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A quantitative bounded distance theorem
and a Margulis’ lemma for Z”"-actions,
with applications to homology

Filippo Cerocchi and Andrea Sambusetti

Abstract. We consider the stable norm associated to a discrete, torsionless abelian group
of isometries I" 2 Z" of a geodesic space (X, d). We show that the difference between the
stable norm || ||s; and the distance d is bounded by a constant only depending on the rank n
and on upper bounds for the diameter of X = I'\ X and the asymptotic volume (T, d). We
also prove that the upper bound on the asymptotic volume is equivalent to a lower bound for
the stable systole of the action of I" on (X, d); for this, we establish a lemma a /a Margulis
for Z'-actions, which gives optimal estimates of w(T", d) in terms of stsys(T, ), and vice
versa, and characterize the cases of equality. Moreover, we show that all the parameters
n,diam(X) and w(T, d) (or stsys(T', d)) are necessary to bound the difference d —| ||, by
providing explicit counterexamples for each case.

As an application in Riemannian geometry, we prove that the number of connected
components of any optimal, integral 1-cycle in a closed Riemannian manifold X either is
bounded by an explicit function of the first Betti number, diam(X) and w(H; (X, Z)), or is
a sublinear function of the mass.
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1. Introduction

Consider a geodesic metric space (X, d) with a Z"-periodic metric, i.e. admitting
a discrete, torsionless abelian group of isometries I of rank n acting properly
discontinuously:! we mainly think of the Cayley graph of a word metric on Z”,
or to a Z"-covering of a compact Riemannian or Finsler manifold. A motivating
example is the torsion free homology covering X of any compact manifold X with
nontrivial first Betti number, which has automorphism group I' = H, (X, Z)/tor.

!'That is, each x € X has an open neighbourhood U such that {y € T | yU NU # @} is
finite.
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The associated stable norm on I' is defined as
o1
|7 lls = Jim +d(xo. vk x0)

and clearly it does not depend on the choice of xo € X, by the triangular inequality.
An isomorphism I' = Z" being chosen, this yields a well-defined norm? on R”,
extending the definition by homogeneity to Q" first, and then to real coefficients by
uniform continuity. For instance, when I' = H;(X, Z)/tor is the automorphism
group of the torsion free homology covering of a compact Riemannian manifold
X, the stable norm coincides with the norm induced by the Riemannian length in
the homology with real coefficients, that is (see [7] and [11] Chapter 4, §C):

Iy s = inf { > " laxlé(v): ax € R, yx Lipschitz 1-cycles,
k

y = ayin KX R},
k

It is folklore (bounded distance theorem, cp. [4], [5], and [11]) that, when T" acts
cocompactly by isometries, then (X, d) is almost isometric to (Z”, | ||s1): namely,
for every xo € X, there exists a constant C such that

| d(x0,y.x0) — ||V |lst] < C forall y eT.

This fact was originally proved D. Burago for periodic metrics on R” (see [2]
and [10]); however, we were not able to find a complete proof of the general case
in literature. The first purpose of this note is to investigate to what extent the
constant C depends on the basic geometric invariants of X, i.e. to estimate how
far a space admitting an abelian action is from a normed vector space. We prove:

Theorem 1.1 (quantitative bounded distance theorem). Let I' = Z” act freely and
properly discontinuously by isometries on a length space (X, d), with compact
quotient. There exists a constant ¢ = c¢(n, D, Q) such that for all xg € X

|d(.X0, on)— ”y”St' <C(I’Z,D,Q), (1)

where D and Q are, respectively, upper bounds for the codiameter and the
asymptotic volume of T" with respect to d.

We call co-diameter of T the diameter of the quotient X = '\ X.
The asymptotic volume of a group I' = 7", endowed with a I'-invariant
metric d, is the asymptotic invariant defined as (cp. [14])

H{y:d(x,y.x) < R}
R '

o) = .

2 Since it can be bounded from below by a multiple of a word metric, cp. [5].
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For I' acting on (X, d) as above, for any choice of a base point xo € X, the group
I' inherits from X a left-invariant distance d,, by identification with the orbit
I'xo; the asymptotic volume w(I, dy,) clearly does not depend on xo, and we
shall simply write w(I", d). For I' acting on (X, d) as above, any choice of a base
point xo € X yields a left-invariant distance dy, on I', by identification with the
orbit I'.x¢; clearly, the asymptotic volume w(I", dx,) does not depend on x¢, and
we shall simply write (I, d). Moreover, given any ["-invariant measure p on X,
it is easy to see, by a packing argument, that it equals the usual asymptotic volume
of the measure metric space (X, d, u) divided by the measure of the quotient, i.e.,

w(Bx,a)(xo0, R))
Rn

wu(X,d) = lim = pu(X)- o, d).

