weight w; = (v;1, Vi) to s; where

Vi1 = } a; = min{2, «;}
i
and
vi,2 = 0 unless a; = 2 in which case v;» = 1/2.
Then
psh(€) < Csan™ P ™ log(e + m)] P25
where

Di(S.1) =Y Uy, rank(G)Y /Gy y).  Wh = (Dp1. Do)
h

Proof. The proof is the same as for Theorem 4.6 but uses a refined weight system
and the associated weight function system §(a) where the function F, associated
to a commutator of weight v(c) = (vy, va) is Fe(r) = r’![log(e + r)]*2. O

Remark 4.9. Referring to Theorem 4.8, let ¥ be a sequence of formal commu-
tators as in Theorem 2.10 applied to S, 1o, §(a). Assume that for any i such that
s; € core(t, S, 3), we have o; = 2. Then D1(S,w) = D,(S,w) = D(G)/2 and

'“(Sn,Zz(e) < Cs.q[nlogn]~P@/2,
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Example 4.2. Let G be the group of 4 by 4 unipotent upper-triangular matrices

1 Xx12 Xx1,3 X1
0 1 Xx23 Xx24
G = ’ ’ T Xi.i €EZ
0 0 1 x3q | 7
0O 0 0 1

With obvious notation, let X; ; be the matrix in G with a 1 in position i, j and all
other non-diagonal entries equal to 0. Consider the generating 4-tuple

S =(s1=X12,5 = X23,53 = X34,54 = X1,4).
The non-trivial brackets are
[X1,2, X2,3] = X1,3.[X2,3, X34] = X2.4, [X1,2, X2.4] = [X1,3, X3,4] = X1.4.

Leta = (1,2,5,1/3). The 2-dimensional weight system 1 is generated by

wion = (10, wis2) = (3.3):

1
w(s3) = (50) w(ss) = (3,0).
This implies

w([X1,2, X23]) = (% %) w([X2,3, X34]) = (1, %)

1 1
w([X1,2, [X2,3, X34]])) = (2, 5) w([[X1,2, X2,3], X3,4]) = (2’ 5)
Ignoring (as we may) the weight values that would obviously lead to trivial quo-

tients G;°/ G’ |, we have

= () (bd) B, w1
1175:(%,%), De (2%) M7 = (3,0).

Next we compute the groups G;°. We have

Il

GY =G = (X1.4) CGP = (X14,X13)
C Gy = (X1,4. X1,3, X2.4)
C GY = (X1,4, X135, X2,4, X12)
CGY = (X1,4.X1,3, X2.4, X12. X2.3)
(

CGY = (X1,4.X1,3, X2,4, X12, X2.3, X34) = G.
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This gives
1 1 3 15
D = — — 1 1 — = —
1Sw) =5+ +1+1+5+3=-

and

1 1 1 3
Dy(S,w0)=0+-+0+-4+-4+0=~.
2(S, w) +2+ +2+2+ 2

We believe that the associated upper bound ug’L (e) < Cn~'5/2[log n]~3/? is sharp

but, at this writing, we are not able to obtain a matching lower bound.

As a corollary of Theorem 4.8, we can prove Theorem 1.13. The bracket length
£(g) of an element of G is defined just before Theorem 1.13.

Corollary 4.10. Referring to Theorem 4.8, assume that S and a are such that there
existsi € {1,...,k} with the property that

(aj, £(si)) = 2,1) or oil(s;) <?2.

Then
Tim nP@2, P (e) =0 (4.13)

where D(G) = )" j rank(G;j/Gj+1) where Gj is the lower central series of G.

Proof. Pick iy among those i € {l,...,k} such that (o;,€(s;)) = (2,1) or
ail(s;) < 2 so that «;, is smallest possible. Let w’ = w(a) be the 2-dimensional
weight system introduced in Theorem 4.8 and let § = F(«a) be the weight function
system appearing in the proof of Theorem 4.8. Let v be the weight system that
assigns weight (1/2,0) to every s; € S with weight function Fy, = (1 + r)%.

If o, < 2/L(s;,) then by Theorem 3.4 shows that

D1(S, 1) > D(S, 1) = D(G)/2.
If o, = 2 then we must have {(s;,) = 1. This time, it follows that
Dy(S,10') > 1/2 > Dy(S, ) = 0.
In both case, Theorem 4.8 show that ,u(S”Zl (e) = o(n~P(9)/2) a5 desired. O

The next statement illustrates the use of a weight system to and weight-functions
system § that are not tightly connected to each other (including cases when the
weight functions F, cannot be order in a useful way).
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Theorem 4.11. Let G be a finitely generated nilpotent group equipped with a gen-
erating k-tuple (s1, ..., Sx). Assume that | is a probability measure on G of the
Jorm (4.2) with

pi(n) = k(1 + |n)~ %" (|n)), 1<i<k,

where each {; is a positive slowly varying function satisfying £; (t?) ~ €;(t) for
allb > 0 and a; € (0,2). Let v be the power weight system associated with a =
(a1, ..., ar) by setting w; = 1/a;. Let (¢;)} be a t-tuple of formal commutators
such that for each h, the family {c; : w(c;) = wy} projects to a linearly independent
family in G /Gy, |. Let (sifl);vzl be the list of all the letters (with multiplicity)
used in the build-words for the commutators c;, 1 <i <t. Then

p(e) < Cn PSP L)~

where

N
D(S,w) = Z wy rank(G' /Gy ) and L(n) = 1_[51',» ()"
h 1

Note that this theorem does not offer one but many upper bounds. For each n,

one can choose the commutator sequence (c;)} so as to maximize the size of the
resulting L(n).

Example 4.3. Consider the Heisenberg group

1
G = 0 i x,y,z€ly,
0

S = =®
— < N

with generating 3-tuple S = (X, Y, Z) where X is the matrix with

and Y, Z a defined similarly. Let a = (o1, 02,03) € (0,2) and let £1 = 1,£,,43
be slowly varying functions such that £, < {3 if and only if n € Ug[nax, naog+1]
for some increasing sequence n tending to infinity. We also assume that ¢, {3
satisfy £; (t%) ~ £;(¢) for all b > 0. Applying Theorem 4.11, we obtain:
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o if% < % + %thenwehave
() 2@ +az)p, () s -
u(e) < Cn 1he2 s (n) %2
e 1 1 1
° 1f£ >t then we have
_y3 L _1 _L
1 (e) < Cn™ a0y (n) "3 £3(n) 55
1 1 1
o finally, if o —a T o We have

_2
2 | €a(n) =2 if n € Ug[nag—1,n2],

M(n)(e) <Cn % 1 1
Lr(n) ®243(n)®3  if n € Ug[nak, nok1].

Example 4.4 (continuation of Example 2.5, 2.6). Consider again the Heisenberg
group with § = (s1 = X, 52 = Y, 53 = Z). Set

Fi(r) = r*?,
F>(r) = r*log(e +r),
F3(r) =r?,

with y > 3/2. Let u be the probability measure which assigns to s, i = 1,2, 3,
n € 7 a probability proportional to
1
(1 + | F71(Inl))

Namely,

c

1 3
w(®) =32 mily(e).  piln) = L+ nlF (D

i=1neZ

Referring to the notation (4.3)(4.4), we have

e G1(n) ~ (14 n)2~C/3),
0 =2/3,
Ly=1,

o Go(n) = (14 n)>~/2log(e + n)] 712,
@ =1/2,
Ly (n) = [log(e + n)]"V/2,
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e G3(n) ~ (1+n)>71/7,
&3 = 1/)/,
L3 = 1.

Apply Theorem 4.11 with o; = @;,¢; = L;. If y € (3/2,7/2], use the sequence
of formal commutators (¢; = s1,¢2 = $2,¢3 = [s51,82]). If y > 7/2, use the
sequence of formal commutators (¢c; = 51, ¢ = $3, c3 = s3) instead. This gives
(1 4+ n)""[log(e + n)]™2 ify € (3/2,7/2],

™M e) < C
(1 4+ n)~027v[log(e + n)]™' ify > 7/2.

Below, we will prove a matching lower bound.

5. Norm-radial measures and return probability lower bounds

The aim of this section is to provide lower bounds for the return probability for the
random walk driven by the measure ps , on a nilpotent group G, that is, lower
bounds on ,ug'zz (e). These lower bounds are obtained via comparison with appro-
priate norm-radial measures.

5.1. Norm-radial measures. A (proper)norm || - || on a countable group G is a
function

g gl €[0,00)
such that
o ||g|| =0ifand only if g =,
e #{||g|| < r}is finite for all > 0,
o llgll =lg~"ll. and

o |lg1g2ll =< llg1ll + llg2ll-

If the triangle inequality is replaced by the weaker property that there exists K
such that

lg1g2ll < K(llg1ll + llg21D,

we say that | - || is a quasi-norm.
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The associated left-invariant distance is obtained by setting

d(g1,g2) = llgT" g2l

A norm is k-geodesic if for any element g € G there is a sequence gy, ..., gnN
with N < «||g|| such that

lgi ' giv1ll < k.

