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The geometry of profinite graphs revisited

Karl Auinger

Abstract. For a formation § of finite groups, tight connections are established between
the pro-F-topology of a finitely generated free group F and the geometry of the Cayley
graph I‘(ﬁ;) of the pro-§-completion ﬁg of F. For example, the Ribes—Zalesskii theorem
is proved for the pro-§-topology of F in case F(I/TE) is a tree-like graph. All these results
are established by purely geometric proofs, more directly and more transparently than in
earlier papers, without the use of inverse monoids. Due to the richer structure provided by
formations (compared to varieties), new examples of (relatively free) profinite groups with
tree-like Cayley graphs are constructed. Thus, new topologies on F are found for which
the Ribes—Zalesskil theorem holds.
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1. Introduction

The Ribes—Zalesskii theorem [16] states that the product H; ... H, of any finitely
generated subgroups Hi,..., H, of a free group F is closed in the profinite
topology of F. The original motivation for this theorem came from a paper by Pin
and Reutenauer [15]: the theorem provided a nice algorithm to compute the closure
(with respect to the profinite topology) of a rational subset of a free group and
implied the truth of the Rhodes type II conjecture, then a long standing conjecture
in the theory of finite monoids. Since then, the product theorem has become a
subject of independent interest. It has been generalized in various directions:
on the one hand to other groups [10, 23], on the other hand to other topologies
of F. The original proof of the theorem by Ribes and Zalesskii is formulated
for the (full) profinite topology of F but is valid for the pro-&-topology of F
for any extension closed variety € of finite groups (in the sense that the product
H,...H, is closed with respect to the pro-¢-topology of F for pro-€-closed
Hy,..., H,). The latter has been generalized by Steinberg and the author [4] to
so-called arboreous varieties, a class of varieties which is much larger than the
class of all extension closed varieties. In that paper, tight connections between the
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pro-&-topology of a free group and the geometry of the Cayley graphs of the free
pro-&-groups were established. The purpose of the present paper is twofold. On
the one hand, it is aimed at extending the mentioned results of [4] from varieties to
formations. This includes to expand the method found in [4] to construct profinite
groups with tree-like Cayley graphs. On the other hand, a new direct approach,
based on covering graphs, to the entire topic is presented. The proofs in [4]
use an interpretation of the subject within varieties of finite inverse monoids and
their relatively free profinite objects. Meanwhile it is the author’s opinion that
this approach obstructs the direct view and mystifies the immediate connection
between the pro-§-topology of F and the geometry of F(fg). In contrast to [4],
the present proofs are direct and purely geometric, without the use of (relatively
free, profinite) inverse monoids; this should raise the accessibility of the results
to readers not familiar with inverse monoids.

The paper is organized as follows. Section 2 collects all results about graphs,
finitely generated subgroups of free groups and profinite graphs that will be used
in the paper. Section 3.1 studies two geometric properties the Cayley graph of
a free pro-§-group for a formation § might have: that of being Hall and that of
being tree-like. It is then shown that these geometric properties are equivalent to
certain separability properties induced on a free group by its pro-F-topology; in
section 3.2 we establish the Ribes—Zalesskii theorem for the pro-§-topology of a
free group where § is any formation whose free profinite objects have tree-like
Cayley graphs. Finally, in section 4 we define, for a finite, A-generated group G
and a finite simple group S, the A-universal S-extension of G and show how this
concept can be used to construct profinite groups with tree-like Cayley graphs
and to guarantee that for certain formations § the free pro-§-groups have tree-like
Cayley graphs; such formations will be called arboreous.

2. Graphs, subgroups of free groups, and profinite graphs

We follow the Serre convention [20] and define a graph I' to consist of a set
V(T") of vertices and disjoint sets E(I") of positively oriented (or positive) edges
and E~Y(T") of negatively oriented (or negative) edges together with incidence
functions ¢, 7: E(T)U E(I')~! — V/(T") selecting the initial, respectively, terminal
vertex of an edge e and mutually inverse bijections (both written e > e™!)
between E(T") and E~!(T") such that.e™! = te for all edges e (whence re™! = te,

as well). We set ETI:) = E(I') U E7Y(I) and call it the edge set of T'. Given
this definition of a graph the notions of subgraph (spanned by a set of edges),
morphism of graphs and projective limit of graphs have the obvious meanings.
Edges are to be thought of geometrically: when one draws an oriented graph,
one draws only the positive edge e and thinks of e~! as being the same edge, but
traversed in the reverse direction.
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A path p in a graph I is a finite sequence p = e; . ..e, of consecutive edges,
that is te; = te;4; for all i; we define (p = te; to be the initial vertex of p and
Tp = Tey to be the terminal vertex of p. A path is reduced if it does not contain a
segment of the form ee™! for any edge e. We also consider an empty path at each
vertex. A path p = ey ...e, is a circuit at (base point) v if v = tp = tp. A graph
is connected if any two vertices can be joined by a path. A connected graph is a
tree if it does not contain a non-empty reduced circuit.

Throughout, A shall denote a finite alphabet, that is, a finite set of symbols
called letters, usually | A| > 2; we use A1 to denote a disjoint copy of A consisting
of formal inverses a~! of the letters a of A, and set A = AU A~!. An A-labelled
graph is a graph together with a labelling function £: E — A such that £(e) € A4
and £(e~!) = £(e)~! for each positive edge e. A morphism of labelled graphs is
assumed to respect the labelling. Given a path p = e; ...e, in a labelled graph,
the label £(p) of that path is just £(e1) ... L(en).

If V(T'), E(T") and E(T")~! are topological spaces, ﬁ) is the topological sum
of E(T') and E~}(T"), and ¢, T and ()~! (in both directions) are continuous, then
I" is called a topological graph. A profinite graph is a topological graph I' which
is a projective limit of finite, discrete graphs. It is well known [24, 18] that "
is profinite if and only if V(I") and ETI:) are both compact, totally disconnected
Hausdorff spaces. Morphisms between profinite graphs are always assumed to
be continuous. Subgraphs of profinite graphs are understood in the category of
profinite graphs: they must be closed as topological spaces. Moreover, a connected
profinite graph is one all of whose finite continuous quotients are connected as
abstract graphs (such are termed “profinitely connected” in [I, 2]). For more
information about profinite graphs the reader is referred to [1, 2, 18] and [4, Section
2].

The profinite graphs of primary interest are subgraphs of Cayley graphs of
profinite groups where a profinite group is a compact, totally disconnected group,
or, equivalently, a projective limit of finite groups. We refer the reader to [19] for
basic definitions on profinite and relatively free profinite groups.

