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Independence tuples and Deninger’s problem

Ben Hayes

Abstract. We define modified versions of the independence tuples for sofic entropy
developed in [22]. Our first modification uses an £9-distance instead of an £°°-distance.
It turns out this produces the same version of independence tuples (but for nontrivial
reasons), and this allows one added flexibility. Our second modification considers the
“action” a sofic approximation gives on {l,...,d;}, and forces our independence sets
Ji ©{1,...,d;} to be such that y;;, —ug; (J;) (i.e. the projection of y;, onto mean zero
functions) spans a representation of I' weakly contained in the left regular representation.
This modification is motivated by the results in [17]. Using both of these modified versions
of independence tuples we prove that if I' is sofic, and f € M, (Z(T")) N GL,(L(T")) is
not invertible in M, (Z(T")), then det, (ry(f) > 1. This extends a consequence of the work
in [15] and [22] where one needed f € M,,(Z(T")) NGL,, (¢! (T")). As a consequence of our
work, we show that if /' € M, (Z(T')) N GL,(L(T)) is not invertible in M,,(Z(T")) then
I ~ (Z()®7/7(I)®" £)™ has completely positive topological entropy with respect to
any sofic approximation.
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1. Introduction

This paper is concerned with a modification of independence tuples in the case
of sofic topological entropy due to Kerr and Li in [22]. We remark that the defi-
nition of sofic topological entropy is due to Kerr and Li in [21], following on the
seminal work of Bowen on sofic measure-theoretic entropy in [2]. Independence
tuples were first developed in [20] for actions of amenable groups. Positivity of
topological entropy is equivalent to having a nondiagonal independence pair, and
this can be viewed as a topological version of the fact that a measure-preserving
action of an amenable group must have a weakly mixing factor. Using indepen-
dence tuples, Kerr and Li showed that if a topological action has positive en-
tropy, then the action must exhibit some chaotic behavior (see e.g. [22], Theorem
8.1). Let us briefly mention the combinatorial version of independence. We say
that a tuple (A4;,1.. .., Aix)ies of subsets of a set A are independent if for every
c:J = {1,...,k}

() Aici) # 2.

ieJ
The name coming from the case when (4; 1, ..., 4; k)ies are (probabilistically)
independent partitions in a probability space. If I" is a countable discrete group
acting on a set X, and (Aq,..., Ag) are subsets of X, we call a finite / € T
an independence set for (A, ..., Ag) if {(s7' Ay, ..., s 1 Ax)}ses is independent.

When I’ is amenable and F' C T is finite, we let ¢4 (F) is the maximal cardinality
of a subset of F which is an independent set for A. We can then define the
independence density of A = (A1,..., Ax), denoted I1(A), to be the limit of
% where F, is a Fglner sequence. In the case X is compact and the action
is by homeomorphisms, we say that a tuple x = (x1, ..., xx) is an independence
tuple if every tuple U = (U, ..., Ux) where U; is a neighborhood of x; we have

1(U) > 0. This definition is due to Kerr and Li in [20].

To generalize to the case of sofic groups (defined in the next section), Kerr and
Li considered a sofic approximation (again we define this in the next section)

O'i:F —> Sdi

and abstracted the internal independent subsets of I considered in the amenable
case to external independent subsets of {1, . . ., d; } in the sofic case. In this manner
they defined what it means for a tuple (x1,---, xx) € X* to be an independence
tuple for the action I' ~, X with respect to some fixed sofic approximation
0;:I' — §4;. Moreover, they showed that I' ~, X has positive entropy with respect
to 0;: T — Sy, if and only if there is a nondiagonal independence pair in X?2.
This can be viewed as a topological version of the fact that a probability measure-
preserving action with positive entropy must have a weakly mixing factor.
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We give two alternate versions of an independence tuple for actions of sofic
groups. For the first it is useful to rephrase the definition in terms of metrics. Let
p be a compatible metric on X. The condition

ﬂ g Vo) # 2

gelJ

can be replaced by the similar condition that there is a x € X so that

max p(gx, gXc(s)) < &
gelJ

Equivalently, for 1 < p < oo, let us define p, on X’ by

pps (6. 3)7 = — 3 plx(g). y(£))? if p < oo,

15

Poo, 7 (X, y) = sugp(X(j), y())-
je

Then we are considering the condition that

oo, s (O(x), xc()) < &

where O: X — X7/ is defined by O(x)(g) = gx. One can rephrase the sofic
version of independence sets in terms of a similar £°°-product metric. We define
an a priori different version of independent set using an £?-product metric. This
is a priori weaker than the £°°-product version, however by an application of the
Sauer—Shelah lemma we can show that they are equivalent. While it appears that
we have thus accomplished nothing, this actually gives us an added degree of
flexibility as the ¢2-product metric will be more useful to us. The technique of
using £”-metrics instead of £°°-metrics was first used by Li in [23]. We believe
this is a very important technique, which often gives one added flexibility needed
to prove results in entropy theory. We mention that we have already exploited this
in [16], [15], and [17]. It is quite useful when one wishes to apply Hilbert space
techniques as these are phrased better in terms of the £2-product metric. This
is precisely the purpose of their use in [16], [15], and [17] and we believe this is
crucial for those results, as well as the results in this paper.

The second version of independence tuples is one in which we control the
translates of an independence set J by the left regular representation (in a sense
to be made more precise in Section 3), and moreover only consider partitions

c:J —{1,...,k}

where each of the pieces ¢~!({l}),1 < [ < k also has its translates controlled
by the left regular representation (again this will be made more precise later).
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To briefly describe the idea, consider a measure-preserving action I' ~, (X, ).
Given aset A C X we can consider the subspace of L?(X, i) given by

lI-1l2

Ha = Span{g(xa —u(A)):gel} .
One can then ask for sets where
'y Ha

is related to representations one is more familiar with, and this provides interesting
restrictions of the translates of A by I'. For example, one could consider A where
I' n H4 extends to the reduced group C*-algebra (this is the completion of the
group algebra in the left regular representation). Equivalently, for all f € c.(I")
we have

| Y 1@ Gea— | = X f@n@|Ia—mils,
ger gerl

where A is the left regular representation. This says nothing in the amenable case,
but in the non-amenable case implies some mixing behavior of A. For example,
if every measurable A C X has this property and I" is non-amenable then the
action is strongly ergodic. Based on this idea, we give a version of independence
tuples, called independence tuples satisfying the weak containment condition,
where the “representation” (via the sofic approximation) on the independence sets
in question is weakly contained in the left regular representation. Since the sofic
approximation is not actually a representation, we mention for clarity that we will
require our independence sets to be sequences (J;);>1 of subsets of {1, ...,d;} so
that for all f € C(I"), n > 0 we have

loi () —ua; D2 = IAHlxs; —ua; (J) 12+ 1
for all large i. Moreover, we require that the partitions
c:Ji — {1,...,di}

are such that the pieces ¢~ ({/}) also exhibit similarly controlled behavior by
the left regular representation (albeit in a more finitary sense). Theorem 1.1 and
Corollary 1.4 in [17] indicate that the left regular representation plays a crucial
role in entropy theory, and from this our strengthening of independence tuples is
natural.

A priori, this different version of an independence tuple bears no relation to
independence tuples developed by Kerr and Li, as we are requiring a stronger
condition on the structure of the independent set but also considering less general
partitions. However, using a probabilistic argument and the Sauer—Shelah lemma
we show that every independence tuple satisfying the weak containment condi-
tion is an independence tuple. It turns out (not surprisingly) that in the amenable
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case, independence tuples are independence tuples satisfying the weak contain-
ment condition. It is possible that independence tuples are independence tuples
satisfying the weak containment condition for sofic groups, but it is not clear how
one would prove this. However, we strongly believe that positivity of topological
entropy is equivalent to the existence of a nondiagonal independence pair satis-
fying the weak containment condition. This would be not only an analogue of
Proposition 4.16 (3) of [22], but an analogue of our recent results in [17], where it
is shown (see Theorem 1.1 of [17]) that the Koopman representation of a probability
measure-preserving action with positive entropy must contain a nonzero subrepre-
sentation of the left regular representation. The major application in our paper of
independence tuples is the following question of Deninger (see [8], Question 26).

Question 1. If T is a countable discrete group and f € M, (Z(T")) NGL, (¢! ("))
which is not invertible in My, (Z(T")), is it true that dety,y(f) > 1?

Here L(T") denotes the group von Neumann algebra, which is the strong
operator topology closure of C(T") in the left regular representation on ¢2(T") given
by

(g&)(h) = E(g™'h), ghel.

Also det ry(f) is the Fuglede-Kadison determinant of f, a generalization of the
usual determinant in linear algebra to the infinite-dimensional setting of operators
in M, (L(T")) see [27] Chapter 3.2 for the precise definition. Chung and Li
answered this affirmatively in Corollary 7.9 of [5] for all amenable groups using
independence tuples. Following on the techniques in [5], David Kerr and Hanfeng
Li in [22] were able to answer this in the affirmative when I is residually finite.
Both of these proofs use independence tuples and their previous calculations of
topological entropy for algebraic actions of residually finite groups or amenable
groups. This was further exploited by Chung-Li in [5] to describe algebraic actions
of amenable groups with completely positive entropy. Using the main result
of [15], and Theorem 6.8 in [22] one immediately affirmatively answers Deninger’s
Problem for sofic groups. However, we will be interested in generalizing this result
to a larger class of f. We will weaken the assumption that f € GL, (¢1(T")).

To motivate our generalization, let us consider the case I' = Z, and f € Z(Z),
and view f as a Laurent polynomial. By Jensen’s Formula, one can show that
detz(z)(f) > 1if and only if f has aleading coeflicient of modulus one and does
not have all of its roots on the unit circle. Using Fourier analysis, we see that f
is invertible in £! if and only if f never vanishes on the unit circle. In particular,
if f is invertible in £! then dety (z)(f) > 1. This analysis also generalizes to any
abelian group.

