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Abstract. In this paper we describe the profinite completion of the free solvable group on
m generators of solvability length » > 1. Then, we show that for m = r = 2, the free
metabelian group on two generators does not have the Congruence Subgroup Property.
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0. Introduction

Let I' := GL,,(Z) be the matrix group of the m x m invertible matrices over Z.
For n € N, set I'[n] := ker(I' - GL,,(Zy)) where Z,, := 7Z./nZ.. The classical
congruence subgroup problem asks whether every subgroup of I' of finite index
contains a congruence subgroup I'[n], for some n € IN?

By referring to GL,, (Z) as the automorphism group of Z™, one can generalize
the congruence subgroup problem as follows. Let G be a finitely generated group,
and let I' := Aut(G) be the automorphism group of G. For a characteristic
subgroup K of finite index in G, set I'[K] := ker(I' — Aut(G/K)). Now, the
generalized congruence subgroup problem asks: does every finite index subgroup
of I' contain a congruence subgroup of the form I'[K] for some characteristic
subgroup K of finite index in G? In the case where the answer to this question is
positive we say that G has the CSP (Congruence Subgroup Property).

1T offer my deepest thanks to my great teacher Prof. Alexander Lubotzky for his devoted
and sensible guidance, and for Mr. Baum and Mr. Schwartz, Rudin foundation trustees, for their
generous support. I would also like to thank the referees for several critical remarks which led to
some significant simplifications.
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We prefer to say that G has the CSP rather than I', as there could potentially
exist two groups G, G, with Aut(G1), Aut(G,) isomorphic such that just one
of these automorphism groups has the CSP. But when there is no danger of
ambiguities we will also say that I' = Aut(G) has the CSP.

It is well known that Z2, the free abelian group on two generators, does not
have the CSP. This result was known already in the 19th century ([15] and [9]).
On the other hand, in 2001 Asada [1] showed, by using methods of algebraic
geometry, that F5, the free group on two generators does have the CSP. Later
(2011), Bux, Ershov, and Rapinchuk [3] provided a group theoretic version of this
result and proof.

Our paper deals with an intermediate case: the free metabelian group on two
generators (or more generally, the free solvable group of length r > 2 on two
generators). As we will see, a large part of Bux—Ershov—Rapinchuk’s proof works
for the automorphism group of the free metabelian group, which initially caused
us to believe that it has the CSP. However, as we will show below, it does not.

Theorem 0.1. The free metabelian group on two generators ® does not have
the CSP.

Here is the main line of the proof: the generalized congruence subgroup prob-
lem asks whether the profinite topology of Aut(G) is the same as the congru-
ence topology. By some standard arguments from [3], one can pass to Out(G)
(if G is residually finite and G is centerless, which is the case for our groups, see
Theorem 2.11 and Proposition 2.10). In §2 we will give an explicit description of
the profinite topology and completion of the free solvable group G = ®,, , on
m generators and solvability length r. This enables one to describe the congru-
ence topology of Aut(G). What makes now the case m = 2 so special is that
Out(®P, ;) = GL»(Z), and the congruence subgroup problem for &, , boils down
to the question as to whether the congruence topology of Out(®, ,) induces the
full profinite topology of GL,(Z). Note that for F,, the free group on two gen-
erators, this is indeed the case: the congruence topology of Out(F») is the full
profinite topology of Out(F>) = GL,(Z).

On the other hand, we will show that for @ := &, », the free metabelian group
on two generators, the congruence topology of Out(®) = GL,(Z) is equal to the
classical congruence topology of GL,(Z). As it was pointed out before, it is well
known that this topology is much weaker than the profinite topology of GL,(%Z).
Hence @ fails to have the CSP.

Our method and result suggest conjecturing that all the free solvable groups
®, , (on two generators) do not have the CSP.
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The paper is organized as follows: in §1 we present the Romanovskii embed-
ding, a generalization of the well-known Magnus embedding, and use it in §2 to
describe the profinite completion of a finitely generated free solvable group. In §3
we quote a result of Bux, Ershov and Rapinchuk which they used to prove that F,
does have the CSP. In §4 we formulate a conjecture on &, , that would imply that
®, , does not have the CSP. Finally, in §5 we prove this conjecture for & := &, »,
and conclude that ® does not have the CSP.

