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Abstract. Integral foliated simplicial volume is a version of simplicial volume combining
the rigidity of integral coefficients with the flexibility of measure spaces. In this article,
using the language of measure equivalence of groups we prove a proportionality principle
for integral foliated simplicial volume for aspherical manifolds and give refined upper
bounds of integral foliated simplicial volume in terms of stable integral simplicial volume.
This allows us to compute the integral foliated simplicial volume of hyperbolic 3-mani-
folds. This is complemented by the calculation of the integral foliated simplicial volume
of Seifert 3-manifolds.
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1. Introduction

Integral foliated simplicial volume is a version of simplicial volume combining
the rigidity of integral coefficients with the flexibility of measure spaces. If M
is an oriented closed connected manifold, then the integral foliated simplicial
volume | M| fits into the sandwich

IM] < IM] <|M]Z, (1

where | M | is the classical simplicial volume [13] and where || M || is the stable
integral simplicial volume (stabilised over all finite coverings of M).

Gromov [15, p. 305f] suggested a definition of integral foliated simplicial vol-
ume and an upper estimate of L2-Betti numbers in terms of integral foliated sim-
plicial volume, which was confirmed by Schmidt [29]. It is an open problem
whether integral foliated simplicial volume coincides with simplicial volume in
the case of aspherical manifolds; an affirmative answer would show that aspherical
manifolds with vanishing simplicial volume have vanishing Euler characteristic,
which is a long-standing open problem [14, p. 232]. The only cases in which
the integral foliated simplicial volume has been computed are manifolds that split
off an S!-factor and simply connected manifolds [29, Chapter 5.2]. Moreover,
Sauer proved an upper bound of a related invariant in terms of minimal vol-
ume [28, Section 3].

In the present article, we will prove the following:

Theorem 1.1 (integral foliated simplicial volume of hyperbolic 3-manifolds). For
all oriented closed connected hyperbolic 3-manifolds M the integral foliated
simplicial volume and the simplicial volume of M coincide:

vol(M
(M| = v = Y
U3

Here, v3 denotes the maximal volume of ideal geodesic 3-simplices in 3.

The second equality in Theorem 1.1 is the classic proportionality principle for
hyperbolic manifolds of Gromov [13] and Thurston [32], which also holds in more
generality [7, 10, 11, 5, 30, 4, 9, 1, 20].

The proof of Theorem 1.1 consists of the following steps. Using the language
of measure equivalence of groups and techniques of Bader, Furman and Sauer [1]
we show that, similarly to classical simplicial volume [1, Theorem 1.9], also inte-
gral foliated simplicial volume of aspherical manifolds satisfies a proportionality
principle with respect to certain parameter spaces (see Section 5 and Section 4 for
the definitions):
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Theorem 1.2 (proportionality principle for integral foliated simplicial volume).
Let M and N be oriented closed connected aspherical manifolds of the same
dimension satisfying |M || > 0 and | N || > 0. Suppose that there exists an ergodic
bounded measure equivalence coupling (2, it) of the fundamental groups I and
A of M and N, respectively; let cq be the coupling index of this coupling.

(1) Then
IM| 22 =cq. |N|T\E,

(2) Ifthe coupling (2, i) is mixing, then

M| =cq- IN].
Considering locally symmetric spaces of non-compact type, we obtain:

Corollary 1.3 (a proportionality principle for integral foliated simplicial volume
of locally symmetric spaces of non-compact type). Let X be an aspherical sym-
metric space of non-compact type and let T,A < G = Isom°(X) be uniform
lattices. Then

| X/T % x/a ot

covol(T) ~ covol(A)

and
IX/T| _ 1X/Al
covol(T')  covol(A)’

In particular, the coupling of uniform hyperbolic lattices given by the isometry
group satisfies Corollary 1.3. Therefore, when estimating integral foliated simpli-
cial volume of a hyperbolic manifold, we can call other hyperbolic manifolds for
help.

In particular, we obtain the following refinement of the upper bound of integral
foliated simplicial volume in terms of stable integral simplicial volume:

Corollary 1.4 (comparing integral foliated simplicial volume and stable integral
simplicial volume, hyperbolic case). Let n € N, and let M and N be oriented
closed connected hyperbolic n-manifolds. Then

vol(M) 0o
M| < “IN|7
M1 = oo INVI2
Moreover, we exhibit concrete examples of parameter spaces that realize stable
integral simplicial volume as integral foliated simplicial volume.
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Theorem 1.5 (comparing integral foliated simplicial volume and stable integral
simplicial volume, generic case). Let M be an oriented closed connected manifold
with fundamental group T" and let S be the set of finite index subgroups of I'. Then

IM|5 = | M| TaesT/A,

While Theorem 1.5 is not necessary to prove Theorem 1.1, it is of independent
interest in the context of Question 1.7.

As last step in the proof of Theorem 1.1, in dimension 3, we will use the
following sequence of hyperbolic manifolds, based on a variation of a result by
Francaviglia, Frigerio and Martelli [8]:

Theorem 1.6 (hyperbolic 3-manifolds with small stable integral simplicial vol-
ume). There exists a sequence (My)nen of oriented closed connected hyperbolic
3-manifolds with
M o0
Ml
n=oo || M|

Notice that it is still unknown whether stable integral simplicial volume and
simplicial volume coincide for hyperbolic 3-manifolds. Francaviglia, Frigerio,
and Martelli [8] proved that in all dimensions bigger than 3 a sequence of hyper-
bolic manifolds as in Theorem 1.6 does not exist. Therefore, our approach does
not allow to compute the integral foliated simplicial volume of higher-dimensional
hyperbolic manifolds. Moreover, we do not know whether integral foliated simpli-
cial volume can be different from stable integral simplicial volume for aspherical
manifolds with enough finite coverings:

Question 1.7. What is the difference between integral foliated simplicial volume
and stable integral simplicial volume of aspherical oriented closed connected
manifolds with residually finite fundamental group?

In dimension 2 the situation is completely understood. Indeed, as an applica-
tion of inequality (1), we show that the integral foliated simplicial volume of an
oriented closed connected surface M of genus bigger than 0 is equal to both the
simplicial volume and the stable integral simplicial volume (see Example 6.2).

Organisation of this article. In Section 2, we recall the definition and basic
properties of (stable integral) simplicial volume. In Section 3, we construct
hyperbolic 3-manifolds with small stable integral simplicial volume, which proves
Theorem 1.6. Section 4 is an introduction into integral foliated simplicial volume
and basic operations on parameter spaces. We prove the proportionality principles
Theorem 1.2 and Corollary 1.3 in Section 5. Section 6 is devoted to the refinements
of the comparison between integral foliated simplicial volume and stable integral



Integral foliated simplicial volume of hyperbolic 3-manifolds 829

simplicial volume and includes a proof of Theorem 1.5. Finally, in Section 7,
we complete the proof of Corollary 1.4 and Theorem 1.1. Section 8 contains the
computation of integral foliated simplicial volume of Seifert manifolds.

Acknowledgements. We would like to thank Roman Sauer, Roberto Frigerio,
Bruno Martelli, and Marco Schmidt for numerous helpful discussions. In partic-
ular, we would like to thank Roman Sauer for pointing out a mistake in the first
version. This work was partially supported by the Graduiertenkolleg Curvature,
Cycles, and Cohomology (Universitidt Regensburg). The second author was also
partially supported by the Swiss National Science Foundation, under the grant
2000200-144373.

2. Simplicial volume and (stable) integral simplicial volume

In this section we will recall the definition of simplicial volume introduced by
Gromov [13, 19] and its integral version, which uses integral homology instead of
real homology.

Let X be a topological space. Let R be a normed ring. In this section, we
restrict only to the cases R = R or Z. For i € IN we denote by S;(X) the set
of singular i-simplices in X, by C;(X, R) the module of singular i-chains with
R-coeflicients. The homology of the complex (C«(X, R), d«), where 0. is the
usual differential, is the singular homology H.(X, R) of X with coeflicients in R.

We endow the R-module C; (X, R) with the £!-norm defined by

R

Z ag -0l = Z lag]| .

oeS; (X) 1 ges;(x)

where | - | is the norm on R. We denote the norm ||-||]F simply by ||||;. The norm

||-||f descends to a semi-norm on H (X, R), which is also denoted by ||-||f and is
defined as follows: if « € H; (X, R), then

lelf = inf{]lc[|{ | ¢ € Ci(X, R), de =0, [c] =} .

Note that ||- ||1Z on H.(-,Z) is technically not a semi-norm as it is not multiplicative
in general (see below).

If M is a closed connected oriented n-manifold, then we denote the fun-
damental class of M by [M]z, i.e., the positive generator of H,,(M,Z) =~ Z.
The change of coefficients homomorphism H,(M,7Z) — H,(M,R) sends the
fundamental class to the real fundamental class [M|g € H,(M,R) of M. The
following definition is due to Gromov [13].
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Definition 2.1 ((integral) simplicial volume). The simplicial volume of M is
IM] = [[[M]rll; € Rso.

