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1. Introduction

A metric space (X, d) is uniformly coarsely proper if there exist N: (0, 00) x
(0,00) — IN and a constant r; > 0 such that for all R > r > r, every open ball
of radius R in X can be covered by N(R, r) open balls of radius r in X. A subset
I' € X is (u-)cobounded if there exists a constant i > 0 such that d(x,I") < u
for all x € X and uniformly locally finite if there exists N: (0, co) — IN such that
the cardinality #(I' N B(x,r)) < N(r) forall0 < r < oo and all x € X. As
usual B(x,r) = {y € X:d(x,y) < r}. A quasi-lattice in (X, d) is a cobounded
uniformly locally finite subset ' € X, and (X, d) is uniformly coarsely proper
if and only if it has a quasi lattice [6, Proposition 3.D.16]. A uniformly coarsely
proper space (X, d) is now said to be non-amenable if there exist a quasi-lattice
I' € X and constants C > 0 and r > 0 such that for any finite subset F C T’

#F < C#0, F

where 0, F = {x e I":d(x, F) <randd(x,T'\ F) <r}.

A complete geodesic Gromov hyperbolic Riemannian manifold (or metric
graph) with bounded local geometry and quasi-pole is non-amenable if its Gro-
mov boundary consists of finitely many connected components of strictly positive
diameter; see [3]. We show more generally that a uniformly coarsely proper hyper-
bolic cone over any bounded metric space with finitely many uniformly coarsely
connected components each containing at least two points is non-amenable; and
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hence that any uniformly coarsely proper visual Gromov hyperbolic space is non-
amenable if its Gromov boundary consists of finitely many uniformly coarsely
connected components of strictly positive diameter. The terminology and results
are in detail as follows.

A space (X, d) is Gromov hyperbolic if it satisfies for some § € [0, co) the
Gromov product inequality

(x|2)w = min{(x|y)w, (¥|2)w} — 8

for all x, y,z,w € X. The hyperbolic cone over a bounded metric space (Z,d)
containing at least two points is the metric space (H(Z), p) where H(Z) =
Z x [0, 00),

d(x,y) + max{e ", e 5} D
p((x.2), (y.5)) = 2log ( o—G+0/2 ] )

and D = diam(Z). A space (X,d) is e-coarsely connected for ¢ > 0 if for
every x, y € X there exists an g-sequence from x to y in X, by which we mean a
finite sequence of points x = xg,...,x, = y in X such that d(x;, x;+1) < ¢
forall 0 < i < n—1. If (X,d) is e-coarsely connected for all ¢ > 0 we
say that (X, d) is uniformly coarsely connected; a uniformly coarsely connected
component of (X,d) is any subset of the form C(x, X) = (J{d:x € A C X,
A uniformly coarsely connected}. If (X,d) is compact its uniformly coarsely
connected components are its connected components.
Our main result is the following coarse generalisation of [3, Theorem 3.2].

Theorem A. Let (H(Z), p) be the hyperbolic cone over a bounded space (Z, d).
If (H(Z), p) is uniformly coarsely proper and (Z, d) consists of a finite union of
uniformly coarsely connected components each containing at least two points then
(H(Z), p) is non-amenable.

A space is visual if there exists a basepoint so that every point in the space is
contained in the image of some roughly geodesic ray issuing from it; see Section 2.
This gives the following generalisation of [3, Main Theorem 1.1].

Theorem B. If (X, d) is a uniformly coarsely proper visual Gromov hyperbolic
space whose Gromov boundary consists of a finite union of uniformly coarsely
connected components each containing at least two points then (X, d) is non-
amenable.

Proof. As X is visual Gromov hyperbolic its boundary dX is a bounded metric
space and there exists a rough-similarity f: X — JH(3X); see [2, Proposition 6.2,
Theorem 8.2].

Since dX consists of finitely many uniformly coarsely connected components
each containing at least two points J{(dX) is non-amenable by Theorem A since
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uniformly coarsely proper is a quasi-isometry invariant by [6, Corollary 3.D.17].
The claim now follows as non-amenability is a quasi-isometry invariant by [I,
Corollary 2.2]. |

The Gromov boundary of a locally compact compactly generated hyperbolic
group is compact so all of its uniformly coarsely connected components are
connected; and if it consists of finitely many connected components containing
at least two points, it consists of exactly one connected component containing
these points; see for example [5, Section 2.C].

Corollary C. Let G be a locally compact compactly generated hyperbolic group
whose boundary is connected and contains at least two points. Then G is not
geometrically amenable.

