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Abstract. We prove that the Diophantine problem for quadratic equations in the

Grigorchuk group is algorithmically solvable. As a corollary to our approach, we prove

that the group has a finite commutator width.
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1. Introduction

The problem to determine if a given system of equations in an algebraic system S
has a solution (the Diophantine problem for S) is hard for most algebraic systems.
The reason is that the problem is quite general and many natural specific decision
problems for S can be reduced to the Diophantine problem. For example, the
word and the conjugacy problems for a group G are very special cases of solving
equations in G. This generality is a natural source of motivation for studying the

!'The first author has been partially supported by the Russian Foundation for Basic Research.
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202 I. Lysenok, A. Miasnikov, and A. Ushakov

problem. Furthermore, equations in S can be viewed as a narrow fragment of
the elementary theory of S. In many cases, solving the Diophantine problem and
providing a structural description of solution sets of systems of equations is the
first important step towards proving the solvability of the whole elementary theory.
In particular, this is the case for the famous Tarski problem on the solvability of
the elementary theory of a non-abelian free group, see [9]. The positive solution
of the Diophantine problem for free groups [12] and a deep study of properties of
solution sets of systems of equations in free groups initiated in [13] are at the very
foundation of the known approach to the problem.

These two natural questions can be applied to any countable group G: solve
the Diophantine problem for G and find a good structural description of solutions
sets of systems of equations in G.

Among the whole class of equations in a group, a subclass of quadratic equa-
tions plays a special role. By definition, these are equations in which every vari-
able occurs exactly twice. Under this restriction, equations in groups are much
more treatable than in the general case, compare for example [2] and [12]. A rea-
son is that natural equation transformations applied to quadratic equations do not
increase their complexity. This is related to the fact that quadratic equations in
groups have a nice geometric interpretation in terms of compact surfaces (this
may be attributed to folklore; see also [15] or [11]). Although being quadratic is
a rather restrictive property, it is still a wide class; for example, the word and the
conjugacy problems in a group are still special cases of quadratic equations. It is
worthwhile to mention that in many cases, the class of quadratic equations is one
of several types of “building blocks” for equations of a general form, see [8].

There are two classes of infinite groups where equations are well understood.
The first is finitely generated abelian groups. In this case, systems of equations are
just linear Diophantine systems over Z. The second is non-abelian free groups.
Equations in this case are more complicated but has been extensively studied.
Although there are many other classes of infinite groups where some reasonably
general results on equations are known, at present they can be informally classi-
fied into two types: groups with a “free-like” behavior (e.g. Gromov hyperbolic
groups) or groups with “abelian-like” behavior (e.g. nilpotent groups). (A number
of deep results is known also for groups of “mixed type”; see the monograph [1]
for equations in free partially commutative groups.)

In this paper, we make an attempt to study equations in groups which belong
to neither of these two types. Namely, we take the known 3-generated Grigorchuk
2-group [4] of intermediate growth and prove that the Diophantine problem for
this group in the special case of quadratic equations is solvable.
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Theorem 1. There exists an algorithm which for a given quadratic equation in
the Grigorchuk group T, determines if it has a solution or not.

A notable feature of the Grigorchuk group I is its self-similarity in the sense

that I is commensurable with its nontrivial direct power. More precisely, there is
a “splitting” homomorphism i of a subgroup Str(1) of I" of index 2 to the direct
product I' x I of two copies of I" such that the image of ¥ has index 8 in I' x I" (see
[7, Chapter VIII, Theorem 28]). There are two important properties of { which
give rise to a number of remarkable facts about I". The first property is that each
component y; :
Str(1) — ' of ¢ = (Yo, ¥1) is a contracting map with respect to the word length
on I defined for a canonical set of generators for I'. This provides an effective
solution of the word problem for I' and is a key assertion in the proof that I is
a 2-group. The second property is a stronger version of the first one: the split-
ting homomorphism v itself is a contracting map with respect to a certain length
function defined on I". A corollary is that the growth function of I' is neither
polynomial nor exponential.

Our proof of Theorem 1 is based essentially on the stronger version of the con-
tracting property of the splitting homomorphism . We use also the fact that I" is
a torsion group though we think that this is not essential. We hope that the theorem
could be generalized to a wider class of groups of a self-similar nature (though,
of course, much technical work for this generalization has to be done).

Our main technical tool is defining a special splitting map W on equations in
I' which simulates application of the homomorphism i when arbitrary values
of variables are substituted into the equation. It is not hard to see that for a qua-
dratic equation, application of W produces two equations which are also quadratic.
Because 1 is contracting, the coefficients of new equations are shorter than the
coefficients of the original one. Although the complexity of the non-coefficient
part of the equation may increase, this is sufficient to apply an induction.

We apply our technique to prove another non-trivial property of I':

Theorem 2. There is a number N such that any element of I belonging to the
commutator subgroup I, '] is a product of at most N commutators in T'.

It is well-known that two quadratic words x?y2z2 and x?[y, z] are equivalent
up to a substitution of variables induced by an automorphism of the free group
F(x,y,z). This implies equivalence x7x3 ...x3, | ~ X7[x2,x3] ... [X2n, X2n+1]

and we have the following immediate consequence.
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Corollary. There is a number N such that any element of I' belonging to the
verbal subgroup generated by squares is a product of at most N squares in I.

Note that we do not provide a bound on N in Theorem 2. Note also that the
procedure in Theorem 1, described in Section 5, is not fully explicit since it relies
on existence of finite data (a finite set of integer-valued vectors in Proposition 5.5
below) which we do not compute.

2. The Grigorchuk group

For a survey on the Grigorchuk group and its remarkable properties, we refer the
reader to [5] and [7]. In this section, we recall the definition and formulate several
facts about the group which we will need in the sequel.

Let 7 be an infinite rooted regular binary tree. By definition, the vertex set of
T is the set {0, 1}* of all finite binary words with the empty word ¢ at the root.
Two words u and v are connected by an edge in T if and only if one of them is
obtained from the other by adding one letter x € {0, 1} at the end. The tree 7 is
shown in Figure 1.

00 01 10 1

000 001 010 011 100 101 110 111

Figure 1. The infinite rooted regular binary tree 7.

By Aut(7) we denote the group of automorphisms of J. Any automorphism
a € Aut(7) can be viewed as a permutation on the set {0, 1}* which preserves the
length and initial segments, i.e., |a(x)| = |x| for all x and if @(xy) = x'y’ and
|x| = |x’| then @(x) = x’. In particular, for every n > 0, « induces a permutation
on the set {0, 1}" of words of length n (the n-th level of T). We denote by St(n)
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the stabilizer in Aut(7T) of the set {0, 1}”. In particular,
St(1) = {a € Aut(7) | ¢(0) =0 and (1) = 1}

is the subgroup of Aut(7) of index 2.
Let Ty and T be the subtrees of T spanned by the vertices starting with 0 and 1,
respectively. By a we denote the automorphism of T which swaps Ty and T :

a(xw) =xw forx €{0,1}

where X denotes 1 — x.

By definition, the Grigorchuk group I' is the subgroup of Aut(7T) generated by
four automorphisms a, b, ¢ and d, where b, ¢, d € St(1) are defined recursively as
follows:

b(0w) = 0a(w), b(lw) = lc(w),
c(Ow) = 0a(w), c(lw) = 1d(w),
d(Ow) = 0w, d(lw) = 1b(w).
It is easy to see that the generators a, b, ¢ and d satisfy the relations
a>=b>=c*>=d*=bcd = 1. (1)
In particular,
(a) ={l,a} ~7Z/27Z and (b,c,d)={1,b,c,d}~"7/27 x7/27Z.
Hence every element of I" can be represented by a word of the form
[a]x1axza . ..ax,la] 2)

where x; € {b, c,d} and the first and the last occurrences of a are optional.

Every automorphism g € St(1) induces automorphisms g¢ and g; on the sub-
trees T and T; of T. Since Ty and T, are naturally isomorphic to T the mapping
g + (go, g1) gives a group isomorphism

¥ St(1) — Aut(7) x Aut(7).
We denote by v; (i = 0, 1) the components of :
V(g) = (Yo(g). ¥1(g))-

Observe that conjugation by a swaps the components of ¥/ (g):

V(aga) = (Y1(g). Yo(g)).



