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The Lagrange spectrum of a Veech surface
has a Hall ray
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Abstract. We study Lagrange spectra of Veech translation surfaces, which are a gener-
alization of the classical Lagrange spectrum. We show that any such Lagrange spectrum
contains a Hall ray. As a main tool, we use the boundary expansion developed by Bowen
and Series to code geodesics in the corresponding Teichmiiller disk and prove a formula
which allows to express large values in the Lagrange spectrum as sums of Cantor sets.
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1. Introduction

The Lagrange spectrum £ is a classical and much studied subset of the extended
real line, which can be described either geometrically or number theoretically. In
connection with Diophantine approximation, it is the set

L= {L(a) := lim sup

o G]R} CR:=RU{+oc0}.
a,p—~o0 qlqo — p|
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In other words, L € £ if and only if there exists « € R such that, for any ¢ > L,
we have |@ — p/q| > 1/cq? for all p and ¢ big enough and, moreover, L is
minimal with respect to this property. One can show that £ can also be described
as a penetration spectrum for the geodesic flow on the (unit tangent bundle of
the) modular surface X = H/SL(2,Z) in the following way. If (y;);er is any
hyperbolic geodesic on X which has o € R as forward endpoint, the value L(«)
is related to the geometric quantity

lim sup height(y;) (1.1)

t—-+o00

where height(-) denotes the hyperbolic height function. This quantity gives the
asymptotic depth of penetration of the geodesic y; into the cusp of the modular
surface.

The structure of £ has been studied for more than a century, from the works
of Markoff (1879). Hurwitz (1891) and Hall (1947) up to the recent results by
Moreira [14]. We refer the interested reader to the book [2] by Cusick and Flahive.
Moreover, several generalizations of the classical Lagrange spectrum have been
studied by many authors, in particular in the context of Fuchsian groups and, more
in general, negatively curved manifolds see [3, 5, 7, 11, 15, 16, 18, 26]. For a very
brief survey of these generalizations, we refer to the introduction of [8].

In particular, a generalization of Lagrange spectrum was recently defined in [8]
in the context of translation surfaces, which are surfaces obtained by glueing a
finite set of polygons in the plane, identifying pairs of isometric parallel sides by
translations. The simplest example of a translation surface is a flat torus, obtained
by identifying opposite parallel sides of a square. More in general, if we start from
a regular polygon with 2n sides, with n > 4, we obtain a translation surface of
higher genus, for example of genus 2 for the regular octagon. Translation surfaces
carry a flat Euclidean metric apart from finitely many conical singular points and
can equivalently be defined as Riemann surfaces with Abelian differentials (see for
example the survey by Masur [12] or the lecture notes by Viana or Yoccoz [24, 27]).
These surfaces have been object of a great deal of research in the past thirty
years, in connection with the study of interval exchange transformations (IETs),
billiards in rational polygons and the Teichmiiller geodesic flow (see for example
the surveys [12, 24, 27, 28]).

In this paper, we study Lagrange spectra of Veech translation surfaces. These
are special translation surfaces which have many symmetries (the definition is
given in § 2). For instance, the surfaces obtained by glueing regular polygons with
2n sides are all examples of Veech translation surfaces. One of the characterizing
properties of Veech translation surfaces is that the moduli space of their affine
deformations is the unit tangent bundle of a hyperbolic surface, called Teichmiiller
curve (see § 2).
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A saddle connection y on a translation surface S is a geodesic segment for
the flat metric of S starting and ending in a conical singularity and not containing
any other conical singularity in its interior. To each saddle connection y we can
associate a vector in R2, called displacement vector (or holonomy), which can be
obtained developing y to R? and then taking the difference between the final and
initial point of the flat geodesic in R2. In the following, we will often abuse the
notation and say “let v be a saddle connection” when v € R? is the displacement
vector of a saddle connection.

Let v be (the displacement vector of) a saddle connection on S and let 6
be a fixed direction. Then Area(v) is by definition the area of a rectangle with
horizontal and vertical sides which has v as a diagonal. If we identify R? with
the complex plane C and denote by Re(v) and Im(v) the real and imaginary
part of v, we have that Area(v) = |Re(v)| - |Im(v)|. More in general, we will
denote by Area(v, 6) the area of a rectangle which has sides parallel to 6 and its
perpendicular direction 6, and v as a diagonal. That is

Area(v, 0) = |Reg(v)] - | Img (v)],

where Reg(v) := Re(e’?v) and Imy(v) := Re(e'?v) are respectively the real and
imaginary part of the rotated vector ¢’®v € C.

The definition of Lagrange spectrum for a translation surface given in [§8]
reduces, in the case when S is a Veech surface of total area one, to £(S) =
{Ls(0),0 <8 < 2m}, where

1 1
Ls(0):= limsup

= - (12
| Img (v)|—o00 AT€A(V, 0)  liminf| 1y, (v)| 00 Area(v, 6)

One can show (see [8]) that this gives a generalization of the classical Lagrange
spectrum, since it reduces to the classical definition when S is the flat torus T2/ Z2.
The same quantity, in analogy with the classical case, has also a definition of
Diophantine nature in terms of interval exchange transformations (which can be
found in [8]) and also a hyperbolic equivalent definition, analogous to (1.1), which
we will now explain. As we said above, if S is a Veech surface, the space of
its affine deformations is the unit tangent bundle to a non-compact finite-volume
hyperbolic surface X, called Teichmiiller curve, as explained in § 2. The (saddle
connection) systole function S’ > sys.(S’) on T!X is defined as the length of
the shortest saddle connection of the translation surface S’, that is

sySs.c.(S") := min{|v|, v displacement vector of a saddle connection on S'}.

Let (g;); be the geodesic flow on T'X. Then a dynamical estimate of the
asymptotic maximal excursion of the positive orbit (g;(S"))s>0 into the cusps of
T!X is given by

s(8") := liminf sys; . (g:(S")). (1.3)
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This quantity is related to Lg(6) by the following formula, due to Vorobets
(see [25] and also §1.3 of [8]):

2

Ls(0) = m,

where rgS € T!'X is the surface obtained by rotating S by an angle € in the
anticlockwise direction.

A fundamental result on the classical Lagrange spectrum was proven in [6] by
Hall in 1947, who showed that £ contains a positive half-line, i.e. there exists r
such that the interval [r, +00] C £. Any interval with this property is now called a
Hall’s ray. The value of r was later improved by Cusick and others [2] until finally
Freiman in 1973 computed precisely the smallest r with this property, see [4]. Our
main result generalizes the classical result by Hall to any Veech surface. We prove
the following:

Theorem 1.1 (Existence of Hall ray). Let S be a Veech translation surface and
let L(S) be its Lagrange spectrum. Then L(S) contains a Hall ray, that is there
exists r = r(S) > 0 such that

[r(S), +o00] C L(S).

Let us now comment on how our Theorem 1.1 relates to existing results in the
literature. For a special case of Veech surfaces, i.e. square-tiled surfaces, which
are translation surfaces that are covers of the flat torus branched over a single
point (also known as origamis or arithmetic Veech surfaces), the existence of a
Hall ray was proved in [8]. However, the proof was very specific to square-tiled
surfaces. The result in [8] guarantees the existence of a Hall ray for the Lagrange
spectrum of any closed SL(2, R)-invariant locus of translation surfaces containing
a square-tiled surface, see Corollary 1.7 in [8]. In the same way, one deduces
from Theorem 1.1 the stronger result that the Lagrange spectrum of every closed
invariant locus containing a Veech surface has a Hall ray. This leaves open the
natural question whether the existence of a Hall ray can be proved also for invariant
loci which do not contain Veech surfaces (such loci are known to exist by the work
of McMullen [13]).

As we remarked above (see the discussion around (1.3)), the Lagrange spectra
that we consider are related to penetration spectra in the context of hyperbolic
surfaces. More precisely, one can define Lagrange spectra as the penetration
spectra of geodesics into the cusps of a non-compact (finite volume) hyperbolic
surface X. This definition reduces to £(S) when X is the Teichmiiller curve of
a Veech surface S and the penetration is measured by the function 1/ syss.. The
question of existence of a Hall ray in the general context of non-compact (finite
volume) hyperbolic surfaces is currently open and thus our result constitutes a first
step in this direction. On the other hand, Schmidt and Sheingorn proved in [16]
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the existence of a Hall ray for the Markoff spectrum of penetration of geodesics
into the cusps of X, which is a close relative of the Lagrange spectrum itself. One
can show that this result implies the existence of a Hall ray for the set of values

2
sup——, for0 <0 < 2m;. (1.4)
{ b sySs.c.(g1p6S)? }

We stress that such result does not imply that there is a Hall ray for the Lagrange
spectrum £(S). In general, indeed, it is much easier to construct values in the
Markoff spectrum than in the Lagrange spectrum, essentially because in order to
show that a certain value is in the former it is enough to construct a geodesic along
which the supremum in (1.4) is achieved, while for the latter one has to construct
a sequence of times which tends to the given value.

Two different ways of further generalizing Lagrange spectra of hyperbolic
surfaces are to either consider variable curvature or higher dimension. In both
cases there are results in the direction of the existence of Hall rays. However, as we
said above, this problem is still open in dimension 2 even for the case of constant
negative curvature. In a very recent work [10], G. Moreira and S. A. Romaiia
considered the case of surfaces with variable negative curvature. They proved that
the corresponding spectra have non-empty interior, i.e. they contain an interval
(not necessarily a Hall ray) for a generic small C*-perturbation of a hyperbolic
metric on the punctured surface, where k > 2. In the context of hyperbolic
manifolds of negative curvature in dimension » > 3, Paulin and Parkkonen in [15]
showed the existence of Hall rays for the associated Lagrange spectra. Moreover,
they also give a quantitative universal bound on the beginning of the Hall ray.
Unfortunately our methods do not allow us to give quantitative estimates on r(.S)
in Theorem 1.1. It is clear though that such estimates cannot be independent of the
topological complexity of the surface, since as shown in [8] the minimum of £(S)
grows with the genus and the number of singularities (see Lemma 1.3 in [8]).

Our proof follows the scheme of Hall. A crucial point for his proof was the
formula which allows to compute values of the Lagrange spectrum in terms of the
continued fraction entries, that is

LTz(Q) = lim sup [an_l, ap—2, ..., al] +a, + [an+1, an42, .. .], (1.5)

n—>oo

where (a,), are the continued fraction entries of the tangent of the angle 6.
One of our main results is that a similar formula holds for high values in the
spectrum. In our formula, the continued fraction expansion entries are replaced
by cutting sequences of hyperbolic geodesics and in particular by the boundary
expansions invented and studied by Bowen and Series (see [1]). We then exploit
the interplay between the hyperbolic and flat worlds to study areas of a carefully
chosen set of saddle connections which realize high values of the spectrum and
can be calculated in terms of boundary expansions.
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Structure of the paper. The rest of the paper is arranged as follows. In § 2,
we define translation surfaces and Veech surfaces. Moreover, we recall the back-
ground material we need about boundary expansions of hyperbolic geodesics. In
§ 3 we show how one can use boundary expansions and the interplay between hy-
perbolic and flat worlds to compute large values in the Lagrange spectrum £(.5).
In § 4 we define an acceleration of the boundary expansion which still allows to
compute values in the spectrum and prove some bounds on values in terms of the
number of steps of the acceleration. Finally, in § 5, we show the existence of a
Hall’s ray, proving our main Theorem 1.1. The main tool is the formula appearing
in Theorem 5.1, which generalizes the classical (1.5) and enables us to express
values in the Lagrange spectrum £(S) as a sum of Cantor sets and then show the
existence of a Hall’s ray in a similar way than in the classical proof of Hall. Sec-
tion 6 is devoted to the proof of Theorem 5.1, while in § 7 we prove some technical
estimates on the Cantor sets which shows that their sum contains an interval.

2. Background

2.1. Basic notation. Let N = {0, 1, ...} denote the natural numbers. Let C be
the complex plane, which we consider identified with R?. LetHH = {z € C, Im z > 0}
denote the upper half plane and let D = {z € C, |z| < 1} denote the unit disk. We
will use H and D interchangeably, by using the identification €: H — D given by

z—1
z4i’

€(z) = z € H.

Let SL(2, R) be the set of 2 x 2 matrices with real entries and determinant one.
Given A € SL(2,R) and v € R? we denote by Av the linear action of 4 on v. The
group SL(2, R) also acts on H by Mobius transformations (or homographies).
Given G € SL(2, R) we will denote by G * z the action of G on z € H given by

az+b . _f(a b
Z'_)G*Z_cz—i-d’ 1fG—(c d)'

This action of SL(2, R) on H induces an action on the unit tangent bundle 7',
by mapping a unit tangent vector at z to its image under the derivative of G in z,
which is a unit tangent vector at G * z. This action is transitive but not faithful
and its kernel is exactly {+£ Id}, where Id is the identity matrix. Thus, it induces
an isomorphism between 7' and PSL(2,R) = SL(2,R)/{%Id}. Throughout
the paper, we will often write A € PSL(2, R) and denote by A € SL(2, R) the
equivalence class of the matrix 4 in PSL(2, R). Equality between matrices in
PSL(2, R) must be intended as equality as equivalence classes. Finally, let RP!
denote the set of unoriented directions in R?. We will adopt the convention of
identifying a direction in RPP! with the angle 6 chosen so that —% < 6 < Z and
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0 is the angle formed by the direction with the vertical axis measured clockwise.