The integral simplicial volume of M is defined as ||M ||, := ||[M]Z||? e IN.

Of course we have the inequality |M| < || M|, but in general no equality
(for instance, |S'|| = 0 but ||S'||, = 1). The integral simplicial volume does
not behave as nicely as the simplicial volume. For example, it follows from the
definition that || M ||, > 1 for every manifold M. Therefore, the integral simplicial
volume cannot be multiplicative with respect to finite coverings (otherwise it
would vanish on manifolds that admit finite non-trivial self-coverings, such as S1).
Moreover, as we mentioned before, the £!-semi-norm on integral homology is not
really a semi-norm, since the equality ||n - « ||1Z = |n|- |« ||1Z , may not hold for all
o € H«(X;Z) and all n € Z. Indeed, it is easy to see that ||n - [S']z||% = 1 for
every n € 7\ {0}.

We may consider a stable version of the integral simplicial volume:

Definition 2.2 (stable integral simplicial volume). The stable integral simplicial
volume of an oriented closed connected manifold M is

| R _
M7 = inf{g “IM|, ‘ d € N, there is a d-sheeted covering M — M}.

Since the simplicial volume is multiplicative under finite coverings [19, Propo-
sition 4.1], it is clear that |M || < | M |7, but in general they are not equal:

Theorem 2.3 ([8, Theorem 2.1]). For every n € x4 there exists a constant
C, < 1 such that the following holds. Let M be an oriented closed connected
hyperbolic n-manifold. Then

IM|| < Cu-M|Z

For hyperbolic 3-manifolds it is still an open question whether the simplicial
volume and the stable integral simplicial volume are the same: our Theorem 1.6
gives a partial answer.

3. Hyperbolic 3-manifolds with small stable integral simplicial volume

In this section we will prove Theorem 1.6 following an argument of Francaviglia,
Frigerio, and Martelli [8, Corollary 5.16]. For the sake of completeness, we recall
some background on triangulations and special complexity.
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Definition 3.1 (triangulation). A triangulation of a closed 3-manifold M is a
realization of the manifold M as the gluing of finitely many tetrahedra via some
simplicial pairing of their faces. Turning to the case of a compact manifold M
with non-empty boundary dM, one can adapt the notion of triangulation: an ideal
triangulation of M is a decomposition of its interior Int(M) into tetrahedra with
their vertices removed. An (ideal) triangulation is semi-simplicial if all the edges
have distinct vertices.

Definition 3.2 (special complexity). Let M be a compact 3-manifold, possibly
with boundary. The special complexity cs (M) of M is the minimal number of
vertices in a special spine for M.

We refer to the works of Matveev [24, 25] for the definition of special spines
and their properties. For our purpose we just need to recall that a special spine is
dual to a triangulation. In particular, there is a bijection between the simplices in
a triangulation and the vertices in the dual special spine [25, Theorem 1.1.26 and
Corollary 1.1.27]. With an abuse of notation we call the true vertices of a special
spine in Matveev’s definition simply vertices of a special spine.

Theorem 3.3 (Matveev [25, Corollary 1.1.28]). Let M be a compact 3-manifold
whose interior Int(M) admits a complete finite volume hyperbolic structure. Then
there is a bijection between special spines and ideal triangulations of M such that
the number of vertices in the special spine is equal to the number of tetrahedra in
the corresponding triangulation.

Remark 3.4. Matveev [24] introduced the more general notion of complexity,
which involves spines that are not necessarily dual to triangulations and showed
that complexity and special complexity are equal for any closed orientable irre-
ducible 3-manifold distinct from S3, RIP3, and L(3, 1).

Remark 3.5. Matveev [24] and Martelli [21] used two slightly different defini-
tions of spines but the two notions are equivalent and lead to the same complexity
[21, Section 7]. Coherently with [8] we use Martelli’s definition.

Remark 3.6. Let M be an oriented closed connected manifold and let 7" be a semi-
simplicial triangulation of M. We fix an order of the vertices of 7. Parametrising
the tetrahedra according to this order yields singular simplices o1, ..., 0 of M.
We then choose signs ¢1,...,&er € {l,—1} indicating whether these singular
simplices o1, ...,0, are compatible with the orientation on M or not. Then
Zf —; & -0; is a fundamental cycle of M. Therefore, the number of tetrahedra in
a semi-simplicial triangulation provides an upper bound for the integral simplicial
volume of M.
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In order to adapt the proof of Francaviglia, Frigerio and Martelli [8, Corol-
lary 5.16] we need the following results.

Proposition 3.7. Let M(5) be the compactification of the 5-chain link complement
Msy. Then we have

cs(Ms)) =10 = |[Ms)].

Moreover, the value of cs (M(5)) is realized by a special spine dual to a semi-
simplicial triangulation.

Proof. The 5-chain link complement has a hyperbolic structure [27] and admits
an ideal triangulation with 10 ideal and regular tetrahedra such that each edge
has vertices in different cusps [26, Section 5.2]. By the proportionality between
simplicial volume and Riemannian volume (which holds both in the compact
case [13, 32] and in the cusped case [7, 10, 11, 5]) we have

VOI(M (5)) _

M =
M|l o

10.

Moreover, Theorem 3.3 implies
cs (M(5)) < 10.

The equality follows from the fact that for every oriented connected finite vol-
ume hyperbolic 3-manifold M with compactification M the inequality
M| < cs(M) holds. Indeed, an argument by Francaviglia [7, Theorem 1.2 and
Proposition 3.8] guarantees that the volume of M can be computed by straight-
ening any ideal triangulation of M and then summing the volume of the straight
version of the tetrahedra. O

Proposition 3.8. Let N be the compactification of a finite volume oriented con-
nected hyperbolic 3-manifold and suppose that N admits a semi-simplicial trian-
gulation that realizes the value of cs (N ). Let M be a manifold obtained by Dehn
filling on N. Then

IM]l7” < cs(N).

Proof. As pointed outin Remark 3.6 we estimate the integral simplicial volume by
the number of vertices of the special spine dual to a semi-simplicial triangulation.

From the special spine P dual to a semi-simplicial triangulation of N that
realizes cs(N), we construct a special spine for M, and hence for its finite
coverings, such that the associated triangulations are still semi-simplicial. We
obtain |M |7’ < cs(N) following step by step the argument of Francaviglia,
Frigerio, and Martelli [8, Proposition 5.15].
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More precisely, let 71, ..., Ty be the boundary tori of N. For every i €
{1,...,k} let V; be an open solid torus in M\ P created by Dehn filling on the
boundary component 7;. Let D! and D} be a pair of parallel meridian discs
of V;. If D} and D? are generic with respect to the cellularization induced by
P on T; [8, Lemma 5.9], the spine P U D} U D? is special, dual to a semi-
simplicial triangulation, and with vaTi vertices added to the ones of P. Gluing
a pair of parallel discs for each boundary torus 7; we obtain a special spine
0=PU Uf:l(Dl.1 U D?) for M with cg(N) + Yk vaTi + vy vertices, where vy
is the number of vertices created by intersections between discs added in different
boundary components.

Since 71 (M) is residually finite, for every n > 0 there existng > n, 7 > Oand a
regular covering p: M — M of degree hng such that, forevery i € {1, ...k}, the
preimage p~!(V;) consists of i open solid tori I7l.l, s I7ih each winding n¢ times
along V; via p. The special spine Q of M lifts to a special spine Q := p~1(Q)
of M. In particular, each pair of parallel discs added to P lifts to ¢ copies of pairs
of parallel discs in each open solid torus I7i] . Removing 2ny — 2 discs for each
open solid torus in O, we obtain again a special spine O’ dual to a semi-simplicial
triangulation of M.

By Remark 3.6 we now estimate || M ||, with the number of vertices of Q':

k
_ ZvaTi + g
M =
no no

Since this holds for every n > 0 and since n¢ > n, we get the conclusion. O

We can now complete the proof of Theorem 1.6.

Proof of Theorem 1.6. Let (M,),en be a family of hyperbolic 3-manifolds ob-
tained by Dehn filling on M(s). By Thurston’s Dehn filling Theorem [32, Chap-
ter 5, page 118] it follows that lim, o vol(M,) = vol(M(s)), which implies
limy— oo |[My]| = ||Ms)| using the proportionality principle for hyperbolic
manifolds (which holds both in the compact case [13, 32] and in the cusped
case [7, 10, 11, 5]). Then we have

_IMuZ _ es(Ms) nsoo cs(Ms) _
T IMall T Myl I1Ms)ll

where the second inequality follows by Proposition 3.8, and the last equality by
Proposition 3.7. (]
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4. Integral foliated simplicial volume

In the following, we will recall the precise definition of integral foliated simplicial
volume by Schmidt [29] and discuss basic facts about the effect of changing
parameter spaces.

