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Invariant random perfect matchings in Cayley graphs

Endre Cséka and Gabor Lippner

Abstract. We prove that every non-amenable Cayley graph admits a factor of IID perfect
matching. We also show that any connected d-regular vertex transitive graph admits
a perfect matching. The two results together imply that every Cayley graph admits an
invariant random perfect matching.

A key step in the proof is a result on graphings that also applies to finite graphs. The
finite version says that for any partial matching of a finite regular graph that is a good
expander, one can always find an augmenting path whose length is poly-logarithmic in one
over the ratio of unmatched vertices.
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1. Introduction

Let T" be a finitely generated group, and G a locally finite Cayley graph of I.
An invariant random subgraph on G is a probability distribution on the set of
subgraphs of G that is invariant under the natural action of " on G. In particular,
an invariant random perfect matching is a distribution concentrated on perfect
matchings with probability one. In this paper we show that such a distribution
always exists. For amenable groups it is sufficient to show the existence of a
single perfect matching. On the other hand for non-amenable groups we prove



212 E. Cséka and G. Lippner

the existence of a specific kind of invariant distribution, a so-called factor of 1ID
perfect matching. This second result is the main contribution of the paper.

A factor of 1ID is a particular way of defining an invariant random subgraph.
For the precise definition see Section 1.1 and in particular Definition 1.9. Here
we give a only a brief sketch: first each vertex gets a random number in [0, 1],
independently and uniformly. Then each vertex makes a deterministic decision on
how the subgraph looks like in its neighborhood, based on what it sees from itself
as center. Since each vertex uses the same rule, the distribution of the resulting
subgraph is automatically invariant under the action of T".

Instead of subgraphs, one can also define vertex colorings, or more general
structures on G. The general name for such a random process is a factor of IID
process. An important feature is that such a process can always be imitated on any
good finite model of G. For instance, any factor of IID process on a regular tree
can be used to get randomized local approximation algorithms on finite regular
graphs of large girth.

Invariant random processes, and in particular factor of IIDs on Cayley graphs
have received considerable attention recently. Standard percolations are well-
known instances factor of IID processes, as well as the free and the wired minimal
spanning forests. Another example is the recent solution of the measurable von
Neumann problem by Gaboriau and Lyons (see [3]). They show that every non-
amenable Cayley graph admits a factor of I1ID 4-regular forest.

It has been a long standing open problem to determine the maximum density
i (G) of a factor of IID independent subset of a regular tree (mentioned e.g. on the
webpage of David Aldous !). The exact value is unknown, though it is known to
be less than 0.46. Note that trees are bipartite and thus have independent sets of
density 1/2, but the resulting process can not be a factor of IID. The related open
question is to determine the limit of the ratio i (G(n, d)) of the largest independent
subset in n vertex d-regular random finite graphs, as n goes to infinity. Bayati,
Gamarnik, and Tetali [1] have shown that the limit exists, and the above mentioned
modeling phenomenon shows that its value is at least i(7;) where 7T is the
d-regular infinite tree. It was conjectured by Balazs Szegedy (see Conjecture 7.13
in [5]) that this limit is in fact equal to i (7;). This has recently been refuted by
Gamarnik and Sudan [4].

The analogous question for the maximum density of independent edge sets in
non-amenable bipartite Cayley graphs has been studied by Lyons and Nazarov [7].
Anindependentedge setin a graph is usually referred to as a matching. An obvious
upper bound on the density of a matching is that of the perfect matching, i.e. where
every vertex is covered by an edge. Lyons and Nazarov show that in the case of
a bipartite non-amenable Cayley graph one can actually achieve the maximum
possible density, that is, one can construct a perfect matching as a factor of IID.

In this paper we extend this result to arbitrary non-amenable Cayley graphs.

Uhttp://www.stat.berkeley.edu/~aldous/Research/OP/inv-tree.html
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Theorem 1.1. Let T be a finitely generated non-amenable group with finite sym-
metric generating set S. Let G = Cay(I', S) denote the associated Cayley graph.
Then there is a factor of IID on G that is almost surely a perfect matching.

In particular, every non-amenable Cayley graph admits an invariant random
perfect matching. On the there hand, jointly with Abért and Terpai, the authors
showed the following theorem.

Theorem 1.2. Every connected, infinite, locally finite vertex transitive graph G
has a perfect matching.

Abért and Terpai kindly suggested to include the result in this paper. Since
the space of perfect matchings is compact, this immediately implies that every
amenable Cayley graph admits an invariant random perfect matching. Thus,
together with Theorem 1.1 we get the following.

Corollary 1.3. Every Cayley graph admits an invariant random perfect matching.

The basic strategy of the proof of Theorem 1.1 is similar to what Lyons and
Nazarov use to prove the bipartite case, and what has been used by Elek and
Lippner [2] to construct almost-maximal matchings. We define a sequence of
partial matchings, each of which is obtained from the previous one by flipping a
sequence of augmenting paths. To show that this sequence “converges” to a limit
perfect matching, one has to show that edges do not change roles too often. The
crucial step is to bound the length of the shortest augmenting path in terms of the
ratio of unmatched vertices.

Our main contribution is establishing this bound for non-bipartite graphs. Our
methods also work the on finite graphs, where we get the following theorem, that
is of independent interest in computer science.

Theorem 1.4. For any co > 0 and d > 3integer, there is a constant ¢ = ¢(co, d)
that satisfies the following statement. If a partial matching in a co-expander
d-regular graph leaves at least ¢ ratio of all vertices unmatched, there is an
augmenting path of length at most ¢ log>(1/¢), or there is a small edge cut, more
precisely there is set of vertices H C G such that 1 < |H| < |G| — 1, |H]| is odd,
and the number of edges leaving H is at most d.

Remark 1.5. The theorem remains true even if there are only two unmatched
vertices. This may be surprising at first, but in fact for finite graphs even size
the condition that any odd set H has at least d edges leaving it easily implies the
conditions of Tutte’s theorem, so such graphs always have perfect matchings.
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In the bipartite case, such a bound has actually already been observed in [6]
by Jerrum and Vazirani, who used it to give a sub-exponential approximation
scheme for the permanent. They remark in the same paper that a similar bound for
general graphs would be desirable, as it would lead to an approximation scheme
for the number of perfect matchings for arbitrary graphs. In a subsequent paper
we shall work out the details of this application, together with a generalization of
Theorem 1.4 to non-regular graphs.

The outline of the paper is as follows. In Section 2 we show the existence of
perfect matchings in vertex transitive graphs. In Section 3 we prove that in a non-
amenable Cayley graph there is a factor of IID that is a perfect matching, modulo
a variant of Theorem 1.4, whose proof we postpone to Section 4.

Acknowledgements. We are indebted to Miklds Abért for introducing the prob-
lem to us and for his constant encouragement. We would also like to thank
him and Tam4s Terpai for valuable discussions and their kind permission to in-
clude the proof of Theorem 1.2 in this paper. Endre Cséka was supported by
Marie Skiodowska-Curie grant 750857, ERC grants 306493 and 648017. Both
authors were supported by the MTA Rényi “Lendiilet” Groups and Graphs Re-
search Group.

1.1. Notation and definitions. Let G be a simple graph, either finite or infinite.
The vertex and edge set of G will be denoted by V(G) and E(G) respectively.

Definition 1.6. A matching in G is a subset M C E(G) such that any vertex x is
adjacent to at most one edge ¢ € M. We will denote by V(M) the set of vertices
that are matched, i.e. that are adjacent to an edge in M. A matching is perfect if
V(M) = V(G).

Definition 1.7. Given a graph G with a matching M, an alternating path is a path
X0X1 ...Xg in G such that every second edge belongs to M. An alternating path
is called an augmenting path if its first and last vertices are not matched.

If x, y € V(G) are unmatched vertices and p is an augmenting path connecting
x and y, then we can define a new matching M’ = M(p) = M o E(p) as the
symmetric difference of the old matching M and the set of edges of p. The new
matching will then satisfy V(M') = V(M) U {x, y}.

Let (X, ) be a standard Borel probability measure space with a non-atomic
probability measure p.

Definition 1.8. A graphing on X is a graph G such that V(G) = X, and where
G(FE) C X x X is a symmetric measurable subset, such that if 4, B C X
are measurable subsets and f: A — B a measurable bijection whose graph
{(x, f(x)):x € A} is a subset of E(G), then u(A4) = u(B).



