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Approximating Novikov—Shubin numbers
of virtually cyclic coverings
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Abstract. We assign real numbers to finite sheeted coverings of compact CW complexes
designed as finite counterparts to the Novikov—Shubin numbers. We prove an approxima-
tion theorem in the case of virtually cyclic fundamental groups employing methods from
Diophantine approximation.
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1. Introduction

Let X be a compact connected CW complex, let X be the universal covering and
let X be a finite sheeted Galois covering. In this paper we will define the alpha
numbers a,(X) € R in terms of the singular value decomposition of the p-th
cellular differential of X. Intuitively, the definition of o, (X) in terms of singular
values mimics the definition of Novikov—Shubin numbers al(;z)(f ) in terms of
spectral distribution functions. A natural question then asks whether the Novikov—
Shubin numbers can be recovered asymptotically from the net of alpha numbers
(ap ()? i))ier of all finite Galois coverings of X. We show that the answer is yes if
the fundamental group contains a cyclic subgroup of finite index.

Theorem 1. Suppose 71(X) is virtually cyclic and o, (X) < oo™, Then

P (X) = limsup a, (X;).
ieF

Moreover, we construct a CW complex X, obtained from S! v $2 by attaching
one 3-cell, such that &{” (X) = 1 but 0 < liminf;er a3(X;) < 1.
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1.1. The definition of alpha numbers. To construct the numbers a,(X;),
we will have to take a close look on the definition of Novikov—Shubin numbers.
In doing so, let us go over from spaces to matrices which seem to form the appro-
priate setting for the approximation theory of L2-invariants.

Let G be a countable, discrete group and let A € M(r,s; CG) be a matrix
inducing the right multiplication operator r/(f/i*: (L2G)" — ({2G)" given by x >
xAA*. Here the matrix A* is obtained from A by transposing and applying the
canonical involution (3" Azg)* = 3" Az¢~! to the entries. Let {E /{‘A* }a>0 be the

family of equivariant spectral projections obtained from r/(ﬁi* by Borel functional

calculus, EA4" = 1010 2).), where yo 4 is the characteristic function of the
interval [0, A]. Recall that the group von Neumann algebra N(G) of G comes
endowed with a canonical finite, faithful, normal trace try ) which extends
diagonally to equivariant operators of (£2G)".

Definition 1. The function F4:[0,00) — [0,00) given by A > tra) Ef5* is
called the spectral distribution function of the matrix A. The upper Novikov—
Shubin number of A is given by

@@ (A4) = lim sup log(Fa(A) — F4(0))

07
A—>0t log A €[00

unless F4(1) = F4(0) for some A > 0 in which case we set @ (4) = oot.

The lower Novikov—Shubin number a® (A) of A is defined similarly with “lim inf”
in place of “lim sup”. We say that A4 has the limit property if @®(4) = «®(4).
In this case we simply call this common value the Novikov—Shubin number
a@(A).
The formal symbol “co™” indicates a spectral gap at zero. We adopt the con-
vention that ¢ < oo < oot for all ¢ € [0,00). Novikov—Shubin num-
bers thus capture the polynomial growth rate near zero of the spectral distribu-
tion function F4. More precisely, if there are constants C,d,e > 0 such that
C~ 'A% < F4(A) — F4(0) < CA? for A € [0, ¢), then A has the limit property and
a®(A) = d. We should say that while the distinction between upper and lower
Novikov—Shubin numbers is already contained in [7], the (somewhat arbitrary)
decision that «®(A4) should mean «® (4) has become accepted in the literature.
Let G be residually finite meaning there exists a residual system (G;);ey, an in-
verse system of finite index normal subgroups directed by inclusion over a directed
set I with trivial total intersection. We obtain matrices A; € M(r,s; C(G/G;))
from A by applying the canonical projections CG — C(G/G;) to the entries.
Set n; = [G:G;]. Then the group algebra C(G/G;) embeds as a subalgebra of
M (n;, n;; C) by means of the left regular representation of the finite group G/ G;.
Accordingly, we can view A; as lying in M(rn;, sn;; C). So we can consider the
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positive singular values
o1(A4;) = - = 0r,(4;) > 0

of A; givenby 0;(A;) = /A;,; where the A;; are the positive eigenvalues of 4; A}
in non-ascending order and r; = rank¢ A;. We denote the multiplicity of o (A;) as
mj(A;) = dimgker(4;Af —A;;) and set m,, +1(A;) = dimc ker(A4; AF). With this
data, the spectral distribution function Fy4; can be described as a monotone, right
continuous step function with jumps at the singular values 0;(4;) and jump size

%;4"). It is known that these step functions approximate the spectral distribution
function F4. More precisely,
Fq(A) = lim limsup F4, (A 4+ 6) = lim liminf F4, (A 4 §)
§—0t jer §—o0+ i€l
as is proven in [9, Theorem 2.3.1] for residual chains (when [/ is totally ordered),
the proof for residual systems being similar.