4.1. Definition of integral foliated simplicial volume. Integral foliated simpli-
cial volume is defined via homology with twisted coefficients in function spaces
of probability spaces that carry an action of the fundamental group. Background
on the well-behaved category of standard Borel spaces can be found in the book
by Kechris [16].

Definition 4.1 (parametrised fundamental cycles). Let M be an oriented closed
connected n-manifold with fundamental group I" and universal covering M — M.

— A standard Borel space is a measurable space that is isomorphic to a Polish
space with its Borel o-algebra. A standard Borel probability space is a
standard Borel space together with a probability measure.

— A standard T'-space is a standard Borel probability space (X, ) together
with a measurable p-preserving (left) I'-action. If the probability measure is
clear from the context, we will abbreviate (X, ) by X.

— If (X, p) is a standard I"-space, then we equip L*°(X, u, Z) with the right
I"-action
L®X, u,2Z) xT — L®(X, u,7),
(f.8) — (x = (f - 8)(x) = f(g-x)),

and we write i ﬁ for the change of coefficients homomorphism

iX:Co(M,Z) = 7 ®zr Co(M,Z) — L®(X.Z) @zr Cx(M,Z),
1®cr—1Qc,
induced by the inclusion Z < L°°(X, Z) as constant functions.

— If (X, p) is a standard I"-space, then

[MI¥ = Hy (i) ((M]z) € Hu(M,L®(X,Z)),
= H,(L®(X,Z) ®zr C+(M, 7)),
is the X-parametrised fundamental class of M. All cycles in the chain

complex Cx(M, L°(X, 7)) = L®°(X,Z) Qzr C« (M, 7) representing [M]X
are called X -parametrised fundamental cycles of M .
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The integral foliated simplicial volume is now defined as the infimum of
£'-norms over all parametrised fundamental cycles.

Definition 4.2 (integral foliated simplicial volume). Let M be an oriented closed
connected n-manifold with fundamental group I', and let (X, i) be a standard
I"-space.

— Let Zle /i ® 0j € C«(M, L>°(X,Z)) be a chain in reduced form, i.c., the
singular simplices o1, ..., 0 on M satisfy 7 o o # mooyforall j, £ €
{1,.... k) with j # £ (where 7: M — M is the universal covering map).
Then we define

k X k
> se0| =X [ 1flducran
j=1 j=1"%

— The X-parametrised simplicial volume of M, denoted by |M| %, is the
infimum of the £!-norms of all X -parametrised fundamental cycles of M.

— The integral foliated simplicial volume of M, denoted by | M|, is the infi-
mum of all |M | ¥ over all isomorphism classes of standard I'-spaces X.

Remark 4.3. Let I be a countable group. The class of isomorphism classes of
standard I'-spaces indeed forms a set [29, Remark 5.26].

Remark 4.4. Schmidt’s original definition [29, Definition 5.25] requires the
actions of the fundamental group on the parameter spaces to be essentially free.
However, allowing also parameter spaces with actions that are not essentially free
does not change the infimum (Corollary 4.14).

Example 4.5 (trivial parameter space). Let M be an oriented closed connected
manifold with fundamental group I. If (X, ) is a standard I"-space consisting of
a single point, then L*° (X, Z) = Z (as ZI"-modules with trivial I"-action) and so

IM|* = | M]lz.

More generally, in combination with Proposition 4.13 (2), we obtain: if (X, p) is
a standard I'-space with trivial ["-action, then

|M| X = ”M”Z'

In particular, if M is simply connected, then |[M|*X = |M |, for all standard
Borel probability spaces (X, i) [29, Proposition 5.29].

Proposition 4.6 (comparison with (integral) simplicial volume [29, Remark 5.23]).
Let M be an oriented closed connected n-manifold with fundamental group T', and
let (X, ) be a standard T'-space. Then

IM|| < IM] < IM|¥ <|[M]|g.
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Proof. The linear map L*°(X,Z) — R given by integration with respect to u
maps the constant function 1 to 1 and is norm non-increasing with respect to the
£'-norm on L°°(X, Z). From the first property, we easily deduce that the induced
map C, (M, L*°(X,7Z)) — C,(M,R) maps X -parametrised fundamental cycles
to R-fundamental cycles, and so

M| < |M]¥.
Since the inequality holds for every standard I"-space X, we have
IM|| < |M].

The inclusion Z < L*°(X, Z) as constant functions is isometric with respect
to the £!-norm and the induced map C,(M,Z) — C,(M, L*®(X,Z)) maps fun-
damental cycles to X -parametrised fundamental cycles. Hence,

IMI¥ < M|l .

Remark 4.7 (real coefficients). Arguments analogous to the ones in the proof of
the previous proposition show that

| M| =R — |

holds for all oriented closed connected manifolds M and all standard
w1 (M)-spaces (X, ). Here, | M| L®@wR) denotes the number defined like
| M| X, but using L®°(X, u, R) instead of L®(X, u, Z).

We recall two “indecomposability” notions for parameter spaces from ergodic
theory:

Definition 4.8 (ergodic/mixing parameter spaces). Let I" be a countable group.

— A standard I'-space (X, ) is ergodic if every I'-invariant measurable sub-
set A C X satisfies j1(A4) € {0, 1} (equivalently, L (X, i, Z)' contains only
the constant functions).

— A standard I'-space (X, ) is called mixing if for all measurable subsets
A, B C X and all sequences (gy,)nen in I with limy, 0 g» = 00 we have

Jim p (AN gn - B) = p(A) - w(B).

Here, lim, .o g» = oo means that the sequence (g,),en eventually leaves
any finite subset of I, i.e., that for all finite subsets F C I'" thereisan N € IN
such that for alln € N>y we have g, e '\ F.

Clearly, for infinite discrete groups, any mixing parameter space is also
ergodic. Moreover, any countably infinite group admits an essentially free mixing
parameter space:
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Example 4.9 (Bernoulli shift). The Bernoulli shift of a countable group I' is the
standard Borel space ({0, 1}, ®p(1/2-80+1/2-81)), endowed with the translation
action. If I" is infinite, this standard I"-space is essentially free and mixing (and
hence ergodic) [29, Lemma 3.37].

For ergodic parameter spaces, the parametrised fundamental class indeed is a
generator of the corresponding top homology with twisted coefficients:

Remark 4.10. Let M be an oriented closed connected n-manifold with funda-
mental group T, and let (X, u) be an ergodic standard I'-space. Then the inclu-
sion Z < L% (X, Z)" as constant functions is an isomorphism, and so the change
of coefficients homomorphism

Hy(i): 7 = Hy(M,Z) —> H,(M,L®(X,7)) = L®(X,Z)" =7

is an isomorphism; the isomorphism H, (M, L®(X,Z)) = L*(X,Z)" is a con-
sequence of Poincaré duality with twisted coefficients [34, Theorem 2.1, p. 23].

Furthermore, we will see that ergodic parameters suffice to describe the inte-
gral foliated simplicial volume (Proposition 4.17).

Remark 4.11 (lack of functoriality). Ordinary simplicial volume has the following
functoriality property: if f: M — N is a continuous map betweeen oriented
closed connected manifolds of the same dimension of degree d, then

d|-INI = [d - [Nle|, = H (L R)(Mr)1 < [M].

However, when dealing with integral coefficients, the first equality might fail
in general (because we will not be able to divide representatives of d - [N]z
by d). Therefore, integral simplicial volume, stable integral simplicial volume
and integral foliated simplicial volume suffer from a lack of good estimates in
terms of mapping degrees.

In the following, we will investigate some of the effects of changing parameter
spaces. To this end, we will use the following comparison mechanism:

Proposition 4.12 (comparing parameter spaces). Let M be an oriented closed
connected n-manifold with fundamental group T, let (X, ) and (Y, v) be standard
I'-spaces, and let ¢: X — Y be a measurable I'-map. Moreover, suppose that

w(e™H(A) = v(A) 2
holds for all measurable sets A C Y. Then

IM|*X < MY
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Proof. We consider the (well-defined) chain map ® := L*°(¢, Z) ®zr idC*( i.z)"

®: L®(Y,Z) ®zr C+(M,Z) — L®(X,Z) ®zr C+(M.Z)
fQor— fopRo.

In view of the compatibility of ¢ with the measures (equation (2)), we see that
X
|®)] " < Iel”

holds for all chains ¢ € L%®(Y,Z) ®zr C«(M,Z). Moreover, equation (2)
shows that ¢ is v-almost surjective. In particular, L*°(¢,7Z) maps v-almost
constant functions to p-almost constant functions (with the same value). From
this we can easily conclude that ® maps Y -parametrised fundamental cycles to
X -parametrised fundamental cycles. Taking the infimum over all Y -parametrised
fundamental cycles of M thus leads to | M| X< \Mm|Y. O

We will now consider products, convex combinations, ergodic decomposition
and induction/restriction of parameter spaces.

4.2. Products of parameter spaces

Proposition 4.13 (products of parameter spaces). Let M be an oriented closed
connected n-manifold with fundamental group T.