206 I. Lysenok, A. Miasnikov, and A. Ushakov

Let Str(1) = St(1) N I" be the set of automorphisms in I stabilizing the first
level of T, i.e., stabilizing the vertices 0 and 1. Since b, ¢, d € St(1) and a swaps Ty
and Ty, the subgroup Str(1) has index 2 in I and a word w represents an element
of Str(1) if and only if w has an even number of occurrences of a*!. This implies
that Str(1) has a generating set {b, ¢, d,aba, aca,ada}. From the definition of b,
¢ and d we can write immediately the images under ¥ of the generators of Str(1):

Y(b) = (a,c), Y(aba) = (c,a),
¥(c) = (a.d), Yl(aca)=(d,a),
y(d) = (1,b), Y(ada)= (b,1).

The monomorphism
¥: Str(1) > I'x T

plays a central role in our analysis of equations in I". Note that computation of
Y is effective (for example, we can represent an element of Str(1) by a reduced
word (2) as a concatenation of generators {b, ¢, d, aba,aca,ada} and then apply
the formulas above).

We will need a description of the image of ¥ as well as an extra technical
tool, the “subgroup K trick” (Proposition 2.2) used in [14] for a solution of the
conjugacy problem for I" (see also [10]). Let K be the normal closure in I" of the
element abab,

K = (abab)".

Lemma 2.1. The following holds:

(i) K has index 16 in T" and the quotient group I'/ K has the presentation

T/K = (a,b,d | > =a® =d? = 1, (ab)* = (bd)? = (ad)* = 1);

(i) T'/K is the direct product of the cyclic group of order 2 generated by bK and
the dihedral group of order 8 generated by aK and dK;

(iii) K x K € ¥ (K).

Proof. (ii) follows from (i). (iii) is Proposition 30(v) in [7, Chapter VIII]. Proposi-
tion 30(ii) in [7, Chapter VIII] says that K is of index 16. To verify the presentation
for I'/ K in (i) we first check that all defining relations hold in I'/ K and then com-
pute that the presented group is of order 16. O
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By nx we denote the natural epimorphism I' — I'/K. A straightforward
consequence of Lemma 2.1(iii) is the following proposition.

Proposition 2.2. There is a finite set F of pairs (u,v) € I'/K x I'/ K and a map
w:F—T/K

such that

(i) a pair (go,g1) € T x I' belongs to the image of ¥ if and only if the pair
(mk (g0). x (g1)) belongs to T

(i) if (7rk(go), mk(g1)) € F then for any g € T with ¥ (g) = (go &1),

7k (g) = w(mwk(go), Tk (g1))-

3. Quadratic equations

3.1. Equations in groups. Let G be a group and X a countable set of variables.
An equation in G is a formal equality

w=1

where W is a word uqus ... uy of letters u; € G U X*'. We view the left-hand
side W of an equation as an element of the free product G * Fx. A solution of
W = 1is a homomorphism

a:GxFxy — G
which is identical on G (i.e. « is a G-homomorphism) and satisfies
a(W) =1.
Similarly, a solution of a system of equations {W; = 1};¢y is a G-homomorphism
a:GxFxy - G

such that
a(W;))=1 foralli.

For the Diophantine problem in a group G, it is usually assumed that G is
finitely or countably generated; in this case equations in G can be represented by
words in a countable alphabet A*! U X*! where 4 is a generating set for G.
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A word W € G x Fx and an equation W = 1 are called quadratic if every
variable x € X occurring in W occurs exactly twice (where occurrences of both
x and x~! are counted). For a word W € G * Fy by Var(W) C X we denote
the set of all variables occurring in W (again, occurrences of x*! are counted as
occurrences of a variable x).

We denote Autlg (G * Fy) the group of finitely supported G -automorphisms of
G x Fy,i.e., automorphisms ¢ € Aut(G * Fx) which are identical on G and change
finitely many elements of X. We say that two words V, W € G x Fx are equivalent
if there is an automorphism ¢ € Autlg (G * Fx) such that ¢ (V) is conjugate to W.
Clearly, if V and W are equivalent then equation V' = 1 has a solution if and only
if equation W = 1 has a solution.

It is well known that every quadratic word is equivalent to a word of one of the
following forms:

[x1. y1llx2. y2] . . . [xg. Vgl (g =0), (3a)

[x1, yil[x2. y2] .. . [xg, yel €1 zz_lczzz .. .z;lcmzm (g=>0,m>1), (3b)

x%x% .. .xé (g > 0), 3o)
xfx% .. .xg c1 zz_lczzz .. .z,;lcmzm (g>0, m>1), (3d)

where x;, y;,z; € X are variables and ¢; € G (see [2] or [6]). With a slight
change of these canonical forms (introducing a new variable z;, for technical con-
venience), we call the following quadratic words Q and the corresponding qua-
dratic equations Q = 1 standard:

[x1. yillx2, y2] . . . [xg, Vel Zl_lchl 22_1C222 .. .Z&lcmzm (g >0, m=>0),

2.2 2

X{X5 ... Xg Zl_lchl 22_1C222 .. .Zglcmzm (g >0, m=>0).

Words in the first and in the second series are called standard orientable and
standard non-orientable, respectively. More generally, a quadratic word Q (and
a quadratic equation Q = 1) are called orientable if the two occurrences in Q of
each variable x € Var(Q) have the opposite signs x and x~! and non-orientable

if there is a variable x occurring in Q twice with the same signs x or x 1.

The number g is called the genus of a standard quadratic word Q. The elements
1, ..., Cm of G occurring in Q are called the coefficients of Q.
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Proposition 3.1. Every quadratic word Q is equivalent to a standard quadratic
word R which is orientable if and only if Q is orientable. Moreover, there is an
algorithm which, for a given Q, computes R and the equivalence automorphism
o € Autlg (G * Fy) that sends Q to a conjugate of R.

Proof. Due to the reduction to the classical standard form (3) (the procedure in [2]
or in [6] is effective and preserves orientability), it is enough to prove that removal
of the variable z; in a standard quadratic word (in our sense) leads to an equivalent
quadratic word. The following G-automorphism does the job:

(X1, p1] .- . [xg, yel 'Zl_lchl S 'Zglcmzm
o 1 —1 -1
— z7 (X1, p1] .. [xg, gl - c125 €222+ ... 2, CmZm)Z1
where
¢ = (x; |—>zl_1x,~zl, i=1,...,g,
_1 .
yir—zy yiz1, j=1,...,8,
Zr — zZpz1, k=2,...,m). O

3.2. Equations with constraints modulo a subgroup. Let H be a normal sub-
group of a group G. By g we denote the canonical epimorphism G — G/H.

Definition 3.2. An equation in G with a constraint modulo H is apair (W = 1,y)
where

W eG=x Fy

and
y: Var(W) — G/H.

A solution of such an equation is a G-homomorphism
a:GxFx — G

satisfying
a(W) =1
and
mp (a(x)) = y(x)

for every variable x € Var(W).
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This notion naturally extends to systems of equations in G. A constraint mod-
ulo H for a system of equations {W; = 1} is a map

y: | Var(wy) — G/H.
i
A solution of a constrained system ({W; = 1}, y) is a G-homomorphism
a:GxFxy — G
such that
a(W;)=1 foralli
and
mh(a(x)) = y(x)
for every x € | J; Var(W;).
If Y C X is a set of variables then a map
y:Y — G/H
extends naturally to a group homomorphism
G * FY —> G/H
by defining
y(g) =nu(g) forgeG.

We use the same notation y for this homomorphism (implicitly identifying the two
maps). In particular, a constraint y for a system of equations { R; = 1} is identified
with the induced homomorphism

G*Fy—>G/H,

where Y = | J; Var(W}).

Observe that existence of a solution of a system of equations ({R; = 1}, y)
with a constraint y automatically implies that y(R;) = 1 for all ;.