R—o0
As a consequence of the QBD theorem 1.1, we have an explicit control of the
growth function of balls and annuli in (I, d) (cp. Proposition 5.1), and of the
Gromov-Hausdorff distance between (X, Ad) and its asymptotic cone (R”, || ||s)
in terms of n, D, Q:

deu (X, Ad), (R". | lls)) <A (c +2D)

(notice that, for abelian groups endowed with a word metric, the linearity of the
rate of convergence of (X, Ad) to the asymptotic cone was already known, cp. [3]).
The QBD theorem 1.1is obtained combining Burago’s original idea with a care-
ful control of the dilatation of “natural” maps (R”,euc) < (X, d) quasi-inverse
one to each other.> More precisely, the maps are induced from the identification
of Z" with a finite index subgroup Z of I" generated by a set X, of  linearly inde-
pendent vectors (yx). The bounds on the codiameter and the asymptotic volume
are then needed to control the index [I' : Z] and the relative variation of d/dx,,
on Z. For this, we prove in Section §3 a lemma a la Margulis# for abelian groups,
which gives an estimate from below of the minimal displacement of I" in terms of
an upper bound on the asymptotic volume. Namely, let '* = T" \ {e¢} and define,
respectively, the systole and the stable systole of the action of I" on (X, d) as

sys(I',d) = inf inf d(x, y.x),
xeX yel'*
stsys(I',d) = inf ||y [|s.
yel*

Then clearly stsys(I', d) < sys(I', d), and we prove:

3 This difficulty does not emerge in [2], where I' ~, R”, since in that case we have two
metrics on a torus, which are obviously bi-Lipschitz via the identity map.

4 The classical Margulis’ lemma, in negative curvature, gives an estimate (at some point x¢)
of the minimal displacement of a group I" acting on a Cartan-Hadamard manifold X, under a
lower bound on the curvature of X. It has been extended in several directions, in particular with
a bound on the volume entropy replacing the bound on curvature, cp. [1] and [6].
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Lemma 1.2 (abelian Margulis’ lemma). Let I' = Z" act freely and properly
discontinuously by isometries on a length space (X, d), with cocompact quotient.

Then
1 2

— <stsys(I',d) < ——
" codiam(I.dy T -a(T.d) — S d) = T
Moreover, these inequalities are optimal and the equality cases characterize, up to
almost-isometric equivalence, the action of specific lattices of R", endowed with
particular polyhedral norms. Namely, if codiam(I", d) = D, stsys(I',d) = o and
(T, d) < Q, then there exists a constant C = C(n, D, Q) such that

2

o the equality holds in the left-hand side if and only if there is an equivariant,
C-almost isometry f:(X,d) — (R",| |l1), with respect to the action by
translations of the lattice Tg = 0 - Z x 2D - Z"~! =~ T on R";

o the equality holds in the right-hand side if and only if there is an equivariant,
C-almost isometry f : (X,d) — (R", || ||5), with respect to the canonical
action of ' on R"™ and where || ||, is a parallelohedral norm;> that is, a norm
whose unit ball is a T -parallelohedron (a convex polyhedron which tiles R"
under the action by translations of T, i.e. whose I-translates cover R" and
have disjoint interiors).

The left-hand side of (2) shows that, provided that the co-diameter is bounded,
an upper bound of the asymptotic volume is equivalent to a lower bound of the
stable systole. Therefore, the constant c(n, D, 2) in theorem 1.1 can as well be
expressed in terms of rank, co-diameter and of a lower bound stsys(I',d) > o,
instead of an upper bound w(T', d) < Q.

Notice that stsys(I", d) cannot be bounded below uniquely in terms of n and
(T, d): any flat Riemannian torus (7', euc) with unitary volume has fundamental
group I' = 71 (T') with asymptotic volume equal to the volume w,, of the unit ball
in E", but the systole of I" can be arbitrarily small (provided that the diameter of
T is sufficiently large).

It is natural to ask whether one can drop the dependence of the constant ¢ in
the QBD theorem on any of the parameters n, D, Q2 or o, and possibly replace
the dependence on the stable systole by a lower bound on the systole. In Section
§4 we give counterexamples ruling out each of these possibilities. In particular,

5 Examples of parallelohedral norms are
(i) in dimension n = 2, all norms whose unit ball is either a parallelogram or a convex
hexagon with congruent opposite sides (these are the only convex polygons which tasselate
R? under the action by translations of a 2-dimensional lattice, cp. [8], [12], and [13]);

(ii) in dimension n = 3, there are precisely 37 types of parallelohedra, cp. [9], including for
instance the standard n-cube (which gives rise to the sup-norm) or those obtained from

7" -tessellation by prisms with 2-dimensional base as in (i).
The complete classification of parallelohedral norms is a particular case of Hilbert’s eighteenth
problem (tiling the Euclidean space by congruent polyhedra) and will be not pursued further here.
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one cannot generally bound d — || || only in terms of rank, co-diameter and
systole: there exists a sequence of actions of Z" on length spaces (X, di) with
sys(Z",dy) > 1 and codiam(Z", di) < 1 such that the difference between dj and
the corresponding stable norms | | x is arbitrarily large, cp. Example 4.1. The
same example also shows that a lower bound of the systole does not imply any
upper bound for the asymptotic volume, i.e. the right-hand side of (2) does not
hold with the stable systole replaced by the systole.

Finally, in Section §5 we use the QBD theorem to address the following basic
problem on a closed Riemannian manifold X: given an integral homology class
y € H((X,Z), what is the minimal number #c¢ of connected components of an
optimal cycle in y? Namely, we want to estimate the number

N(y) = minf#tcc(c) | c € Z1(X, Z), [d] = 7. £(0) = Iylm, ).

where |y|g, is the mass in homology, i.e. the total length of a shortest,® possibly
disconnected, collection of closed curves representing y. We call optimal a cycle
¢ € [y] which is length-minimizing in its class and having precisely the minimum
number N(y) of connected components.

Recall that the homological systole sysy, (X) of X is the length of the shortest
closed geodesic which is non-trivial in homology; if I' = H; (X, Z) and (X, d) is
the Riemannian homology covering of X, we clearly have sys H, (X) = sys(I, d).