(1) Let I be a non-empty, countable (or finite) set. If (X;, wi)ies is a family of
standard T"-spaces, then also the product

2.0 = ([T%. Q).
iel iel
equipped with the diagonal T"-action, is a standard T"-space, and
[M|? <inf|M]|%.
iel
(2) Let (X, ) be a standard T-space and let (Y,v) be some standard Borel
probability space. Then
M7 = M| ¥,

where Z := X x Y is given the I"-action induced by the T'-action on X and
where ¢ := L ® v is the product measure on Z.

Proof. The first part follows by applying Proposition 4.12 for all i € [ to the

projection [[;¢; Xj — Xi.
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We now show the second part (following a similar argument by Schmidt [29,
Proposition 5.29]). We can view (Y, v) as standard I"-space with trivial I"-action.
Then we obtain

IM|Z < M| X

from the first part. For the converse inequality, we consider a Z-parametrised
fundamental cycle ¢ = Zf:o Ji ®0j € L¥(Z,Z) ®zr C,(M,Z) in reduced
form. So, if ¢z € Z Qzr Cn(l\z , 7)) is a fundamental cycle of M, there is a

chaind € L*°(Z,7) @zr Cy+1(M, 7Z) such that
c—cz =09d € L®(Z,7) Qur Co(M, 7).
Therefore, for v-almost all y € Y, the chain

k

Cy 1= Z(x — fj(x,y)) ®o; € LOO(X, 7)) Q@zr Cn(M,Z)
=0

is well-defined (I" acts trivially on Y') and an X -parametrised fundamental cycle in
reduced form (witnessed by the corresponding evaluation of d at y). By Fubini’s
theorem,

k
z _ .
Ic] —/Xxy];wd(u@v)

k
= |.fj (. ) dju(x) dv(y)
S hz

- / leyl X dv(y).
Y

Hence, there is a y € Y such that ¢, is an X-parametrised fundamental cycle
and |cy| X < e] % Taking the infimum over all Z-parametrised fundamental
cycles ¢ shows |M| X < |M| %, as desired. O

Taking products of parameter spaces hence shows that the infimum in the
definition of integral foliated simplicial volume is a minimum:

Corollary 4.14. Let M be an oriented closed connected manifold with fundamen-
tal group T'. Then there exists a standard I'-space (X, ) with essentially free
I"-action satisfying

IM] = |M|*.
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Proof. Let (Xy, o) be a standard I'-space with essentially free I'-action, e.g.,
the Bernoulli shift of I' (Example 4.9) (or, in the case of finite I" just ' with the
normalised counting measure). For n € N~ let (X}, u,) be a standard I"-space
with :

IM1% < M)+
Then the diagonal I'-action on (X, i) := ([T,ew Xn. @, i) is essentially free
and we obtain |M|* = | M| from Proposition 4.13. O

4.3. Convex combinations of parameter spaces

Proposition 4.15 (convex combinations of parameter spaces). Let M be an ori-
ented closed connected n-manifold with fundamental group T, let (X, i) and
(Y, v) be standard T'-spaces, and let t € [0, 1]. Then

IM|Z =t IM|*+0-1)- [M]|7,

where Z := X U Y is the disjoint union of X and Y endowed with the obvious
I"-action and the probability measure ¢ :=1t - u U (1 —t)-v.

Proof. Under the mutually inverse ZI'-isomorphisms

L®(Z,0,7) «~— L*®(X, u,Z) ® L®(Y,v,7),
f— (flx, fly),
xx-f+xy-g < (8,

the constant function 1 on Z corresponds to (1, 1), and for all f € L*(Z,¢,7Z)

we have
/Zfd§ZI-/Xflxdu-ir(l—t)-/Yflydu.

Therefore, the same arguments as in Proposition 4.12 show that under the induced
mutually inverse chain isomorphisms
L®(Z,¢,7) @ur Co(M,Z) «— L®(X, i1, Z) @zr Cu(M, Z)
& L®(Y,v,Z) ®zr Cn(M,7)

Z-parametrised fundamental cycles correspond to pairs of X-parametrised and
Y -parametrised fundamental cycles and that (by applying the arguments in both
directions)

IMIZ =0 MY+ (=) M|,
and

IMIZ <t IMI* +0=0)- M7 O
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In combination with Example 4.5 we obtain:

Corollary 4.16. Let M be an oriented closed connected manifold with fundamen-
tal group I'. Then

{(IM| X | (X, ) is a standard T-space} = [|M] , IMIl,] C R.

4.4. Ergodic decomposition of parameter spaces. We will now show that er-
godic parameter spaces suffice to describe the integral foliated simplicial volume:

Proposition 4.17 (ergodic parameters suffice). Let M be an oriented closed con-
nected manifold with fundamental group T'.

() If (X, p) is a standard T'-space and ¢ € R, then there is a I'-invariant
ergodic probability measure |’ on the measurable T -space X with

| M| ) < | M| Ko 4g,

(2) In particular, for every ¢ € R~ there is an ergodic standard I'-space X with

M1 < IM] +e.
The proof of this proposition relies on the ergodic decomposition theorem:

Theorem 4.18 (ergodic decomposition [6, Theorem 5][33, Theorem 4.2]). Let T’
be a countable group and let (X, ) be a standard T"-space. Then there is a proba-
bility space (P, v) and a family (i) pep of I'-ergodic probability measures on the
measurable I"-space X with the following property: for each Borel subset A C X,
the function

P —[0,1],

p > pup(A),

is measurable and

pd) = [ o) avip,

In view of this theorem all standard I"-spaces can be seen as an assembly of
ergodic I"-spaces. However, we have to be careful about the sets of measure 0 with
respect to the involved measures. Therefore, we consider the following “strict”
function spaces and chain complexes:

Definition 4.19. Let X be a measurable space. We write B(X, Z) for the set of
bounded measurable functions of type X — Z. If i is a measure on X, we write

N(X, 1, Z) = {f € B(X.Z) | u(f~1(Z\ 0)) = 0}

for the set of all functions vanishing p-almost everywhere.
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Remark 4.20. Let M be an oriented closed connected manifold with fundamental
group I" and let (X, i) be a standard I"-space. By definition,

L*((X, ). Z) = B(X,Z)/N(X, pu, Z),
and this isomorphism of ZI'-modules gives rise to an isomorphism

N(X, 11, Z) ®zr C+(M,7Z)

L®((X, 11), Z) ®zr C+(M.,7)

I

of chain complexes (because the chain modules of C. (M, Z) are free, and hence
flat, over ZT").

Proof of Proposition 4.17. It suffices to prove the first part. Let (X,u) be a
standard I'-space, let ¢ € R, and let n := dim M. Then there is an
(X, p)-parametrised fundamental cycle

k
c=Y fi®0; € L®((X. ). Z) ®zr Ca(M . Z)
Jj=0

with

k
> [ 15l < 1M1 S0
j=0"X

Let ¢z € Z ®zr Co(M,7Z) be an integral fundamental cycle of M. Because
¢ is an (X, w)-parametrised fundamental cycle of M, we can find a chain
d e L*®((X,n),Z) @zr Cht+1(M, Z) satisfying

¢c—cg =0d € L°((X, 1), Z) Quzr Cu(M, 7).

In view of Remark 4.20, we can assume that the coefficients fy,..., fr of ¢
and those of d lie in the “strict” function space B(X,Z) and that there is
a (without loss of generality, ['-invariant) u-null set A C X and a chain
¢’ € B(X,7Z) ®zr C,(M,Z) satisfying the relation

c—cz=03d + ya-c' € B(X,Z) ®zr Co(M, 7).

Here, y4 - ¢’ uses the canonical B(X, Z)T-ZI'-bimodule structure on B(X, Z).
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By the ergodic decomposition theorem (Theorem 4.18), we obtain a

probability space (P, v) and I'-invariant ergodic probability measures (up)yep
on X with

W(B) = /X 1p(B) dv(p)

for all Borel sets B C X. Hence, for all f € B(X, Z) we have

| ran=[ [ rduavip.

Taking f := Zf:o | fi| and keeping in mind that A is a u-null set, we thus find
a p € P with

i) =0 and [ fau, < [ ran

‘We now show that
| M| Kor) S/ Fdu < |M]EW 4
X

To this end, we consider the chain

B(X,Z) @ur Co(M, 7 N
cpi=lc] € (X.Z) @ar Cu(M. Z) ~ L®((X. 11p). Z) ®zr Co(M, 7).
N(X’HpaZ)(gZFCn(M’Z)

Then ¢, is an (X, up)-parametrised fundamental cycle of M, because
c—cz=0d+ ya-c

holds in the “strict” twisted chain complex B(X, Z)®zrCx (M,Z)and p p(A) =0,
and so B
¢p —cz = [d] € L((X, up), Z) ®zr Cu(M, 7).