When we write 8§ € RP! we hence assume that -7 <0<73.

2.2. Translation surfaces and affine deformations. A translation surface is a
collection of polygons P; C R? =~ C with identifications of pairs of parallel sides
so that (1) sides are identified by maps which are restrictions of translations, (2)
every side is identified to some other side and (3) when two sides are identified
the outward pointing normals point in opposite directions. If ~ denotes the
equivalence relation coming from identification of sides then we define the surface
S = |J Pj/ ~. A translation surface inherits from the plane R? a Euclidean flat
metric at all points apart from a finite set X of singularities which is contained
in the vertices of the polygons. A saddle connection is a geodesic for the flat
metric that connects two singularities, not necessarily distinct, and which does not
contain any singularity in its interior. A cylinder is a subset of the surface which
is the image of an isometrically immersed flat cylinder of the form R/wZ x h, for
some numbers w and 4 in R+. Remark that any cylinder is foliated by a collection
of periodic flat geodesics, which for short will be called closed geodesics. One can
show that any closed geodesic comes with a cylinder of parallel closed geodesics.

The group GL™ (2, R) of two by two real matrices with positive determinant
acts naturally on translation surfaces. Given v € GL* (2, R) and a translation
surface S = | J Pj/ ~, denote by vP; C R? the image of P; C R? under the linear
map v. Since v takes pairs of parallel sides to pairs of parallel sides, it preserves
the identifications between the sides of the polygons. The surface obtained by
glueing the corresponding sides of vPy, ..., vP, will be denoted by v - S and can
be thought of as an affine deformation of S. We will consider in particular the
action of the following 1-parameter subgroups of deformations:

(20 and g = (€080 —sinf
=00 2 9= \sinf cosh )

The first deformation, which stretches the horizontal direction and contracts the
vertical, is called Teichmiiller geodesic flow, while the second corresponds simply
to rotating the surface, and hence changing the vertical direction.

Let S and S’ be translation surfaces. Consider a homeomorphism ¥ from S
to S’ which takes the singular points X of S to the singular points X’ of S’ and
is a diffeomorphism outside of X. We can identify the derivative DW, with an
element of GL™ (2, R). We say that W is an affine diffeomorphism if the derivative
D W, does not depend on the point p. We say that S and S’ are affinely equivalent
if there is an affine diffeomorphism W between them. We say that S and S’ are
translation equivalent if they are affinely equivalent with DWW = Id. If S is
given by identifying sides of polygons P; and S’ is given by identifying sides
of polygons P/ then a translation equivalence Y from S to S’ can be given by a
“cutting and pasting” map. That is to say we can subdivide the polygons P; into
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smaller polygons and define a map Y so that the restriction of Y to each of these
smaller polygons is a translation and the image of Y is the collection of polygons
P;. An affine diffeomorphism from S to itself is an affine automorphism. The
collection of affine automorphisms is a group which we denote by Aff(S). We
can realize an affine automorphism of S with derivative v as a composition of an
affine deformation from S to v - § with a translation equivalence, or cutting and
pasting map, from v - S to S.

2.3. Veech translation surfaces and Teichmiiller curves. The Veech homo-
morphism is the homomorphism W > DW from Aff(S) to GL™ (2, R). The im-
age V(S) of this homomorphism lies in SL(2, R) and is called the Veech group
of S. Remark that the elements of the Veech group stabilize the surface S under
the action of SL(2, R). Note that the term Veech group is used by some authors
to refer to the image of the group of affine automorphisms in the projective group
PSL(2,R).

A translation surface S is called a Veech surface (or a lattice surface) if V(S)
is a lattice in SL(2, R). The torus T? = R?/Z? is an example of a lattice surface
whose Veech group is SL(2, Z). Veech more generally proved that all translation
surfaces obtained from regular polygons are Veech surfaces (see [23]). Veech
surfaces satisfy the Veech dichotomy (see [23, 25]) which says that if we consider
a direction 6 then one of the following two possibilities holds: either there is a
saddle connection in direction 8 and the surface decomposes as a finite union of
cylinders each of which is a union of a family of closed geodesics in direction 6
or each trajectory in direction 6 is dense and uniformly distributed.

Let S be a Veech surface. Since its Veech group V(S) is a lattice in SL(2, R)
then X = H/V(S) is a non-compact, finite volume hyperbolic surface, which we
call the Teichmiiller curve of S. We can moreover identify the unit tangent bundle
T'X of X with the affine deformations modulo translation equivalence of the
translation surface S. Finally 7!'ID can be identified with all affine deformations
of S as follows. We first use the identification induced by € between T'D and
T'H and then the one between the latter and PSL(2, R) given by the action of
Mobius transformations. In virtue of this identification, we will often call the
space of SL(2, R) deformations of S its Teichmiiller disk (for more details,' we
refer to [20]). We choose the convention that the center of the hyperbolic disk
represents the surface S and that the vertical direction on S is represented by the
unit tangent vector i. Let us remark that the above identification of 7!'ID with
the Teichmiiller disk induces an isomorphism between 9D and RP!, i.e. the set
of unoriented directions. Given £ in dD we will denote by 6§ = 6(§) the angle
—7<60<Zin R? such that @ is the angle formed by the direction corresponding
to & with the vertical direction, measured clockwise. Reciprocally, for any 8 such
that —7 < 6 < 7 we will denote by § = &(6) the corresponding point in 9D.

! Remark, however, that our conventions are slightly different from those of [20].
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Remark 2.1. The above correspondence is such that for any point £ in dD the
direction & = 6(£) on the translation surface § is such that —% < 6 < 7 and the
lift g% of the geodesic flow to T''D satisfies

lim gf -§ =§&,  where gf = re_lg,rg.
t—>—+00

In particular, the geodesic (g:S)rer converges to the point ezl = (0,1) € 9D,
while (g?S) 1R converges to the point ez 129 ¢ 9D, which, as # changes from
—7 to 7, rotates clockwise from (0, —1) exactly once around 9D.

2.4. Cutting sequences and boundary expansions. For a special class of Fuch-
sian groups, Bowen and Series developed a geometric method of symbolic cod-
ing of points on dD, known as boundary expansions, that allows to represent the
action of a set of suitably chosen generators of the group as a subshift of finite
type. Boundary expansions can be thought of as a geometric generalization of
the continued fraction expansion, which is related to the boundary expansion of
the geodesic flow on the modular surface (see [17] for this connection). We will
now recall two equivalent definitions of the simplest case of boundary expansions,
either as cutting sequences of geodesics on X = H/ T or as itineraries of expand-
ing maps on dD. For more details and a more general treatment we refer to the
expository introduction to boundary expansions given by Series in [19].

Let I' € PSL(2,R) be a Fuchsian group, namely a discrete groups of hy-
perbolic isometries. Since hyperbolic isometries are given by Mobius transfor-
mations, we will identify a hyperbolic isometry with the matrix G € PSL(2, R)
which give the transformation. Assume that I" be a co-finite, non cocompact and
does not contain elliptic elements. Equivalently, assume the quotient X = H/ T
is a smooth, non compact, hyperbolic surface with finite volume. One can see that
I' admits a fundamental domain which is an ideal polygon D in D, that is a hy-
perbolic polygon having finitely many vertices & all lying on dID (see for example
Tukia [22]). We will denote by e the sides of D, which are geodesic arcs with
endpoints in dD. Geodesic sides appear in pairs, i.e. for each e there exists a side
e and an element G of I such that the image G(e) of e by G is e. Let 2d (d > 2)
be the number of sides of of D. Let 4 be a finite alphabet of cardinality d and
label the 2d-sides (d > 2) of D by letters in

A = AgU Ao = {a € Ao} U@, a e Ay

in the following way. Assign to a side e an internal label « and an external one «.
The side ¢ paired with e has « as internal label and « as the external one. We then
see that the pairing given by G(e) = e transports coherently the couple of labels
of the side e onto the couple of labels of the side e. Let us denote by e,, the side of
D whose external label is «. A convenient set of generators for I is given by the
family of isometries G, € PSL(2, R) for o € A, where G, is the isometry which
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sends the side eg onto the side e, and their inverses Gz := G, ! for a € #Ag, such
that G, ! (ey) = eg. Thus, » can be thought as the set of labels of generators, see
Figure 1. It is convenient to define an involution on # which maps & — & and
oo =a.

gl

Figure 1. A hyperbolic fundamental domain, with sides labelling and the action of the
generator G, .

Since D is an ideal polygon, I" is a free group. Hence every element of I' as
a unique representation as a reduced word in the generators, i.e. a word in which
an element is never followed by its inverse. We transport the internal and external
labelling of the sides of D to all its copies in the tessellation by ideal polygons
given by all the images G(D) of D under G € I". We label a side of a copy G(D)
of D with the labels of the side G™!(e) € dD. Remark that this is well defined
since we have assigned an internal and an external label to each side of D, and this
takes into account the fact that every side of a copy G (D) belongs also to another
adjacent copy G'(D). Let y be a hyperbolic geodesic ray, starting from the center
O of the disk and ending at a point & € dD. The cutting sequence of y is the
infinite reduced word obtained by concatenating the exterior labels of the sides of
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the tessellation crossed by y, in the order in which they are crossed. In particular,
if the cutting sequence of y is &g, a1, ..., the i’ crossing along y is from the
region Gy, ... Gy;_, (D) 10 Gy, ... Go, (D) and the sequence of sides crossed is

GoyGay ---Ga,_,(eq,), nelN.

Remark that, since two distinct hyperbolic geodesics meet at most in one point,
a word arising from a cutting sequence is reduced. In other words, hyperbolic
geodesics do not backtrack. More in general, one can associate cutting sequences
to any oriented piece of a hyperbolic geodesics and describe a cross-section of the
geodesic flow in terms of the shift map on boundary expansions (see for example
Series [17]), but we will not need it in this paper.

Let us now explain how to recover cutting sequences of geodesic rays by
itineraries of an expanding map on dD. The action of each G € I' extends by
continuity to an action on dD which will be denoted by £ — G(§). Let Ala] be
the shortest (closed) arc on dD which is cut off by the edge e, of D. Then it is easy
to see from the geometry that the action G4: 9D — 0D associated to the generator
G4, of T sends the complement of A[&] to A[x]. Moreover, if for each @ € A we
denote by £/ and &/, the endpoints of the side e,, with the convention that the right
follows the left moving in clockwise sense on dDD, we have

Go(E)) = £, and Gu(El) = .. 2.1)

o o
/N

~—~
Let A = |, Alo]S 9D, where Afe] denotes the arc A[x] without endpoints.
Define F: A — dD by

o

F&) =G3'(¢). ift eAlal .

Let us call a point £ € dD cuspidal if it is an endpoint of the ideal tessellation
with fundamental domain D, non-cuspidal otherwise. One can see that £ is non-
cuspidal point if and only if F”(£) is defined for any n € IN. One can code a
trajectory {F"(£),n € IN} of a non-cuspidal point & € 0D with its itinerary with
respect to the partition into arcs {A[«],« € 4}, that is by the sequence (&),en,
where o, € A are such that F"(§) € Alway] for any n € IN. We will call such
sequence the boundary expansion of £. Moreover, if 6§ = 6(§) (see Remark 2.1),
in analogy with the continued fraction notation, we will write

0 = [Olo,Oll,...]a.

When we write the above equality or say that £ has boundary expansion («y,),en
we implicitely assume that £ = £(6) is non-cuspidal. One can show that the only
restrictions on letters which can appear in a boundary expansion (o, ),en is that
« cannot be followed by @, that is

Qn+1 #a, foranyn € N. (2.2)



1298 M. Artigiani, L. Marchese, and C. Ulcigrai

We will call this property the no-backtracking condition.? Boundary expansions
can be defined also for cuspidal points (see Remark 4.3) but are unique exactly for
non-cuspidal points. Every sequence in A™ which satisfies the no-backtracking
condition can be realized as a boundary expansion (of a cuspidal or non-cuspidal
point).

We will adopt the following notation. Given a sequence of letters «g, o1, . . , &y,
let us denote by

Alag, a1, ..., 0] = Alao] N F~Y(Afor]) N -+ N F (Al ])

the closure of set of points on dID whose boundary expansion starts with the se-
quence of letters g, @1, . . ., @,. One can see that Ay, . .., a,] is a connected arc
on dD which is non-empty exactly when the sequence satisfies the no-backtracking
condition (2.2). From the definition of F, one can work out that

Alag, a1, ....00) = Gy - .. Go,,_ Alatn]. (2.3)

Thus two such arcs are nested if one sequence contains the other as a beginning.
For any fixed n € IN, the arcs of the form A[ag, a1, . .., ay], where oo, 01, ..., 0ty
vary over all possible sequences of n letters in 4 which satisfy the no-backtracking
condition, will be called an arc of level n. To produce the arcs of level n + 1, each
arc of level n of the form Ao, 1, . .., o] is partitioned into 2d — 1 arcs, each
of which has the form Alwg, @1, ..., 0n+1] for ay+1 € A \ {&,}. Each one of
these arcs corresponds to one of the arcs cut out by the sides of the ideal polygon
Qo1 ..., D and contained in the previous arc Alwg, o1, . .., &y]. One can show
that if 0 = [ag, o1, . ..]5 one has that

£0) = () Gap - - - Gay Altn 41]. (2.4)
nelN

Thus, the cutting sequence of the ray which starts at the origin and ends at a non-
cuspidal & gives the entries of the boundary expansion of 6(§). Notice that the
combinatorial no-backtracking condition (2.2) corresponds to the no-backtracking
geometric phenomenon between hyperbolic geodesics we mentioned earlier.