Proof. Suppose G is compactly generated by S € G and write (G, dg) for the
corresponding word metric space noting that it is uniformly coarsely proper;
see Lemma 4. By the characterisation of hyperbolic groups [4, Corollary 2.6]
and the Svarc-Milnor Lemma [6, Theorem 4.C.5] there exists a quasi-isometry
f:(G,ds) — (X,d) where (X, d) is some proper geodesic Gromov hyperbolic
space. This induces a power-quasisymmetry df: dG — 0X; see [2, Theorem 6.5].
Since df is a homeomorphism dX is connected and contains at least two points
and (X, d) is non-amenable by Theorem B. In particular (G, ds) is non-amenable.
The claim now follows from [7, Corollary 11.14]. O

1.1. Organisation of the paper. In Section 2, we recall the terminology used
for metric spaces not covered in the introduction and prove some folklore results
claiming no originality whatsoever. Section 3 contains the gist of the paper: here
we cover the hyperbolic cone construction; Cao’s graph approximation; and prove
Theorem A adapting techniques from Cao [3] and Vihikangas [9].

Acknowledgements. I would like to thank Ilkka Holopainen for his advice and
for providing me with unpublished notes written by Aleksi Vihidkangas in 2007
on global Sobolev inequalities on Gromov hyperbolic spaces; Jussi Viisélad for
providing me with the letters of correspondence between him and Oded Schramm
from the end of 2004 with regard to the paper Embeddings of Gromov hyperbolic
spaces, and to whom Lemma 1 is attributed; Piotr Nowak for many enjoyable dis-
cussions on growth homology; Yves de Cornulier for bringing his quasi-survey [5]
to my attention; and Pekka Pankka for several suggestions on how to improve the
text. I would also like to thank the Technion for its hospitality during my stay
from January to May 2014, Uri Bader and Tobias Hartnick for many stimulating
conversations, and Eline Zehavi for all her help during this stay. Last, I would like
to thank the Academy of Finland, projects 252293 and 271983, and ERC grant
306706, for financial support.



688 J. Koivisto
2. Basic notions and folklore

A subset N C X in (X, d) is (u-)separated if there exists a constant y > 0 such
that d(x, y) > p whenever x, y € N are distinct. A maximal p-net in (X, d) is a
u-separated p-cobounded subset N € X. Note that a maximal u-net N € X # 0
always exists for any p > 0 by Zorn’s lemma.

A function f: X — X’ between (X, d) and (X, d’) is a (A, u)-quasi-isometric
embedding if there exist constants A > 1 and p > 0 such that

ATNd(x,y) — < d'(f(x), f(») < Ad(x,y) + p

for all x, y € X, and w-essentially surjective if d(x', (X)) < u for all x’ € X'.
A p-essentailly surjective (A, p)-quasi-isometric embedding /: X — X’ is a
(A, w)-quasi-isometry and (X,d) and (X’,d’) are said to be quasi-isometric.
A (A, p)-quasi-isometry f: X — X' is a (A, w)-rough similarity if

Ad(x,y) —pu=d'(f(x), f(y)) < Ad(x.y) + 1

forall x,y € X.

Abbreviating “from x to y” by x ~, y, we say that a (1, u)-quasi-isometric
embedding y:[a,b] — X from a compact interval [a,b] € R is a u-rough
geodesic x ~, y where x = y(a) and y = y(b). A (1, u)-quasi-isometric
embedding y: [0, 00) — X is called a u-roughly geodesic ray issuing from y(0).
A p-rough geodesic y: x ~, y can always be parametrised by d(x, y).

Lemma 1. Given a u-rough geodesic y:la,b] — X x ~ y there exists a
2u-rough geodesic B:[0,d(x,y)] > X x ~ .

Proof. Write R = d(x,y) and assume without loss of generality that [a,b] =
[0,b]. First assume b < R. Extend y to 8:[0,R] — X by B(t) = y(¢) for
0 <t <band B(t) = y(b) = yforb <t < R. Restrictedto0 <t < b
the function f is trivially a 2u-rough geodesic x ~ y. Next, consider the case
when 0 <s < b <t < R. Now,

d(B(s).B()) =d(y(s),y(D) = (b—s5) + = (1 —5)+ p

On the other hand, since y is a u-rough geodesic |R — b| < u, in particular since
t < Ritfollows from R—b < uthatt —b < u. Ast —b >0, |t —b| < u, and
so also

dB(s), p(0) = s =bl—p=|s—t| =t =bl—p=|s —1] =2p.

Finally, if b < s,¢t < R, again since R — b < p it follows that 0 < s —b < p and
0 <t—b < p. Inparticular, |t —s| < |t —b| + |b — 5| < 2u and we conclude that
B is a 2u-rough geodesic.
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Next, assume R < b. This time define 8:[0, R] — X by B(t) = y(¢) for
0 <t < R,and B(R) = y(b) = y. We claim that § is a 2u-rough geodesic
x ~y y.Clearly B:x ~, ¥, and since |R — b| <  whenever ¢ < R,

d(B().B(R)) = |t =bl+u =t =R+ [R—=b|+p <[ —R|l+ 20,
and similarly,
d(@).B(R) z |t =b| —p = |t = R| = [R—=b[ —p = |t = R[ = 2p,
so f is a 2u-rough geodesic as claimed. O

A space (X, d) is (u-)roughly geodesic if for every x,y € X there exists a
wu-rough geodesic y: [0, d(x, y)] = X x ~ y, and (u-)visual if there exists o € X
such that every point in X is contained in the image of a u-roughly geodesic ray
issuing from o.