Invariant random perfect matchings in Cayley graphs 215

There is a natural way to measure the size of edge sets in a graphing. If an
edge set is given by a measurable bijection f: A — B as before, then the size of
this edge set is defined to be p(A). This extends to a measure on all measurable
edge sets. In particular this implies that if 7 is a sub graphing of G then the size
of the edge set of H can be computed by the formula

EGD] =5 [ degs()dnt). 1)

A measurable matching (or matching for short) in G is a measurable subset
M C E(G) suchthatevery vertex is adjacent to at most one edge in M. A matching
is almost everywhere perfect it w(V(G) \ V(M)) = 0. In this paper we will only
be interested in almost everywhere perfect matchings, and will refer to them as
perfect matchings for short.

A graphing G is a co-expander if for every measurable set H C V(G) we have
|[E(H,V(G)\ H)| = co|H||V(G) \ H|, where E(A, B) denotes the set of edges
having one endpoint in A and one endpoint in B.

Let I" be a finitely generated group, and S C I a finite symmetric generating
set, and G = Cay(T, S) the associated Cayley graph, that is g € I' is connected
to gs for every s € S. I' acts on itself by left multiplication, and this naturally
extends to a left action on X = [0,1]V(@ = [0, 1]F by gx(y) = x(g~'y). The
latter action is called the Bernoulli shift of I"'. We can equip X with a probability
measure u which is the product of the Lebesgue measure in each coordinate. It is
easy to see that the Bernoulli shift action is measure preserving.

I also naturally acts from the left on ¥ = {0, 1}£(®) whose elements can be
considered as subsets of £(G). We can also equip Y with the product of uniform
measures on the coordinates.

Definition 1.9. In our context a factor of 11D (or factor for short) is a measurable,
I' equivariant map ¢p: X — Y.

Definition 1.10. The graphing G associated to the Bernoulli shift and S is given
by G(V) = X and G(E) = {(x,y) € X x X:thereexistss € S,s"1(x) = y}.
The connected component of almost any point x € X is isomorphic to the Cayley
graph G.

Claim 1.11. There is a one-to-one correspondence between measurable subsets
F C E(G) and factors p: X — Y.

Proof. Let F C E(G) be a measurable subset and f: E(G) — {0, 1} its charac-
teristic function. Define ¢r: X — Y by the formula

Pr(x)(g. g5) = f(s g7 x, g7 " x);
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then

(hopr (x))(g, 85) = ¢r(x)(h™ g, h ™ gs)
= f(s"'g7 hx, g7 hx)
= ¢r(hx)(g.89).

so we do get a factor.

Conversely, given a factor ¢ one can define a subset Fy C E(G) by choosing
the edge s~1x, x to be part of F if and only if ¢(x)(id,s) = 1. O

Remark 1.12. From this construction it is clear that F is an almost everywhere
perfect matching if and only if ¢ is a factor of IID perfect matching.

There is an entirely analogous correspondence between measurable subsets of
V(G) and factors ¢: X — {0, 1}, In Lemma 2.3 of [7] then translates into the fact
that if the Cayley graph G is non-amenable then there is a ¢ > 0 depending only
on the expansion of G, such that the graphing G associated to the Bernoulli shift
is a cp-expander.

2. Perfect matchings in vertex transitive graphs

Let G(V, E) be an infinite, connected, d-regular, vertex transitive graph. In this
section we show that G has a perfect matching. Even though the proof uses only
standard arguments, we are not aware of any references to the result.

Definition 2.1. A cut is a partition of V into a nonempty finite set A and its
complement A = V \ A. The size of the cut is the number of edges between
A and its complement. A best cut is a cut with minimum size.

Lemma 2.2. Suppose A, B C V are different finite subsets defining best cuts.
Then each of the sets A\ B, B\ A, AU B, and A N B is either empty or defines
a best cut.

Proof LetX = A\B,Y =B\ A, Z=ANB,W =V \ (AU B). Then
|[E(X, X))+ |EQY,Y)|
=2(E(X.Y)|+ |E(X, Z)| + |E(X. W)| + |E(Y. Z)| + |E(Y. W)
<20E(X. V)| +|EXX, Z2)| + |E(X. W)|
+|E(Y,Z)| + |E(Y, W)| + 2|E(Z, W)
=|E(XUZ,YUW)|+|E(Y UZ, X UW)|
= |E(A, A)| + |E(B, B)|.
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This shows that the cuts defined by X and Y are together at most twice the size
of the best cut, hence they must be best cuts as well. (Or empty sets.) A similar
argument works for Z and W (or rather X U Y U Z, since that is the finite set) as
well. O

Lemma 2.3. The size of the best cutin G is d.

Proof. Let X be a minimum cardinality finite set that defines a best cut. For any
pair of vertices x, y € X there is an automorphism of G that takes x to y. Let ¥ be
the image of X under this automorphism. Then clearly Y also defines a best cut,
hence X'\Y isalsoabestcut. But|X\Y| < |X| contradicting the minimality of X,
unless X = Y. Hence the graph spanned by X is vertex transitive. If | X| < d, then
the number of edges leaving X is at least | X|(d — |X| + 1) > d and we are done.
If |X| = d, then since G is connected, there is an edge between a vertex x € X
and V' \ X. But then by vertex transitivity of X, there is such an edge from every
single vertex of X, giving the desired lower bound |E(X, X¢)| > |X| > d. O

Corollary 2.4. Since the number of edges leaving any finite set Y is at most d|Y |,
and the number of edges entering any finite set X is at least d, we get that the
number of finite of components of G \ Y is at most |Y|.

Theorem 1.2 now follows from the locally finite version of Tutte’s theorem
(Theorem XVII in [8]).

Theorem 2.5 (Tutte). Let G be a locally finite graph. Then G admits a perfect
matching if and only if for any finite set T C V(G) the number of finite, odd
components of G \ T is at most |T|.

Later we will need a slight strengthening of Lemma 2.3. We say that a real
cut is a cut where the finite set has at least 2 elements. Here we will assume that
d > 3. For d = 2 the result we are aiming to prove in this section is obvious.

Lemma 2.6. The size of any real cut is bigger than d, unless every vertex of G is
in a unique d-clique.

Proof. Suppose there is a real cut whose size is d, and let X be a minimum
cardinality finite set that defines such a real cut. It is clear that | X| > 2 since
a set of size 2 defines a cut of size at least 2d —2 > d. As before, let x, y € X and
let Y be the image of X under an automorphism taking x to y. We are going to
distinguish between three cases according to the size of X \ Y, which is the same
as the size of Y \ X.
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If they have more than 1 element each, then they also real cuts and hence by
Lemma 2.3 they are also real cuts of size d, contradicting the minimality of X.

If they are both of size 1, then | X N Y| and | X U Y| both have to be bigger than
1, hence they are also real cuts of size d, again contradicting the minimality of X .

Thus | X \ Y| = 0, hence X = Y, so just like in the proof of Lemma 2.3 we
get that X itself is vertex transitive. Thus, by connectivity, each vertex of X has
an edge leaving X. Thus if |X| > d + 1 then we are done. So |X| < d and thus
the number of edges leaving X is at least | X |(d — | X |+ 1). This is strictly greater
than d, unless | X| = 1 or X is a clique of size d. The first is clearly not the case
since X is areal cut. Thus X is a d-clique. Then, of course, by transitivity every
vertex of G is in a d-clique.

Finally, it is not possible that a vertex is contained in more than one d-clique.
If two different d-cliques A and B intersect then by degree of the vertices in the
intersection we see that [AN B| =d — 1. Let{a} = A\ Band {b} = B\ A. Ifa
and b would be neighbors then the graph would not be connected. Thus a has to
have one neighbor ¢ outside of B. But ¢ cannot be connected to vertices in AN B,
so A is the only d-clique that contains a. But by transitivity each vertex has to
be contained in the same number of d-cliques, contradicting our setup. Thus two
different d-cliques cannot intersect. O

Corollary 2.7. If there is a real cut in G whose size is exactly d then there is a
perfect matching in G that is invariant under the automorphism group of G. This
matching is given by choosing the unique edge from each vertex that leaves the
d-clique the vertex is contained in.

3. Factor of IID perfect matchings via Borel graphs
— the proof of Theorem 1.1

Let I" be a finitely generated non-amenable group, S a finite symmetric generating
set of size |S| = d, and G the associated Cayley graph. We want to construct a
factor of IID perfect matching in G.

If there is areal cutin G whose size is equal to d, then by Corollary 2.7 there is
a fixed perfect matching in G thatis invariant under the action of the automorphism
group, and each vertex can decide which edge to choose by observing its own 1-
neighborhood, so this is clearly a factor of IID matching and we are done.