3. Lagrange values via boundary expansions

In this section we show that one can use boundary expansions to study Lagrange
spectra of Veech translation surfaces. From now on, let S be a fixed Veech
translation surface and let £ := £(S) denote its Lagrange spectrum.

2 See the very end of this section for the reason for the choice of this name
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3.1. Boundary expansions for Veech surfaces. Let us consider a subgroup I'
of finite index in the Veech group V() that has no torsion elements, i.e. such that
it does not contain elliptic elements. Then I" admits a fundamental domain for the
action on D which is an ideal polygon D, that is an hyperbolic polygon having
finitely many vertices &1, ..., &,4 all lying on dD, see [22]. The domain D is a
finite cover of a fundamental domain for V(S) and hence the induced tessellation
of the hyperbolic plane has tiles which are finite union of the original tiles. We
will now use the tessellation given by D to code geodesics on D and to study flat
geodesics on S. Let us stress that we do not pass to a finite cover of the surface S,
which is fixed and has V(S) as its Veech group. We simply code geodesics in D
according to a tessellation of the disk that is more suited to our purposes than the
one we would obtain from V(S).

Remark 3.1. One can obtain an ideal polygon D in a canonical way, which is
related to the flat geometry of the lattice surface S. We recall that the spine I1
of a translation surface is the subset of D formed by the (isometry equivalence
classes? of) surfaces which are affinely isomorphic to S and that have two non-
parallel minimal length saddle connections. Then I is a deformation retract of
D (see [21]) and hence it is simply connected, which implies that II is a tree.
Its vertices are the surfaces with at least three, pairwise non-parallel, minimal
length saddle connections. If we consider the tessellation dual to IT, we obtain
a tessellation of the hyperbolic disk into ideal polygons. The spine is invariant
under the action of the Veech group V'(.5) but the tiles in the dual tessellation are
permuted under its action. Since all non-identity elements of V() that fix a tile
have to have finite order, we can quotient the Veech group to get a torsion-free
group I" (that amounts to glueing some tiles of the tessellation together to obtain
the ideal polygon domain D).

From now on, we suppose that we have fixed a choice of a domain D, which is
an ideal polygon with 2d sides. As before, we will let Ay denote an alphabet with
d symbols and let A = Ay U sy. For each @ € #4 we choose a fixed representative
Gy € SL(2, R) of the generator G, € I' C PSL(2, R). Thanks to the identification
of the Teichmiiller disk of S and T'D described in the previous section, we can
use the boundary expansions to code affine deformations of the surface S itself.

3.2. Wedges associated to boundary expansions. In this section, we first show
how to associate to the boundary expansion a collection of saddle connections,
which are obtained acting by the linear action associated to boundary expansions
on d pairs of displacement vectors of saddle connections, that we call wedges. We

3We say that S and S’ are isometric if they are affinely equivalent by an affine map
v : S — S with D& € O(2). The property of belonging to the spine is clearly invariant
by isometry, so it is well defined on isometry classes of surfaces affinely isomorphic to S, which
are in one to one correspondence to points in D, see for example [20].
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show that, in order to evaluate large values of the Lagrange spectrum, it is enough
to know the areas of these collection of saddle connections. We will then show in
§ 6 that these areas can be expressed by a convenient formula.

For any vertex &;, 1 < i < 2d of D consider the corresponding direction
6; := 6(§&;) on the translation surface S, see Remark 2.1. It is well known (see for
example [9]) that since &; corresponds to a cusp of D/ T, 6; is a parabolic direction
on the Veech surface S and hence the surface S has a cylinder decomposition in
direction 6;. Let D be the collection of all displacement vectors of all saddle
connections which belong to the boundaries of the cylinders of the cylinder
decompositions in directions 6;, for 1 < i < 2d. This finite set of saddle
connections generates all other saddle connections, in the sense that for any saddle
connection u on S there exists a saddle connection v € D and a reduced word
g € I in the generators such that u is the image of v under the linear action of g
onsS.

In order to analyze small areas of saddle connections, it is enough to consider
a smaller set of saddle connections. Namely, for each cylinder decomposition, we
pick only the shortest saddle connection which belongs to the cylinders bound-
aries. It is convenient to pair these saddle connections in wedges as follows. Recall
that, for each side e, in D labeled by a € A, we call £, and £ the left and right
endpoint of e,. Let 6, and 67, the the corresponding pair of parabolic directions.

Definition 3.2 (Basic wedges). For any a € w4, let v, and v/, be the displacement
vectors of the shortest saddle connections in the directions 6 and 6}, respectively.
We will call wedge and denote by W, the basis of R? formed by the ordered pair
of displacement vectors (v, v.). We will identify v’, v., with the correspond-
ing column vectors which have as entries the coordinates (Re(v},), Im(v})) and
(Re(vl), Im(v’)) with respect to the standard base of R2. We will often abuse the
notation and denote by W, also the matrix in GL(2, R) that has as columns the

two vectors (v, vl), that is

W, — (Re(v;) Re(vé,)) _ a1

Im(v]) Im(v))

Remark that v’} is the first vector and v, is the second of the basis in order
to give it positive orientation, consistently with the orientation of dD. If v is
a displacement vector for some saddle connection on S then —v also is one.
Hence we define —W, as the wedge formed by the vectors —v’, and —v’,. Modulo
replacing S by some element in its SL(2, R)-orbit, we assume that all the W, are
in the upper half-plane R x R ;. and all the —W,, are in the lower half-plane R xR_.

We want to use the boundary expansion of directions in dD to obtain a way
of approximating directions in RIP! with the directions of a sequence of wedges
(see Lemma 3.3 below). For o € A the generators G, of I' act linearly on R? as
elements of SL(2, R). For any « in # consider the cone Wy, in R? spanned by W,,



The Lagrange spectrum of a Veech surface has a Hall ray 1301
that is the set of vectors
v = +(av’, 4+ bvl), witha > 0and b > 0.

Let U, be the complement of Wg, namely R? \ Wg, which is of also a cone in R2.
By definition of the boundary expansion, we have

GoUy =W,, forany e,

as shown in Figure 2.

Wa

W

Figure 2. On the left, the cones W, Uy and Wg.. On the right, the image under G, of Uy
and Wg.

Consider a direction 6 corresponding to a point £(6) in dID which is not a cusp
and let (¢, )new be the cutting sequence given by the boundary expansion, where
ay, € A for any n. Define a sequence of wedges We(") setting

) .
w© .= w,,
{ 0 o (3.2)

W = Gay...Gap W, 1 €N

Write WG(") = (", vl(")} and denote by 6(v™) and 0(1)1(")) the directions in
RP! of the displacement vectors v" and vl(”) respectively. We say that a saddle

connection v is in the wedge We(") ifv = vf") l(")

or v = v, ~ and moreover that a
direction 1 belongs to a wedge (vf"), vl(")) if 0(1)5")) <n< 9(vl(")).
For any n let W,, be the cone spanned by the wedge We("), that is the set of

vectors of the form
v =+(@v®™ + bvl(")), with a, b > 0.

Observe that the cones W, are nested, that is we have W, C ‘W, for any n. The
same does not necessarily holds for the wedges We("), but this is not a problem,
since we are interested only in the directions 6(v l(")) and 6(v™) of the vectors v{™
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and vl(”) in RIP! which converge monotonously to the direction § € RIP!. More

precisely, by definition of the wedges We(") and by the properties of the boundary
expansion, one can prove the following.

Lemma 3.3. For any 0, the wedges We(") = (vﬁ"), vl(")) and the associated cones

W,, are such that
(1) The cones W,, are nested and all contain 0, that is, for any n € IN we have
T

—2 < 00) = 00 Y) <6 < 00(") < 60") <

(2) The cones W, shrink to 0, i.e. the directions 0(1)1(")) and 9(1)5")) both con-
verge to 0 as n grows.

3.3. Boundary expansion detects large values of the spectrum. We will now
show (see Theorem 3.4 below), that the areas of the saddle connections in the
wedges defined in the previous section allow to compute large values of the
spectrum. Let us first introduce some notation. Let Dy be the set of displacement

vectors v’, or v, appearing in the wedges W, for o € +A, namely

Do = {v.a € A} = {v],a € A}

For n > 1 let D, be the set of u in R? of the form u = Gg, -..Gq,v, where
a1,...0, is any sequence of letters in 4 satisfying the no-backtracking condi-
tion (2.2) and v € Dy. Remark that D, is exactly the set of displacement vectors

of saddle connections which can appear in a wedge of the form We(") () for some
0. For any n > 0 set
M, := max{|v|,v € D,}, (3.3)

where |v| denotes the Euclidean length of a vector v in R2.
Theorem 3.4. For any Veech surface S there exists a constant Lo = Lo(S) > 0
such that for any 6 such that L(60) > Lo we have
1
lim inf, - o Area(We(")) ’

L) =

where
Area(W\™) = min{Area(v(", §), Area(v'", 8)}

and (We("))ne]N is the sequence of wedges We(") = (", vl(")) associated to 0.

Moreover, we can take
4MyM,

c(8)2’
where c(S) is the constant defined below in Lemma 3.5 and My, M1 are defined
by (3.3).

Lo(S) =
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We will actually show in the next section that one can define an acceleration
of the boundary expansion map (see § 4) so that the corresponding subsequence
of wedges still allows to compute large values of the spectrum (see Theorem 4.6).
The rest of this section is devoted to the proof of Theorem 3.4. The proof is based
on the following two lemmas.

Lemma 3.5. Fora Veech surface S there exists a positive constant ¢ = c(S) such
that if o and y are two saddle connections of lengths |o| and |y | in directions 6(o)
and 0(y) respectively, then we have
¢
10(y) —0(0)| > :
vl -lol

Proof. Since § is a Veech surface, then there exists a constant M > 1 such that
if y and y’ are closed geodesics or saddle connections in the same direction, then
we have |y| < M|y’| and |y’| < M|y|. Moreover there exists a constant a > 0
such that the family of closed geodesics parallel to any given saddle connection
y spans a cylinder C with Area(C) > a. Let C), and C, be cylinders in the two
directions 6(y) and 6(o) of the two saddle connections y and o. If we replace C,,
and C, by parallel cylinders C,, and C,s with core curves the closed curves o’, y’
parallel to o and y respectively, we can assume that C,» and C,s have non empty
intersection. Since cylinders have area bigger than a then the width of C,/ is at
leasta/|y’|. Since y’ and ¢’ are not parallel (they intersect since by assumption the
corresponding cylinders intersect), than ¢’ is not contained in C,-, see Figure 3.
It follows that

. a
lo’| - [sin(B(a) — O(y))| > 7
and therefore

16(c) — 6(»)| > [sin(B(c) — 0(»))| > L

a1 _a
vlol = M2yl o]

Figure 3. The two cylinders C,s and Cy-.
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The following Lemma provides a useful way to bound areas of saddle con-
nections. Fix a direction 6 and consider the sequence of wedges We(”) defined by
Equation (3.2). The area of a displacement vector v of S can be estimated in terms
of the position of v with respect to the wedges We("). More precisely, we have the
following.

Lemma 3.6. Fixadirection 0 and consider the sequence (We(")) nel associated to
0 by the boundary expansion. Suppose that v is a displacement vector in direction
0(v) and consider integers n and N such that either

(™) < O(v) < BTV < 4, (3.4)
or
0 < 00" ™M) <o) <o0™). (3.5)
Then we have that 5
(S
Area(v, 0) > &
AMoMy

Proof. Let us assume that 6(v{™) < 6(v) < 6" ™) < 6. The proof of the
other case is analogous. Let 8, denote the direction orthogonal to 8. Remark that,

since all sides of D have at most angular amplitude 7, the wedge We("), which is
contained in We(o), has angular amplitude at most 77 /2. Hence, since 8 belongs to
the wedge We(”), 6, cannot belong to the same wedge WG(”), thus

6, <0W™) <b(v) = |6()—0.] > |0(™)—6y]. (3.6)

Let 6 = [@o.....0p,...]5and let G := G, ! ...G, be the element of T such
that G We(") = W,, . Letus renormalize by applying the element G, thatis consider

the saddle connections v’ := Gv, vg := Gv™, vy 1= Gv "™ and let us denote
respectively by 6(v), 6(vg) and O(vy) their directions. Let us now show that
6(v’) is bounded away from the directions ¢, 6 defined by tan¢’ = G * tan 6
and tanf| = G * tan 6. In other words, 6’ and 0’ are directions of lines which
are image of lines in direction 6 and 6, under G.

Since G preserves the order of points on dD and hence the order of the
corresponding directions, it follows from (3.4) and (3.6) that

0 < 0(vg) < O(V) < H(vn) < €',
which implies

0= 0()| = |0(vn) —0()] and |0(") = 01| = [0(v') — O(vo)|. (3.7)
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Recall that Area(v, 0) is the area of a rectangle R with sides in directions 6 and
0, and v as a diagonal. Since G acts linearly and preserves areas, Area(v, 6)
is also the area of the parallelogram G - R which has v’ as diagonal and sides
in directions 6" and 6. One can see that this area is bounded below as long
as the angles [0(v') — 0’| and |6(v") — 0’ | formed by the diagonal v’ with the
sides of the parallelogram are bounded below. Indeed, calculating the area of
the parallelogram by the formula which gives the area of a triangle with a side of
length s adjacent to angles v, ¢ as (|s|? sin ¥ sin ¢) /2(sin(/2—1 —¢), and using
the trivial inequalities % < |sin(x)| < 1 we get that

[v')?(sin(@” — O(v")) sin(O(v") — ")
sin(Z — 0’ —6))

- W'216" = 0| - |8(v') — 6|

> Z .