So we might want to think about the values Fy, (0;(4:)) = D 4 ; mk}f:l" ) as
experimental samples of the function of interest F4. To extract the growth rate of
F4 from these samples we do what every physicist would do: we measure the slope
of the regression line through the doubly logarithmic scatter plot of the samples.

The sample that is most valuable for our purposes is given by the first positive
singular value 0 7 (4;) = o, (4;) with multiplicity m™(4;) = m,, (4;).

Definition 2. The alpha number of a nonzero A; € M(r,s; C(G/Gj;)) is
T4

g TeG T

logot(A;) '

a(4;) =

Choosing the first positive singular value in the above definition serves a double
purpose. Firstly, this makes sure that the growth behavior close to zero is reflected
because lim; o4 (4;) = 0 whenever ®(4) < oot. Secondly, since therefore
log o4+ (A;) tends to —oo, the alpha number ultimately measures the slope of the
line through the origin which is parallel to the regression line and hence has
the same slope. Finally note that the embedding C(G/G;) C M(n;,n;;C) as a
subalgebra is unique up to conjugating with a permutation matrix and a diagonal
matrix with entries +1. Any two resulting embeddings M(r,s; C(G/G;)) C
M(rn;,sn;; C) are thus conjugate by a unitary transformation which leaves the
singular value decomposition unaffected. This shows that the alpha number is
well-defined.

1.2. Approximating Novikov—Shubin numbers by alpha numbers. The canon-
ical example of a residual system is the full residual system (G;);cr of all finite
index normal subgroups of G. We ask the following question.
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Question 1. Let G be a residually finite group, let Q C F C C be a field and let
A € M(r,s; FG). Suppose that a® (A) < oo™. Is it true that

(a) @@ (A) = limsup; .y a(4;)?
(b) ¢@(4) = liminf;cr a(4;)?

In this paper we answer Question 1 for virtually cyclic groups.

Theorem 2. Let G be a virtually cyclic group and let Q C F C C be an arbitrary
field. Then the answer to Question 1(a) is positive and the answer to Question 1(b)
is negative.

We remark that the related approximation conjecture for Fuglede—Kadison deter-
minants [11, Conjecture 6.2] is likewise only known for virtually cyclic groups [12].
Though the class of groups is small, the proof of Theorem 2 is nontrivial and re-
quires number theoretic input. Here also lies the reason for the symmetry breaking
answer which at first glance might come as a surprise. It is the existence of in-
finitely many good rational approximations to a given irrational number which
tears the lower limit apart from the upper one. But for virtually cyclic G it is
easy to see that every A € M(r,s; CG) has the limit property. So even for virtu-
ally cyclic groups the equality a® (A) = lim sup; . @ (A;) cannot be improved to
a® (A) = lim;ef a(A;). However, for F = QQ we can show that liminf;cr a(A4;)
is always positive as a consequence of a result in transcendence theory. We will
discuss this in a moment but first let us return from matrices to spaces and explain
that the case F = @ of Theorem 2 gives Theorem 1 and the example below it.

Let X be a connected finite CW complex with G = m;(X) residually
finite. Choosing a cellular basis of X gives rise to an isomorphism that iden-
tifies the p-th cellular chain module C,,()? ) of the universal covering with the
standard left ZG-module (ZG)Nr. Here N, is the number of p-cells of X or,
equivalently, the number of G-equivariant p-cells of the G-CW complex X. Un-
der this isomorphism the G-equivariant differential d,: C, X) —> Cp_l()? ) of
the chain complex C,(X) is represented by right multiplication with a matrix
A(X, p) € M(N,, Ny—1: ZG). We define the p-th Novikov—Shubin number of X
as oS (X) = @ (A(X, p)). Note that in [10, Definition 2.16, p. 81] one restricts
the induced operator d,: £2(G)N» — (2(G)Nr=1 to the orthogonal complement of
im dp41 to make sure the spectral distribution function takes the value b,(,z) (X) at
zero. For the Novikov—Shubin numbers this is of course irrelevant.