We introduce equivalence of constrained equations in the following way.

Definition 3.3. Equations (W = 1, y) and (V' = 1, {) with constraints modulo H
are equivalent if y and { can be extended to homomorphisms

7..: Gx Fx — G/H

so that for some G-automorphism ¢ € Aut'g(G % Fx), ¢(W) is conjugate to V
and

t=70¢.
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The following simple observation shows that a constraint is naturally induced
by equivalence of equations.

Lemma 3.4. Let W and V be equivalent words in G x Fx. Then for any constraint
y: Var(W) — G/H there exists another constraint

¢: Var(V) — G/H

such that equations (W = 1,y) and (V = 1,¢) are equivalent. Moreover, there
is an algorithm which, for given W, y and a G -automorphism ¢ € Aut'g (G * Fx)
sending W to a conjugate of V, computes the constraint .

Proof. To compute £, we first extend y to a homomorphism
y:Gx Fxy — G/H

in an arbitrary way, then take

{=y0¢
and compute ¢ by restricting ¢ to Fy. Since ¢ is finitely supported, the procedure
is effective. O

As an immediate consequence of the lemma and Proposition 3.1 we get

Corollary 3.5. For any quadratic equation (Q = 1,y) with a constraint modulo
H there is an equivalent equation (S = 1,{) where S is a standard quadratic
word equivalent to Q.

Assume that W; and W, are two words in G * Fy and there is a variable x € X
which occurs in each W; exactly once. Let

W; = U;x%V; where ¢; = +1.

We can express x in W, as x = (V,U,) %2 and then substitute the expression in
W, obtaining a new word denoted W;#, W, in which x no longer occurs:

Wi#. Wy = U (VaUp) %12V,

Sometimes we simply write Wi#W, if the choice of x is irrelevant (see also
Remark 3.7). It is obvious that a system {W; = 1,W, = 1} is solvable in G
if and only if a single equation W;#, W, = 1 is solvable in G. We will need a
similar statement for the case of equations with constraints.
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Lemma 3.6. Let Wi, W5 € G * Fy and assume that a variable x € X occurs in
each W; exactly once. Let {W1 = 1, W, = 1}, y) be a system of equations in G
with a constraint y modulo H and y(W;) = 1 fori = 1, 2. Then this system has a
solution if and only if the equation (Wi #, Wp = 1,y’) has a solution where y’ is
the restriction of y on Var(Wi#, W>).

Proof. The “only if” part is obvious.

For the “if” part, we use the condition y(W;) = 1 which implies that any
solution ¢’ of the constrained equation (W#, W, = 1, y’) extends to a solution
of the system {W; = 1, W, = 1} with 7y (e (x)) = y(x). ]

Remark 3.7. Itis easy to see that if y is another variable which occurs in either W
and W, exactly once then W #, W, and W #, W, are equivalent. However, we do
not need this fact and the notation W;#W, means a particular choice of a variable
x which is clear from the context.

4. Splitting equations

4.1. Splitting wordsin T * Fy. Let W = 1 be an equation in I". If we substitute
the values of a solution to W and apply the splitting homomorphism i then we
get two new equalities. These equalities lead in a natural way to a system

Wo=1,W =1}

of two equations in I" formally defined below in this section. The main idea of split-
ting an equation is that we get a new equivalent system which, in a certain sense,
is simpler than the initial equation. Equivalence, however, cannot be achieved in
a straightforward way. An obstruction appears because the image of Str(1) un-
der  is a proper subgroup of I' x I' and, in general, a solution of the system
{Wo = 1, Wi = 1} can not be lifted to a solution of W = 1. This is the reason why
we engage equations with constraints modulo K: since we have ¢ (K) D K x K,
for constrained equations the transition from W = 1to {W, = 1, W = 1}
is equivalent (see Corollary 4.3).

Starting from this point, we consider only equations in I with constraints mod-
ulo K (often omitting mentioning the constraints). Since K is a subgroup of I" of
finite index, any equation in I' is reduced to a finite disjunction of equations with
constraints modulo K.
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On the set of words W e T" % Fx we define two maps ¥y and W; which sim-
ulate application of the homomorphisms ¥y and v, after substituting values of
the variables in W. Since v is defined on the subgroup Str(1) of I of index 2,
Wo (W) and ¥ (W) depend on the predefined cosets modulo Str(1) of all values
of variables occurring in W. We observe that a constraint modulo K determines
these cosets in a unique way. For this reason, we formally define maps W; with
respect to a given constraint y: Var(W) — I'/K (though denoting them W; by
abuse of notations).

Given a constraint y: ¥ — I'/K on a set of variables ¥ € X, we use the
notation o, for the induced group homomorphism

oy: I'x Fy — T/ Str(1)

into the group I'/ Str(1) of order 2 which gives the coset mod Str(1) of every
word U €T % Fy.

For an element u € T, let u denote the closest element in Str (1) defined by

_ u ifu e Str(1),
u =
ua otherwise.
For each variable x € X we introduce two variables x¢ and x; which we call
the descendants of x. Since we operate on a single set of variables X (and the
splitting procedure will be applied to an equation recursively) we may formally

assume that X is partitioned into two infinite disjoint sets Xy and X; and two
bijections X — Xy, X — X; are fixed which provide the descendants of x € X.

Now, given a word
W =uu,...ur €' x Fxy, u; eFUXil,
and a constraint y : Var(W) — I'/ K we define a word
Yo(W) =vivy...vx € T x Fy,
where foru; € T,

1//0(121') ifa,,(ul . ..ui_l) = 1,
Yol(auia) ifop(uy...uj—1) # 1,

v, =
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and for u; = xf € X+,
xo ifoy,(uy...uj—1) =1,
v; = fore =1,
x1 ifoy,(uy...uj—1) #1,

xo_l if oy (uy...u;) =1,

v; = fore = —1.
xptoifoy(ur..ou) # 1,

Similarly one defines W, (W) by taking v instead of ¢ in the definition of v;
for u; € I' and interchanging x¢ and x; in the definition of v; for u; € X +1
We denote also

V(W) = (Wo(W), U1 (W)).

Note that in the definition of ¥;(W) we do not assume that o, (W) = 1
(i.e. that W defines an element in Str (1) after substituting values for all variables)
and thus W; (W) is defined for any word W € T" x Fy. In particular, we have a
function

U:Tx F(X)— (I'* F(X)) x (T % F(X)).
Note also that
W; (W) = W;(Wa) forany W,
which can be seen directly from the definition.
Let W e T % F(X) and

y: Var(W) — I'/K

be a constraint on Var(W') (remember that W(W) is formally defined with respect
to a given y). For any I'-homomorphism «: T" x Fy,w) — I' we can define the
induced map
st I % Fvar(wo (w))uvarw, w)) —> T

by

ax(x;) = ¥i(a(x)) forx e Var(W)andi =0, 1.
The next proposition follows from the construction by induction on the length
of W.

Proposition 4.1 (main property of V). For any I'-homomorphism
o: I x FVar(W) — T
satisfying the constraint y (that is, wx(x(x)) = y(x) for any x € Var(W)),

Vi(a(W)) = ax(¥i(W)) (@ =0,1).
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We are in position to define splitting of an equation in I" with a constraint
modulo K. Since the images ¥;(gK) of a coset gK do not belong to a unique
coset modulo K, a constraint modulo K generates a family of constraints under
splitting. To define this family, we use a notation g for an element g € I'/ K which
plays the role of “the closest element in the stabilizer Str(1)” (similar to the case
of notation g for g € I'):

_ {g if g € Str(1)/K,

gng(a) otherwise,

where 7k (a) denotes the natural image of ¢ in '/ K.

Definition 4.2. Givena word W € I' * Fx and amap y: Var(W) — I'/K, we
define a set Vy,, of maps

¢: Var(Wo(W)) U Var(W (W) — T'/K

by
Vw,y = {¢ | (L (x0), {(x1)) = y(x) for all x € Var(W)} “4)

where o is given in Proposition 2.2.

An immediate consequence of Propositions 4.1 and 2.2 is the following corol-
lary.