Thus, by (3.7), using Lemma 3.5 and recalling the definition of the constants M,
My in (3.3), we get

Area(v,0) =

W' [210(vw) — ()] - |8(v') — O(vo)|
4

Area(v, 0) >

c(S)2'|?
= 4oy [[v/|[vol|v'|
o e(8)?
4oy ||vol
O
~ 4AMN M,

We can now use Lemmas 3.5 and 3.6 to prove Theorem 3.4.

Proof of Theorem 3.4. Set Lo := 4MyM,/c?(S) where ¢(S) is the constant in
Lemma 3.5 and My, M; are defined by (3.3). Let 6 be such that L(6) > Lo and
let (We("))ne]N be the sequence of associated wedges. Let us remark first that we
always have that 1/L(6) < liminf, s Area(We(”), ), since 1/L(0) is computed
considering the liminf on a larger set of saddle connections then the ones which
belong to the wedges We(”). Thus it is enough to prove the converse inequality.
Let (v )ren be a sequence of saddle connections such that (Area(vg, 0))ren
converges to 1/L(6) as Img(vi) grows. We are going to show that there exists k

such that each v with k > k belongs to We("") for some ny € IN, so that we also
have that

1
% = likn_l)ioréf Area(vg, 0) > likn_l)i;f Area(We(nk)’ 9) > li,,n_l,io%f Area(We(”), 0).
k>k
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Since Img (vg) — +o00, and displacement vectors of saddle connections form
a discrete set, we must have that Reg(vy) — 0. Thus the directions of all

vg, with k sufficiently large, belong to the initial wedge We(o). According to

Lemma 3.6, if v; was neither equal to vf") nor to vl(") for some n, we would have

Area(vg,0) > 1/Lg. Since Area(vg,0) — 1/L(0) and L(0) > Ly, this is not
possible. Hence vy is in some wedge Wn(,(j) for some ny € IN. This concludes the
proof.

o

4. The cusp acceleration of the boundary expansion

We now define an acceleration of the boundary expansion. The acceleration is
obtained by grouping together all steps which correspond to excursions in the
same cusp, in a similar way to how the Gauss map is obtained from the Farey map
in the theory of classical continued fractions expansions. One can show that it is
sufficient to consider accelerated times to compute large values of the spectrum
(see Theorem 4.6) and that one can bound areas of saddle connections in terms of
the number of steps in the acceleration (see Proposition 4.7).

4.1. Cuspidal words and cuspidal sequences. We first describe sequences that
can taken to be boundary expansions of the ideal vertices of D.

Definition 4.1. A left cuspidal word (respectively a right cuspidal word) is a word
Qo - . . o in the alphabet 4 which satisfies the no-backtracking condition (2.2) and
such that the k + 1 arcs

Alao], Alao, 1], ..., Alao,...,ox—1], Alco,..., k]

all share as a common left endpoint the left endpoint Eéo of Afao] (respectively
as right endpoint the right endpoint &, of Alao]), see Figure 4. We simply write
that g . . . is a cuspidal word when left or right is not specified. We say that
a sequence (o )nen is a cuspidal sequence if any word of the form «y . ..« for
n € NN is a cuspidal word and that it is eventually cuspidal if there exists k € IN
such that (o, 1 )nen is a cuspidal sequence.

Equivalently, oy ... is a left (right) cuspidal word exactly when the arc
Alag, ..., o] C dD has a vertex of D as its left (respectively right) endpoint.
In § 4.3 we show that all cuspidal sequences are periodic (see Lemma 4.9) and we
give an explicit combinatorial description of cuspidal words (see Lemma 4.8).



The Lagrange spectrum of a Veech surface has a Hall ray 1307

Gao (eal)

Figure 4. A left cuspidal word g . . . .

Remark 4.2. Remark that given an ideal vertex £, there is a unique left (right)
cuspidal word of length k + 1 such that the arc Alay, ..., o] has & as left (right)
endpoint. Indeed, such word can be obtained as follows. Let «g be such that Afo]
has ¢ as its left (right) endpoint. Forany 0 < i < k, the arc A[wo, ..., a;] of level i
is subdivided at level i + 1 into 2d — 1 arcs of level i 4+ 1 and A|«y, . . ., o;+1] is the
unique one which contains the left (respectively right) endpoint of Alwy, . .., o;].

Remark 4.3. Boundary expansions can be defined for all points in the boundary
dD (and not only non-cuspidal points) as follows. Cuspidal sequences can be
taken by definition to be boundary expansions of vertices of the ideal polygon D.
More precisely, if & is the left endpoint of e, and the right endpoint of eg, that is
E=¢ = Eg, then £ has exactly two boundary expansions which are respectively
given by the unique left boundary expansion starting with o and the unique right
boundary expansion starting with 8. Similarly, eventually cuspidal sequences can
be taken to be boundary expansions of cuspidal points.

4.2. Definition and properties of the cusp acceleration. Let us now define the
cusp acceleration.

Definition 4.4. Let 0 = [og,...,0n,...]; and let (We(”)),,e]N be the sequence
of wedges associated to 6. The sequence of accelerated times is the sequence
(nx)rew on integers ny defined as follows:

no :=0, Ng+1 = min{n > ny such that o, ..., is not a cuspidal word}.

The wedges which are associated to 6 by the cusp acceleration are the subsequence

w () ren of the wedges (W () nen associated to € corresponding to accelerated
9 g 9 p g
times.
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By construction, the integers (1 )ren provide a decomposition of words into
maximal cuspidal words, that is, for each k € N, oy, ...y, -1 is a cuspidal
word and is the largest cuspidal word in a,, , o) +1,... which starts with oy, .
We remark that ny 4 can be equal to ny + 1, i.e. maximal cuspidal words in the
decomposition may have length one.

A description of the acceleration times in terms of wedges is given by the
following Lemma, which shows that the acceleration groups together exactly all
steps in which one of the two displacement vectors in the wedges does not change.

Lemma4.5. Let0 = [og, ..., 0n,...]5and (W(;"))ne]N be the sequence of wedges
associated to 6 by the boundary expansion. Call (ny)ren the sequence of accel-
erated times. Then, for any time k € IN, exactly one of the following holds:

vf”) = vﬁ”k), forallny <n < ngyq, and 9(v£nk+l)) % 9(1)5”")), 4.1
vl(”) = vl(""), forallng <n < ngyy, and 9(vl(nk+1)) + 9(1)1("")). 4.2)

More precisely, if ay, ...0n, ., is a right cuspidal word, then (4.1) holds, and if
Opy - - - Oy, 18 a left cuspidal word, then (4.2) holds.

Proof. By definition of accelerated times, oy, ..., -1 is a maximal cuspidal
word. Let us show that if it is a right cuspidal word then (4.1) holds. Let us

first remark that if we prove the equalities in (4.1), namely vf") = vﬁ"") for all

ng < n < ngy,, then the inequality 0(v£nk+1)) # 0™ in (4.1) follows from
maximality, since if it failed then we would have E,l,k = ... = éflkH_l = E,l,k "

and oy ... 0tyy —10, ., Would also be cuspidal, contradicting the definition of
ng+1. Let us now show that it is enough to prove that

v =0v®  for0 <n <n, (4.3)

that is to prove the equalities in (4.1) for the case k = 0, recalling that ny = 0.
Consider the element Gy := Gy, - .. Ga,, _, and apply G;’' to the wedges We(")

with n > ng, to obtain the wedges

GE'W)" = Gay _, -+ Gag)Gao - Gy We

1

4.4)
= Gank Gwnk+1 .Gy We,, n > ng.

Thus, since Gy is invertible and hence acts bijectively on R?, to prove that
v = v®) for some n > ng it is enough to prove that the vector G,:lvy')
in (4.4) is equal to Gk_lvﬁn") = v, - Remark now that F acts as a shift on
boundary expansions, so that F""* () = [otn;, Qng+1.-..]5. So, thnk and the

wedges in (4.4) are the wedges (W}(Jf,’,)( (9))E]N associated to F"** (9) by the boundary
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expansion. Hence, by replacing 6 with F"%(8), one reduces to proving (4.3). Fix
now 0 < n < ny. Since

W = Gay - .. Gayyy Way

vﬁ") is the image by a linear map of the right vector v, in Wy, , that by definition

is the shortest vector in direction 6 (v, ). It follows that vﬁ") is the shortest vector

in direction 0(v§")). On the other hand, since «y, ..., oy, is a right cuspidal word,

by Definition 4.1 we have that §;, = & and hence also e(vi")) = 6(050)). Thus,
since by definition vﬁo) is the shortest displacement vector in direction 0(v§0)), by
uniqueness of the shortest displacement vector of a saddle connection in direction
6(1)5")) = 6(050)), we must have vﬁ”) = vﬁo). This concludes the proof of (4.1).

The case of a left cuspidal word leads to (4.2) and is proved analogously. O

One can show that accelerated times are sufficient to evaluate large values of
the spectrum.

Theorem 4.6. Let S be a Veech surface and assume that 0 is such that
L(0) > 4MoM,/c(S)>.

Let (We("")) ren be the corresponding sequence of wedges at the accelerated times
introduced in Definition 4.4. Then, denoting as before

Area(Wg("")) = min{Area(v"©, 9), Area(vl(""), 0)},

we have |

L(0) = . i)y *
liminfy_, o, Area(W,"*’)

We do not include the proof of this result since we will not use it. The proof
can be easily deduced by the estimates in the following Lemma, that we will use
in the proof of the existence of the Hall ray.

Proposition 4.7. Let (We("))ne]N be the sequence of wedges associated to a direc-
tion 0 and let (ny)ren be the sequence of accelerated times. Let ¢ = ¢(S) be as in
Lemma 3.5 and let Ny := ny.1 —ny be the lengths of the the k™ maximal cuspidal
word. For any k € N, either (4.1) holds, in which case we have

2
Area(v®, 0) = Area(v ¥, 0) > ci’ <n< , 4.5
(vr ) (vr ) 4M0MNk+2 for ng =n Nk4+1 ( )
and
2

Area@"™ ) > —
! AMoMpy, _,+3

(4.6a)
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2

AMoMy’
2

4MOMNk+1 +2 ’

Area(vl(”), 0) > forng <n <ngpq—1, (4.6b)

Area(v"™ 17V 6) > (4.6¢)

or (4.2) holds, in which case the same inequalities hold with the role of r and |
exchanged.

Proof. Fix k € IN. By Lemma 4.5, either (4.1) or (4.2) hold. Let us assume
that (4.1) holds and prove the inequalities (4.5) and (4.6). The case when (4.2)

holds is analogous. Remark that, since for any n the wedges WG(”) and WG("H)
differ by at least one vector, by (4.1) for any ny <n < ng4+; — 1 we have

o) <™y < oY), 4.7

while one could have that 0(vl("k+‘_1)) = 0(vl("k+‘)). The inequality (4.6b) for
ng < n < ng4+1— 1 hence follows immediately from (4.7) by applying Lemma 3.6

with N = 2. In order to prove (4.5), observe first that by (4.1) v = v for
ng <n < ng41. We claim that we have

H) < o™y < AV, 4.8)

From (4.8), applying Lemma 3.6 withn = ny —2and N = Ny + 2 = ng4q —
(nx — 2), we immediately get (4.5). We are hence left to prove (4.8): the last
inequality is part of (4.1), while the first inequality follows by remarking that

we cannot have (v ) = 9™ V) = 9("*) since this would contradict
the definition of n;. More in detail, if #(v"* V) < ") then H(v " ) <
(V) < (") and we are done. If §("* V) = (v ") then (4.1) does
not hold for k — 1. Thus (4.2) for k — 1 yields 8(v"* ) = 6(v"* ") and so
0o ~2) < (™).

Finally, we obtain the bounds in (4.6a) and in (4.6¢) by applying twice
Lemma 3.6 to the inequalities

0(v" 1 7?) < 0(v"™) < 9" D)
and

B < 6"V < h ),

which can be proved reasoning as above and using the definition ny_1, nx4+; and
Np+2. U
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4.3. Combinatorial description of cuspidal words. In this section we give a
combinatorial descriptions of cuspidal words.

Lemma 4.8. Assume that ag, a1, . . ., o which satisfies the no-backtracking con-
dition (2.2).
The word apoy . . . oy is a left cuspidal word if and only if

b0, = Gay (6, ), JorO<i<k—L 4.9)
Similarly, ooy . ..oy is a right cuspidal word if and only if

&, = Ga (€, ), Jor0<isk—1. (4.10)
Proof. Assume that «y, ..., o satisfy the no-backtracking condition (2.2). For

1 <i <k, wewrite Alag, ...,a;] = Gg ... Gy, Ala;]. Then, by Definition 4.1,
we know that «g . . . oy is a left cuspidal word if and only if, forany 0 <i <k —1,
the pair of arcs

Alag, ...,a;] and Alwo,...,di+1],

share a common left endpoint. Thus, applying (Gg,, - .. G4,_,) !, we see that this
equivalently means that for every 0 < i < k the pair of arcs

Alei] = (Gag - - - Gy ) " Alos - . ., 4]
and
Gy Aldit1]) = (Gag - - - Gay_) " Alao, . .., i 41]

share an endpoint. In particular, since the left endpoints of A[w;] and Ale;41]
are respectively Eéi and Séi " and since a;41 # &;, we see that Go, maps left
endpoints of arcs to left endpoints of arcs. Thus «y, . . . @ is a left parabolic word
if and only if (4.9) holds. The proof for right cuspidal words is analogous. O

We now show that cuspidal sequences are simply obtained by repeating peri-
odically words which correspond to parabolic elements.