A simple observation is that any two «-geodesic proper norms || - ||1, || - |2 are
comparable in the sense that there is a constant C € (0, oo) such that

C7 Mgl = liglz = Cligl-

The word-length norm associated to any finite symmetric generating set is a
proper 1-geodesic norm. Most of the quasi-norms that we will consider below are
not k-geodesic. In general, they are not norms but only quasi-norms.

Theorem 5.1. Let G be a finitely generated group. Let || - || be a norm on G such
that, for some d > 0,

V(r)=#g: gl <ry~rP, forallr>1.

Fix y € (0,2) and set

C, » 1
. Gl = :
(I +lghrvdigl 4 ; (I+llghrvdigh

vy (g) =

Then we have
v (e) ~n~PI" foralln e N. (5.1)

Remark 5.2. This is a subtle result in that, as stated, it depends very much on the
fact that || - || is norm versus a quasi-norm. Indeed, the lower bound in (5.1) is false
if y > 2 and the only thing that prevents us to apply the result to || - |? with 6 > 1
is that, in general, || - ||? is only a quasi-norm when # > 1. Note that, by Theorem
1.9, (5.1) holds true for any measure v such that v >~ v,,.

Remark 5.3. Definition 2.8 provides a great variety of examples of norms to
which Theorem 5.1 applies.
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Proof. 'This result is a straightforward corollary of the much more general result
described in [2, Theorem 0.3, Theorem 1.2]. The article [2] is itself part of a long
sequence of works by a variety of authors on heat kernel bounds for continuous
time jump processes. For instance, see [1, Theorem 1.5] which treats the case of
graphs.

To any probability measure, say v, on a group G, one can associate (a) the
discrete time random walk whose law at time n is v® (here, and in what follows,
we assume that the starting point is at the identity element ¢) and (b) the continuous
time random walk whose jumps are taken according to v but occur at exponentially
distributed random time intervals. This description is equivalent to say that the law
of this continuous time process is given at time ¢ by

o0

th

v —t (n)

P =e E v
0

It is well known that, under the assumption that v is symmetric, we have
V@ (e) ~ pV(e). (5.2)

See, e.g., [19, Sect. 3.2]. This estimate shows that (5.1) is equivalent to the analo-
gous continuous time statement

plY(e) ~t™P/Y forallr > 1. (5.3)

,(,") (e) at even times

Here we also use the fact that, since v, (e) > 0, the control of v
is enough to control odd times as well.

Next, we observe that [2, Theorem 1.4] applies to our context and gives the
estimate

p;” (x) < C; min {z—D/V, W} (5.4)
Indeed, all the key hypotheses of [2, Theorem 1.4] are trivially satisfied in our con-
text with the exception of the Nash inequality denoted by (H2) in [2].
As explained in [2] (just after their Theorem 1.5), (H2) follows from the hypoth-
esis V(r) ~ rP, r > 1, and the form of v, (see [2, (1.12)]) by a simple argument
recorded in [14].
In our context, it is clear that the continous jump process in question cannot
escape to infinity in finite time. This property is called stochastic completeness
and it allows us to use [2, Theorem 0.3] to obtain the lower bound

pe)=t7Pl 1 >1.
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Indeed, stochastic completness (i.e., the fact that ) p;j Y = 1) and [2, (0.12)]
implies that, for a large enough constant C and all ¢ > 1, we have

Y pw=1/2

x: ||xll<Ctl/v

Since maxyeg{ p;j Y(x)) = p;j ¥ (e), the desired lower bound follows the volume
assumption V(r) ~ r?, r > 1. For a more self-contained treatment of Theorem 5.1
and generalizations connected to the present work, see [17, 24]. U

5.2. Comparisons between 1 s, and radial measures. Let G be a countable
group. Let || - || be a quasi-norm on G. Set

Viry=#g: |lgll <r}, forallr>1.

Let
¢: [0, 00) — (0, 00)

be continuous. Consider the following hypotheses:

there exists C such that V(2r) < CV(r)for all r > 0; (5.5)

there exists C such that ¢ () < Cop(At)forall A € (1/2,2), t € (0,00); (5.6)

and

1
olehvaeD = 5.7
§¢(||g||w(||g||) = (5.7)

Lemma 5.4. Assume (5.5)—(5.7). For eachn € Z, let g, € G and A,, C G be
such that

(1) g€ An = lIgll = Clignll;

) Vlignl) = Cn#Ap;

(3) #{n:geAy)<Cand#n:ge g, "Ny} <C forallg € G.
Then there is a constant Cy such that

|f(xgn) = F)P _ | f(xg) — f(x)?
22 a+mled = Z MENATDR

nez xeG
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Proof. Using (2), (1), and (3) successively, write

|f(xgn) — F(O)I?
2 Xx: (I +m)¢ ([ gnll)

n

|f (xgn) = f () P#An
C
=C 2 e VleD

X

<20Y 3 S Gg) — S + 1 f(xg) — F(P)

n geA, x

/ |f(xg7 gn) = )P |f(xg) = ()P
c
=L 2 Z<¢(|Ig‘1gn||)V(||g‘1gn||) T oDV igl )

1
P llgn DV (Uignl)

n geA, x

" |f(Xg)_f(x)|2
<C . O
=C") o(llghVdlglh

X,8

Remark 5.5. Note that under the hypotheses of Lemma 5.4, we have

1
2 T metan <™

The next lemma will allow us to apply Lemma 5.4 in the context of Theo-
rem 2.10. Assume that G is a nilpotent group generated by the k -tuple (s1, ..., Sk).
In addition, we are given a weight system tv and weight functions F; such that (2.1)
and (2.2) holds. Observe that for any commutators ¢, ¢/, we have

Fo o F7Nr1+r2) ~ Fo o F7Nry) + Fero F (), forallry,ra > 1. (5.8)

Indeed, it follows from our hypotheses that F,» o F."! is an increasing doubling
function.

Lemma 5.6. Referring to the setting of Theorem 2.10, fix h € {1,...,q},
i e{mp_1+1,...mp_1 + Ry} and an integer u. For eachn € 7, let z,, € G;:’H
with || 2n||.com < Fe, © F'(n). Set

8n = n(c;‘”)zn €eG
and

g mp—1+Ry un
X —
Ap = {g =n(]_[ I1 cj’)i X < Fe; 0 Fe' (). xi = L—z J}
1

mp—1+1

Then (g,) and (A\,) satisfy the hypotheses 1, 2, and 3 of Lemma 5.4.
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Proof. By Proposition 2.17 and Theorem 2.10, || g, ||z,com =~ F¢; © chl(n) and
g € A, implies
lgllz.com < CFe, 0 chl(n),

so, Property 1in Lemma 5.4 is satisfied. Property 2 also follows from Theorem 2.10
and the proof of Theorem 3.2.

Suppose that g € A, N Ap. Then, computing modulo G’ , and using the
fact that [G}?, G;’] C G}7, | we obtain that [un/2| = |um/2]. Similarly, g €
g, ' A N g LA,y implies n + (un/2] = m+ |um/2]. In both cases we must have

|n —m| < 1. This shows that Property 3 of Lemma 5.4 is satisfied. O

The main result of this section is the following theorem.

Theorem 5.7. Let G be a nilpotent group with generating k-tuple S = (s1, ..., Sg).
Let Iior = {i € {1,...,k}:s; is torsion in G}. Fix a weight system vo and a weight-
function system § such that (2.1) and (2.2) are satisfied. Let ||-|| = || || 3.com be the
associated quasi-norm introduced in Definition 2.8. Foreachi € {1,...,k}\ I
let

hi = Jro(si).

Let ¢ be such that (5.6) and (5.7) are satisfied.
Let pu be a probability measure on G of the form

k
p@) = 2wl @)

Jj=1nez
where w; is an arbitrary symmetric probability measure on Z. if i € Iior and
C; _1 1
pi(n) = - G = - ,
T A g (Fe, oF () 2 T ma(E s F,1(m)

n

fori €{l,...,k}\ lor. Then there exists C such that

Euf ) = CEf )

where c .
= —d), C_l = _—
YO = STebvaeD” = 2 TaDVeD

In particular, there are constants ¢ > 0 and N such that

1@ (e) > cv@Nm (o),
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Proof. Fixi and write s = s;. By Definition 2.13, either s is a torsion element and
s = e for some x or j,(s) = h < oco. In the second case we can find « such that

mp—1+p
€ = JT( l_[ cl.x")z, Xmy_1+p 7 0.2 € G ;.

mp—1+1
If 5 is torsion, it is very easy to see that & ;. (f, f) < C(f, f). In the course of
this proof, C denotes a generic constant that may change from line to line. If s is
not torsion and

mp—1+p

€ = n( 1_[ cix">z, Xmjy_14+p 70,2 € G,‘fH,
mp—1+1
set
F =F,

Cmp_y+1

(we have F >~ F.,, j € {mp—1 + 1,mp}). Then, for any n,

mp—1+p
s = n( I1 cff”)z,, with ||z, ]| < CFey 0 F7N(n]), 24 € G, .
mp_1+1
Now, write
n=Kuy + vy,
with
lon| < K
and

D1 es™ — F@P =2( D] 1£(es ) — f@)2 + Y I f(gs™) — f@)P).
g 4 g

By Lemma 5.6 and Remark 5.5, the hypotheses of Theorem 5.7 imply that
D (@ +mg(ls" )" < oo.