Furthermore, we obtain the desired estimate for the norms, namely

k
ICPI(X,MP)EZ/X|fj|d/,Lp:/deﬂpE/deluf M| %9 +e O
j=0

As products of ergodic spaces are not necessarily ergodic, it is not clear that
there is an analogue of Corollary 4.14 for ergodic parameter spaces:

Question 4.21. Is the integral foliated simplicial volume always given by an
ergodic parameter space? Is the integral foliated simplicial volume always given
by the Bernoulli shift of the fundamental group?
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4.5. Integral foliated simplicial volume and finite coverings. We will now
prove that integral foliated simplicial volume is multiplicative with respect to finite
coverings:

Theorem 4.22 (multiplicativity of integral foliated simplicial volume). Let M
be an oriented closed connected n-manifold and let p: N — M be a d-sheeted
covering with d € N~q. Then

1
M| =-=-|N]|.
M| == N

The theorem will follow from compatibility with respect to restriction and
induction of parameter spaces (Proposition 4.29 and 4.26).

Setup 4.23. Let M be an oriented closed connected n-manifold with fundamental
group I', and let p: N — M be a d-sheeted covering with d € IN.(. Let A
be the fundamental group of N, and let A’ = 71(p)(A) == A be the subgroup
of I" associated with p (which has index d in I'). For notational simplicity, in the
following, we will identify the groups A and A’ via the isomorphism given by p.

For the discussion of induction spaces and associated constructions, it will be
necessary to choose representatives:

Setup 4.24. Let I" be a countable group, let A C I' be a subgroup of finite
index d := [[" : A], and let g1,...,g4 € T be a set of representatives of A
inT:

{g1-A,...,8a-A}y=T/A.
Definition 4.25 (induction). In the situation of Setup 4.24, let (¥, v) be a standard

A-space. Then the induction (I' xp Y, u) of (Y, v) from A to T is the standard I'"-
space defined as follows.

— The set
PxaY :=TxY [{(g-hy)~(g.h-y)|geT.heAyeY)}
is endowed with the measurable structure induced from the bijection

F'xpaY —T/AXY,
(g 1 — (g - A.y)
(where I'/ A is given the discrete Borel structure). Moreover, the probability

measure u is the pull-back of the measure 1/d -v' ® v on I'/A x Y under
this bijection, where v’ denotes the counting measure on I'/A.
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— The I'-action on I" x, Y is defined by

I'x('xpaY)— T xpY,
(g.[g. yD—[g- gyl

Notice that in the above definition u is indeed I'-invariant, and that the measur-
able structure and the probability measure p on the induction space do not depend
on the chosen set of representatives.

Proposition 4.26 (induction of parameter spaces). In the situation of Setup 4.23,
let (Y,v) be a standard A-space. Then

1
IM] AT == [N

Proof. We choose representatives gi, ..., g4 for the index d subgroup A C I
as in Setup 4.24. Induction of parameter spaces is compatible with algebraic
induction of modules: we have (well-defined) mutually inverse ZI'-isomorphisms

@: L®(T x4 Y, 7) —> L®(Y,Z) ®z4 7T,

d
[ (v flgyD) ® ;.
j=1

Vi L®(Y,Z) @74 ZT —> L°(T x4 Y, Z)

N Oy ifk =
f®g ([gk,y] {0 ifk#j)-

Because p:M — N is a finite covering, M and N share the same universal
covering space M = N and the A-action on N is nothing but the restriction
of the I'-action on M. Therefore, the above maps induce mutually inverse chain
complex isomorphisms

®: L®(T x5 Y, Z) @71 Cy(M.Z) —> L®(Y, Z) @74 ZT ®zr Ci(M, Z)
~ L®(Y,Z) ®za C+(N. Z),

d
f®cr— Y flg. - D®g-c
j=1
W: LY, Z) @za Cx(N,Z) — L®( xa Y,Z) ®zr Cx(M,Z),
fRcr—y(fel)ec.
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It is not difficult to see that ® and ¥ map I" x Y -parametrised fundamental
cycles of M to Y -parametrised fundamental cycles of N, and vice versa: it suffices
to prove this claim for ®. For this, we use the following transfer type argument.

Let ¢y = Z;;l a; ® 0j € ZQ®zr Cp (M, 7Z) =~ C,(M, Z) be a fundamental cycle
of M. By construction,

k d
oot (o Fo)
j=1 {=1

and g1 - 0j,..., 84 - 0; are my-lifts of the d different p-lifts of mwps o 0}, where
ny:N — N and mp: M — M denote the universal covering maps. Therefore,

Zf -14;® Zle g¢-oj is a fundamental cycle of N, which proves the claim about

parametrised fundamental cycles.

By definition of the induction space (Definition 4.25), the d copies of Y
inside T" x5 Y are each given the weight 1/d. Therefore, it is not difficult to
show that

| <d-Je] AT

holds for all chains ¢ € L°(T" xp Y,Z) Qzr C*(A7I, 7,), and that
1
W] AT < =] 7

holds for all chains ¢ € L®°(Y,Z) @za Cx (]V , 7). Taking the infimum over all
parametrised fundamental cycles therefore yields that

1
|M|FXAY§E- IN|Y and |N|Y <d-|M|T*AY. O

Corollary 4.27 (coset spaces as parameter space). In the situation of Setup 4.23
we have

1
IM| T = = Nl

Here, we equip the finite set I'/ A with the left T-action given by translation and
the normalised counting measure.

Proof. Let X be a standard A-space consisting of a single point. Then
/A =T xpaX

(in the category of standard I'-spaces). Hence, Proposition 4.26 and Example 4.5
show that

1 1
IM| T8 = = INTY = - N, 0
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Conversely, we will now consider restriction of parameter spaces:

Definition 4.28 (restriction). Let I" be a group, let (X,u) be a standard
I'-space, and let A C I" be a subgroup. Restricting the I'-action on X to A (and
keeping the same probability measure) results in a standard A-space, the restric-
tion resR (X, ) of (X, ) fromT to A.

Proposition 4.29 (restriction of parameter spaces). In the situation of Setup 4.23
let (X, u) be a standard T'-space. Then

SN < X,

Proof. In view of Proposition 4.26, it suffices to show that
IMI FXAreSRX < IMI X'
The map
I xp resh X — X,
[g.x] — g - x.
satisfies the hypotheses of Proposition 4.12. Therefore, we obtain the desired

I
estimate | M| T*amsaX < |pm| X, O

Example 4.30. In the situation of Proposition 4.29, in general, equality will not
hold. For example, we could consider a double covering S! — S! and a parameter
space for the base manifold consisting of a single point.

We will now complete the proof of Theorem 4.22:

Proof of Theorem 4.22. From Proposition 4.29 we obtain, by taking the infimum
over all standard I"-spaces as parameter spaces for M,

1
—-|N| = |M].
S INI < |M]

Conversely, from Proposition 4.26 we obtain, by taking the infimum over all
standard A-spaces as parameter spaces for N,

1
M| <—=-|N]|. O
IM] << IN|
5. A proportionality principle for integral foliated simplicial volume

In this section, we will provide a proof of the proportionality principle Theorem 1.2
and of Corollary 1.3. We will use the language of measure equivalence of groups
and techniques of Bader, Furman, and Sauer [1, Theorem 1.9].
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5.1. Measure equivalence. The notion of measure equivalence was originally
introduced by Gromov [14, 0.5.El] as a measure-theoretic analogue of quasi-
isometry.

Definition 5.1 (measure equivalence). Two countable groups I" and A are called
measure equivalent (ME) if there is a standard measure space (€2, 1) with com-
muting measure preserving I'- and A-actions, such that each of the actions ad-
mits a finite measure fundamental domain X and X respectively. The space
(2, n) endowed with these actions is called an ME-coupling of I' and A. The
ratio cq = u(Xa)/u(Xr) is independent of the chosen fundamental domains and
is called the coupling index of the ME-coupling 2.

In our context, the fundamental domains do not need to be strict fundamental
domains; it suffices that @ = |J,cr v - Xr is a disjoint decomposition up to
measure 0. The cocycle in Definition 5.6 then will only be well-defined up to
sets of measure 0; however, this poses no problems in the sequel as we will pass
to L!- and L®-spaces anyway.

Example 5.2 (lattices). A second countable locally compact group G with its
Haar measure is an ME-coupling for every pair of lattices I" and A in G. Indeed,
the Haar measure on G is bi-invariant (because G contains lattices), and the left
actions

I'xG — G, AxG— G,
(v.8) — vg. (A.g) — gA™",

of I" and A on G given by multiplication in G commute with each other.

Setup 5.3. Let (22, u) be an ME-coupling of I' and A. We suppose that both
the actions are left actions, and we fix a fundamental domain for each of the two
actions on the ME-coupling, denoted as Xt and X respectively.

Definition 5.4 (ergodic/mixing ME-coupling). In the situation of Setup 5.3,
the ME-coupling is ergodic (resp. mixing) if the I'-action on A\Q is ergodic
(resp. mixing) and the A-action on I"\2 is ergodic (resp. mixing).