Lemma 4.9. Given any cuspidal sequence (o )nen there exists an integer k > 0
such that the following conditions hold.

(1) The group element G = Gg, ...Gy,_, € I' associated to aq . ..oy is a
parabolic linear transformation. If (ay)nen is right cuspidal, G fixes the

vector vy, in direction 0(vg, ) = G(Uék_l), while if it is left cuspidal G fixes

v(lx0 in direction Q(Uéo) = 0(v;k_1).
(2) The infinite cuspidal word apay ..., . .. is obtained by repeating periodi-
cally the word oy . . . a1, that is, using the notation n mod k for the remain-

der of the division of n by k, we can write

On = Oy mod k foralln € N.
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Notation 4.10. Given a cuspidal sequence (ay)nen, We will say that k given
by Lemma 4.9 is the period of the cuspidal sequence and that «y, ..., o is the
parabolic word associated to (o )pen-

Proof. Let us assume that (o, ),en is left cuspidal. The other case is analogous.
Let & € IN be the smallest integer such that oy = ap. Since the word arg . . . ot —1 0t
coincide by assumption with the initial word «y . . . g —1 g of (ay)sen and hence
it is cuspidal, it follows from Lemma 4.8 that

£ =Go (L, ). for0<i<k-2, (4.11a)

xiy = Gay_, (EL,). (4.11b)

Qk—1
Let us consider G = Gg, ... Gy, _, € T'. It follows from (4.11) that G fixes

the point E‘fm in 0D and hence the direction G(U‘QO), since véo is by definition a

vector the direction Q(Eéo) which correspond to Eéo. Since vfxo is the shortest
displacement vector in direction 6(v’, ,)» linear maps send the shortest vector in
a given direction to the shortest vector in the image direction and G fixes the

et Iy o : 1y _
direction 0(&,,), it follows that Gv,, = v,,. Finally, to show that 0(vy,) =

0(vy, ), remark that, by using G, (€, ) = €. _in (4.11) and (2.1), we get

§a0 = Gy (6ay) = G (6ay)) = i
Thus part (1) of the Lemma is proved. To show part (2), let us remark that by (2.3)
the element G defined above is such that

GAlao] = Ggq - .. Goy_, Alto] = Alao, ..., ax—1, o).

Moreover, since oy, . .., ®x—1 is a cuspidal word, by Definition 4.1 we know that
Alao, ..., ;] all share a common endpoint for 0 < i < k. Thus it follows that
also

GAlw,...,a;] = Alag, ..., dg—1,00,...,0;], 0<i<k

all share the same endpoint, which is the same endpoint of Aay, ..., 0r_1, ®g].
Thus also the word «q, ..., 01,0, ...,2r—1 is left cuspidal. Since there is
a unique left cuspidal word starting with oo (see Remark 4.2), it follows that
On = Oy modk for all k < m < 2k. Using this argument with powers G' of
G, one can prove by induction on / the desired conclusion. |

Remark 4.11. If G, = G5 ! is a parabolic generator of T, the two sides eq, e
share a common vertex, say § = &) = éé. In this case

Galtg) = & = & = Ga(&})
and the length-one words « and & identify a cusp with fixed parabolic direction
0(vé) = 0(v}). More in general, the cusps of D/ I" are in bijection with the set of
parabolic words, modulo the operations of cyclical permutation of the entries and
inversion aq ... — 0k ...0g.
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5. Existence of a Hall’s ray

In this section we prove our main result, Theorem 1.1, that is the existence of a
Hall ray for any Veech surface. We first state and explain two results which are
needed in the proof. The first one is a formula for areas of wedges using the
boundary expansions (see Theorem 5.1 and Corollary 5.2), which has a similar
form to the formula (1.5) for values of the classical Lagrange spectrum in terms
of the continued fraction entries. This formula allows to express large values in
the spectrum as a sum of two Cantor sets. A result proved in the original paper
by Hall is that, under a technical condition, the sum of two Cantor sets contains
an interval. The second result needed (Proposition 5.3) is that this condition is
satisfied for the Cantor sets given by the formula in Theorem 5.1. After stating
these two results, respectively in § 5.1 and § 5.2, we present in § 5.3 the arguments
which allow to construct the Hall’s ray and hence prove Theorem 1.1.

5.1. A formula for areas of wedges. In order to state the formula for areas of
wedges, we need to introduce some notation. Recall that we write A € PSL(2, R)
to denote the equivalence class in PSL(2, R) of a matrix 4 € SL(2, R). Consider
the matrices G, € PSL(2,R), o € 4, introduced in § 2.4 as generators of I" and
recall that we use the symbol W, for the matrix

W — (Re(v:,) Re(vé)) |

Im(vy) Im(v})
For any fixed letter & € 4, define the family of matrices
AG = W 'Go) Gg W' Go) ™' = W GoGpG L' W BeA (5.1

We will also need a second family of matrices. If A7 as usual denotes the transpose
matrix of A4, set

B == (RW,) G (RWD)™' = RW]GE(W)T'R, B e, (5.2)

where R = (9}). Let us now define two continued fractions based on these
two families of matrices as follows. Recall that we denote by x — A x x the
action of A on R by Mobius transformations. Let o be a letter in the alphabet
A and assume o, og, 01, . . . , 05 Satisfies the no-backtracking condition (2.2). The
(finite) a-forward continued fraction associated to the word apo; . . . o i
[, 1. ... ol i= AG AS . AL (W GaWa,) * co. (5.3)

oo o

Similarly, the (finite) a-backwards continued fraction associated to the word
oo .. .0 iS

[o. o1 ...,y == BS BE, ... BS (RW,] (WL)™'R) * 0. (5.4)

ap T aq
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We will show in the next section (see Lemma 6.3) that, having fixed an infinite
word (o, )nen such that g # @, both the previous expressions converge as n tends
to infinity. Hence the following quantities, which will be called respectively the
(infinite) a-forward and a-backward continued fractions with entries (o, )ne, are
well defined:

[ao,al,...,an,...]; = lim [ao,al,...,an]‘j,
n—->oo
[@o. 01,y . ]y = nli)n;o[ao’al""’“”]o_t'

We can now state the formula which expresses areas of saddle connections in the
wedges using a-backward and forward continued fractions.

Theorem 5.1 (Continued fraction formula). Let (an)nen be the boundary expan-
sion of a direction 0. Given two sequences of numbers x, and y,, let us write
Xn ~ Yn if |Xn — yn| = 0 as n — oco. We have

1 1
Area(v™, )  det(W,

)([Oln—l, ) O AR R AR S M B

1 1 1 1
Area(v™ 6)  det(Wa )<[Oln—1 ce oy, " [Cnt1, @ 1+ )
) n ’ ’ o n+1,®n42, ... lay,

The proof of Theorem 5.1 is given in § 6, where we also deduce the following
Corollary.

Corollary 5.2. Let (o) be the boundary expansion of a direction 0. For any
o € A, there exists jtg > 0 such that the following holds. Let ayy ...y,—1 be the
unique right cuspidal word which starts with a. Assume that there are arbitrarily
large n such that

Op = Q,0p+1 = Y15+, Unt+p—1 = Vp—1,0n+p = .
For such times* we have
1 1
Area(v™, 0) " det(Wa)

([n—1. ... coly + Mo + [Cnspt1. Cntpsa .. ]5).

Remark that this formula is very similar to the classical formula (1.5), in the
sense that it is the sum of a term which depends only on the past of the symbolic
coding and a term which depend only on the future. Moreover, the constant pi, in
the statement is the shear of the parabolic matrix given at point (3) of Lemma 6.2.

4Since we require the extra condition &, , = «, that is the finite word &, . . . &, + , is part
of a bigger cuspidal word, we are looking at areas of wedges at instants which do not necessarily
coincide with the instants of the parabolic acceleration.
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5.2. Sums of Cantor sets. The formula in the previous section, as in the classical
case, allows to express large values in the spectrum as sum of the following two
Cantor sets. Let us now fix an arbitrary positive integer N. We call Ky the set of
all sequences (o, )nenw Which satisfy the no-backtracking condition (2.2) and do
not contain any cuspidal word of length N. Fix a letter & € + and call X% the
subset of sequences (o, )new € Ky whose first letter g # &. We introduce the
following subsets of the real line

Ky o = {loo. 1. tn. ... 15, with (@n)ner € KK}
KE,(X = {[ﬁ()’ 181’ .. '7,8n’ . ]‘;, Wlth (ﬁn)ne]N E JC‘IIV}

One can show that actually ]Ki C RT = [0, o) (see Lemma 6.2, part (5)). We
will show in § 7 that ]K » and ]K N.o are Cantor sets. The final ingredient we need
for the proof of the ex1stence of the Hall ray is the following Proposition, which
will be proved in § 7.

Proposition 5.3. For any o € A and any > 0 there exists a positive integer N
such that the sum of the Cantor sets ]Kj{, o and Iy, is an interval of size at least
W, that is, if m*, M* denote respectively the minimum and the maximum of ]Kﬁ o
we have

]K]J\r,,a—i-]K&a =mt4+m M T+M7] and MT4+M —m"+m) > pn.

5.3. Concluding arguments for the existence of a Hall ray. Before starting the
proof of Thereom 1.1 we want to stress the fact that we will prove the existence of
a Hall’s ray relative to any given cusp, in the sense that we will show that for any
given & ideal vertex of D there is an interval [r, 4+00] C £ whose values can be
attained by excursions in the cups associated to £ (see Remark 4.11).

Proof of Theorem 1.1. Fix any o € A. Letay; ...y,—1 be the unique right para-
bolic word starting with & and let  := gy be given by Corollary 5.2. By Propo-
sition 5.3 there exists an integer N so that, for N > N, we have that the size of

]K;\r,,a + K}y o is greater than w. For brevity, let us write X := X% and let us denote

by K* := K%  the corresponding Cantor sets with maxima M * and minima m*.

We will show that

AMoMpy 11

TR (5.5)

[r,+o0] C £, foranyr >

where c(S) is the constant in Lemma 3.5 and My, My are defined by (3.3). Fix
any real number L > r and consider the number det(W,)L. By Proposition 5.3,
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since KT + K~ contains an interval of length at least 11, we can write det(Wy)L =
K+ [ where | € K + K~. Thus, by definition of IK*, there exist (¢t )ne and
(Bn)nen in K such that

1
L =
det(Wey)

([Bo»B1s-- s Bus-- 1y + K+ [0, @1, 0y ). (5.6)

Let us now construct an infinite word (c,),en that will give the boundary
expansion of an angle 6 such that L(6) = L. Let us define blocks of entries
Cj, j € N, which we will then concatenate to form the word (c;)en. Set

C = ,Bj...ﬁo(ayl...yp_l)Kaao...aj, j €N,

where («, y1, .. ., ¥p—1)X means that the block &, y1, . . ., yp—1 is repeated K times.
Remark that, by definition of the Cantor sets and K, we have that ¢y # & and
Bo # & and thus Cj satisfy the no-backtracking condition (2.2). Let us choose
letters to interpolate between C; and C; 4 as follows. Since the alphabet 4 has
cardinality 2d > 3, we can pick §; such that §; # o; and «;§; is not a cuspidal

word and then §} such that §; # §;, §; # B;+1 and 8} B;+1 is not a cuspidal word.
Thus, the sequence

Olo...aj(gj(g]/-ﬁj_i_l...ﬂo (5.7)

satisfies the no-backtracking condition (2.2) and, by definition of X and choice
of §;,8" does not contain any parabolic word of length N. It follows that the
infinite word (¢, ), obtained juxtaposing the blocks C;, 6;, 5]/. in increasing order
of j € IN satisfies the no-backtracking condition or, in other words, is actually a
boundary expansion of some angle 6.

To show that L(0) = L, let (WG(")),,E]N be the wedges associated to 6 and

recall that, by Theorem 3.4, we have that L(f) = limsup,_, | /Area(We(")),

where Area(We(")) is the minimum area with respect to 6 of the vectors in the

wedge We(”). Let (nx)ren be the sequence of accelerated times. Remark that
since (ay1, . . ., ¥p—1)Ka is cuspidal, it is contained in a unique maximal cuspidal
word. For each j € I, let k; be such that the word («, y1 ..., yp—1)Ka in C;
is contained in the k]t.h cuspidal word of the decomposition (that is the cuspidal
word Crg s Cng 4150 anj+1—1)' Since we are assuming that yy, ..., y, is right
parabolic, the cuspidal word which contains it is right cuspidal and, by Lemma 4.5,

(n) _

(nx;)
we have that v, vy for any ng, <n < ng;41. Thus, we can compute

(g ;
Area(vrnk’ ), 0) by evaluating Area(vﬁ"), 0) for n which corresponds to the first

occurrence of « in the block (ay1, ..., yp—1)Xa in C; and applying Corollary 5.2.
As j — oo, recalling the form of the blocks C; and using the convergence of
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a-forward and «-backward continued fractions (see Lemma 6.3), we get

1
(nx ;)

Area(v, 7 ,0)
1

= det(Wy)

=L,

lim
Jj—o0o

(5.8)

([,80,...,,8,,,...];—i—Ku—i—[ao,...,(xn,...]i)

where the last equality is given by (5.6). On the other hand, by Proposition 4.7
(see 4.6b), we have that for N, <n <ng;+1—1

1 - 4MyM, - AMoMpy 11 F<L.
Area(vl("), 6) ~ c(5)? c(8)?
where the last inequalities follow since M, < My by Definition (3.3) of M,
and by choices of r (see (5.5)) and L. Furthermore, since by construction, for any
Jj» the word (5.7) does not contain any cuspidal word of length greater than N — 1,
we have that forany k; +1 <k < kj 1, N :=ng41 —nx < N — 1. Thus, again
by Proposition 4.7, we have that
1 - AMoMp +1
Area(v™,0) ~  <(S5)?