Let A be an alphabet, G be a group and ¢: A — G be a map. Then the
Cayley graph of G with respect to (A, ), or, if the mapping ¢ is clear, the Cayley
graph of G with respect to A, denoted by I'4(G), has vertex set G, edge set
G x A, incidence functions given by 1(g,a) = g, t(g,a) = g(ayp) and involution
(g.a)7' = (g(ap),a™'). We call a € A the label of (g,a). The edge (g, a) is
usually drawn and thought of as 2 e . Throughout this paper we consider

glap)
A-generated groups G for a fixed alphabet A and the mapping ¢: A — G is never

mentioned; this means that G is generated by Ag and A is then treated like a subset
of G though distinct elements of A are a priori not necessarily distinct elements
of G. In this case, I'4(G) is always denoted I'(G) and is connected. A morphism
from the A-generated group G to the A-generated group H is always a morphism
extending the mapping a + a and hence is uniquely determined and surjective and
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is called the canonical morphism G — H . Given a canonical morphism of finite
A-generated groups ¢: G — H we have a canonical morphism I'(G) — I'(H),
usually also denoted ¢, of finite A-labelled graphs which maps each vertex g to
gy and eachedge (g, a) to (gg, a). Suppose that {(G;, ¢;;) | i. j € I}is aninverse
system of finite A-generated groups; then automatically {(I'(G;).¢;i;) | i.j € I}
is an inverse system of finite A-labelled graphs. Let G = LiLniel Gi; then the

Cayley graph of G is l(iLniel I'(G;) which is a profinite graph having vertex set G

and edge set G x A where the topology of the latter is just the product topology
with A considered to be discrete. Since A is a fixed finite set we need to consider
only countable inverse systems {(G, ¢nm) | n,m € N, m < n} where the linking
morphism ¢, are not always explicitly mentioned. We note that the Cayley graph
of an A-generated profinite group G (which means that the abstract subgroup (A)
of G generated by A is dense in G) is connected as a profinite graph.

Throughout, F stands for the free group with basis A, its elements are rep-
resented as words in the alphabet A. It is well known that finitely generated
subgroups H of F can be encoded in terms of finite, labelled, pointed graphs
[13, 14, 21]. Let A be a finite A-labelled graph; A is folded if for every letter a € A
and every vertex v there exists at most one edge e starting or ending at v and hav-
ing label a. In a folded graph, the letters from A induce partial injective mappings
on the vertex set, and for every vertex v and every word w in the letters of A there
is at most one path starting at v and having label w. From now on we assume all
graphs to be folded. Suppose that A has a distinguished vertex b (the base point)
and let L(A, b) be the set of all elements w € F (w given as a reduced word in A)
such that w labels a closed path at » in A. Then L(A, b) is a finitely generated
subgroup of F.

A graph A with base point b is reduced if no vertex except perhaps b has
degree 1 (where the degree of a vertex v is the number of positive edges e for which
te = vorte = v). Forevery finitely generated subgroup H of F then there is up to
isomorphism exactly one finite, connected, A-labelled, reduced graph .A with base
point b such that L(A, b) = H. This graph we shall usually denote A with base
point by . It can be obtained as follows. The Schreier graph X (F, H, A) has vertex
set the set H\ F of all right cosets Hg in F with respect to H and positive edges

2 L>Ho forg € F anda € A; the edge set then can be identified with H\ F x A.
g ga

Let the core graph core(X(F, H, A), H) of X(F, H, A) with respect to the base
point H be the subgraph of X (F, H, A) spanned by edges which are contained in
areduced closed path at vertex H. Then core(X (F, H, A), H) is isomorphic to H
and will be the called the core graph of H. For a more constructive method to find
‘H the reader is referred to [13, 14, 21]. In any case, the core graph of H = L(A, b),
A finite, can be obtained from .4 by removing finitely may vertices and edges from
A until the outcome is reduced.
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Next let § be a formation of finite groups; the pro-§-topology of F has as
neighborhood basis of 1 the collection of all normal subgroups N of F for which
F/N e §. The profinite group

Fs:= lim F/N
F/Neg

is the free pro-§-group generated by A; the abstract subgroup of 1/4“% generated
by A coincides with F if and only if F is residually §, that is, if and only if
(Nr/neg N = {1}. Given an A-generated group G € § and w € F it is often
convenient to denote the image of w under the canonical morphism F — G by
[w]g (which means the value of w in G); similarly, given y € f’;, the image of y
under the canonical morphism F’E —» G will be denoted [y]g.

A finite A-labelled graph A is complete if the degree of every vertex is 2| A|.
That is, every letter a € A induces a permutation of the set of vertices of .A. The
group generated by these permutations is the transition group T 4 of A which is
an A-generated group. A finitely generated subgroup H of F is §-extendible [14]
if the core graph H of H can be embedded into a finite complete graph H whose
transition group 7’5 belongs to §. A key result from [14] is Proposition 2.7: it
states that every pro-F-closed finitely generated subgroup H of F is §-extendible
— the result is formulated and proved for varieties of finite groups but the proof
goes through verbally for the more general case of formations.

Suppose that the complete graph A with distinguished vertex b is connected;
then there exists a unique graph morphism ¢ 4: I'(74) — A for which 1p4 = b
which we call the canonical morphism T'(T 4) — A. Indeed, it is well known and
easy to see that the mapping g > b-g induces a graph morphism I'(7 ;) — A and
A is isomorphic to the Schreier graph X (7 4, H, A) where H is the stabilizer of  in
T 4. If G is another A-generated group such that ¢: G — T 4 then o 4:'(G) —
A is the canonical morphism I'(G) — A. Next let A be an A-labelled graph with
base point » and .4 be a completion of A (that is, .4 is a subgraph of the complete
graph A). We have the canonical mapping ¢ 1: T'(T7) —> A. Now, the inverse
image of A under ¢ 5 in I'(T 7) is a subgraph of I'(T 7), not necessarily connected.
But we let A”2 be the connected component containing 1 of this inverse image.
More generally, let G be A-generated with canonical morphism ¢: G — T z; then
we define A to be the connected component containing 1 of the inverse image of
A under the canonical map ¢¢ 1: T'(G) — A. Then A is a connected subgraph
of I'(G) and it is the subgraph of I'(G) spanned by all edges that are contained in a
path starting at 1 and having label w, say, for which there exists a path in A starting
at b and having label w. The latter could be also taken as definition of the graph
A€, it actually makes sense for every A-generated group G, but the existence of
a morphism A® —» A is not guaranteed in the general case. However, if there is
a completion A of Aand G —» T "7 then we do have a canonical graph morphism
A% — A mapping 1 to b. Forevery h € L(A, b) the element [A]g is also mapped



144 K. Auinger

to b by this morphism. Moreover, as a subgraph of I'(G) the graph A¢ may be
shifted by left multiplication by an element g € G to obtain g.A%. Then there is
a canonical graph morphism g A% — A which maps g to b. Similarly, for every
h € L(A,b), the element g[h]g is mapped to b under this morphism.

If we are given an inverse system of A-generated groups

Ti<tGo <2 Gy «2 G, <2 ... 2.1)

then we get an inverse system of A-labelled graphs

[20] ?1 ¢2 ®3

AG2 cos (2.2)

A ATx & pG0 Ll p6n
where in the latter sequence the mappings ¢ 1 and ¢; have to be understood as the
appropriate restrictions to the graphs AT4 and A%, Altogether, every inverse
system of finite groups as in (2.1) leads to an inverse system of finite graphs
as in (2.2) and for G = 1<i£1Gn we set A9 = l<i£1.AG” which is a connected
subgraph of the profinite Cayley graph I"(G). Assume that the abstract subgroup
of G generated by A is F. Similarly as for the finite case, we have now a canonical
morphism A9 —» A which maps every element of the closure L(A, b) of L(A, b)
in G to the base point ». In addition, for every y € G there is a canonical graph
morphism y A9 — A which maps yL(A, b) to b.