1. Romanovskii embedding

Let F be the free group on m generators, and let R be a normal subgroup of F.
Denote by R’ the commutator subgroup of R. Following the well-known Magnus
embedding (see [2], [12], and [8]) and its generalization by Shmel’kin (see [13]
and [14]), Romanovskii found a faithful embedding of F/(R'R™),n € NU{0} (with
the notation R® = 1), into a matrix group, which enables to describe F/(R'R™)
through F/R. In this section we will present the Romanovskii embedding, and as
mentioned, we will use it in the next section to describe the profinite completion
of a finitely generated free solvable group.

Define

G :=F/R

and

G, :=F/R'R", neNUJ{0}.
Denote by { f1, ..., fm},{g1,- -, &m} and {g1, ..., &m} the appropriate generators
of F, G and G, respectively. By the mapping f; — gi > gi, i = 1,...,m, we
get a natural epimorphism F — G, — G. Forn € N U {0} denote Z,, = Z/n’Z.
Now, for the group G, denote by Z,[G] the group ring of G over Z,, and by

T, = Zn[Glt1 + -+ + Zu[Gltm

the left free Z,[G] module with basis {t1, 2, ..., t;y}. Now, define

Rn(G) := {(’g i) ‘g €Gte T,,}.

One can notice that R,(G) has a group structure under formal matrix multiplica-
tion given by the formula

G066 )
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Theorem 1.1 ([11], Theorem 2). (1) By the mapping «, defined by

§,|—>(g0’ [1’), i=1,....,m,

we get a faithful representation of G, as a subgroup of Ru(G).
(2) An element of the form

m
a;t;
g ; < r6)

0 1

belongs to Im(e) if and only if 1 — g = Y i, a; (1 — g;). In particular,

m

1 Zait,-

m
= € Im(o) <= Zai(l —gi)=0.
0o 1 =

,itis easy to see that under

)
) € Im(a)}.

Considering the formula for multiplication in R, (G
a, the subgroup R/R'R" < G, is isomorphic to {(} |

2. The profinite completion of a finitely generated free solvable group

As before, let F be the free group on m generators. Denote by
FO .= [F F]
the commutator subgroup of F, and by induction, define
FO+D . [0 pO)]

Denote by ®, := F/F® the free solvable group on m generators of solvability
length r, and define
®y ;= F/F = {e}.

To simplify notations, we write F, ®,, @, , instead of Fy,, ®p r, P, rn respec-
tively, as the results of this section hold for every finite number of generators bigger
than 1. Sometime we will use also the notation ®, o = ®,. In this section we will
present, using the Romanovskii embedding, an “explicit” description of ®,, in the
sense that we will find finite quotients {®, ,};2>,, of ®,, such that

®, =~ lim ®,,,.
r — r,n
neN

This explicit description will help us later to describe some properties of ®,, and
to prove the main theorem.
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Definition 2.1. For n € IN, define by induction on r the following groups: for

r=0,
KO,n =F
and forr + 1,
Kyv1n = K,/«,n(Kr,n)n-
Denote

D, 1= F/Kpp.

Proposition 2.2. Forn € IN we have for r = 0, |9 | = 1, and for r > 0,

|Drs1.0] = |DPral | ®ral-n=1+1

Proof. For r = 0 the result is obvious. For r 4+ 1, by a well-known theorem of
Schreier, we know that K, , is free, and its rank is |®, ,| - (im — 1) + 1. Therefore,

Krn/ K}, (Krn)" isomorphic to (Z,)®ral =D+ and thus, |®, 11| = |Ppal -
|®ral-m=1)+1 O
Proposition 2.3. Forn € I, denote %, := ®,.,,/[®y., Pp.n]. Then
o, = (Z/n" T)".
Proof. We need to show that
[F,F]-K,, =[F, F]-F").
By induction on r. For r = 1 the result is obvious. For r + 1,
[F.F]- Kry1n = [F, F]- [Krn. Kp] - (Ky )"
= [F. F]- (F"))"
=[F,F]-F®"™), O

The next proposition follows easily from the definitions.