<L forng,4+1 <n <ng;,,

1 - AMoMp 11
Area(vl("),e) T e(8)?

< L fornkj+1—15’l§nkj+1-

This shows that the lim sup which gives L(6) is achieved by (5.8) along the
subsequence of times (ng;);en and hence that L(6) = L. O

6. The formula via a-backward and forward continued fractions

In this section we prove Theorem 5.1. We first prove some preliminary Lemmas
which are used to show the convergence of «-backward and «-forward continued
fractions.

6.1. Convergence of a-backward and a-forward continued fractions. Recall
that all matrices denote equivalence classes in PSL(2, R). We say that A is positive
(strictly positive) if there exists a representative of A in its equivalence class
in PSL(2, R) (that is a matrix tA with ¢ # 0) with all entries positive (strictly
positive). As usual, AT denotes the transpose matrix of A.
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Lemma 6.1. Let ap; . ..o be any finite word. The product
Weo Gag - - - Gay_y Wayy (6.1)

is positive if and only if ag . ..oy satisfies the no-backtracking condition (2.2).
Furthermore, if ay . . . oy satisfies the no-backtracking condition (2.2), the matrix
product (6.1) is strictly positive if and only if ay . . . oy is not a cuspidal word.

Proof. Recall that for any o € +, by definition, W, sends the cone R+ x R4 onto
the cone W,,. In order to prove the first statement, consider a word with two letters
aoa;. If g # a5 then Wy, C Uy, = R? \ Wy, so that Gy We, C W, and thus

Weo GagWa (Ry x Ry) C Ry x Ry
On the other hand Ggy = G, 50 that G4, (Wgy) = Uy, and thus
Woo GooWag(Ry x Ry) = R x Ry

Therefore the statement (1) is proved for k = 2. One can easily prove it inductively
for any k observing that we have the factorization

Weoo ' GaoGay - Goy Wy = Wyo' Gy - . Gy, Wy W ' Gy Wegy - (6.2)
The second part of the statement is easy to prove and we leave it to the reader. [

Fix a letter « in +. In the previous section we have introduced two families of
matrices, A% and Bg‘ as B varies in »4, see (5.1) and (5.2). The next Lemma
summarizes the properties we need for a-forward and «-backward continued
fractions, which all follow easily from the previous Lemma.

Lemma 6.2. Let aay ... any finite word that satisfies the no-backtracking
condition (2.2).

(1) The product A% A% ...A% W, 'GyWy, is positive and it is strictly posi-

ap“Cay - Qp—1]
tive if and only if aayg . . . ay is not a cuspidal word.

(2) The product BS B ...BS RW‘MT(WOZ()_1 R is positive and it is strictly pos-

oo T ay k
itive if and only if a; . . . g is not a cuspidal word.

(3) For any parabolic word ygy1 . ..yp—1 there exists . > 0 such that

L opn
AL LAY ATO = (0 1),
(4) Foranya, € A we have
0 < W, 'GoWp %00 < 400, 0= RW, (W)™ Rxo00 < +o0.

(5) The finite continued fractions [, @y, . . ., ax)E € [0, +-oc].
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Proof. Part (1) follows from Lemma 6.1 since, by Definition (5.1) of the matrices
Ay, = WG Gy, Gyt Wy,
A% A% LAY WG Wy, = W GaGay ... Gy Wy, - (6.3)

oo” o Ok—1

For part (2), observe that by Definition (5.2) of the matrices
B =RW/GLW)™'R
we have that

B ... BE RWIWI)'R=RWIGL ...GI WI)"'R 64
= R(Wy'Gyy ... GayWa)" R.

Since being positive is invariant under transposition and conjugation by R and
the sequence oy . .. g satisfies the no-backtracking condition, since aay .. .oy
does, also part (2) follows from Lemma 6.1.

To prove (3) recall that by part (1) in Lemma 4.9 the product G, Gy, ...Gy,_,
is parabolic and fixes the vector v}, . Thus, by the equality in (6.3) we have

1 - 1
Ao A AN (0) =W, ' Gy Gy, ... Gy, Wy, (0)

_ —1 ro_ —1,.r
=W, Gy Gy, ... Gy, vy, = W, v

Moreover, positivity of  follows from Lemma 6.1.

Let us prove part (4). If B # @, the first set of inequalities follows since
the product W, 1G4 Wp is positive by Lemma 6.1 and hence W, 'G,Wp * 0o C
[0, +00]. Otherwise, since Wy * oo = v, is a generator of the cone U, and hence,
since GolUg = Wy, it is mapped by G, to a generator of the cone W,, we get
that W, 1G4 W5 * oo C {0, 00}. To prove the second set of inequalities, remark
first that if @ = § we get trivially the identity matrix which fixes co. Thus let us
assume that @ # B. Since RT = R and R is an involution in PSL(2, R),

RWS (W) ™'R = [(RW, 'WgR)TT™". (6.5)

Recall that by definition the matrix W sends R* x RE to the wedges £ W C Wg
andsince @ # B, Wy C (R?>\Wy). Thus, using also that R(RT xRt) = RTxR*
and R(R* x RT) = RT x R*, we get

RW,'WgR (RT xRT) € RW,'(R?\ Wy) = R xR UR™ xRY.

Thus, —co < RW, 'Wg R x 0 < 0. Hence, since one can verify that (A7) xz =
—1/4 % (=1/2), it follows from (6.5) that 0 < RW,[ (W)™ R % 00 < +o0.
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Finally, part (5) follows immediately from the Definitions (5.3) and (5.4) of
a-forward and a-backward continued fractions and part (1) when k > 1 and part
(4) for [ao)E. O

We can now prove that the a-forward and «-backward continued fractions
introduced in the previous section are well defined. This follows immediately
from the following Lemma.

Lemma 6.3. Assume that (on)nen Satisfies the no-backtracking condition and
ap # o € A. Then the finite a-forward and backward continued fractions
[0, 01, ..., an]‘f converge.

Proof. Set
AM = A% A2 AL W G W,
and

B™ := B2 B, ...BZ RWJ (W)™ 'R.
We will show that both (), (A™ * R4) and (), (B®™ * R4) are non-empty
and consist of a unique point.

By the equalities (6.3) and (6.4), the factorization (6.2) and Lemma 6.1, we
have that

AP 4Ry = (W' GoGay . .. G, Wan) Wo ' Gayy Wayy 1) * Ry

n+1

C A™ Ry
and

B « Ry = (RWIGL ...GT W) ' RYRWIGT . (WI )R

Qp41

c B™ xR,

Thus, both are intersections of nested sets. Furthermore, if v and w® denote
the two column vectors of A, we have that

|A® 50 — A™ % 00 < L™, w™) < —|v<n>|c|w—<n>|
and a similar estimate holds for |B®™ % 0 — B™ x oo|. Thus, to prove that the
intersections consists of a unique point it is enough to show that the norm of 4™
and B™ are growing. If (ot )nen is eventually cuspidal, one of the column vectors
in A" (resp. B™) is eventually constant for n large, but the other grows linearly in
norm, thus we are done. On the other hand, if («,),en is not eventually cuspidal,
by Lemma 6.1, A®™ and B®™ factorize as shown above in arbitrarily many factors
which are strictly positive, hence their norms also grow. This concludes the
proof. |
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6.2. The proof of Theorem 5.1. Let («,),ev be the cutting sequence associated
to 6. Let We(”) be the sequence of matrices defined by Equation (3.2). We write

o _ (Rea@”) Reg(v/)
6 — (m) (my |-
fmg (v")  Tmg(v;")

The key remark to obtain an expression which splits past and future of the coding
is the following. Since G, ..., Gq,_, are in SL(2, R) we have

det(W,,) = det W = Reg(v{”) Img(v"”) — Reg (v Img (v) > 0.

Moreover Area(v(™, 6) = Reg(v™) - Imp (v™), and therefore

1 1
Areaw™,0)  Reg(v™) - Img(v™)
_ 1 Rep(v/")Imy(v;”) — Reg(v;") Imy (v]")
det(Wa,) Reg(v™) - Img (™)

(6.6)

o (Img(vl(")) —Reg(vl(")))
det(Wa,) \Img(v™) ~ Reg(v{™)

The following Lemma describes how the two terms in the parenthesis transform
as n changes. From the previous formula and the Lemma the continued fraction
formula will be then easily deduced.

Lemma 6.4. For any n we have

Img(v(")) B Img (v))
s = B, B RWE VI R b (67)
Img (vy") m@(vo)
Moreover for any integer k > 0 we have
_Reg(vl(n)) —Reg(vl k)
———— L = A LAY W Gy Wy * 6.8
Reg(v™) ot R IO ©8)

The proof of the Lemma exploits the following linear algebra exercise (see
Lemma 6.5). Consider two matrices W and W’ with column vectors respectively
v", vl and w”, w!, that is

W= (Re(v’) Re(vl)) and W' — (Re(w’) Re(wl))‘

Im(v") Im(v’) Im(w”) Im(w’)

Given /2 < 6 < /2, recall that rg is the rotation sending the direction 6 onto
the vertical direction § = 0. Remark that

_ (Reg(v") Reg(v') ,_ (Reg(w”) Reg(w')
”'W‘(Ime(vﬁ Imo(vl)) andro - W _(Ime(w') Ime(w’>)'
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Lemma 6.5. Consider a matrix A with det(A) > 0 such that W' = W - A. Then

we have
Img (w') 0 1 r (0 1\ Img(v’)
—_ 7 = AN  ————
Img(w") 1 0 1 0 Img(v7)

and
—Rep(v) _,  —Reg(w))
Regy(v") o Reg(w”) )

Proof. We obviously have rg - W' = rg - W - A. Observe that we have

a b\ _(d =b a b\ _
(c d) _(—c a),where (c d) = A,

where equality hold in PSL(2, R) even if ad — bc = det(4) # 1. The Lemma
follows directly by a computation starting from the product

Reg(v") Rep(v?) a b

Img(v") Img(v')) \c d
_ (aReg(v") + cReg(v') bReg(v") + d Reg(v') .
“ \aImy(v") + cImg(v!) bImg(v") + dImy(v!) )"
Proof of Lemma 6.4. For any n > 1, Equation (3.2) can be rewritten recursively

as W(") W(" Y H, in terms of the matrix

Hy, =W, Gy Wa,.

Op—1

We first prove Equation (6.7). Observe that that for any n > 2 we have
Hy Hy_y = Wo, Ga,_ Gay s (W, )™

Op—1

We have rgW; = rgW;_1 H; for any i with 1 <i < n and moreover R? = Id, thus
Lemma 6.5 implies

Im v") I l 1 1
Imovy ) ’(n)) — RHI R+ —Ime(”';—l) — RHIR...RHT R * Ime(v‘,’)
Img (v;) mﬁ(vn_1) m@(vo)
I 1
= RWIGT  ...GIGT WI)™'R mg(v(r))
" 9(”0)
Img(vl)
— Ban ) BotanT WT 1 0 ,
. e K Ty )

where the last inequality follows from the definition (5.2) of

B§ = RW,] G (W,))™'R.
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Now we prove Equation (6.8). For any integer k > 0 we have
roWitD = rgW\" Hyyy, foranyi withn <i <n+k—1,

thus Lemma 6.5 implies

—Rep(v)") —Reg(v,4)
— . n+1---Hn+k*R—
Reg(vr) €6 (v, 1)
—Reg(v] )
=W, 'Ga, ... G W, ntk
On Un4k—1 O‘n-i-k Reg (vn+k)
—Reg(v) ;)
Gn n w - ntkl
= Aﬂln-i-l .o A“n—}—k 1IJ/ Ga,, Wan+k Reg(vn+k)
where the last inequality follows from the definition (5.1) of
AG =W 'GoGpG W O

We have now all elements to conclude the proof of Theorem 5.1.

