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Tarski numbers of group actions

Gili Golan

Abstract. The Tarski number of a group action G ~, X is the minimal number of pieces in
a paradoxical decomposition of it. In this paper we solve the problem of describing the set
of Tarski numbers of group actions. Namely, for any k& > 4 we construct a faithful transitive
action of a free group with Tarski number k. We also construct a group action G ~, X with
Tarski number 6 such that the Tarski numbers of restrictions of this action to finite index
subgroups of G are arbitrarily large.
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1. Introduction

Let G ~ X be a group action. We will always assume that groups are acting from
the right.

Definition 1.1. The group action G ~, X admits a paradoxical decomposition if
there exist positive integers m and n, disjoint subsets Pi,..., Py, O1,..., O, of
X and subsets S1 = {g1,...,8&m}, S2 = {h1,..., hy} of G such that

X = U Pigi = U thj. (11)

i=1 j=1

The sets Sy, S, are called the translating sets of the paradoxical decomposition.

It is well known [9] that G ~, X admits a paradoxical decomposition if and
only if it is non-amenable. The minimal possible value of m + n in a paradoxical
decomposition of G ~, X is called the Tarski number of the action and denoted
by T(G ~ X). If G acts on itself by right multiplication, the Tarski number of
the action is called the Tarski number of G and denoted by T(G).
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Clearly, m,n > 2 in any paradoxical decomposition. Thus, the Tarski number
of any group action cannot be smaller than 4. By a result of Jénsson (see, for
example, [8, Theorem 5.8.38]) the Tarski number of a group is 4 if and only if it
contains a non-abelian free subgroup.

The problem of describing the set of Tarski numbers of groups was posed
in [2]. Recently, together with M. Ershov and M. Sapir [3], we constructed the
first examples of groups with Tarski numbers 5 and 6. Note, that no integer > 7 is
known to be the Tarski number of a group.

A similar situation existed for the Tarski numbers of group actions. A result
of Dekker characterizes all group actions with Tarski number 4.

Theorem 1.2 ([9, Theorems 4.5 and 4.8]). Let G ~ X be a group action. Then,
the Tarski number of the action is 4 if and only if G contains a non-abelian free
subgroup F such that the stabilizers of points from X in F are cyclic.

Groups with Tarski numbers 5 and 6 clearly admit actions with Tarski numbers
5 and 6 respectively. No actions with Tarski number > 6 were known.

In this paper we completely solve the problem of describing Tarski numbers
of group actions.

Theorem 1. Everyinteger k > 4 is the Tarski number of a faithful transitive action
of a finitely generated free group.

From Theorem 1.2, it follows that if F is a non-abelian free group and the
action F' ~, X has cyclic point stabilizers then T(F ~ X) = T(F). Part (2) of
the following theorem generalizes this result. Note that this theorem, is the group
action analogue of parts (a) and (c) of [3, Theorem 1]. Parts (b) and (d) can be
extended to group actions as well.

Theorem 1.3. Let G ~ X be a group action.

(1) Let H < G be a finite index subgroup and H ~, X the action of G restricted
to H. Then,

TH A X)—-2<[G:H|(T(G~ X)-2).
2) If G ~ X has amenable point stabilizers then T(G ~, X) = T(G).

In [3] we observed that there exists ¢ such that the property of having Tarski
number ¢ is not invariant under quasi isometry. Indeed, a construction from [4]
yields a non-amenable group G with finite index subgroups with arbitrarily large
Tarski numbers. The only estimate of the value of # bounds it from above by 1010°,
Note that the case t = 4 is the famous open problem by Benson Farb. So far we
are not able to lower 7, but for group actions we prove the following.
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Theorem 2. Let F be a free group of rank 3. There exists a faithful transitive
action F ~, X such that T(F ~ X) = 6 and restrictions of the action to finite
index subgroups of F have arbitrarily large Tarski numbers.

Note that by Theorem 1.2, the number 6 cannot be replaced by the number 4
in Theorem 2. We do not know if it can be replaced by 5.

Organization. Section 2 contains background information about Tarski numbers
of group actions and the proof of Theorem 1.3. Section 3 contains preliminary
information about subgroups of free groups and their Stallings cores. Section 4
contains the proof of Theorem 1 and Section 5 contains the proof of Theorem 2.

Acknowledgments. The author would like to thank Mikhail Ershov and Mark
Sapir for useful discussions and comments on the text. Most of the research was
done during the author’s stay at Vanderbilt University and at the University of Vir-
ginia. She is grateful for the accommodations and hospitality. The author would
also like to thank the anonymous referee for helpful comments and suggestions.

2. Tarski numbers of group actions

Lemma 2.1. [9, Proposition 1.10] Let G ~ X be a free action. Then, if G has
a paradoxical decomposition with translating sets S1, Sz, then G ~ X has a
paradoxical decomposition with the same translating sets.