We end this section with a few clarifying remarks. A space (X, d) has bounded
growth at some scale if there exist constants R > r > 0 and N € IN such that any
open ball of radius R in X can be covered by N open balls of radius r in X;
see [2]. This is used by Cao in the context of geodesic spaces in [3] and we note
the following.

Lemma 2. If (X, d) is a length space then it is uniformly coarsely proper if and
only if it has bounded growth at some scale.

Proof. If (X, d) is uniformly coarsely proper it has bounded growth at some scale.
So suppose (X, d) has bounded growth at some scale R > r > 0 and cover
B(x, R) by N open balls B(xi,r),...,B(x;,r),...,B(xn,r). Since (X,d) is
a length space, for each y € B(x,2R — r) there exists y' € B(x, R) such that
d(y,y’) < R—r. Thus, for any y € B(x,2R — r) we can find y’ € B(x, R) and
x; as above such that

d(x;,y) <d(xi,y) +d(),y) Sr+R—r=R.

In other words, B(xi, R),..., B(xy, R) cover B(x,2R — r), and it follows that
B(x,2R —r) can be covered by N2 balls of radius r. By induction, for any n € IN,
the ball B(x, (n + 1)R — nr) can be covered by N"*! open balls of radius ». O

Being uniformly coarsely proper is an invariant under metric coarse equiva-
lence by [6, Corollary 3.D.17]. For the readers convenience, we give a short proof
for quasi-isometries proving an explicit estimate for the scale as well.

Lemma 3. Suppose f: X — X' is a (A, u)-quasi-isometry between (X, d) and
(X',d"). If (X,d) is uniformly coarsely proper for R > r > ry then (X', d’) is
uniformly coarsely proper for R' > r' > Ay + 4 + rpA.
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Proof. Since f: X — X'is a (A, u)-quasi-isometry, it is has a (1, 3Au)-quasi-
isometric coarse inverse g: X’ — X where d’'(f(g(»)),y) < Au forall y € X’;
see [8]. Let R" > A +  + rpA. We claim that any B(y, R’) € X’ can be covered
by N'(R’,r’) open balls or radius R > r’ > A + u + rpA. To begin

g(B(y.R)) € B(g(y), AR +3Ap),

and the latter can be coveredby N = N(AR’'+3Au, s) balls B(xy,s), ..., B(xn,s)
of radius s > rp as X is uniformly coarsely proper. Choose s = A =17/ — A7y — pu.
Now E = f(B(g(y), AR + 3Au)) is covered by the sets f(B(x;, s)) and as

f(B(xi,5)) € B(f(xi),As + ) = B(f(x;), r' — Ap)
the balls B( f(x;), 7'—Au) cover E. Now since d’( f(g(»)), y) < Auforally € X’
B(y, R/) Cixe X/3d/(X,f(g(B(y, R/)))) <AulCixe X/:d/(x,E) <ul,

and as E is covered by the balls B(f(x;), r'—Au),theset{x € X":d'(x, E) < Au}
is covered by the balls B(f(x;),r’) covering B(y, R) as well. Letting N'(R,r')=N
it follows that (X’, d”) is uniformly coarsely proper for R’ >r'>Au+pu+rpA. O

The following appears in the proof of Corollary C.

Lemma 4. If G is locally compact and compactly generated by S then (G, ds) is
uniformly coarsely proper.

Proof. By [7, Proposition 6.6] the word metric space (G, ds) is quasi-isometric
to a connected metric graph (X, d) of bounded valency implying it has bounded
growth at some scale. Since (X, d) is geodesic this implies that (X, &) is uniformly
coarsely proper by Lemma 2. The claim now follows since being uniformly
coarsely proper is a quasi-isometry invariant. O

3. The hyperbolic cone

The original construction of the hyperbolic cone is due to Bonk and Schramm who
introduced in [2] the metric space (Con(Z), pps) over a bounded metric space
(Z,d) where Con(Z) = Z x (0, D] for D = diam(Z) assuming that D > 0, and

d(x,y) + max{t, s})
NG :

We note that (Con(Z), pps) and (H(Z), p) are isometric where the isometry from
(Con(Z), pps) to (H(Z), p) is given by (x,t) — (x,log D —log¢). We use this
observation implicitly when making use of the results in [2].

prs((x.1). (v.5)) = 2log
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3.1. Elementary structure of the hyperbolic cone. For every 0 < r < oo,
single out the following subsets of H(Z):

B, =Zx|[0,r), B, =Zx|[0,r], S, =2Zx{r}.
Lemma 5. Let (Z,d) be a bounded space containing at least two points. Then
(i) the hyperbolic cone (H(Z), p) is 2uu-roughly geodesic for some u > 0;
(ii) for every x € Z the map 0,:[0,00) — H(Z) given by ox(r) — (x,r) is a
geodesic ray in (H(Z), p);

(iii) if (Z,d) is uniformly coarsely connected then H(Z) \ B, is uniformly
coarsely connected.

