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0. Introduction

Let � WD GLm.Z/ be the matrix group of the m � m invertible matrices over Z.
For n 2 N, set �Œn� WD ker.� ! GLm.Zn// where Zn WD Z=nZ. The classical
congruence subgroup problem asks whether every subgroup of � of �nite index
contains a congruence subgroup �Œn�, for some n 2 N?

By referring to GLm.Z/ as the automorphism group of Zm, one can generalize
the congruence subgroup problem as follows. Let G be a �nitely generated group,
and let � WD Aut.G/ be the automorphism group of G. For a characteristic
subgroup K of �nite index in G, set �ŒK� WD ker.� ! Aut.G=K//. Now, the
generalized congruence subgroup problem asks: does every �nite index subgroup
of � contain a congruence subgroup of the form �ŒK� for some characteristic
subgroup K of �nite index in G? In the case where the answer to this question is
positive we say that G has the CSP (Congruence Subgroup Property).

1 I o�er my deepest thanks to my great teacher Prof. Alexander Lubotzky for his devoted
and sensible guidance, and for Mr. Baum and Mr. Schwartz, Rudin foundation trustees, for their
generous support. I would also like to thank the referees for several critical remarks which led to
some signi�cant simpli�cations.
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We prefer to say that G has the CSP rather than �, as there could potentially
exist two groups G1, G2 with Aut.G1/, Aut.G2/ isomorphic such that just one
of these automorphism groups has the CSP. But when there is no danger of
ambiguities we will also say that � D Aut.G/ has the CSP.

It is well known that Z2, the free abelian group on two generators, does not
have the CSP. This result was known already in the 19th century ([15] and [9]).
On the other hand, in 2001 Asada [1] showed, by using methods of algebraic
geometry, that F2, the free group on two generators does have the CSP. Later
(2011), Bux, Ershov, and Rapinchuk [3] provided a group theoretic version of this
result and proof.

Our paper deals with an intermediate case: the free metabelian group on two
generators (or more generally, the free solvable group of length r � 2 on two
generators). As we will see, a large part of Bux–Ershov–Rapinchuk’s proof works
for the automorphism group of the free metabelian group, which initially caused
us to believe that it has the CSP. However, as we will show below, it does not.

Theorem 0.1. The free metabelian group on two generators ˆ does not have

the CSP.

Here is the main line of the proof: the generalized congruence subgroup prob-
lem asks whether the pro�nite topology of Aut.G/ is the same as the congru-
ence topology. By some standard arguments from [3], one can pass to Out.G/

(if G is residually �nite and yG is centerless, which is the case for our groups, see
Theorem 2.11 and Proposition 2.10). In ÷2 we will give an explicit description of
the pro�nite topology and completion of the free solvable group G D ˆm;r on
m generators and solvability length r . This enables one to describe the congru-
ence topology of Aut.G/. What makes now the case m D 2 so special is that
Out.ˆ2;r / Š GL2.Z/, and the congruence subgroup problem for ˆ2;r boils down
to the question as to whether the congruence topology of Out.ˆ2;r / induces the
full pro�nite topology of GL2.Z/. Note that for F2, the free group on two gen-
erators, this is indeed the case: the congruence topology of Out.F2/ is the full
pro�nite topology of Out.F2/ Š GL2.Z/.

On the other hand, we will show that for ˆ WD ˆ2;2, the free metabelian group
on two generators, the congruence topology of Out.ˆ/ Š GL2.Z/ is equal to the
classical congruence topology of GL2.Z/. As it was pointed out before, it is well
known that this topology is much weaker than the pro�nite topology of GL2.Z/.
Hence ˆ fails to have the CSP.

Our method and result suggest conjecturing that all the free solvable groups
ˆ2;r (on two generators) do not have the CSP.



The congruence subgroup problem 585

The paper is organized as follows: in §1 we present the Romanovskii embed-
ding, a generalization of the well-known Magnus embedding, and use it in §2 to
describe the pro�nite completion of a �nitely generated free solvable group. In §3
we quote a result of Bux, Ershov and Rapinchuk which they used to prove that F2

does have the CSP. In §4 we formulate a conjecture on ˆ2;r that would imply that
ˆ2;r does not have the CSP. Finally, in §5 we prove this conjecture for ˆ WD ˆ2;2,
and conclude that ˆ does not have the CSP.