Corollary 2.2. If the free group (x,y) acts freely on X, then the action has a
paradoxical decomposition with translating sets {1, x} and {1, y}.

Proof. The free group (x, y) has a paradoxical decomposition with these trans-
lating sets [9, Theorem 1.2]. O

Lemma 2.3. Let G ~ X be a group action.

(1) If H < G is a subgroup of G and H ~, X is the action of G restricted to H
thenT(G ~ X) <T(H ~ X).

(2) Let G ~ Y be another G-action and f:X — Y be a G-equivariant map.
If S1, S» are translating sets of a paradoxical decomposition of G ~, Y then
they are also translating sets of a paradoxical decomposition of G ~, X.

Proof. (1) Every paradoxical decomposition with translating elements from H is

in particular a paradoxical decomposition with translating elements from G.
2)Let P1,..., Py, Q01,...,0, < Y be a paradoxical decomposition of

G ~ Y with translating sets S1 = {g1,...,gm} and S» = {hy,...,h,}. Then

the inverse images f~'(Py), ..., f~Y(Pw), f1(Q1)...., f~1(Q,) form a para-
doxical decomposition of G ~, X with the same translating sets. O
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Lemma 2.4. Let H < G be a normal subgroup. Then if G ~ G/H is non-
amenable so is the group G/H.

Proof. Every translating element from G can be replaced by its image in G/H .
O

If G ~ X isagroupactionand x € X, we let Stabg(x) = {g € G : xg = x}
be the stabilizer of x in G. All quotient sets we encounter below, are sets of right
cosets.

Remark 2.5. Let G ~, X be a transitive action and let x € X. Then G ~ X has
a paradoxical decomposition with translating sets S, S> if and only if so does the
action G ~, G/Stab g(x).

Remark 2.6. Let G ~, X be a group action. Let { X4}y be a partition of X in
which every set is closed under the action of G. Then G ~, X has a paradoxical
decomposition with translating sets S;, S, if and only if for every «, the action
G ~ X, has a paradoxical decomposition with translating sets Sy, S>.

Combining Remark 2.6 (for the partition of X into G-orbits) and Remark 2.5
we get the following.

Corollary 2.7. Let G ~ X be a group action. It has a paradoxical decom-
position with translating sets S1, S, if and only if for every x € X, the action
G ~ G/Stab g (x) has a paradoxical decomposition with these sets as translating
sets.

The following are the analogues for group actions of results of [3], proved orig-
inally for groups. Remark 2.8 is the equivalent of [3, Remark 2.2]. Theorem 2.9
follows from [3, Lemma 2.5] and [3, Theorem 2.6]. Theorem 2.10 is a reformula-
tion of [3, Lemma 5.3(c)].

Remark 2.8. If G ~, X has a paradoxical decomposition with translating sets
S1, 52, then G ~, X also has a paradoxical decomposition with translating sets
S181, 528> for any given g1, g, € G. In particular, we can always assume that
1e Sl, Sz.

Theorem 2.9. Let G ~ X be a group action. Let Sy, S» be finite subsets of G.
Then, the following assertions are equivalent.

(1) G ~ X has a paradoxical decomposition with translating sets S, S».
(2) For any pair of finite subsets A1, Ay € X, |A1S7T U A2851 > |A1] + | A2

Theorem 2.10. Let G ~ X be a group action and S = {a,b,c} € G. Assume
that for any finite A € X we have |AS™! U A| > 2|A|. Then T(G ~, X) < 6.
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We finish this section with a proof of Theorem 1.3 from the introduction.
The proof is an adaptation of the proof of [3, Theorem 1(a),(c)] for the group
action case. For the proof of Theorem 1.3(1) we will need the following lemma.

Lemma 2.11. Let G ~, X be a group action which has a paradoxical decompo-
sition with translating sets S1 and S». Let H < G be a finite index subgroup and
H ~ X be the action of G restricted to H. Let T be a right transversal of H
in G, that is, a subset of G which contains precisely one element from each right
cosetof H. Fori = 1,2, let R; = TS;T~' N H. Then, the action H ~, X has a
paradoxical decomposition with translating sets Ry and R».

Proof. Let x € X , let Ky = Stabpg(x) and let Kg = Stab g(x). By Corol-
lary 2.7, the action G ~, G/ K¢ has a paradoxical decomposition with translating
sets S1, S2. Since Ky < Kg, the same is true for the action G ~ G/ K, by
Lemma 2.3(2).

To prove the lemma, by Corollary 2.7, it suffices to prove that H ~, H/ K g has
a paradoxical decomposition with translating sets Ry, R,. Let By, B, € H/Kpy
be finite subsets. By Theorem 2.9, it suffices to prove that

|B1R7' U BoR;Y| > |By| + |Bal.