Corollary 4.3 (splitting reduction). Let (W = 1,y) be an equation in T and
oy(W) = 1. Then (W = 1, y) is solvable if and only if the system

(o (W) =1, W1 (W) = 1},0)
is solvable for some { € V. O

4.2. Splitting quadratic equations. In this subsection, we apply W to standard
quadratic equations in I".
It follows from the definition of \W; that for any U, V € T" x Fx:

U (U)-W(V)  ifoy(U) =1,
(U)W (V) ifoy(U) # 1.

v (U -V) =

Hence the image of a standard quadratic word under W; is factored into blocks of
the form
U ([x,y]), i(x?), and ;(z7'cz) (j =0,1).

(Note that o, ([x, y]) = 0y (x?) = 1.)
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We write explicit expressions for these factors (we assume that commutators

[x, ] are written as x ™!y~ lxy):

o if 0, (x) = 0,(y) = 1,
Wo([x. y)) = x5 " yg " xoo.
Wy (lx. y]D) = x7 'y,
o if oy (x) # 1,0y(y) = 1,
Wo(lx. y]) = x7 ' y7 " x1 0.
Wi ([x. yD) = xg " yg " xoy1,
o if oy, (x) = 1,00(y) # 1,
Wo(lx. yD) = xg ' y7 ' x1y1,
Wy ([x. y]) = x7" yg " xovo.
o if 0y (x), 0y (y) # 1,
Wo(lx. y]) = x7 ' yg ' xoy1,
Wi ([x. yD) = xg " y7 ' x1 0.
and
o ifo,(x) =1,
Wo(x?) = x3,
Uy (x?) = Xf,
o ifo,(x) # 1,

Wo(x?) = xox1,

Wy (x?) = x1x0,
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and, finally,
o ifc € Str(1),0,(2) =1,
\Ilo(z_lcz) = zo_lcozo,

\IJI(Z_ICZ) = Zl_lclzl,

o ifc ¢ Str(1),0,(2) =1,
\IJ()(Z_ICZ) = Zo_lcozl,

\IJI(Z_ICZ) = Zl_lclzo,

o ifc e Str(1),0,(z) # 1,
Wo(z7tez) = 21_10121,

U, (z_lcz) = zo_lcozo,

o ifc ¢ Str(1),0,(z) # 1,
Wo(z 7 lez) = 21_10120,

\IJI(Z_ICZ) = Zo_lcozl,

where
Ci =1ﬂ,-(c), i =0,1.
For a standard quadratic word Q, denote by C(Q) the set of coefficients of Q.

Lemma 44. Let (O = 1,y) be a standard quadratic equation in T' and
Y(Q) = (Qo, Q1). Then the following assertions are true.

(i) Var(Qp) N Var(Qq) = @ if and only if C(Q) < Str(l) and either
oy(x;) = oy(y;) = 1 for every commutator [x;, y;| in the commutator part
of Q (if Q is standard orientable) or o, (x;) = 1 for every square x? in the
square part of Q (if Q is standard non-orientable).

(i) If Var(Qo) N Var(Q1) = 0, then both Q¢ and Q1 are standard quadratic
words of the same genus g and the same orientability as of Q. Furthermore,

C(Qo) UC(Q1) ={¥i(c) | c € C(Q). i = 0.1, ¢i(c) # 1}.

(iii) If x € Var(Qo) N Var(Q1), then Qo#x Q1 is a quadratic word. If Q is ori-
entable then Qo#y Q1 is also orientable.

Proof. Straightforward verification. O
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In Lemma 4.5 we collect all necessary computations which we will use
later to describe the standard form of the quadratic word Qo#Q; in the case
Var(Qg)NVar(Q1) # 0. We write U ~ V for equivalenceof words U, V' € '« Fy.

Lemma 4.5. Let Q be a quadratic word, x¢, X1, Yo, Y1, 21, Z2, 23, Z4 be variables
not occurring in Q, and c1, ¢z, c3,cq € I'. The following holds.

G) If Q =UYV then
Ulxo, yolV ~ [x0, y0] O,

UxiV ~ x50,
and

Uzl_lclle ~ Qzl_lclzl.
(i) If Q = UV W and (R, S) is one of the pairs

—-1.-—1 —-1.—1
(X7 ¥1 X1Y0. Xg Yo XoX1)s

—-1,—1 —-1.—1
(Xo Y1 X1¥1, X1 Yo X0Yo),
or

—1.-—1 —1_.—1
(X7 Yo X0¥1. X Y1 X1Y0)s

then
URVSW ~ [xo, yol[x1, y1] Q.

(iii) If Q = UV W then
Uxox1VxixoW ~ xgfo.
@iv) If QO = UV W then

U - Zl_lclzz . Z3_1€3Z4 -V 'Z2_1C221 -Z4TlC4Z3 - W

~ [x0,0]Q - 27 'e1cazy - 25 Y escaza.
V) If (R, S) is one of the pairs in (ii), then
R#S ~ [x0, x1].
(vi) Finally,

zl_lclzz 'Z;IC3Z4 #zz_lczzl -z;1c423 ~ zl_lclczzl '22_1636422.
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Proof. Straightforward computations.
(i) We get

U~ lxoU, U~ lyoU
Ulxo, yolV (xo> xoU, yor> yoU) [xo, yolU V.,

(xo—=>U"1xoU)

Ux3V ————5 x2UV,

(zi—>z1 VD
_—

Uzl_lclle UVZl_lchl.

(ii) Assume R = x7'y7x1y0 and S = x5 y5 xoy1. Then,

Uxi 'ty xiyoVag tyg txoyi W

(xo—xoV, x>V xy, yi>V =1y V)

Uxy' i xiyoxg ' yg ' xoy VW

(xi'_)U_lina Yi'_)U_lyiU)siZOsl 1. -1 —1. -1
X1 Y1 X1YoXg Yo Xoy1UVW

(xo~y1x0¥7 L, yory1voyTh

[x0. villvg b x1JUVW
~ [x0, yol[x1, »1JUV W.

The other two cases for (R, S) are similar.

(iii) The quadratic word Uxox;Vx1x9W can be modified as follows:

UX()Xl VX1XOW
(xo—>x0V, x1|—>V_1x1)
UxoxfxoVW
(xo—~ U xoU, x—~Ux U™ 1)
xoxfx()UVW
(xm—»xoxl_z, xﬂ—»xl_l) 2 9
xoxiUVW.

(iv) The quadratic word Uz c1z225 e3z4 V25 eaz12; L eazzs W can be modi-
fied as follows:

UZI_ICIZZZ;IC3Z4V22_1CZZIZZIC4Z3W

(z2>2z2V, z3>2z3V)

UZl_l612223_1C3Z4Z2_16'2212;1C4Z3VW

(z1>2z1U, z4+>z4U)

z] 1612223_1C3Z4UZ2_1CzZlZZ1C4Z3VW

(zo>2z2U, z3—>2z3U)

Zl_lC122Z3_1C3Z4Z2_1C2ZIZZIC4Z3UVW.
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¢4z3 to the standard form gives

A reduction of z7 ' ¢1z225  e3zazy Y eaziz)
-1 -1 -1 -1 -1 -1
Zq1 C1Z2Z3 C3Z4ZH C2Z1Z4 C4Z3Q ~ [XO,yo]Zl C1C221Z, C3C422Q.

We then move the factor z ' c1c22125 L e3caz, to the end of Q by (i).
Equivalences (v) and (vi) are similar. O

Proposition 4.6 (non-disjoint orientable case). Let (Q = 1,y) be a quadratic
equation where

0 = [x1, y1][x2, ¥l .. . [xg, el - 27 ferzi oo 2 CmZm

is a standard orientable quadratic word and o,(Q) = 1. Let ¥(Q) = (Qo., 01).
Assume that Var(Q¢) N Var(Q1) # @. Then Qo#Q1 is equivalent to a standard
quadratic word

R = [x1, y1l[x2, y2] . . . [xn, yi] - zl_ldlzl R zl_ldlzl

satisfying the following:
i) h=2g+ %S(Q)— 1, where §(Q) is the cardinality of the set {i | ¢; ¢ Str(1)};
(i) C(R) = U K; \ {1}, where

Ki = {¥o(ci), Y1(ci)} if c; € Str(1),
K; = {Yo(cia)y1(cia)} or Ki = {Y1(cia)Yo(cia)} ifci ¢ Str(1).