Proof. (i) The claim follows by Lemma 1 observing that for every x,y € H(Z)
there exists a u-rough geodesic y: [a, b] — H(Z) x ~ y by [2, Theorem 7.2].
(i) Fix x € Z and let 0 < r < 5. The claim follows from observing that now

e—s
p(o(r). 9 = 2108 (s ) =5

(iii) By (ii) we can assume that 1 = s = r. As (Z,d) is (D(e*/? — 1)/e")-
coarsely connected for every ¢ > 0 the space (S, p|s,) is e-coarsely connected
for every ¢ > 0 from which the claim follows. O

Let ¢ > 0 and define the projections
. H(Z) — S by 7:(p,s) = (p, 1)
and
h:H(Z) — [0,00) by h(p,s) =s.
Lemma 6. 7;:H(Z) — S; restricted to H(Z) \ B; is 1-Lipschitz.

Proof. Let (p,r),(q,s) € H(Z)\ By and ¢t < s < r. The claim follows observing
that

oG (p. ). mr(g..)) = 2log (T2 1 1)
o (10211
_ (d(p ,q) + max{e™*, _’}D)
= =
< g (A MRl

= p((p,7),(q,5)). O
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Lemma 7. If (p,r) € H(Z) and § > 0 then B((p,r),8) € Z x (r — §,r + §).
In particular if x, vy € B((p,r),§) then |h(x) —h(y)| < 26.

Proof. Let (¢q,s) € B((p,r), ). The claim follows observing that

Ir—s| = p((p.1). (p.5))

_ 91 max{e™",e 5} D
o 0( e—(r+9)/2p )

d(p,q) + max{e™",e*} D
= 2log ( 2D )

= p((p,r),(q,5)) <34. O

3.2. Intrinsic structure of the hyperbolic cone. By Lemma 5 the hyperbolic
cone (H(Z), p) is 2u-roughly geodesic for some o > 0 and we fix

L) =1+2u>1.

Define
pr:H(Z) \ By x H(Z) \ By —> [0, o0]

for all » > 0 by

n—1
pr(x,y) = inf { Zp(yi, Yit1):
i=0
X = Yg,...,yn = y an L(u)-sequence in H(Z) \ Br}.

This replaces d, in [3, Section 3]. An L(w)-sequence x ~, y in H(Z) \ B, is
called an admissible sequence for p,(x, y).

Lemma 8. If (Z, d) is a bounded uniformly coarsely connected space containing
at least two points then p, is a metric on H(Z) \ B;.

Proof. By Lemma 5 there exists an admissible sequence x ~, y for any x,y €
H(Z) \ By so pr(x,y) < oo. That p,(x,y) = 0if and only if x = y holds as
or(x,y) = p(x,y)if p(x, y) < L(n). The rest is clear. O

The following is left as an elementary exercise in analysis.
Lemma 9. For any ¢ > 0 there exists a constant k(&) > 1 such that
l+e 5t <(1+1)<@"°

foralls > 0andallt € [0, e°]. |
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The following now generalises [3, Lemma 3.1].

Proposition 10. Suppose (Z, d) is a bounded uniformly coarsely connected space
containing at least two points x,y € Z and ox:[0,00) = H(Z), ox(t) = (x,1),
and oy: [0, 00) = H(Z), 0,(t) = (y.t). Then

pr+t(ox(r +1),00(r +1)) > K(L(H))tpr(ax(r)v oy(r)),
forallr > 0andallt > 0.

Proof. Without loss of generality suppose ¢ > 0 and let ((p;, ¢;)); be an admissible
sequence for p,4;(ox(r + 1), 0y(r + t)). Since n, is 1-Lipshitz by Lemma 6, the
sequence ((p;,r)); is an admissible sequence for p, (o, (r), 0, (r)) and

d(pi,pi+1) te'D
P((Pi,r)’(PiH,r)):zlog( i leter )

—_d(pi, pi+1)
— t
—2log(1+e ——GT0D )

d(pi, pis1) <L
< 21og (1+ =555
< k(L) p((pi-1). (Pis1.ti1))
by Lemma 9 since

d(pi, pi+1) < oL
e—r+)p — ’
observing that

d(pi, pi+1)
= log (1 + e—(ti+ti+1)/2D)

- (max{e_’i,e_’i+1}D + d(pi,Pi+1))
= 10g )
e~ Gittit1)/2p

d(pi,pm))

log (1 + e

= p((pi, 1) (Pi+1.tiv1))
< L(w).
The claim now follows observing that

n—1
pr(0x(r).0y(r) < Y p((pi- 7). (pit1.7))
i=0
n—1

< (L)Y p((pis 1), (pit1s ti41)),

i=0

and taking the infimum over all admissible sequences for p,4:(ox(r + 1),
oy(r +1)). O
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The following lemma now replaces [3, Assertion 3.1].