Proposition 2.4. Forn € N, denote L, := ker(®, — D, ,). Then, L, is a
characteristic subgroup of ®,.
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‘We need now few notations.

Definition 2.5. For r,n € IN U {0} denote
® Xrnl,--.,Xr.n,m the m standard generators of @, ,;
o Z,[®; ] the group ring of ®,, over Z, := Z/nZ;
o Trn = Zn|Praltrni + ... + Zn[Praltrnm, the Z, [P, ,] left free module
with the base t; 4,1, trn 2, - - s trn,ms
o R(®rp):={(%1) | gE Dt €Trp}.

The next proposition is a special case of Theorem 1.1.

Proposition 2.6. For r,n € I, the correspondence

Xrn,i lrni .
xr-‘rl,n,i(_)( 0 1 , 1=1,....m,

gives a faithful representation of ®, 1., as a subgroup of R(®, ).

Proposition 2.7. Denote by m,, the natural homomorphism from ®, to &, ,.
Then every finite quotient w: ®, — G whose order divides n factorizes through ®, ,,
i.e. there is 7,

Tr.n 1

P, — cI>r,n — G,

such that

Oy =T.
In particular, R

P, ~ l(ln D, .

neN

Proof. Let G be a quotient of ®, whose order divides n. Set G = F/R where
R>F®and R > F"-ie. R > F® . F" We recall that ®,, = F/K, .
According to these notations we actually need to prove that R > K, ,. We will
show by induction on / that for every [ € IN we have R - F) > K; . Therefore,
as R > F) we will deduce that in particular, R > K, , as required.

For/ = 1 we have K; , = F’F" and in this case we have
Kin=F"-F <R-FO,
Forl + 1,
Kivin = [Kin, Kinl - (K1n)"
<[R-FO R.FO].(R. FO)n
<(R-FU*D). R
=R-FUtD, O
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The last proposition gives us an “explicit” description of the structure of P,.
For example:

Corollary 2.8. Let z, 1, ..., zn,m be the standard generators of (Z,)", then

o &= lim(zy1,...,Znm)
nelN

° &)2; l(iLn((ZyE),l tl,i’l.l )’ ) ”’(Zno.m t"?””)).

¢z () ) (5 7))

0 1 0 1

By using this “explicit” description of ®,, we will show a few properties of
®,, which will help us later solve the congruence subgroup problem for &, », the
free metabelian group on two generators.

Proposition 2.9. Let n € N and let x, ;i be one of the generators of ®;,,. Then,
O(Xyn,i), the order of Xy i, is equals n".

Proof. By induction on r. For r = 0, the result is obvious. For r + 1 by Propo-
sition 2.6, one can write X, 11, = (™" "‘*{“’ ). By the induction hypothesis
O(xrpni) = n". For 0 < k € IN we can uniquely write: k = kin” + k», when
k1 €e NU{0}and 1 < k, < n". Thus, simple calculation shows that for 0 < k € IN

(xr-i-l,n,i)k

k
_ Xrni lrni
0 1

kin"+ky—1
_ (xr,n,i)kln’ thz ( Z (xr,n,i)])lr,n,i
= =
0 1
_ ((xr,n,,')k2 A4 ...+ a4+ k(4. + (xr,n,,')"r_l))tr,n,i)
0 1 '

Looking at the left upper coordinate, one can see that by the induction
hypothesis k, = n”" is a necessary condition for x,1;,, to satisfy
(Xr+1..1)F = e. Therefore, if we want x, 41, to satisfy (x,4+1.,.)% = e, we
need that the right upper coordinate will equal 0 under the condition k, = n’, i.e.
(ki + D(1 + ... 4 (xn.:)" 1) = 0. The right upper coordinate belongs to T},
which is a free module over Z,[®, ,], and therefore, it happens for the first time
whenk; =n—1,ie.k=n—1)n" +n" =n"tL O
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Proposition 2.10. Let ®, be the free profinite solvable group onm > 2 generators
of solvability length r > 2. Then, Z(®,), the center of ®,, is trivial.