Given a finite index normal subgroup G; C G we can construct the finite
covering space X; with deck transformation group G/G; as G;\X. The cho-
sen cellular basis of X identifies Cp()?i) ~ (Z(G/G;))N? and the differential
dl:Cp(X;) — Cp_1(X;) is thus represented by right multiplication with a ma-
trix A(X;, p) which coincides with the matrix A(X, p); obtained from A(X, p)
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by applying the canonical projection ZG — Z(G/G;) to the entries. We define
the p-th alpha number of X; as ap (X;) = a(A(X;, p)). Both Novikov—Shubin
numbers and alpha numbers are well-defined because the isomorphisms C, (X) =~
(ZG)N? and C,(X;) = (Z(G/G;))N? are unique up to unitaries.

With these definitions it is immediate that Theorem 2 implies Theorem 1.
It is moreover well-known that matrices in M (r, s; ZG) can be realized as cellular
differentials of G-CW complexes, compare [10, Lemma 10.5, p. 371]. In this way
the counterexample we will construct for Question 1(b) translates to the example
mentioned below Theorem 1.

1.3. The role of the coefficient field. This realization of matrices over ZG as
differentials of based G-CW complexes is why Theorem 1 is actually equivalent
to (a positive answer to) Question 1(a) for F = Q. Similarly, the aforementioned
determinant approximation conjecture [11, Conjecture 6.2] is formulated for coef-
ficients in Q. It is remarkable that for coefficients in C the statement of the deter-
minant approximation conjecture is wrong, even in the case of a (1 x 1)-matrix
over C[Z], see [10, Example 13.69, p. 481]. This is just one instance showing that
coeflicients matter for approximation questions. In the “topological case” F = Q,
there are results in the theory of linear forms in (two) logarithms which are of
value to us. They allow at least the conclusion that liminf;cr «(A;) is positive, as
it should be, because so is every a® (A4).

Theorem 3. Let G be a virtually cyclic group and let A € M(r,s; QG) with
a@(A4) < cot. Then liminf;cr a(4;) > 0.

For Theorem 1 this says that while it can happen that liminf;er ap (X;) <
lim sup; .y ap(X;), at least we have liminf;cr ap(X;) > 0. In fact, the number

theory involved gives something stronger than Theorem 3, namely the existence

of some D > 0 such that liminf;er a(A4;) > “(;)Jff) together with some explicit

bounds for the constant D in terms of degree and height of a certain polynomial
associated with A. For the precise statement see Corollary 1.

1.4. Outline and organization of the paper. Our proofs of Theorem 2 and
Theorem 3 rely on methods from Diophantine approximation and transcendence
theory. Since these are topics that tend to fall short in a typical topologist’s
curriculum, we give a brief recap in Section 2 and recall the theorems of Dirichlet,
Kronecker, Gelfond—Schneider and a baby version of Baker’s theorem. We also
fix the terminology we use in the context of nets.

In Section 3 we start with the proof of Theorem 2. As a warm-up we consider
the case of the easiest polynomial p(z) = z — 1 and show that Dirichlet’s theorem
easily answers Question 1(b) in the negative. To answer Question 1(a) affirma-
tively, we then move on with the case of a (1 x 1)-matrix over the group ring C[Z].
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It turns out that again one runs into a problem of Diophantine approximation:
Can one find a sequence of regular i -gons whose vertices are far away from given
elements of the unit circle? Solving this problem amounts to understanding how
the rational dependency of coordinates of a torus point determines the closure of
its Z-orbit. This is what Kronecker’s theorem accomplishes.

In Section 4 we perform the passage to (r xs)-matrices over C[Z]. The methods
are singular value inequalities and another simple but effective tool that is widely
employed in Diophantine approximation: the pigeon hole principle.

Section 5 reduces the general case of a virtually cyclic group to the case of the
group Z and thereby finishes the proof of Theorem 2.

Finally, Section 6 discusses the case of rational coefficients. The little Baker
theorem and thus the theory of bounding linear forms in (two) logarithms is what
allows in this case the conclusion of Theorem 3.