1. Romanovskii embedding

Let F be the free group on m generators, and let R be a normal subgroup of F .
Denote by R0 the commutator subgroup of R. Following the well-known Magnus
embedding (see [2], [12], and [8]) and its generalization by Šhmel0kin (see [13]
and [14]), Romanovskii found a faithful embedding of F=.R0Rn/; n 2 N[¹0º (with
the notation R0 D 1), into a matrix group, which enables to describe F=.R0Rn/

through F=R. In this section we will present the Romanovskii embedding, and as
mentioned, we will use it in the next section to describe the pro�nite completion
of a �nitely generated free solvable group.

De�ne

G WD F=R

and
QGn WD F=R0Rn; n 2 N [ ¹0º.

Denote by ¹f1; : : : ; fmº, ¹g1; : : : ; gmº and ¹ Qg1; : : : ; Qgmº the appropriate generators
of F , G and QGn respectively. By the mapping fi 7! Qgi 7! gi , i D 1; : : : ; m, we
get a natural epimorphism F ! QGn ! G. For n 2 N [ ¹0º denote Zn D Z=nZ.
Now, for the group G, denote by ZnŒG� the group ring of G over Zn, and by

Tn WD ZnŒG�t1 C � � � C ZnŒG�tm

the left free ZnŒG� module with basis ¹t1; t2; : : : ; tmº. Now, de�ne

Rn.G/ WD

²�

g t

0 1

�
ˇ

ˇ

ˇ

ˇ

g 2 G; t 2 Tn

³

:

One can notice that Rn.G/ has a group structure under formal matrix multiplica-
tion given by the formula

�

g t

0 1

�

�

�

h s

0 1

�

WD

�

gh gs C t

0 1

�

:
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Theorem 1.1 ([11], Theorem 2). (1) By the mapping ˛, de�ned by

Qgi 7�!

�

gi ti
0 1

�

; i D 1; : : : ; m,

we get a faithful representation of QGn as a subgroup of Rn.G/.

(2) An element of the form

0

B

@

g

m
X

iD1

ai ti

0 1

1

C

A
2 Rn.G/

belongs to Im.˛/ if and only if 1 � g D
Pm

iD1 ai .1� gi /. In particular,

0

B

@

1

m
X

iD1

ai ti

0 1

1

C

A
2 Im.˛/ ()

m
X

iD1

ai .1 � gi / D 0:

Considering the formula for multiplication in Rn.G/, it is easy to see that under
˛, the subgroup R=R0Rn

6 QGn is isomorphic to
®�

1 t
0 1

�

2 Im.˛/
¯

.

2. The pro�nite completion of a �nitely generated free solvable group

As before, let F be the free group on m generators. Denote by

F .1/ WD ŒF; F �

the commutator subgroup of F , and by induction, de�ne

F .rC1/ WD ŒF .r/; F .r/�:

Denote by ˆr WD F=F .r/ the free solvable group on m generators of solvability
length r , and de�ne

ˆ0 WD F=F D ¹eº:

To simplify notations, we write F , ˆr , ˆr;n instead of Fm, ˆm;r , ˆm;r;n respec-
tively, as the results of this section hold for every �nite number of generators bigger
than 1. Sometime we will use also the notation ˆr;0 D ˆr . In this section we will
present, using the Romanovskii embedding, an “explicit” description of ŷ r , in the
sense that we will �nd �nite quotients ¹ˆr;nº

1
nD1, of ˆr , such that

ŷ
r Š lim
 �
n2N

ˆr;n:

This explicit description will help us later to describe some properties of ŷ r , and
to prove the main theorem.
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De�nition 2.1. For n 2 N, de�ne by induction on r the following groups: for
r D 0,

K0;n WD F

and for r C 1,

KrC1;n WD K 0
r;n.Kr;n/n:

Denote

ˆr;n WD F=Kr;n:

Proposition 2.2. For n 2 N we have for r D 0, jˆ0;nj D 1, and for r > 0,

jˆrC1;nj D jˆr;nj � n
jˆr;nj�.m�1/C1:

Proof. For r D 0 the result is obvious. For r C 1, by a well-known theorem of
Schreier, we know that Kr;n is free, and its rank is jˆr;nj � .m� 1/C 1. Therefore,
Kr;n=K 0

r;n.Kr;n/n isomorphic to .Zn/jˆr;nj�.m�1/C1 and thus, jˆrC1;nj D jˆr;nj �

njˆr;nj�.m�1/C1. �

Proposition 2.3. For n 2 N, denote ˆab
r;n WD ˆr;n=Œˆr;n; ˆr;n�. Then

ˆab
r;n D .Z=nr

Z/m:

Proof. We need to show that

ŒF; F � �Kr;n D ŒF; F � � F .nr /:

By induction on r . For r D 1 the result is obvious. For r C 1,

ŒF; F � �KrC1;n D ŒF; F � � ŒKr;n; Kr;n� � .Kr;n/n

D ŒF; F � � .F .nr //n

D ŒF; F � � F .nrC1/: �

The next proposition follows easily from the de�nitions.

Proposition 2.4. For n 2 N, denote Lr;n WD ker.ˆr ! ˆr;n/. Then, Lr;n is a

characteristic subgroup of ˆr .
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We need now few notations.

De�nition 2.5. For r; n 2 N [ ¹0º denote

� xr;n;1; : : : ; xr;n;m the m standard generators of ˆr;n;

� ZnŒˆr;n� the group ring of ˆr;n over Zn WD Z=nZ;

� Tr;n WD ZnŒˆr;n�tr;n;1 C : : : C ZnŒˆr;n�tr;n;m, the ZnŒˆr;n� left free module
with the base tr;n;1; tr;n;2; : : : ; tr;n;m;

� R.ˆr;n/ WD
®�

g t
0 1

� ˇ

ˇ g 2 ˆr;n; t 2 Tr;n

¯

.

The next proposition is a special case of Theorem 1.1.

Proposition 2.6. For r; n 2 N, the correspondence

xrC1;n;i  !

�

xr;n;i tr;n;i

0 1

�

; i D 1; : : : ; m,

gives a faithful representation of ˆrC1;n as a subgroup of R.ˆr;n/.

Proposition 2.7. Denote by �r;n the natural homomorphism from ˆr to ˆr;n.

Then every �nite quotient � Wˆr ! G whose order divides n factorizes through ˆr;n,

i.e. there is Q� ,

ˆr

�r;n

�! ˆr;n
Q�
�! G;

such that

Q� ı �r;n D �:

In particular,
ŷ

r Š lim
 �
n2N

ˆr;n:

Proof. Let G be a quotient of ˆr whose order divides n. Set G D F=R where
R � F .r/ and R � F n - i.e. R � F .r/ � F n. We recall that ˆr;n D F=Kr;n.
According to these notations we actually need to prove that R � Kr;n. We will
show by induction on l that for every l 2 N we have R � F .l/ � Kl;n. Therefore,
as R � F .r/ we will deduce that in particular, R � Kr;n as required.

For l D 1 we have K1;n D F 0F n and in this case we have

K1;n D F n � F 0 � R � F .1/:

For l C 1,

KlC1;n D ŒKl;n; Kl;n� � .Kl;n/n

� ŒR � F .l/; R � F .l/� � .R � F .l//n

� .R � F .lC1// � R

D R � F .lC1/: �
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The last proposition gives us an “explicit” description of the structure of ŷ r .
For example:

Corollary 2.8. Let zn;1; : : : ; zn;m be the standard generators of .Zn/m, then

� ŷ 1Š lim
 �
n2N

hzn;1; : : : ; zn;mi.

� ŷ 2Š lim
 �
n2N

˝�

zn;1 t1;n;1

0 1

�

; : : : ;
�

zn;m t1;n;m

0 1

�˛

.

� ŷ 3Š lim
 �
n2N

D� �

zn;1 t1;n;1

0 1

�

t2;n;1

0 1

�

; : : : ;
� �

zn;m t1;n;m

0 1

�

t2;n;m

0 1

�E

By using this “explicit” description of ŷ r , we will show a few properties of
ŷ

r , which will help us later solve the congruence subgroup problem for ˆ2;2, the
free metabelian group on two generators.

Proposition 2.9. Let n 2 N and let xr;n;i be one of the generators of ˆr;n. Then,

O.xr;n;i /, the order of xr;n;i , is equals nr .