Thus, the following calculation completes the proof of the lemma. The steps of
the calculation are explained below it.

|BiRT' U ByR Y = |By(TST'T™' N H)U By(TS; ' T N H)|

Q\(BITSTITY N H/Ky) U (BaTS; T™Y) N H/ Ky

= |(BiTST ' UBTS; )T~ N H/Kpy|
() |BI\TST'U By TSy

B 1T

G |BIT| + | BoT |

B 1T

Gxxx) | Bi[|T| + |Bo||T|
a 7|

= |B1| + |B2|.

(*) holds since By, B, € H/Kp. Indeed, forany A C H/Ky andany S C G
we have A(SN H) = (AS)N H/Ky.

(**) holds since for any A € G/Kpy we have |(AT') N H/Ky| > %. In-
deed, since T is a right transversal of H in G, for any coset (Ky)g € G/Kpy

there exists a unique ¢ € T such that (Kg)gt~! € H/Kpy. Thus, we can define a
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map f:A — (AT™') N H/Kpy which sends each a € A to the unique element
at™! € H/ Ky for some ¢ € T. Since the preimage of any element in the range is
a set of |T'| elements at most, we get the result.

(***) holds by Theorem 2.9 since S, S, are translating sets of a paradoxical
decomposition of G ~, G/ Kg.
(****) holds since T is a transversal of H in G and By, B, € H/Kpy. O

For the proof of Theorem 1.3(2) we will need the following lemma.

Lemma 2.12. Let G be a group. Let Uy, Uy C G be finite subsets such that for
every pair of finite subsets A1, A» C G we have |A1Uy U A2Us| > |A1] + |42
Let H < G be an amenable subgroup. Then for every pair of finite subsets
A}, A, < G/H we have

AUy U AQUs| = | 45| + |4,

Proof. Let p: G — G/H be the natural projection. Let T be a right transversal of
H in G. Thus, there exist unique maps 7g: G — H and n7: G — T such that
g=ng(g)nr(g) forall g € G. Let y: G/H — T be the bijection taking a coset
of H to its representative in 7. Note that py(Hg) = Hg and ¥ p(g) = = (g) for
all g € G.

Let U = Uy UU, and fix ¢ > 0. Let A}, 4, € G/H be finite sets, let
A} = y(A)) and A” = A7 U A]. Let Uy = ng(A"U). Since Uy € H is a
finite subset of the amenable group H, by Fglner’s criterion [9], there exists a
finite set Ay C H such that |[AgUg| < (1 + €)|Ag|. Define A; = AgA] € G.
Since Ay € H and A7 € T, we have |A;| = |Agl||A]| = |An]||A]].

By assumption,

[ A (1A} + 145]) = [A1] + |42]
< |A41U1 U AUz = [Ap AU U A A5Us|
< |Aumu (A{UL U A3Us)r (AU U A5U3)
< |[AgUngnr(A7U, U ASU,)|
< |AnUn||7r (A7Uy U A30,)|
< (1 +e)|Ag|lnr (AU U AZUy)|.
Letting € tend to 0 yields, |A}| + |45] < |77 (AU U ASU,)|.
Note that,
JTT(A/I/Ul U A/Z/Uz) = Wp(A/l/Ul U A/Z/Uz)
= Vp(¥ (ADUL U Y (45)2)
= Y (p(Y (A))Ui U p(¥ (43)) V)
= Y (A41U1 U A502).

Since ¥ is a bijection we have that |77 (47U, U ASU,)| = |A}U; U ALUs|

which implies that |A]| + |45] < |4 U, U A,U>| as required. O
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Recall the statement of Theorem 1.3.

Theorem 1.3. Let G ~ X be a group action.

(1) Let H < G be a finite index subgroup and H ~, X the action of G restricted
to H. Then,

TH A X)-2=<[G:H]|(T(G~ X)—2).
2) If G ~ X has amenable point stabilizers then T(G ~, X) = T(G).

Proof. (1) Choose a paradoxical decomposition of G ~, X with translating sets
S1 and S5 such that [S1] + |S2| = T(G ~ X) and 1 € S; N S, (this is possible by
Remark 2.8). Let T be a right transversal of H in G andlet R; = TS;T~' N H
fori = 1,2. By Lemma 2.11, H ~ X has a paradoxical decomposition with
translating sets R; and R,. Note that for each t’ € T and g € G there exists a
unique 7 € T such thatt’gt~! € H. Moreover, if g = 1, then t = ¢’ and therefore
t'gt™! = 1. Hence for i = 1,2 we have

|Ri| =TS T" N H| <|T|(|Si| - 1) + 1
(here we use the fact that each S; contains 1). Hence

T(H ~ X) < |Ri| + |R>|
<[G: H](|S1]| + |S2] —2) +2
=[G : H|(T(G ~ X)—2) +2.