Hence, it is is easy to check that

/(g5 — S@P _
22 gt = e, 9

Consequently, it suffices to show that

(g5 — [P
<CE&,(f. 1)
L2 et = O
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We have
Is" || 2 [|s** || > F¢, o F~ (kup).

Hence

(g5 ) = f() (e = f()P
. 1
D) D e PR 9 Dy rrvey = R

g
Next, set
ih=mp1+1, b=mp_1+p
and write
DO 1f(gsh - f(9))?
g ¢
ir—1
)
=o(X 2 Y 1/ en ) - )P
g L i=i
il
+ 3D 1)z - f()P).
g ¢
By Lemmas 5.4-5.6, for eachi = iy,...,i» — 1, we have

xXilyy 2
Sy M@ SO

=T 1+ 087 )

and, since z; € G, and ||z¢|| < CF,, o F~1(),

h+1
| f(gm(c2%)z0) = f(o)?

Xi L
g ¢ (1+0¢(m(c;,” )zel)
Further, for eachi = iy, ..., i with x; # 0, we have

xil —
72 (e )| = Fey o F71(0)

<C&(L ).

as well as .
x,- _
||7T(Ci 2 )zel|l =~ FeyoF l(ﬁ)-

Hence (5.10) and the above estimates give

&5 — f(@)I
<C&(f. f).
22 Tiwmatsly = €00

Together with (5.9), this gives

|/ (gs™) = f(@)I?
CEL(L ).
gza% A+ ma(ep = o)

Since this holds true for each s = s5;,i = 1, ..., k, the desired result follows. [l
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5.3. Assorted corollaries: return probability lower bounds. In this section we
use the comparison with norm-radial measures to obtain explicit lower estimates
on ,u(S"Zl (e). The simplest and most important result of this type is as follows.
Theorem 5.8. Let G be a finitely generated nilpotent group equipped with a gen-
erating k-tuple (s1,...,s;) and a k-tuple of positive reals a = (ay,...,a) €
(0,2)%. Let w be the weight system which assigns weight w; = 1/a; to s;. Then

ni(e) = cs qn= P

where D(S, 1) = ), wyrank(G /G, ).
Remark 5.9. This lower bound matches precisely the upper bound given by The-
orem 4.6. Thus, as stated in Theorems 1.2-1.8, for any a € (0, 2)¥,

(n)

g qle) = n~DEw)

Note however that, in Theorems 1.2-1.8, the constraints on the «;’s is weaker. This
more general case will be treated below.

Proof. Fix asequence ¥ = (c;)} of commutators as in Theorem 2.10 and let | -|| be
the associated norm || - || = || - || ¢,z introduced in Definition 2.8 where the weight
function system. is generated by F;(r) = r%i. Note that, by Remark 2.9, || - || is
indeed not only a quasi-norm but a norm. By hypothesis, 1/w(c;) < 2. Hence
Theorem 5.1, together with Theorem 3.2, shows that the norm-radial measure

W) = <
(1+ llghwedv(gl)
satisfies
v(")(e) > cn~wenD(S,w)/wler) — »p=D(S,w) (5.11)

Theorem 5.7 produces a symmetric measure p such that €, < C&,,. This measure
W is given by

k
1
w@) =73 > mmlyg(e)
Jj=1nez
where p; is an arbitrary symmetric probability measure on Z if i € Iy, and
Ci
(1+m(1 + Fey o Fp 1 (m))/wien

wi(n) =
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with

1
cl=
i Z (14+n)(1+ Fe, oF;il(n))l/w(m)

n

for i € {1,...,k}\ lior. In the latter case, we have
Fp, (1) = t™hi
with wy,, > w(s;) = 1/a; and F¢ (1) = 1w Hence

G .
(1 my = (T

pi(n) =~
It follows that if we pick u; to be given by
pi(n) = ci(1+n)~F) fori € I,
and
wi =ci(l+ n)1+1/u_”’i ifi € I\ I,
then we obtain a measure p such that
Eug, <C&,<C'E,.
By Theorem 1.9, this implies that there are ¢, N € (0, co) such that
i (€)= v e).
Thus the lower bound stated in Theorem 5.8 follows from (5.11). ]

The following theorem extends the range of applicability of the previous result.
In particular, the statement is different but equivalent to the statement recorded in
Theorem 1.8. See also Theorem 5.13 below.

Theorem 5.10. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1, ..., s;) and a k-tuple of positive reals a = (a1, ..., o) €
(0, 00]%. Set @; = min{a;,2}. Let o be the weight system which assigns weight
1/@; tos; € S. Let ¥ be a sequence of formal commutators as in Theorem 2.10.
Assume that w(s) > 1/2 for all s € core(iv, S, X). Then

(n)

g q(e) = n~DEw)
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Proof. The upper bound follows from Theorem 4.6. The lower bound is more sub-
tle. Consider any s € S such that w(s) = 1/2 (i.e., s = s; with @; > 2). Observe
that 1/2 is the lowest possible value for weights in tv and that the hypothesis that
w > 1/2 on core(w, S, X) implies that G’/ G}’ is a torsion group. In particular,
this implies that w;_ () > 1/2 = w(s). By Corollary 2.19, the weight system tv’
generated by

w(s) ifw(s) #1/2,
Wa ifw(s) =1/2,

w'(s) =

is such that w(s) < w'(s) < wj, () foralls € S and w'(s) > 1/2forall s € S.
Now, Theorem 5.7 gives the comparison €, , < C&,, with

1
1+ [1gl5) = Vs w(lgllsmw)

v(g) ~

However, since the minimum weight value ws, may be equal to 1/2, we cannot
apply Theorem 5.1 directly. We proceed as follows. By the definition of w’ and
Corollary 2.19, we have

1wy

1w
lglgw® ~ liglls.> forall g eG.
Note that this implies that

VE,m(“g”E,m) = #{g/ €G: ”g/”E,m = ||g||2,m} = VS,m/(”g”S,m’)-
Hence we have
81, x>~ 81,/

where
1

(1 + llglls.w) s Vs (gl s,07)

Now, since by construction wy > 1/2, we can apply Theorem 5.1 which gives

V'(g) ~

(v/)(")(e) ~ n—D(S,m/) — n—D(S,m)_
Also, we have
Epsa SCEy = &y

Hence

MSS"L (e) > cn~DSw)

This ends the proof of Theorem 5.10. O
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Our next results provides a comparison between the behaviors of two mea-
sures us,, and pus’ . Compare to Corollary 1.12 and Theorem 1.13 which treats
comparison with ps/ o, when a’ = (a;)’f/ € (2,00]%, a case that is excluded in
Theorem 5.11.

Theorem 5.11. Let G be a finitely generated nilpotent group equipped with a gen-
erating k-tuple (si1,...,s;) and a k-tuple of positive reals a = (ay,...,a) €
(0, 00]%. Set @; = min{a;,2}. Let o be the weight system which assigns weight
1/@; tos; € S. Fix another weight system o’ = (w1, ..., w;) with minimal weight
wy > 1/2. Let ¥ be a sequence of formal commutators as in Theorem 2.10 for
(S, w’). Assume that w(s) > w’(s) for all s € core(w’, S, X). Then

psy(e) = o(n=PEm)
if and only if there exists s € S such that w(s) > lI);- ()"

Proof. Apply Theorem 4.6 and Theorem 5.10 together with Corollary 2.19 and
Theorem 3.4. O

Theorem 5.12. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1, ..., sx) and a k-tuple of positive reals a = (o1, ..., 0) €
(0, 00]%. Set @; = min{a;,2}. Let 1o be the weight system which assigns weight
w; = 1/a; to s;. Then there exists A > 0 such that

M(S”L(e) > Cs,an_D(S’m) [log n]_A.