We note here that the Gelfand transforms on £!(Z) and C 1(Z) of f are both
the Fourier transform, so f is invertible in £!(Z) if and only if f is invertible in
C(Z) (equivalently L(Z)). Consideration of the abelian case leads us to believe



250

that it is reasonable to expect that if f € M,,(Z(I")) N GL,(L(I")) is not invertible
in M, (Z(I")), then detz ry(f) > 1. We prove this is true in the sofic case.

Theorem 1.1. Let T be a countable discrete sofic group, and f € M, (Z(T")) N
GL,(L(I")). If f is not invertible in M, (Z(I")), then detyq)(f) > 1.

For readers unfamiliar with operator algebras, we note that f € GL, (L (")) is
the same as saying that f is invertible as a left convolution operator

(e — 2()®".

We also mention in Section 4 a wide class of examples of f € Z(T") N L(I")*
as to illustrate that the above Theorem is a significant generalization of the case
f € Z(I') N £}(I")*. We actually prove the above Theorem by using our results
in [15]. For notation, if f € M, (L(I")) we define

r(f): ()" — ()%
by
r(HHD) = D Y D) fim(3)

m=1gel’

if fim = X ger le;(g)g for 1 <1,m < n. We then set

Xy = Z@)®"/r()HZIT)®) "

Where the hat indicates that we are taking the Pontryagin dual, i.e we look at the
compact, abelian group of al continuous homomorphisms

Z(D)®" /r(f)Z(T)®" — T = R/Z.

Here we are identifying Z(T") inside of £2(T") via

Y F©@g— > f@)ue
gel gel
The compact, abelian group Xy inherits a natural action of I' by

(¢0)(a) = 6(g 'a). for6 € Xy.a € Z(T)®"/r(f)Z(T)®" g €.

The proof of Theorem 1.1 then follows from the main result of [15], the following
Theorem and the results of [22].

Theorem 1.2. Let I" be a countable discrete sofic group with sofic approximation
0;:I' = Sq,,and let f € M, (Z(I")) N GL,(L(I")). Then every k-tuple of points
in Xy is a ((0;); —IE —k)-tuple.
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By Theorem 1.1 of [15] as well as Theorem 6.8 in [22] the above Theorem
implies Theorem 1.1. Crucial in the proof of this theorem is both the reduction to
£2-independence tuples and independence tuples satisfying the weak containment
condition. If J; € {1, ..., d;} is our candidate independent set and

Ji=JPu...ug®

is our candidate partition, we will need to control
: —ug, (J)
lloi (@) (x yor = ua; (J) D12

fora € C(I'), 1 < s < k. In particular, since we only assume that f € GL, (L(I"))
we need to control by the norm of « in the left regular representation. Because
of this, our modified notion of independence will be the key to proving the above
theorem. Thus, we will actually show the more general fact that every k-tuple of
points in X is a independence tuple satisfying the weak containment condition.

As a consequence of our work we have the following application to completely
positive entropy. Recall that if I" is a sofic group, with sofic approximation
0;:I' = Sy, then I' r, X where X is a compact metrizable space, and I" acts by
homeomorphisms is said to have completely positive entropy if every nontrivial
factor has positive entropy. Similarly, a probability measure-preserving action is
said to have completely positive entropy if every nontrivial (measure-theoretic)
factor has positive entropy.

Corollary 1.3. Let T be a countable discrete sofic group with sofic approximation
0;:I" — Sg,. Let f € Mu(Z(I')) N GL,(L(T")) be not invertible in M, (Z(I)).
Then T' ~ Xy has completely positive topological entropy with respect to any
sofic approximation. If T' is amenable and Ax , is the Haar measure on Xy, then
' ~ (Xr, Ax,) has completely positive entropy as well.

The amenable case uses important results from [5]. For f € M,(Z(T")) N
GL,, (£1(T")), the case of topological entropy is a consequence of the results in [22].
The case of amenable groups and measure-theoretic entropy is contained in the
results of [5], again in the situation in which f € M, (Z(T")) N GL,({!(I")).
In Section 4, we will list examples of f € Z(I') N L(I")* which are not £!(I")*
when I" is amenable. For example, if ' is elementary amenable then a result
of Chou in [4] implies that Z(I') N L(I")* € £1(I")* if and only if T is virtually
nilpotent. This examples reveal that, even in the amenable case, the generalization
from invertibility in £!(T") to invertibility in L(T) is significant.

Acknowledgment. I thank the anonymous referee for their comments, which
vastly improved the understandability of the paper.
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2. {P-versions of independence tuples

Let us first recall the definition of a sofic group. For an n € IN, we let u, be
the uniform measure on {1, ...,n}. In general, if A is a finite set, we use u4 for
the uniform probability measure on A. We use §,, for the symmetric group on n
letters.

Definition 2.1. Let " be a countable discrete group. A sofic approximation is a
sequence of functions (not assumed to be homomorphisms)

0;:I' — Sy,
so that
ug; ({1 = j = di:0i(gh)(j) = 0i(g)oi(h)(j)}) — 1. forallg.h €T,
ug; ({1 < j <dizoi(g)(j) #j} — 1, forall g € '\ {e}.

We say that I' is sofic if it has a sofic approximation.

It is known that all amenable groups and residually finite groups are sofic.
Also, it is known that soficity is closed under free products with amalgamation
over amenable subgroups (see [13], [29], [11], [10], and [30]). In fact, it is shown
in [6] that graph products of sofic groups are sofic. Additionally, residually sofic
groups and locally sofic groups are sofic. By Malcev’s Theorem, this implies all
linear groups are sofic. Finally, if A is a subgroup of ' and I' ~, I'/A is amenable
(i.e. there is a I' invariant mean on I'/ A), then I" is sofic. For a pseudometric space
(X, p) and A a finite set, and 1 < p < oo we define

1

ppaey)? = T > p(x(@), y(@)? if p < oo,
acA

Poo,A(X, y) = max p(x(a). y(a)).
acA
If A ={1,...,n} we shall typically use

Pp,n
instead of
Pp.{1,...n}-
We recall the definition of sofic entropy.
Definition 2.2. Let I' be a countable discrete group and I' ~, X by homeomor-

phisms. We say that a continuous pseudometric p on X is dynamically generating
if for all x # y, thereisa g € I" so that p(gx, gy) > 0.
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For a pseudometric space (X, p), subsets A, B of X and ¢ > 0 we say that 4
is e-contained in B and write A C, B if for all ¢ € A, there is a b € B with
pla,b) < e. Wesay that A C X is e-dense it X S, A. We use S(X, p) for the
smallest cardinality of an e-dense subset of X.

Definition 2.3. Let I" be a countable discrete sofic group with sofic approximation
0;:I' — §4,. Fix a continuous dynamically generating pseudometric p on X. For
afinite F C T, and § > 0, we let Map(p, F, §,0;) be all ¢ € X% so that

max p 4, (¢ 0 0i(g), gp) < 4.
geF

Definition 2.4. Let I" be a countable discrete sofic group with sofic approximation
0;:I' = S4,. Let X be a compact metrizable space with I' ~, X by homeomor-
phisms. Fix a continuous dynamically generating pseudometric p on X. Define
the entropy of I' ~, X with respect to o; by

. 1
h, (p, F.8,¢) = limsup A log S.(Map(p, F, 8, 0i), p2.4;),

i—>00 i

hisp); (p, &) = glgh(ai),- (o, F.8,¢),
h(Ui)i (X’ I‘) = Suph(o‘i)i (IO’ 8)'
>0

In [21] Theorem 4.5 and [19] Proposition 2.4, it is shown that this does not
depend upon the choice of continuous dynamically generating pseudometric.
In [22], Kerr and Li defined independence tuples as a topological measure of
randomness of the action, and connected it with positivity of topological entropy.
One of the main results of [22] of relevance for us is Proposition 4.16 (3), which
shows that positivity of entropy is equivalent to the existence of a nondiagonal
independence pair. For our purposes, it will be convenient to consider £7-versions
of independence tuples.

Definition 2.5. Let I" be a countable discrete sofic group with sofic approximation
0;:I' = S4,. Let X be a compact metrizable space with I' ~, X by homeomor-
phisms, and fix a continuous dynamically generating pseudometric p on X, and
1 <g<oo Letx = (x,...,x;) € X*. For finite F, K C T" and §, ¢ > 0 we say
that a subset J C {1,...,d;}isa ({4 — (p, F, 8, 0i; ¢, K))-independence set for x
if forevery c: J — {1,...,k} there is a ¢ € Map(p, F, §, g;) so that

max pg, 7 (8¢ (), gXc()) < €.
gek
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We let 1,(x,p, F,8,0;;¢ K) be the maximum of uy, (J) where J is a ({7 —
(p, F, 6, 0i; ¢, K))-independence set for x. Additionally, we let

I1y(x,p, F.8,(0i)ise, K) =limsup I,(x, p, F.8,0i; ¢, K)
i—00
I;(x,p,(0:)i:e, K) = inf  I,(x,p, F.§8, (01)i; e, K).

finite F CT,
§>0

We say that x is a ({9 — IE)-tuple with respect to p if for all ¢ > 0, and finite
KCT,
I4(x, p. (0i)iz e, K) > 0.

We let IE'(‘GZ_)E,, o(X, T, q) be the set of all (£7 — IE)-tuples with respect to p.

We shall typically denote IE’(‘Ui)l_ »(X. T q)by IE’(‘(,I_ );.0(@)if X, T are clear from
the context. Our goal in this section is to show that IE’(CUL,)I_’ ,(¢) is independent of
the choice of p, ¢, and that in fact IEI(CU,-),-, ,»(q) is the set of independence k-tuples

as defined by Kerr and Li in [22]. We will first show that IE](CO'i)is ,»(q) does not
depend upon p.