Lemma 11. Suppose (Z,d) is a bounded uniformly coarsely connected space
containing at least two points. If y = (p,r) € H(Z) andt > 2L(u) then

B((p.r +1).1/QL(W) € AY? x [r.r +21]
where A;,/2 ={x e Sr:p(y,x) <t/2}.
Proof. Towards a contradiction, suppose there exists a point
z € B((p.r+1).t/QL(W))\ AY? x [r.r +21]. (1)
Since 2L () > 2, by Lemma 7
r+t/2<r+4+t—t/QL(n) <h(z) <r+t+t/QL() <r+3t/2
forall 1 > 2L(u). As z ¢ AY? x [r.r + 21]

pr(y, mr(2)) > 1/2, ()

for otherwise m,(z) € A;,/ % and h(z) < r + 2t which implies that z € A;,/ 2 % [r,

r + 2¢] after all, contradicting (1). By Proposition 10 we now have

Prii/2((por +1/2), 70 4012(2)) = k(L() % 0r (v, 7(2)) = 1e(L(1))"?2/2 (3)

for all ¥+ > 2L(u). Estimating the left-hand side from above we arrive at a
contradiction completing the proof. Towards this,
Praa/2(P.7 +1/2). Ty 0/2(2))
< o2 (7 + 1/ (o7 + D)+ prsajp(por + 1), Tya)2(2))
<124 27 +1).2) + Prsesa(z. T 2(2) @
St/24 prye2((por +1),2) +3t/2—1/2
= 31/24 prarj2((por +1).2).

To estimate p,;/2((p.r + t), z) from above, let y: [0, p((p,r + 1), 2)] = H(Z)
be a 2uu-rough geodesic (p,r +¢) ~, z by Lemma 5, fix m € N such thatm — 1 <
p((p,r+t),z) <m,andletxy = y((kp((p,r+t),z)/m))fork € {0,...,m} € IN.
We claim that (xg ) is an admissible sequence for p,4;/2((p,r +1), z). To begin,
(xx)x is an L(u)-sequence (p,r +t) ~, z of length m since

p(Xks Xk+1) < p((p,r +1),2)/m+2p <1+ 2pn = L(p).
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The sequence is admissible if x; € H(Z) \ B,4;2 forall k € {0,...,m}. To see
that this is the case, note that if 4(x;) < r + /2 then p(x¢, x;) > t/2 and

1/2 < p(xo, xi)
<kp((p,r+1),z)/m+2u
=p((p.r+1).2) + 2
<t/QL(p) + 2

for all + > 2L () which is not possible. Thus,

Pre/2((por +1),2) <mL(p) < (t/2L(1)) + 1) L(w),

which together with (4) gives that

Pr1/2((p. 1 +1/2), Trq4/2(2)) < 3t/2 4 (t/(2L(0) + DL(p) = 5L(1)1/2

for all t > 2L(u). Together with (3) this implies that 5L (1) > «(L(u))/? for
all ¢+ > 2L () which is impossible. Thus, z as in (1) can not exist and the claim
follows. .

3.3. Cao’s graph structure. In this section we approximate the hyperbolic
cone by a graph structure due to Cao in [3]. Here by a graph we mean a 1-
dimensional abstract simplicial complex I whose 0-simplexes are its vertices and
its 1-simplexes its edges. We write I'® for the set of vertices and I') for the set
of edges, and whenever {u, v} € T'") we say that u and v are neighbours and write
u ~v. Let N(v) = {u:u ~ v}. If for some constant ¢ € IN it holds that #N (v) < ¢
for all v € T'® we say that T has bounded valency (by c).

A graph structure (I'X, dr) on (X, d) is a pair where "X is a graph with vertex
set TX©® = X and dr: X x X — [0, oc] is given by

(1) dr(x,y) =0ifand only if x = y,
(2) dr(x,y) = n if the shortest edge path x ~, y is of length n,
(3) dr(x,y) = oo if there is no edge path x ~, y,

where an edge path x ~, y (of length n € N) is any finite sequence x =
Xg,...,X, = y of points in X such that x; ~ x;; forall0 <i <n —1.

Cao’s graph structure. Suppose (H(Z), p) is 2u-roughly geodesic and uni-
formly coarsely proper for R > r > rp and fix § > 0 and ro > 0 such that

ro/3 >8> c(u)(rp + 1) (6o)
and

i (L ()" >8N(108,8/c()) (61)
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where c(u) = 2L(n) > 2 hold. Fori € NN, let N;, = {(pia.iro):a € J;} bea
maximal §-net in (S;,. pir,) indexed by J; and write
diw = (Pi,asiT0),
Vi = Tirg+8(qie)s
Agie) = Bp;, (dia.38) N Sirg,
V(via) = A(gi,e) X [ire, (i + Dro].

The graph structure (I'H(Z), dr) where
F}C(Z)(O) = U nir0+8(Nir0)
ielN
and
THZ)D = Hu,v}: V)N V(v) £ 0)

is called Cao’s graph structure and I''H(Z) the Cao graph.

3.4. Basic properties of Cao’s graph structure. We now prove that Cao’s graph
structure approximates the hyperbolic cone.