Definition 3.1. We say that G is admissible if it is a co-expander, and any real cut
of an odd set has size at least d + 1 (in the sense of Lemma 2.6).
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Thus we can assume that any real cut in G is at least of size d + 1. Let G be
the graphing associated to the Bernoulli shift, as in Definition 1.10. By Claim 1.11
and Remark 1.12 it follows that G is a ¢o-expander for some ¢y > 0 depending only
on G. Hence G is admissible in the above sense.

By Remark 1.12 it is now sufficient to prove that G has an almost everywhere
perfect matching. Proposition 1.1 in [2] shows that there exists a sequence of
matchings Mo, M1, M>,... C G such that a) there are no augmenting paths of
length 2k 4+ 1 in My and b) each My is obtained from Mj_; by a sequence of
flipping augmenting paths of length at most 2k + 1. We would like to construct
an almost everywhere perfect matching as a limit of the Ms. In order to do this,
we have to show that, except for a measure zero set, the status of any edge changes
only finitely many times during the process, so we can take a “pointwise” limit of
the sequence to obtain a matching that covers but a zero measure subset of X .

Let us denote by Uy, the set of unmatched vertices in M. Then in the process
of getting My, from M we are flipping augmenting paths starting and ending
in Ug. Furthermore each vertex of Uy can be only used once as an endpoint of
an augmenting path, since after that it becomes a matched vertex. Any edge that
changes status between M} and My has to be part of an augmenting path at
least once. Thus the total measure of status changing edges in this step is at most
(2k +3)|Uy|. If we can show that } ", (2k 4 3)|Ux| < oo then by the Borel-Cantelli
lemma the measure of edges that change status infinitely many times is zero, and
we are done.

We have seen that G is admissible. Let ¢ = |Ug|. Then by Theorem 4.1 there
is a constant ¢ = c¢(cp, d) depending only on the expansion of G and the degree
d, such that there is an augmenting path of length at most ¢ log>(1/¢) in M.
But by definition we know that this has to be longer than 2k + 1. Thus we get
2k + 1 < clog?(1/¢) or equivalently

2k + 1)1/3>.

|Uk|:£<exp(—< .

This is clearly small enough to guarantee that ), (2k + 3)|Ux| < oo and thus
complete the proof of Theorem 1.1. |

Corollary 3.2. Every d-regular infinite Cayley graph has an invariant random
perfect matching.

Proof. On one hand, the space of perfect matchings is compact, and non-empty
by Theorem 1.2. If the group acting on this space is amenable then by definition
this action admits an invariant probability measure.

On the other hand, since a factor of IID perfect matching is automatically
an invariant random perfect matching, Theorem 1.1 completes the non-amenable
case. O



220 E. Cséka and G. Lippner
4. Short alternating paths in expanders

Let G(X, E) be a d-regular graphing, or a connected, d-regular graph that can
either be finite or infinite. We are going to treat these three cases at the same
time. When it is necessary to point out differences, we will refer to them as the
measurable/finite/countable case respectively.

The following theorem includes the statement of Theorem 1.4 and the variant
about graphings that is needed for the proof of Theorem 1.1. (The existence of a set
H as in the statement of Theorem 1.4 is ruled out by the admissibility condition.)

Theorem 4.1. For any ¢y > 0 and d > 3integer, there is a constant ¢ = ¢(cq, d)
that satisfies the following statement. Given any admissible measurable (or large
finite) graph, and a partial matching with at least ¢ measure (or fraction) of
unmatched vertices, there is an augmenting path of length at most ¢ log>(1/¢).

Though our main goal is to prove theorems about measurable graphs and finite
graphs, we are going to need auxiliary results about infinite, connected d -regular
graphs as well. Since the three cases can be handled the same way, we are going to
present the proofs at the same time, pointing out differences when necessary. In the
measurable case, everything will be assumed to be measurable, unless explicitly
stated otherwise. If A, B C X then E(A, B) will denote the set of edges that have
one endpoint in 4 and the other in B. In the measurable case the measure of the
set A will be denoted by |A|. In the finite case | 4| is going to denote the size of
A divided by the total number of vertices in the graph. So in both of these cases
0 < |A| < 1. In fact, a finite graph can be considered as a graphing with an atomic
probability measure. However in the countable case | 4| is going to simply denote
the size of A. Similarly with edge sets, in the finite and the measurable cases
|E(A, B)| will denote the measure of the edge set as defined by the integral (1) in
Definition 1.8. In the countable case |E (A, B)| will just denote the size of the set
E(A, B). If we really want to talk about the actual size of sets in the finite case,
we will denote it by || A|| and || E(A, B)|| respectively.

Let M C E be a matching. Then V(M) C X shall denote the set of matched
vertices. Let S C X \ V(M) denote a fixed subset of the unmatched vertices and
let F = X \ (V(M)US) denote the remaining unmatched vertices. We are going
to construct alternating paths starting from S in the hope of finding an alternating
path connecting two unmatched vertices. Such an alternating path is called an
augmenting path.

4.1. Sketch of the proof. First we give an outline, pointing out the main ideas
without introducing the technical definitions. We encourage the reader to read
the whole outline before reading the proof, and also to refer back to it whenever
necessary. Without understanding the basic outline, many technical definitions
will likely be rather unmotivated.
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We start from a set of unmatched vertices S. Assuming there are no short
augmenting paths, we would like to show that the set of vertices (X, ) accessi-
ble via n-step or shorter alternating paths grows rapidly, eventually exceeding
the size of the whole graph, leading to a contradiction.

It will be necessary to keep track of matched vertices accessible via odd
paths (head vertices), even paths (tail vertices), or both. In notation X, =
SUH,UT, U B,.

If there are plenty of edges leaving X, from T, or B,, then the other ends
of these edges will be part of X, 4+, fueling the desired growth. The first
observation is that if this is not the case, then there has to be many tail-tail or
tail-both edges.

A tail vertex that has another tail- or both-type neighbor will normally be-
come a both-type vertex in the next step. In this case even though X, does
not grow, the set B, grows within X,,, still maintaining the desired expansion
that eventually leads to a contradiction.

The problem is that certain tail-vertices will not become both-type even
though they possess a both-type neighbor. These will be called the rough
vertices. The bulk of the proof is about bounding the number of tough
vertices. The key idea here is that we can associate to each tough vertex x a
distinct subset of B, called the family of x. Families associated to different
vertices are pairwise disjoint. (This is done in Section 4.3.)

There can not be too many tough vertices with large families. On the other
hand if a vertex stays tough for an extended amount of time, its family has to
grow. These two observation together should be enough to bound the number
of tough vertices.

The proof proceeds in two rounds from this point. First, if X, is smaller
than half of the graph, then already families larger than 4d(d + 1)/co are
too large, and indeed vertices can’t be tough too long before they reach this
critical family size. Then all the previous observations are valid and X,, grows
exponentially as desired. (This is the contents of Theorem 4.4 and the proof
is done in Section 4.4.)

In the second round, when X, is already quite big, this unfortunately does
not work anymore. The bound after which families can be deemed too large
grows as | X \ X, | shrinks, and thus vertices can be tough longer and longer
before their families become big enough. At this point it becomes necessary
to show that the families of tough vertices also grow exponentially fast.
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(9) In Section 4.5 we demonstrate that the dynamics of how a family grows is
almost identical to how the sets X, are growing. In fact families are more or
less what can be reached from the tough vertex by an alternating path. But a
family lives within an infinite countable graph, hence it is never bigger than
“half of the graph,” so only the first round is needed to show exponential
growth. Hence Theorem 4.4 has a double gain. It proves the first round for
X», but at the same time it is used to prove fast family growth in the second
round.

(10) Once we have established exponential family growth, an approach very
similar to the proof of the first round is used to complete Theorem 4.1 in
Section 4.6. The proofs of both rounds employ a method of defining an
invariant whose growth is controlled. But the hidden motivation behind the
invariant is what we have outlined in this sketch: if X, doesn’t grow then B,
grows. If B, doesn’t grow either then there have to be many tough vertices.
If there are many tough vertices then they have to be tough for a long time.
But then their families have to become too big. Finally there is no space for
all these big families.

(11) Unfortunately there is a final twist. When analyzing family growth in Sec-
tion 4.5, we have to introduce certain forbidden edges in each step, through
which alternating paths are not allowed to pass momentarily. Hence, to be
able to use Theorem 4.4 in this more general scenario, we need to state it in
a rather awkward way. Instead of saying that X, is just what can be reached
by alternating paths of length at most n, we need to use a recursive defini-
tion of X, taking into account the forbidden edges in each step. But as it is
pointed out in Remark 4.3, if one chooses to have no forbidden edges, X,
just becomes what it was in this sketch.