1.5. Acknowledgements. I am indebted to Yann Bugeaud, Wolfgang Liick,
Malte Pieper, Henrik Riiping, Roman Sauer and Thomas Schick for helpful con-
versations.

2. Preliminaries

2.1. Some facts from Diophantine approximation. For a real number x let ||.x||
denote the distance to the closest integer. It is easy to see that the usual triangle
equality ||x + y|| < |lx]| + [|¥]| holds. From this it follows that ||nx| < |n|| x| for
any integer n. Dirichlet famously concluded the following result from the pigeon
hole principle.

Theorem 4 (Dirichlet, ~1840). Given real numbers l1, ..., 1, and a natural num-
ber N, there is 1 < q < N such that ||ql;| < N_%foralli =1,...,u

Dirichlet’s theorem will be key for constructing a counterexample to Question 1 (b)
in Section 3. We are moreover interested in an inhomogeneous variant of this
problem of simultaneous Diophantine approximation: If additionally real numbers
X1,...,%y and & > 0 are given, does there exist ¢ € Z with |g/; — x;| < ¢ for all
i = 1,...,u? The answer cannot be an unconditional “yes” because there might
be integers Ay, ..., A, with the property that the linear combination Y /_, A;/; is
an integer as well. If the desired conclusion held true, we would get

[A1xy+-- -+ Ayxy | = |A1(gli—x1) +- -+ Au(gly —x0)|| < (JA1[+---+]Au])e

which says that Y_'_, A;x; is an integer, too. The good news is that this necessary
condition is also sufficient.
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Theorem 5 (Kronecker, 1884). Letly,..., 1, and x1, ..., xy be real numbers. The
following are equivalent:

(i) forevery e > Othereis q € Z such that ||ql; — x;|| < efori =1,...,u;

(ii) for every u-tuple (Ay, ..., Ay) € Z* with the property that Y '_, A;l; is an
integer, the linear combination Y ;_, A;x; is an integer as well.

A proof can be found in [3, Theorem IV, p.53]. We remark that Kronecker’s
theorem is usually given in a slightly more general version where the real numbers
l; are replaced by linear forms but as of now we do not need this. Kronecker’s
theorem will become handy for understanding torus orbits in Section 3.

Theorem 6 (Gelfond—Schneider, 1934). Let op, o € Q be different from 0 and 1
such that (some fixed values of ) log ay and log a> are linearly independent over
Q. Then log oy and log o, are linearly independent over Q.

This theorem has the equivalent formulation that for 1, o> as above and addition-
ally a, irrational, any value of &}? is transcendental. As such, it yields the positive
answer to Hilbert’s seventh problem. For applications to Diophantine equations
not only the nonvanishing of the linear form in two logarithms

A = bylogay + by loga,

is important but also explicit lower bounds on A in terms of the heights and
degrees of by1,b, € Q are relevant. For our purposes it is enough to consider
the special case where b and b, are rational integers.

Theorem 7. Let a1, € Q be different from 0 and 1 and let by, b, be rational
integers such that A # 0. Set B = max{|b1|, |b2|}. Then there is a constant D
depending only on the heights and degrees of a1 and a, such that

|A| > B~P.

It is hard to track down where exactly in the involved history of bounding loga-
rithms in linear forms the theorem in this formulation was included for the first
time. Gelfond already gave the weaker estimate |A| > Ce~ 1025 with im-
provements on the constant k over two decades [4, 5, 6]. But the above theo-
rem is definitely a special case of Baker’s celebrated theorem from 1966-1967,
see [2, Theorem 2] for a strong version and information on the constant D.
Let us refer to any D = D(a1,az) > 1 satisfying the inequality of the theo-
rem as a Baker constant of the pair («;, a2). Theorem 7 will be crucial for the
proof of Theorem 3 in Section 6.
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2.2. Nets and cluster points. The finite index normal subgroups of a group and
thereby the finite Galois coverings of a space are natural examples of directed sets.
A set [ is called directed if it comes with a reflexive, transitive binary relation
“<” such that any two elements a, b € I have a common upper bound ¢ € I with
a < cand b < c. A function from a directed set (/, <) to a topological space
X is called a net in X. If (x;);es is a net in X, then a point ¢ € X is called a
cluster point if for every neighborhood U of ¢ and for every i € [ there exists
J =i with x; € U. The set of cluster points is closed. In the special case X = R
we define limsup;.; x; and liminf;c; x; as the largest and the smallest cluster
point, respectively. Here, we also allow the values too as cluster points in the
natural way, so that both lim sup;<; x; and liminf; <y x; are guaranteed to exist. If
the latter two are equal, we say the net is convergent and write lim; ¢y x; for the
common value. Alternatively, we clearly have the description