As mentioned earlier, the graphs A% may be defined without referring to a
completion A of A. The same holds for the projective limit A9 = l(ln A% The

profinite graph AI/:E defined in this latter fashion then admits a canonical graph
morphism AFs —» A if and only if .A admits a completion .A whose transition
group Tz is in §. The ‘only if” direction of that claim — which will not be used
in the paper — can be seen as follows. Take an inverse system (Gp)neny With

G, € § such that f’; = lim G,. Then AI/:E = lim .A%"; hence the canonical
«— <«

morphism A3 —» A factors through A% for G = G, for some n. Now let H be
the subgroup of G consisting of all [w]g for w € L(A, b4). The Schreier graph
¥ (G, H, A) =: X then is a complete graph which contains .4 as subgraph. The
transition group T is a quotient of /Q ,hamely Ts = G/Hg where Hg is the core
of H in G. The profinite graph As can be viewed as pro-3-universal covering
graph of A.

3. Profinite topology and geometry of graphs

For a certain class of formations § of finite groups we establish tight connections
between the pro-F-topology of a finitely generated free group F and the geometry
of the Cayley graph I'(F3) of its pro-§-completion Fgz. This is an extension to
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formations of the results formulated and proved for varieties in [4, Section 5].
While the proofs of [4] would carry over to the case of formations more or less
easily, it is our explicit intention to present new proofs which avoid relatively
free profinite inverse monoids and instead use the above mentioned concept of
(profinite) covering graphs.

3.1. Being Hall and being arboreous. According to a result of [14] mentioned
in section 2, for every formation §, every finitely generated pro-§-closed subgroup
H of F is §-extendible. Here we shall present a criterion for an extendible group
H to be closed. It turns out that this can be expressed in terms of a geometric
property of the pro-g-universal covering graph H s of the core graph H of H.

For this purpose, we modify and generalize the concept of Hall property
of a profinite graph introduced in [4]. Let I" be a connected profinite graph;
a connected subgraph A is a Hall subgraph of T if, whenever A contains the
endpoints of a finite reduced path p in I" then A contains the (graph spanned by
the) path p itself. Note that, by definition, every connected profinite graph is a Hall
subgraph of itself. The concept of Hall subgraph allows to give a characterization
of which §-extendible subgroups H of F are pro-§-closed.

Theorem 3.1. Let § be a formation of finite groups. An §-extendible subgroup H
of F is pro-g-closed if and only if HFs is a Hall subgraph ofF(fg).

Proof. Here we do not assume that F is residually §. In particular we do not
assume that F is canonically embedded in 1/’4% For convenience, foraword w € F,
the value of w in 1/4“% will simply be denoted [w]g rather than [w]@.

Let H be an §-extendible subgroup of F with core graph H. Suppose first

that ”HfE is not a Hall subgraph of F(f’g). We need to show that H is not pro-
$-closed. Throughout the following proof we shall identify every path p with the

graph spanned by p. Let y be a vertex of s for which there exists a reduced
word w € F such that the path y — y[w]z in I'(F5), starting at y and being

labelled w, is outside HEs except for its endpoints.
Let H be a completion of H with transition group 7 in § and let

G()«—Gl«—---

be an inverse system of groups in § such that l(ln G, = 77% and Go — T, and

such that, denoting for all n the canonical projections 77; — Gy by ¢y, we have
that the path ypo — ygo[w]g, in I'(Go) labelled w is outside HGo (except for
its endpoints). Let v € F be a reduced word labelling a path 1 — y¢o running
entirely inside H%0. Then, in F(fg), the path 1 — [v]z labelled v runs inside

HI/:E (being the lift of the corresponding path in 7£6°); in particular, [v]z € HI/:E.
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Next, the path [v]z — [vw]z in F(f”%) labelled w is outside 7-[@ (except, perhaps,
for its endpoints) since its projection in I'(Gy) is outside H%. We claim that

[vw]g does belong to HEs. Indeed, for each n choose a word p, labelling a
path ygo, — (y[wlz)¢n = (yon)[w]g, which runs entirely inside H%". Since
[PnlG, = [w]g, for all n, lim p, = w. Each path 1 — [vp,]z in T'(Fz) labelled

vp, runs entirely in s being the lift of the corresponding path in H%”. Since

HES is closed it follows that [vw]z = lim[vp,]z € HFS. Hence we may consider
the vertices [v]z and [vw]y instead of y and y[w]z.

Next, consider the group K := v~!Hv. Since conjugation is a homeomor-
phism of F, H is closed if and only if K is closed. It is clear that for the core graph

K of K the equality KFs = v='#F5 holds. For KFs we have that 1, [w]z € KFs

but the path 1 — [w]z in F(Fg) labelled w is outside ICF ¥ (except for its end-
points). Finally, choose, for every n, a word u, which labels a path 1 — [w]g,
which runs entirely inside KCn. Then limu, = w and unuo_l € K since this word
labels a closed path at 1 in K60. On the other hand, limu,uy! = wuy! ¢ K: if
wuy! were in K then it would label a closed path in K at base point b and that
path would lift to a path in X6 starting at 1. This however, this is not the case by
construction of w.

Let conversely I-{\ < F be finitely generated, §-extendible with core graph H

and suppose that Hf% is a Hall subgraph of I‘(f’%). Let (w,)new be a sequence
of elements of H with limw, = w € F with respect to the pro-§-topology of F.

We need to show that w € H. Since [wa]z € HFS for all n, also [w]z € H'3. So,
HES contains 1 and [w]z and therefore also the path 1 — [w]; in F(f’;) labelled

w. By the canonical map H¥s —» #, that path is mapped to a closed path at by
with label w which means that w € H. O

Of particular interest are formations § for which every extendible subgroup H
of F is closed. Let us call such a formation Hall. More precisely, a formation § is
Hall if for every alphabet A (with |A| > 2) every finitely generated, F-extendible
subgroup H of F is pro-§-closed in F. This is the straightforward generalization
to formations of a notion originally introduced for varieties [22]. Exactly as in that
special case, the property of being Hall of a formation § can be expressed in terms
of the geometry of the Cayley graphs of free pro-§-groups. A connected profinite
graph I' is an absolute Hall graph, or, shortly a Hall graph if every connected
subgraph is a Hall subgraph of I". If I‘(f’%) is a Hall graph then by Theorem 3.1,
every §-extendible subgroup H of F is pro-§-closed. Also the converse holds: if
F(fg) is not Hall then there exists an §-extendible subgroup H of F which is not
pro-F-closed. This leads to a ‘global’ version of Theorem 3.1; for varieties this
was proven in [4]
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Theorem 3.2. A formation § is Hall if and only if for each alphabet A the Cayley
graph I'(Fz) is Hall.