Proof. The assumption o,(Q) = 1 implies that the number §(Q) is even.
By Lemma 4.4(i), we have 0, (x;) # 1 oroy,(y;) # 1 for some commutator [x;, y;]
in Q orc; ¢ Str(1) for some j. We compute the standard form of Q¢#0Q;.

Case 1. oy(x;) # loro,(y;) # 1 forsomei. Let O = Ulx;, y;]V. Then
o if oy, (x;) # 1, 0y (i) = 1,

Qo = Uox;1' yii'xiryioVo,

01 = Urx;g' yig xioyin Vi,
o ifoy,(x;) =1,0,(yi) # 1,

Qo = Uoxjo' yir xinyin Vo,

~1.-1
01 =Uix;1 yip XioYioV1,
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o if oy (xi) # 1, 0y (yi) # 1,
Qo = Uoxii' yig' xiovi1Vo.

—1.-1
01 =Uix;g yi1 Xi1yioV1,

where

U =V (U), V=Y (V) fork =0,1.

We have the corresponding cases for Q¢#Q1:

Qoty;o 01 = Uoxiy' yii' xirxioyin ViU xjg' Vo,
or

Qotx, Q1 = UoXig ¥i1' Yio XioYioV1U1yi1 Vo,
or

Qoo Q1 = Uoxiy' vig ¥i1 Xi1vioViUryin Vo.

Assume that 0, (x;) # 1 and o, (y;) = 1 (the other two cases are similar). Using
Lemma 4.5 we reduce Qo#y,,01 to a standard form R:

e By statements (i) and (ii) of the lemma, collect words W ([x;, y,]) for each
commutator [x;, y;] in UV to the left; each commutator [x;, y;] in UV con-
tributes then two commutators to R.

e By statement (i) of the lemma, collect words Wy (zj_lc i z;) for each coeflicient
factor z;7'¢;z; with ¢; € Str(1) to the right; each factor z7'¢;z; contributes
to R at most two coeflicient factors of a similar form (if ¥ (c;) = 1 then the
factor with ¥ (c;) disappears).

e By statement (iv) of the lemma, collect words W (zj_lc i z;) for the remain-
ing coeflicient factors Zj_lC'j zj with ¢; ¢ Str(1) to the right (they are now
paired as in the left-hand side of the equivalence in (vi)). Each pair of fac-
tors zj_lc izj with ¢; ¢ Str(1) contributes one commutator and at most one
coefficient factor to R;

¢ Finally, replace the remaining non-reduced subword with a commutator by
Lemma 4.5(v).
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CAsEe 2.c¢j ¢ Str(1) for some j. Let O = UZ]-_ICJ'Z]' V. Without loss of gener-
ality, assume that o, (U) = 1 (the case 0,,(U) # 1 is similar).Then

o ifoy(zj) =1,
Qo = Uszjg cjozj1 Vi,
Q1 = Uizj;'ci1zjoVo.
o ifoy(zj) # 1,
Qo = Uozji'cj1zjo V1,
Q1 = Uizjg cjozj1 Vo,
where
Ue =Y U), Vi=%V), cik=1yk(), k=01
We have

UoVoUlzl-_IICJ'le()ZleI iny(Zj) =1
QO#Zj()Ql = 1 | )
UOZjl lecj()Zle()UlVl lfCTy(Zj) 75 1.

Then we proceed similarly to Case 1.
Statements (i) and (ii) of Proposition 4.6 now easily follow from the reduction
process and right hand sides of the equivalences in Lemma 4.5(i,iv,vi). O

Proposition 4.7 (non-disjoint non-orientable case). Let (Q = 1, y) be a quadratic
equation where

— 2.2 2, -1 -1
Q =X{X5...Xg "2y C1Z1" ... Zp CmIm

is a standard non-orientable quadratic word and

oy (Q) = 1.

Let W(Q) = (Qo, Q1) and Var(Qg) N Var(Q1) # 0. Then Qo#Q1 is equivalent
to a standard quadratic word (which is non-orientable if g > 0 and orientable

otherwise)

R=x{x3...xp -z d1z1 ...z dyzy

satisfying the following:
() h=2g+580)-2
(i) C(R) ={d1,da,...,d;} is the same as in Proposition 4.6.
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Proof. Similar to the proof of Proposition 4.6. There is a slight difference in com-
puting the genus /: in case of a single square Q = x2 we get

R = Xoxl#xl)C() =1

and each commutator coming from the coefficients by Lemma 4.5(iv) contributes

2 to h by the equivalence x2[y, z] ~ z2y?z2. O

We summarize properties of the splitting operation for constrained quadratic
equations in I in the following proposition.

Proposition 4.8. Let (Q = 1,y) be a standard quadratic equation in T with a
constraint modulo K. Assume that 0,,(Q) = 1 and let ¥(Q) = (Qo, Q1)

(i) Suppose that Var(Qg) N Var(Q1) = @. Then Q¢ and Q; are standard qua-
dratic words of the same genus and orientability as Q. The coefficients of Q;
are nontrivial elements ;(cj), where c1,...,cn are the coefficients of Q.
There are finitely many pairs of constraints (yoj, y1;) such that the equation
(Q = 1,y)issolvable if and only if, for some j, both equations (Qo = 1, yo;)
and (Q1 = 1, y1j) are solvable.

The set {(yoj, y1;)} of pairs of constraints y;; is defined by restricting each
constraint in Vg ,, (see Definition 4.2) to Var(Qg) and Var(Q1). In other
words, a pair (Yo, Y1) belongs to this set if and only if

w(vo(x0), y1(x1)) = m for each x € Var(Q),

where x¢, x1 are the descendants of a variable x and w is given by Proposi-
tion 2.2.

(i) Suppose that Var(Q1) N Var(Q,) # 0. There is a standard quadratic word R
equivalent to Qo#Q and finitely many constraints §; : Var(R) — I'/ K such
that the equation (Q = 1,y) is solvable if and only if, for some j, the
equation (R = 1,6;) is solvable. If Q is orientable then R is orientable.
The genus and the coefficients of R are as in Propositions 4.6 and 4.7.

The set {3, } is defined in the following way. Let ¢ € Aut’t(T" % Fy) be
a T-automorphism sending Qo#Q1 to a conjugate of R. We take the set
Vo.y of constraints for Qo#Q1 defined in (4), and the subset U of Vg, of
those § € Vg, which satisfy {(Qo) = {(Q1) = 1. Then for each { € U, we
take its restriction on Var(Qpy) U Var(Q;) and produce a constraint
8: Var(R) — G/K using ¢ by Lemma 3.4.

All the data provided by assertions (i) and (ii) can be effectively computed from
the equation (Q = 1,y).
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Proof. Follows from Lemmas 3.6, 4.4, Corollaries 3.5, 4.3 and Propositions 4.6
and 4.7. |

Remark 4.9. The transformation automorphism ¢ in Proposition 4.8(ii) that sends
Qo#0Q to its standard form R can be chosen in such a way that ¢ (Qo#Q1) = R
without conjugation. This can be seen in a straightforward way from the proofs
of Propositions 4.6 and 4.7 and the fact that conjugation in not needed in equiva-
lences (v) and (vi) of Lemma 4.5.

5. Solution of the Diophantine problem for quadratic equations

In this section we prove Theorem 1 by presenting an algorithm which for a given
(unconstrained) quadratic equation Q = 1 in I determines if the equation has a
solution. The algorithm consists of Steps 1-5 below. To simplify notations, we
assume that Q is an orientable quadratic word (the non-orientable case is literally
the same, with commutators replaced by squares). By |g| we denote the word
length of an element g € I' in the generators {a, b, c,d}, i.e. the length of the
shortest word in these generators which represents g.