The proof is organized as follows. In Section 4.2 we introduce the basic
recursive construction of the X sets using the notion of forbidden edges. We
state the key Theorem 4.4 that on one hand provides the proof of the first round,
and on the other hand will be used to show exponential family growth.

Tough vertices and families are introduced in Section 4.3 together with proofs
of their basic properties. Then Theorem 4.4 and the first round is proved in
Section 4.4, using the invariant-technique.

In Section 4.5 we show how the growth of a family can be modeled using the
forbidden edge construction, and prove exponential growth of families. Finally
in Section 4.6 we finish the proof of the second round, again using the invariant-
technique.
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4.2. Forbidden edges. We are going to use the following terminology. All
alternating paths will start with an unmatched edge, but may end with either kind
of edges. If p = (po, p1,-- ., pr) is an alternating path of length |p| = [, then the
vertices with odd index will be referred to as the “head” vertices of p and the even
index vertices (except for pg) will be called “tail” vertices. p will be called even
if / is even, and odd if / is odd. The last vertex will be denoted by end(p) = p;.
When this doesn’t cause confusion, we will also use p to denote just the set of
vertices of the path.

Definition 4.2. Assume that for every k we are given a subset of “forbidden”
edges Ex C E. Using this as input data, we shall recursively construct a sequence
of vertex sets

S=XoCXiCX,C....

Suppose we have already defined X;. Then Xy, is defined as follows. Take a
matched edge vw outside of X;. We are going to include these two vertices in
Xy if and only if there is an even alternating path starting in S whose length is
at most 2k + 2, whose last two vertices are v and w in some order while all the
previous vertices are in X, and, most importantly, the edge on which it leaves Xj
does not belong to Ey.

Remark 4.3. This definition implies that each X} \ S consists of matched pairs,
and for any vertex v € X \ S there is an alternating path p C X such that py € S,
|p| < 2k,and end(p) = v. If the E} are all empty, then X consists of all vertices
accessible from S via an alternating path of length at most 2k. First we will show
that the size of X grows fast.

Theorem 4.4. Suppose that

(M) Xl < [X\ Xal,

(2) there are no augmenting paths of length at most 2n — 1 starting in S, and
3) |Ex| =d|S|forall0 <k <n,

(4) the number of non-forbidden edges leaving Xy, is at least 1/(d + 1) portion
of all edges leaving Xy for all k < n.

Then

C2|S| c3 n
Xn| > 0 1 0 .
| Xnl 2 16d2(d+1)2< + 128d3(d+1)3)

Note that the first condition is always satisfied in the countable case, since X,
is always finite.
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We will need a more refined classification of the vertices in X,,. First of all let
2, denote the set of all odd alternating paths starting from S, and 2, the set of all
even alternating paths. For every n > 1 let us define the following subsets of X,.
Let

H, = {x € X,: there exists p € Ao(1 < |pl <2n, p C Xy;end(p) = x)},

T, = {x € X,:there exists p € A(2 < |p| <2n, p C Xu;end(p) = x)},

Hn=ﬁn\ n»
Tn=Tn\ ~n,
B,=H,NT,

It is important that in these definitions we are not insisting that the paths avoid
forbidden edges at any time. The forbidden edges only limit the definition of X,
but then we want to consider all possible alternating paths within the set.

The last three are the set of head vertices, the set of tail vertices, and those that
can be both heads or tails. It is clear that S and T, are disjoint. As long as there
are no augmenting paths of length at most 25 — 1, then S is also disjoint from H,,
and thus X, is a disjoint union of S, H,, By, and T,,. It follows from the definition
that By C B, C ..., furthermore M gives a perfect matching between 7, and H,,,
and also within B,,. (Note that this implies |H,| = |T,|.)

The rough idea of why X, should grow fast is this. By expansion, even in
the presence of forbidden edges, there are plenty of edges leaving X,,. Any edge
leaving X,, from 7, adds to the size of X,,; directly. Only edges leaving from H,,
cause problems. But since H, and T, have the same total degree, any surplus of
edges leaving H, have to be compensated by edges within 7,, or between B, and
Ty. Such edges will contribute to the growth of B, within X},, and thus implicitly
to the growth of X,.

4.3. Combinatorics of alternating paths. In this section we will be mainly
concerned about how edges within 7,, U S and between B, and 7,, U S contribute
to the growth of B,,.

Lemmad4.5. If x,y € T,, U S and xy € E then either x € B,y or y € Byyq or
there is an augmenting path of length at most 2n + 1.

Proof. Tt is sufficient to prove that either x or y would be in H,,;. If either x
or y is in §, then this is obvious from the definition of I-In+1. Otherwise let p,
respectively ¢ be shortest alternating paths that witness x and y € T, respectively.
We may assume without loss of generality that | p| < |¢|. Then y cannot lie on p,
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otherwise there is either a shorter alternating path witnessing y € 7}, or we have
y € H, andnotin 7, U S. Hence adding the xy edge to p we obtain an alternating
path of length at most 2n + 1 that witnesses that y € H, 4. O

Edges running between 7, U S and B, are more complicated to handle. If
b e B,andt € T, U S, but all paths witnessing b € T}, run through ¢, then we
can’t simply exhibit 7 € H, by adding the b edge to the end of such a path since
it would become self-intersecting. The following definition captures this behavior.

Definition 4.6. A vertex x € T, U § is “tough” if it is adjacent to one or more
vertices in B, but x & Hy41.
Anedge xy € E is “tough” if x € T, U S,y € B, and x is a tough vertex.

T T,, will denote the set of vertices that are tough at time 7.

We would like to somehow bound the number of tough vertices. In order to
do so, we will associate certain subsets of X, to each tough vertex in a way that
subsets belonging to different tough vertices do not intersect. Then we will show
that these subsets become large quickly.

Remark 4.7. We think of n as some sort of time variable, and all the sets evolve
as n changes. Usually n will denote the “current” moment in this process. In
the following definitions of age, descendent, and family, there will be a hidden
dependence on n. When talking about the age or the family of a vertex, we always
implicitly understand that it is taken at the current moment.

Definition 4.8. The “age” of a vertex x € T T, isa(x) = n—min{k:x € T US}.

Definition 4.9. Fix a vertex x € TT,. A set D C X, has the “descendent
property” with respect to x if the following is true. For every y € D there are
two alternating paths p and ¢ starting in x and ending in y, such that

e both start with an unmatched edge, but p is odd while g is even,
e p,q C DU{x},
e [p|+lq| =2a(x) + 1.

Sets satisfying the descendent property with respect to x are closed under
union.

Definition 4.10. The “family” of a vertex x € T T, is the largest set D C X,
that satisfies the descendent property. In other words it is the union of all sets that
satisfy the descendent property. The family of x is denoted by F, (x).
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Claim 4.11. If x € TT, and xy is a tough edge then y is in the family of x.
In particular every tough vertex has a nonempty family.

Proof. Let p be a path that witnesses y € T,,. Now if p appended by the edge yx
would be a path then it would witness x € I-In+1. Since this is not the case, x has
to lie on p. Let D denote the set of vertices p visits after leaving x. For any point
z € D there are two alternating paths from x to z. One is given by p and the other
by going from x to y and then walking backwards on p. Suppose x = p,; and
¥ = pak. The total length of these two paths is 2k — 2/ 4 1. Since the age of x by
Definition 4.8 is at least k — [ we see that 2k —2/ + 1 < 2a(x) + 1. Hence the two
paths satisfy all conditions of Definition 4.9 so D has the descendent property with
respect to x. Hence by Definition 4.10, x has a non-empty family, in particular y
is in the family. |

Claim 4.12. The family of any tough vertex is a subset of B,.

Proof. Let x € TT, be a tough vertex and let s be a shortest path witnessing
x € T, U S. Letus denote |s| = 2k. It is enough to show that the family of
x is disjoint from s. Indeed, then for any point y in the family we can take the
two types of paths p, ¢ as in Definition 4.9 from x to y. By the age requirement
in Definition 4.9 we get that |p| + |¢| < 2a(x) + 1 = 2n — 2k + 1. Hence
Is|+|pl+|gq] <2n+1andthus|s|+|p| <2n—1and |s|+|g| < 2n. Since these
paths run within the family which is disjoint from s, we can append s with p and
g respectively to get alternating paths witnessing y € H, and y € T}, respectively.