Proof. The ‘if’ part is a consequence of Theorem 3.1. For the converse, let
A C F(f’g) be a connected subgraph containing the endpoints y and y[w]z of
some reduced path p whose label is w, say, such that the graph spanned by p is
outside A except for its endpoints. We may consider instead the graph y~! A and
hence assume that y = 1. As in the proof of Theorem 3.1, let Gy «— G1 «— ---
be an inverse system of groups in § such that 1(&1 G, = 1/71; and, denoting the

canonical morphism ?E — G, by ¢, we have that the graph spanned by the path
in I'(Gy) with label w starting at 1 is outside Agq except for the endpoints 1 and
[w]g,. For every n, let u, be a word labelling a path 1 — [w]g, running inside
Ag@y; then limu, = w. The group H = L(Ago, 1) is F-extendible; since uy
also labels a path 1 — [w]g, in Agy it follows that u,uy! € H for every n and
limu,ug! = wue. But wuy! does not belong to H since wuy! does not label a
closed path at 1 in Agg. Altogether, H is not closed for the pro-§-topology. O

Next we consider a strengthening of the former property, this time motivated
from the side of the geometry of the Cayley graph of f’% An obvious strengthening
of the property of being Hall is that any two vertices u and v which are contained
in a connected subgraph should be contained in a smallest (with respect to con-
tainment) connected subgraph. Equivalently, for any two given vertices contained
in a connected subgraph, the intersection of all such connected subgraphs is again
connected. A connected profinite graph with this property has been called tree-
like in [4]; pro-p-trees and similarly defined graphs in the sense of [16, 17, 18] do
have this property but there are many tree-like (Cayley) graphs which are not of
this form (including some new examples which can be constructed by the method
presented in section 4). We are going to show that this geometric property of the
Cayley graph is equivalent to a strengthened condition on the pro-§-topology of
the free group F: namely that the product H K of any two §-extendible subgroups
H and K of F is pro-§-closed. Throughout, for vertices «, § of a tree-like graph I"
we shall denote by [«, B] the unique smallest connected subgraph of I" containing
« and B — the geodesic subgraph determined by « and .

Proposition 3.3. Suppose that F(f’;) is tree-like; then the product HK of any
two §-extendible subgroups H and K of F is closed in the pro-§-topology of F.

Proof. Let (w,) be a sequence in HK such that imw, = w € F; we need to
prove that w € HK. Each w, admits a representation w,, = h,k, with h, € H
and k, € K (equality holds in F, so the word 4, k, need not be reduced). We may
assume (by going to a subsequence) that the sequences (%,) and (k,) converge in
I/TE: there exist n, k € 1/71; such that n = lim 4, and ¥ = lim k,,. Then nx = w and
we may assume that n # 1 # w. Let H and /K, respectively, be the core graphs
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of H and K. By construction, HF § contains 1 and all vertices /z hn and hence also
n = lim h,,. Likewise, KFs contains 1 and k. Consequently, #HFs UnICF § contains
1land w = nk. By the Hall property, #F5 U nkFs contains the geodesic [1, w].
Since 1 € HFs and w € nICF?, some vertex, say v, of the geodesic [1, w] is
contained in ’H@ N nle;. That is, w admits a factorization w = vu such that
v E 7—[@ N nICI/:E. Since F(}/’E) is tree-like, we have

[l,v]g”HFS, [v,n]gHFgﬂnlCFg, [v,w]gr}lCF‘?.

N

Figure 1. The graph 7—[@ U r]lCﬁ}.

Now consider a finite quotient 1/4“% % G such that
° G—»TgandG—»TE,

o 1# 09 # we,
e ¢ restricted to [1, w] is injective,

where H and IC are completions of 7 and /C, respectively, with transition groups
in §. Then we have

[v.nle € (HF5)p = HO
and
[v, nle € (IKF®)p = (np)KC.

Choose a path p:vgp — ne which runs entirely inside [v, n]¢ and suppose its
label is s. Then the word vs labels a path 1 — n¢ running inside . Since the

projection Hfs —» 7{ maps both 1 and 7, to the base point by of H so does the
projection HG —» #: 1 and ¢ are both mapped to the base point by It follows
that vs € H. By an analogous reasoning: s~!u labels a path ¢ — w¢ running
inside (7¢)XC¢. The canonical projection (7¢)XC® — K maps both n¢ and we to
the base point b of K. Altogether, s™'u € K and thus w = vs-s~'u € HK, as
required. O

Next we are going to prove the converse of Proposition 3.3. We start with a
definition which will be also used in Section 4. Let I" be a (pro)finite graph with
distinguished vertex 1; a constellation in T is a triple (E, y, ®) where
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(1) yisavertexof I', E and ® are connected subgraphs of T",
2) I,ye ENO,
(3) the connected E N ®-components of 1 and y are distinct.

A constellation of an A-generated group then is a constellation of its Cayley graph.
It is clear that the Cayley graph T'(G) of an A-generated pro-finite group G is tree-
like if and only if it does not admit a constellation.

Let Gy «— G; « G, «— --- be an inverse system of A-generated finite
groups with G = Lln G, with canonical projections G il G,. Suppose that I'(G)
admits a constellation (Z, y, ®). Then there exists a positive integer m such that
(Bom, Yom, Opy) is a constellation in I'(G,,) (since the two E N ®-components
of 1 and y may be separated by clopen subgraphs). Moreover, for every n > m,
denoting by ¢, , the canonical morphism G, — G, we see that (E¢,, y¢n, O¢,)
is a constellation in I'(G,) and

(E@m. YOm, Ovm) = (E0n@um. YOnPnm-» ©On®nm).

Proposition 3.4. If F(f’;) is not tree-like then there exist §-extendible subgroups
H and K of F for which the product HK is not pro-§-closed in F.

Proof. Take a constellation (&, y, ®) in I‘(f’%) and a finite quotient G of 77% with
morphism ¢: 1/4“% —> G such that (B¢, y¢, ®¢) is a constellation in I'(G). Set
Go := G and take an inverse system Gy «— G «— G, «— --- of A-generated
groups with 77% = 1(£n G,. Denote by ¢, the canonical morphism f’% — Gyy,. For
every m, the triple (E¢m, Y¢m, O¢n) is a constellation in I'(G,).

Choose two words u,v € F such that u labels a path 1 — y¢ which runs
entirely in E¢q and v labels a path yp9 — 1 which runs entirely in ®¢,. Next, for
each m choose words h,,, k,, € F such that &, labels a path y¢,, — 1in I'(Gy,)
which runs entirely in E¢,, and k,, labels a path | — y¢,, in I'(G,,) which runs
entirely in ®¢,,, Then, for every m,

e, = v "6, and  [kmlG, = V]G

and therefore lim ,, = y~! and limk,, = y in F.

Notice that £, labels also a path ygo — 1 running in E¢q and k,, labels a path
1 — y@o running in ®¢y. Let H = L(E¢o, 1) and K = L(®¢p, 1), respectively.
Both H and K are §-extendible. Since uh,, labels a closed path at 1 in E¢ and
kmv labels a closed path at 1 in Oy it follows that uh,, € H and k,,v € K.
Moreover,

lim uhmkpv =uy tyv =uv € F.
m—0o0

We are left with showing that uv ¢ HK. Suppose, by contrast, that there are
h € H,k € K such that uv = hk (equality holding in F). Then 7~'u = kv™!. In
G we have

[ UG, = yeo = (kv 6,
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and A~ 'u and therefore also its reduced form red(h~'u) labels a path 1 — ygq
in T'(Gy) running entirely in E¢y; likewise, kv~! and therefore also red(kv~")
labels a path 1 — yg@q in I'(Go) running entirely in ®¢@o. However, red(h™'u)
and red(kv~!) are identical as words and so must label the same path 1 — y¢y in
I'(Gy). This contradicts the fact that there is no path 1 — ygq in I'(Gy) running
entirely in Egg N O¢p. O

As a consequence we may summarize:

Theorem 3.5. The free pro-§-group f’; has tree-like Cayley graph if and only
if for any two §-extendible subgroups H and K of F the product HK is pro-3§-
closed.