Proposition 12. Let (Z,d) be a bounded uniformly coarsely connected space
containing at least two points with uniformly coarsely proper hyperbolic cone
(H(Z), p). Then

() TH(Z)® is §/c(w)-separated in (H(Z), p);
(i) TH(Z)O is 2ry-cobounded in (H(Z), p);
(iii) (F'H(Z), dr) is quasi-isometric to (H(Z), p);
(iv) TH(Z)® is countable and TH(Z) has bounded valency by N(10rg, §/c(1)).

Proof. (i) Suppose v € T'H(Z)©® where v = miyy15(q) for ¢ € Niy,. By
Lemma 11

B(v,8/c(n)) S AL/? x [h(q). h(q) + 28],

and
(4312 x [h(g), h(q) + 28]) N (A% x [h(p). h(p) + 25]) = 0

if g € Niyy and p € Nj,, are distinct points since N;., is a maximal §-net in
(Sirg. piry) and ro > 38 by (6p). Hence p(u,v) > 6/c(n) if u and v are distinct
vertices in the Cao graph. The claim now follows.
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(ii) Let z € H(Z),i € N such thatirg < h(z) < (i + 1)rg, and g € N;,, such
that p;,,(7iry(2),q) < 8. Now
p(z. TH(Z)®) < p(z. Tirg+5(q))
< p(z. 7irg (2)) + p(Tiry (2), Tirg+5(q))
= 70+ Pigro(Tirg(2). 4) + £(q. Tirg15(q))
<ro+38+38<2rg
since ro > 36 by (6p). The claim now follows.

(iii) By (ii) it suffices to show that the inclusion (I'H(Z)©@, dr) < (H(Z), p)
is a quasi-isometric embedding. Explicitly, we prove that

L o v) < dr(u.v) < 3rop(u. v) 5)
8}’0

for all u,v € TH(Z)®. We begin by proving the right-hand side of (5). Let
u,v € TH(Z)® be distinct vertices, y:[0,7r] — H(Z) a 2u-rough geodesic
u ~ v where r = p(u,v) which exists by Lemma 5, and m < IN such that
m—1<r <m. Now,

p(ylkr/m),y((k + Dr/m)) <r/m +2u < 1+2u = L(u)
for every k € {0,...,m — 1} € IN. For each k € {0,...,m} € IN choose

qik),ak) € Nigyr, such that m;0)+5(qi0),x0) = U Tign)+5(Gim),am)) = U,
and

i(k)ro < h(y(kr/m)) < (i(k) + Dro,

Pityro (i k),atk)s Titkyre Y (kr/m)) <6,

and write Vi(k),a(k) = Ti(k)ro+8 (qi(k),a(k)) as usual. Let ip = min{i(k),i(k + 1)}.
Since the restriction of m;,,, to H(Z) \ Bi,r, is 1-Lipschitz by Lemma 6,

P(Tigroy (1 (k)r/m), Tigryy (i (k + 1)r/m)) < L(1)

SO Pigro (Tigro Y (i (k)r/m), Tigroy (i(k + 1)r/m)) < L(u). Choose p,q € Niyy,
such that

Pioro (P Tigro Y (i (K)r/m)) <8,
Pioro (4, Tigro ¥ (i (k + D)r/m)) <4,
and note that by Lemma 6 and (6y)
Pirg(P+q) = Pigro (P Tigrgy (i (kK)r/m))
+ Pigro (Tigrg Y (L (K)r/m), Tigro v (i (k + 1)r/m))
+ Pigro (Tigro Y (i (k + 1)r/m), q)
<38+ L(u)+ 8 <36.
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Thus p € A(q) 0 Tigrg+8(P) € V(Tigro+s(¢q)) and
dr (Tigro+8(P)s Tigro+8(q)) = 1,
giving
dr (Vi (k),a(k) > Vi(k+1),2(k+1))
< 1 +dr(Viw).ak): Tigro+5 (P)) + dr (Tigro+8(4). Vige+1),ak+1))-
However, since |i (k) —i(k + 1)] <1

Tiyre (V(kr/m)) € V(Vigk),at) NV (Tigro+8(P))s
Tite+1)ro (Vi (k + Dr/m)) € V(vigk+1),at+1) NV (Tigro+5(q))s
80 dr(Vik),ak)s Tigro+8(P)) = 1 and dr(Vik+1).ak+1)s Tigro+5(¢)) < 1, and
altogether
dr (Vi(k),a (k) Vik+1),ak+1)) < 3.
Finally
m—1

dr(u,v) < Z dr (Vi (k),a(k) > Vi(k+1),a(k+1))
k=0

<3m <3(r+1)
=3p(u,v) +3

<31+ c(n)/8)p(u,v)
< 3rop(u,v)

as p(u,v) > §/c(u) by (i) which gives the the right-hand side of (5). To prove
the left-hand side of (5) let u,v € TH(Z)© be two vertices. Without loss of
generality, assume that dr(u,v) = n € IN \ {0} is realised by the edge path
U = Xg,...,Xp = v. Since x; ~ x;41 it follows that V(x;) N V(xj+1) # @
where diam(V'(x;)) < 4rg forall 0 <i < n — 1. Thus p(x;, x;+1) < 8r¢ for all
0<i<n-1and

n—1

p(t,v) < D p(xi, xit1) < 8ron = 8rodr(u, v),

k=0

which gives the left-hand side of (5) and the claim follows.
(iv) For n € IN let

Cp ={B(v.8/c(n)):v e TH(Z)® and h(v) < nro + 8}

SO

rH(z)© c U U C,.