Now suppose the family of x is not disjoint from s. It is clear that any family
consists of pairs of matched vertices. Let i be the smallest index such that the
pair s2;_1, 52; is in the family. Then from x there is an odd alternating path
p to sp; by Definition 4.9 that runs within the family and its length is at most
2a(x) + 1 < 2n — 2k + 1. Since i was the smallest such index, the path p is
disjoint from sy, 51, . . .52i—1. Thus by appending so, 51, . . ., $2; by the reverse of
p we get an alternating path from an unmatched point to x ending in an unmatched
edge, whose length is at most 2n — 2k + 1 4 2i < 2n + 1. This path witnesses
X € ﬁn—i—l, contradicting the toughness of x. O

Next we will prove that any vertex can belong to at most one family. We start
with a simple lemma about concatenating alternating paths.

Lemma 4.13. Let p be an even alternating path from x to y and q an odd
alternating path from y to z. Then there is an odd alternating path from x to
either y or z whose length is at most |p| + |q|.
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Proof. If the concatenation of p and ¢ is a path, then we are done. Otherwise let
i be the smallest index such that p; € ¢g. Let p; = ¢g;. Then py, p1....,pi =
qj.qj+1.-...end(q) is a path from x to z and po, p1..... pi = qj.qj—-1....q0 is
a path from x to y. Both have length at most |p| + |¢|, both of them end with
non-matched edges and one of them is clearly alternating. |

Claim 4.14. Two families cannot intersect.

Proof. Let x,y € TT, be two tough vertices. Assume their families F and G do
intersect. Let p, g be shortest alternating paths witnessing x,y € 7,, U S. Let us
choose the shortest among all alternating paths from x to F N G that runs within
F. Let this path be p’ and its endpoint x’ € F N G. Do the same thing with y to
get a path ¢’ from y to y’ € F N G lying within G. By symmetry we may assume
that |p| + |p'| < lq| + 1q'l-

By the choice of p’ we see that the only point on p’ that is in G is its endpoint
x’. From x’ there are two paths, s and ¢, leading to y within G by Definition 4.9
one of which, say s, can be appended to p’ to get an alternating path from x to y.
This path p’ U s clearly starts and ends with a non-matching edge.

Now we are in a situation to apply the previous lemma. p leads from pg to
x and ends with a matching edge, and p’ U s leads from x to y and starts and
ends with non-matching edges. Thus by the lemma, there is an alternating path
from py to either x or y which ends with a non-matching edge. The length of this
alternating path is at most |p| + |p’| + |s|. But by the choice of p’, the choice of
q’, and by the age requirement in Definition 4.9 we have

lpl+ 1P + sl < lgl + lg'| + Is]
< lgl+ el + Is|
<lgl+2a(y)+1
=2n+1.
Thus the alternating path we have found from po to x or y has length at most

2n + 1 so it witnesses x € H,4+1 or y € H,41. But neither is possible since both
x and y are tough, which is a contradiction. |

Corollary 4.15. There is exactly one tough vertex adjacent to any family.

Proof. Letx,y € TT, and z € F,(x). Suppose there is an edge between y and
z.Then z is in B,, hence yz is a tough edge, hence z is in the family of y, but then
the two families would not be disjoint, which is a contradiction. |
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Let ¢; = c1(co, d) be a constant to be determined later.

Claim 4.16. Suppose |F,(x)| < c1, v € F,(x), and there is an edge vw such that
w € By \ Fu(x). Then either w € Fyyc (x) or x € H~n+cl- In other words, if a
vertex remains tough for an extended period of time, then its family consumes its
neighbors.

Proof. We can assume that x ¢ FI,,+C1 since otherwise we are done. Thus x is
still tough at the moment n + c;.

First suppose there is a path p € 2., |p| < 2n that ends in w and does not
pass through x. Let w’ € p be the first even vertex on the path that is adjacent
to some vertex v’ € Fy,(x). Then the initial segment of p up until w’ has to be
disjoint from F; (x). By definition, in F,(x) there has to be an alternating path
from x to v’ that ends in a matched edge. Extending this path through w’ and
then the initial segment of p, we get an alternating path from S to x. Its length is
obviously at most |p| 4 ¢, hence x € HnJrc1 /2 and consequently in Hn+c1, and
this is a contradiction.

That means that any even path from S to w of length at most 2n has to pass
through x. Let p be the shortest such path. Let v’ be the last vertex of p that is in
F,,(x) U{x}. The vertex v’ divides p into two segments, p; going from S to v’ and
p2 from v’ to w. Then |pz| = |p| — |p1| < 2n —2min{k:x € T U S} = 2a(x),
and equality can only happen if x = v’. We claim that p, becomes part of the
family at time n + ¢;. For any vertex y € p, we can either go from x to v’
in even steps and then continue along p,, or go from x to v in even steps and
continue backwards on p, to y. The total length of these two paths is at most
c1 4+ |p2| + 1+ ¢1 <2(a(x) 4+ ¢1) + 1. Since at moment n + ¢; the age of x is
exactly a(x) + ¢y, the set F,(x) U p, will satisfy the descendent property, so this
whole set, including w, will be part of F;, 1, (x). O

Definition 4.17. We will say that at moment » the family of the vertex x € T T, is
expanding if there is an edge vw such thatv € F,,(x) and w € By, \ F,(x). For any
x € X, let e,(x) be the number of moments m < n such that 0 < |Fj,(x)| < ¢1
and at moment /n the family was expanding.

Corollary 4.18. For any x € X we have e,(x) < ¢} independently of n.

Proof. By Claim 4.16 we know that the number of moments in which an expanding
family has a fixed size k < c¢; is at most ¢;. This is because after the first such
moment, in ¢; time the family either ceases to exist or strictly grows. Thus for
each possible size k there are at most ¢c; moments of expansion, and thus there are
at most ¢ such moments in all. d
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4.4. Invariants of growth. Now we are ready to start the proof of Theorem 4.4.
Let

1
I(n) = |X,,|+|B,,|—|——/ en(x)dx
2 Jx

or, in the infinite connected case,

1
I(n) = 1Xal +1Bal + 5 > en(x).
xeX

Proposition 4.19. Suppose that
(D) [Xn] < [X\ Xal,
(2) there are no augmenting paths of length at most 2n — 1 in X,,,
(3) the number of forbidden edges is |Ey| < d|S| forall0 <k < n,

(4) the number of non-forbidden edges leaving Xy, is at least 1/(d + 1) portion
of all edges leaving Xy for all k < n;

then
3

Co
I+ 1) = (14 1284%(d + 1)°

)I(n).

Proof. In the following we shall omit the index » from all our notation, except
where it would lead to confusion. Let 7T denote the set of tough and TM the
set of not-tough vertices within 7 U S. The tough vertices are further classified
according to their families. 7B denotes the tough vertices whose families have
size at least ;. For tough vertices with smaller families, T E shall denote the ones
that have expanding families and 7' G denote the rest. So

SUT=TMUTT =TM U(TBUTE UTG).

First let’s take a tough vertex x € T'G whose family is small and not expanding.
Let |E(x, F(x))| = k. By the assumption on the size of real odd cuts we know that
the number of edges leaving x U F(x) (which is a set of odd size!) is at least d + 1.
But only d — k of these are adjacent to x, so at least k + 1 have to be adjacent to
F(x). None of these edges can lead to B because this is a non-expanding family.
Also non of these edges can lead to 7 T by Corollary 4.15. Hence all these edges
have to go to H, TM, or the outside world O = X°. This means that

|E(F(x).TG)| = |[E(F(x).x)| < |[E(F(x), HUTM U 0)|. 2

By Claim 4.11 we see that any edge between 7'G and B has to run between a vertex
in TG and a member of its family. Thus integrating (2) over x € TG and using
that families are pairwise disjoint subsets in B we get that

|E(B,TG)| < |E(B,HUTM U 0)].
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For any other tough vertex we bound the number of edges between it and B by
the trivial bound d. Adding this to the previous equation we get

|E(B.TT)| <d|TB| +d|TE| + |E(B,HUTM U 0)|. 3)

We know that |T'| = | H | because of the matching, so the total degrees of SUT
is d|S| more than the total degree of H. The following estimate is obtained by
computing the total degrees of H and 77U S as the sum of the measures of various
types edges leaving them, plus twice the measure of internal edges. In the worst
case there are no internal edges in H, so |E(H, H)| > 0. This gives the first
inequality below:

|E(H,O)| + |E(H,B)| +d|S|<d|H|—|E(H,T US)|+d|S]
=d|TUS|—|EH,TUS)|
=2/E(TUS, TUS)|+|E(TUS,O)|
+|E(TM. B)| + |E(TT. B)|.