The last result motivates the following definition: a formation § is arboreous
if the Cayley graph F(f’;) of every finitely generated free pro-§-group is tree-
like; this is the straightforward analogue in the context of formations of a notion
introduced for varieties in [4]. Then § is arboreous if and only if for every finitely
generated free group F, the product HK of any two §-extendible subgroups H
and K of F is closed in F with respect to the pro-F-topology.

It would be interesting if in Proposition 3.4 and therefore in the ‘if’-part of
Theorem 3.5 “F-extendible” may be replaced with “pro-§-closed” for the involved
groups H and K. If we allow formations § for which F is not residually § then
this is not true for trivial reasons. Indeed, in that case the Cayley graph F(fg) is
certainly not tree-like since it contains a finite circuit. Let Lz be the intersection of
all normal subgroups N of F for which /N € §. Then the pro-§-closure of {1}
is Lz and every pro-§-closed subgroup H of F must contain L. In that case, the
core graph of H is complete, hence H is — if it is finitely generated — of finite
index and therefore clopen. The product H K of two such groups is necessarily also
clopen (being the union of finitely many cosets of H). In this case the adequate
environment to study separability properties concerning products H; ... H, of
finitely generated subgroups is the group F/Lz rather than F.

Problem 1. Does there exist a non-arboreous formation (or variety) § for which
F is residually § and such that the product HK is pro-F-closed for any two finitely
generated pro-§-closed subgroups H and K of F?

Any such example must be a non-Hall formation. Another open problem
occurring in this context is:

Problem 2. Does there exist a formation (or variety) which is Hall but not
arboreous’?
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3.2. The Ribes—Zalesskii theorem. Now we show that for an arboreous forma-

tion § even a stronger separability condition holds: the product H; ... H, of an

arbitrary number n of §-extendible subgroups Hy, ..., H, of F is pro-F-closed.
We start with some preliminary statements concerning tree-like graphs.

Lemma 3.6. Let I" be a connected profinite graph and A and B be non-empty
disjoint subgraphs of U'. Then the graph A U E is disconnected.

Proof. The closed subsets V(A) and V(E) of V(I') are disjoint and therefore
can be separated by open sets. Hence there exists a finite quotient T of T" with
canonical morphism ¢: ' — T" such that Ap N E¢ = @. Since Ap and E¢ have
no common vertex, every path from a vertex in Ay to a vertex in E¢ must traverse
an edge outside Ap U Eg. It follows that (A U E)p = Ag U Eg is not connected.
Consequently, A U E is not connected, as well. O

Theorem 3.7. Let I be a tree-like graph, n > 3 and yy, ..., yn € V(I') be such
that

Wi—2> Yk—1] O W1 Y&l O [Vks Ve+1l = 0 forallk € {2,...,n—1}.  (3.1)
Then [yo, 1] N [Yn—1,Yn] = 9.

Proof. First recall that in T, the intersection of any two connected subgraphs A
and E is connected [4, Prop. 2.2]: indeed, for any two vertices u, v in A N &, the
geodesic [u, v] is also contained in A N E.

Suppose that the claim of the Theorem is not true and let # > 3 be minimal
such that a counterexample yy, . .., ¥, exists. Set

A= [Yo. 1] N [Yn=1.Vnls O = [Yu—2 N Yn—1] N [Yn—1, Yl

and

A = [yo, vl U [y1, y2l U+ U [yn—2, Yn—1l-
Since yo, y1,--.,yn is a counterexample, A # @. Since n is minimal for a
counterexample,

AN [Yn-1.val = ([Yo. "] U [Vn—2. Ya—1D) N [Vn-1.va] = AU ©.
Moreover, A N ® = @. In case n = 3 this is equivalent to

[vo, y1l N [y1, v2l N [y2, y3] = ;

for n > 3 this follows from [yg, y1] N [Yn—2, Yn—1] = @ (since n is minimal for a
counterexample). By Lemma 3.6, the graph

AN [Yn—1, ] =AUB

is disconnected which contradicts the fact that the intersection of two connected
subgraphs of I is connected. O
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Theorem 3.7 immediately implies that in case (3.1) holds for yy, ..., y, then

Vi-1. Vil DO [Vks Vsl = 0

forall 1 <i < k <n — 1. Theorem 3.7 is a generalization of Theorem 3.7 in [4]
but the proof presented here is much simpler than the one in [4].

Now let G be an A-generated profinite group with tree-like Cayley graph I"(G);
note that the abstract subgroup of G generated by A4 is F.

Lemma 3.8. Letn > 2, yo,...,¥n € G and suppose that in case n > 3 for
alli € {2,...,n — 1} condition (3.1) holds. Let w € F, u be a prefix of w,
that is w = uv for some v (equality of words) and suppose that u € [yo, y1]

and w € [Yy—1,yn]. Then v admits a factorisation v = vy ...v, such that, for
zi =uvy...v; (for 0 <i <n)then

zi € [Yi—1, Vil N [yi vi+1] for1<i <n-—1
and [zi—1,z;]] € [yi—1, yil for 1 <i <n.

Proof. The situation described in the lemma is depicted in Figure 2.

Zn—1

Figure 2. The graph [yo, y1] U [y1,y2] U--- U [Yn—1, Ynl-

The proof is by induction on n. For n = 2 we have u € [yo, y1], uv = w €
[¥1, ¥2]- Since [yo, ¥1]U[y1, y2] is connected, [u, w] C [vo, Y1]U[y1, y2] (since T'(G)
is a Hall graph). The geodesic [u, w] has vertex u in [yp, y1] and w in [y, y»] hence
must go through a vertex in [yo, ¥1] N [y1, y2]- Let v = vjv; be the corresponding
factorization of the label v of the path u — w then uvy € [yo, y1] N [y1, y2]. Since
u,uvy € [yo, y1] we also have [u,uvi] < [yo, y1], likewise uvy,uviv, = w €
[y1, 2] whence [uvy, w] = [uvy, uvivz] < [y1, y2], as required.

Now suppose that n > 3 and the claim be true for n — 1. By assumption,

u, w € [yo, V1] U [y1, v2] U= U [Yn—1, Vnl

whence
[, w] € [yo, 1l U [y1, v2l U=+ U [yn—1, ¥al

since the latter is connected. Let

A =[y1.y2l U Ulyn—1.ynl.
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Since [u, w] C [yo,y1] U A, u € [yo,y1] and w € A the geodesic [u, w] must go
through a vertex x in [yo, 1] N A. By Theorem 3.7 we have [yo, y1]N[Vi, Vi+1] = @
for all i > 1. Hence x € [yo,y1] N [y1,72]; then u,x € [yo,y1] implies
[u,x] < [yo,y1] (again since T'(G) is a Hall graph). Let v; be the label of the
corresponding geodesic path u — x which is a prefix of v; then, for v = v;z, z
labels the geodesic path x — w which runs entirely in A since x, w € A implies
[x, w] € A. By the induction hypothesis, z admits a factorization z = v, ... v,

such that for zy := u, z1 ;= x = uvy and z; = xv,...v; (for2 <i < n) then
zj € [yj-1.vi]I N0 [yj.yj+1l for 1 < j < n—1and [zi-1,2z;] € [yi-1,y:] for
i=1,...,n. O

We have thus all prerequisites we need for a proof of the Ribes—Zalesskii
theorem for the pro-F-topology of F for an arboreous formation 5.

Theorem 3.9. Let § be an arboreous formation, n > 2 and Hy,...,H, < F
be finitely generated §-extendible groups. Then the product H, ... H, is pro-§-
closedin F.