Further, let X be as in Theorem 2.10 applied to (S, ) and assume that ot; = 2
foralli € {1,...,k} such that s; € core(S, w, X). Then

(n)

Hs.a (e) >~ [nlog n]—D(G)/z'

Proof. The proof of the general lower bound is essentially the same as for The-
orem 5.8, except that we cannot rule out the possibility that w(c;) = 1/2. If
w(cy) > 1/2 then the previous proof applies and we obtain ué"z (e) > cn~PE-w)
which is better than the statement we need to prove. If w(c;) = 1/2 then we have
a comparison

Euga <CE, (5.12)

with
C

(1 +lligih>Vligh

v(g) =
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To conclude, we need a lower bound on v (e). This turns out to be rather subtle
and difficult question in the present generality. In [24, Theorem 5.6] we show that
there exists 4 > 0 such that

™ (e) > en PE™logn] 4. (5.13)

This proves the desired lower bound on Mg’L (e).
When «; = 2 for all i € core(S, v, X), it follows that

D(S.w) = D(G)/2 and gl ~ |gls

where |g|s denotes the usual word-length of g over the symmetric generating set
{sijEl : 1 <i < k}. Theorem 4.8 provides the upper bound

,ug"l(e) < Clnlogn]~P©/2,

For the lower bound, by the Dirichlet form inequality (5.12), it suffices to bound
v (e) from below. Using the fact that ||g|| ~ |g|s, we prove in [24, Theorem
5.5] that, in this special case, (5.13) holds with A = D(G)/2. This provides the
desired matching lower bounds

u§ (e) = clnlogn]~P©/2, O

Theorem 5.13. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1, ..., sx) and a k-tuple of positive reals a = (v1,...,0) €
(0,00]. Set @; = min{a;,2} and w; = 1/a;. Let w be the associated weight
system. Let ¥ be as in Theorem 2.10 applied to (S, w). Let

O = (01 =58iy,....0c = Ssi,) = core(S, w, X).

Let H be the subgroup of G generated by ©. Setb = (f1 = a;,,-++, B = @iy),
Bi = @i;, v(6;) = w(si;). Let v be the weight system associated to v on (H, ©),
respectively. Then

D(®,v) = D(S,w).

In particular, letting eg, e be the identity elements in H and G, respectively, we
have:
e ifa; €(0,2) foralli such that s; € core(S, o, X) then

ne(e6) ~ ug,(er) ~ n=PO.

e ifa; =2 foralli such that s; € core(S,w, X) then

WS (ec) = ngy(em) = [nlogn] P/,
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Remark 5.14. One can easily prove that H is a subgroup of finite index in G.
It is also easy to prove by the direct comparison techniques of [19] that

ug?f")(ec;) < C,ug’;)) (eg), foralln e NN,
for some integer K and constant C and for each a = («y, ..., o). The converse
inequality seems significantly harder to prove although we conjecture it does hold
true.

Proof. First we observe that D(®,v) < D(S,w). Indeed, this follows immedi-
ately from the obvious fact that

{geH: |glg® <r}CigeG: gl <r}

To prove that D(®,v) > D(S, ), it is convenient to introduce the generating
k-tuple §* = (s*)k of H such that s}, = = s, ifs;;, = 6; € O, and s = e
otherwise. Both S and S* are equrpped with the weight system tv. Obvrously,
the non-decreasing sequence of subgroups (H;") is a trivial refinement of the se-
quence (H}) in the sense that the two sequences differ only by insertion of some
repetitions. For instance, A, B, C may become 4, A, B, B, B, B, C. It follows that
D(®,v) = D(S*, ). The notational advantage is that the weight system to with
increasing weight-value sequence w; is now shared by S and S*. We wish to
prove that
rank(H;"/H ") > rank(G[" /Gy ).

The (torsion free) rank of an abelian group can be computed as the cardinality
of a maximal free subset. Set R = Rm be the torsion free rank of Gm / G/ 1
Let (¢m; 1 1s s Cmy_ R) be the formal commutators given by Theorem 2.10
which form a maxrmal free subset of G“3 / G/ ’, 1- By definition of core(S, v, X),
the images of these formal commutators in G belong to H. In fact, they clearly
belong to H;® C G°. Now, we also have H[%, | C G, ;. Assume that

mj;j_1+R
Xi
[l " =e
m;_1+1
in H; */H i % 1- Then, a fortiori, this product is trivial in

HF G /Gy = HF /(H]? 0 GfYy)

since (H N G; o) C H/“:Ll In particular, this product must be trivial in
G /G, This implies that x; = 0 for all i so that H;°/H ", | admits a free

subset of size R. It follows that rank(H;°/H % ;) = R as desrred O
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To state the final result of this section, we need some preparation. Consider
the class of measure u of the form (4.2) with

wi(n) =k;(1+ )% Y;(n)), 1<i<k, (5.14)

where each ¢; is a positive slowly varying function satisfying ¢; (t?) ~ ¢;(¢) for
all b > 0 and o; € (0, 2) (regarding the notions of slowly and regularly varying
functions, see Example 2.3 or consult [6]). Consider the weight-function system
§ generated by letting F; be the inverse function of r + r% /{£;(r). Note that F; is
regularly varying of order 1/a; and that F; (r) ~ [r&; (r)]V/%,r > 1,i = 1,...,k.
We make the fundamental assumption that the functions F; have the property that
forany 1 <1i,j <k, either F;(r) < CF;(r) of F;(r) < CF;(r). For instance, this
is clearly the case if all «; are distinct. Without loss of generality, we can assume
that there exists a multidimensional weight system 1o, say of dimension d, with

1

d 1 .
w; = (v;,...,v]), v; =1/a;, 1=<i <k,

and such that tv and § are compatible in the sense that (2.1)-(2.2) hold true. Sepa-

rately, consider also the one-dimensional weight system v generated by v; = 1/«;,
1 <i < k. Note that one can check that

D(S.0) =) R} =) o/R}
J J

where, by definition, w; = (d},..., EJ‘.i). Fix g € (0, 2) such that
ap > max{e; : 1 <i <k}

and ag/a; € N, i = 1,...,k. Observe that there are convex functions K; > 0,
i =0,...,k,such that K;(0) = 0 and

Fi(r*) ~ K;(r), r>1. (5.15)

Indeed, r — F;(r®o) is regularly varying of index op/c¢; with 1 < ag/c; & IN.
By [6, Theorems 1.8.2-1.8.3] there are smooth positive convex functions K; such
that K;(r) ~ F;(r®). If K;(0) > 0, it is easy to construct a convex function
K; : [0, 00) — [0, 00) such that K; ~ K; on [1, c0) and K;(0) = 0.
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Theorem 5.15. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1, ..., Sx). Assume that u is a probability measure on G of
the form (4.2) with u; as in (5.14). Let {;, F;, §, 10,0 be as described above. Let
(¢i)j be a t-tuple of formal commutators as in Theorem 2.10 appliedto G, S, 1, §.
Let (sifl)]]-v=1 be the list of all the letters (repeated according to multiplicity) used
in the build-words for the commutators c¢; withi € \J;{m;j—1+1,...,mj_1+ R7}.
Then

M(n)(e) ~ n—D(S,U)L(n)—l
where

N
L) =]]¢, ()% .
1

Proof. 'The upper bounds follows immediately from Theorem 4.11. For the lower
bound, it is technically convenient to adjoint to S the dummy generator sy = e
with associated weight function Fy(r) = r Veo Let2,, Fo we the weight systems
induced by So = (e, 51, ..., 5%), Fo, F1,..., F.

Apply Theorem 5.7 to G, S, g, Fo to obtain that £,, < CE&, where

1
(1 + 118 1150.c0m)* V5 ,com (1€ 50 .com)

v(g) ~

with Vg con(r) = #{g € G : |g]l50,com < 7'}. By construction,

1
(1 + lliglh*oVvilglh

where |[|-|| is the norm ||-|| g ... based on the convex function K; ~ F; (r*°) provided
by (5.15) and V denotes the associated volume function. Indeed, by construction
we have || - || >~ || - ||‘§((’),mm. As || - || is a norm, an extension of Theorem 5.1 obtained
in [24] and which allows volume growth of regular variation with positive index

gives

v(g) ~

1 1 1 1

™ (e) ~ i~ o~ o~ .
V() " Vggeon(ml/®0) = #0(So,To,n) — #0(S,§,n)

Using the notation introduced in Theorem 5.15, we have
#0(S,5.r) = nPED L)

which yields the desired result. O
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5.4. Near diagonal lower bounds. In this section we use Lemma 4.4(ii) to turn
the sharp on diagonal lower bounds of the previous section into near diagonal
lower bounds. The key tool is the following lemma.

Lemma 5.16. Let G be a finitely generated nilpotent group equipped with a gen-
erating k-tuple (s1,...,S;) and a k-tuple of positive reals a = (a1,...,q) €
(0,00]%. Let v = t(a) be the two-dimensional weight system which assigns
weight w; = (v;1, Vi) to s; where

1 ~ .
Vi1 = —, & =min{2,;}
o
and
vi,2 = 0 unless a; = 2 in which case v;» = 1/2.

Let § be the associated weight function system generated by
Fi(r)y =r¥og(l + r)]¥2, 1<i<k.
Then
n§a ™) — uSa @) = CFg Igllz.)/m) 2uy) @).