Combining it with (3), and subtracting | E(H, B)| from both sides we get

|E(H, 0)| +d|S| < 2|E(T US,T US)|+2|E(B, TM)|
+|E(BUTUS,0)|+d|TB|+d|TE|.
Any vertex in 7B has a family of size at least c¢;, and all these are disjoint by
Claim 4.14 and contained in B. Thus we get that |[TB| < |B|/c;. Using this and
adding |E(B U T U S, O)| to both sides implies
|E(X,, O)|+d|S| <2|E(TUS,TUS)+2|E(B,TM)|
d 4
+2|E(BUT US,0)|+ —|B|+d|TE|. @
C1

Any vertex in O, that is adjacent to B, UT,, U S along an edge not in the forbidden
set £, is going to be in X, 41, hence

|E(Bn ) Tn U S, On) \ En| = d(|Xn+1| - |Xn|)

By definition, any vertex in TM,, that is adjacent to an edge coming from B,, will
be part of B, or yield an augmenting path. Also, by Lemma 4.5, any edge
in E(S UT,,S UT,) has to be adjacent to a point in |B,+1| \ |By| or yield an
augmenting path. This implies that

20E(TUS, TUS)|+2[E(B, TM)| <2d(|Bn+1|— [Bal).
By the third assumption of the proposition we have |E, | < d|S|. Plugging all this
into (4) we get

E(X,, O E B
| ( : dn)\ n| 52(|Xn+1|_|Xn|)+2(|Bn+1|_|Bn|)+|TE|+ |cn|
1

. (5
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By Definition 4.17, for any vertex x € TE, we get e,+1(x) = e,(x) + 1, and thus

/ ent+1(x)dx = / en(x)dx + |TE|.
X X

Hence the right hand side of (5) is exactly 2(/(n + 1) — I(n)) + | B»|/c1. Further-
more by the 4th and 1st assumptions of the proposition we have

[E(Xn, On)| _ col Xl —|Xnl) <o

E(Xn, Op) \ E,| = > z n
IEC )\ Enl d+1 d+1 2d+2| |

in the measurable case and

|E(Xn’0n)| - CO|Xn| - Co

E(X,, O\ E,| = = >
IEC )\ £l d+1 d+1 ~2d+2

| Xl

in the connected infinite case. So in either case we get

Co | |_ |Bn|
4dd+1)""" 2¢4

<Imn+1)—1(n)

Now we can complete the proof of the proposition. First, choose

d+1
c1 = 4d + .
Co

Then, since | B, | < | X, we get

X
X <I(n+1)—In).
2C1

On the other hand, we know from Corollary 4.18 that e, (x) < clz. Obviously
en(x) =0if x € O,. Thus

/ en(x)dx < ci|Xal.
X

Hence
i 2 3
10n) = (2+ )1l < 61Xl < 26} (10 + 1) = 1),
Substituting
4d(d + 1)
g = —
Co

finishes the proof. O



232 E. Cséka and G. Lippner

This proposition implies that /(n) grows exponentially fast. But as we have
seen, |X,| can be bounded from below in terms of /(n). This will imply fast
growth of | X}, | too.

Proof of Theorem 4.4. Since S C Xp, we have |S| < [1(0). Then again by
Corollary 4.18 we have I(n) < ¢?|X,|. So by Proposition 4.19

I(n) _ |S| < "
Xn)y> —-> =51+ —7—=) .
(n) = g - cf( + 128d3(d+1)3)

Substituting ¢y = 4d(d + 1)/co we get the desired result. O

In the measurable case, when X, becomes large, the method apparently breaks
down. The main problem is that expansion guarantees only co| X, |(1—|X,|) edges
between X, and O,. When X, is large, the 1 — | X,,| term will be the dominant.
It was crucial to choose ¢; so that the | B, |/c terms becomes comparable to the
lower bound coming from expansion. But for large B,, hence small 1 — | X,,|, this
cannot be done with a constant ¢;. The smallest ¢; that has a chance to work is
roughly on the scale of 1/s. But then the upper bound for /() becomes (1/¢)3
and all of a sudden the time needed for X,, to exceed 1 — ¢ becomes super-linear
in 1/¢ instead of the desired poly-logarithmic dependence.

This loss of time comes from the part where we argued that any family grows
bigger than c; in C12 time. This observation was sufficient for a constant ¢, but is
clearly insufficient when ¢; ~ 1/¢. In this part we will show that, in fact, families
grow much faster than what Claim 4.16 asserts. It turns out that in a sense families
grow exponentially, hence it takes much less time than (1/¢)? to reach a size of
1/e. This will allow us to “fix” the argument in Section 4.4.

4.5. Family business. In this section we shall examine in detail the lifecycle of
a family. Let us fix a vertex x € X. At some ny, this x may become an element of
T}, Then later it may start to have neighbors in B,,, (for a larger value n; > ny).
At this point it can become tough and start to have a family. This family grows
in time, until at some even larger value of n the vertex finally becomes part of
B,,. We want to understand the part when x becomes tough and its family starts
growing.
To this end we shall recursively define a sequence of “special moments”

no<ny<np<nz<...
and an increasing sequence of sets
d=FXyCFX{ CFX,CFX3C...

that control how fast the family grows.
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The definition is rather complicated, so we present it step-by-step, along with
the notation. For any n; < n < n;4; we write c(n) = i, and think of it as a
counter. The sets F X are going to be defined such that the following hold:

(1) FXp is the union of some matched pairs of vertices;

(2) for any matched edge vw C F X} there is an alternating path p that starts in
x, lies entirely in F Xy, ends with the matched edge (in either direction) and
has length at most 2k;

(3) FX.@) C Fu(x) holds for all » when x is tough, as shown on the scheme of
evolution

FXo=0 FchFnl(x) FX2CFn2(x) FX3CFn3(x)
no ni ny ns Ng —> +++.

Suppose we have already fixed ny and FXp.

Definition 4.20. Let m; denote the earliest moment m;, > ny in which there are
at most d edges leaving FX; U {x} that do not end in B,,, \ FXj. Let this set of
edges be denoted by Ej. Now define F Xy to be the extension of F X by those
matched edges in B, that can be the last edge of an alternating path of length at
most 2k starting from x, and lying entirely in F X} except for its last two vertices:

FXpy1 = FXi U{v € By, :there exists p € Ae: |p| < 2k +2; po = x;

DPis---s P2k € FXii pogy1 = v O pogyn = v}

It is clear that this construction satisfies the first two conditions stated just
above Definition 4.20, but there is no reason for F Xy _; to be a subset of F,, (x).
However, if we choose ny; = my + 2k then the following claim implies that the
third condition will be also satisfied.

Claim 4.21. While x is tough, FXy 1 C Fuy 401 (x) for all k, hence FX ) C
F,(x) for all n.

Proof. This is very similar to Claim 4.16. We argue by induction on k. Then we
can assume that F Xy C Fp, . We need to show that F Xy C Fy, yor+1. Take
a matched edge vw C FXk4+1 \ FXi. By definition there is an alternating path p
of length at most 2k + 2 starting in x, ending in the vw edge, and lying in FXy.
Suppose its last vertex is w. Since vw C By, there has to be a path ¢ proving
this, ending in the same edge, but in the opposite order: wv. Let’s take the shortest
such path. It has to pass through x, otherwise x would not be tough atn = my + k.
Denote the part of this path between x and v by g. Now we have two paths from
x. The path p ends with vw while the path g ends with wv. The length of p is at
most 2k + 2, the length of ¢ is at most 2a(x). We will show that some subset of
q together with F,, satisfies the descendent property at n = my + 2k + 1.
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Lemma 4.22. Suppose p and q are alternating paths, both starting with a non-
matched edge from the same vertex x and ending in a matched edge vw but from
different directions. Then there is a subset U C q containing v and w, such that
for each vertex z € U there are two alternating paths between x and z of different
length-parities, lying entirely in U U p, whose total length is at most |q| + 2| p|—3.

Before giving the proof of the lemma, let us show how this completes the proof
of the claim. It is easy to see that U U F,,, satisfies the descendent property at
time my + 2k. First of all, by definition, the set F,, itself satisfies it. On the other
hand for any vertex in U the lemma guarantees the existence of the two alternating
paths lying entirely in U U p C U U F,,,, since p C F,,, by induction. The sum
of the length of these two paths is at most 2a(x) +2(2k +2) —3 = 2a(x) + 4k + 1.
The age of x at n = my + 2k is a(x) 4+ 2k and so we are done. This completes
the proof of the induction step, hence the claim is true. O

Proof of Lemma 4.22. If p and ¢ are disjoint apart from their endpoints, then the
statement is obvious with U = ¢, and we even get the stronger upper bound
|g| + |p| on the total length of the two paths for any vertex in U. If p and ¢
are badly intertwined, we need to be cautious. Let x = go, g1, ..., g2 = v denote
the vertices of ¢g. Since both p and g are alternating paths, their intersection is
necessarily a union of matched edges. For each matched edge ¢»;—1¢»; the path
p may contain this edge, or not. The ones that are contained in p will be called
double edges. For each double edge, p may contain it in the same orientation as
q - these will be called good double edges, or the opposite orientation as g - these
will be called bad double edges.