Proof. By induction on r . For r D 0, the result is obvious. For r C 1 by Propo-
sition 2.6, one can write xrC1;n;i D

�

xr;n;i tr;n;i

0 1

�

. By the induction hypothesis
O.xr;n;i / D nr . For 0 < k 2 N we can uniquely write: k D k1nr C k2, when
k1 2 N[¹0º and 1 � k2 � nr . Thus, simple calculation shows that for 0 < k 2 N

.xrC1;n;i/
k

D

�

xr;n;i tr;n;i

0 1

�k

D

0

B

B

@

.xr;n;i /
k1nr Ck2

�

k1nr Ck2�1
X

j D0

.xr;n;i /
j
�

tr;n;i

0 1

1

C

C

A

D

�

.xr;n;i /
k2 .1C : : :C .xr;n;i /

k2�1 C k1.1C : : :C .xr;n;i/
nr �1//tr;n;i

0 1

�

:

Looking at the left upper coordinate, one can see that by the induction
hypothesis k2 D nr is a necessary condition for xrC1;n;i to satisfy
.xrC1;n;i /

k D e. Therefore, if we want xrC1;n;i to satisfy .xrC1;n;i /
k D e, we

need that the right upper coordinate will equal 0 under the condition k2 D nr , i.e.
.k1 C 1/.1C : : :C .xr;n;i /

nr �1/ D 0. The right upper coordinate belongs to Tr;n

which is a free module over ZnŒˆr;n�, and therefore, it happens for the �rst time
when k1 D n � 1, i.e. k D .n � 1/nr C nr D nrC1. �



590 D. E.-C. Ben-Ezra

Proposition 2.10. Let ŷ r be the free pro�nite solvable group on m � 2 generators

of solvability length r � 2. Then, Z. ŷ r /, the center of ŷ r , is trivial.

Proof. Denote by Oxr;1; : : : ; Oxr;m the standard generators of ŷ r as a pro�nite group,
i.e. Oxr;i D

��

xr�1;n;i tr�1;n;i

0 1

��1

nD1
for 1 � i � m. We will show that

m
\

iD1

Z ŷ
r
. Oxr;i/ D ¹eº

(when Z ŷ
r
. Oxr;i / is the centralizer of Oxr;i in ŷ r ), and this actually means that

Z. ŷ r / D ¹eº.

Let
0

B

@

0

B

@

gn

m
X

iD1

an;i tr�1;n;i

0 1

1

C

A

1

C

A

1

nD1

(�)

be an element of
Tm

iD1 Z ŷ
r
. Oxr;i / such that for every n0 2 N,

0

B

@

gn0

m
X

iD1

an0;i tr�1;n0;i

0 1

1

C

A
2 ˆr;n0 :

We will show that an0;i 0 D 0 and gn0 D e for every n0 2 N and 1 � i 0 � m.

Assume negatively that for the element of the form (�) there are n0 2 N and
1 � i 0 � m such that an0;i 0 ¤ 0. Consider ˆr;n02 . Now, take any j ¤ i 0, and from
the condition that

0

B

@

0

B

@

gn

m
X

iD1

an;i tr�1;n;i

0 1

1

C

A

1

C

A

1

nD1

2 Z ŷ
r
. Oxr;j /;

we have
0

B

@

gn02

m
X

iD1

an02;i tr�1;n02;i

0 1

1

C

A

�

xr�1;n02;j tr�1;n02;j

0 1

�

D

�

xr�1;n02;j tr�1;n02;j

0 1

�

0

B

@

gn02

m
X

iD1

an02;i tr�1;n02;i

0 1

1

C

A
:
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After opening the last multiplication and comparing the coe�cients of
tr�1;n02;i 0 one can conclude that an02;i 0 D xr�1;n02;j an02;i 0 . As remembered,
an02;i 0 2 Zn02 Œˆr�1;n02 �, and thus we can write an02;i 0 D

P

g2ˆ
r�1;n02

˛gg when

˛g 2 Zn02 for every g 2 ˆr�1;n02 . Therefore, the equality an02;i 0 D xr�1;n02;j an02;i 0

implies that for every g; h 2 ˆr�1;n02 one has h 2 hxr�1;n02;j ig H) ˛g D ˛h.
Now, according to Proposition 2.9, O.xr�1;n02;j / D .n02/r�1. Therefore, by de-
noting the representatives of the right cosets of hxr�1;n02;j i in the group ˆr�1;n02

in ¹guºu2U , one can write

an02;i 0 D
X

g2ˆ
r�1;n02

˛gg D
X

u2U

˛gu

�

.n02/r�1�1
X

lD0

.xr�1;n02;j /l
�

gu:

Now the natural map ˆr�1;n02 ! ˆr�1;n0 , induces a natural map

Zn02 Œˆr�1;n02 � �! Zn0 Œˆr�1;n0 �;

which according to the inverse limit property, maps an02;i 0 7! an0;i 0 . Considering
that O.xr�1;n0;j / D n0r�1, and that an0;i 0 2 Zn0 Œˆr�1;n0 �, we deduce that, under
the above map,

n02.r�1/�1
X

lD0

.xr�1;n02;j /l 7�!

n02.r�1/�1
X

lD0

.xr�1;n0;j /l D n0r�1

n0r�1�1
X

lD0

.xr�1;n0;j /l D 0:

Thus, an02;i 0 7! 0, and therefore an0;i 0 D 0.

Now, after we proved that an0;i 0 D 0 for every n0 2 N and for every 1 � i 0 � m,
it is obvious that according to Theorem 1.1, also gn0 D e for every n0 2 N. �

The following theorem is well known in more general cases ([6], Theorem 7.1,
and [10], Theorem 9.44). But one can notice that using the explicit description we
gave for ŷ r , it is easy to give another proof for our speci�c case.

Theorem 2.11. For every r � 0, ˆr is residually �nite p for all primes p.

3. Methods from the solution of the CSP for F2

As mentioned in §0, Bux, Ershov, and Rapinchuk [3] showed that F2 has the CSP.
In this section, we quote one of their results. We will use it in the opposite way: to
show that ˆ, the free metabelian group on two generators, does not have the CSP.
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Proposition 3.1 ([3], Lemma 3.1). Let G be a �nitely generated group. Then

(1) G has the CSP if and only if the natural map O{W2Aut.G/! Aut. yG/ is injective.

(2) The map O{ induces O| W2Out.G/ ! Out. yG/, and O| is injective if and only if

every subgroup of Out.G/ of �nite index contains a subgroup of Out.G/ of

the form �ŒK� WD ker .Out G ! Out .G=K//, such that K is a characteristic

subgroup of G of �nite index.

(3) Assume G is also residually �nite, and that yG is centerless. Then the map

O{W2Aut.G/ ! Aut. yG/ is injective if and only if O| W2Out.G/ ! Out. yG/ is

injective.

This proposition, together with Propositions 2.4, 2.7, 2.10, and Theorem 2.11,
give:

Lemma 3.2. Let ˆr be the free solvable group on m > 1 generators of solvability

length r > 0. Then, ˆr has the CSP if and only if every subgroup of Out.ˆr/ of

�nite index contains a subgroup of the form ker.Out.ˆr /! Out.ˆr;n// for some

n 2 N.

4. The CSP for free solvable groups on two generators

As mentioned, Lemma 3.2 is valid for every r; m > 1, but from now on we will
concentrate on the case m D 2. So, in this section, ˆr denotes the free solvable
group on two generators of solvability length r , and the generators of ˆr will be
denoted by xr and yr . We will denote the generators of Z2 by x and y.

Consider the natural map ˆr ! Z
2, de�ned by xr 7! x, yr 7! y. This map

induces the natural maps Aut.ˆr /! Aut.Z2/ and Out.ˆr /! Out.Z2/. It is easy
to check that the map Aut.ˆr/ ! Aut.Z2/ is surjective, as Aut.Z2/ is generated
by the automorphisms

˛W

´

x 7�! xy;

y 7�! y;
ˇW

´

x 7�! x�1;

y 7�! y;
 W

´

x 7�! y;

y 7�! x;

which are the images of the automorphisms

˛r W

´

xr 7�! xryr ;

yr 7�! yr ;
ˇr W

´

xr 7�! x�1
r ;

yr 7�! yr ;
r W

´

xr 7�! yr ;

yr 7�! xr :

Therefore, the map Out.ˆr / ! Out.Z2/ D Aut.Z2/ is also surjective.
We want to show that this map is also injective, and to conclude that Out.ˆr/ Š

Out.Z2/ D Aut.Z2/ Š GL2.Z/.
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De�nition 4.1. Let G be a group and IA.G/ WD ker.Aut.G/ ! Aut.G=G0//.
An element of IA.G/ is called an IA-automorphism.