Remark 5.5. Note that in this situation the '-action on A\ is ergodic if and
only if the A-action on I'\Q is ergodic [12, Lemma 2.2].
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Definition 5.6 (ME-cocycle). In the situation of the Setup 5.3, we define the
measurable cocycle @p associated to X as the map

ap:I'x Xp — A

such that a (y, x) is the unique element satisfying yx € aa(y,x)"!X, for all
x € XA and y € I'. Similarly, we define ar: A x Xr — I'. If we choose
another fundamental domain for A\ then the associated cocycle is measurably
cohomologous to ap [12, Section 2] (the same for ar).

With this notation the natural left action of I' on X and of A on Xr is
described as follows:

FXXA—>XA, AXXF—>XF,

3
(ox) > yox = an(px)yr.  (hy)— Aoy = ar(h)dy, )

where we write y e x to distinguish it from the action yx of I' on Q.

Remark 5.7. In the situation of the Setup 5.3, consider the standard I"-space
(Xa, ua = p(Xa) XA) with I'-action described above and the standard
I'-space A\ 2 with the probability measure induced from p and the left translation
I'-action. Then the map X5 — Q2 — A\ is a measure isomorphism.

Definition 5.8 (bounded ME-coupling). In the situation of the Setup 5.3, assume
that A is finitely generated, and let /: A — IN be the length function associated to
some word-metric on A. We say that the fundamental domain X, is bounded if,
for every y € T, the function x — [(a (y, x)) is in L*°(X 4, R).

Let I and A be finitely generated. An ME-coupling of I" and A is bounded if
it admits bounded I'- and A-fundamental domains.

Example 5.9. A connected second countable locally compact group G with its
Haar measure is a bounded ME-coupling for every pair of uniform lattices in G
[2, p.321], [31, Corollary 6.12, p. 58].

5.2. Homology of groups. In the aspherical case, we can express integral foli-
ated simplicial volume in terms of group homology. Let I" be a discrete group.
The bar resolution of T is the ZI'-chain complex C«(I") defined as follows: for
eachn € N let

C,(T) = { Z ay-yo-[yil---lya] | forally = (yo,...,yn) € T""! a, € Z}
yEF”+1

with the I"-action characterized by

Y-Wo-nl---lva) = (V- vo) - [y1l -+ |yal
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forall y € I'" and all y € "+, The differential

04: Cx(T) —> Cu—q ()
is defined by

Cu(T) — Cp—1 (D),
Yo yil---lvnl = vo - y1 - [y2l - |¥ul
n—1
+ > (=D yo -l lyi-alyy - visalyieal -+ val

i=1
+(=D" - yo - [yil-- |Vn-1].

Moreover, the bar resolution is a normed chain complex (i.e., the differentials in
each degree are bounded operators) with the £!-norm given by

= Z lay|.

yEF”+1

> ay-vo-lyil-+1val

yepn—i-l

1

We obtain a version of the bar resolution with coefficients using the tensor
product. For every normed right ZI"-module A let

Ci(T, A) := A @71 Cy(T).

Definition 5.10 (group homology). Let I" be a discrete group and A be a normed
right ZI'-module. Then the group homology of T with coefficients in A is

Hy (T, A) :== H«(Ci(T', A)).

The £!-norm on the chain complex induces an £!-semi-norm on the group homol-
ogy.

Proposition 5.11. Ler M be an aspherical manifold with universal covering M,
and fundamental group T'. Let A be a normed right Z.I'-module. Then there exists
a natural chain map

cr: Co(M, A) —> Cy (T, A)

that induces an isometric isomorphism
cr: H«(M, A) — H. (T, A).

Proof. It is not difficult to see that the classical mutually inverse ZI'-chain ho-
motopy equivalences Cy(M,Z) <— C4(T,7), defined using a I'-fundamental
domain on M, are norm non-increasing. This gives the desired isometric isomor-
phism in homology. 0
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Corollary 5.12. Let M, T, and (X, i) be as in Definition 4.1. If M is aspherical,
there exists an isometric isomorphism

Ho(M, L®(X, 7)) —> H.(T, L®(X, 7)),

with respect to the {'-semi-norm induced by the {'-norm on L™ (X, 7).

Lemma 5.13. Let " be a countable group and let (X, 1) be a standard T -space
as in Definition 4.1. The inclusion L*°(X,Z) < L'(X,Z) has dense image with
respect to the {'-norm and induces an isometric map

H. (T, L®(X, 7)) — Hy(T,L (X, 7)).

Proof. Inclusions of dense subcomplexes induce isometric maps on homology
[29, Lemma 2.9], [18, Proposition 1.7] (the cited proofs also carry over to this
integral setting). 0

Remark 5.14. Let M, T, and (X, u) be as in Definition 4.1. If M is aspherical,
by Corollary 5.12 and Lemma 5.13 we deduce that the X -parametrised simplicial
volume of M can be computed via the £!-semi-norm on the group homology
H.(T, LY(X,Z)).

5.3. Proportionality principle, general case

Proof of Theorem 1.2. Letn € IN. Let I" and A be fundamental groups of ori-
ented closed connected aspherical n-manifolds M and N with positive simplicial
volume. Assume that (€2, 1) is an ergodic bounded ME-coupling of I" and A.
Fix a bounded fundamental domain Xt C 2 (resp. Xa C €2) of the I"-action on
Q (resp. of the A-action on ) and let ar (resp. ap) be the associated cocycle
(Definition 5.6).

Using the cocycles associated with the ME-coupling we translate parametrised
fundamental cycles of one manifold into parametrised fundamental cycles of the
other manifold, while controlling the £!-semi-norm. More precisely, consider the
standard space (Xr,ur = wu(Xr)™! /’L|Xp) with the A-action defined in equa-
tion (3). By Remark 5.14 we use the £!-norm on L'(Xr,7Z) ®za C«(A,7Z) to
estimate the Xp-parametrised simplicial volume of N. Let A**! x X1 be endowed
with the diagonal A-action and which carries the product of the counting measure
and pr. We identify L' (X1, Z) ®za C«(A, Z) with L' (A**! x X1, Z)i" where
the superscript “fin” indicates the submodule of functions f: A**! x Xy — Z
with the property that there is a finite subset F of A**! such that f is supported
on F x Xr, and where the subscript A indicates the A-co-invariants.

Now, let us consider the measurable, countable-to-one, locally measure pre-
serving (up to a constant factor) map [1, p. 284]

go,(,ar): ATl x Xp — Tl x X,
Ao - An, y) > (ar(yL )7 o ar (AL )7 Ay N Xa),



852 C. Loh and C. Pagliantini

and define
(ar)Z: LA™ x Xp, Z)f" — LY+ x X, Z)fn,

f — (0.0 = @ (N x)
= Y faw)

M@ )1 (rx)

This map is the restriction to integral chains of the map described by Bader,
Furman and Sauer [1, Theorem 5.7]! up to rescaling by the coupling index cq =
w(Xa)/u(Xr). The sum on the right hand side is a.e. finite [I, Lemma 5.8],
and the boundedness of the coupling guarantees that (ap)f( /) has finite support
whenever f has finite support; moreover, a straightforward computation shows
that the map is well-defined on the level of co-invariants. Hence, for a bounded
ME-coupling of I" and A, the map (Otr),% is a well-defined norm non-increasing
(up to rescaling by the coupling index) chain map, and ((xr)% induces a map

H((ar)y): Ho(A, L' (X1, Z)) — Hy(T, L' (X5, 7))
of norm at most 1/cg.
Let us now consider the diagram in Figure 1. Since M and N are aspheri-

H (@)

HY (A, L'(Xp,R)) — HY' (T, L'(X5. R))
i i
3 H((@r)) Jl
Hp(A, L' (X1, R)) —— H,(T, L (Xa.R))

] —
. H((r)}) .

in] ir]

H,(A,Z) H,(T',7Z)
H,(N,7Z) H,(M,7)

Figure 1. Effect of the cocycle in homology

cal manifolds, Proposition 5.11 ensures that there exist isometric isomorphisms
ca and cr. The maps ja, jr, j}{{, jllR are the usual change of coefficients homo-
morphisms. In particular, by ergodicity of both actions, the maps jp and jr are

!In Definition 4.1 we define a right action on L>° (X, Z) (and similarly on L' (X, Z)) unlike
op. cit., in which L*°(X, Z) is endowed with a left action.
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(semi)-norm non-increasing isomorphisms. The inclusion of singular chains into
£!-chains induces the isometric homomorphisms i 5 and it. Finally cq-H ¢ ((O[]"')E{)
is the isometric isomorphism of Bader, Furman and Sauer [1, Theorem 5.7] defined
between £!-homology groups.