Notice that a lower bound of the homological systole sysy, (X) > o (as given for
instance, in the torsionless case, by the left-hand side of the abelian Margulis’
lemma 1.2) readily implies an estimate N(y) < o7 '|y|u,. However, as an
application of the QBD theorem, we actually show that N(y) is sublinearin |y |q,.

Theorem 1.3. Assume that X has first Betti number by(X) = n, diam(X) < D
and w(H1(X, 7)) < Q. Then, for any torsionless homology class y € H,(X, Z),

(i) either N(y) is bounded by an explicit, universal function N(n, D, Q2),
(ii) or
N(y) <2-32 ikt -y
We will see that one can take
N(n, D, Q) = 2187 . p2n . (nyn1+2) . (Q D" 4 1)67%,

It is noticeable that the bound (ii) does not even depend on the diameter of X.

Aknowledgements. We thank D. Massart and S. Saboureau for useful discus-
sions.

6 Notice that a 1-cycle of minimal length in X always exists, and is given by a finite collection
of closed geodesics, by general representation results of minimizers in homology by currents, and
by regularity of rectifiable 1-currents.
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2. QBD theorem

Let I' = Z" act freely, properly discontinuously and cocompactly by isometries
on a length space (X, d). For any given xo € X we consider the left invariant
metric on I' given by dx,(y1. y2) = d(y1.x0. y2.X0). We will write dg for the
word metric relative to a generating set S of a group, and also use the abridged
notations |y |x, = d(xo.y.X0), |y|s = ds(e.y).

Assume that diam(I'\X) < D, o(I',d) < © and sys(I',d) > o. We consider
the generating set’” Xp = {y € I'* | d(yxo, x0) < 3D}, and we extract from Xp

aset X, = {yi1,..., s} of n linearly independent vectors which generate a finite
index subgroup Z = (X,), again isomorphic to Z". Then, fix once and for all a
set of representatives S = {s¢9 = ¢, 51, ...,54} for I'/Z which are minimal for the

word metric dy,, associated to the generating set Xp of I'.

Let us consider the map f:(Z,dx,) — (Z",euc) defined by sending each y;
to the i-th vector of the standard basis of R”. We shall prove that f and f~!
are two Lipschitz maps, whose Lipschitz constants M and M’ are bounded in
terms of our geometric data n, D, Q and o; we will then extend f to a Lipschitz
map F:(X,d) — (R”,euc). The purpose of the next lemmas is to estimate the
constants M, M’ by comparing with the dilatations of the following maps

fi(Z,dxy) — (Z,dsplz) — (Z.dg ) — (Z,ds,) — (7", euc), (3)

where
e dyx, |z is the restriction of the word metric dsx,, to Z;
e dy, is the word metric on Z relative to X,;

e dg is the word metric on Z relative to the generating set 3, of Z defined by
3, = {sicrsj_l |si €S, 0€Xp andsiasj_1 € Z*}

(with B(z,dxo)("), Bz,x5)(r), Bz,x,)(r) and B(z,in)(r) the relative balls cen-
tered at e.)
Notice that ¥,, C f]n (since so = e € S), but we might have Xp ¢ in.
Moreover, remark that (Z, dx,,) is isometric to Z" endowed with the canonical
word metric || |1, so we have

1
ﬁ'|)/|zn S ||f()/)||CUCS|)/|En’ (4)
o(ds,) = 2. )
n:

7 The elements with d(yxo, xo) < 2D suffice to generate I, cp. [11], p. 91; the constant 3D
is chosen here to bound from below dy,/dx.
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Lemma 2.1 (cp. [11]). The set Xp is a generating set for I such that
o
5 1Vlsp =d(x0.y.x0) =3D [y [zp.

Lemma 2.2. Forall y € Z we have
lYlg, = lvlsp = QT :Z]+1)-ylg, -

Proof. Lety = y1...y¢ € Zwithy; € X¥p. Assume that yy ...y; Z = s, Z, then
y can be written as

Y = ko1 -5%,) - (Sky V2 55,) -+ (Sko_s Ve—15%, ) - (Sko—1 VeSk;)

with sg, = s¢, = e, and any s,:il_l Yisk, either is trivial or belongs to S
Therefore |y |§n < |y |sp. For the second inequality, recall that any class
s; Z can be written as s; Z = y1 ...y Z with y; € £p and k < [T" : Z]. So, every
representative s;, being ¥ p-minimal, satisfies |s; |z, < [[" : Z], which implies
lylep =@IF:Z]+1D)-[ylg,- O

Lemma 2.3. The subgroup Z satisfies

. n! n
(i) [[:2] < 2—,,9(313) ;
|
(i) dyy(1.2) < %QGD)”“, foranyy €T
|
(iif) diam(Z\X) < D + sz%(w)"“.

Proof. We consider the set S = {s;}i=o,.... 4 of representatives of I'/Z with
minimal X p-length. Let M = maxg, |s; |z, . Then

#B(F,ED)(R) > [F : Z] . #B(Z,ED)(R — M) > [F . Z,] . #B(Z,dg,,)(R — M)
Dividing by R" and taking the limit for R — +oo yields

I,d
2] < u_
w(Z,ds,)

By Lemma 2.1 we have
o(l,dxs,) <(3D)'w(,d) < (3D)"'Q,

while w(Z, dx, ) = 2"/n! by (5); this proves (i).