The sequence 1! IA.ˆr /! Aut.ˆr/! Aut.Z2/! 1 is an exact sequence,
and so is the sequence 1 ! Inn.ˆr / ! Aut.ˆr/ ! Out.ˆr/ ! 1. Clearly,
Inn.G/ � IA.G/, and in particular, Inn.ˆr / � IA.ˆr/. Bachmuth, Formanek,
and Mochizuki, gave few conditions for equality

Theorem 4.2 ([4]). Let F be the free group on two generators, and let R be a

normal subgroup of F satisfying

� R 6 F 0;

� Z.F=R/, the integral group ring of F=R, is a domain.

Then, IA.F=R0/ D Inn.F=R0/.

Let us now mention:

Theorem 4.3 (Kropholler, Linnell, and Moody [7]). Let k be a division ring and

let G be a solvable by �nite group. If G is torsion-free, then kŒG� is a domain.

Corollary 4.4. For every r 2 N,

(1) IA.ˆr / D Inn.ˆr/;

(2) the map Out.ˆr /! GL2.Z/ is an isomorphism.

Conjecture 4.5. 1 With the above isomorphism, for r; n 2 N,

ker.Out.ˆr/! Out.ˆr;n// D ker.GL2.Z/! GL2.Znr //:

As Z
2 does not have the CSP, there is a subgroup of Aut.Z2/ Š GL2.Z/

of �nite index containing no subgroup of the form ker.GL2.Z/ ! GL2.Zn//.
Therefore, if the conjecture is true, the same subgroup of GL2.Z/ does not contain
any subgroup of the form ker.Out.ˆr/ ! Out.ˆr;n//, and thus, by Lemma 3.2,
ˆr does not have the CSP.

We consider now the following notations.

De�nition 4.6. De�ne

� GL0
2.Zn/ D Im.GL2.Z/! GL2.Zn//;

� Aut0.ˆr;n/ D Im.Aut.ˆr/! Aut.ˆr;n//;

� Out0.ˆr;n/ D Im.Out.ˆr /! Out.ˆr;n//;

� IA0.ˆr;n/ D IA.ˆr;n/ \Aut0.ˆr;n/.

1 Note added in galley proofs. This conjecture is not true for r � 3. See D. E.-C. Ben-
Ezra and A. Lubotzky, The congruence subgroup problem for low rank free and free metabelian
groups, in preparation.
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With the above notations we have:

Lemma 4.7. Conjecture 4.5 is true if and only if IA0.ˆr;n/ D Inn.ˆr;n/.

Proof. As was shown in Proposition 2.3, ˆab
r;n D ˆr;n=Œˆr;n; ˆr;n� w Znr . Thus,

the natural surjective map Aut.ˆr / ! GL2.Z/ induces a natural surjective map
Aut0.ˆr;n/ ! GL0

2.Znr / whose kernel is exactly IA0.ˆr;n/. This map induces
another natural surjective map Out0.ˆr;n/ ! GL0

2.Znr /, and this map is an
isomorphism if and only if IA0.ˆr;n/ D Inn.ˆr;n/. On the other hand, the latter is
an isomorphism if and only if Conjecture 4.5 is true. So the lemma follows. �

Theorem 4.8. For r D 2 we have IA0.ˆ2;n/ D Inn.ˆ2;n/ for every n 2 N.

Thus, once we prove Theorem 4.8, Theorem 0.1 is also proven.

5. Proof of Theorem 4.8

In this section ˆ D ˆ0 D ˆ2;2 denotes the free metabelian group on two
generators. We also write ˆn instead of ˆ2;2;n. Let n 2 N [ ¹0º and let xn; yn

be the generators of .Zn/2. By Theorem 1.1 we can consider ˆn as the group
generated by x�

n D
�

xn txn

0 1

�

and y�
n D

�

yn tyn

0 1

�

, and the elements of ˆn are the

matrices of the form
�

xi
ny

j
n a1.xn;yn/txn Ca2.xn;yn/tyn

0 1

�

, such that

(1) i; j 2 Z

(2) a1.xn; yn/; a2.xn; yn/ 2 ZnŒZ2
n� D ZnŒx˙1

n ; y˙1
n �

(3) 1� xi
ny

j
n D a1.xn; yn/ � .1� xn/C a2.xn; yn/ � .1� yn/

Every automorphism of ˆn is determined by its action on the two generators
�

xn txn

0 1

�

and
�

yn tyn

0 1

�

. Therefore, when we want to describe an automorphism, � ,
of ˆn we can write

� D

8

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

:

�

xn txn

0 1

�

7�!