By the diagram in Figure 1 we have that

H((ar)y) o j§ 0 jaoca([N]z) = m-(jf o jr o cr)([M]z) )
for some m € Z; here, we use that the I'-action on X, is ergodic, and so

H,(T,LY(XA.Z)) = Z. By |N| > 0 we have [liy o j{ 0 ja oca([N]z)|1 > 0.
Since cq - HY' ((O[r‘)E) is an isometry we deduce that

HY ((@r)®)0ip o jR o ja o ca([N]z) # 0.

By the commutativity of the top square in Figure 1, we have |m| > 1 in equation (4),
and hence

IGE o jroer)(M]z) 1 < Im| - |(E o jroer)(IM]z)li
= [|H((ar),) 0 jx o ja o cal(N]2)Ih
<cg' 1o jaoca(NID)I.

By interchanging the roles of I' and A, we obtain the converse inequality and it
turns out that |m| = 1.
By the commutativity of the diagram in Figure 1 it follows

M| XA = ||jr oer((Mz)lli = |H((@r)%) 0 ja o ca(IN]z)1 < cg' - IN]*T,

which implies
INI¥T = cq- [M|*2.

Similarly we have the other inequality.

Since the map of Remark 5.7 induces an isometric isomorphism between
H,(T, LY(Xa,Z))and H, (T, L' (A\R2, Z)) (similarly for Xr), the previous equal-
ity does not depend on the choice of the fundamental domains:

INITVE = cq - | M| 2\2,

Let us now suppose that (€2, i) is a mixing bounded ME-coupling of I" and A.
Let (X, ux) be an ergodic standard I'-space, with the structure of A-space with
the trivial action. Then (X x @, uy ® ) is an ergodic bounded ME-coupling
of I and A with respect to the left diagonal I"- and A-actions. Indeed, if Fr
(resp. Fp) is a bounded fundamental domain for the action of I on €2 (resp. of A)
then Xp = X x Fr (resp. XA = X x Fj) is a finite measure fundamental
domain of the I'-action on X x Q (resp. of the A-action). We can easily trace
back the boundedness of X1 (resp. Xa) to the one of Fr (resp. F). Finally,
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by the property of mixing actions the I'-action on A\(X x Q) =~ X x A\Q is
ergodic and (X x ©, ux ® ) is an ergodic ME-coupling (see Definition 4.8 and
Remark 5.5).

Applying now the previous construction to (X x 2, ux ® u), we have

INI D = cxq - [ M| MNOD,

where cxxq = (ux ® w)(X X Xa)/(ux ® u)(X x Xr) = (Xa)/pu(Xr) = ca.
Using Proposition 4.13 it follows that

IN| < IN|PEOD = cq - [MND < cq - MY,
and by Proposition 4.17 it turns out that
IN| <ca-IM].
By interchanging the roles of I" and A we obtain the other inequality. O

5.4. Proportionality principle, locally symmetric spaces of non-compact type.
For the proof of Theorem 1.1 we need a proportionality principle for hyperbolic
manifolds. We prove it in the more general setting of locally symmetric spaces of
non-compact type (Corollary 1.3).

Proof of Corollary 1.3. Let X be an aspherical symmetric space of non-compact
type and let I" and A be uniform lattices in G := Isom°(X). The group G with its
Haar measure p is a bounded ME-coupling with respect to I' and A (see Ex-
amples 5.2 and 5.9). The ergodicity of the coupling follows from the Moore
Ergodicity Theorem [3, Theorem III.2.1]. Clearly, this coupling has coupling
index covol(A)/ covol(I"). Finally, X/A and X/I" have positive simplicial vol-
ume [17].

Notice that the standard I'-space A\G (where A acts on G as in Example 5.2)
is isomorphic to the coset space G/A with the probability measure induced from
the Haar measure p and the left translation I'-action; similarly, the standard A-
space I'\ G with the A-action induced from Example 5.2 is isomorphic to the coset
space G/ " with the left translation A-action.

Hence, Theorem 1.2 applied to this ergodic ME-coupling implies

covol(A)

X/A 9T =
|X/A] covol(I")

|x/T) /8.
Since the Moore Ergodicity Theorem [3, Theorem III.2.1] ensures also that

(G, p) is a mixing ME-coupling of " and A, by the second part of Theorem 1.2 it

turns out that 1)
cOovo
X/A| = —= - |X/T]. O
[ X/A| covol(T) [X/T|
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6. Comparing integral foliated simplicial volume
and stable integral simplicial volume

We will now compare integral foliated simplicial volume with stable integral
simplicial volume. We start with a general sandwich estimate (Proposition 6.1),
and we will then give more refined estimates for the hyperbolic case and for special
parameter spaces. In particular, we will prove Corollary 1.4 and Theorem 1.5.

6.1. Sandwich estimate for integral foliated simplicial volume. Integral foli-
ated simplicial volume interpolates between ordinary simplicial volume and stable
integral simplicial volume:

Proposition 6.1 (comparing simplicial volumes). Let M be an oriented closed
connected manifold. Then

IM] < IM] <|M]|Z.

Proof. The first inequality is contained in Proposition 4.6. The second inequal-
ity follows from Corollary 4.27 (alternatively, from Proposition 4.6 and Theo-
rem 4.22). U

Example 6.2 (integral foliated simplicial volume of surfaces). Let M be an
oriented closed connected surface of genus g(M). Then

2 if M =~ S2,
M| = o .
M| = M|, =4-g(M)—4 otherwise.
Indeed, because S? is simply connected, |S?| = ||S?|, = 2. If M % S2,
then the classical computation of simplicial volume of aspherical surfaces [13,

Section 0.2] shows that [|[M|| = | M| = 4-g(M) — 4, and so the claim follows
from Proposition 6.1.

Hence, in the case of finite fundamental group, we have

Corollary 6.3 (finite fundamental group). Let M be an oriented closed connected
manifold with finite fundamental group. Then

1 -
IM| = ——— | M|, = M|,
oy ¥z = 113

where M is the universal covering of M. In contrast, |M| = 0.



856 C. Loh and C. Pagliantini

Proof. The universal covering M — M has |7, (M)]| sheets; because 7y (M) is
finite, M indeed is an oriented closed connected manifold. Hence, Theorem 4.22
gives us

1

M| = S| M].
|1 (M)
Moreover, |M| = |M |, because M is simply connected (Example 4.5). So, in
combination with Proposition 6.1, we obtain
1 -
IM||I7 < ———IIMll; = IM] <|M]|7.

|7m1(M)]|

On the other hand, simplicial volume of manifolds with finite (more generally,
amenable) fundamental group is zero [13], and so |M | = 0. 0

6.2. Proof of Corollary 1.4. We will now prove Corollary 1.4 with help of the
proportionality principle for hyperbolic manifolds (Corollary 1.3). More precisely,
we will prove the following, slightly more general, statement:

Theorem 6.4. Let n € IN, and let M and N be oriented closed connected hyper-
bolic n-manifolds with fundamental groups T and A, and let G := Isom™ (H").
Let S be a set of representatives of uniform lattices in G, containing a representa-
tive for every isometry class of oriented closed connected hyperbolic n-manifolds.
The product [[ e G/A' is a standard T-space with respect to the diagonal
translation action and the product of the probability measures induced by the
(bi-invariant) Haar measure on G. Then

’ ol(M
M) <y e 68 < YAOD o0
vol(N)

Notice that in every dimension up to isometry there are only countably many
different oriented closed connected hyperbolic manifolds. Hence, S in the pre-
vious theorem is countable, and so the product [ [,,cg G/A’ indeed is a standard
I"-space.

Proof. We can view I and A as uniform lattices in G = Isom™ (H") and we have
M = H"/T and covol(I") = vol(M) (and similarly for N and its finite coverings).

Let N’ — N be a finite covering of N, let A’ be the fundamental group of N’,
and let d := [A : A’] be the number of sheets of this covering. From the propor-
tionality principle for hyperbolic manifolds (Corollary 1.3), Proposition 4.13, and
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Proposition 4.6 we obtain

|M] = |H"/T]

S I]Hn/rl nA”ES G/A”

< |H"/T| 9

_ covol(T") CJEA| G/T
covol(A’)

_ covol(l) 1 |N'| G/T
covol(A) [A: A]
vol(M) 1

< IVl
vol(N) d

Taking the infimum over all finite coverings of N finishes the proof. 0

This concludes the proof of Corollary 1.4.
6.3. Proof of Theorem 1.5

Definition 6.5. Let I' be a finitely generated group and let S be a set of finite
index subgroups of I' (hence, S is countable). Then the standard I"-space Xr,s is

given by the set
[]r/A.

AeS

equipped with the product measure of the normalised counting measures and the
diagonal left I"-action given by translating cosets.

Notice that in the situation of Definition 6.5 the I'-action on Xr,s is free if and
only if (5cg A = {e}, and that the I'-action is not ergodic in general.

Theorem 6.6 (products of coset spaces as parameter space). Let M be an oriented
closed connected manifold with fundamental group T, let S be a set of finite index
subgroups of T that is stable under finite intersections. For A € S we denote the
covering space of M associated with the subgroup A C T" by My.