To prove (ii), notice that the set {yZ | y € Xp} generates ['/Z, and that every
class s;Z is the product of at most [[" : Z] classes y; Z with y; € ¥p. Since any
element of y € I' lies in some coset s;Z, the X p-distance of y from Z is at most
[I" : Z]. Then, Lemma 2.1 yields dx,(y.Z) < 3D - [I" : Z].

Assertion (iii) then follows from (ii), as diam(I"\ X) < D. O
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Lemma 2.4. The generating set P of Z satisfies:
(i) Z.dg)< Q"3 . QD" - (QD" + 1);
[P, < L(n, D, Q)
(ii) , o
=3t QD QD + 1) forall p € Xp;
i) lyls, < L00D.Q)-lylg, forally € 2.

Proof. By Lemmas 2.1 and 2.2 we have

1
lvlg, = DO T l)d()’xo,xo),
hence

w(Z, d?:,,) <[BDQ2T:Z]+ D]"w(T, dx,),

so (i) follows from Lemma 2.3.

To prove (ii), assume that y € f)n has ¥,-length £, so it can be written as
a product y = y;, ...y, with every y;, € X,. The sequence (y;,,....¥i,)
corresponds to a geodesic path ¢ in the Cayley graph C(Z, X,). Let ¢ be the
path in €(Z, =,) obtained by concatenation of all the paths ¢; = P*.co; notice
that, since (Z, ¥,) is isometric to (Z", | |1), the path c is still geodesic. Consider
now a new generating set: X,(y) = X, U {y} C >, and call for brevity d; the
corresponding word metric. Chosen a radius R = m/{, for m > 0, we consider the
points P; = 72™ on the geodesic ¢, and we remark that

L£/2]

| | Bzdy,, (Pi. R —2mi) C Bz.4,)(e. R).
i=0

Actually, for j # i < £/2 the balls
B(Z,d:,,)(Pjv R — 2m]) and B(Z,dgn)(Pi’ R — 2mi)

are disjoint, since dx, (Pi, P;) > |p?"|g, = 2m{ = 2R; moreover, these balls
are all contained in B(z,4,)(e, R) as dy(e, P;) = 172" |5, ) < 2mi.
Also, notice that, as w(Z, dx,,) = 2"/n!, we have

n—1

2
#B(Z,gn)(Pj, R — 2mi) = #B(Z,g")(m(ﬁ — 2i)) > ‘ m”(Z — 2i)n
n:

for m > 0. Thus

L£/2] 4p—1 on—1 L£/3]

§ : n 7
#B(Z’d?)(R) = 2 py m" (€ —2i)" > ' 2

1= 1=
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which shows that w(Z, d;) > (%)" % On the other hand, we know by the above
lemmas that

n—1

o> e > '
|z 21 1g, Z 3D(n!-Q(BD)" +2) [ o

SO
L n+3
2) e p N - QD" n n
(3) S 0(Z.dy) = ("7 n)" - QD"(QD" + 1),
which gives (ii). The third statement clearly follows from (ii). 0

We deduce by the lemmas above that the map f defined in (3) is a bi-Lipschitz
map, with Lipschitz constants given by

1
M(f)<M =Mn,Q,D,0)=— gnPFantd )" TL.QD"(QD" +1)", (6)
o

M(f_l)SM/=M/(n,Q,D)=8(%)nﬁ-n!-QD”+l. %)

We will prove in the next section that we can get rid of the dependence on o.
Now, we extend f to a M”-Lipschitz map F : (X,d) — (R",euc), with
M" = /nM, by extending each coordinate function f; of f as follows

Fi(x) = yirelg(fi(y-x()) + M(f)-d(y.xo,x))
(notice that each F; is M -Lipschitz, and then F is \/n M -Lipschitz).

2.1. End of the proof of Theorem 1.1. We switch now to the additive notation
for the abelian groups I' and Z, for easier comparison with Z”. Assume first that
y € Z,and let c: I = [0,£] — X be a minimizing geodesic (i.e. d(c(z),c(t')) =
|t — t']) from x¢ to 2y.xo. Then, we apply the following lemma due to D. Burago
and G. Perelman to the path ¢, = F oc, going from the origin o of R” to 2 f(y).o.

Lemma 2.5 (D. Burago and G. Perelman). Let c: I = [0,£] — R" be a Lipschitz
path. There exists an open set A = | J/L,(ai,b;) C [0,£] with m < n and with
Lebesgue measure A(A) < 1/2A(I) = ¢/2 such that

“ co(£) —co(0
> (i)~ cptapy = D72
i=1
This lemma provides a new path co/2: J = [0,A(A)] — R" going from the
origin o to f(y).0 = Y 7'(co(bi) — co(ai)), defined concatenating the paths

Co,i = Co|[ai,bi] ¢
? =Co,1 ¥ - *Com — Colar)
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(where « * B in R” means that the path f§ is translated in order that its origin

coincides with the endpoint of «). Consider now, for eachi = 1, ..., m, the orbit

points «;.xg, Bi.xXo € Zx¢ closest respectively to c(a;), c(b;) € X, and letc; be a

minimizing geodesic from «;.x¢ to B;.xo. Then, let ¢’: [0, £'] — X be the curve
d=cx-xc, —a1.x0

that is, the concatenation of (Z-translated of) the geodesics ¢; such that the end-
point of ¢} -+ c_, coincides with the origin of ¢, and ¢’(0) = xo. Finally, let
y'.xo = [D_1 (Bi — @i)].xo be the endpoint of ¢’.