Lemma 2.6. Let I" be a countable discrete sofic group and X a compact metriz-
able space with T' ~, X by homeomorphisms. Let p, p' be two continuous dynam-
ically generating pseudometrics on X. Then for any 1 < g < oo,

IE](CO-I')I' sp(q) = IE](CO-I')I' sp/ (q) '

Proof. Let M, M’ be the diameters of p, p’. Let x € IE](CUi)zH »(q). Lete >0anda
finite K C I' be given. Choose a finite K’ C I" and an &’ > 0 so that

max p(gx, gy) < &
gek
whenever

max p'(gx, gy) <¢€'.
geK’

Let > 0 depend upon ¢ in a manner to be determined later. Let ' > 0 be such
that

Iq(X, IO/’ (Oi)i; 7’/’ K/) = Ol/.
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Suppose we are given a finite F C T, and a § > 0. By Lemma 2.3 in [22],
we may choose a finite ¥’ C T" and a §’ > 0 so that

Map(p’, F'. &', 0i) € Map(p, F., 8, 0;).

Let J/ bea (¢1 — (o', F',8', 0;: 7', K'))-independence set of maximal cardinality.
Suppose we are given
o J —A{1,... k},

choose a ¢ € Map(p/, F’,4’, 07) so that
max P, (8P(), 8xe()) <.

Let
= (i €0 (g()). gxe() < &)
geK’
If ¢ < oo, then
/
q
ug, U\ G = 1K' ()"
€
If ¢ = oo, we force < ¢ so that C; = J/. For j € C; we have by our choice of
¢, K' that
p(gd(J). 8xc(j)) <&
for all g € K. Thus for all g € K, and g < oo,

/

n'\4
pus(89 (). gxc)” < & + MK (L)

and if ¢ = oo, then
Poo, 71 (8P (), gXc()) < €.

Choosing " > 0 sufficiently small (depending upon K, ¢) , we see that we have
that J/ is a (p, F. 8, 0;; 2¢, K)-independence set. Thus

I;(p, F,8,(01);2¢,K) > o'.
As F,§, ¢ are arbitrary this completes the proof. |

Thus for 1 < g < oo we will use IE’(‘Ui)i (gq) for IE’(‘Gi)i, ,»(¢) for any continuous

dynamically generating pseudometric p. If X, I are not clear from the context we
will use
IEI(CGi)i (X, T.q)

instead of IE’(‘(7 ); (@)- It is not hard to relate our notion of combinatorial indepen-

dence to that developed by Kerr and Li in [22]. We use IE o;); for the set of
((07); — IE —k)-tuples as defined by Kerr and Li in [22] (agam we should really
use IE(Ui)i (X, T') but in most cases I' ~, X will be clear from the context).
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Corollary 2.7. Let T" be a countable discrete sofic group with sofic approximation
0;:I' — S4,. Let X be a compact metrizable space with I' ~, X by homeomor-

. k k
phisms. Then IE( ) (c0) = IE(, ) .
Proof. 1t is easily seen that
(g, = TE(y,),,(00)
when p is a compatible metric. Now apply the preceding lemma. O

We now show that in fact IEk ); (¢) does not depend upon g. We remark that
the proof is closely modeled on the proof of Proposition 4.6 in [22]. We will need
Karpovsky and Milman’s generalization of the Sauer—Shelah lemma (see [18], [31],
and [33]). For convenience we state the Lemma below.

Lemma 2.8. For any integer k > 2 and any real number A € (k —1,k) thereis a
constant B(X) > 0 so that for alln € N if S € {1,2,...,kY" has |S|"/"* > A, then
thereisan I C {1,...,n} with |I| > B(A)n and

S|, ={1.2.....k}.

Lemma 2.9. Let ' be a countable discrete sofic group with sofic approximation
0;:I" — Sg;. Let X be a compact metrizable space with T' ~, X by homeomor-
phisms. Forany 1 < ¢y, q> < oo we have

IEIEGi)i (q1) = IEIEGi)i (42)-
Proof. 1t is clear that if ¢; < g5, then
IEI(CUi)i (q1) 2 IE](CO'i)i (q2)-
It thus suffices to prove that
Ef,,, (1) S IE(,,) (c0).

Fix k —1 < A < k, and let 8 be the function defined in Lemma 2.8. Then we may
find a ng so that if J is a finite set with |J| > ng and E € {1,...,k}’ has

|E| > AIJI
then there is a J/ € J with
7'l = B
so that
El, ={l....k}""
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Let p be a continuous dynamically generating pseudometric on X. Let
x=(x1,...,X) € IE](‘Ui)l_(l).

Let ¢ > 0 and a finite K C T be given. Let ¢/ > 0 depend upon ¢ in manner to be
determined later. Set
a = Ii(x,p, (0))i;€, K).

Suppose we are given a finite ¥ € T and § > 0. Choose J; C {l,...,d;} a
(L' — (p, F,8,0::¢', K))-independence set for x with

ug,(Ji) = Ii(p, F.8,0i:¢', K, x).
For every c: J; — {1,...,k} choose a ¢, € Map(p, F, 8, 0;) so that

max p1,7; (8Pe (+), gXe)) < €.
gek

Let
Ee = [ € Jiip(g¢e()), gxery) < £}
gek
Then ,
— &
us, (Ui \ Bo) < [KI(=).
Let

H(t) = —tlog(t) — (1 —t)log(1 —¢).

By Stirling’s formula th;re isa A > 0 so that the number of subsets of J; of
cardinality at most | K[(%)]J;] is at most

Aexp (1 (1K1(2)) 14 )IKI(Z) 11
Thus there is subset ; € {1, ..., k}% with

1 1))

2 ’

AIKI(Z) 141

2] >

so that E. is the same, say equal to ©;, for all ¢ € ;. If we choose &/ > 0
sufficiently small then
1| > Al

for all large i. So by our choice of 8 for all large 7, we can find a J/ € J; with

[7{] = BV
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and
Q;

o= (... k.

Thus
limsupug, (J{) = B(A) limsupug, (J;) = B(A)a.

i—>00 i—00

Choose ¢’ > 0 sufficiently small so that

ﬁ(k)
IKI(= )
As .
&
us; (i \ ©) = (2K
&
we find that
liminfu g, (J/ N ©;) > &
1—>00
SO

A
lim sup ug, (J; ﬂ@)—hmsup|d| (J/NB;) >« '3(2).
i—>00 1—>00

We claim that J/ N ©; is a ({* — (p, F,§, 0;; ¢, K))-independence set for x for
infinitely many i. Let

:JNne; — {1,...,k}.

Since
Q;

n= (... ki,

we have

Q kyinei,

Jl‘/ﬁ®i = {1, ey

So we may find a ¢ € 2; so that c|J_ﬁ®_ = ¢’. Since ®; = B, we have that
max p(gPc(j), §Xc(j)) <&
gek

forall j € J/ N ©®;. As

hmsupud (J/N©;) > &
we find that
hmsuploo(,o,F 8;¢e,K) > & .
Thus

X € IE](CJ,-),- (00). O



Independence tuples and Deninger’s problem 259
3. Independence tuples with a weak containment condition

We now proceed to give our strengthening of independence tuples. The basic
idea is instead of considering our sequence of independence sets (J;);>1 to be
arbitrary subsets of {1,...,d;} we require that in the “representation” I" has on
£2(d;) we have that the “subrepresentation” generated by (s, —ug; (J;)1) is weakly
contained in the left regular representation. Moreover, instead of considering
arbitrary partitions

c: Ji —>{1,,k}

we only consider one so that the pieces J; ; = ¢~!({l}) also have the property that
the “subrepresentation” generated by (s, , —ug; (Ji 1)1) is weakly contained in the
left regular representation. The results in [17] indicate that positivity of entropy is
related in an essential way to the left regular representation. Our modified version
of independence tuple is more natural from that perspective. An essential difficulty
here is that since o; is not an honest homomorphism, we do not get an honest
representation this way. As we shall see shortly, one can get around this using
ultraproducts. For now, we simply give a direct definition.

First let us introduce some notation. For a countable discrete group I', define
the left regular representation

AT — UA(I))

by

(A(@)E)(h) = (g™ h).
Extend A to a map

A:C(T') — B%(I))
by

A( Z “gg) = Z agA(g).

gel gel
Fora € C(I'), g € T set
ag) = (Ma)de. &g).
Then
a=Y a)g.

gel

If I is a sofic group with sofic approximation o;:I" — S;, we define
;. C(I‘) — Md,- (C) by

oi(f) =Y f(&)oi(g).

gel

Here we are viewing o;(g) as a permutation matrix.
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Definition 3.1. Let I" be a countable discrete sofic group with sofic approximation
0;:I'" — §g;. For a finite F € C(I'), and a § > 0 we let A(F,d,0;) be all
J C{l1,...,d;} so that

max loi (F)(xs —ua, (D) Dl2 = AN —ua; (J) 12 + 8.

We let A, be the set of all sequences (J;);>1 with J; € {1,....d;} so that
for every finite ¥ € C(I'), and for every § > O it is true that for all large i,
Ji € A(F, 3, Ui).

‘We now mention the formalization via ultrafilters. Fix a free ultrafilter ® €
BIN\ IN. Let

{(f)i21: fi € £2°(dh), Supllﬁlloo < o0}
{(f)2y: fi € £2°(dh), SuP”ft”oo <00, im || fille2(a, gy = OF

A=

For a sequence f; € {*°(d;,ug,) we use (f;)i—e for the image in A of (f;)i>1
under the quotient map. There is a well-defined inner product on A given by

d;
()i (8)imo) = lim Z fi(Hei().

Let L?(A, u,) be the completion of A under this inner-product. Then we have a
well-defined unitary representation

0w: T — U(L?*(A, uy))

defined densely by
00(8)(f)isw = (fi ©0i(8)i»w
if fi € £°°(d;,ug;) and
sup I filloo < o0.