(2) By Lemma 2.3(2), 7(G) < 7(G ~ X). Indeed, there exists a G-
equivariant map from G to X. For the other direction, choose a paradoxical
decomposition of G with translating sets S; and S5 such that |S1]| + |S2| = T(G).
Let x € X and K = Stab ¢ (x). By assumption K is amenable. By Theorem 2.9,
for every pair of finite subsets A1, A» € G we have

|A1ST U 42851 > | Ay + |42

By Lemma 2.12, the same is true for any pair of finite subsets A}, 4, € G/K.
Thus, again by Theorem 2.9, G ~, G/K has a paradoxical decomposition with
translating sets S; and S,. Since this is true for all stabilizers of elements of X,
by Corollary 2.7 G ~ X has a paradoxical decomposition with S; and S, as
translating sets. Thus T(G ~ X) < T(G). O
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3. Schreier graphs and Stallings cores

The definitions in this section follow [1, 6, 5]. All the material before Proposi-
tion 3.2 is well known.

Given a free group F = (x1, X2, ...Xn) and a subgroup H < F, let G denote
the oriented Cayley graph of the action F ~, F/H with respect to the symmetric
set § = {xit, ..., xE1}. This graph is called the Schreier graph of the subgroup
H. By definition every vertex in the graph has exactly 2m outgoing edges, each
labeled by a different element of S. For every (directed) edge e, the vertices e—
and e4+ will be the initial and terminal vertex of e respectively. We will say that
e is incident both to e_ and to e4. Note that every edge ¢ has an inverse edge f
such that e = f4,ey = f_ and the labels of ¢ and f are inverses of each other.
Sometimes we will refer to e and its inverse as a single geometric unoriented edge
labeled by a letter ¢*'. A path in G is a sequence of directed edges ey, ..., e,
where for i < n the terminal vertex of e; is the initial vertex of ¢; 4. It is said to
be reduced if e; 11 # e; Uforalli <n. Acycleey,...,e, is called reduced if it is
reduced as a path. That is, e, might be equal to ;! in a reduced cycle.

Let o be the vertex of the Schreier graph corresponding to the group H and €
the minimal subgraph of G containing o and all reduced cycles from it to itself. C
is called the Stallings core of H or simply the core of H. The vertex o is called
the origin of the core C. Note that the elements of H are exactly those words
which in reduced form can be read on a cycle in € from o to itself. Also, if for
some reduced word w € F, the coset Hw belongs to the core of H, then there
exists w’ € F such that ww’ is reduced and ww’ € H. Given the core € of H, it
is possible to construct from it the Schreier graph of H by attaching appropriate
trees at each vertex of C with less than 2m outgoing edges. In this setting a tree
is a connected graph with no reduced nontrivial cycles, such that for every edge
in the tree the inverse edge also belongs to the tree. In other words, if we replace
each pair of inverse edges in a tree by a single geometric edge we get a tree in the
usual (unoriented) sense.

For a finitely generated subgroup H < F there is a simple procedure to
construct the core € of H. (We consider the finitely generated case for the
procedure to be finite). If H is generated by the elements pi, ps,..., pn € F,
the first step of the procedure consists of attaching n cycles to the origin o. For
eachi = 1,...,n wedivide the i*" cycle into | p;| edges (and inverse edges) where
| pi| stands for the length of p; as a word in {xf—Ll, ..., X1} We label the edges of
the i cycle by the letters of p; (and the inverse edges accordingly) so that going
from the origin o to itself along the cycle, the word p; is read. The second step,
consists of foldings of edges. If a vertex v has two outgoing edges with the same
label e and e’ we identify the edges e and ¢’, the inverse edges e~ ! and (¢’)~! and
the terminal vertices e and e,. This identification means that all the outgoing
and incoming edges of e, and e/, are now attached to the single identified vertex.
If o is identified with some vertex we consider the resulting vertex as the origin.
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The final step of the procedure consists of deleting every vertex of degree one
in €, other than the origin. A vertex of degree one is a vertex incident to only one
geometric edge. We delete it together with the pair of inverse edges attached to it.
For further details and examples of the construction, see [6, 5].

Once the core € is given, it is possible to erase a finite number of edges and
get a spanning tree 7. We assume that if an edge e is erased, the inverse edge is
erased as well. If k pairs of edges were erased, then H is free of rank k. Indeed, if
the erased edges are eif!, ..., ¢! one can construct a free basis of H as follows
(see [5, Lemma 3.3]). Foreachi € {1,...,k}, leta; and b; be the unique reduced
paths in 7 from o to (e;)— and (e; )+ respectively. For a path ¢ in C the label £(¢) is
defined as the product of labels of the edges along the path. For alli € {1, ..., k}
let £; = €(a;)L(e;)E(b;) !, then {€y, ..., ¢} is a free basis of the subgroup H. In
particular, we have that k < n. For further details see [5].

Parts (1) and (2) of the following lemma follow from [5, Proposition 6.7].
Part (3) follows from [5, Proposition 8.3]. We include a proof for the convenience
of the reader. Here and below, an n-generated group is a group of rank < n.