STEP 1. We reduce Q to the standard form according to Proposition 3.1. Thus,
from now on we write Q as

0 = [x1,y1]...[xg, yg]zl_lclzl .. .Z&lcmzm.

STEP 2. Wereduce the problem to constrained equations. For a given Q, we write
a finite list of all possible constraints y; : Var(Q) — I'/K. Then the equation
Q = 1 is solvable if and only if the constrained equation (Q = 1, ;) is solvable
for some i.

We assume now that we are given a constrained standard quadratic equation

(0 =1y).

StEeP 3. Given a standard equation (Q = 1, y), we start recursive application of
the splitting procedure described in Proposition 4.8. We use the following fact.

Proposition 5.1 (coefficient reduction). Let (go, g1,...) be a sequence of ele-
ments in I satisfying the following condition

g € {Vol(gi), ¥1(gi)} if gi € Str(1),
it1
Wolgia)¥1(gia), ¥1(gia)Yo(gia)} if gi ¢ Str(l).
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Then there exists M = M(go) such that |g,| < 3 for everyn > M. In fact, one
can take
M = 200 + log, ,, max{l, |go| — 200}.

Proof. Follows from Proposition 3.6 in [10]. U

After applying the splitting operation at most M times, we find a finite set
F of systems of equations such that the solvability of (Q = 1, y) is equivalent
to the solvability of at least one system in F. Each system in ¥ is a finite set
{(Q; = 1, y;)} of mutually independent quadratic equations (Q; = 1, y;) written
in the standard form where the length of each coefficient is at most 3. Define a set

S={gel|lgl <3}

Denote by £ the set of all standard orientable quadratic equations (Q = 1, y) with
coefficients in 8. Now we may assume that we are given an equation (Q = 1,y)
in 85.

STEP 4. We fix a linear ordering on finite sets I'/ K and 8. Given an equation
(Q = 1,y)in Eg, we transform it to the ordered form according to the following
lemma:

Lemma 5.2 (ordering factors). For every equation (Q = 1, y) in g, there exists
(and can be effectively computed) an equivalent equation (Q = 1, {) satisfying

(€(x1).E(r1) = (€(x2). E(y2)) = ... = (Llxg). E(yg)) ®)

and
(c1,8(z1)) 2 (€2,8(22)) = ... =2 (em, E(zm)) (6)

where “<" is the lexicographic order induced by the orderings on '/ K and 8.

Proof. I (y(xi41).¥(yi+1)) < (y(x;),y(y)) then applying to Q an automor-
phism:

(i > X1, Yipr]%i i1, yier] ™ i = X1, Yigayilxien, yiea]™h)

swaps [x;, y;] and [x;+1, yi+1] and, possibly, changes y(x;) and y(y;). For the
new equation, the sequence of pairs

(y(x1), y(1), (¥(x2),¥(¥2)s .-, (¥(xg),¥(¥g)))

is lexicographically smaller than that for Q. Therefore, after applying a finite
sequence of such automorphisms we get an equation satisfying (5).
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If (¢i+1,yY(zi+1)) < (ci, y(zi)), then applying to Q an automorphism
(zi — zi - zi it zig)

-1

swaps z; ' ¢; 'z and z;}, ¢;7, zi 41 and, possibly, changes y(z;). For the new equa-

tion, the sequence of pairs

((c1,y(z1)). (c2.¥(22)), ... (cm.V(Zm)))

is lexicographically smaller than that for Q. Therefore, a sequence of such trans-
formations stops in finitely many steps with an equation satisfying also (6). U

STEP 5. Denote
B=(T/KxT/K)U(T/K x8).

Note that B is finite since both I'/K and § are finite. Every ordered equation
(Q = 1,y) in &g can be encoded as a function g, € N® (N is the set of
non-negative integers) which associates

e to every pair (g,h) € I'/K x I'/K the number of factors [x;, y;] in Q such
that y(x;) = g and y(y;) = h;

e to every pair (g,¢) € I'/K x 8 the number of factors z; '¢;z; in Q such that
y(zi) = gand ¢; = c.

Let P be a set of all functions Ap , encoding equations (Q = 1,y) that have
solutions. All we need to show is that P is recursive.

We fix any set of representatives in I' of all elements of I'/K, so for any
h € T'/K we have h € T with nK(ﬁ) = h. Denote by Order(g) the order of
an element g € I (it is finite since I" is a 2-group, see Theorem 17 in [7, Chapter
VIII)).

Let £ € IN® be the set of all non-negative linear combinations of the following
functions jig 5 and v . where (g, /) and (g, c) runoverI'/K xI'/K and I'/ K x 8
respectively:

Weg,n((g, h)) = Order([2, ﬁ]), u(u) =0 forall otheru € B

and

Ve c((g.c)) = Order(c), () =0 for all other u € B.
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Lemma 5.3. P+ £L C P.

Proof. It is enough to prove that P 4+ § C P where § is either pug, or vg ..
Let (Q =1,y)and (Q; = 1, y1) be two equations such that

Ao = Aoy + e

Then Q; is obtained from Q by inserting (at an appropriate place) the product
[x1,y1]...[xr, yr] of r = Order(g, h) commutators [x;, y;] and defining the con-
straint y; on the new variables by

) =yile) =---=ynlk) =g
and
i) =r2) ==yl =h
If « is a solution of (Q = 1, y) then we can define a solution «; of (Q; = 1, 1)

by extending « on the new variables {x;, y;} by setting o1 (x;) = gand a1 (y;) = h
for all i. The case when & = vg . is similar. Ol

Lemma 5.4. Let R be a subset of N" such that R + N* C R. Then there exist
finitely many vectors vy, ..., vy, € R such that

R= i +N"YU...U vy +N").

Proof. We proceed by induction on n. For n = 1 the statement is obvious.
Assume that the lemma is true in dimension n — 1. Denote by

7 N — N1
the projection map
(kl, .. -ykn—lykn) = (kl, .. -ykn—l)-

By the inductive assumption, there are finitely many vectors vy, ...,v; € w(R)
such that

7(R)= (01 + N"HU @+ N*"Hu-- U (5 + N,
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Letv; € R,i = 1,...,t, be any vectors such that v; = m(v;). Obviously, if

(ki.ka.....kn) € R\ | J(vi +N")

then k, < M, where M, is the maximal n-th coordinate of all v;. Proceeding

in a similar way for all other coordinates i = 1,2,...,n — 1, we find finitely
many vectors vy, vz, ..., Uy in R such that every vector (k1,k»,...,k,) in the
complement

T =R\ Jw +1N")

satisfies k; < M; foralli = 1,...,n and hence T is finite. To get the required set
{v;}, it remains to add to the set of already chosen v;’s all vectors in 7. Ol

Proposition 5.5. There exist finitely many functions v1, . .., v, € N® such that
P=wi+L)U...Um+ L)

and therefore, P is recursive.

Proof. Functions in IN® may be viewed as vectors whose coordinates are indexed
by elements of B. For u € B, the u-th coordinate of a function £ € N is £(u).
Let {1, }ues be the corresponding basis where, by definition, A,,(v) = lifu = v
and A, (v) = 0 otherwise. Then IN® is the set of all non-negative integer linear
combinations of the vectors A,,. By the definition of £, it is the set of all non-
negative integer linear combinations of vectors in a set {n, A, } for some positive
integers n,, u € B. This implies that IN® can be partitioned into finitely many
subsets t + £ (where t runs over the corresponding “parallelepiped” of vectors
whose coordinates k,, satisfy 0 < k,, < n,, for each u).

By intersecting each v + £ with P, we partition P into finitely many subsets
7 + P, with P, € L. By Lemma 5.3, we have P, + £ C P, for each 7. Then we
apply Lemma 5.4 to each P, (writing vectors in the basis {n, A, } instead of {1,}).
This proves the first statement.