Proof. Denote by X, 1, ..., X, the standard generators of &D, as a profinite group,
ie. % = (("r—(l)sni ’r—ll”“' ))zo=1 for 1 <i < m. We will show that

() Zs, (Gri) = {e}

i=1

(when Z@’_ (Xr,i) is the centralizer of X,; in CTDr), and this actually means that
Z(®,) = {e}.
Let

m 00
&n Z n,ilr—1,n,i
i=1 (%)

0 1

n=1

be an element of ()], Z 3, (Xr.;) such that for every n’ € N,

m
n’ § an’ ilr—1,n,i
(S qu,n’-

i=1

0 1

We will show that a,/;» = 0 and g,» = e foreveryn’ € Nand 1 <i’ < m.

Assume negatively that for the element of the form (x) there are n’ € IN and
1 <i’ < m such that a, ;s # 0. Consider ®, ,». Now, take any j # i’, and from
the condition that

m
&n Zan,i[r—l,n,i

i=1 € Zg, (%),

0 1 .

n

we have

m
&nr2 E Ap2 it 2 Xr_1,n72,j tr—l,n/z,j
i=1 O 1
0 1

m
_(*r=1n2; a2 | 807 E:an’z,itr—l,n’z,i
- 0 1 i=1

0 1
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After opening the last multiplication and comparing the coefficients of

ly_y a2, one can conclude that a,n;; = x,_y,2 ja,2 ;. As remembered,
ayn2 i1 € Lyr[®,_q 2], and thus we can write a,2 ;; = decpr_l.n/z agg when
og € Zyn forevery g € ®,_, 2. Therefore, the equality a,2 ;s = x,_y 2 jap2 ;s

implies that for every g,h € ®,_; ,2 one has h € (x,_y ,2 ;)g = ag = ap.
Now, according to Proposition 2.9, O(x,_; ,»2 ;) = (n"*)"~'. Therefore, by de-
noting the representatives of the right cosets of (x,_; ,2 ;) in the group ®,_; ,,»
in {gy }uev, One can write

(n/Z)r—l_l
_ _ 1
ayr jr = Ug8 = Ugy (xr—l,n/z,j) 8u-
g€ uel 1=0

Now the natural map ®,_; ,,» — ®,_1,,, induces a natural map
Zn/2[©r_1,n/2] — Zn’[cI)r—l,n/]a

which according to the inverse limit property, maps a2 ;» = a,;’. Considering
that O(xy—1,,;) = n"""1, and that a, ;s € Zy/[®,—1,], we deduce that, under
the above map,

n2r—1_1 n2r—bH_1 mr—1_

n
Z (xr—l,nfz,j)l = Z (xr—l,n/,j)l =n""! Z
1=0 =0

=0

1
(Xr—l,n/,j)l =0.

Thus, a,2 ; = 0, and therefore a,/ ; = 0.

Now, after we proved that a,/ ;; = 0 foreveryn’ € IN and forevery 1 <i’ <m,
it is obvious that according to Theorem 1.1, also g, = e for every n’ € IN. O

The following theorem is well known in more general cases ([6], Theorem 7.1,
and [10], Theorem 9.44). But one can notice that using the explicit description we
gave for ®,, it is easy to give another proof for our specific case.

Theorem 2.11. For every r > 0, ®, is residually finite p for all primes p.

3. Methods from the solution of the CSP for F,

As mentioned in §0, Bux, Ershov, and Rapinchuk [3] showed that F> has the CSP.
In this section, we quote one of their results. We will use it in the opposite way: to
show that @, the free metabelian group on two generators, does not have the CSP.
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Proposition 3.1 ([3], Lemma 3.1). Let G be a finitely generated group. Then
(1) G has the CSP if and only if the natural map 1 A/ut—\(G) — Aut(@) is injective.

(2) The map 1 induces J: O/ut_\(G) — Out(G), and J is injective if and only if
every subgroup of Out(G) of finite index contains a subgroup of Out(G) of
the form A[K] := ker (Out G — Out (G/K)), such that K is a characteristic
subgroup of G of finite index.