We then see that A (5,). can be regarded as all sequences J; of subsets of {1, ..., d;}
so that if w € BIN \ IN is any free ultrafilter and we set

Xi, = (XJ[ - ud[(-]i)l)i—mn

K = Span{o,(g)x9,:8 € T},

then the representation I' ~, K is weakly contained in the left regular representa-
tion (see [1] Appendix F for the relevant facts about weak containment of repre-
sentations).
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Definition 3.2. Let I' be a countable discrete sofic group and 0;:I' — Sy, a
sofic approximation. Let X be a compact metrizable space with I' ~ X by
homeomorphisms. Let p be a continuous dynamically generating pseudometric on
X.Letl < g < oo, and x € X¥. Fix finite K, F C T, E C C(I') and ¢,8,n > 0.
We say that a sequence (J;); is a (A — €2 — (p, F,§, E, n; &, K))-independence
sequence for x if (J;); € A;);, and for all i, for all ¢: J; — {1,...,k} with
cY({1}) € A(E,n,0;), there is a ¢ € Map(p, F, 8, 0;) with

max pg, 7, (86 (), gxc()) < e
gek

We let Ia 4(x,p, F.8, E.n, (0;);; ¢, K) be the supremum of
limsup ug, (J;)
i1—>00
over all sequences (J;) which are (A — ¢2 — (p, F, 8, E, n; &, K))-independence
sequences. We then set

IA,q(x7p7 F787(01)1;81 K): Sup IA,q(x7p7 F787E1 77;81 K)s
finite ECC(T"),
n>0
Ing(x,p, (0i)ise. K) = ﬁniﬁ?ggF, Ing(x,p, F,6;¢e K).
>0

Definition 3.3. Let I' be a countable discrete group and o;: ' — Sy, a sofic
approximation. Let X be a compact metrizable space with I' R, X by homeomor-
phisms. Let p be a continuous dynamically generating pseudometric on X, and
1 < g < oo. Wesay that x = (xy,...,xx) isa ({2 — (0;) — IE —k)-tuple satisfying
the weak containment condition (or a (A (s;), — IE —k)-tuple) if for every ¢ > 0
and K C T finite

In4(x,p, (0)i e, K) > 0.

We use IE{;S p(X , T, q) for the set of ({9 — (0;) — [E — k)-tuples satisfying the
weak containment condition. If X, I" are clear from context we will simply use
B (@)-

In fact, following the proof of Lemma 2.6, one shows that IE&'; p(q) is inde-
pendent of p, so we simply use IEé7 l];, (¢). However, we do not know if IE&];I (q)is
independent of ¢g. Note that if M is the diameter of (X, p) then by standard Holder
estimates we have for any finite set A and 1 < ¢; < g2 < oc:

_a a1
Py A(X.Y) < para(x.y) < M' "% p, 4(x.y)%2, foranyx,y e X4,
From this it is not hard to see that
Ak Ak
IE(Gi)i (q1) = IE(Gi)i (42)

forall 1 < gqi,q2 < .
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The definition may seem a little ad hoc. The following proposition will
hopefully make it seem more natural. Essentially, this proposition will tell us
two things: first if we fix a @ > 0, and choose a subset J; C {1,...,d;} of size
roughly ad; uniformly at random, then (J;); will be in A (5,) with high probability.
Secondly, suppose we are given a sequence (J;); in Ay, a finite £ C I" and a
n > 0, and a probability measure w on {1, ..., k}. If we choose a partition of (J;);
into sets of size w({1})ug, (Ji). ..., u({k})ug, (J;) uniformly at random, then with
high probability, each of the pieces of the partition will be in A(E, n, 0;). Thus
we may view independence tuples satisfying the weak containment condition as
simply a randomization of independence tuples as defined by Kerr and Li in [22].
The proof is a simple adaption of Bowen’s argument for the computation of sofic
entropy of Bernoulli shifts in [2].

Proposition 3.4. Let I be a countable discrete sofic group, with sofic approxima-
tion 0;:I' — Sg.. Let . be a probability measure on {1, ..., k}. Fix a sequence
(Ji)i € Ao,);- Then, for any E C C(I') finite, and any n > 0 and any 1 <1 <k
we have

pip e {1, kY pT () € A(E n, o)) — 1,
pi({p e {1, kYT ug, (7 UDD) = w(TDug, (Ji)] > n}) —> 0.

Proof. As our claim is probabilistic, we may assume £ = {f}. We make the
following two claims.

Claim 1. Forall F C T \ {e} finite, for every 1 <1 <k, for every § > 0,

w®lipe{l,... k)i

lug, (0:(€)p~ (1) N p~ {1) — ua; (Ji N 0i ()T ({I})?] > 8
Jor some g € F}) — 0.

Claim 2. Foreveryl <[ <k, for every§ > 0,
n®li{p el kY g, (7N ALY) — w({I)ua, (9] > 83) — 0.

Suppose we accept the two claims. Then, we may find P; € {1,...,k}7 so
that for every sequence p; € P;,

ug, (pi (1)) = n({Hug, (J;) — 0,

lug, (0i(g) p; ' (1) N p (D) — (1) ug, (Ji N 0i()Ji)| — 0,

for every g € "\ {e}, and
u®i(py) — 1.
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Fix a sequence p; € P;. Let

§1 = Kpmtqay — Ua; (P (I,
and
¢ = xs —ug;(Ji)l.

263

We use o(1) for any expression which goes to zero as i — oo. Then for any

feCT)andi e N
lo:(NENZ = D" F(&)f o) oi(2)&. &)
g,hel’

o)+ Y f@f o). &)

g,hel

=o(1) + Y F*F (@i (). &).

gel

We have that

(01()&1. &) = o(1) + |&1 1153 = 0(1) + ug, (p; ' ({1}) — ug, (pi ({1}))?

= o(1) + p({IDua;(Ji) — ({1 ug, (Ji)*.

and for g # e we have

(01(9)&, &) = ug; (01 () p ({1} N p; (D) —ua; (7 ({111))?
= o(1) + p({1})?ug; (Ji N 0i(8) i) — p({I)ug; (Ji)
= o(1) + n({I)*0i (). ).

Additionally
1€13 = ua; (Ji) — ua; (Ji)*.
Combining (1), (2), and (3) we see that

lo: (F)ENZ = 0(1) + £ F (&) (I Dua, (Ji) — n({I)ug, (Ji)?)
N Y T ©0i(9)8.0)

gel\{e}
= o(1) + * f(e)(u({l}) — p({I}))ua, (Ji)
+ Y. I F (@01 (9)8. ).

gel

ey

2)

3)
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By the same logic,

loi (NENE = o) + > F* F ()01 (2)¢. ).

gerl

Thus

loi (N)&1I3 = o(1) + F*f @il - w{I) g, (Ji) + ()i ()E13.
Since J; € A(;);

loi (F)EI5 < (AP (ua; (Ji) = ua; (J1)) + 1
for all large i. Thus for all large i,

loi ()& l3 < o(1) + n+ wGIN AP (ua; (Ji) = ug; (J)?)
F AN P () = w3 ug; (i)
= o(1) + 1+ MO IP(AT)ua, (i) — (1) ug; (J:)?).
Since
NENS = (g, (i) — p({1)ug, (Ji)*)| — 0,

and 7 is arbitrary this proves the proposition.
We thus turn to the proof of Claim 1 and Claim 2. For Claim 1, it suffices to
assume F = {g}. We have

/ ug; (0 () p~ (1) N p~ ({1 du®’i (p)

d;
- %Z/Xp—l({l})(j)Xp—l({l})(o'i(g)_l(j)) dp®’i (p).
1 _]:1

Note that y,—1 1y (J) Xp—1 (1} (0i (2)71(j)) can only be positiveif j €o;(g)J; NJ;.
Thus the above sum is

l. > /x{z}(p(j)))({z}(p(ai(g)‘l(j)))du‘g’"'(p).

' jeoi(e)inJ;
Since
ug;, {1 < j <di:oi(g)(j) #Jj}) — 1,
we have that

. Z /X{z}(p(j))x{z}(p(o,-(g)—l(j))) du®’i(p)

' jeoi(g)JinJ;

=g, (0i(g)J; N J)u(1})? +o(1).
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By Chebyshev’s inequality, it thus suffices to show that

/ ug; (01 () p~ (NN p~ {IN)? du®i (p) = ua, (01 () Ji N> ({1)* +o(1).

For this, we have

/udl- (@i ()p™ AN 0 p~ {1 B (p)
1

—= Y [ reoneee T o

L ke ind; Xty (P 20y (p (03 ()7 (k) dp®” (p).

We claim that

ug; ® ug, (. k): 14, k. 0i(@) (), 0i(e) T (k)Y = 4}) — 1, asi — oo.
“)
We already know that

ug, ®ua, {(j.k):1{j. k. oi(g)7" () # j.oi(g) ' (k) Zk}|}) — 1, asi — oo.
Additionally,
ug, @ug, ({(j,k):j #k}) — 1, asi — oo.
Thus it suffices to show that
ug, @ ug, {(j.k): j # k,0i(g)~"(j) # 0i(g) "' (k),
{j.k.0i(@) 7 (j).0i(g) " (k)}| < 4}) — 0.
Suppose then that j # k,0i(g)~"(j) # j,0i(g)~" (k) # k. Then, 0;(g)~"(j) #
0i(g)~"' (k). So
{j.k.oi(@) 7 (j).oi(e) " (k)Y < 4

if and only if j = o0;(g)"'(k) or k = 0i(g)"'(j). However the union of
{(j,k):oi(g) Y k) = j}.{(j. k):k = 0i(g)"'(j)} has cardinality at most 2d;.
This proves (4). So

/ ug, (01 () p~ (NN P~ WD du®”i (p) = o(1) +ug (01 () Ji N i)l H*,

This proves Claim 1.