Notice that, as the c:. are geodesics,

d(xo.y'x0) < > _L(c)
i=1

< 2ndiam(Z\X) + Zd(c(ai), c(bi))

i=1
<2n-diam(Z\X) + g
Moreover,
F(y'.x0) = ) (F(Bi-x0) — F(@i.x0)
i=1

as F = f on Zxop, so

| F(y' x0) = F(.x0) leuc
= | Y _[F(Bi-x0) — Flei.x0)] = ) _lco(bi) = co(@i)]lleuc

< S UIFBix0) = Fe(bi)llewe + Y I F(@ti-x0) = F(c(ai))lleue
i=1 i=1

<2nM" - diam(Z\ X)
and from this and the Lipschitz property of f~! we deduce that
d(y'.xo, y-x0) = d(fTH(F(y'x0)), fTH(F(y.x0))) < 2nM'M" - diam(Z\ X).
Then,
d(xo,y.X0) < d(xo, ¥ .x0) + d(y'.x0, y.X0)

< é +2n(M'M" + 1) - diam(2\ X)
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that is,
1
d(xq, y.x0) < Ed(xo, 2y.x0) + M"”

for a constant
M" =M"(n,D,RQ2,0) =2n(M'M" + 1) diam(Z\ X)

which is given explicitly by (6), (7), and Lemma 2.3.

This implies the announced inequality |d(xo, y.x0) — || ¥ |lst| < M for all
y € Z. To get the inequality for all y € T, let yy.x¢ be a point of Z.x¢ closest to
y.Xo; then

|d (xo0, 7.x0) — [ v Ist] < Id(x0,70-x0) — |l vo llst| + 2 d(y.x0, yo-X0)
<c(n,D,Q,0)

for
c(n,D,Q,0) =2diam(Z\X)(nM'M" +n + 1).

In the next section we show that the constant ¢ actually does not depend on o.

3. Stable systole and asymptotic volume

We prove here the two relations of (almost) inverse proportionality between
(T, d) and stsys(T", d). First notice that, as || - ||s is a true norm, the ball of radius
2D in (T, || - |lst) is compact; so, there exists y; € I' = Z” realizing the stable
systole. Let 0 = || y1 ||st = stsys(I',d) and D = codiam(I’, d) = diam(I"\ X).

3.1. Proof of the abelian Margulis lemma, upper bound. Let

Dy =Apllpls<llp—vols}
and

Da={p|lpls =llp—vrols}

be respectively the open and closed Dirichlet domains of ' acting on R”, centered
at the origin, with respect to the stable norm, and let M > dlam(Dst) Notice that,
in general the closure of Dy might be strictly included in Dst, and neither Dy
nor D st a priori tile R” under the action of I" (think for instance of the Dirichlet
domain of 27 x Z acting on (R?, || ||oo))- S0, let F be a closed fundamental domain

such that Dy C F C Dy that is, U),EF y.F = R” and y.f;"ﬂ )/.f;" =gfory £y
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The open ball By(r) = {p | l|p|st < r}isincluded in Dy for r = 7, so

#Bx.a)(xo, ) NT] _ #[Bu(R) N Z"]
Rn - Rn
_ Vol(By(R + M)
Vol(F) - R
_ Vol(By(R + M))
Vol(Dy) - R”
_ Vol(By(R + M)
~ Vol(B«(%)) - R"
2R+ M)
T o"-RT

(®)

and taking limits for R — oo yields the announced inequality.

Clearly, this inequality is an equality for the standard lattice Z” in (R”, || |loo),
but this is not the only case in which the equality is satisfied. Actually, assume
that the equality (I, d) = g—z holds: then, all the inequalities in (8) are equalities

for R — 00, 50 Vol(By(%)) = Vol(Dy) = Vol(F). Since By($) C Dy C F, we

deduce that Bst(%) = Dy = COF This implies that Dy C F is a convex set (being
the closure of a ball) which tiles R” under the action of I". Actually, assume that
there exists p € R™\ [.Dg. Then, R” \U||y||5t5||p||+2M y.@st is a non-empty open
set, containing a small ball By(p, ¢) centered at p. As J tiles, there exists y such
that Vol(F N yBy(p, €)) # 0. This yields a contradiction, as Dy C F\ yBy(p, ¢)
but Vol(Dy) = Vol(F).

We show now that Dy is a polyhedron. For this, let us first show that the
topological boundary 0Dy is covered by a finite number of hyperplanes: actually,
as the closed sets y Dy tile, we have

Dy = |J @Duny.0D0) = ) (Dany.Dy)
o<lyll<2M o<lyl=2M

and as Dy N y.@st is a convex set with zero measure, it is contained in an
affine hyperplane H, = {p| f,(p) = 1}, for some linear function f,; since
Dy is convex, we may assume that Dy C H,, where H, denotes the sub-
level set f, < 1. Let Iy be the subset of nontrivial elements y € I' such

that Dy N y.@st # . It then follows that Dy = ﬂyero H, . The inclusion

Dst € ()yer, H, is clear. On the other hand, given p € (), cr, H, ,if p ¢ Dyt
then the segment op intersects dDg at some point ¢p, for 0 < ¢ < 1, hence there
exists some f, such that f,(tp) = 1; hence f,(p) > 1, a contradiction. This
shows that Dy = Bst(%) is a convex polyhedron tiling R” under the action of T,
i.e. a ['-parallelohedron (and Bg(1) as well).
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Finally, as |d | ||st| < c(n, D, 2)onI'.xy by the QBD theorem, by identifying
the orbit I".xo with Z” we deduce a I'-equivariant map

fi(X,d) — (R". | lls0)
which is a C-almost isometry for
C =c(n, D, Q)+ 2codiam(T, d) + codiam(Z", | - ||st)
<c(n,D,Q)+2D +o.