Lemma 3.1. Let F = (x1,...,Xm) be afree group of rank m and let H < F be
an n-generated subgroup.

(1) Let A be the core corresponding to the subgroup H. Then, the origin o has
at most 2n incoming edges.

(2) Let K < H be a (not necessarily finitely generated) subgroup and let A’ be
the core of K. Then, the origin o' of A’ has at most 2n incoming edges.

(3) Let M < F be any finitely generated subgroup of infinite index and B the
corresponding core. Then, there exists a vertex v in B such that v has less
than 2m incoming edges.

Proof. (1) Let N = {p1,..., pr} be a Nielsen-reduced free basis of H. In
particular k < n and N freely generates H. Thus, every element w € H has
a unique presentation as a word in the elements of N and their inverses. Also, if
p; for e = %1 is the last element in the presentation of w € H then, as a word in
the generators of F, the last letters of w and p§ coincide. Thus, there are at most
2k < 2n possibilities for the last letter of a reduced word in H. In particular, the
origin of A has at most 2n distinct incoming edges.

(2) If the letter ¢ labels an incoming edge of o’ in A’ then there is a reduced
word w = w’c in K ending with ¢. Since K < H, the word w € H. Thus c labels
an incoming edge of o in A and the result follows from part (1).

(3) Assume by contradiction that every vertex in B is of degree 2m. Then B
is the Schreier graph of the action F ~, F/M. Since M is finitely generated, the
set of vertices of B is finite (indeed, see the construction of the core of a finitely
generated subgroup above). Thus, M has finite index in F, a contradiction. [
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Proposition 3.2. Let G, = (x, y1,..., Yn, z) be an (n + 2)-generated free group.
Let H, < G, be an n-generated subgroup. Then, there exists j € {1,...,n} such
that for all g € G, we have that [H,, H,] N (x,y;)¢ = {1}.

Proof. The proof is by induction on n. For n = 1, since H; is cyclic, the derived
subgroup [H;, H] = {1} and the proposition holds. Assume the proposition holds
for n but not for n + 1. Let H,4+1 < G,+1 be an (n + 1)-generated subgroup for
which the proposition fails. In particular, for j = n + 1 there exist g € G, and
an element 2 # 1 such that

h € [Huyt1, Hyt1] 0 (X, ynt1)®.

Let n: G,4+1 — Gy, be the epimorphism taking y,; to 1 and any other generator
of G, 41 to its copy in G,. Then

7w (h) € [w(Hns1), T(HntD)] N (7 (0))™E C [Gugr, Guga] N (x)7E = {1}

Since & is not injective on H,4, the rank of the image 7 (H,+1) is at most n.
In particular w(Hy+1) is n-generated. Let H, = n(Hy+1) < G,. We will
show that the proposition fails for it, which would yield the required contradiction.
Indeed, if the proposition holds for H,, then there exists some j € {1,...,n} such
that for all b € G,, we have

(x) [Hn, Hy] N (xayj)b = {1}.

By assumption, for the same j, the proposition fails for H,+; < G,+1. Therefore,
there exist g’ € G, 41 and an element i’ # 1 such that

h' € [Hpg1, Hapr] N (x, )5 .
Applying the projection = we get that
() € [Hy, Hy] N {x, ;)"

where here, x and y; are considered as elements of G,. Since x is injective on
(x,¥j) < Gup41 and A’ is a conjugate of a nontrivial element in (x, y;), its image
(k') is a conjugate of a nontrivial element of (x, y;) < G,. In particular, it is
nontrivial which contradicts () for b = 7 (g’). O

Corollary 3.3. Let G, = (x, y1,...,Vn, z) be a free group of rank n + 2 and let
H < G, be an n-generated subgroup. Let A be the core of the derived subgroup
[H, H]. Then there exists j € {1,...,n} such that there are no reduced nontrivial
cycles in A labeled by elements of (x, y;).

Proof. Let j € {1,...,n} be an index for which the conclusion of Proposition 3.2
is satisfied for H. Assume by contradiction that s is a reduced nontrivial cycle in
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A labeled by a word in (x, y;) and let v be the initial (and terminal) vertex of s.
There exists g € G such that v represents the coset [H, H]g. Thus, if w is the label
of s we have that [H, H]gw = [H, H]g which implies that w € [H, H]® N (x, y;).
Then

we ' e [H HN (x. ;)¢

is a nontrivial element, by contradiction to the choice of ;. |

4. Construction of group actions with a given Tarski number

In this section we prove Theorem 1. Let F = G, = (x, y1,..., yn,z) bean (n+2)-
generated free group for n € IN. We will construct a subgroup H for which the
action F ~, F/H is faithful and has Tarski number n 4+ 3. H will be defined by
means of its core. In the construction, whenever an edge labeled by a letter ¢ is
attached, we assume that the inverse edge, labeled by ¢!, is attached as well, even
when it is not mentioned explicitly.