(3) Assume G is also residually finite, and that G is centerless. Then the map
1 Aut(G) — Aut(G) is injective if and only if j:Out(G) — Out(G) is
injective.

This proposition, together with Propositions 2.4, 2.7, 2.10, and Theorem 2.11,
give:

Lemma 3.2. Let @, be the free solvable group on m > 1 generators of solvability
length r > 0. Then, ®, has the CSP if and only if every subgroup of Out(®,) of
finite index contains a subgroup of the form ker(Out(®,) — Out(®, ,)) for some
n e N

4. The CSP for free solvable groups on two generators

As mentioned, Lemma 3.2 is valid for every r,m > 1, but from now on we will
concentrate on the case m = 2. So, in this section, ®, denotes the free solvable
group on two generators of solvability length r, and the generators of ®, will be
denoted by x, and y,. We will denote the generators of Z? by x and y.

Consider the natural map ®, — 7?2, defined by x, > x, y, ~ y. This map
induces the natural maps Aut(®,) — Aut(Z?) and Out(®,) — Out(Z?). Itis easy
to check that the map Aut(®,) — Aut(Z?) is surjective, as Aut(Z?) is generated
by the automorphisms

{XI—>X_1, {xn—>y,

|y — . y— X,

o X — Xy,
Yy,

which are the images of the automorphisms

. {xr > Xr)Vr,
oy

—1
xXp — x; 1 Xp —> Y,
Yr = Yr,

yr'_>)/r7 yr|_)xr-

Therefore, the map Out(®,) — Out(Z?) = Aut(Z?) is also surjective.
We want to show that this map is also injective, and to conclude that Out(®,) =
Out(Z?) = Aut(Z?) = GL,(Z).
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Definition 4.1. Let G be a group and IA(G) := ker(Aut(G) — Aut(G/G")).
An element of IA(G) is called an [A-automorphism.

The sequence 1 — IA(®,) — Aut(®,) — Aut(Z?) — 1 is an exact sequence,
and so is the sequence 1 — Inn(®,) — Aut(®,) — Out(d,) — 1. Clearly,
Inn(G) < IA(G), and in particular, Inn(®,) € IA(®,). Bachmuth, Formanek,
and Mochizuki, gave few conditions for equality

Theorem 4.2 ([4]). Let F be the free group on two generators, and let R be a
normal subgroup of F satisfying

e R<F/,

e Z(F/R), the integral group ring of F/R, is a domain.
Then, IA(F/R’) = Inn(F/R’).

Let us now mention:

Theorem 4.3 (Kropholler, Linnell, and Moody [7]). Let k be a division ring and
let G be a solvable by finite group. If G is torsion-free, then k[G] is a domain.

Corollary 4.4. For everyr € N,
(1) TA(®;) = Inn(P;);
(2) the map Out(®,) — GL,(Z) is an isomorphism.

Conjecture 4.5. ! With the above isomorphism, for r,n € N,
ker(Out(®,) — Out(d;,)) = ker(GL2(Z) — GL2(Zyr)).

As 72 does not have the CSP, there is a subgroup of Aut(Z?) =~ GL,(Z)
of finite index containing no subgroup of the form ker(GL,(Z) — GL,(Zy)).
Therefore, if the conjecture is true, the same subgroup of GL,(Z) does not contain
any subgroup of the form ker(Out(®,) — Out(®, ,)), and thus, by Lemma 3.2,
@, does not have the CSP.

We consider now the following notations.

Definition 4.6. Define

o GL,(Zn) = Im(GL2(Z) — GL2(Zy));

o Aut'(®,,) = Im(Aut(®,) - Aut(®,,));
e Out'(®,,) = Im(Out(®,) — Out(P,,));
o I () = IA(D,0) N Aut/(Dy.0).

! Note added in galley proofs. This conjecture is not true for r > 3. See D. E.-C. Ben-
Ezra and A. Lubotzky, The congruence subgroup problem for low rank free and free metabelian
groups, in preparation.
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With the above notations we have:
Lemma 4.7. Conjecture 4.5 is true if and only if IA'(®,.,) = Inn(®, ).