The proof of Claim 2 is similar, and in fact has already been done by Bowen
in [2] Theorem 8.1, it can also be seen as a consequence of the law of large
numbers. O
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We now show that the set of £4-independence tuples satisfying the weak
containment condition is contained in the set of £2-independence tuples.

Proposition 3.5. Let I' be a countable discrete group with sofic approximation
0i:I" — Sg;. Let X be a compact metrizable space with T' ~, X by homeomor-
phisms. Then for any 1 < g < oo,

IEGH (9) C IEG,), (9).

Proof. Fix a compatible metric p on X. Let x = (x1,...,x¢) € IE&SI (q).
Lete > 0, and K C T finite be given. Set

o = Ir4(x,p, (0i)is & K).

Fix k — 1 < A < k and let 8(A) be as in the Sauer—Shelah lemma.
Suppose we are given a finite F C T, and § > 0. Choose a finite £ C C(T"),
and a n > 0 so that

A
IA(X, [01 F181 E7 777 (0—1)1;87 K) Z %a'

Let (J;){2, € A, bea ({7 — (p, F.d, E, n))-independence sequence for x with

A

limsupugy, (J;) > %a.
i—>00

Let Ap(E,n, J;) bethesetofall c: J; — {1,...,k}sothatc™'({{}) € A(E,7n,0;)

for 1 <[ < k. By Proposition 3.4 we have

A (E,n, J;
o IAE
i—>00 k|~]i|

So by Lemma 2.8, for all large i we can find J/ C J; with

and
udl' (Ji/) = ﬂ(k)udl (Jl)
We claim that J/ is a (¢¢ — (p, F, 8, 0;))-independence set for x for all large i.
For this, let ¢’: J/ — {1,...,k}. Then, there is a c € Ax(E, n, J;) so that

A
CJZ_/—C.

By the definition of (p, F., 8, E, n, (07);)-independence, we know that there is a
¢ € Map(p, F,§,0;) so that

max pg, 7, (80 (-), gxc()) < e
gek
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As c¢|,, = ¢/, we find that
1

max Pg.s; (g (), gxer(y) < 7=

ﬂ(k)
As
limsupug, (J;) = B(A)a,
i—>00
we see that
Iy(p. F.8.(00: 5= K) = B
)
Taking the infimum over all F, § completes the proof. |

We now discuss the analogue of Proposition 4.16 from [22] for independence
tuples with a weak containment condition. Recall that if X, Y are compact metriz-
able spacesand I' ~, X, " ~ Y by homeomorphisms, then a continuous, I'-equi-
variant, surjection 7: X — Y is called a factor map. If there is a factor map
w:X — Y, wecall Y afactor of X.

Proposition 3.6. Let I" be a countable discrete sofic group with sofic approxima-
tion 0;:T" — Sg,. Fix 1 < q < oo. Let X be a compact metrizable space with
I' n X by homeomorphisms.

(D IfIE((y ); () \ {(x.x):x € X} is nonempty, then h(s), (X,T") > 0.

(2) We have that IEér,];l (q) is a closed T-invariant subset of X*, where T' ~, X*
is the product action.

(3) LetY be a compact metrizable space with I' ~, Y by homeomorphisms and
w: X — Y afactor map. Then

k(IE 5 (g, X.T) CIE o K (q.Y,T).

“) Suppose that Z is a closed T -invariant subset of X, then IE&’;I (Z,T) C

E(y, (X.T).

Proof. (1) This is a consequence of the preceding proposition and Proposi-
tion 4.16 (3) in [22].

(2) Fix a compatible metric p on X and g € I'. Let g (x) = gx. Then for any
finite F C T, for any § > 0, there is a §' > 0 so that if

¢ € Map(p.{g”"} U (g7 F) U {g}. 8. 09).
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then
ag o ¢ ooi(g)”! € Map(p, F,$§,0y),
for all large i. Thus,
Ak
IE(Gi)i
is ['-invariant. The fact that it is closed is a trivial consequence of the definitions.

(3) Let p, p’ be compatible metrics on X, Y. Let M, M’ be the diameter of p, o'
Suppose we are given a ¢’ > 0, and let n” > 0 depend upon ¢ to be determined
shortly. Choose a ¢ > 0 so that

plx,y) <e
implies
(e (x), m(y) <7,

Let n > 0 depend upon ¢ in a manner to be determined later. Given a finite F’ C T
finite and a ' > 0 we can find a finite ¥ € I" and a § > 0 so that

7% (Map(p, F. §,07)) € Map(p', F', 8, 0),

(this follows by the same argument in Lemma 2.3 of [22]). Let x € X k and let J;
be a (x, p, F, 8; n, {e})-independence set, and suppose we are given

c: Ji —>{1,,k}
Choose ¢ € Map(p, F, 8, g;) so that

Pq,7; (@, Xc)) < 1.
Then

q
us,(j € Jiip@ () xe) <) = (1= 1),

By our choice of &,
4 < () n
pa(m o . m(xc)! = () + M (L),
Choosing 7, n’ appropriately we have that J; is a (7 (x), p, F’,8'; &', {e})-indepen-
dence set.

(4) This is trivial. 0

We now proceed to show that £9—A (5,)-tuples are the same as £9-independence
tuples in the amenable case. For this, we will need the following general fact: if I
is an amenable group and w: I' — U/ (H) is a unitary representation, & is weakly
contained in A. See [1] Theorem G.3.2 for a proof.
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Proposition 3.7. Let I' be a countable discrete amenable group. Let 0;: ' — Sy,
be a sofic approximation. Then every sequence of subsets of {1, ..., d;}isin A;), .

Proof. Automatic from the remarks about ultraproducts and weak containment
following Definition 3.1. O

Proposition 3.8. Let I' be a countable discrete amenable group. Let 0;: ' — Sy,
be a sofic approximation. Let X be a compact metrizable space with ' ~, X by
homeomorphisms. Then for any 1 < g < oo,

Ak
IEI(CGi)i (q) = IE(Gi)i @)-
Proof. Fix a compatible metric p on X. By Proposition 3.7 we have

Ak
IE(,.), (@) 2 TESS ().

(0;

Conversely, let (x1,...,xz) be in IE’(‘GZ_)Z_ but not in IEérlI;l .Choosea¢e > 0 and a
finite K C T so that
Ipq(x,p,(0i)ise, K) =0.
Since
I1,(x,p, (0;)i:e, K) > 0,

we can find a finite ¥ € I" and a § > 0 so that
Ing(x,p, F,8,(00)i:e,K) < Iz(x,p, F,6,(0)i: ¢, K).
Choose a finite £ C I', and a n > 0 so that
Ing(x,p, F,8,E,n, (01)ise, K) < Iy(x,p, F,8,(0i)i; e K).

Choose (J;)i>1 € A(g,), sothat (J;)i>1isa (A —£9 —(p, F, 8, E, n; &, K))-inde-
pendence sequence with

limsupug, (J;) = In(x,p, F.8,0i: ¢, K).

i—00
Since

Ing(x.p, F.6,E. 1 (0i)i:e, K) < I4(x,p, F.68,(0i)i: e, K) = limsupug, (J;)

i—00
we can find a subsequence i;, and a partition
_ 7@ (k)
Ji, = Jil U---u Ji/

so that there isa 1 < p; < k with Jlsp’) ¢ A(E,n,o0;). Passing to a further
subsequence, we may assume that p; = p is constant. Thus,

)21 ¢ Aoy

contradicting Proposition 3.7. O
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4. A generalization of Deninger’s problem for sofic groups

Let I be a countable discrete group. An algebraic action of T' is an action
I' ~n X by automorphisms, where X is a compact, metrizable, abelian group.
An equivalent way to describe this family of actions is to start with a countable
Z(T") module A, and let A= Hom(A, T) where T = R/Z and Ais given the
topology of pointwise convergence. We then have the algebraic action I' ~, A by

(gx)(a) = x(g"a).

By Pontryagin duality, all algebraic actions arise in this manner. We will mainly
be interested in the case 4 = Z(T)®" /r(f)(Z(T')®™), where f € M,, ,(Z(T)),
in this case A is denoted X #. An interesting aspect of the subject, which has
seen great mileage in recent years, (see e.g. Lemma 1.2 and Theorem 1.6 in [32],
Theorem 3.1 in [5], [7], [9], [26], [25], [24], [16], and [15]) is that dynamical
properties of algebraic actions (i.e. those which only depend upon I' ~, A as an
action on a compact metrizable space or probability space) such as entropy and
independence tuples of I' ~, A are related to functional analytic objects associated
to I'. One relevant object is the group von Neumann algebra.

The group von Neumann algebra L(I") is defined to be A(C(F))WOT, where

WOT is the weak-operator topology. Define t: L(I') — C by 7(x) = (x4, 8e¢)-
For A € M,,(L(I")) define

n

TrRT(4) = Y 1(4j).

Jj=1

Since L(T") € B({?(T")), we can identify M,, ,(L(T)) € B{?*(T")®", 2(T")®™)
in the natural way. For x € My, ,(L(I")), we use ||x||« for the operator norm of x
(as an operator £2(I")®" — ¢2(I")®™). We also use

Ix]3 = Tr@r(x*x).

Since we identify C(I') € L(I'), we will us the same notation for elements of
My, »(C(T)). We shall also identify C(I')®" =~ M, ,(C(I')) and use the same
notation. For f € GL,(L(T")), the Fuglede—Kadison determinant is defined by
expTr ®7(log| f|) (here the notation is as in [I5]). A particular case of Theo-
rem 4.4 in [15] shows that if I" is sofic, then

he; (X7, T) = logdetyry(f). for f € GL,(L(T))

(in fact this is true when f is injective as an operator on ¢?(I")®"). When I'
is sofic, it is known by [I2] that for f € M,(Z(I')) we have det,)(f) > 1.
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By multiplicativity of Fuglede—Kadison determinants (see [27], Theorem 3.14 (1))
it follows that if f € GL,(Z(I")), then detz ) (f) = 1. In [8] (see Question 26),
Deninger asked a partial converse to this result. Namely, if f € M, (Z()) is
invertible in GL, (¢!(T")) but not invertible in M, (Z(T")) is detrry(f) > 1?