Proof of Theorem 5.1. By (6.6) and Lemma 6.4

1
Area(v”, 6)

1 (Img (vl(n)) —Rey (vl(n)) )

det(We,) \img(0®™)  Rep(™)
1 _ Img(vl )
=———(Bg"_ ...BERW,] (W, U
det(Wa,,)( o ( Ime(v())
—Reg(vl )
an oy 1 n+k
Aa +1° A“n-i—k 1 G Wa”"‘k RCQ(U,@—HC)) )

Thus, by Lemma 6.3 and by Definitions (5.3) and (5.4) of «;,-forward and «,,-back-
ward continued fractions,
1 1
Area(v”,0)  det(Wa,) i
+ AG LAY WGy Way, % 00)

%n+41 On+k—1

B RW (W) 'R % 00

([nl,

det(Wan ...,Ol()];n + [(Xn_;_l,()ln_;_z,...];n).
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We have thus proved the first formula of Theorem 5.1. The second one, that is

the formula for Area(vl(”), ) follows trivially from the first one observing that we
have

L (Ime(vﬁ'“) Re (v;") )
Area(v™,9)  detWa,) \Img(v”) = —Rep(v™)
This concludes the proof of Theorem 5.1. |

Proof of Corollary 5.2. Letay; ... y,—1 be the right parabolic word starting with
o € A. By Lemma 6.1 there exists g > 0 such that

L ow
A‘;l...Agp_lAg:(O 1"‘).

Thus, for any n such that a1 ... 0h4p = y1 ... Yp—10, wWe have that

+ _ +
[an+17 Op42,.. -]a - [V17 I Vp—la «, an+p+ls an+p+2s . ']a
— o o o +
= Ay1 R Ayp_lAOt * [an+p+1,an+p+2, .. ']a
— +
= Ua + [@n+p+1:Ontpra - g -

Hence, recalling that «;, = «, the Corollary follows immediately by Theorem 5.1.
O

7. Cantor sets

In this section we explain with more details the construction of the Cantor sets
introduced in § 5 and we prove the technical Proposition 5.3.

7.1. Hall’s gap condition. Let K be any Cantor set in R. A slow subdivision of
K is a family of closed sets (IK(n)),en satisfying the following properties.

(1) Any set IK(n) is the union of disjoint closed intervals.

(2) For any n there is exactly one compact interval K in K(n) and a non-empty
open subinterval Bg of K such that

INKn+1)=K\ Bx = KX uKkX,

where K~ and KR are two disjoint, non-empty, closed subintervals in K(n +
1). In particular IK(n 4+ 1) C IK(n) and K(n + 1) is obtained removing the
interval Bk from K.

(3) We have

[ K@) =K.

nelN



The Lagrange spectrum of a Veech surface has a Hall ray 1325

Remark that if By,..., By,... is any enumeration of the holes of K, setting
K@) = [min K, maxK] K(n + 1) and K(n + 1) = K(n) \ B,+1 we obtain a
slow subdivision of KK.

We say that a slow subdivision (IK(n)), e of the Cantor set IK satisfies the gap
condition if for any n, the interval Bx C K € K(n) suchthat K(n + 1) N K =
K \ Bk (see (2) in the definition above) satisfies

|Bk| <|K*| and |Bg|<|K®|.

We say that the Cantor set K satisfies the gap condition if it admits a slow
subdivision which satisfies the gap condition. We call holes of a Cantor set K
the connected components of the complement which are contained in the interval
[min IK, max KK]. Remark that holes are maximal open intervals in the complement.

Given two Cantor sets K and IF, we say that the pair of Cantor sets (I, IF)
satisfies the size condition if the length |K| of K is bigger than the length of any
hole in IF and vice versa the length |IF| of IF is bigger than the length of any hole
in K.

We have the following

Theorem 7.1 (Hall). Let K and IF be two Cantor sets in R, each one satisfying
the gap condition. Assume that the pair (K, I) satisfies the size condition. Then
we have

K + F = [min(K) + min(IF), max(IK) 4+ max(I')].

This result is a slight reformulation® of the Theorem proved in [6, pp. 968—
970] which is a key part in the original proof of the existence of the Hall ray for
the classical spectrum. For the convenience of the reader, we include a proof of
this Theorem in the Appendix A.

In the next sections we will show that for N sufficiently large the Cantor sets we
consider satisfy the gap and size conditions and hence we can apply Theorem 7.1
to prove Proposition 5.3.

7.2. Description of the Cantor sets holes. Throughout the section, we fix a
letter « € 4 and a positive integer N. To simplify the notation, we denote by
X = X% and by K* the Cantor sets ]K]ﬂf, o Similarly, we will denote by Ag
(resp. Bg) the matrices A% (resp. Bg) introduced in § 5, see (5.1, 5.2), dropping
the explicit dependence on «. For any word «y...®, which satisfies the no-
backtracking condition (2.2), let us define

IE (2o, a1, .. an) = {[Bo. B1s- -\ Bns - 151 (Bu)nen satisfies (2.2) and
Bi = a; for0 <i <n}.

5 The theorem proved by Hall in [6, pp. 968-970] is stated for ternary Cantor sets. Hall
assumes a condition that is equivalent to the size condition for ternary Cantor sets.
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One can see that I:E (a1, ...,ap) are closed intervals in R and that for fixed n
they have disjoint interiors and cover R. Furthermore, it follows from part (5) of
Lemma 6.2 that

[0.+0c] = | J I (B). [0.+00] = [ I;(B). (7.1)
B#a B#a

It hence follows from their definition that the sets IK* are obtained by removing
from [0, +00] all intervals of the form

IE(1,....Qn-N,B1,...,BN), With By...Bn cuspidal word.

We can also assume that «; . . . o,—n does not contain any cuspidal word of length
N. We will call intervals of this form deleted intervals of level n. Notice that two
such intervals cannot intersect in their interior, but deleted intervals of different
levels can have common endpoints. More precisely, any deleted interval of level n
has a common endpoint with a deleted interval of level n + N. Thus, to describe
the Cantor set structure of IK*, we are now going to group deleted intervals to
describe holes of the Cantor set.
We will give definitions for K+ and K~ in parallel. By Lemma 6.2, let

+ + + +

Xg =0<xy <o <Xy, <Xy, =400

be the endpoints of the intervals I (8), B # @, arranged in increasing order.
Similarly let

Xg =0 <Xy < <Xy <Xy i= F00

be the endpoints of the intervals 7, (B), B # @ also in increasing order. By
convention, we also set xécd_l = 400 = —00.

Notation 7.2. For each 0 < i < 2d — 1, let A; and p;” denote the letters such
that x;” is a right endpoint of 7, (A;") and a left endpoint of /; (p; ). Similarly let
A} and p;" denote the letters such that x;" is a right endpoint of 7,5 (1;") and a left
endpoint of 1 (p;"), see Figure 5.

—00 = x;'d xg' =0 xi" xj'_l IJ(/\;") xi+ I,j'(p;"') x{"_‘i_l x;;, = +00
} + —epe- t
¥ ¥ + g+ F
Lyrty l; rit Ly iy

Figure 5. A schematic representation of the Cantor set Kt . The dashed segments are some
holes of level zero.
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For any xl.ﬂE with 0 < i < 2d — 1, let us group the deleted intervals around
xl.i as follows. Let I;E (B1,...,Bn) be the unique deleted interval of length N
which has xijE as left endpoint, namely assume 7 . .. S is the unique left cuspidal
word that start with 81 1= Aii (see Remark 4.2). Consider the right endpoint of
IF(B1,....Bn). There exists a unique deleted interval of length 2N which has
this point as its left endpoint. Continuing in this way, define at step k a deleted
interval of length kN whose left endpoint coincide with the right endpoint of the
interval at step k — 1. Since the size of these intervals shrink exponentially in k,
there exists a point rijE defined as limit point of the right endpoints of these intervals
as k grows. Repeating the construction on the other side, we can defined similarly
the points /. Remark that for 0 < i < 2d — 2 we have that /¥ < x* < ri* and
by construction the intervals (ll.i, rl.i) for0 <i <2d —2 and (—o00,7r34—1) and

(I54—1, +00) are union of deleted intervals.

Definition 7.3. The holes of first generation for K* are the intervals (I*, r) for
0 <i <2d — 1. The holes of generation k for K*, whose union will be denoted
H ,j , consist of all intervals of the form

(Agy - Agy ¥ I Agy o Agg x10), A # o, o # o,

where «; ...oy are the first letters of a sequence (¢y)new € K. The holes of
generation k for I<™, whose union will be denoted H,~, consist of all intervals of
the form

(Bay .--Boy %17 By, ... By *1;), A7 # o, p; # 0k,
where «; ... ay are the first letters of a sequence (o) e € K.
Lemma 7.4. The mimima and maxima m* and M* of K* are given by m* = rOi

and M* = lzid—r The Cantor sets IK* are obtained removing from [m*, M*]
the union over k of all holes of generation k, that is

K* = [m* M|\ JHE =[r5". 1550\ | HiE
k k

Proof. Let us first show that IK* are closed. If y* belongs to the complement of
K*, it is described by a word (oy)nenw € K which contains a parabolic word of
length N and thus y* belongs to some deleted interval for IK*, call it /. Remark
that the endpoints of I are described by eventually cuspidal words. Thus, either
(otn)nen is not eventually cuspidal and hence yjE belongs to the interior of /, or
(an)nen is eventually cuspidal and it has another eventually cuspidal expansions
(Bn)nen. In this case, for n large enough, y* is the common endpoint of the two
adjacent deleted intervals I(cy, ..., o) and I(B1, ..., B,). In both cases, y¥ is
contained in an open interval in the complement of IK* and thus K is closed.
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Let us denote by 0H ,f the endpoints of holes of generations k for K*. We will

show first that

JoHZE € K* c [m® M*\ | HE (7.2)

k k
and then that the inclusions are indeed equalities. It follows from Lemma 6.2
and the definitions of IK* and «-continued fractions that K* C [0, +oc]. Let us
now show that r* for 0 < i < 2d — 1 and [* for 0 < i < 2d — 1 belong to
IK*. This implies in particular that rgE and lzfcd_1 are respectively the minimum
and maximum of KK¥*, since by construction [0, roi) and (lzid_l, +o00] are union
of deleted intervals and hence do not intersect K*. If, by contradiction, rl.+ does
not belong to K™, it is contained in the interior of a deleted interval I, or it is
the common endpoint of two deleted intervals /, and I, respectively of levels n
and n + N, for some n. In both cases, since ri+ is the limit point of the right
endpoints of deleted intervals of shrinking size, one can find a deleted interval
which is strictly contained in either /,, I or I.. Since deleted intervals cannot
intersect in their interior, we have a contradiction. Similarly, one can show that all
the endpoints of holes of generations k for IK* belong to I{*. Indeed, remark first
that if I := I¥(B1,....Bn),

Agy oo Agg x 1T =TT (01, ..., 0k, B1s - -, Bn), (7.3a)
and
By, ...Bo xI7 =1 (o1,...,0k, B1,....Bn). (7.3b)

Thus, consider for example the hole endpoint Ay, ... Ay, * l;r (the others are
treated similarly). If it did not belong to K™, it would belong to the interior
of a deleted interval of the form I+ (ay,...,ax, B1....,Bn) or it would be the
common endpoint of two intervals of a similar form of two different levels n and
n + N for some n. In the first case, by (7.3), ll.+ would belong to the interior
of IT(B1....,Bn), which is also a deleted interval and this, as we proved above,
gives a contradiction. In the second case, Equation (7.3) would similarly imply
that we can find a deleted interval which has /;* as an endpoint and contains a
deleted interval of smaller size. This proves that UgdH ki C K*. Since KT is
closed, we have shown the first inclusion in (7.2).

To prove the second inclusion in (7.2), remark that the holes in H,j (resp.
H,") are by construction union of intervals of the form Ay, ... Ao, * [ * (resp.
By, ... By, * I7) where [ + are deleted intervals, which, by (7.3) are again
deleted intervals. Thus, H ,j is included in the complement of IK* and hence
K* C [m*, M*]\ U HEE.

Remark also that [m*, M*]\ Uy H ki is obtained removing open intervals and
hence is closed. We proved at the beginning that IK* is also closed. Thus, to
conclude it is enough to show that UgdHF is dense in [m*, M*]\ U HE, since
taking its closure this forces the inclusions in (7.2) to be equalities. A point in



The Lagrange spectrum of a Veech surface has a Hall ray 1329

[m*t MY\ U}_ H ,j (the treatment of H, is analogous) belongs to an intersec-
tion in k of complementary intervals to H,", which are intervals of the form

(Agy - Agg %77, Agy o Age x 15, pfF #0r, A, # k. (7.4)

Since, by Notation 7.2, r;” € I7(p}") and It | € IT(A})), the assumption on
p; and A7, ;, (7.3) and (7.1) imply that Ay, * r;” and Ay, = [; | both belong to
[0, +00]. Thus, the interval (7.4) is contained in A, ... Aq,_, * [0, +00], whose
size shrinks to zero as k grows by Lemma 6.3. Density of endpoints follows. O

7.3. Verification of the gap condition and end of the proof. In this section,
we give the proof of Proposition 5.3. In order to verify the gap condition for the
Cantor sets IK*, we will use the following general estimate on the distortion of
distances under a Mobius transformation.

Lemma 7.5. Consider a Mébius transformation g(t) = (at + b)/(ct + d) with
ad — bc = 1 and fix two real numbers x < y such that the pole g~ (c0) = —d/c
of g does not belong to the closed interval [x, y]. For any t with x <t < y the
estimates below hold.