nelN
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We claim that #C,, < oo for every n € IN from which the claim then follows.
By Lemma 7 for any z € Sp andn € N

(U Cn € Bznro +8/c(1) + 8 + diam(Surg+8/c(u+5)) S B(z,5(n + 2)ro)

using (6p) together with

D+ e—(nr0+8/c(u)+8)D>

diam(Snr()-l—S/C(/l«)'FS) =< 210g( e—(n70+8/C(M)+8)D

— Zlog(enro-i-ﬁ/c(u)-l-ﬁ + 1)

Let R(n) = 5(n + 2)rg. Since R(n) > rp by (6p) and (H(Z), p) is uniformly
coarsely proper B(z, R(n)) is covered by N(R(n), §/c(u)) balls of radius 6/c (i)
and #C, < N(R(n),8/c(11)) by part (i) and it follows that T3 (Z)® is countable.
To see that I'){(Z) has bounded valency note that if v ~ u then dr(v,u) < 1 and
by inequality (5) above p(v, u) < 8r¢. In particular

B(u,8/c(p)) € B(v,9rg 4 8/c()),

and B(v,8/c(n)) N B(v,§/c(n)) = @ by part (i) if v and u are distinct vertices in
the Cao graph. Once again, since (H(Z), p) is uniformly coarse proper

#N(v) < N(9ro +8/c(u),8/c(n)) < N(10rp,8/c(1n))
from which the claim follows. O

The following lemma now replaces [3, Assertion 3.2].

Lemma 13. Let (Z, d) be a bounded uniformly coarsely connected space contain-
ing at least two points with uniformly coarsely proper hyperbolic cone (H(Z), p).
Then for any i € N and any q € Siy,

#V(i,q) < N(108,8/c(p))
where V(i,q) = {vig € TH(Z)O: piry (qi s q) < 48}

Proof. Suppose v; g € V(i,q). As Ag{i C A(g;,p) and p < piy,

B(vi,g.8/c(n)) S A(gi,p) X [iro.iro + 28] < B(g. 108)

by Lemma 11. By Proposition 12 the balls B(v; 4, 6/c(i)) and B(v; g,6/c(i))
are disjoint if v; 4 # v; g. Thus #V(i,q) < N(108,8/c(n)) since (H(Z), p) is
uniformly coarsely proper and §/c(u) > rp. |
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We use this to find a uniform upper bound for the downward flow in the Cao
graph.

Proposition 14. Let (Z,d) be a bounded uniformly coarsely connected space

containing at least two points with uniformly coarsely proper hyperbolic cone
(H(Z), p). Let v e TH(Z)© and

N™() = {w e THZ)P:w ~ v and h(w) = h(v) — ro}.
Then
#N ™ (v) < N(108,8/c(n))
forallv e TH(Z)©.
Proof. Fix v;q € TH(Z)®. Ifi = 0then N~ (v;4) = @ so assume i > 1 and
letvig € N"(vig). Then j =i —1and V(v ) N V(vi—1,g) # @. In particular,
there exists y € A(q; o) such that p;, (¢, y) < 38 and
PG =1)ro (T —1)ro V) T(i—1)ro (Gira)) < K(L(1) " Pirg (V- i)

<38k (L(p))"
<$

by Proposition 10 and (6;). As y € V(vi—1,8)

Pi—1)ro(Gi—1,8+ T(i—1)ro (Gi,))

< Pli—1)ro(@i—1,8: T(i=1)ro (V) + PG=1)ro (TGi=1)ro (¥)s T(i=1)ro (i,a))
<36+ 6 =46,

50 gi—1p € V(i — L.7G-1)ro(¢ia) and 50 #N~(v;0) < N(108,5/c(11)) by
Lemma 13. O

The following gives a uniform lower bound for the upward flow in the Cao
graph.