From Theorem 4.4 of [15], as well as Theorem 6.7 and Proposition 4.16 (3)
in [22] we can automatically answer Deninger’s problem affirmatively for sofic
groups. Thus, we automatically have the following.

Theorem 4.1. Let I' be a countable discrete sofic group and f € M,(Z(T")) N
GL, (£ (I")). If f is not in GL,,(Z(T")), then

de'[L(r)(f) > 1.

In this section, we show how one can use (A(y,) — IE)-tuples to generalize
Deninger’s conjecture in the case of sofic groups. In particular, in this section we
show the following.

Theorem 4.2. Let I be a countable discrete sofic group. If f € M,(Z(T")) N
GL,(L(I")), but is not in GL,(Z(T")), then detyr(f) > 1.

To illustrate the significance of our generalization, we should mention exam-
ples of elements in M,,(Z(T")) which are in GL,, (L(T")) but are not in GL,, (£!(T")).
Let £ C T, and let

Agzl—izge«g(r).

El ‘=

Note that A g is never invertible in £!(I"). To see this, consider the homomorphism

() — C
given by
1=y fg.
gel

Since t(Ag) = 0, we know that Ag is not invertible in £!(T").
First suppose that I is a nonamenable group. Let £ C I be finite and
symmetric, i.e. E = E~!. By nonamenability of T, we may choose E so that

A <1

geFE

for some ¢ > 0 (see e.g. [3] Theorem 2.6.8 (8)). Thus A(AEg) > ¢ as an operator
on £2(T") and thus is invertible. So |E|Ag € Z(I') N L(I')* but is not in £ (I")*
and thus we always have examples of elements in Z(I") N L(I")* which are not
invertible in £!(T") if I" is nonamenable. So Theorem 4.2 applies to these elements
whereas Theorem 4.1 does not.
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Theorem 4.2 is also new in the amenable case. Thus we wish to mention
examples when I' is amenable of elements f € Z(I") N L(I")* which are not
in £1(T")*. We say that I" has subexponential growth if for any finite E C T we
have that
|1/n

— 1.
n—o0

{g1...8n:81,....&n € E}

If I has subexponential growth then o € C(I") is invertible in L (T") if and only if it
is invertible in £!(T") by a result of Nica (see [28], page 3309). Recall that a group
is virtually nilpotent if it has a finite index subgroup which is nilpotent. Every
virtually nilpotent group has polynomial, and hence subexponential, growth. So
if [ is virtually nilpotent then « € C(I') is invertible in L(I") if and only if
it is invertible in £!(I"). The situation is very different when I' does not have
subexponential growth. For example, if I" contains a free subsemigroup on two
letters, then there are elements o € Z(I") which are invertible in L(I"), but not in
£1(T"). For example, if g, h generate a free subsemigroup in T, then

+3e — (e + g+ g>)h

is such an element (see Appendix A of [23] for a detailed argument). If I is
a finitely-generated, elementary amenable, not virtually nilpotent group, then a
result of Chou say that I contains a nonabelian free subsemigroup (see [4]).
Additionally Frey in [14] showed that if I is an amenable group which contains
a nonamenable subsemigroup, then it contains a nonabelian free group. For a
concrete instance of Chou’s result consider the group R x (R \ {0}) which is
R x (R \ {0}) as set but with operation

(@.b)(c.d) = (a + be. bd).

If 0 < a < 1/2, the subsemigroup generated by (1, @), (1 —a) is a free nonabelian
semigroup.

For our purposes, it will be important to use ((> — A,y — IE—k)-tuples.
Following the methods in our proof of Theorem 4.4 of [15], given an inclusion
B C A of Z(I')-modules, we will want a notion of (A — (0;); — IE)-tuples
corresponding to the inclusion A//\B C A. The use of A (o,),-independence tuples
for inclusions will ease extending Theorem 4.1 to the case when f is only invertible
in M, (L(T)).

We will need to recall some notation from [15], as the perturbative techniques
there will remain to be important here. For x € R, we use

|x + Z| = inf |x —1|.
leZ

Thus |0| makes sense for any 8 € R/Z. Let us recall a definition from [16].
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Definition 4.3. Let I be a countable discrete sofic group with sofic approximation
0;:I' = S4,. Let B C A be countable Z(I")-modules, and let p be a continuous
dynamically generating pseudometric on A. For finite F C T, D € Band§ > 0
we let Map(p|D, F,§,0;) be all ¢ € Map(p, F, §, 0;) so that

d.
1 : . 2 2
max @ j§=1|¢(1)(b)| <d

The main point of this definition is that it is shown in Proposition 4.3 of [16]
that an element of ¢ € Map(p|D, F, 8, 07) is close to a map

$:{1,....d;} — A/B

which is in Map(p, F’,§’, 0;) with § — 0 and F’ increasingto I"as § — 0, and F
increases to I', and D increases to B. So Map(,o|m, ...)and Map(p|D,...) are

asymptotically the same notion. A crucial defect of the argument in [16] is that the
proof of existence of ¢ is nonconstructive, using a compactness argument in an
essential way. However, due to its nonconstructive nature it allows one to create
more elements in Map(p, F, 8, 0;) than one would initially believe exist. This will
be precisely the use here.

We need a similar perturbative idea specifically related to the case of Xy for
f € My, ,(Z(I")). Fix a countable discrete sofic group I" with sofic approximation
0i: — Sg,. For x € {3 (di, ug,)®", define

n 1/2
12l e = inf (D16 = 1Dy y) -
2,(Z4) le(Zdi)€9" ; ZZ(dhudi)

For f € My, »(Z(I")), we let
E5(0i (/) = 1€ € RM®": |01 ()l garyom < 8}

Definition 4.4. Let " be a countable discrete sofic group with sofic approxima-
tion 0;:I' — Sy,. Let B C A be countable Z(I")-modules. Let p be a continuous
dynamically generating pseudometric for I' ~, A and1 < p < oo.Fix x € A//\Bk
and 1 < g < oo. For finite K, F C I', D € B,E € C(I') and 5,6 > 0 we say
that a sequence J; C {1,...,d;}isa({?— A —(x,p|D, F,8, E, n,(0y);; &, K))-in-
dependence sequence if (J;)i>1 € A, and for all c: J; — {1,...,k} so that
¢ Y({1}) € A(E,n,0;) there is a ¢ € Map(p|D, F.§, 0;) so that

max pg,s; (89 (), gXc(n) < &
gek



274

We let Ip 4(x, p|D, F., 8, E,n, (0i); e, K, B C A) be the supremum of

lim sup ug, (J;)
i—00
overall ¢1—A—(x, p|D, F,$, E, n, (0i)i; &, K))-independence sequences (J;)i>1-
Set

Ipq(x,p|D,F,8,(0i)iie. K, B C A)

= Sup IA,q(x7p|D’F’S’Ear]’(al)l;g’K)y
finiteE CC(T"),
n>0
Inq(x,p,(0i)i:e, K, B C A)
= inf [ ,p|D, F,8(0;);¢, K, B C A).
iy 5. A (X, Pl (0i): ¢ )
finite F CT,
§>0
We say that x is a ({7 — A(g,) — IE —k)-tuple for B C A if for all £ > 0 and for all
K C T finite
Iy(x,p,(0))ise, K, B C A) > 0.

We let IEérlI;l (p.gq, B € A)bethesetofall (£ —A (), —1E —k)-tuples for B C A.

Definition 4.5. Let I" be a countable discrete sofic group with sofic approximation
0i:T = Sg;, let f € Mpy,(Z(T)). Fix x € Xf and 1 < ¢ < oo. For finite
K CT,E C C('), and 4, n,& > 0 we say that a sequence J; C {l,...,d;}isa
(€7 — A,y — (x.8, E.n,(0i): &, K))-independence sequence for f if (J;)i>1 €
A;); and for all c¢:J; — {l,...,k} with c7{l}) € A(E,n,o;) there is a
& € Eg(oi(f)) so that

| > Z £ () N = xe(h D) < &

gEK |J jed; i=1

We let Il{,q (x,6, E,n, (0y); & K) be the supremum of

limsupug, (J;),

i—>00

where J; is a ({7 — A(,), — (x.6, E,n, (0): e, K))-independence sequence.
We set

I (.8 )ise. K) = sup 1] (x.8.E.n. (01)iie. K)
finite E CC(T"),
n>0

1{ 4. @i)iie. K) = inf 1] (x.8. (0)i: . K).
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We say that x is a (¢4 — A,), — IE—k)-tuple for f if foralle > 0 and K € I’
finite
Ij{,q(xy (0i)is e, K) > 0.

We use IE2*

(o )(q, f) for the set of all ({9 — A(q,), — IE —k)-tuples for f.

Proposition 4.6. Let T be a countable discrete sofic group with sofic approxima-
tion X.

(a) Let B € A be countable Z(I")-modules. Then for 1 < q < oo, the set of
(g—A (o;y1E)-tuples for B C A, is the same as the set of ({9—A (5,),—E)-tuples
JorT ~y A//\B

() If f € My n(Z(T)) then the set of (A(,), — IE)-tuples for I' ~, Xy, is the
same as the set of (A(s,);, — 1E)-tuples for f.

Proof (a) Fix k € N, and a continuous dynamlcally generating pseudometric p

on A. Use the pseudometric p| 5xa78 P A / B. It is clear that

k Ak 1T
B (0.9, B € A) 21B A (¢, A/B, ).