3.2. Proof of the abelian Margulis lemma, lower bound. As y; realizes the
stable systole, for any ¢ > 0 there exists a K, such that

(1—¢)lklo <|y¥ < (1 +¢) |k|o forall k| > K.

Complete y; to a set X, = {y1,¥2,..., s} of n linearly independent vectors,
taking y, ..., v, from the generating set X, = {y € I' | d(xo,y.x0) < 2D}, and
let Z = (X,). Then, consider the norm || |s2p given by the weighted £;-norm
on R”, relative to the basis ¥,,, with weights £(y;) = o and £(y;) = 2D fori # 1.
Finally, let Z, := {y{Cl ...y,’f" | |j1| > K¢}. Then, for all y € Z, we have

n
k k;
Vlxo < 171 o + D 171 |x0
k=2

<(1+lki|-0+2D ) |k
k=2

=1 +€)-[yllozp-
Therefore we obtain
(T, dxy) = ©(Z, dx,|2)
> &(Zs, dxylz,)

9l lozp) ©
— (1+e)n

B ®(Zg, dx,)

= (1 +8)no_(2D)n—l

which gives the announced bound, as € > 0 is arbitrary and since

n

2
w(Ze, dx,) = 0(Z,dx,) = o(Z". || 1) = prE
actually, the set Z \ Z. has polynomial growth of order n — 1 and is negligible
in the computation of the asymptotic volume, while (Z, dx,,) is isometric to Z"
endowed with the canonical word metric.
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Notice that the equality holds for the action of the standard lattice Z" on
(R™, || ||1)- Furthermore, assume that, for I" acting on (X, d), we have the equality

2

n!D" g’

In particular, the first inequality in (9) is an equality, which implies [I" : Z] = 1.
Moreover, we deduce that w(T', || ||st) = o(T, dx,) = (T, | |ls,2p). However, by
construction, the stable and weighted norms satisfy || ||s2p > || |st; then, being
norms, we know that the equality of asymptotic volumes implies the equality of
1-balls, so || |lle2p = || |lst. Therefore || ||s is affine equivalent to the £; norm
|| - |l1, via an affine map sending Z" to the lattice 'y = o - Z x 2D - Z"~! of R".
It follows by the QBD theorem that the action of I" on (X, d) is equivalent, via
an equivariant C-almost isometry f:(X,d) — (R", || -|1), to the action of [’y on
R™ |- 1I1), for

C =c¢(n, D, )+ 2codiam(T", d) + codiam(Ly, | - ||1)
<cn,D, Q)+ (2n+2)D.

o, dy,) =

Remark 3.1. Let o = sys(I',d) > o0 and w(I', d) < Q as in Section §2.

(i) Using the lower bound given by the abelian Margulis lemma and the fact that
D > o/2, we find QD" > o(I',d)D" > 1/a!. This estimate, together with
(iii) of Lemma 2.3, plugged in the expressions (6) and (7) for M, M’, and in
the expressions for M”, M"" and ¢ = M"" + 2 diam(Z\ X) of §2.1, yields the
following estimate for the constant ¢ of the QBD theorem:

c(n,D,Q,0) =c(n,D,Q) < 2w°FT6n+10 12 nn+2  pQpn 4 1yt

Notice that the quantity 2 D" is scale invariant.
(i) We also remark, for future reference, that the same computations show that
the constant ¢ that we find is > n D, namely ¢(n, D, Q) > 27°T6n+8,2(n)n .

Remark 3.2. As a consequence, we have the explicit bound
Vlxo 1‘ - c(n,D, Q).
Iy llse Iy llse

This should be compared with an asymptotics given by Gromov in [I1],
pp- 247-249:

|V|XO _ 1‘ S Cfl?_l (10)
¥ 1, 473

for the mass of y € H,(X,Z). Notice however that Gromov’s bound is purely
qualitative (no information can be deduced on the constant ¢ ¢ from his argument)

and that we always have || y ||s« < |y|#,, by the characterization of the stable norm
in real homology recalled in the introduction.
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4. Examples

Here we show that the constant ¢ = c¢(n, D, ) of Theorem 1.1 necessarily depends
on each of the three parameters rank, diameter and asymptotic volume. We say
that a sequence of actions of torsionless, discrete abelian groups 'y on (Xk, di)
is noncollapsing if there exists 0 > 0 such that stsys(I'x, dx) > o for all k.

Example 4.1 (collapsing actions with fixed rank and bounded co-diameter). Let Z
acton (X, dr) = C(Z, S), the Cayley graph of Z with respect to the generating
set Sy = {£1, +k}, and let || ||sx be the associated stable norm. Then

(i) codiam(Z, dy) = 1;
(i) sys(Z. dy) = 1, while stsys(Z, dg) ~==% 0, as
de(0.km) _ 1.