The second statement obviously follows from the first. O

6. Boundness of the commutator width

In this section, we apply the technique developed in Sections 4 and 5 and prove
Theorem 2. Throughout the section, we use the notation:

Ry = [x1, y1][x2, y2l - . . [Xn. Ynl

for a standard coefficient-free orientable quadratic word of genus n > 1.
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In terms of quadratic equations, the statement of the theorem can be formulated
in the following way: there is a number N such that if an equation R,c = 1 is
solvable in " and n > N then the equation R,/c = 1 is solvable in I" for some
n’ < N. The idea of the proof (described in more detail in Section 6.2) is to apply
the splitting operation described in Section 4 and to show that it does not depend
on the number of commutators in the commutator part of the equation.

6.1. Reduced constraints on R,. The main goal of this subsection is to prove
that any constraint y on R, modulo K can be simplified and turned into some
form called the reduced form. By Stab(R,) we denote the subgroup of all auto-
morphisms a € Aut(Fya(r,)) With

a(R,) = R,.
Lemma 6.1. For any homomorphism
V: Fyvar,) — Z
there exists an automorphism o € Stab(R,,) such that

ya(xr) = ged{y(x1),....y(xn), y(¥1), ..., v(yn)},
ya(x;) =0 fori >2,

ya(y;) =0 foralli =1,...,n.

Proof. Let F be the abelian quotient of Fyy(g,) over the commutator subgroup.
We write elements of F as vectors in the basis {X1,¥1,..., Xn, yn} where x; and
; are natural images of x; and y; in F. Any automorphism o € Aut(Fyar(r,))
acts on F as an element of GL(2n, Z).
We need to show that any vector f = (t1,t2,...,l2p) € F can be transformed
by an automorphism in Stab(R,) to (d,0,...,0) where d = gcd{t1, 12, ..., tan}.
The following automorphisms

(xi — yixi), (Vi —> Xiyi)

generate a subgroup of Stab(R,) which acts on each Z2-block as SL(2, Z). Hence
we may assume that 7 is of the form (¢, 0, 3,0, ..., f2,—1,0).
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The following chain

-1.-1 —1.-1
X1 Y1 X1Y1-Xy Yy X2)2

Cerxy txpxa, yiexs yixo) 1 -1 _
Xy X1 Y1 X1°Y1°Yy X2)2

(ixix5 L yaryayr)

—1.—1 -1 -1
X1 V1 X1-Xy )Yy X2)2-)1

(2y1x297 Y yayivayTh 1 1 1 -1
X1 Y1 X1Y1-Xp Yy X2)2

sends (t1,0,13,0) to (#; — t3,0,¢3,0) and we can permute two neighboring
7.2-blocks by

(Xit1 > X}f{yi], Vit1 > y,[)ff{yi])
This easily implies that we can act on the coordinates with odd indices of vectors
of the form (#1,0, 13,0, ...,t2,-1,0) as GL(n, Z). Ol

Remark 6.2. The action of Stab(R,) on Z2" is equivalent to the action of ex-
tended mapping class group Mod*(S,,) of the closed surface S, of genus 1 on its
homology group H;(S,,7Z). Then the statement of the lemma can be easily seen
from the fact that Mod(S},) acts on H{(S,,Z) as the symplectic group Sp(n, Z),
see for example [3, Theorem 6.4].

Lemma 6.3. Let G be a polycyclic group of degree d. Then for any homomor-
phism y: Fyy(r,) — G, there exists an automorphism a € Stab(Ry) such that

ay(x;)=1 fori>d,

ay(yi) =1 foralli >d.

Proof. We use induction on d. If G is cyclic then the statement follows from the
previous lemma by taking instead of y any lift Fy,(g,) — Z of y. Assume that
d > 1. Then G has a normal polycyclic subgroup H of degree d — 1 with a cyclic
quotient G/H . By taking the projection

FVar(Rn) —y> G —_—> G/H

and using the cyclic case we find ¢ € Stab(R,) such that ay(x;) € H fori > 2
and ay(y;) € H for all i. Then we apply the inductive hypothesis with ay instead
of y and the product [x3, y2]...[Xn, yn] instead of R,,. O



Quadratic equations in the Grigorchuk group 231

By Lemma 2.1(ii), I'/ K is the direct product of cyclic group of order 2 gener-
ated by bK and the dihedral group of order 8 generated by a K and dK. Hence,
I'/ K is polycyclic of degree 3 with the subnormal series:

F/K:G0>G1>G2>G3:1,
G()/G1 ~ Gl/Gz ~ Z/2Z,
G, >~ 7/47, k
where
G =(K,b,ad) and G, = (K,ad).

Applying Lemma 6.3 we immediately get

Corollary 6.4 (reducing commutator part). For any n > 3 and any homomor-
phism y: Fyax(r,) — I'/K there is an automorphism a € Stab(Ry) such that all

the values oy (x;) and oy (y;) are trivial except, possibly, ay(x1), ay(x2), ay(x3),
ay(y1) and ay(y2). O

By Corollary 6.4, every constraint y : Fyurr,) — I'/K is equivalent (with the
equivalence defined as lying in one orbit under the action of Stab(R,)) to a re-
duced constraint y’ trivial on Var(R,) except maybe variables xy, x5, X3, y1, V2.
Reduced constraints are represented by quintuples of elements of I'/K;
for @ = (h1,ha, h3, ha, hs) € (T/K)® by yg., we denote the constraint

FVar(Rn) — 1—‘/Kv
defined by
Yon(xi) = hi fori =1,2,3, Yon(xi) =1 fori >4,

Yon(yi) = hipsz fori =1,2, Yon(yi) =1 fori >3.

Fix any total order on the finite set (I'/ K)>. For n € IN define the set of minimal
(relative to the fixed order) representatives of reduced constraints for R,:

On = {0 € (T/K)® |forall 0 € (T/K)3, 0/ < 0, yon ~ yorn = 0 =0}

Note that Stab(Rj) acts on the constraints y: Fyar(r,,) — I'/K as a subgroup
of Stab(R,+1) changing the values y(x;) and y(y;) fori < n. Hence yg, ~ Vo' »
implies Y n4+1 ~ V¢’.n+1. Then ©,4; € O, for any n > 3 and the sequence
10; )72, eventually stabilizes, i.e., there exists Ny such that

def
O = On, =Ongt1 = Ongso =....
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For y: Fya(r,) — T'/K by 7(y) we denote the tuple in ® representing y up to
equivalence; so we have y ~ y7(y).n-

The effect of eventual stabilization of ascending chains of constraints (referred
below as constraint saturation) plays a key role in the proof of Theorem 2.

6.2. Stability of splitting. In this subsection we describe the general proof strat-
egy for Theorem 2. We consider quadratic equations of the form R, S = 1 where
the left-hand side R, S is formally divided into the product R, of n commutators
and an orientable quadratic word S with Var(R,) N Var(S) = @ (so if R,S is
standard then R, does not need to be all of its commutator part). Constrained
equations of this form are written as

(RnS - 1’ V, 8)

where y and § are constraints defined on Var(R) and Var(S), respectively.
If y = yp,» then the equation is reduced and we abbreviate it as

(R,S =1,0.8).

Every quadratic equation R,S = 1 in I' is equivalent to a disjunction of re-
duced constrained equations:

\/ (R.S =1.6.9), 7)
0B,
SEA

where A is a set of all possible constraints on S.

Now let (R, S = 1, 0, 8) be a standard constrained orientable quadratic equa-
tion. Applying a splitting operation as described in Proposition 4.8 we obtain an
equivalent disjunction of systems of (one or two) standard equations of the same
form (RS’ = 1,6’',8"). (At the moment we assume that an equation R,/S’ = 1
is divided into two parts R, and S’ in an arbitrary way; the exact procedure will
be described in 6.4.)

Thus, applying to (7) a finite sequence of splittings we obtain an equivalent
disjunction of systems of quadratic equations of the form

9=V A (Ru;;Sij =161 8))- (8)
i

Two systems of the form (8),

\/ A\ (Ru,;Sij =1.6:5.8:)
i
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and

\/ N\ (Re,;Sij =1.6i5.6i.))
e

which differ only in the genera of their commutator parts R
For a system (8), define

n;_; are called similar.

p(Q) = minn; ;.
l’.]