Remark 1. Since an arboreous formation is a fortiori Hall, being pro-g-closed
and being §-extendible are equivalent for a finitely generated subgroup of F.
Hence the formulation above is equivalent to the more familiar one: the product
H; ... H, is pro-§-closed for pro-F-closed subgroups Hi, ..., H, of F.

Proof. We proceed by induction on n with induction base n = 2 being true by
Proposition 3.3. Let n > 2 and suppose that the claim be true for n’ < n. So
let Hy,..., H, < F be §-extendible. By the induction hypothesis, for each i €
{1,...,n}and w € F the set Hy...H;_1wH;4; ... H, is pro-§-closed. Indeed,
as mentioned above, being §-extendible is equivalent to being pro-g-closed which
is a purely topological property and hence preserved by homeomorphisms of
F. From the fact that the conjugation x +— wxw™! is a homeomorphism it
follows that each group YHy = wH;w™! is §-extendible and hence, by induction
hypothesis the set

Hy...Hi_yw(Hiyi...H)w ' = H,...H;i_{“H;;+1..."H,

is pro-§-closed. Since right translation x + xw is also a homeomorphism the
claim follows.

Now take a sequence (Wi )ren With wy € Hy ... H, such thatlimwg =we F.
We need to show that w € H; ... H,. Each w; can be written as

Wk = hlkth . ./’an

with h;; € H; for all i and k and equality holds in F (the product on the right
hand side need not be reduced). We may assume (by going to a subsequence) that
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each of the sequences (hjx)rey converges in j’; So, let n; = limg_ o h;x for
i =1,...,n. In addition, we may assume that for alli < j, n;...nj—1 # 1 since
otherwise we could replace each wy with

w,/( = hlk .. -hi—l,khjk .. -hnk~
Then w = limwy = lim w; and
limw,/( S Hl...Hl‘_lHj...Hn CcCH,... H,

by the induction hypothesis. Setting yo := landy; = ny...p; fori =1,....n
then we have that the elements y; are pairwise distinct. We distinguish two cases

(1) there exists i € {2,...,n — 1} such that

[Vi—2, Vi1l N [yi—1, vi] O [yi, vig1] # 9,
(2) foralli € {2,...,n—1},

[Vi—2, Vi1l N [vi—1, vi]l O [yi, vi+1] = 0.

Let Hy, ..., Hy be the core-graphs of Hy, ..., H, with base points by, . .., by,
completions Hy, ..., H, and transition groups 7i,...,T, € §, respectively. In
case (1), leti € {2,...,n — 1} be such that there exists

£ € [yi—2, Vi1l N [Vi—1, ¥l O Vi, Vi+1l

Take an A-generated group Gy € § such that Gy — T; for all / and such
that all elements [y;]c, are pairwise distinct. Choose an inverse system (G,) of
A-generated groups in § such that Gy «— Gy «— G, «— --- and l(iLnGm = F;

and denote the canonical morphism f’; —> Gy by ¢,. We may assume, by
considering an appropriate subsequence (wy,,) of (wg), that

(himlG, = MilGm

forall/ =1,...,nand all m € IN.
For & € [yi—2, yi—1] N [yi—1, ¥i] N [i, yi+1) we note that

[Vi-1.§] € [Vi—2. Vil N [yi-1, vl and  [§, yi] € [yi—1, vil O [vis Vil
Choose m € IN and consider the image of
[vi—2, Vi1l U [yi—1, vi] U [¥i, Vi1l

under ¢, (that is, within the graph I'(G,,)) and set gx := yrom fork =i —2,
i—1,i,i +1and x = &¢y,. The words h;—1 m, him, hi+1,m label paths

8i—2 — &i-1, &i-1—> &, &i — &i+1,
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all in I'(Gy,), but not necessarily inside ([yi—2, yi—1] U [yi—1, ¥i] U [Vi» Vi+1])@m-
We choose words e, fi, such that e,, labels a path p,,:g;—; — x which runs
inside [yi—2, Yi—1]lom N [Vi=1, Vil¢m, and f, labels a path ¢,,: x — g; which runs
inside [yi—1, ¥ilom DO [Vi, Yi+1lom- The situation is depicted in Figure 3.

hi—l.m hi+1.m

Figure 3. The graph ([y; —2, vi—1] U [¥i—1. Vil U Vi, Vi+-1D @m.

Consequently, [#im]G,, = [em fmlG,,. Doing so for every m € IN we see that
lim ey, fr, = lim hi, = n;.
m—o00 m-—00
It follows that
lim hlm .. .h,’_l’memfmhi+1,m .. -hnm = lim Wy = W.
m—0o0 m-—0o0

Now observe that, for each m, the canonical projection g,-_z’H?_”i —> H;—1 maps

gi— as well as g;_; to the base point b;_; and hence the path p,, to a path p,, in
;1 starting at the base point b;_;. For every m, p,, also ends at the same vertex,

say v, namely at the image of £ under the canonical mapping yi_z’}{ffl — Hi_q.
Let e be a word labelling a fixed path in H;_; from the base point b;_; to v.
Then e,,e™! labels a closed path at b; 1 in H;_1, whence e,e™! € H;_; for each
m. Likewise, there exists a word f labelling a path inside #;+; from some fixed
vertex u to the base point b; 1 and f~! f,, € H; 4 foreachm € IN. Consequently,
for every m, the word

w;n =him... (hi—l,meme_l)ef(f_lfmhi+l,m) oo hm
belongsto H;y ... Hi_iyefH;iy1 ... H, and

. / .
lim w,, = lim w, =w.
m—00 m—00
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By the induction hypothesis, w € H; ... Hi_1efH;+1 ... H,. Hence there exist
hye H, (fork=1,...,i —1,i + 1,...,n) such that

w :hl...hi_lefhi+1...hn.

Finally, let us look once more at the word e, f;, for some fixed m, say m = 0. We
know that eq fy labels a path y;_1¢0 — yi@o Which runs entirely in [y;_1, yi]@o.
Under the canonical mapping ()/i_lcpo)’HiG 9 — H,; that path is mapped to a
closed path at base point b;. Consequently, eg fo € H;. Since, by construction,
eea1 € H;_; and fo_lf € H;, we arrive at

—1 -1
w :hlhz...hi_leeo e()fo fO fhi+1...hn,
(R —
eH; €H; GHi+1

thus w € H; ... Hy, as required.
Now consider case (2). We have yo = 1 and y,, = w. By Lemma 3.8, w admits
a factorization w = v{v, ... v, such that, for z; = vy ...v; (for 0 <i < n) then

zi € [Yi—1, vil N [yi,Yig1lfor1 <i <n—1

and for 1 < i < n, [zi_1,zi] C [Vizl’y"]' Now choose an A-generated group
G € § with canonical morphism ¢: Fz — G such that

o G — T;foralli,

e all y; ¢ are pairwise distinct,

e ¢ restricted to [1, w] is injective.