Let {H;}iew be an enumeration of all the n-generated subgroups of F. For
each i let A; be the core representing the derived subgroup [H;, H;] and let o; be
its origin. By Lemma 3.1(2), 0; has at most 2n incoming edges. Thus, there exists
aletter ¢; ¢ {z,z~!'} different than the labels of all incoming edges of o;.

We define the core € of H in the following way (for an illustration, see
Figure 1). Let o be the origin of C and ey, e, ... an infinite sequence of edges,
all labeled by z, such that (e;)— = o and for all i we have (e;)+ = (ej+1)—. Since
the letters ¢; ¢ {z,z~!}, for each i it is possible to attach to (e;)+ an outgoing
edge labeled by ¢;. To its head vertex one can attach the core A; by identifying
o; with the vertex in question. Indeed, the choice of letters ¢; guarantees that no
vertex in € has two outgoing or two incoming edges labeled by the same letter.

At A> Az Ag
A A A A
C1 2 c3 c4
z z z z
0 > >

Figure 1. The core of H
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Clearly, if H is the group represented by C, then H is generated by the union
of [H;, H;]@')™" for all i € N. By construction, the origin o has degree 1 in €.
Since 1 < 2(n + 2) it follows from [5, Theorem 8.14] that H does not contain
a nontrivial normal subgroup of F. Indeed, to ensure that H# does not contain a
nontrivial normal subgroup of F it suffices that some vertex of C has less than
2(n + 2) outgoing edges.

Let G be the Schreier graph of the action F ~ F/H. The graph G can be
obtained from C by attaching trees to every vertex of C with less than 2(n + 2)
outgoing edges.

Lemma 4.1. Let v be a vertex of G. There is at most one core Ay, to which one

can get from v via a path whose label does not include the letter z+1.

Proof. Clearly, there is no path between two different cores .A; and A, which does
not cross an edge labeled by z*!. Assume that ¢1, #, are paths from v to two distinct
cores Ay and Ag, such that both 71 and 7, do not cross any edge labeled by 7+,
Then the path 7 14, connects A, and Ag and does not contain the letter 7+ O

Let {X; }}’zl be a partition of the set of cores {A;};en, where A; € X; if and
only if j is the smallest index which satisfies the conclusion of Corollary 3.3 for
the core A;. By Lemma 4.1, for each vertex v of G there exists at most one core
A; to which it is possible to get via a path not including the letter z*!. Thus, it is
possible to define a partition of the vertex setof § to n sets {¥;}7_, in the following
way. For a vertex v, if A,, is a core reachable from v via a path not containing the
letter z! and A,, belongs to X; for some j, then v will belong to Y; for the same
j. If no core A; is reachable from v via such a path, v will belong to Y;. Note,
that each of the sets in the partition is closed under the action of (x, yq, ..., y»).

Lemma 4.2. For j = 1,...,n the group (x, y;) acts freely on Y;.

Proof. Let j € {1,...,n} and v be a vertex of ;. Assume by contradiction that
w € (x,y;) is a reduced nontrivial word stabilizing v. Then w labels a reduced
nontrivial cycle s from v to itself in §. Since s is nontrivial, it must contain as
a subpath a reduced nontrivial cycle s’ through some core A,,. Note that A,
is reachable from v via a subpath of s, which by definition does not contain the
letter z*!. Therefore, v € Y; implies that A, € X; and thus contains no reduced
nontrivial cycle labeled by a word in (x, y;), a contradiction. |

Lemma 4.3. The Tarski number of the action of F on G is at least n + 3.

Proof. Assume by contradiction that the action has Tarski number at most n + 2
and let Sq, S» be translating sets of a paradoxical decomposition with |S;| +
[S2] < n + 2. By Remark 2.8, we can assume that 1 € S; N S,. Then,
S = (87 U S3) \ {1} is a set of n elements at most. Let K be the subgroup it
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generates. Then K ~, G has a paradoxical decomposition with translating sets S
and S,. Since K is n-generated, K = H,, for some m € IN where H,, is one of
the n-generated subgroups enumerated above. Let o,, be the origin of the core
Ap. By Corollary 2.7, K ~, K/Stab g (0.,) has a paradoxical decomposition with
translating sets Si, S». Since [K, K] C Stab g (0,,), Lemma 2.3(2) implies that
the same is true for the action K ~ K/[K, K]. In particular, this action is non-
amenable. By Lemma 2.4, the group K/[K, K] is non-amenable, in contradiction
to it being abelian. O

Lemma 4.4. Let F' = (x, y1,...,yn). Then F' ~ S has a paradoxical decom-
position with translating sets S1 = {1,x}, S2 = {1, y1,...,¥Yn}. In particular,
TF' '~ G) <n+3.