Proof. As was shown in Proposition 2.3, @?l’n =&, ,/[Orn, Prn] = Zyr. Thus,
the natural surjective map Aut(®,) — GL,(Z) induces a natural surjective map
Aut' (®,,) — GL,(Zyr) whose kernel is exactly IA'(®,,). This map induces
another natural surjective map Out'(®,,) — GL)(Z,r), and this map is an
isomorphism if and only if IA/(CDr,n) = Inn(®, ,). On the other hand, the latter is
an isomorphism if and only if Conjecture 4.5 is true. So the lemma follows. O

Theorem 4.8. For r = 2 we have IA'(®,,) = Inn(®, ) for everyn € IN.

Thus, once we prove Theorem 4.8, Theorem 0.1 is also proven.

5. Proof of Theorem 4.8

In this section ® = &y = &P, , denotes the free metabelian group on two
generators. We also write ®, instead of ®,,,. Letn € IN U {0} and let x,, y,
be the generators of (Z,)?. By Theorem 1.1 we can consider ®, as the group

generated by x» = ("7 ") and y; = (’ "), and the elements of @, are the

matrices of the form (Xi} (i/}{ ai (xXn,yn)txy Jlraz(xn,yn)tyn ), such that
1) i,jeZ

(2) a1(xn. Yn) a2(xn. yn) € ZalZ3] = Znlxit". ;']

(3) 1=xbyi = a1 (¥, yn) - (1 = Xn) + @2 (X, y) - (1 = )

Every automorphism of &, is determined by its action on the two generators
(%n fn ) and (% “r). Therefore, when we want to describe an automorphism, o,

0 1 0
of ®, we can write
(xn tx") —
0 1
()/n ty") —
0 1
Definition 5.1. Let n € N U {0}. For 6 € Aut(®,) define d(0) := det (3, 32 ).

Notice that d(o) is well defined, as a1,a2,b1,by € Z,[Z2] and Z,[Z2] is a
commutative ring.

0 1

(X’n‘yi bity, + bztyn)
0 1 ’

(xrlz)’r{ aily, + a2t)’n)
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Lemma 5.2. Foro € Aut(®,), d(o) is invertible in Z.,[Z2).

Proof. As o is an automorphism, we can write (% ) and (% ™) as words
with the matrices (xf}oyé aitxy T“ztyn ) and ("50%17 bitx, Jlrbﬂyn ). Therefore, it is easy
to check, by induction on the length of these words, that there are polynomials

c1,¢3,d1,d>» €7y, [Zi] such that

Xn tx,\ _ (Xn (cray +dib1)tx, + (cra2 + di1by)ty,
0 1) \0 1

= c1a1 +diby = 1,cra2 + diby =0,
Yn tya\ _ (¥n (c2a1 + daby)ty, + (c2a2 + dab))ty,
0o 1) \o 1
= cpa1 +dyby = 0,c0ar + daby = 1.
i.e., we got that (! Z;) (3 52) = I, and therefore, det (! 52) is invertible
in Z,[Z2). O
From the last lemma it follows that if o € Aut(®) then d(o) = £x"y’ for
some r, s € Z, as these are the invertible elements of Z[Z?], see [5], Chapter 8.

Lemma 5.3. Let n € IN U {0}. For the commutator subgroup of ®,, we have

[cbnacbn] — {((1) (1 _yn) “ D Ixy, I (1 —.an) “p 'tyn) pe Zn[Zi]} (1)

Proof. Let us write g* = (& *"nF9hn) and h* = (g bt Jlrbzty") for two

arbitrary elements in ®,,. Then, by direct computation and by using the identities
l—g=a1(1 —x,) +ax(1—y,),
L=h=b1(1-xn) +b2(1—yn),
we deduce
[¢*, h*] = g*h*g* \h*!
_ ((1) (I = yn)(@1by — braz)ty, | (I = xn)(a1b2 — b1a2)t)’n)‘

This shows that multiplications of commutators of ®,, are of the form (1).
For the other direction, one should notice that by the notations x,; = (x” Lxn )

0 1
and yx = (% n), we have

0 1
* *1] 1 (l_yn)txn_(l_xn)tyn
n’yn] - 0 1 .