(1) Then

1
M| X" = inf :
1M1 Aes T A]

IMallz

(2) In particular, if S is the set of all finite index subgroups of T, then

| M| *TS = ||M |7

The second part is nothing but Theorem 1.5.
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Proof. By definition of the stable integral simplicial volume and because finite
intersections of finite index subgroups of I' have finite index in I, it suffices to
prove the first part.

We first show that the right hand side is an upper bound for the left hand side:
For all A € S we have

1
M| Xrs < M| A = m'”MA“Z

by Proposition 4.13 and Corollary 4.27. Taking the infimum yields

| M| XTS < inf
Aes [T : A]

[ Mallz-

It remains to show that the left hand side also is an upper bound for the right
hand side. The main idea is to reduce the parameter space Xr,s to finite products
of coset spaces. So, let F(S) be the set of finite subsets of S. For F € F(S) we
write o for the o-algebra of the finite product Xt g (which is just the power set
of X F), we write

wr:Xrs — Xr,F

for the canonical projection, and we define
Lr:={fonr|feL®Xrr.7)} CL®Xrs.7).

As first step, we will determine | M | Xr.F for F € F(S): forally,y’ € T we
have

(y-A=y A forall AeF) < y- ([ A=y [)A
A€F A€F

Hence, X1, r = [[pcp I'/A is, as a I'-parameter space, a finite convex combina-
tion of multiple copies of the coset space I'/ (5 A. In view of Proposition 4.15
we obtain

[M|XTF = | M| T/Nacr A

As second step, we will now show that

L:= [J LrCL®Xrs.2)
FeF(S)

is ||-||;-dense in L*°(XT,s, Z). The o-algebra o on the product space Xr.s is the
product o-algebra of the power sets of all factors I'/A with A € S; ie., o is
generated by rcr(s) 7' (0F). We now consider the system

o :={Aeco|gaeLl)
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of subsets of Xt s. In order to show that L is ||-||;-dense in L>°(XT s, Z) it suffices
to prove that 6/ = . It is easy to check that ¢’ is a o-algebra on X1, s. Moreover,
by definition, | rcp(sy 75 (0F) C o’. Hence, 6’ = o, and so L is |-||,-dense
in L*(Xr,s, 7).

Therefore, the map

H.(M,L) — H.(M,L>®(Xr,s,Z))

induced by the inclusion L < L*°(Xt,s, Z) of coefficient ZI'-modules is isomet-
ric [29, Lemma 2.9][18, Proposition 1.7] (the cited proofs carry over to this integral
setting) and the Xt s-fundamental class of M is contained in the image; notice that
the union L = (Jpep(sy LF indeed is a ZI'-submodule of L*(XT,s, Z).

Let c € C«(M, L) be an L-fundamental cycle of M. By definition of L, there
exists an F' € F(S) suchthatc € C«(M; LF). Thus,

lel = | M| *r

— IMIF/ﬂAeFA

> inf |M|T/A
AeS

= inf M .
it Ay Mallz

the first inequality is a consequence of the isometric isomorphism
Lr — L®(Xr,F.,7Z)

induced from the projection 7 r, the second equality was shown in the first step, the
third inequality holds because S is assumed to be closed under finite intersections,
and the last equality follows from Corollary 4.27. Taking the infimum over all
fundamental cycles and taking the isometry

H«(M;L) — H«(M;L*(Xr,s.7))

into account gives the desired estimate

| M| TS > inf
AeS [T 1 A]

[ M4llz- .
Remark 6.7 (inverse limits). The proof of Theorem 6.6 carries over to the fol-
lowing modification. Instead of the product [[,.¢ I'/A we can also consider the
inverse limit /T g of the system (I'/A) oes With respect to the canonical projection
maps between coset spaces of nested subgroups; we equip /r s with the I'-action
induced from the translation action on the coset spaces and we equip It s with
the Borel probability space structure given by the discrete o-algebras on the coset
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spaces and the compatible system of normalised counting measures on the coset
spaces. We then obtain

|[M|Trs = inf

Ml
Aes [T : A] IMallz

While this inverse limit space might be harder to visualise than the product
space Xr,s, it does have the advantage that it is ergodic.

7. Integral foliated simplicial volume of hyperbolic 3-manifolds

We will now complete the proof of Theorem 1.1 by proving the following, more
explicit, version:

Theorem 7.1 (integral foliated simplicial volume of hyperbolic 3-manifolds).
Let M be an oriented closed connected hyperbolic 3-manifold, and let S be
a set of representatives of uniform lattices in G := Isom™ (H?) containing a
representative for every isometry class of oriented closed connected hyperbolic
3-manifolds (see Theorem 6.4). Then

M| = |M|Taes 672 = |p).

Proof. Let M be an oriented closed connected hyperbolic 3-manifold. In view
of Theorem 1.6 there exists a sequence (My),en of oriented closed connected
hyperbolic 3-manifolds with

M (o]
A
n—oo || My

By Corollary 1.4 (and Theorem 6.4, for the concrete parameter space), for all n
IN we have

IM|| < |M| < |M|“A€SG/A<M'
B - ~ vol M,

On the other hand, by the classical proportionality principle for simplicial volume
for hyperbolic manifolds we have | M, || > 0 and

IMallZ -

volM  |[M]|
volM, [ My]’
and so
I < (M) < (o) Taes /8 < Iy oo
[ Ml
Because of limy—oo |My|l7/ | Mn]| = 1 the right hand side converges to || M ||

for n — oo. Hence, |M|| = | M| Maes G/A | M|, as desired. 0
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Similarly to Francaviglia, Frigerio, and Martelli [8, Question 6.4], we hence
ask:

Question 7.2. Does the integral foliated simplicial volume of oriented closed
connected hyperbolic manifolds of dimension bigger than 3 also coincide with
the simplicial volume? Does this even hold for all oriented closed connected
aspherical manifolds?

8. Stable integral simplicial volume
and integral foliated simplicial volume
of Seifert 3-manifolds

For the sake of completeness, we add also the computation of stable integral
simplicial volume and integral foliated simplicial volume of Seifert 3-manifolds:

Proposition 8.1 (Seifert case). Let M be an oriented compact connected Seifert
manifold with |1(M)| = oco. Then |M || = 0.

Proof. We follow step by step the related argument of Francaviglia, Frigerio, and
Martelli [8, Proposition 5.11]. A Seifert manifold has a finite covering that is an
S!-bundle over an orientable surface ¥ with some Euler number e > 0. If the
manifold M has boundary, then e = 0 and the bundle is a product S x Z. Since
S1x X covers itself with arbitrarily high degree, S! x = (and hence also M) clearly
has stable integral simplicial volume 0.

If M is closed, we denote the covering mentioned above by (X, e). A closed
connected orientable S!-bundle over an orientable surface either is irreducible or
S x 82 or RP*#RP>. Since RP*#RIP* admits a double self-covering, in this
case the stable integral simplicial volume vanishes. Moreover, we have already
considered the case S! x X. Therefore we restrict to irreducible S!-bundles. By
assumption, (X, e) is a closed connected orientable irreducible Seifert manifold
with |71((2,e))] = oo. Thus, by Remark 3.4, the complexity is equal to the
special complexity and it has the following bound [23]:

cs(X,e)<e+6-y_(X)+6

where y_(X) = max{—y(X), 0}.

Let now T be a minimal triangulation of (X, ), and let 7" be its first barycen-
tric subdivision. Then 7" is a semi-simplicial triangulation that allows us to define
an integral fundamental cycle. Since the special complexity of (X, e) is equal to
the minimal number of tetrahedra in a triangulation and the barycentric subdivi-
sion of A3 consists of 24 tetrahedra, we have

I(Z,e)ll; <24-cs(Z,e) <24-(e +6-x_() + 6).
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Now for every d € IN we construct a degree-d 2 covering (X,e) — (X, e) where
3 is a d-sheeted covering space of X as in the argument of Francaviglia, Frigerio,
and Martelli [8, Proposition 5.11] in order to conclude. O

In particular, we obtain:

Corollary 8.2. Let M be an oriented closed connected Seifert manifold with
|r1(M)| = oo. Then

M| = IM] = M|z = 0.

By Perelman’s result a closed Seifert manifold with finite fundamental group
admits an elliptic structure (i.e., it is a quotient of 3 by a finite subgroup of SO(4)
acting by rotations).

Proposition 8.3. Letn € IN~, and let M be an oriented closed connected elliptic
n-manifold. Then

1 1 ifnisodd,
IM| = M|z = {

CmM)| 2 if n is even.

In contrast, | M| = 0.

Proof. Corollary 6.3 shows that

1
M| =M = ———. S™|.,.
IM] =Ml D)) 15"z

Clearly, ||S"||, = lif nis odd, and || S"|, = 2 if n is even.

On the other hand,the simplicial volume of an elliptic manifold is always zero
because simplicial volume is multiplicative under finite coverings [19, Proposition
4.1] and ||S*|| = 0 for all n € IN». O
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