We consider the graph

(Yo, vl U Iy1. v2l U=+~ U [yn—1. vuDe
inI'(G). Foreachi =1,...,n—1,

[zi, vile € [yi—1. vile O Vi, Vi+1le:

let s; be a word labelling a path z;¢o — y;¢ running inside [z;, y;]p, and set
so = 1 = s,. Then for eachi = 1,...,n the word sl.__llvl-si labels a path p;
yi—1¢ — yi@ running entirely inside [y;_1, yi]e. Similarly as argued earlier, the
canonical projection (yi_1<p)HiG —> H; maps y;—1¢ as well as y;¢ to the base
point b;. Since [yi_1, yile € (yi—1¢)HC, the path p; is thereby mapped to a closed
path at base point b;. Consequently, si—_l1 vis; € Hi fori = 1,...,n. Altogether,

-1 -1 -1
W="V1...Up = VU151 8] V252...8, oVUn—1Sn—1"S,_1VUn € Hy1... Hp,

as required. O
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4. Constructing groups with tree-like Cayley graphs

We present a method to construct inverse sequences Gg «— G; «— G, «— --- for
which the group G = Lln G, has a tree-like Cayley graph. Suppose that G is an
A-generated profinite group whose Cayley graph admits a constellation (E, y, ©).
Then there exists a finite quotient G with canonical morphism ¢: G — G such that
(Eg, yp, ®p) is a constellation in I'(G). Moreover, if ¢ factors through another

finite quotient H, say G E» 5 G, then (Ey, yy, ®) is a constellation in
I'(H) and
(EYu, yyu.0yp) = (Ep,yp, 0g).

In particular, there exist words u, v € F such that u labels a path 1 — y¢ running
in B¢, v labels a path | — y¢ in ®¢ and [u]g = [v]g: simply take words u, v
which label paths 1 — y in ['(H) such that the one labelled by u runs in Ey
and the one labelled by v runs in ® 1.

Now we come to a crucial definition. Let (X, g, T) be a constellation in
the Cayley graph I'(G) of the finite A-generated group G; let H be another A-
generated group such that H — G. Then H dissolves the constellation (X, g, T')
if, for all pairs of words (u, v) such that u labels a path | — g running in X and
v labels a path 1 — g running in 7, the inequality [u]g # [v]m holds. If H
dissolves the constellation (X, g, T') of G then, in particular, there does not exist a
constellation (Y, &, Z) of H for which (X, g, T) = (Y¢, he, Z @) for the canonical
morphism ¢: H — G. Moreover, each A-generated group K for which K — H
then also dissolves the constellation (X, g, T') of G. This, together with the earlier
discussion implies that T'(G) is tree-like provided that for each finite quotient G
of G and each constellation (X, g, T) of G there exists another quotient H of G
which dissolves the constellation (X, g, 7). Now, every finite group can have at
most finitely many constellations (X, g, T). If, for every such (X, g, T) we have a
group Hx ¢ 1) which dissolves (X, g, T') then, taking the A-generated subdirect
product H of all such H(x , ), we get a group which dissolves all constellations
of G. Thus, we have already proved the ‘if’-direction of the next result.

Proposition 4.1. The Cayley graph T'(G) of an A-generated profinite group G is
tree-like if and only if, for each finite quotient G of G there exists a finite quotient
H of G which dissolves all constellations of G.

Proof. We only have to prove the ‘only if’-direction. Suppose that G does not
fulfill the condition stated in the proposition. Then there exists a finite quotient
G of G such that for every H with G — H —» G there exists a constellation
(X, g, T) of G whichis notdissolvedby H. LetG =: Gy «— G; «— G, «—--- be
an inverse system of quotients of G such that lim G, = G. For every n there exists
a constellation (X, g, T,) of G which is not dissolved by G,. Since G has only
finitely many constellations we may assume that the constellations (X, g», T,)
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all coincide with a fixed one, say (X, g, 7). By definition, for each n, there exist
words u, and v, such that [u,]g, = [va]G,, Un labels a path 1 — g inside X and
vy, labels a path 1 — g inside 7. We may assume (by going to subsequences) that
both sequences ([u,]g) and ([v,]g) converge, in which case they have the same
limit, say y := lim[u,]g = lim [v,]g. Now consider the covering graphs X9 and
TY (both with respect to the base point 1). Both graphs are connected subgraphs of
I'(G) and both contain y and 1. Since the canonical mapping I'(G) — I'(G) maps
X9t X,T9t0 T, ytogandl to 1 it follows that (X9, y, TY) is a constellation
in I'(G) whence I'(G) is not tree-like. |

We continue by a technical lemma saying that in Proposition 4.1 it is not
necessary to consider all finite quotients of G but rather a co-final set.

Lemma 4.2. Let G — H 2> K be finite, A-generated. If G dissolves all
constellations of H then G dissolves all constellations of K.

Proof. Let (X, g, T) be a constellation of K and let u, v be words labelling paths
1 — gin X and T, respectively. If [u]g # [v]g then also [u]g # [v]g and we are
done. So, assume that [u]g = [v]g =: h. Let Y be the subgraph of I'(H) spanned
by the edges of the path u: 1 — & and Z be the subgraph of I'(H') spanned by the
edges of the path v:1 — hin I'(H). Then Yo C X, Zp € T, h¢ = g and
therefore (Y, h, Z) is a constellation in H. Since G dissolves (Y, h, Z) it follows
that [u]g # [v]g, as required. O

We need some further preparations.

Lemma 4.3. Let S be a finite, simple group and Fq(s)(a. D) be the 2-generator
free object in the formation fov(S) generated by S. Then a™b" = 1 only if
am™ =1=>p"

Proof. If S = C, for some prime p this is clear since Fjo.(S)(a,b) is the
(additive group of) the IF,-vector space with basis {a,b}. So assume that S is
non-abelian and let x € (a) N (b). Then x commutes with a as well as with b and
hence belongs to the center of Fj,.(s)(a, b) since a and b generate Fj,.(s)(a, b).
However, since Fjo(s)(a.b) is a direct power of S this group is centerless, so
x = land (a) N (b) = {1}. O

For a finitely generated free group R and a finite simple group S let R(S) be
the intersection of all normal subgroups N of R for which R/N is a direct power
of S. Then R(S) is a characteristic subgroup of R and R/R(S) is the r-generator
free object in the formation fot(S) generated by S where r is the rank of R. In
case S = C, for a prime p we have R(S) = R(Cp) = R?[R,R]. f wy, ..., w,
form a basis of R then w; R(S),...,w,R(S) form a collection of free generators
of R/R(S).
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Let G be an A-generated finite group, ¢: F — G be the canonical morphism
and R = ker(¢). We define G45 := F/R(S) and call this group the A-universal
S-extension of G. For § = C, this is a classical construction by Gaschiitz, see
[11, Appendix B8] and [9]. Note that G4-5 is an A-generated extension of R/R(S)
by G and R/R(S) is the r-generator free object in the formation generated by S
where r = |G|(|]A| — 1) + 1; G5 depends on S and A and enjoys the following
universal property: if H is any A-generated extension of a member of fot(S) by G,
then

G4S —» H —» G.

So we are interested, given a finite A-generated group G, to find a group
H — G which dissolves all constellations of G. Since our ultimate goal is to
give a sufficient condition for 77% to be tree-like with respect to a free generating
set A, in view of Lemma 4.2, it is no harm if we impose a few mild restrictions.
Since the cyclic and pro-cyclic case is already clear (every infinite pro-cyclic group
has a tree-like Cayley graph [4]) we generally assume that |A| > 2. Since, among
the finite quotients of 77} the relatively free ones form a co-final subset we shall
assume that
lalg # [blg #1 foralla,b e A,a # b. 4.1

Lemma 4.4. Let G be an A-generated finite group subject to (4.1) and let
e, [ be arbitrary positive edges in the Cayley graph T'(G); then the graph
I'(G) \ {e*!, f*1} is connected.