�

xi
ny

j
n a1txn

C a2tyn

0 1

�

;

�

yn tyn

0 1

�

7�!

�

xk
nyl

n b1txn
C b2tyn

0 1

�

:

De�nition 5.1. Let n 2 N [ ¹0º. For � 2 Aut.ˆn/ de�ne d.�/ WD det
� a1 a2

b1 b2

�

.
Notice that d.�/ is well de�ned, as a1; a2; b1; b2 2 ZnŒZ2

n� and ZnŒZ2
n� is a

commutative ring.
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Lemma 5.2. For � 2 Aut.ˆn/, d.�/ is invertible in ZnŒZ2
n�.

Proof. As � is an automorphism, we can write
�

xn txn

0 1

�

and
�

yn tyn

0 1

�

as words

with the matrices
�

xi
ny

j
n a1txnCa2tyn

0 1

�

and
�

xk
n yl

n b1txnCb2tyn

0 1

�

. Therefore, it is easy
to check, by induction on the length of these words, that there are polynomials
c1; c2; d1; d2 2 ZnŒZ2

n� such that
�

xn txn

0 1

�

D

�

xn .c1a1 C d1b1/txn
C .c1a2 C d1b2/tyn

0 1

�

H) c1a1 C d1b1 D 1; c1a2 C d1b2 D 0;

�

yn tyn

0 1

�

D

�

yn .c2a1 C d2b1/txn
C .c2a2 C d2b2/tyn

0 1

�

H) c2a1 C d2b1 D 0; c2a2 C d2b2 D 1:

i.e., we got that
�

c1 d1

c2 d2

�

�
� a1 a2

b1 b2

�

D I , and therefore, det
� a1 a2

b1 b2

�

is invertible

in ZnŒZ2
n�. �

From the last lemma it follows that if � 2 Aut.ˆ/ then d.�/ D ˙xrys for
some r; s 2 Z, as these are the invertible elements of ZŒZ2�, see [5], Chapter 8.

Lemma 5.3. Let n 2 N [ ¹0º. For the commutator subgroup of ˆn we have

Œˆn; ˆn� D

²�

1 .1� yn/ � p � txn
� .1� xn/ � p � tyn

0 1

�
ˇ

ˇ

ˇ

ˇ

p 2 ZnŒZ2
n�

³

: (1)

Proof. Let us write g� D
�

g a1txnCa2tyn

0 1

�

and h� D
�

h b1txn Cb2tyn

0 1

�

for two
arbitrary elements in ˆn. Then, by direct computation and by using the identities

1� g D a1.1� xn/C a2.1� yn/;

1 � h D b1.1� xn/C b2.1� yn/;

we deduce

Œg�; h�� D g�h�g��1h��1

D

�

1 .1� yn/.a1b2 � b1a2/txn
� .1� xn/.a1b2 � b1a2/tyn

0 1

�

:

This shows that multiplications of commutators of ˆn are of the form (1).
For the other direction, one should notice that by the notations x�

n D
�

xn txn

0 1

�

and y�
n D

�

yn tyn

0 1

�

, we have

Œx�
n ; y�

n � D

�

1 .1 � yn/txn
� .1 � xn/tyn

0 1

�

:

Moreover, conjugation by x�
n or y�

n multiply the right upper coordinate by xn or
yn respectively. That shows that we can reach every p 2 ZnŒZ2

n�. �
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We can now prove Theorem 4.8:

Proof. It is obvious that IA0.ˆn/ � Inn.ˆn/. On the other hand, consider an
element � 2 IA0.ˆn/. As � 2 IA.ˆn/, by Lemma 5.3, we can describe � as
follows:

� D

8

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

ˆ

:

�

xn txn

0 1

�

7�!

�

xn txn

0 1

��

1 .1� yn/.x�1
n p/txn

� .1 � xn/.x�1
n p/tyn

0 1

�

D

�

xn Œ1C .1� yn/p�txn
C�.1� xn/ptyn

0 1

�

;

�

yn tyn

0 1

�

7�!