Proof. By Theorem 2.10, there is an integer p = p(G, S, 1) such that any g with
Fg'(Ilylls.5) = r can be expressed as

P
g=[s/ with|x| < CF,(r).
j=1
Write
@n+m) _  (n+m) (n)
S,a - MS a * MS a

and, for each step sfj , apply Lemma 4.4(ii) to obtain

2 2
u§n T (z5)) = n Gt )]

< CS;, (|x, D721 s (1™ 1S P I 2
e O N 7 DA S W 1T A
Here, according to Lemma 4.4, G;(r) = r2>~% if v;,2 = 0 and G; (r) = log(1 +r)
if vi, = 1/2 (i.e., if &; = 2). Hence, s?/G;(s) >~ F.'(s), which gives the last
inequality.
By [13, Lemma 3.2], we also have

MSu(/’L(’H—m)’ (n+m))1/2 < Cm_1/2||,u(") Il = Cm—1/2 (2")(3)1/2

This gives the desired inequality. U



Random walks on nilpotent groups 1109

Theorem 5.17. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1, ..., ;) and a k-tuple of positive reals a = (o1, ..., o) €
(0, 00]%. Set @; = min{a;,2}. Let 1o be the weight system which assigns weight
1/a; tos; € S. Let ¥ be a sequence of formal commutators as in Theorem 2.10.
Assume that w(s) > 1/2 for all s € core(to, S, X). Then, there exists € > 0 such
that, uniformly over the region {x € G: || x||s.n < Fs(en)}, we have

uf@ (x) ~ n~ PGS
Proof. Theorem 5.10 gives ,ug"zz (e) ~ n~PE:®) This, together with Lemma 5.16,
yields the desired lower bound. O

Theorem 5.18. Let G be a finitely generated nilpotent group equipped with a
generating k-tuple (s1, ..., sx) and a k-tuple of positive reals a = (o1, ...,0) €
(0,00]%. Set @; = min{a;,2}. Let 1o be the weight system which assigns weight
W; = 1/@; to s;. Let ¥ be as in Theorem 2.10 applied to (S, w) and assume that
;i =2foralli €{l,...,k} suchthat s; € core(S,w, X). Then there exists € > 0
such that, uniformly over the region

{x € G: |x[5[log|x|s]™" < en},

we have
-D(G)/2

ps(x) = [nlogn]
Proof. By Theorem 5.12, we have ,ug"zz (e) ~ [nlogn]~P@/2 Letw, § be the two
dimensional weight system and weight function system introduced above
in Lemma 5.16. It follows from Theorems 2.10-A.22 and Corollary 2.19 that
Fg'(I - Ils,5) ~ | -13/1og| - |s. The result follows. O

Appendix A. Approximate coordinate systems

This appendix contains the proofs of the key results stated in Sections 2.1-3,
namely, Theorems 2.10-3.1. Throughout this section, G is a finitely generated
nilpotent group equipped with a generating k-tuple (sq, . .., s¢). Formal commu-
tators refer to commutators on the alphabet {sijEl 1 <i <k}

A.l. Proof of Theorem 3.1 and assorted results. Theorem 3.1 is one of the keys
to the random walk upper bounds of Section 4. It can be understood as providing a
volume lower bound for the volume of certain balls together with some additional
“structural information” on the balls in question.
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Fix a weight system to and weight functions F¢ as in Theorem 3.1. Let G}’ be
the associated descending normal series in G. By construction, G;’ is normal in
G and, for all p,¢q, j such that w, + w, > w;, we have (see Section 1.3)

[G,.G1 C Gf.
It follows that the commutators map
G;’ xG,'I": (u,v) —> [u,v] € G}"
induces a group homomorphism
Gp /Gyt ® Gy /Gy — G /Gy

This yields the following lemma.

Lemma A.1 (Similar to [3, Lemma 3]). Let ¢ be a formal commutator of weight
w; and let g, be its image in G. There is an integer { = {(c) < 8/ and a sequence

(i1,....0¢) € {1,.... k) suchthat, foranyr > 1 andn € Z satisfying |n| < F,(r),

we have

n__ A1 n2 e 1o
8¢ =S, Sy o8, mod G2y

Jor some n;; € Z with |n;| < Fsij (r).

Proof. The proof is by induction on j. For j = 1, ¢ must have length 1 and
gr = s forsome i € {1,...,k}. Assume the result holds true for all # < j and
let ¢ be a commutator of weight w; . Either ¢ has length 1 and the result is trivial or
¢ = [u,v] where u, v are commutators of weights w,, w,, w, + W, = w;. Since
F. = F, Fy, for all |n| < F.(r) we can write n = ab + d with |a|, |d| < Fy,(r),
0 <d < Fy(r). Then

gt = [0 lu vl = [ o) 0] mod G,y

The desired result follows from the induction hypothesis. O
Definition A.2. Given ¢, { = ¥{(c) and (iy,...,i¢) as in Lemma A.l, for any
X = (xX1,...,x7) € Z¢, set
gc(X) = ge(x1,...,x0) = Sixllsixzz " -S;ZZ €G.
Set
Ff=F, =F; 1<j<l

i
J ij
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By Lemma A.l, if w(c) = w; and |n| < F,(r) then
g = gc(n(c)) mod G}U+1

for some n(c) = (n1(c), ...,ng(c)) with |n;(c)| < Fsl-j (r) = Ff(r).

Theorem A.3. Let c1,...c; be a sequence of formal commutators with non-de-
creasing w-weights and such that, for each h, the image in Gi? / G, | of the family
{ci: w(c;) = wy} is a linearly independent family. Set

t

K(r) = {g € Gig =] ®) % = (). ... xi,) € 290 |xd| < F (r)}.

i=1

Then
t t Z(Ci)
#K0r) = [ [P+ D =[] [] FFo.
1 i=1j=1

. . Z i
Proof. For each (y;)| € Z' with |y;| < Fe, (r), lety; = (y; l(c

such that

) 1<i<t, be

gl = 8e,(y)) mod Gy, w(e) =w;, 1<i=t

Such a (y")] is given by Lemma A.l. Assume that two sequences (y;)} and (3;)}
are such that [;_, gc; (v:) = [Ti=; & (¥i)- Then by projecting on G}/G¥ and
using the assumed linear independence of the collection of the ¢;’s with w(c;) =
W in G /GY and the fact that g2/ = g, (y') in GP/GY,we find that y; = J;
for those i with w(c;) = w;. This implies that y; = y;. Proceeding further up
in the weight filtration shows that we must havey; = y; forall 1 < i < ¢. This
shows that there are at least ]_[’1 (2F¢; (r) + 1) distinct elements in K(r) which is
the desired result. O
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Theorem A.4. Fix a weight system v and weight functions F, as in Theorem 3.1.
Let by, ...b; be a sequence of elements in G. Assume the following hypotheses.

(1) Foreachi = 1,...,t, there exists an integer h(i) such that b; € G,'l'b.) and b;
is torsion free in G,‘:’(i)/G%)H. Further, for each h, the system {b;: h(i) =
h} is free in G;l”(l.)/G;l"(l.)H.

(2) Foreachi = 1,...,t, there exists and increasing function Fi, a positive inte-
ger £(i) and a sequence jl’ cee, jzi(i) such that, for any r > 0 and any integer
n with |n| < Fi(r), there exists n' = (ni,..., ”2(1')) with

|nf1| < Fj; (r) satisfying
nt
b} = 1_[ s,/ mod Ghtiy+1-

Forx = (x1,...,X43)) € 7XD  ser

(@)
bi (x) = ]_[s;; €G
g=1"

and

t
K(r) = {g €G:g=[]bix). xi = (x}.....x[) € Z'D, |x}| < Fjé(r)}.

i=1
Then

#K(r) = [ [@F () + 1.
1

Proof. 'This a straightforward generalization of Theorem A.3. Instead of consider-
ing commutators and their natural weight function F,, we consider arbitrary group
elements b with associated weight function F with the property that b is free in
Gy /Gy, for some u, h, and b", |n| < F(r), can be express modulo Gy, as
a fixed product of powers of generators with properly controlled exponents. The
proof is essentially the same as that of Theorem A.3. Namely, for each (y;)] € Z'
with ;| < F(r), lety; = ()", 1 < <, be such that

4

b’ =bi(y;) mod Gy, 1=<ist
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Such a (y')" exists by hypothesis. Assume that two sequences (y;)} and (J;) are
such that [T:_, b’ (y:) = [:—, b (J:). Then by projecting on G /GY and using
the assumed freeness of the collection of the b;’s with A(i) = 1 in G° /G5’ and
the fact that b;"”" = bi(y') in G /G ,we find that y; = y; for those i with
h(i) = 1. This implies y; = ¥;. Proceeding further up in the weight filtration
shows that we must have y; = y; for all 1 < i < ¢. This shows that there are at
least ]_[’1 (2f (r) + 1) distinct elements in K(r), as desired. ]

Remark A.5. Theorem A.4 allows for much more freedom than Theorem A.3.
This freedom is used in the proof of Theorem 3.4.