By C(Q) denote the set of coefficients involved in Q. Recall that in Section 5
we introduced a set § of “short” elements of I' which has the property that after
finitely many applications of splittings, the coefficients of any system (8) eventu-
ally belong to § (see Proposition 5.1).

We will prove a fact which is formally more general than Theorem 2.
(Theorem 2 follows if we take for Q; and Q, the systems (7) obtained from equa-
tions Ry = g and R, = g, n > N, where g is an element of T".)

Theorem 3. There exists a number N with the following property. If Q1 and Q,
are similar systems with p(Q1), p(Q2) > N then Qy is solvable if and only if Q, is
solvable.

The proof of Theorem 3 uses induction and consists of two major steps.

Proposition 6.5 (Base of induction). There exists a number Ny such that for any
two similar systems Q1 and Q, with p(Q1), p(Q2) > Ny and C(Q;) C S, Q; is
solvable if and only if Q, is solvable.

Proposition 6.6 (Stability of splitting). There exists a number N, such that
application of the splitting operation to similar systems Qi and Qp with
p(Q1), p(Q2) = N, results in similar systems Q| and Q, with p(Q;) > p(Q;).

Let us check that Propositions 6.5 and 6.6 imply Theorem 3. Take
N = max(Np, N,).

Let Q; and Q, be two similar systems of the form (8) with p(Q;) > N. By Propo-
sition 6.6 splitting of Q; and Q, results in similar systems Q| and Q}. Each Q] is
equivalent to Q; and since p(Q;) > N, we are again under conditions of Proposi-
tion 6.6. Continuing the splitting process we eventually obtain two similar systems
with coefficients in 8 (by Proposition 5.1). Then by Proposition 6.5 one is solvable
if and only if the other is solvable. Q.E.D.

We prove Propositions 6.5 and 6.6 in subsections 6.3 and 6.4, respectively.
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6.3. Base of induction. For the proof of Proposition 6.5, it is enough to consider
the case of a single equation:

Lemma 6.7. There is a number N1 with the following property. Assume that
n' > n > Ny and all coefficients of S have length at most 3. Then the equation
(RS =1,0,6) is solvable if and only if the equation (R,y S = 1,0, 8) is solvable.

Proof. The equation (RS = 1, yg,.6) is obtained from (R,S = 1,yp,4.0)
by inserting a word
W = [Xp41, Ynt] - - - [xXn, Y]

and extending the constraint by setting

Vﬁ,n’(xi) = VG,n’(yi) =1

for all x;, y; € Var(W).

Let (0 = 1,¢) be an ordered form of the equation (R,S = 1,y,§)
(see Step 4 in Section 5). As described in the proof of Lemma 5.2, to get this form
we
apply automorphisms to R, S to re-order the commutator and the coefficient parts.
To get an ordered form of (R,/S = 1, yp /. ) we can use automorphisms

(xj>x"1xjx, yix"ly;x, i=n+1,...,n")

UxWV

(xj>xx;x7 L, yiyix—l i=n+1,...,0")

UWxV

which can move W at any position in R,,/S without changing the constraint on the
variables x;, y; € Var(W). This easily implies that an ordered form of the equation
(RyS = 1,y’,8) can be written as (Q’ = 1,{’) where Q’ is obtained from Q by
inserting W at an appropriate position in Q and extending ¢ by defining

F(xi) =¢(yi) =1

for x;, y; € Var(W).
Let Ag,¢: and Ay’ ¢ be corresponding codes defined in Step 5, Section 5.
We see immediately that Ao/ ¢ and A ¢ differ in a single coordinate by m, i.e.

Aoy = Ao +mu

where p is is defined by u((1,1)) = lon (1,1) € I'/K x I'/K and u(u) = 0
for all other u € B. Now Proposition 5.5 implies that there exist positive numbers
Ny and M such that if n > N; and m is a multiple of M then the solvability of
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(Q = 1,¢) is equivalent to the solvability of (Q’ = 1, ¢’). Since the solvability of
(Q = 1, ¢) implies the solvability of (Q' = 1, ¢’) with n’ changed to any n” with
n < n” (we can substitute x; = y; = 1 for any extra commutator [x;, y;]) we can
drop the condition that m is a multiple of M.

Finally, we observe that N; can be chosen independently on the choice of the
equation (R, S = 1, ¥, §) (we can take N; as the maximal coordinate of all vectors
v; in Proposition 5.5.) |

6.4. Constraint saturation. Here we prove Proposition 6.6. It is enough to con-
sider the case when Q; and Q, consist of a single equation.
Fix an arbitrary S, a constraint § for S, a tuple 8 € ® and consider an equation

Qm — (R3 li[[xi,yi] S=1,0, 5).

i=1
Splitting this equation (without subsequent reduction to the standard form) we
obtain an equivalent disjunction

n

Qo [ Jlxi. yi1So = 1,
an) = \/ l:1 Ay, .. 78,
AEA,
nl,.e,.,zrn, Q1 H[xz{7 yl/]Sl =1,
§’'eA i=1

where:
e W(R3) = (Qop, 01) and A are constraints on Var(Qg) U Var(Q1);
e each m; is a constraint on {x;, y;, x, y/};

W(S) = (So, S1) and &’ are constraints on Var(So) U Var(S1);

A and A are sets of constraints which do not depend on 7;

up to renaming variables, each 7; runs over a fixed set I1 of constraints on
/ /
{x.y. x '}

Saturation in the disjoint case. If the two equations in Q(I") have disjoint sets
of variables then both are in the standard form. In this case, reducing the set of
constraints on Qg [[7—;[xi. yi] and on Q; [];_,[x/. y/] we obtain a new system

n
Qo [ [lxi, yil- So =1,
Q;n) = \/ =l 901 6118/ s

n

(00,01)€P, (A), . _

e Ql_l‘[l[x,-,y,-] Si=1,
1=
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where each 6; define a constraint on Var(Q;), ¥,(A) € ©2? and all variables
{xi, yi,x}, y}} are trivially constrained. The set IT contains, in particular, the triv-
ial constraint on {x, y,x’, y’}. This implies ¥,(A) € W,+1(A). Since there
are finitely many possible choices of A, starting from some n > N, we get
W, (A) = V,41(A) for any n. Then systems Q;") are similar for different values
of n > N, and thus Proposition 6.6 holds in this case.

Saturation in the non-disjoint case. If the two equations in Q(I”) have a shared
variable, we need to compute

n

(00 ] Toxe 1150) # (01 T Tt 1131) ©)
i=1

i=1

and then take it to the standard form. Up to interchanging the two commutator
subsequences, (9) is of the form

n n
U T vV [yl w.
i=1 i=1

Applying

yi — U™y U,
Xl — (UV) XUV,
yi — (UV)y[UV)
we obtain a word
n n
[ Tiiovil [Tl vi1uvw,
i=1 i=1
which is the same as
n n
[xi.yi] | |1xi, ¥il- QoSo#Q1S1.
[
i=1

i=1
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Thus, Qﬁ") is equivalent to the disjunction

n n
\/ (H[xi,yi] H[x,{,y{]-QoSO#QlSl =1, nl,...,nn,A,S/),

TCLyeees mpell’, i=1 i=1

where IT’ is a set of constraints on {x, y, x’, y’} (and inclusions 7; € I1’ are as-
sumed up to renaming variables). Note that T1’ contains the trivial constraint on
R, since it is obtained from I1 by an appropriate conjugation of values of vari-
ables.

After reduction to the standard form, we obtain a disjunction

of" = \/ (RwS'=1.0.¢),
0'ev,,
EeclB

where S’ is the standard form of QoSo#Q1S1, 6 is a constraint on Var(R,,) and
& is a constraint on Var(S’) (we do not change constraints on R,, by Remark 4.9).
The sequence {¥,} is ascending and since there are finitely many possible choices
of such sequences (determined by the possible choices of I1"), for some N, we
have stabilization: ¥, = W,4 for all » > N, and any starting equation Qg').
Then, again, systems Qg") are similar for different values of n.

Proposition 6.6 is proved for N, = max(3, N5, NJ'). This finishes the proof of
Theorem 3.
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