Proposition 15. Let (Z,d) be a bounded uniformly coarsely connected space
containing at least two points with uniformly coarsely proper hyperbolic cone
(H(Z),p). Letv € TH(Z)® and Nt (v) = {w € TH(Z)®: w ~ v and h(w) =
h(v) + ro}. Then

2N(108,8/c(1n)) < #N*t(v)

forall v e TH(Z)® with h(v) > 6.
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Proof. Letv; 4 € T'H(Z)© such that § < h(vig) =iro+ 8. Nowi > 1 and
diampim (Siry) = diam,(S;r,)

D +e7irop
e—ir()D )

= 2log (e”“ + 1) > 2irg

2210g(

> 2ro
> 65

by (6p). Fix m = 2N(108,5/c(w)) and let k € {0,...,m} € IN. Now, for all
0 < k/m < 1 there exist xx/m € S;r, such that

k/m—e < p(qiu> Xk/m) < k/m+e

for any 0 < ¢ < 1/(4m) since (S;,. p|Sir0) is uniformly coarsely connected. In
particular if k;/m # k,/m, say k1 > k,, then

Piro(Xiey ms Xicyym) = P(Xkey fms Xiey /m)
> p(Xky/ms Qi) = P(Gi a5 Xicy /m)
> ki/m—¢e—(ka/m +¢)
> (k1 —ka)/m —2¢
>1/m—2¢
> 1/(2m),
as 0 < & < 1/(4m). For each k € {0,...m} let yx = m(it1)yro(Xk/m). As
previously for k; > k»,
PG+1yro ks Yia) = Pea+1)ro (TGi+1yro (Xky /m)s (i +1)r0 (Xkp /m))
> k(L))" Pirg (Xicy /m - Xicy m)

_ KLY
- 2m

(L(p))"™
AN(105,8/c (1))

> 26

by Lemma 10 and (6 ). Now for each y; choose gx € N(;+1)r, such that

Pi+1yro(Vk. qk) < &
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noting that 7 41)rg+s(gk) ~ Vie since yx € V(Ti+1)rg+5(qk)) N V(via)-
Moreover, 7 (i +1)ro+8(qk,) # 7(i+1)ro+8(qk,) Whenever k1 > k» since

PG +1)r0 Gy > Gkz) = PG+1)r0 Vky s Yia) — Pli+1)ro Viey s Gkey )
— PG+1)ro (Gkss Vi)
> 25 —26
= 0.

Thus {0,...m} — N%1(vig) for k — mGt+1)r0+s(qk) is an injection and
#N 1 (v; o) > 2N(108,8/c(w)) fori > 1 proving the claim. O

3.5. Non-amenability of the hyperbolic cone. Let (H(Z), p) be uniformly
coarsely proper, let

RO — (£:73(2)@ — R},

and let
A: Rpg{(z)(o) N Rpg{(z)(o)

be the graph Laplacian given by
A1) = s ( 3 7))

Lemma 16. Let (Z, d) be a bounded uniformly coarsely connected space contain-
ing at least two points with uniformly coarsely proper hyperbolic cone (H(Z), p).
If there exist a Lipschitz function f:TH(Z)® — R and C > 0 such that
Af(v) > C foreveryv € TH(Z)® then (H(Z), p) is non-amenable.

Proof. By Proposition 12 the assumptions in [3, Proposition 2.3] hold so the
Cheeger constant of 'H(Z) is strictly positive, equivalently, (I'H(Z), dr) is
non-amenable. The claim follows as (H(Z), p) and (I'H(Z),dr) are quasi-
isometric. O

Theorem A. Let (H(Z), p) be the hyperbolic cone over a bounded space (Z, d).
If (H(Z), p) is uniformly coarsely proper and (Z, d) consists of a finite union of
uniformly coarsely connected components each containing at least two points then
(H(2), p) is non-amenable.
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Proof. First suppose (Z, d) is uniformly coarsely connected and contains at least
two points. Since |h(v;,o) — h(vjg)| = liro +8 — jro =8| < |i — jlro < ro
whenever v; o ~ v, g it follows that / is ro-Lipschitz on I'H(Z)©. Moreover,
ifi >1

Ah(vi,a) _ 1 |
ro N #N(vi O()ro Z (h(vﬁﬂ) h(vz,a))
’ Vji,B~Vj.a
_ HNT (Vi) —#N~(via)
B BN (Vi.0)

- 2N(106,8/c(u)) — N(1068,68/c(w))
B N(10rg,8/c (i)
1
= N(10ro, 8/c (1))
>0

by Lemma 14 and Lemma 15 where #N(vi ) < N(10rg,8/c(w)) for all v; o €
I'H(Z)® by Lemma 12. If i = 0 we have N~ (v;4) = @ and the same lower
bound holds for Ai. Thus (H(Z), p) is non-amenable by Lemma 16.

Now suppose that (Z,d) is a finite union of uniformly coarsely connected
components Z = Z; U --- U Z, where each component Z; contains at least
two points. To see that (H(Z), p) is non-amenable let ' = I'i U --- U T, C
H(Z) be a quasi-lattice in (H(Z), p) such that I; € H(Z;) is a quasi-lattice in
(H(Zi), pl3c(z;)). and let F C T be any finite set and write F; = F N H(Z;) so
that ¥ = FyU---U Fy,. By the first part of the proof each (H(Z;), p|s¢(z;)) is non-
amenable, so for some constants C; > 0 and r; > 0 the isoperimetric inequality
#F; < C;#0,, F; holds and hence

#F =#F) 4+ -+ #F, < C#0, F1 + ...Co#0,, F, < C#90, F

for C = max{Cy,...,Cy} and r = max{ry, ..., ry}. The claim now follows. [
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