A.2. Commutator collection on free nilpotent groups. We prove the following
weak version of Theorem 2.10.

Theorem A.6. Referring to the setting and notation of Theorem 2.10, assume
that (2.1) and (2.2) hold true. Then there exist an integer t = t(G, S, w), a con-
stant C = C(G, S,w) > 1, and a sequence ¥ of commutators (depending on
G, S, )

€1, ..., Ct With non-decreasing weights w(cy) < --- < w(c;)

such that

(i) Foranyr > 0, if g € G can be expressed as a word w over €(S)*! with
deg.(w) < F.(r) for all ¢ € €(S) then g can be expressed in the form

t
g= ch'Xi with |x;| < F.,(Cr) foralli e {1,...,t}.
i=1

(ii) There exist an integer
p=p(G.S,w)
and a p-tuple (i;)% € {1,...,k}? (also depending on (G, S, w) such that, if g
can be expressed as a word w over {cE': 1 <i <t} with deg, (w) < F;(r)
for some r > 0 then g can be expressed in the form

p
g= Hs;j] with |x;| < F;,(Cr).
j=1

Remark A.7. It must be the case that, for any j, the image of {c;: w(c;) = w;}
in GP/G},, generates G;°/G", . The key difference with Theorem 2.10 is that
Theorem A.6 does not identify a maximal subset of {c;: w(c;) = w;} thatis free
in G/ Gy
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The proof of Theorem A.6 requires a number of steps. The first observation
is that it is enough to prove Theorem A.6 in the case of the free nilpotent group
N(k,£) on k generators s1, ..., s, and of nilpotency class £. Indeed, once The-
orem A.6 is proved on N(k, (), the same statement holds on any nilpotent G of
nilpotency class £ equipped with a generating k-tuple S via the canonical pro-
jection from N(k,{) to G (by definition, the canonical projection is the group
homeomorphism from N(k, £) onto G which sends the canonical k generators of
N(k,£) to the given k generators of G).

Notation A.8. For the rest of this section, we assume that G = N(k, £) is the free
nilpotent group N (k, £) equipped with its canonical generating set S = (s1, ..., k)
and the multidimensional weight-system v generated by the (wy, ..., wg). With-
out loss of generality, we assume that the commutator set €(S) is equipped with
a total order < such that the function

w: €(S) 3 ¢ — w(c) € (0,00) x R4™!

associated with the given weight system tv is non-decreasing. Hence, ¢ < ¢’
implies w(c) < w(c’). In addition, we let § be a weight function system that is
compatible with tv in the sense that (2.1) and (2.2) hold true.

Notation A.9. Recall that deg, () denotes the number of occurrences of ¢! in
the word w over €(S). Similarly, we define deg (w) to be the number of occur-
rences of ¢ minus the number of occurrences of ¢~! in a word over €(S).

On €(S), consider the map J such that J(sit') = 57! and J([a,b]) = [b,a].
Abusing notation, we also write J(c) = ¢~!. Note that J 2 is the identity. Restrict
J to €*(S) = {c: J(c) # ¢} (where J(c) = c is understood as equality as formal
commutator so that J(s;) # s; and J([a, b]) = [a, b] if and only if a = b). Let €%
be the set of representative of €*(S)/J given by ¢ € €% (S) if and only if ¢ = s;
or ¢ = [a,b] with a > b.

It is convenient to enumerate all formal commutators in €% (S, £) and write

CL(S.0) ={ci,....c;},  t =#EL(S, D).
Since ¢ is fixed throughout, we write
CL(S) = CL(S, ).

Note that, a priori, this list contains commutators that are trivial in N(k, £). This
does not matter although these formal commutators can be omitted if desired. Let
us describe the basic collecting process on Ny ¢.
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Commutator collecting algorithm

€ €

e Given a word o = ¢; cizz...cfr’;"" in €%(S) U €%(S)!, first identify the
commutator of lowest order with respect to <, say it is commutator Ci; s mark
all the contributions of ¢;; to @ from left to right in order: {y1, ..., y4}, yj €

+1
{c] 5 ).

e Starting with y;, move yy, ..., y,4 to the left one by one by successive com-
mutation. Note that every time ¢;; jumps backward over a commutator ¢, the
jump produces the sequence ...c;; c[c, ¢;;].... It follows that all commutators
that are created in this process belong to €% (S) and have weight > 2w(c; j) -
w(cij)'

e After y1, ..., y4 have been moved to the left, we obtain a word y;...y,0’ with
the same image as w, and where ’ is a word in commutators > Cij -

e Apply the previous steps to ', producing w” and continue until the process
terminates after at most #¢7 (S) steps.

This proves the following weak version of M. Hall basis theorem [11, Theorem
11.2.3] (in Hall’s more sophisticated version, only the so called “basic”’ commuta-
tors are used and this results in a unique representation of any element of N(k, £)).

Proposition A.10. Any element g € N(k,{) has a representation
g=ci'c?..ci', xi €Z.

Next we want to have some control over {x;, 1 < i < t}. Let’s start with a
simple binomial counting lemma adapted from [11, p. 173] and [26]. We will use
the following notation. For any two commutators ¢; > ¢;, let C,—1 (i, j) be the
sets of all commutators ¢ € €7 (S) such that there exist €, ..., €, € {—1, 1} such
that ¢5" = [---[c0, ¢;'], ..., ¢;"~"] (as formal commutators in €(S5)).

Lemma A.11. Consider a word w in {c;: ¢; > ci}il. Let m = degcl_ w, and
let {y1,....ym}, ¥j € { ciil}, be the left to right contribution of ¢; to w. For
0 <q <m,thereis aword wy in{c;: cj > c,~}il which starts with yi...yq, whose
left to right contribution ofcl.il iS Y1, ..., Ym, and in which, for all ¢; > ¢;,

q
deg,, (@) = deg @) +q Y. dege(@)+ () Y deg@)
ceC(i,j) ceCr(i,j)

q
+ -+ (6) Z | deg.(w)
ceCy(i,j)

Further, if ¢’ denotes the lowest commutator in w with ¢’ > c; then contributions
of commutators ¢ with w(c) < w(c’) + w(c;) remain unchanged in w,.
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Remark A.12. Note that, after we move all contributions of ¢; to w to the left, we
obtain a word w,, with same image as @ of the form
wm = ¢ oy,

where x = degz,‘i (), w,, is a word in [€%(S) N {c > ¢; }]*1, and in which the
contributions of commutators ¢ with w(c) < w(c’) + w(c;) remain the same than
inw.

Proof. The proof is by induction on g. It holds trivially for ¢ = 0. The induction
hypothesis gives us a word w,—; with

deg,, (wg-1) < deg, (@) +(g—1) Y degc(w)+(q;1) Y deg.(w)

ceC1(.j) ceCa(i,))
q—1
+ e+ ( ¢ ) Z | deg.(w).

ceCy(i,j)
Now, we move y, to the left as in the collecting process by successive commuta-
tions. To keep track of contribution of ¢;, notice that a new contribution of c; is
produced only if y, jumps over a commutator ¢*! such that

[c*!. gl = ¢!
Further,

w([cEL, y,) = w(e) + wic) = w(c) + wic).
Hence, ¢; must satisfies
w(cj) = w(c) + w(c).

Therefore we eventually get a word w, in [€%.(S) N {c > ¢; NE with 7(w) =
7 (w), in which the left to right contribution of ¢; is the same as in w, which starts
with yj...y4, and such that

deg, (0g) < deg. (wg-1)+ Y deg.(wg—1).
ceCy(i,j)
Using the induction hypothesis on w,_; and the fact that all brackets of length at
least £ + 1 drop out,

Z deg.(wg—1) = Z Z( ) Z degz(w)

ceCy (i, j) c=cq€C2(i,j) P=0 ceCp(i,o)

sZ( ) 3 deg().

p=1 ceCp(i,j)
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Hence, we have

deg,, (wg) < deg (wg-1) + ) degc(wg—1)

ceCyi,j)
q—1 q—1
=2 ((",)+(2) X dem
p=o P P ceCp(inf)
¢
= Z (q) Z deg;(w) O
p=0 p ceCp(i,j)

Lemma A.13. There exists a constant C > 0 such that for any word @ in
[€(S) N{c > ¢ £ with deg. < F.(d) for all ¢ > c;, there exists a word
o in [€5(S)N{c > ¢ WEL in collected form:

t
5 _ Xj
@ —H"j
Jj=i

such that n(') = m(w), x; = deg;  for those j such that w(c;) < 2w(c;) and
xj| < Fe, (Cd) foralli < j <t.

Proof. The proof is by backward induction on i. For i = ¢, the statement holds
trivially since commutators with ¢ > ¢; commute.