For the reserve inclusion let
Ak
X € IE(Ui)l_ (p,g, B C A).
Fix finite K, F C I', E C C(I") and 8, 1, & > 0. Set
a=1p4(x,p,(0i)ise, K, B C A).

Choose finite F € T, D’ € B, > 0 in a manner depending upon F, §, 1) to be
determined later. Let (J;);>1 bea (¢ —A4,;), —(x,p| D, E, 0, F.§, (0i);: &, K))-in-
dependence set with

limsupugy, (J;) >

i—> 00

N R

Suppose we are given
c:Ji —{1,...,k}

with
¢TIl € A(E. n,00).
Choose a ¢ € Map(p|D’, F', &', 0;) with

max pg, 7, (86 (-), gxc()) < e
gek
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Arguing as in Proposition 4.3 in [16], we may finda ¢: {1,...,d;} — A//\B so that

max _max(pg,q; (§0(-). 80 (). p2.4, (8P (). () < kq(D'. F'. ),
geKUF

with
(D/l,ilgl/l’y) kqg(D', F',8) = 0.
Here (D1, F1,681) < (D2, F»,85) if D1 € D5, F1 C F, and 6§, > 8. Thus
b€ Map(p|mxﬁ, F,8' +ky(D', F',8'),01)
and 5
(AX 00,7, (89 (). 8Xe() < & +ug, (Ji) " 'kq(D' F', 8.

Choose D', F’, §' so that
kg(D', F',8') + 8" <6,
/ / !/ 1
kq(D', F',§')— < e.
o
Since « does not depend upon D’, F’, §' this is possible. We then see that
¢ € Map(p| 75 7. F.8.01)
and since

limsupug, (J;) > a/2

i—>00
we have _
max pg,J; (§P (). xc(y) < S¢
gek

for all large i.

(b) View X C (TT)®" and let p be the dynamically generating pseudometric
on (TT)®" defined by

n
p(61,62)> =Y |61 (1)(e) — B2(D) (o),
I=1
where | - | on T is in the sense defined in the remarks preceding Definition 4.3.
Given ¢ € (T4 )®" we can define
peiil, ... di} — (TV)®"

by
$e ()(D(&) = L () G ND).
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Note that for any §’ > 0 and finite F/ C T’ we have
¢¢ € Map(p, F', 8, 07)
for all large i. Indeed forany & € T’
p(hee (), pr © 01 (h))?

—ZZM(m(k DGO = oie) o (M () (D)

L= 1j=1
< nug,({j:0i(h")71(j) # oi(e) " ai (W) (j)}) — 0,

the passage to the limit following as (o;); is a sofic approximation. Given D’ C
Z()®™ f and £ € Es(oi(f )) by the proof of Proposition 3.6 in [15], we have that

. 2
gneagd—; (et zaiyen (7). D))" < «(3)

with
lim k(§) = 0.
§—0
Thus ¢;, (za;yen € Map(p|D’, F',§',0;) if § is sufficiently small and i is suffi-

ciently large. From this it is not hard to argue as in (a) that

IEQS (g, f) STELS (q. Z(D)®™ f < 7(T)®™).

Conversely, suppose we have a finite F/ C T, a§’ > 0, and a finite D’ C T.
Given ¢ € Map(p|D’, F’,§, 0;) we may define

Lp € (T4
by
Eo (D) = @ () (D)(e).
Let &, € (R%)®" be any element such that
§p + (Z7)®" = gy,
Then by the proof of Proposition 3.6 in [15],
£y € Bxwr.F.8)(0i(f))
with
lim «(D',F',8) = 0.
(D/,F/,S/)

Here the triples (D', F’,§’) are ordered as in part (a). Again we can use this to
argue as in (a) that

IEGS (¢, Z(D)®" f < 7(D)®") CIEGK (g, f). O
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‘We will use the above Lemma to show that

Ak _ vk
IEQS (2. X7, T) = Xf,

when f € M, (Z(T")) NGL,(L(T")). By Proposition 3.5, this will prove that every
k-tuples of points in X is a ((0;); —IE)-tuple. We first need a way of constructing
elements of A(;) whose translates by a given finite subset of I' are disjoint.
For this we use the following Lemma.

Lemma 4.7. Let " be a countable discrete sofic group with sofic approximation
0;:I' — Sq,. Fix a finite symmetric subset E C I' containing the identity. Then,
there is a sequence (J;)i>1 € A, So that

oi(x)JiNJi =@ forallx € E\ {e}
and

Jim ug, (i) = (%)lEl-

Proof. Consider the Bernoulli shift action I' ~, (E,ug)'. Let
J={xeEl:x(g)=gforallg € E}.

Suppose
xelJ

and g € E \ {e}, then
(') =x(g)=g#e

sox ¢ gJNJ.Thus gJ, J are disjoint for all g € E \ {e}. We now use the fact that
Bernoulli shifts have positive sofic entropy to model this behavior on {1,..., d;}.
First note that for every ¢ > 0, there isa § > 0 so thatif E; € {1,...,d;} has

ug (0i(x)E; NE;) <6 forallx € E\ {e},
then there is a E] C E; with
ug,(Ei \ E)) <e

and
oi(X)E;NE =@, x € E\{e}.

Indeed, this is simply proved by setting

E; = ﬂ Ei \ 0i(x)"'(E)).

x€E\{e}
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Using the fact that h(ai),u%F (ET,T) > 0, we may find a sequence 4; ; C
{1,...,d;}, g € E sothat

=

(v e ET:x(g]™) = he})

(5)
forallk € N,hy,....hx € E, g1,...,8k € and oy, ..., € {1,—1} (see e.g.
Bowen’s original definition of sofic entropy in [2]). Set

g, (7(81) Ay, -+ N 03 (g)™ Ay ) — g™ (

=1

T =) 0i(e) " Aig.
g€eE

then by (5),
Ug; (Ui(g)']i/ n Ji/) —0

forall g € E \ {e} and
ug, (01 ()] NI}y — uSl (xJ N J)
for all x € I". Applying our previous observation we find J; € J/ so that
ua, (J]\ Ji) —> 0

and
oi(g)JinJi =@ forge E\{e}.

Since ug, (J; \ J;) — 0, we have
ug; (01()Ji N Ji) —ug, (J)> — uS (gJ N J) —ud'(J)? (6)

forall g € T. Itis well-known that T ~, (L2((E,ug)")©C1) can be equivariantly,
isometrically embedded in ' ~, £2(IN x I') where the action of ' ~, £2(IN x I') is
given by

(g&)(n,h) =&, g~"h).

We will use this to show that (J;)i>1 € Ay,),. We again use o(1) for any
expression which goes to zero as i — oco. Let

a:T — UL*((E,ug)") 6 C1)
be the representation

(@(@f) (@) =E(g'w), weE" geTl.
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Extend by linearity to a x-representation
a:C(T) — B(L*(E,ug)" ©C1).
Then for any f € C(I'") and i € IN we have

loi (f) (s, — ua, (J)DII3

= 3 F@) fnoi(@) sy —tta, (JOD. 0 (W) sy — g, (J)D)

g,hel
=o(1) + Z f(g)%(ai (W' @) (s, — ua, (J)1), xa, —ug, (Ji)1)
g,hel
=o() + Y /*F(©)01() (xs; — g, T D). xs; —ua, (J)1)
st )
=o()+ Y /¥ F(&)ua, (0:() i N J) —ug, (Ji)?)
gel
=o()+ Y [ F(@E g/ nJ)—ul ()
gel
=o()+ Y F*F @@ s —u@ (). e —u@T (1)
gel

= o(1) + lle( ) (s —uSE (D

Since o can be embedded into the infinite direct sum of the left regular represen-
tation, we have that

la (/) s —u@ (DDl < AN xs —u@ ()1l
= AN () —ugt (HHY?
= o(1) + 1A ()1, (Ji) — ug, (J)H)'?
= o) + AN x s —ua, (Ji)1]2.

®)

By (7) and (8) we have that (J;); € A(;);. From our construction it also follows
that

1 \El
ug, (Ji) — M%F(J) = <E) . O
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For the next Lemma, we need some notation. We use T = R/Z. Define
t:C(I'y —C

by
@)= a(g).

gel

Lemma 4.8. Let I' be a countable discrete group and let f € M,(Z(T")) N
GL, (L(I")). Let ¢ be the inverse of f in M,(L(I")). Define

Q: A% — (TT)®"
by
0@ (D(g) =E&)(g) + Z.
Then Q({ag*:a € Z(T)®" 1(a(j)) = 0.1 < j < n}) is dense in Xy.

Proof. As usual, we view Z(I')®" C £2(I")®". For a, B € Z(I')®" we have

n

(o B) =Y (B *a(l)

=1

where 7 is the trace on L(T"). For 6 € (TT)®" « e Z(I")®" we set

(O.a)r =Y > 0)(@el)(g) € T.

I=1gel’

Then the pairing (-, -)1 allows us to identify (TT)®" >~ (z(T")®"))".
By Pontryagin duality, it suffices to show that if 8 € Z(I")®" has

(B.ag™) € Z

for all @ € Z(I')®" with t(a(l)) = 0,1 <[ < n,then B € Z([I)®"f.
Forx € L(I'),and 1 <[ < nweuse x ® ¢, € L(I"®" which is x in the
™ coordinate and 0 in every other coordinate. Fix 1 < [ < n and consider
o= (g—1)®e;. Then

(B.ad™) = (Bo.a) = (BH)()(g) — (BP)(I)(e).