’

|1|st,k = lim
m-—00

|

km

(ili) w(Z,dy) — oo, as a consequence of Lemma 1.1;
(iv) dax (0,k) = k, while [|klse2x < 3-

This example shows that, the rank and the co-diameter of (I, di) being fixed,
without any assumption on the asymptotic volume (or the stable systole) the
difference between the distance and the associated stable norm can be arbitrarily
large.

It also shows that, whereas the collapse of the systole forces the asymptotic
volume to diverge (by the abelian Margulis lemma), the converse is not true.

Notice that, with little effort, the example can be modified into a sequence
of Z-coverings of a compact Riemannian manifold with the same properties, in
the following way. Start with the e-tubular neighbourhood in R? of a bouquet
of two circles a, 8 with length 1, and consider its boundary Y. Let (Yx,dy)
the Riemannian covering of ¥ associated to the subgroup N = (o, a¥71)
of H,(Y,Z): then, there exists a (1 + &, §)-quasi isometry between Y} and the
above graph Xj, with § ~ €, which is equivariant with respect to the actions of
I' = H,(Y.Z)/N = Z. Therefore, I' acts on Yj with the same properties (up to
multiplicative constants 1 4 § in the above estimates (i), (ii), and (iv)).

Example 4.2 (noncollapsing actions with fixed rank and large co-diameter). Let Z
acton (X, dx) = k-C(Z, S,), the Cayley graph of Z with respect to the generating
set S, = {£1, £ p}, with p > 1 fixed, and the graph metric dilated by a factor k.
Let || |s.x be the associated stable norm. Then

(i) diam(Xg,dy) = k;
(ii) stsys(Z,dy) = %, since

di (0, mhp)

m|gx = lim
Il = lim S

P P
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(iti) 2 < w(Z.dy) < 22, as a consequence of Lemma 1.2;
(iv) di(0,1) = k, while | 1]|sx = £.

This example shows that, the rank and the asymptotic volume being bounded,
without any assumption on the diameter the difference between the distance and
the associated stable norm can be arbitrarily large.

Example 4.3 (noncollapsing actions with large rank and bounded co-diameter).
Consider a round sphere (S3, d) with north pole x¢, and remove an arbitrarily
large number n of small, disjoint balls B;, centered at m equatorial points, with
boundary 2-spheres S; (so that d(xg, S;) ~ 7/2); then, take n copies T; of a
flat torus, each with a small ball B/ removed and boundary spheres S/, glue the
(almost isometric) spheres S;, S; through a cylinder of length £, and smooth the
metric to obtain a Riemannian manifold X,,. We may assume that £ is much larger
than the length o of the shortest nontrivial 1-cycle in the flat torus 7; (which
realizes the stable systole of H;(T,7Z) acting on the universal covering of T;),
and that, nevertheless, diam(X,,) stays bounded. The groups I', = H,(X,.Z) =
EBLI H\(T;,7) = 7" then act on the Riemannian homology coverings (X, d,)
of X, without collapsing: actually, any class y; € H,(T;,Z) has length £(y;) in
X, not smaller than its original length in 7; (the ball B/ has been replaced by an
almost flat cylinder), and any decomposable class y = )", y; with y; € H1(T;, Z)
has length greater than ), £(y;). Thus, stsys(I's, d,) > o for all n. On the other
hand, for every y = ) ; y;, with nontrivial components y; € H,(T;, Z) for all i,
we have d(xo, yxo) > 2nl+>_£(y;) (as the shortest geodesic loop representing y
must travel forth and back at least n cylinders), while ||y |l < >_; £(yi); hence
d(xg,yx0) — |lylls diverges for n — oo. Notice that in these examples the
asymptotic volume w(I';,, d,) stays bounded for n — oo, by Lemma 1.2, although
the rank is arbitrarily large.

We conclude this section with an example showing that the bounded distance
theorem may fail for abelian actions on metric spaces which are not length spaces.
Inner metric spaces,® as defined by P. Pansu [14], are the closest spaces to length
spaces: (X,d) is inner if, for every € > 0, there exist £(¢) such that for all
x,x’ € X there exists a sequence of points xg = x,x1,...,xy4+1 = x  with
d(x;. xit1) < £(e)and YN d(x; 1, x;) < (14 €)d(x. x'). The following is the
simplest example of inner metric space where the bounded distance theorem does
not hold.

Example 4.4 (noncollapsing Z-actions on inner spaces with bounded co-diame-
ter). Consider the group Z endowed with the left invariant metric induced by the
norm ||m||| = |m| + /|m|. It is straightforward to check that ||| ||| defines an inner

8 Any finitely generated group I' endowed with a word length, or with a geometric distance
deduced from a cocompact action on a length space, is an inner metric space.
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metric on Z. Actually, given € > 0, choose an integer £ > 4/¢2, and write any
me WNasm = Nl+r,withr < £. If N = 0, there is nothing to prove; otherwise
call x; =il fori < N and xy+1 = m, so

S e — il _ 0 e+l
il SN+l
N NO 4+
O (NCL+r)+NC+r
NC+r f
(N€+r)+VN€+r f Nt
<142
RN

<1l+4e.

Then, Z acts by left translation on itself, and the stable norm associated to || ||
coincides with the absolute value | |. Therefore, we have

1 1
codiam(Z. I ) = + + /1

stsys(Z, ||l ) = 1,

and

but
Il — llmfllse = +/|m]
is not bounded.