There are two natural partial orders on the set of matched edges of p and q.
For two such edges e and f will write e <, f if e comes before f on the path g.
We will write e <, f if e comes before f on p. (If one or both of the edges aren’t
on a given path, they are incomparable in the given order.) Now for any matched
edge e on ¢, we define

Z(e) = min{f: f >g ¢}.

Note that, since the g-maximal edge vw is a double edge, Z(e) is always well-
defined. Also note that Z(Z(e)) = Z(e). Next, let

f = max{e € q: Z(e) = e is a good double edge},
<q

and let x” be the vertex of f further away from x. If there is no such double edge,
then f is not defined, and we just choose x’ = x. Let ¢’ be the part of ¢ from x’
to v, let p’ be the part of p between x” and w, and let p” be the part of p between
x and x’. We claim that U = ¢’ \ p is a good candidate.
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First of all, observe that p”’ Ng’ = x’. When x’ = x this is obvious. Otherwise
it is still true because Z(f) = f, which means that any edge in ¢’ is visited by p
later than f is visited by p. Second, take any matched edge e € ¢’. By definition,
| <q e. Hence
f <qezq Ze)=Z(Z(e)).

so by construction Z(e) has to be a bad double edge. Now we can exhibit the two
alternating paths between x and the edge e.

From one direction we can simply reach it by going on p” until x’ and then
continuing on ¢’ until we reach e. This is a path, since p” N ¢’ = x’. From the
other direction, start at x and go on p” to x’" and then further on p’ until hitting
Z(e). Since Z(e) is a bad double edge, we have just visited it in the wrong’
direction on ¢g. So we can now continue on ¢ backwards from Z(e) until we come
to e. The concatenation of these two segments is still a path, since by definition
of Z(e), the part of p between x and Z(e) is disjoint from the part of ¢ between
e and Z(e). The total length of the two paths we have just exhibited is at most
2|p"1 + 14| + |p'| — 1. The —1 comes from the fact that the vw edge is contained
in both p and ¢, but has to be used at most once. Finally |p’| > 2 thus the total
length is at most |¢| + 2| p| — 3. |

Now let’s look at the connected component of x denoted by X'. It’s a (finite
or countable) connected d-regular co-expander graph with a partial matching.
Let’s remove the edge containing x from the matching. Let S” = {x} and let
X; = {x} U FX;. We have already defined the sets E that contain all the edges
leaving X, not ending in By, , hence in particular containing the once matched
edge coming out of x. The sets X, were constructed exactly according to the
rules of Definition 4.2. Clearly |E| < d|S’|. But since any odd set, in particular
X ,/c, has at least d + 1 edges leaving it, of which at most d is forbidden, the 4th
assumption of Theorem 4.4 is also satisfied. Thus it applies in this situation and
implies that as long as x remains tough and | F,, (x)| < | X'\ F,(x)],

| F(x)] > |FXc(n)| =

c2lS’| (1 s )C(n)
16d* 128d° '

In the countable case the |F,(x)| < |X'\ F,(x)| condition is always satisfied
and |S’| = 1, while in the finite case it is satisfied as long as the family doesn’t
occupy at least half of the graph, and |S’| = 1/]X|. Thus in both cases we get the
following corollary.

Corollary 4.23. As long as x remains tough and || F, (x)|| < |X|/2,

2 3
ch ¢y \¢@™
IEal 2 1 FXew | 2 1oz (14 ) -

where || - || denotes the actual size of the set in both the finite and the countable

cases.
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Definition 4.24. Let us say, that for such moments when n; < n < m; for some i,
the family of x € X is dormant, whereas for moments that satisfy m; <n < n; 4
the family is active. Let f,(x) denote the number of moments m < n such that
| Fin(x)]| < c3/e and at moment m the family was active, where ¢ denotes the ratio
of unmatched vertices in X. We will choose c3 = 2 except in the case when X is
finite and ¢ = 2/|| X ||. In this case we will choose ¢3 = 1.

It is clear that f,(x) < c(n)2. Note that in the finite case either ¢ > 4/| X||
and thus ¢c3 = 2 and ¢3/¢ < || X|/2, ore = 2/|| X|| and c3/¢ = || X||/2. Hence
families that haven’t reached the size c3/¢ are not bigger than half of the graph.
Hence by 4.23 we have in both the measurable and the finite case that

8C3d4
log eck ) 1
Jalx) < L | sa(i4i0g (7)) (®)
log (1 + 1280016)

for a suitably large c4 depending only on the previous constants and d .

4.6. Proof of Theorem4.1. The proof will work similarly to that of Theorem 4.4,
but one has to be more careful. This time we are interested only in the measurable
case, and assume that all the sets Ej of forbidden edges are empty. Thus Hj, is
simply the set of vertices that can be the end-point of an odd alternating path of
length at most 2k — 1 starting in S. We choose S to be half of set of unmatched
vertices. Then as soon as we have S N Hk # @or FNX, # @, we have found an
augmenting path.
Let

1
J0) = %ol + 1Bal + 5 [ fuorax

We further reintroduce the notation from the proof of Theorem 4.4. As before,
we will often drop the index n, when it does not cause confusion. Let 7T denote
the set of tough and TM the set of not-tough vertices within 7 U S. The tough
vertices are further classified according to their families. TB denotes the tough
vertices whose families have size at least ¢3/¢. For tough vertices with smaller
families, TE shall denote the ones that have active families at the moment, and
T G denote the ones that have dormant families at the moment. So

SUT=TMUTT =TM U(TBUTEUTG).

First let’s take a tough vertex x € TG whose family is small and dormant.
By Definition 4.20 this means, that there are at least d +1 edges leaving xU F X ()
that do not end in B,. Let |E(x, FX.»))| = k < d. Then there are d — k edges
leaving x U FX,(,) from x. The rest, at least k + 1 must leave from FX, ).
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Since these edges do not end in B,,, they actually have to leave the whole family
F, (x). The only tough vertex adjacent to the family is x by Corollary 4.15, so the
k + 1 edges we have just exhibited mustend in H UTM U O. When k < d, then
(k+1d/(d + 1) > k. So we have

|E(F(x).TG)| = |E(F(x).x)| <

E(F(x), HUTM U .
T ECE). o)

Integrating over TG we get that

|E(B,TG)| < |E(B,HUTM U 0)].

d+1

For any other tough vertex we bound the number of edges between it and B by the
trivial bound d. Adding this to the previous equation we get

d
|E(B,TT)| Sd|TB|+d|TE|+d—+1|E(B,HUTMUO)|. (7)

Now let us examine the edges running between B,, and its complement. By (7) we
have

|E(B,X\ B)=|E(B,HUOUTM)|+|EB.,TT)|
<?2|E(B,HUOUTM)|+d|TB| + d|TE|

and hence

|E(B,X\B)| |E(BLHUTMUO)| 1
—(ITB| + |TE)).
2d+ D - d+1 + 3 (TBI+ITED

Adding this to (7) then yields

E(B,X\B
%-HE(B, TT)| <|E(B,HUTMUO)|+(d+1)(TB|+|TE]). (8)
We know that |T| = |H| because of the matching, so the total degrees of

S UT is d|S| more than the total degree of H. The edges between T U S and H
contribute equally to these total degrees. In the worst case there are no internal
edges in H. This boils down to the following estimate:
|E(H., 0)| + |E(H, B)| 4 d|S]|
<2]E(TUS, TUS)|+|E(TUS,0)|+|E(TM,B)|+ |E(TT, B)|.
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Adding
|E(B, X\ B)|
2(d + 1)

to both sides, then using (8), and subtracting | E(H, B)| from both sides we get

|E(B, X \ B)|
2(d + 1)

<2|E(TUS.,TUS)|+2|E(B.TM)|
+|E(BUT US,0)|+(d +1)(|TB| + |TE)).

|[E(H, O)| + +d|S|

Adding |E(B U T U S, O)| to both sides implies

|E(B.X \ B)|
2(d + 1)

<2|E(TUS,TUS)+2|E(B.TM)|
+2|E(BUT US,0)| + (d + 1)(|TB| + |TE)).

|[E(X,,0)| + +d|S|

(€))

Any vertex in O,, that is adjacentto B, U T,, U S is going to be in X, 4+, hence
|E(Bn U Tn ) S, On)l =< d(|Xn+l| - |Xn|)'

By definition, any vertex in TM,, that is adjacent to an edge coming from B, will
be part of B, or yield an augmenting path. Also, by Lemma 4.5, any edge
in E(S UT,,S UT,) has to be adjacent to a point in |B,+1| \ |By| or yield an
augmenting path. This implies that

2|E(T, T)| + 2| E(B, TM)| < 2d(|Bys1| — | Bu]).
Plugging all this into (9) we get

|E(Xn, On)| | |E(B, X \ B)|
d+1 2(d +1)?
2d

d+1

+ IS
(10)

=

(I Xn+1] = [ Xn| + |But1l — |Bul) + |TE| + |TB|.