So
BP)()(g) — (Bp)(I)(e) € Z

for all g € T. Letting g — oo, and using that (m) € £? we find that

(Bp)U)(e) € Z.
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As - -
B (g) — (B)()(e) € Z
forall g € I',1 <! < n we find that B¢ € Z(I")®". Thus
B = (B¢)f € Z()®" f. 0

We are now ready to prove our Theorem, but we first recall the notation we
introduced at the beginning of this section. From the identifications

Mpn(C(T) € My n(L(D)) S BE(ID)®", 2(I)®™)
we may think of elements of M,, ,(C(I")) as bounded, linear operators
2% — (2(n)®m,

For a fixed x € M, ,(C(I')) we let ||x|| be the norm of x as an operator
£2(I)®" — ¢2(T")®™ under the above identification. We also identify C(I")®" =~
M, ,(C(I')) and use the notation above. We thus caution the reader that for
A € My ,(C(T))

[Allc # sup |A4ij(g)],
gerl,
1<i<m,1<j<n

with similar remarks for elements of C(I")®”.

Theorem 4.9. Let I" be a countable discrete group with sofic approximation
0;:I' — 84, be a sofic approximation. Let f € M,(Z(I')) N GL, (L(I")), then
every k-tuple of points in Xy is a ({> — A(o;); — IE—k)-tuple.

Proof. Let ¢ be the inverse of f in M, (L(T")). By the preceding lemma and
Proposition 3.6, it suffices to prove the theorem when

(X1, X)) = (Q(a19™), .. ., Q(akd™)),
where #(aj) = 0. Fort > 0, let ¢; € M, (R(I")) be such that

¢ — @lloo < 1.

Fix ¢ > 0, and a A C T finite. Suppose we are given a finite / C I', and a
8§ > 0. Let E C C(TI") be finite and n > 0 to depend upon F, § in a manner to be
determined later. Let

Ly = (supp(¢s) U {e} U supp(ge) ™),

L5 = (supp(as) U {e} U supp(as)~') for1 <s <k,
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’

K, = [ U Ly s(supp(f) U{e} U Supp(f)_l)Ll](zms)!

1<s<k

K2=[ | ((4U{e}UA™")(supp(s) U fe} U supp(ge) ) (supplas)
l=s<k 1. 7@o15)
Ude} Usupp(a) ™))

’

K =K, UK.

Apply Lemma 4.7 to find a sequence J; C {1,...,d;} so that {o;(x)J;}xek are a
disjoint family, and (J;); € A(;) and

i K]
iE;noo i :(%) '

Note that if J/ C J; satisfies

udi(']i \ Ji/) — O’

then J/ enjoys the conclusions of Lemma 4.7 as well. So by soficity, we may
assume

0i (x)(j) # 0:(¥)(J)
forx # y € K, j € J; and that

oi(x1...x1)(j) = 0i(x1)...0i(x1)(j)
for x1,...,x; € Kand 1 <[ < (2015)!. Let c: J; — {1,...,k} be such that
c71({s}) € A(E,n,0;). Set
T =71 ({sh.
For ¢ € (0, 00) let
& = Z Oi(¢ta:))(]i(s)-
1<s<k

Note that

0i(f)gs = D oDt o= D @ (oigsed) = oil@))y .
1<s<k 1<s<k
For 8 € C(T") we have
oi(B)1 = t(B)1.

Because t(g) =0for 1 <s <k,

0i(f)Es— Y oile))x s
1<s<k ©)
= D @i(N)oi(bse)) = 01 (@) (1 y0 = ua, (2,0

1<s<k
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Since
||XJ.(‘” - udi(Ji(S))lnoo =2,

we have

loi (/)01 @503 (0 = tta, (T D) = 01 (S b50) (1 500 =, (TP D2 —— 0.

Thus
| Y @0 Oty = g (D
1<s<k %
= e (e — g, U D)| | —=0.
We have
loi (f$50) (g0 = tta, TN = 03 @) (ot y0 = tta, (D2
- ‘ " " ) 2\1/2
= (X | X eitrgsar —adip) (o —ua S| )
I=1 p=1 !
If
E2{(fpsa; —ap)p:1 <1, p <n}
then as
I fdset — atlloo < 811 £ lloolleslloos
we have
o (f$50) (0 = tta, (TID) = 0@ (20 = v, TP 2
- (s) 2 1/2
< (Do esliool £ loon8lt 0 =10, (T D2 +nm)?)
=1
< Nl llo ./ loon 811 ¢ s 12 + nn.
Set 12
M=(Ifle+D( Y o))
1<s<k
then

| X aitdsan (o = ua, (D = i@ 0t o = ua, (D]

1<s<k

<kn’n+n28) flloo Y llesloollz o2

1<s<k

< kn®n+ Mn*Sug, (Ji)"/?,

(10)

(In
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where in the last step we use the Cauchy—Schwartz inequality and the fact that

> 1013 = ua, (J2).

1<s<k
If we force 5 sufficiently small then by (9), (10), and (11) we have for all large 7,
€ € Esm2rnm (0i (f)). (12)

We will want to force 5 to be even smaller later.
If £ 2 {(¢pety — psay)pi:1 < I,p < n}, thenforall 1 < s < k, for all
1<pl<n

loi (et} = $s0)p) (20 — v, (TP
< 2¢letsllooll 00 = 1, (TSI D 2 + 1
< 2¢flosootta, ()7 + 1.

Note that in our definition of ({2 — A,),)-tuples we are allowed to have E,n
depend upon §. By the same arguments as before

lge — Esll2.0, < n®n+2en> > ltgllootta, ()12

1<s<k
< n’n+2e6Mug, (J;)'/?

where again we have used the Cauchy—Schwartz inequality and the fact that

> 1013 = ua, (J2).

1<s<k
Thus
Y () &GP
|Jl|j€.],'
1
= Ud,-(-]i)_lz Z 1€E(j) — 58(])|2
Ljel;

< (ug, ()" 'n*n? + 2eMn*nug, (J;) V2 + 42 M?).

For all large 7,

iy = 1"

So we can choose 7 sufficiently small (depending only upon K) so that

€5 — &cll2,7; < e(2M + 1).
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Then

/
(717 X Nl (@310 ~ bor (@)1 + 2 ) = low (@)t —o1(®)%elns

|Jl| jeJ;
<e(2M +1).
(13)

Additionally, for j € Ji(s) andg € A

01(QE() =Y D 96 () Ly 0,0 )

xel' 1<s<k

- Z Z ¢Sa: (X)XG,- (g)o; (x)Jl.(s) ()

xeKng~lK 1=<s<k

here we use our choice of J; as well as the fact that K N g7'K D supp(gp:ak).
As {oj(k)Ji}xex are a disjoint family, we have for x € K N g7 'K that
Ao (gys () =1 if and only if gx = e, and thus when x = g~ '. Since

K N g71K D supp(¢:a¥), the above sum is

$ea (g71) = a5ty (2).

As
0507 (8) — s ()] < s — 5”12 < ellsll2 < ellesllo
We find that
1 ; — 2\ 2
max (- ,Z, ©@1(9E)) +Z—acd* (9)2) <M.
Combining with (13)
(- X168 () + Z - aepd*@F) < eGM +1)

As ¢ > 0 is arbitrary, the Theorem is now proved using Proposition 4.6. |
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Corollary 4.10. Let T be a countable discrete sofic group with sofic approxima-
tiono;:I' = Sy,. Let f € M,(Z(")) N GL,,(L(T")). Then every k-tuple of points
in Xy is a ((0;); — IE —k)-tuple.

Proof. Automatic from the preceding Theorem and Proposition 3.5. |

Corollary 4.11. Let T be a countable discrete sofic group and f € M, (Z(T")) N
GL,(L(")). If f is not in GL,(Z(T")), then detyry(f) > 1.

Proof. Observe that Xr is not a single point if and only if f ¢ GL,(Z(I)).
The corollary is then automatic from the preceding Corollary, Proposition 4.16
(3) in [22] and Theorem 4.4 in [15]. O

In fact, we have the following more general result. Recall that if I" is sofic, if
0;:I' — S, is a sofic approximation, an action I' ~, X on a compact metrizable
space is said to have completely positive topological entropy with respect to
(0i); if whenever I' ~, Y is a nontrivial (i.e. not a one-point space) topological
factor of X, we have h(;), (Y,T') > 0. The following Corollary was known for
f € M, (Z(I'))NGL,, (£}(T")), by Proposition 4.16 (3),(5) and Theorem 6.7 of [22].

Corollary 4.12. Let I be a countable discrete sofic group and f € M, (Z(T")) N
GL,, (L(I")). Suppose that f is not in GL,(Z(T")). Then for any sofic approxima-
tion0;:I' — Sy, , the action I' ~, Xy has completely positive topological entropy
with respect to (0;);.

Proof. Automatic from Theorem 4.9, Proposition 3.5, Proposition 4.16 (3) in [22]
and Proposition 3.6. |

Combining with results of Chung-Li we have the following result in the
amenable case, which previously only known for f € GL, (¢! (I")) (see Corol-
lary 8.4, Theorem 7.8, and Lemma 5.4 of [5]).

Corollary 4.13. Let I be a countable amenable group, and f € M,(Z(T")) N
GL,(L(I")). Suppose that f is not in GL,(Z(I")). Then the action I" ~, Xy has
completely positive measure-theoretic entropy (with respect to the Haar measure
on Xy).

Proof. This follows from Corollary 8.4 of [5] and Corollary 4.10. |

Corollary 4.13 was known in the amenable case when f € M,(Z(I")) N
GL, (£1(TI")) by combining Proposition 4.16 (3), (5) and Theorem 6.7 of [22] with
Corollary 8.4 of [5]. As we mentioned, at the beginning of this section there are
interesting examples in the amenable case of f € Z(I') N L(I')* but f ¢ ¢} (I")*.
When I' is sofic, it would be interesting to decide if I' ~, X, has completely
positive measure-theoretic entropy with respect to every sofic approximation if
f e M, (Z(I')) N GL,(L(I")) is not invertible in M, (Z(T")).
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