Proof. The claim is true if G is generated by two elements each of order 2 (that is,
G is a dihedral group). So we may assume that |A| > 3 or |4A| = 2 and at least one
generator has order greater than 2. Let I'° be the undirected graph formed from the
positive edges of I'(G) by ignoring the orientation of these edges. Moreover, from
each pair of edges g # g’ coming from a generator of order 2 (that is, (g = tg” and
1g’ = tg) remove one in order to get a graph rather than a multi-graph. The graph
I'° is vertex transitive with degree at least 3. It follows that the edge connectivity
of I'° is also at least 3 [12, Lemma 3.3.3]. That is, we may remove any two edges
from I'° and retain a connected graph. It follows that T'(G) \ {e*!, f*!} is also
connected. O

We are now able to prove the main result of this section. For S = C, for some
prime p this result is known [4].

Theorem 4.5. Let G be an A-generated finite group subject to the assumption (4.1)
and let S be a finite simple group. Then G4-S dissolves all constellations of G.

Proof. Let (X, g,T) be a constellation of G and u,v € F be words such that
[ulg = g = [v]g and u labels a path 1| — g inside X, v labels a path 1 — g inside
T. We need to show that [u]ga.s # [v]ga.s, thatis, [uv™]ga.s # 1.
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The group G4 is an extension of R/R(S) by G where R is the kernel of
the canonical morphism F — G, that is, R is an absolutely free group of rank
r = |G|(J4] — 1) + 1 and R/R(S) is a relatively free group of rank r in the
formation for(S) generated by S. From [uv~!]g = 1 it follows that uv™! € R;
moreover R is a finitely generated subgroup of F with core-graph R = I'(G) with
base point 1. We actually need to show that [uv~!]g,/g(s) # 1.

We know how to construct a basis of R: for every spanning tree Y of ['(G)
there exists a basis By whose elements are in bijective correspondence with the
positive edges of I'(G) \ Y. We are going to select a tree which is suitable for our
purpose. We shall argue in the same way as in [3, 5]. For a path = in I'(G) and a
positive edge e denote by 7 (e) the number of signed traversals of e by = (that is,
whenever 7 traverses e in the forward direction this counts +1, in the backward
direction —1).

Let Z be the connected X N T-component containing 1 and let D be the set
of all positive edges in X with initial vertex in Z and terminal vertex not in Z;
likewise, let C be the set of positive edges of X with initial vertex not in Z and
terminal vertex in Z. As in [3], D U C # @ and the edges of D U C form a border
that must be traversed by any path 7: 1 — g inside X one times more often in the
forward direction than in the backward direction. That is, for any such path =,

D mle)= > mle)=1. (4.2)

eeD ecC

Analogously, let D’ be the set of positive edges in 7 with initial vertex in Z and
terminal vertex in 7 \ Z, and C’ be the set of positive edges in 7" with terminal
vertex in Z and initial vertex in 7'\ Z. For every path 7: 1 — g inside 7T,

Y owle)= Y mle)=1. (4.3)

eeD’ eeC’

The situation is depicted in Figure 4.

Figure 4. Constellation (X, g, T), borders D U C and D’ U C’.
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From the definition it is immediately clear that (D UC)N(D'UC’) = @. Now
let o be the order of a free generating element of Fj,.(s)(a, b), the 2-generator free
object in for(S), and let # and 9 be the paths 1 — g in X and T, labelled u and v,
respectively. By (4.2) and (4.3) there existe € D U C and f € D’ U C’ such that
(e) and 9( ) both are not divisible by 0, and e # f since (DUC)N(D'UC’) = @.
By Lemma 4.4 the graph I'(G) \ {e*!, f*!} is connected, so we my choose a
spanning tree Y of I'(G) which does not contain e and f. For a positive edge
h € T'(G)\ Y let h be the label of the reduced path obtained by running inside Y
from 1 to A, traversing £ (in the forward direction) and then running back from t/
to 1 inside Y. The basis B~y then consists of all %, & a positive edge in I'(G) \ Y.
The label of every closed reduced path at 1 in I'(G) can be expressed uniquely
as a reduced product of elements of By U B;l. For a given closed reduced path
T = ejey...ex we know how to express its label as such a product: simply replace
each positive edge e; by é; provided e; ¢ Y and by 1 if e; € Y; in case ¢; is a
negative edge replace itby (e; ' )"!ife;! ¢ YT and by 1if e;! € Y. Doing so for
the path labelled uv~! we observe that uv~=! = w(u) - w(v~') where

e w(u) and w(v~') both are products of members of By U B;l,

e w(u) does not contain f*! and w(v™") does not contain é*!.
Setting

e 1u(e) := the sum of exponents of € in w(u),

e —v(f) := the sum of exponents of f inw@™)

we have that u(e) = 1(e) and v(f) = ¥(f) and therefore o + u(e) and o  v(f).
Consider now the morphism ¢: R — Fj,.(s)(a, b) determined by the map ¢ — a,

fisb s 1forh#e, f. Then

@v™he = )¢ (w™)g =a" @b £ 1
by Lemma 4.3 since 0 t u(e) and o 4 v(f). Since ¢ factors through R/R(S) we
= v r/res)¥ = (o™ = a*@bp7) £ 1
where ¥: R/R(S) — Fjou(s)(a, b) is the morphism determined by
¢R(S)—>a, fR(S)—>b, hR(S)—1 (h+#e, f).
It follows that [uv~']g/r(s) # 1 whence [uv™']ga.s # 1. O

Corollary 4.6. Let G = LEI G; be an A-generated profinite group; if for each i
there exists a simple group S; with G —» Gl.A i then I'(G) is tree-like.

For a prime p, there is the notion of pro- p-tree which is homologically defined
[24, 18]. From [2, Theorem 3.9], see also [4, Theorem 9.6], one gets that I'(G) is

a pro- p-tree if and only if G — GiA €7 for everyi.
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We are motivated to call a formation § locally extensible if for every A-
generated member G of § there exists a simple group S such that G4 also be-
longs to §. This seems to be the adequate analogue for formations of a notion
introduced for varieties in [4]. All formations closed under taking normal sub-
groups and extensions (called NE-formations in [19]) are locally extensible, but
the converse is not true.

Corollary 4.7. Every locally extensible formation § is arboreous and therefore
Hall.

The author is not aware of an example of an arboreous formation which is
not locally extensible. The problems of whether there exist Hall varieties which
are not arboreous and arboreous varieties which are not locally extensible have
been formulated in [4, 6, 7]. The problem to classify all Hall formations has been
proposed in [8].

Problem 3. Does there exist an arboreous formation (or variety) which is not
locally extensible?

Finally, let us consider an example. For a simple non-abelian group S (and
|A| = 2)let Ry := F(S)and R, = R,—1(S) forn > 1. Let & be the formation
consisting of all finite groups all of whose composition factors are isomorphic
with S. Then Fg = l<iLnF /R,. By Corollary 4.6, the Cayley graph F(I/’;)

is tree-like and & is arboreous. However, I/% is perfect. Let a € A; then the
closed normal subgroup of Fe generated by A \ {a} is the whole group Fe since
otherwise it would have a non-trivial abelian quotient. It follows that the answer to
Problem 7.8 in [4] is “No,” so Problem 7.7 (in the same paper) cannot be attacked
by the approach proposed there.
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