Suppose the assertion holds for i + 1. As in the lemma, consider a word w on
[C€(S)N{c = ¢ 1EL Let {y1, ..., y4} be the contribution of ¢; to w, ¢ = deg, .
The previous lemma yields

/
a)q = yl...yqa)q,

where w; is aword in [€7 (S)N{c > ¢i41 }]¥1. From the hypothesis on the degrees
of ,
¢

deg, (0x) <) (i) Y Fed)

p=0 ceCp(i,j)

By definition, if ¢ € C,(i, j) then

F.FP =

Ci

F...

J
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Further,
#Cp(i,j) <1 = #E4(S)

and
q =deg, o < F¢,(d).

Therefore, we obtain
‘ q
deg,, (@) = 1Fe, @) Y (p)Fc,. @)
p=0

¢
= 18, @) 3 a” Fo ()7
p=0
<t(1+OF(d).
By assumption (2.1), there exists a constant C; such that
t(1+ O Fc(d) = Fe(Cid)
forallcandd > 1. O

Lemma A.13 with i = 1 proves Theorem A.6(i). Next we work on improv-
ing Theorem A.6(i) in the special case of the free nilpotent group N(k, ). This
improvement will be instrumental in proving Theorem A.6(ii). It is based on the
following important Lemma.

Lemma A.14. Foreach j, N(k, )7 /N(k, )7, is afinitely generated free abelian
group.

Proof. The proof is by a backward induction on £. If £ = 1, N(k, 1) is the free
abelian group on k generators and the desired result holds by inspection. Let
g € N(k,0)7 such that g ¢ N(k,O)F,,. Let Ny = N(k,{); be the center of
N(k,?) (i.e., the subgroup generated by commutators of length £). Assume first
that g € N(k,0)7, | Ny. Since

Nk OF  Ne/ Nk, OF, = Ne/[N(k. OFy 0 Nl

and N(k, K)}‘“+1 N N is generated by the basic commutators of weight w; and
length £, Ny /[N(k, E)}"H N Ny] is torsion free. It thus follows that g is not torsion
in N(k. O)F /N(k, O)7, ;.
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Now, consider the case when g & N(k, é)mNg Let g’ be the projection of g in
N(K,¢)/N; = N(k,£ —1). Clearly g’ € N(k ¢—1)7 and g" & N(k,{— 1)JJrl
because the inverse image of N(k, {— ) ', 1 under this projectionis N(k, {)
Further, ’

]+1

Nk, 0)" Ne/N(k, )" Ne =~ Nk, £ = 1) /N(k, £ — 1), .

By the induction hypothesis, g’ is not torsion in N(k,{ — DP/N(k.t —1DF

)i
It follows that g is not torsion in N(k, £)F /N(k. O)F, ;. O

Next, let (b;)] be a sequence of elements of €% (§) such that {b; : w(b;) = w;}
projects to a basis of N(k, K)]“’ /N(k,0)? e Let RJm be the rank of this torsion
free abelian group and set m); = >/ R® so that 1 = m; . Setalso m; =
max{i: w(c;) = w;}. Without loss of generality, we can assume that our ordering
on €% (S) is such that

m’; mj_ 1+R
(bi)mz'—l—i_l (CJ)mJ 1+1

Lemma A.15. Referring o the above setup and notation, there exists a constant
C > 0 such that for any word w in {c; : w(c;) >= Wy} *"! with degcj o < F¢,(d) for

all j, there is a word wy,
T

wp = l_[ b;cj

j=mj_ +1
such that
n(wp) = 7 (w)
and

|xj| < CF,(Cd), mj_, +1=<j<mj.

Proof. The proof is by backward induction on 2. When h = j., N(k,{)7 is
abelian and this is just linear algebra.
For a word w as in the lemma, Lemma A.13 gives a word

o = 1_[ ¢, |xi| < Fe (Cd)

i>mp—1+1
with the same image as w. Set

Li(h)y ={mp_y + 1,...,mp_1 + R},
Ly(h) = {mp—y + R} +1,....mp}.
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For i € I5(h), ¢; has the same image than
Zj_l' X
[] ¢
Jeli(h)
with v; a word in {c,: w(cp) > Wp41}T!. Hence
o
" _ Xj Zij o, \ Xp
“’—ch H(ch v,) HCP
jeli(h)  ielxy(h) jeIi(h) p>my
has the same image than w. Applying Lemma A.13 to this word w” gives
Xj+Yielyn Zi,j Xi x)
o= ] ¢ ’ [1e
jel (k) p>my
with the same image than »” and |x,| < F,(Cd) for p > my. Further, since

Fe; ~ Fe; =~ Fp, fori € I1(h), j € I2(h), we have

j+ Y zigxi] < Fe,(Cd).
i€l (h)

Applying the induction hypothesis to rewrite [ [, ,,, c;” finishes the proof. [J

Theorem A.16. Assume that the free nilpotent group N(k,!) is equipped with
its canonical generating k-tuple S = (s1,...,5¢) and a weight system v and
weight-function system § such that (2.1) and (2.2) hold true. Let b;, 1 < i <,
be a sequence of elements of CI(S) with w(b;) = w(bi+1), 1 <i < 1-1
and such that, for each j, {b;: w(b;) = w;} is a basis of the free abelian group
Nk, O)F /N(k. O)7, . Then

(i) Any element g € N(k,{) can be expressed uniquely in the form
T
g = ]‘[b;‘i, xi€Zief{l,..., 1\
i=1

Further,
Fs'(lgllecs).s) > max {F; " (1xi])}.

(ii) There exist an integer p and (i;)¥ € {1,...,k}? such that any g € N(k,{)
with ||glles),g < Fs(r), r > 0, can be expressed in the form

p
g= l_[s-y/ with |yj| < F;;(Cr), j €{l,..., p}.

Ly
j=1
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Remark A.17. This result is a strong version of Theorem 2.10 in the special case
when G = N(k, ).

Proof of (i). The first assertion follows from Lemma A.15. Uniqueness is clear
if one considers the projections of g onto the successive free abelian groups
Nk, O)F /N(k, 07 ;. O

The proof of the the second assertion requires some preparation. Given a com-
mutator ¢ with length m < £, let 0 = 04...0, be the formal word on the alphabet
S obtained from ¢ by removing brackets and inverses. For @ = (aj, ..., a¢) € Z*,
©(a, c) is defined as the expression we get by substituting in ¢ each o; by ;" , while
keeping all the brackets and signs unchanged. For example, if ¢ = [[si, , s 1, S5 1,
and a = (a1, a»,as,0,...,0), we have

O, c) = [[sllel,si_za2 ,s;‘” )
Lemma A.18. For a commutator ¢ with lengthm < £, let 0 = 01...0, be the for-
mal word associated with it. Suppose ay,...,a,m € 7 are such that
|aj| < Fy;(d) forall1 < j < m,d > 0. Set a = (ay,...am0,..,0) € 7
and consider the element u € N(k, {) such that

uc® % = 0(a,c).
Then u can be represented by a word  on {c;: w(c;) > w(c)}*! with
degcj (w) < Fe;(Cd)  forall ¢; with w(c;) > w(c).

Proof. The proof is by induction on the length m of the commutator c. When
m = 1, the statement is trivial.

Suppose the statement is true for commutators of length < m — 1. Let ¢ be
a commutator with length m, say ¢ = [f1, f2], where fi, f> are commutators of
length my, my < m. Write d; = (ai,...,am,,0,...,0) and do = (dm;+1,-- -,
Amy+mo- 0, ...,0), then by definition

O(a,c) = [0(ar, f1). Oz, f2)].

By the induction hypothesis,

O, fi) =ur f;", Oaa, fo) = ua fy T
where u; can be represented by a word @; in commutators ¢, with w(c,) > w(f1)
and degcp (w) < F¢,(Cd). Similarly, u> can be represented by a word w, in
commutators ¢, with w(c,) > w(f2) and degcp (w) < Fe,(Cd).
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Suppose w( f1) = Wwp,, w(f2) = Wp,, and w([f1, f2]) = wy. By the natural
group homomorphism

Niﬁ/NiﬁH ® NIZ/N;ZH — N /Ny
we have that

[flal...aml’fzam1+1...aml+m2] mod N;‘:D+1

[f1, fa]* - @mitma mod N7

[O(@d1, f1), 02, f2)]

— ,La1.-.-m 1o
=c mod N7 ;.
Therefore u = ©(d, c)c™@ % € N;° |, and since

ai...ar, Aky 418k +koq —ay...a
u=[uif, s U2 [ Jem ek,

it can be represented by a word w such that deg,, @ < 5F¢, (Cd) for all i. Then by
Theorem A.16(i), we have

u = 1_[ b;.cj.