(1) If g7 (c0) < x then we have

=t _ lgt) —g@ _ v — g7 (o) |x — 1]
ly—tl 1g(»)—g®] |x—g o) ly—t|

(2) Ify < g7 (oc0) then we have

ly — g 1 (c0)? |x —1] _le@ gl _x—1]
Ix —g Y (co))* Iy —tl lg»)—g®| |y—t|

Proof. We just prove the first case, the second being the same. Recall that
|g'(t)] = |ct + d|* and that this is a decreasing function on [, y], since the
pole of g satisfies g71(00) < x. We have

18" ()] - |t — x| < |g(t) —g(x)| < [g'(x)] - |t — x|,
18"t = y| > lgt) — g > 18’ W) - It — yl.
Thus the Lemma follows recalling that for any pair of points r and s we have

8] _ (es+d)® _ (5= (=d/0)? _ (s—g " ()’
g’ (er+d)>  (r—(=d/c))*> (r—g7'(c0))?
The key ingredient to verify the gap condition for K™ is the following lemma,
in which the length of a hole in H ,j is compared with the lengths of the adjacent
intervals in the complement of H ,j .

O
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Lemma 7.6. If N is sufficiently large, for any sequence (o, )nen in X = XS, any
k and any 0 < i < 2d — 1 such that both )&l.+ £ oy and /oi+ % Qx, the following
two conditions are satisfied:

((Agy - Agy ¥ LT, Ay o Agy 10| < [(Agy -+ Aag ¥ 7771 Ay - Ay ¥ 1),

(A, - Aag ¥ 1 Agy oo Agy x5 < |(Aay - A * 17 Agy o Agy % 1)),
where the index i in rl.+, li+ should be considered modulo 2d.

Proof. Let z — g(z) denote the Mobius transformation given by the matrix
Aq, ... Aq, . Itis convenient to change coordinates to reduce to a standard interval
as follows. Forany 0 <i < 2d — 1, let y; be the unique Mobius transformation
that sends x;_;, x; and x;4; respectively to —1, 0 and 1. Consider the Mdbius
transformation g; := g o wi_l and remark that g(z) = g;(¥;(2)). Thus, if we set

I =Y, rli=vi(rh), for0<i<2d-1,
we equivalently want to show that

(g (1) — & ()| _ 1(8(") — g(r))] <1

= (7.5a)
lg(ri_p) — &I 1g(ri= ) — g
and
(1) — gi(r! Ity —g(rit
(a0t ~ ] _ 1) ~ 2] 750)
lgi (i) =8I g7 ,) — g
Remark that for any 0 <i < 2d — 1 we have
_1<rl./_l<ll./<0<rl-/<li/+l<l- (76)

Recall that for any 0 < i < 2d — 1 the points /;t = [F(N) and ;" = r"(N)
defined in § 7.2 converge to x; as N grows. Thus, by continuity of g;, it follows
that forany 0 <i <2d — 1

ngnoo”i—l(N)— 1, Nh—r>noorl(N) Nh_Enoolz(N) 0, 1\}1—r>nooll+1(N) L.
(7.7)
Consider N = 2 and set [; := [/(2) and r} := r;(2)'. Fix a constant C > 1 such
that

4
sup C and sup — < C.

<
o<i<2d—2 IL; + 112 o<i<2d—2 |1 —1;?
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We can then choose N > 1 large enough so that we have both

I —r! 1 I —r! 1

, (7.8)
0<i<2d—2 |li/+1 - ”i/| Cc 0<i<2d—2 |li/ - rl./_1| Cc

which is possible since by (7.7), as N grows, [ — r/ tends to 0, while the denom-
inators both tend to 1.

Observe now that, since 7T (A}F) = [x;—1,x;] and IT(p;") = [x;, x;41], by
Notation 7.2, the assumptions )L;L # oy and pi+ # ay guarantee (by (7.3) and
Lemma 6.2) that the image of the interval (x;_;, x;+;) under g is contained in
R and thus that the pole g~!(o0) does not belong to the interior of the interval
(xi—1, xi+1) whereas it may be one of the endpoints. It follows that for any
0 < i < 2d — 1 the closed interval [r;_;,l/ ;] C (=1,1) = ¥ ((Xi—1, Xi+1))
does not contain the pole g;- 1(c0).

If g7 '(00) < =1 < r/_,, Lemma 7.5 (applied to x := r/_,,t := 1],y :=r))
and (7.8) imply that

g1 —giGDl _ Mi—ril 1 _ | (7.9)
gi(ri_) =Dl iy =1 C

Again Lemma 7.5, applied this time to x := [/, 1 :=r],y ;=[] |, also gives that

80D — &Pl _ My — g7 P 11 —rj)
lgi(liy) —&i (Dl 1] — g7 ()2 |l — 7]l
Using that g; ! (c0) < —1 and the function z + I/, | —z|/|I/ —z| is monotonically

increasing for z < I and that by (7.6) we have ll.’Jrl < 1, while L; <l/since N > 2,
we have

(7.10)

I, —g! 2 1=(=D)? 4
oy g0 =CDE 4
I} — & (00)] i =D 1L+
This, together with (7.10) and (7.8), concludes with (7.9) the proof of the two
inequalities in (7.5).
It <1<gy !(00), reasoning in a similar way, Lemma 7.5 and (7.8) imply

that , , .
lgi (1)) — gi(r])] |l; — il 1
/ NIRRT n<
|gi(li+1)_gi(ri)| |li+1 _ri| Cc

. . . / 2 / 2 . . . /
and, using that this time z +— (z —r/_,)*/(z — r/)* is increasing for z > r/,

r{_y < xj—1 and that r; < r/since N > 2, also that

gD — gDl _ iy =g (P li—ril 4 -1
1gi(ri_) =& (DI Irf =g (e)* Iri_y =11 11 =ril?|ri_y =]l

This concludes the proof. O

< 1.




1332 M. Artigiani, L. Marchese, and C. Ulcigrai

An analogous Lemma, whose proof we leave to the reader, also holds for the
Cantor set IK™.

Lemma 7.7. If N is sufficiently large, let (ay)new be any sequence in X = X§;.
Then for any k and any 0 < i < 2d — 1 such that both A; # oy and p;” # O the
Jollowing two conditions are satisfied.:

|(Bay ... Boy %17, Byy ... Boy %17 )| < |(Bay ... Bay *r; , Byy ... Boy * 1),

i

(B ... Bay *1; ,Byy ... By %17 )| <|(Bay...Bay *1;i_1, By ... Bay *x1;7)],
where the index i in r;, [ should be considered modulo 2d.

Proof of Proposition 5.3. Remark that as N tends to infinity, the minima mﬁ

and maxima M} of K (which by Lemma 7.4 are given by r§* and [5,_))
tend respectively to 0 and +oo. Thus, the size of K* increases as N grows.
Furthermore, the holes in IK* shrink exponentially. Hence, we can choose N
large enough such that (1) M; + My — m; —my > u; (2) the size of K+
and K~ is larger than the size of any hole, i.e. the size condition holds and in
addition (3) both Lemma 7.6 and Lemma 7.7 hold. According to Lemma 7.6 the
Cantor set KT admits a slow subdivision satisfying the gap condition. Indeed,
the holes in K™ are described in Lemma 7.4 and the first 2d — 1 = |A| — 1
levels K*(1) D --- D K™ (2d — 1) of the subdivision are defined just removing,
in any order, the holes corresponding to holes of first generation. Similarly, the
next (2d — 1)? levels of the subdivision are defined removing, in any order, the
holes of second generation and so on. It is clear that at every step the intervals
KL, KR c K*(n) as in property (2) of the definition of slow subdivision are
larger than the ones considered in Lemma 7.6 and hence the gap condition holds.
Similarly, Lemma 7.4 and Lemma 7.7 imply that the Cantor set I\~ admits a
slow subdivision satisfying the gap condition. Hence, applying Hall’s Theorem
(Theorem 7.1) one gets the desired conclusion. O

Appendix A. Hall’s theorem on the sums of Cantor sets

In this appendix we include, for completeness’ sake, the proof of Theorem 7.1.

Consider any Cantor set I and let (B;);en be the collection of its holes. A slow
subdivision (IK(n)),en for K is called a monotone slow subdivision if the holes
By, ..., By, ... suchthat for any n K(n + 1) = K(n) \ B,+: are ordered by size,
i.e. |By+1] < |By| for any n. It is hence clear that a monotone slow subdivision
always exist.
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Let K be a compact interval and let B be an open interval with B C K, where
the inclusion is obviously strict. Define the two closed subintervals KX and K&
of K suchthat K = K~ LI B U KR. As suggested by the notation, we assume that
KT is on the left side of B and KR is on the right side of B.

Lemma A.1. Let (K(n))new be a monotone slow subdivision for the Cantor set K.
If K admits another slow subdivision (IK(n)),en which satisfies the gap condition,
then also the monotone slow subdivision (IK(n)),en satisfies the gap condition.

Proof. Fix any n, consider the interval K in the level IK(n) and the hole Bx C K
such that K(n + 1) N K = K \ Bg. Let K~ and KR be as usual the closed
subintervals of K such that K = KL LI Bx U KR, Let us show that |Bx| < |KX|,
the proof of | Bx| < |K*| being the same.

Consider the integerm and the interval K of the () such that Bg = Bk, ie.
K(m+1)NK = K\ Bg and let K© and K% be the closed sublntervals of K such
that K = KL U Bx U KR, Let B be the hole in K whose left endpoint coincides
with the right endpoint of K (and of K®). Remark that since the slow subdivision
((K(n))nen is a monotone slow subdivision then we have |B| > |Bk|. Since by
assumption (K(n))nen satisfies the gap condition, we have |Bg| < |K KR|. If by
contradiction | Bg| > |KX|, since K® and K® have the same endpoints, K X must
be strictly contained in K®. Equivalently, this means that we have KX N B # @.
Remark that for any given slow subdivision for K, any interval of any level of the
subdivision strictly contains all the holes which intersect it. Thus we must have
B C KR. Hence, the interval KR contains the hole B and K ¥ is a connected
component of KX\ B and |B| |Bx| > |K%|. Since for some m’ > m the
hole B is removed from KX, this implies that the gap condition cannot hold
for IK(m'), thus giving a contradiction and concluding the proof by absurd that
|Bx| < |KX|. O

Hall’s Theorem is proved iterating the simple argument stated in the Lemma
below, whose proof is left to the reader (see also Lemma 2 in Chapter 4 in [2]).

Lemma A.2. Let K and F be two compact intervals. Let B be an open interval
contained in K. If |B| < | F| then

K+ F =KL+ F)U(KR+F).

Remark that the intervals K~ + F and KR + F in the Lemma are not disjoint,
indeed they are closed and the sum K + F is connected.

Proof of Theorem 7.1. Let (K(n)), c and (IF(n)), e be slow monotone subdivi-
sions respectively for IK and IF. Since by assumption K and I admit a slow subdivi-
sion which satisfy the gap condition, by Lemma A.1 also (KK(n)),,cy and (F(n)),,en
satisfy the gap condition. Set Ky := [min K, max K] and Fy := [min IF, max [F]
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and fix any point x € Ko + Fy. The Theorem follows if we show that we can con-
struct two sequences (7;);en and (m;);en such that n; — oo, m; — oo and two
sequences of nested closed intervals (K;); e and (F;);en, where K; is an interval
of the level IK(n;) and F; is an interval of the level IF(m; ), such that x € K; + F; for
any i € IN. Indeed setting k := ("), K; and f 1= (; Fj one has x = k + f
with k € Kand f € I

We will construct the sequences (#;);en and (m;);en and the two families of
nested intervals by induction on 7 in IN. Fix i/ in IN and assume that respectively the
firsti 4+ 1 nested intervals Ko D K; D --- D K; and the first i 4 1 nested intervals
Fo D Fy D --- D F; are defined. Let n(K;) be the minimum »n € IN such that
K; NK(n) # K; and let B; be the hole in Kj, i.e. the open subinterval B; C K;
such that K(n(K;)) N K; = K; \ B;. Similarly, let n(F;) be the minimum n € IN
such that F; N IF(n) # F; and let C; be the hole in Fj, i.e. the open subinterval
C; C F; suchthat F(n(F;)) N F; = F; \ C;.

We will simultaneously prove by induction that for every i the intervals
(K;, F;) and the holes B; C Kj, C; C F; in our construction satisfy the condition

|Bi| <|Fi| and |Ci| <|[K;l. (A.1)

Observe that fori = 0 the condition is true by the size condition which is assumed
in the statement. To define the intervals at level i + 1, we subdivide the interval
having the bigger hole. Assume that |B;| > |C;|, the other case being the same.
Since |B;| < |F;| then Lemma A.2 implies K; + F; = (KF + F;) U (KR + F)).
Assume without loss of generality that x € KiL + F; and set K; 41 := KiL and
ni+1 = n(K;), sothat K; 11 € K(n;j+1). Setalso F; 1 = F; and mj+1 = m;, S0
F;+1 € F(m;+1) holds trivially. By the property of a monotone slow subdivision,
the hole B;11 C Kjyp satisfies |Bj+1| < |Bj| and therefore |B;+1| < |Fj|
by inductive hypothesis. On the other hand the gap condition implies |B;| <
|Kl.L| = |K;+1| and therefore, since C; is by choice the smaller of the two holes,
|Ci| < |Bi| < |Ki+1]|- Thus, the pair of intervals (K;+1, Fi+1), with holes B;4;
and C;+1 = C; satisfies the same condition (A.1) as the pair (K;, F;) with holes B;
and C;, and moreover we have x € K;4; + Fij+;. The inductive step is complete.
Finally, since the holes of a Cantor set which are longer than a given ¢ > 0 are just
finitely many, it is clear that both (n;);en and (m;);en are increasing sequences.
The Theorem is proved. O
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