By Definition 4.17, for any vertex x € TE, we get f,+1(x) = f,(x) + 1, and thus

/ Jn+1(x)dx =/ fu(x)dx + |TE].
X b'e
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Hence the right hand side of (10) is at most 2(J(n+1)—J(n))+|T B|. Furthermore
by the expander assumption we have

|E(Xn, On)| = col Xu|(1 — [Xn])
and
|E(Bn, X \ Bu)| = colBu|(1 — |Byl),

so from (10) we get

co|Xn|(1 = |Xnl|) | colBn|(1 —|Bxl)
d+1 2(d + 1)2

Any vertex in 7B has a family of size at least c3/¢, and all these are disjoint
by Claim 4.14 and contained in B. Thus we get that |TB| < ¢|B|/c3 < ¢/2 = |S|
in the measurable case and in the finite case when ¢ > 4/|| X||. In the finite case
when ¢ = 2/|| X ||, then any tough vertex in 7'B has a family of size at least || X ||/2,
and thus there can be at most one tough vertex. We get |TB| < |S]| in all cases,
and thus

+|S|=|TB| <2(J(n+1)—J(n)). (11)

CO|Xn|(1_|Xn|) CO|Bn|(1_|Bn|)
2(d + 1) 4(d + 1)2
If we could prove a similar growth estimate on the size of X,, (or B,), then the

next lemma would imply that X,, (or B,) would grow too large in a sufficiently
small number of steps, proving the existence of a short augmenting path.

<Jn+1)—J(@n). (12)

Lemma 4.25. Let 0 < ag < ay < aa, ... be an increasing sequence of numbers.
Let us fix a constant ¢ and say that an index k is good if ar+1—ay > 2car(1—ay)
holds. Then if the number of good indices up to N is at least

2 - 1 ’

log<1ic)

thenay > 1—ao.

Proof. Let us split the sequence into two parts. The first part will be where
ar < 1/2 and the second part where a; > 1/2.

In the first part if k£ is a good index then az4; > ax(1 + c¢). Hence a; >
ao(1 + ¢)8% where g(k) denotes the number of good indices up to k. So if

log (2—20)—‘
log(1 + ¢)

we must have ax, > 1/2, or in other words k already has to be in the second part.

g(k1) Z[
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In the second part a good index k implies 1 — ag4+; < (1 —ag)(1 — ¢), hence

if N is such that
1 1
log (2_610> _ log (2—610)

log (i) 1Og(lic)

then we must have 1 —ay < ay. O

g(N) = g(k1) +

The problem is that (12) doesn’t directly imply such a growth estimate on either
X, or B, because a priori the integral term in J,, could absorb any growth implied
by the inequality. We need one final trick to overcome this difficulty. The idea is
that we don’t need X, or B, to grow the desired amount in one single step. If
we can find a not so large K such that |X,1x — X,| > 2¢(|Xn])(1 — | X4n]), or
|Bn+x — Bn| = 2¢(|Bn|)(1 — | By |), we are still good. So let us fix some K, whose
precise value is to be determined later, and assume that

Co
| Xn+ x| — [ Xn| < ?(|Xn|)(1 — | Xn)
and
Co
|Butk| — [Bnl| < 5(|Bn|)(1 — [Bnl).

This means that the growth of J(n) implied by (12) has to largely come from the
| fu term. But note that once a vertex x has a positive f-value, then it has to
be tough for the rest of its life, until it becomes part of B,, for some later m, and
from that point on its f-value remains constant. Hence if for some x we find that
Jo+k(x) > fn(x), then either x € Byyx \ By, or x € TT,4+g. Also by (6) we
know that f, 1 g (x) — fu(x) < c4(1 + log?(1/¢)). Hence we get

[ s = [ fuodr < ea(1 410 (3))UBasr \ Bal + T Ty
X X (13)
Further it is obvious that |TT,+x| < 1 — |Ba+x| < 1 —|B,| and since each
vertex in 7 T,,+x has a unique, non-empty family inside B, 4k, we also get that
|T Th+x| < |But+kl| < |Bn| + co/2|Bn|(1 —|Byn|) < 2|B,| . Hence we can simply
write
T Thyk| < 4[Bn|(1—|Bnl)

because either |B,| or 1 — |B,| is at least 1/2. We also have by assumption that
|Busk \ Bal < co/2Bal(1 = |Bal) < |Bul(1 — | By|). Plugging all this into (13)
we get

[ sxeidx= [ ftodr <1 +1og (2))siBad = 1BaD. 14
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and by the assumptions on the small growth of X}, and B, we can further deduce
(assuming c4 is not really small)

1 c
J1+K) = (1) = (6ea(1+10g” (<)) ) 1Bal(1=1Ba D) + 21 Xa (1= |Xa). (15)
€ 2
On the other hand we can apply (12) to n,n + 1,...,n + K — 1. By the
assumption on the small growth of X, and B, during this time, | X,[(1 — | X,]|)

and | B, |(1 — | B,) do not change too much either. More precisely we can write for
any n <m <n + K that |X,| < |X,,| and that 1 — | X,,+ kx| < 1 — | X;n|. Also

(1= 1Xa) = (1= Xk} = T Xal(1 = | Xa])

and thus

— [ Xn]

c 1
= 1Xn k| = (1= Z1XaD (1 = [X0) = —

Putting all this together we get that
1
|Xm|(1 - |Xm|) z |Xn|(1 - |Xn+K|) = §|Xn|(1 - |Xn|),

and the exact same equation holds for B,,. Now summing (12) for n,n + 1,...,
n + K — 1 and using the last inequality, we find that

5(00|Xn|(1_|Xn|) CO|Bn|(1_|Bn|)
2 2(d + 1) 4(d +1)?

) <Jn+ K)—J(n). (16)

Now choose K so large that K > 2(d + 1) and co K > 24c4(d +1)2(1+1og*(1/¢)),
and we clearly have a contradiction between (15) and (16).

Corollary 4.26. This implies that for any n either

Co
|Xn+K| - |Xn| > ?|Xn|(1 - |Xn|)
or
Co
|Bu k| = |Bal = 3 1Bal(1 = [Ba).

Let us consider the sequences a, = |Xuk+nol-bn = |Bnk+no|- Then Corol-
lary 4.26 implies, using the language of Lemma 4.25, that every » is a good mo-
ment for either a, or b,. We know that ag|X,,| = /2 > ¢/6. If we also knew
that by = |Bp,| > ¢/8, then by Lemma 4.25 we could deduce that for

log (g)

k=n0+4K
log(

4
(4— Co))
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we have |Xx| > 1—¢/8>1—¢/20r|Bi| > 1—¢/8 > 1—¢/2, either of which
implies the existence of an augmenting path. All we need to do to finish the proof
of Theorem 4.1 is to exhibit a not too large n for which |B,,| > ¢/8.

To this end we prove that as long as | B, | is very small, the size of X}, has to
increase rapidly. Obviously

/fn+1(x)—/fn(x) < |TE| < |By|

since every tough vertex has a nonemtpy family. Hence
3
J(n+1)—J(n) < |Xps1] — | Xn| + §|Bn+1|-

If | S| > 4|By| then, since clearly |TB| < |B,|, we also have |S| — |TB| > 3|By,]|
and thus by (11) we get

Co
—— | X, |(1 — | Xu]) < |X — | Xnl.
2(d—|—1)| n|( | n|)_| n+1| | n|

Then Lemma 4.25 implies that this cannot hold for more than

g ;)

1
log(l—%)

2

steps. So this is a good choice for ny. The dependence of K on log(1/¢) is
quadratic, of no linear, hence k is of order O(log>(1/¢)), the implied constant
only depending on ¢y and d. This completes the proof of Theorem 4.1.
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