�

yn tyn

0 1

��

1 .1� yn/.y�1
n q/txn

� .1 � xn/.y�1
n q/tyn

0 1

�

D

�

yn .1 � yn/qtxn
C Œ1� .1 � xn/q�tyn

0 1

�

:

for some p; q 2 ZnŒZ2
n�.

Now, one can compute the determinant of � and deduce that

d.�/ D Œ1C .1� yn/p� � Œ1� .1 � xn/q�C .1� xn/p � .1� yn/q

D 1C .1� yn/p � .1� xn/q:

But, by considering that � 2 Aut0 ˆn and by applying the conclusion of Lemma 5.2,
we conclude that there are i; j 2 Zn such that

1C .1� yn/p � .1� xn/q D ˙xi
nyj

n :

Moreover, one should notice that if xn 7! 1; yn 7! 1 then

1C .1� yn/p � .1� xn/q 7! 1

and therefore
1C .1� yn/p � .1� xn/q D xi

nyj
n :

Thus,
1� xi

nyj
n D .1 � xn/q � .1� yn/p: (2)

Now, according to Theorem 1.1, we conclude that the element
�

xi
ny

j
n qtxn

� ptyn

0 1

�

is in the image of ˆn in Rn.Zn/. Direct computation and use of equation (2) shows
that

� D Inn

�

xi
ny

j
n qtxn

� ptyn

0 1

�

so � 2 Inn.ˆn/ as required. �
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That completes the main result of the paper. Now, one can ask whether
IA.ˆn/ D Inn.ˆn/. The next explicit example shows that this is not true in
general.

Let us consider the map

� D

8

ˆ

ˆ

ˆ

ˆ

<

ˆ

ˆ

ˆ

ˆ

:

x�
n �! y�

nx�
ny��1

n D x�
n Œx��1

n ; y�
n � D

�

xn yntxn
C .1� xn/tyn

0 1

�

;

y�
n �! x�

ny�
nx��1

n D y�
n Œy��1

n ; x�
n � D

�

yn .1� yn/txn
C xntyn

0 1

�

:

One should notice that � de�nes a homomorphism of ˆn, as the relations that
de�ne ˆn are satis�ed by all the elements of ˆn, and in particular, by �.x�

n/

and �.y�
n/. We are now going to show that when n D p is prime, � de�nes

an IA-automorphism of ˆn which is not inner.

Lemma 5.4. When p is prime, the polynomial xpCyp�1 is invertible in ZpŒZ2
p�.

Proof. When p is prime, we have

.xp C yp � 1/ �

p�1
X

iD0

.xp C yp/i

D .xp C yp/p � 1

D xp
p C

�

p

1

�

xp�1
p yp C � � � C

�

p

p � 1

�

xpyp�1
p C yp

p � 1

D 1C 0C � � � C 0C 1 � 1

D 1: �

Proposition 5.5. When p is prime, � is onto. In particular, � is an isomorphism.

Proof. A direct computation shows that

Œ�.x�
p /; �.y�

p /� D

�

1 .1� yp/.xp C yp � 1/txp
� .1� xp/.xp C yp � 1/typ

0 1

�

:

Moreover, direct computation shows that conjugation by �.x�
p / and �.y�

p / multiply
the right upper coordinate by xp and yp respectively. By the previous lemma
xp C yp � 1 is invertible in ZpŒZ2

p�. Now, putting all together and by considering
Lemma 5.3 we conclude that � reaches all Œ p̂ ; p̂�.

On the other hand, the projection of � to ˆab
p D p̂=Œ p̂ ; p̂� is the identity

map, so � reaches also all ˆab
p . Therefore, � reaches all p̂, as required.

As p̂ is a �nite group we deduce that � is an isomorphism. �
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Proposition 5.6. When n D p is prime, the automorphism � is an IA-automor-

phism which is not inner.

Proof. In the proof of the previous proposition we saw that � is an IA-automor-
phism. On the other hand, assume that � is inner. By direct computation we
deduce that the determinant of � equals d.�/ D xp C yp � 1. On the other hand,
as Inn. p̂/ � Aut0. p̂/, we conclude that d.�/ D ˙xr

pys
p, and this is a contradic-

tion. �
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