Proof. The vertex set V(G) of the graph G is the disjoint union of the sets Y;
for j = 1,...,n where each of the sets is closed under the action of F’. By
Lemma 4.2, for each j, the action of (x, y;) on Y; is free. Thus by Corollary 2.2,
Y; has a paradoxical decomposition with translating sets {1, x} and {1, y;}. By
adding empty sets to the decomposition, we get that every Y; has a paradoxical
decomposition with translating sets S; and S,. Thus Remark 2.6 yields the
result. |

By Lemma 2.3(1), T(F ~, §) < T(F' ~ §) < n + 3. Thus, by Lemma 4.3,
TJ(F~ F/H) =T(F~9) =n+3.

Remark 4.5. Forevery k,! € Nsuchthatk+/ = n+1itis possible to rename the
first n 4+ 1 generators x, y1,...y, of F = G, by x1,..., Xk, ¥1,..., y;. Then, for
the subgroup H constructed above, F ~, F/H has a paradoxical decomposition
with translating sets S; = {l,x1,...,x¢} and S = {1, y1,..., y;}. Indeed, the
only necessary change is to Proposition 3.2.

Proposition 4.6. Letk,! € Nand Gy = (x1,..., Xk, y1....,y1.z) beak+1+1
generated free group. Let H < Gy be a (k + | — 1)-generated subgroup. Then,
there existi € {1,...,k}and j € {1,...,1} such that for all g € Gy ; we have
[H. H] O (x;. ;)8 = {1}.

Proof. By induction on k. The case k = 1 is Proposition 3.2. Assume the
proposition holds for k£ (and every /) but not for k + 1. Then there exists
[ € N such that the proposition fails for Gxy;;. The reduction to the case
Gy, follows the same argument as that in Proposition 3.2. Here the homomor-
phism 7: Gx 41,7 — Gg, maps x4 to the identity and any other generator to its
copy. O
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Corollary 4.7. Let k > 4 and let F be the free group of rank k — 1. Then, F has
a faithful transitive action F ~, X, such that T(F ~ X) = k and for allm,n > 2
such that m + n = k the action F ~ X has a paradoxical decomposition with
translating sets Sy, S» such that |S1| = m and |S3| = n.

Note that nothing similar is known for groups. Indeed, we don’t have an exam-
ple of a group with Tarski number k which has two paradoxical decompositions,
one with translating sets of size m; and n; and the other with translating sets of size
m, and ny, such that for i = 1,2 we have m; + n; = k and {my,n,} # {ma,n,}.

5. Unbounded Tarski numbers

In what follows, p will be a fixed prime number. Let F be a finitely generated non-
abelian free group. Let {wy F'}new be the Zassenhaus p-filtration of F defined by
o F = l_[i_pj >n(Vi F)P’ . Tt is easy to see that {w, F} is a descending chain of
normal subgroups of p-power index in F. Moreover, {w, F'} is a base for the pro-
p topology on F, so in particular, F being residually- p implies that Nw, F = {1}.
It follows that for any n € IN there exists m(n) € IN such that the reduced form of
any element of @, (,) F is of length > 12n. Clearly, the index [F : @) F] > n.
Thus, by the Schreier index formula, w,,) F is free of rank > n. In particular,
every n-generated subgroup of wy,,)F generates a subgroup of infinite index
inside w(,) F and thus inside F.
Theorem 2 is a straightforward corollary of the following theorem.

Theorem 5.1. Let F be the free group (x, y, z) and for eachn € IN let m(n) be as
described above. There exists H < F with the following properties.

(1) H does not contain a nontrivial normal subgroup of F.
(2) Foreachn € N, T(wpmyF ~ F/H) > n + 3.
(3) J(F~ F/H) =6.

Proof. The construction of the core C of H will be similar to the construction
used in Section 4. Here as well, whenever an edge labeled by a letter ¢ is attached,
it is implicitly assumed that an inverse edge labeled by ¢! is attached as well.

For each n € N, let {H}iew be an enumeration of all the n-generated
subgroups of w,,x) F. For each n,i € IN let A, ;) be the core corresponding
to the subgroup H/'. By Lemma 3.1(3) there exists a vertex o/ iy 1A,y with
less than 6 i 1ncom1ng edges. Let ¢(, ;) be a letter distinct from the labels of all the
incoming edges of o(n i Let a(k) for k = 1,2, ... be an enumeration of all the
pairs (n,i) € N x IN.
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To construct the core C of H, let o be the origin and ey, e, ... be an infinite
sequence of edges such that (e;) _ = o and for all kK we have (ex); = (ex+1)_. Itis
possible to label the edges ey inductively as follows. We choose the label £(e;) so
that £(ey) # c;(ll). Assuming that the label of e; for k¥ > 1 is already chosen, we
choose the label £(ex41) so that £(ex+1) ¢ {£(ex)™L, car), c;(1k+1)}. The choice
of the labels of {ej }xew means that for all k, one can attach to (ex)_, an outgoing
edge labeled by cqx). To its head vertex, it is possible to attach the core Aq ) by
identifying o[ ;) with the vertex in question. Indeed, the choice of letters cq (k) and
the labels £(ex) guarantees than there is no vertex in € with two outgoing or two
incoming edges labeled by the same label. As in the previous section, the origin
o having degree 1 implies that H does not contain a nontrivial normal subgroup
of F. We denote by G the Schreier graph of the group H represented by C.