5. On the number of connected components of optimal cycles

Let X be a Riemannian manifold, with torsion free homology covering (X, d).
Let xo € X be fixed, let dy, be the induced distance on T' = H; (X, Z) acting on
(X.d), and || || be the associated stable norm on H;(X,R) as explained in §1.
Let A be the Busemann measure of the normed space (H,(X,R). | - ||s), that is
the Lebesgue measure assigning to its unit ball By (1) the volume of the unitary
euclidean n-ball (which coincides with the n-dimensional Hausdorff measure).
Finally, let F be a closed fundamental domain included in the closed Dirichlet
domain @St centered at the origin, for I" acting on (H; ()7 ,R), || - |lst), as in §3.1.

Asrecalled in the introduction, an easy packing of fundamental domains shows
that the asymptotic volume of the measure metric space (H1(X, R), || [ls 4) is

o (R, [ [ls) = o, || lls0) - A(F) 1D
and, since || ||s is @ norm, this also equals the volume A (B (1)) of the unit ball.
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Then, as a consequence of the bounded distance theorem (even without any
estimate of the constant c), one gets w(I', d) = (T, || ||st) = A(Bg(1))/A(F). Let
us call V= A(F) and Vi = A(Bg«(1)), so that (", d) = V1 / V.

Let us now fix some notations for balls and annuli and for the corresponding
growth functions. We will write

Bra,)(R) ={y €T [|ylx < R}
and

A ) (r,R)={y €T |r <|ylx, <R},

and similarly B(r,||,,), Br,so, and A, |;,)» At for balls and annuli in I" with,
respectively, the mass and the stable norm. We will write v, (R), v, (r, R) for the
corresponding cardinalities. Finally, we will use By and Ay for ball and annuli in
(Hi(X,R), || |lst), and write vgt(R) = A(Bst(R)), vst(r, R) = A(As(r, R)).

A by-product of the QBD theorem is the following explicit estimate of the
growth function of annuli in H (X, Z) with respect to the mass.

Proposition 5.1. Assume n = rank H,(X,Z), diam(X) < D and o(X,d) < Q.
Letc = c(n, D, Q) be as in the OBD theorem 1.1. If A > 4nD + c we have

no(T,d)- A(R=A)""" <vr)jy)(R— AR+ A)

<3nw(,d)- A(R—3A)"!
for R >0, and
AN < v kA, (k +1)A)

< B(kA)"!
forall k > 1, for constants A =n-w(I',d)- Aand B =3" - A.

Proof. By Theorem 1.1 we have ||y |ls« <|¥ |, <1V |xo < |l ¥ llst + ¢ and thus

Arsy(r.R—¢) € Aw,| 14 (r R) € Ay (r — ¢, R)

Notice that, if Dy = diamg () is the diameter of F with respect to the stable norm,
we have Dy < 2nD. Actually, choose n linearly independent vectors vy, ..., v, €
%7, from the generating set X7, = {y € I':|ylx, < 2Dj}: the n-parallelotope
P determined by these vectors clearly contains &, so Dy < diamg(P) < 2n D.
By an argument of packing and covering of the annuli A (r, R) with copies of &,
we obtain

AAg(r +2n D, R— C —2n D))
Vv

= vy g (. R)

- AMAg(r —2n D — C, R 4 2n D))
= %G .
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We estimate the left-hand inequality for R > r + 4nD + ¢ as
AMAg(r+2nD,R—C —2n D))=V, -[(R—C —2n D)" — (r +2n D)"]
>nVi-(R—r—(4nD 4 ¢)) - (r +2nD)"!
and, similarly, the right-hand as
AMAg(r —C —=2nD,R+2n D)) <nVy-(R—r + (4nD + ¢))- (R +2nD)" L.

Choosing
"~ A>anD +
> n c

we obtain

v v
nvl CAR= A" < ur ) (R—A R+ A) < 3n71 - A(R = 3A)"!

which proves (i). The second statement follows from (i) taking R = (k+1)A. O

Proof of Theorem 1.3. Let A be as in Proposition 5.1 above.
First, we consider the case where N(y) < v, m,)(2A). As || s« < | |, We
have

ABg(2A + D V;
N(y) < w < VI(ZA +nD)" = w(,d)(9nD + ¢)"
and using the explicit estimates for ¢ given in Remark 3.1(i)&(ii) we get the
announced bound N(n, D, 2). Assume now that N(y) > v, #,)(2A). Then,

there exists m = m(y) > 1 such that

m m+1
D vaankA (k+ 1DA) < N(y) < Y vam) kA, (k + DA).
k=0 k=0

Then, using the estimates of Proposition 5.1 we find

m+1 BAn_l
N@) < B Y (k&)™ < ——(m+2)". (12)
k=0

Now, observe that if ¢ is an optimal cycle representing y with N(y) connected
components, then its components ¢; are non-homologous to each other; thus, its
total length is atleast £ > Y ;" (kA)-vr.m,)(kA, (k +1)A). Using the estimates
of Proposition 5.1 we find

AA"
n+1

C=1ylm =AY (kA) = m" (13)

k=0
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Putting together the two estimates (12) and (13) above and we obtain

n—1

A
N) < 25t 2y

BAn_l n+1 (I’l+1)€ n
= n ( V. AAr +2>

- 3"A"1B ((n + 1)£>n/(n+1)
A

A

n2
nAn+I

and as A = nw(T',d)A = 37" B, this yields

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]
(9]

[10]

n 1\n
N(y) <3*". +{/(1 + ;) ~o(T, d)en. O
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