Jrw(b;)=wy

with |x;| < Fp, (C'd). O

Lemma A.19. For any h, there exist constants My, > 0 and Cy, > 0 such that, for
any ¢ € €4 (S) with w(c) > Wy, there a integer p = p(c) with 0 < p < M}, and
a p-tuple (iy,...,ip) € {1,...,k}?, such that for any x € Z with |x| < F.(d),
d > 0, we have

o

R sl.xllsl.xzz...sz)p with x; € Z, |x;| < Fij(Cd),j =1,...,p.
Proof. The proof is by backward induction on 4. When & = j, and ¢ is a com-
mutator with w(c) = wj=, let 0 = 07...0;m, 0; € {51, ..., 5;} be the formal word
associated with ¢ (by forgetting brackets and inverses). Write

x=ao [[ [Fo,@]+ar [] [Fo;(@)]++am|Fo,(d)] +am

1<j=m 2<j<m



Random walks on nilpotent groups 1123
with aj € Z, |ao| < C and |a;j| < Fy, (d). Write
do = (a0 | Fo,(d) ]| . | For (d) | ... | Foy (D)),

dj = (1,...1,a;, | Fo,, (d)],.... | Fo, (d)]),

then
¢* =0(d1,c)...0(dg,¢c) mod N(k,é)}‘lﬂ.

Since N(k, )}, = {e}, we actually have equality. Unraveling the brackets in
©(aj, c) we getan expression in the powers of the generators satisfying the desired
conditions.

Suppose the claim holds for /2 + 1. Given a commutator ¢ with w(c) = wy, let
again o1, .. .0y, (m depends on c¢) be the formal word on the generators associated
with c. For x € Z, |x| < F.(d), decompose x as above and use Lemma A.18 to
write

¥ =uy'O(dg, ¢) ... u,, Odm, ),

where u; € N(k, £);, , can be represented by a word w; with degc v < F; (Cd)

for all j. By Lemma A.15, u; can also be represented in the form [];5 4, by I
with |y; ;| < Fp, (Cd). Applying the induction hypothesis to each terms of these
xl X2 Xp

products we can now write ¢* in the desired form ¢* = 57 's;%...5; 7. O

Proof of Assertion (ii) in Theorem A.16. By Theorem A.16(i), any g € N(k,{)
with || g|ls,s < F _l(r) r > 0, as a unique representation of the form g = ]_[f by
with [x;| < Fp,(Cr). Applying Lemma A.19 with ¢ = bj,x = x; for each
j = 1,...,7 produces a sequence ((i,)¥ (independent of g) and a sequence
(x,) € ZP (depending on g) with |x,| < Fy, (Cr) foralln € {1,..., p} and

such that
g = H szf'. ]

A.3. End of the proof of Theorem 2.10. In order to finish the proof of The-
orem 2.10 for a general finitely generated nilpotent group G, we simply need to
improve upon Theorem A.6(i). Namely, Theorem A.6(i) provide a decomposition
of any element g with || f||¢(s),5 < Fs(r) in the form

t

g= Hcix", |xi| < F¢,; (Cr).
1

Here (c;)} is an enumeration of €% (S) so that w(c;) < w(ci41)-
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Now, let (b;)] be a collection of formal commutators with w(b;) < w(b;41).
For j €{1,..., j«}, let
mj; = max{i: w(b;) = w;}.

Clearly, w(b;) = wj ifandonly if m; _ 1+1 < i =< mj. Recall that R}" is the torsion
free rank of the abelian group G*/G We make two natural assumptions on
the sequence (b;):

]+1

(A1) Foreach j, {b;: mj—1 <i < m;} generates G;" modulo G?, ,.

(A2) Foreach j,{bj:mj_1 <i <mj_1 + RP}is freein GI"/G}, .

Note that, since Rm is the torsion free rank of Gm /G® i (A2) implies that
(the i 1rnage of){bj:m;_y <i <mj_1 + R“’} generates a subgroup of finite index

o
inG?”/G /+1

Lemma A.20. Referring to the notion introduce above, assume that (b;)7 satis-
fies (Al). Then there exists C € (0, 00) such that, foranyh = 1,..., j, any g € G
that can be written in the form

g= J] ¢ Inl<F,0).
itw(c;)=wp
can also be written in the from
g= 1_[ b, |xi| < Fp, (Cr).
it w(b)=wy

Proof. The proof is by backward induction on 4 and is similar to the proof of
Lemma A.15. The details are omitted. O

Proposition A.21. Assume that, for each j, the image of
{bi: mj—1 + 1<i =mj_ +R'}
in G/ G", | generates a subgroup of finite index in G° /G, ,. Then there exists

a consmnt C > 0 such that for any word w in {b; : w(b ) > wh}jEl with deg;, o <
Fy, (r) for all i, there is a word o' of the form

T

w = H b

i=mp_1+1
with
x| Fb,-(Cr) Jormj_1 +1=<1i §mj_1+R;°,
Xi| =
C Jormj_1+ RY +1<i <m;

for j €{h,..., j«} and such that w(0') = 7 (w).
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Proof. The proof is by backward induction on /. When & = .G is abelian and
the desired result holds.

In general, let w as in the proposition. By Lemmata A.13-A.20, we obtain a
word

t

o= [[ &7 with|xj| < Fy, (Cr)forall j = mj_; + 1

j=mp_1+1
and such that
w(w) = m(wy).
By hypothesis, the images of the commutators b;, mj_+1 < j < my_+ R},
generates a subgroup of finite index in G;° /G’ ,. Let N, denote the index. Then

h+1°
formp_y + Ry +1 < j < my, there exists agj), ...,agz, € Z such that
h
. )
) a pro
Np _ @4 Rp 1o
b " = bmh—1+1"'bmh_1+R;;’ mod G, ;,
that is o)
. J
) agw
Npy _ ay Rp _
w(b;™) =7y, 410, 4 R Vi)

where v; is a word in {¢; : w(c) > Wy} In

o= [] 57
J=mp_1+1
for each j € {my_y + Ry +1,...,my}, write
Xj =szh+yj, with0§yj < Ny,

and replace bj.v” by the word

%) a¥),
w; = bal b R Vi
i = Oy +1 Py 4R Vi

This produce a new word

mp—1+Ry mp, t
wy = 1_[ b; ;" bj b;
J=mp—1+1 j=mp_1+1+RP J=mp+1

satisfying 7 (w}) = w(w1). Formp_; + 1< j <mp_y + R},

deg, o) < |x;|+ Z |Cl](-i_),,,h_1 JEAR

mp—1+Ry +1<i<my
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By hypothesis, degbj w < Fp,(Cd) < Fp(Crd) forall my—y +1 < j < myp and
max{|a,(f)|: mp—1+ Ry +1<i<mp,1<n<Rpy}=Cp < 0.
Hence, for my_y + 1 < j <my_; + R}, we obtain
deg, ) < C1(mp —mp—1)Fp(Cd) < Fj(Cad).

Formp_+ Ry +1 < j <my, degbj ® < Ny, Finally, forany c € {¢;: 1 <i <t}
with w(c) > wy, we have F, > Fj;, and

deg, ] < deg, w1 + Z |zx | deg, vk

mp—1+R) +1<k<mp

=< Fc(c3d)-

Applying Lemmata A.13-A.20 to ], we obtain a word o’ with 7n(0) = 7 (')
and
mh_1+R;;° - mp,

m= 1 & I 5 I15

j=mp_1+1  j=mj_1+1+RP j=mpy

where |xj| < Fu(Cid) for mp—y +1 < j < my_1 + RP;0 < y; < N, for
mp—y + Ry +1<j <my,and |5ch§ F,(C3d) for all j > my. Now, apply the

induction hypothesis to ]_[;-=m W1 b;j , to obtain the desired conclusion. O

We end with the following simple improvement of the last statement in Theo-
rem 2.10. The proof is a simple combination of the previous proposition together
with Lemma A.19.

Theorem A.22. Let G be a nilpotent group equipped with a generating k-tuple
S = (s1,...,5¢). Letw, § be weight and weight-function systems on S satisfy-
ing 2.1) and 2.2). Let ¥ = (c1,...,ct) be a tuple of formal commutators in
€(S) with non-decreasing weights w(c1) < --- 2 w(c;). Letmj, j =0,..., j« be
defined by

{ci: w(c;) = II)j} = {¢;: mj_1 <i =< mj}.
Assume that (the image of) {c; : w(c;) = w;} generates Gjr.U modulo G]'."Jrl and that

{cizmj_1 <i <mj_y + RY}is free in G /G, .
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There exist an integer p = p(G,S,35), a constant C = C(G,S,§) and a
sequence (i1, ...,ip) € {1,...,k}? such that if g can be expressed as a word @
over €(S) with deg.(w) < F¢(r) for some r > 1 and all ¢ € &(S) then g can be
expressed in the form

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

[11]

LA F;.(r) ifs;. € core(S, 1, ),
g = Hsf,] with |x;j| < C K K
iz 1 if si; & core(S,w,X).
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