Lemma 5.2. For eachn € IN we have T(wm@mF ~ §) > n + 3.

Proof. Similar to the proof of Lemma 4.3. If K is an n-generated subgroup of
Wmn) F, it fixes a point of §. In particular, the action K ~, G is amenable. A

Lemma 5.3. Letn € IN. Let K < wpyyn) F be an n-generated subgroup and let
A be the core corresponding to the group K. Then, there exists a spanning tree
T in A such that every vertex in A loses at most one of its incoming edges in the
transition from A to T.

Proof. We always assume that when an edge is erased in the transition from A to
T its inverse edge is erased as well. Thus, for a vertex to lose an incoming edge is
equivalent to losing an incident pair of inverse edges.

As mentioned in Section 3, in order to construct a spanning tree of A we have
to erase at most n pairs of inverse edges from A. Assume that i pairs of edges,
i €{0,...,n— 1}, were already erased and no vertex has lost more than one of
its incoming edges. If the resulting graph is a tree, we are done. Otherwise, let e
be an edge whose removal (together with e~!) would not affect the connectivity
of the graph. Let s be a reduced cycle from e_ to itself which starts with the edge
e and does not visit any vertex other than e_ twice. In particular, the cycle s does
not contain a pair of opposite edges. The removal of any edge of s, together with
its inverse, would not affect the connectivity of A. If the vertex e_ corresponds to
the coset Kg and w is the label of the cycle s, then w € K& C () F. As such,
the length of w, and of the cycle s, is at least 12n. Until now, at most n — 1 pairs
of edges have been erased. Each pair is incident to at most 2 vertices. Each of the
2(n — 1) vertices in question is incident to at most 6 pairs of edges. Thus there are
at most 12(n — 1) pairs of edges incident to vertices which have already lost an
incoming edge. As such, at least one edge on the cycle s does not belong to one of
these 12(n — 1) pairs and one can erase it (together with its inverse) to complete
the induction. A
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Lemma 5.4. Let S = {x, y, z}. Then for any finite set A of vertices of G, we have
|AS™Y U A| > 2|A|. In particular, by Theorem 2.10, T(F ~, G) < 6.

Proof. Consider the graph §G. From each of the cores A, ;) attached during
the construction of the core C, it is possible to erase at most n pairs of edges
such that the resulting spanning tree of the core A, ;) satisfies the conclusion of
Lemma 5.3. Let T be the graph obtained in this way from the graph G. Clearly, T
is a tree. Lemma 5.3 implies that every vertex of T has at least 5 incoming edges.
Thus, every vertex of T has at least two incoming edges labeled by elements of
S ={x,y, z}.

Let A be a finite set of vertices of §. Let E be the set of all oriented edges
e = (as™',a) suchthata € A, s € S and the edge (as™!,a) lies in T. From
the above, E contains at least 2| 4| edges. Clearly, £ does not contain a pair of
opposite edges and the endpoints of edges in E lie in the set A U AS™!. Let A
be the unoriented graph with vertex set A U AS™! and edge set E with forgotten
orientation. Then A is a finite unoriented forest. Hence, if V(A) and E(A) denote
the sets of vertices and edges of A, respectively, then

|[AUAS™! = [V(A)] > |E(A)] = |E| = 2|4],

as required. A
Lemma 5.5. T(F ~ §) = 6.

Proof. 1t is easy to see that Theorem 1.2 implies that T(F ~ G) # 4. Thus, it
suffices to prove that T(F ~, §) # 5. By contradiction, let S = {l,a}, S> =
{1, b, c} be translating sets of a paradoxical decomposition of F ~ §. For
r=p™3 let py = a", p» = (a®)" and p3 = (a®)". Then p1. p2, p3 € ez F.
Let K < F be the subgroup generated by pi, p», p3. Let A be the core of
K and let o4 be its origin. The core A was attached to the core of H by
some vertex of A. Let A7, A, be finite sets of vertices of G defined as follows.
Ay = OA'{aj,b_laj,c_laj :0 < j <r—1}and A, = {o4}. A simple
calculation shows that A;S;! = A1{1,a™'} = A; (for a visual illustration, see
Figure 2). Clearly, 4,5, C A;. Thus,

|A1ST! U 42851 = |Ai| < |41 + |4a).

This contradicts the implication (1) = (2) of Theorem 2.9. A

This concludes the proof of Theorem 5.1. |
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Figure 2. The core A. The set A; is the set of all the vertices in the figure.
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