Moreover, conjugation by x,; or y, multiply the right upper coordinate by x, or
yn tespectively. That shows that we can reach every p € Z,[Z2]. O

[x
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We can now prove Theorem 4.8:

Proof. It is obvious that IA’(®,) 2 Inn(®,). On the other hand, consider an
element 0 € 1A'(®,). As 0 € 1A(®P,), by Lemma 5.3, we can describe o as
follows:

Xn  Ix,
—
G )

(xn tx,,) (1 (1= yn) (o P, — (1= xn)(x;lp)tyn)

o 1)\o 1
_ (xn [1+ 1 =yn)pltx, +—(1 - xn)p[yn)
0 1 '
o =
(yn ty,,) . (yn tyn)(l (1= y) Oy ' Pitx, — (1 —xn)(yn‘lq)tyn)
0 1 o 1/J\o 1
_ (yn (I = yn)qtx, +[1—(1 - xn)q]tyn)
=% | .

for some p,q € Z,[Z2].
Now, one can compute the determinant of o and deduce that
dio) =[1+ A —=ya)pl-[1 = (A = xn)ql + (A = xn)p- (1= yn)gq
=1+ =ya)p—(1—xn)g.

But, by considering that o € Aut’ ®, and by applying the conclusion of Lemma 5.2,
we conclude that there are i, j € Z, such that

L+ (1= ya)p — (1 = Xp)g = £x}y].
Moreover, one should notice that if x, +— 1, y, — 1 then
1+(1_Yn)p_(1_xn)q =1
and therefore o
L+ =y)p—(1=xp)q = x,y].
Thus, o
1— xrlzyr{ =1 —=xp)g—1—yn)p. (2)
Now, according to Theorem 1.1, we conclude that the element

xXiyl e, — pty,
0 1

is in the image of ®,, in R, (Z,). Direct computation and use of equation (2) shows

that .
i _
o = Inn (xngn qlxn : P[yn)

so o € Inn(®,) as required. |
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That completes the main result of the paper. Now, one can ask whether
IA(®,) = Inn(P,). The next explicit example shows that this is not true in
general.

Let us consider the map

I Yo atan 4 (=3,

5 i =gl og) = (e (T,
T (1= )

— — Yy l_y Zn+‘th

i — i =gl = (T ),

One should notice that o defines a homomorphism of ®,, as the relations that
define @, are satisfied by all the elements of ®,, and in particular, by o(x;;)
and o(y,). We are now going to show that when n = p is prime, o defines
an [A-automorphism of ®,, which is not inner.

Lemma 5.4. When p is prime, the polynomial x, + y, — 1 is invertible in Z, [Zf,].

Proof. When p is prime, we have

p—1

(xXp+yp—1- Z(xp + J’p)i
i=0

= (xp +yp)? — 1
=x}) + (]1?)X5_1yp +ee (pli 1)xpy5_1 +y) =1

=140+---+0+1—1
=1. O

Proposition 5.5. When p is prime, o is onto. In particular, o is an isomorphism.

Proof. A direct computation shows that

R R A T O

Moreover, direct computation shows that conjugation by o (x,) and o (y,) multiply
the right upper coordinate by x, and y, respectively. By the previous lemma
Xp + yp — lis invertible in Z, [Zg]. Now, putting all together and by considering
Lemma 5.3 we conclude that o reaches all [®,, ©,].

On the other hand, the projection of o to CDf)b = ®,/[®,, D] is the identity
map, so o reaches also all CIng. Therefore, o reaches all ®,, as required.

As ®, is a finite group we deduce that o is an isomorphism. O
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Proposition 5.6. When n = p is prime, the automorphism o is an 1A-automor-
phism which is not inner.

Proof. In the proof of the previous proposition we saw that o is an IA-automor-
phism. On the other hand, assume that ¢ is inner. By direct computation we
deduce that the determinant of o equals d(o) = x, + y, — 1. On the other hand,
as Inn(®,) C Aut'(®,), we conclude that d(o) = £x7, ¥, and this is a contradic-

- P
tion. O
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