hmmf x; =supinf x; and limsupx; = inf supx;.
el iel I=J iel i€l j<j

For the set of natural numbers IN we will have occasion to deal with two
different directions. One is the usual total order “a < b” in which all the above
notions reduce to the familiar ones from sequences. The other is divisibility
“a | b” and arises when we identify IN with the full residual system F of the
group Z. We should clarify the relation between the resulting upper and lower
limits in order to dispel any possible confusion from the very start.

Lemma 1. Let a: IN — R be a function which we interpret either as the sequence
(ai)iso or as the net (a;)iecr. Then

liminfa; < hmlnf a; <limsupa; <limsupa;
i—o00 eF ieF i—o00

where each inequality can be strict.

Proof. Let ¢ € R be a cluster point of the net (a;),cr. By definition this means
that for all ¢ > 0 and for all k € F = IN there is [ € IN such that |ag; — c| < e.
In particular, we obtain a subsequence (a;, )k>0 of (a;)i>o Which converges to c.
Thus any cluster point of the net (a;);<F is a cluster point of the sequence (a;);>o-
This gives the two outer inequalities of the lemma.

Consider the example a; = (—1)’. Then the leftmost inequality is strict for (a;)
and the rightmost inequality is strict for (—a;). To see that the middle inequality
can be strict, consider a; = (—l)Ni where N; is the number of prime factors
of i. O
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3. The case of a single Laurent polynomial

In this section we give a proof of Theorem 2 for r = s = 1. Consider an element
A € M(1,1; C[Z]). The full residual system is given by G; = iZ fori € F = N
directed by divisibility. We identify the group ring C[Z] with the ring of Laurent
polynomials C[z, z~!]. Moreover, Fourier transform identifies the Hilbert space
(2(Z) with L2(S!, 1), the space of square integrable complex valued functions on
the unit circle with respect to the probability Haar measure p, factoring out those
function which vanish almost everywhere.

3.1. Two examples. Let us sneak up on the proof by considering the first non-
trivial case A = (p(z)) with p(z) = z — 1. The operator rfa* is then given
by multiplying functions with |z — 1|2. We have «®(4) = 1 as can be seen
from the proof of [10, Lemma 2.58, p.101]. By finite Fourier transform, the ma-
trices A; A7 € M(1,1;C[Z/iZ]) C M(i,i;C) are diagonal with entries |§f‘ — 12
where {; is one of the two primitive i-th roots of unity that enclose the small-
est angle with 1 € C, where k = 0,...,i — 1 and say i > 3. Thus we have
o (A;) = |& — 1] = 2sin (¥) and m*(4;) = 2. By LU'Hopital’s rule and substi-
tuting x = % the ordinary limit of the sequence («(4;))i>o is

log (2 j tan (Z
lim a4 = fim 080 ran(®)

tan(x) ]
i—00 log (2 sin (ll)) o i—>00 T x—0+ X o

By Lemma 1 the net (@(A;))icr has limit lim;er a(A4;) = 1 as well. So in this
simplest possible case of Question 1 the answer is “yes” for both part (a) and
part (b).

Now we can already give the counterexample for Question 1(b). Consider
A = (p(z)) with the polynomial p(z) = 5z% — 6z + 5. The roots of p(z) are
given by a = % + %i and its complex conjugate. Let / € (0, 1) be determined by
a = ¢2™ Since a is not a root of unity, the number / is irrational. Let K be a
positive integer. Then Theorem 4 provides us with a sequence of positive integers
(i;) such that 0 < ||i; K| < % This implies that we can find a Ki;-th root of

unity £xi; with 0 < [éxi; —al < 2sin(Z5) < 25
J

< =% For sufficiently large j we
sz

obtain

) 2
O'+(AKij) < |P(€:Kij)| = 5|5Kij —a| |€:Kij —a| <5.2-. W

J
which gives
log (77)
a(Aki;) < ——=-2
T log (32)
J
1

hence infg|; @(4;) < 3. Thus liminfier a(A;) = supgcp infgje(4;) < 3

whereas «® (4) = 1.
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3.2. General Laurent polynomials. Still let G = Z but now let A = (p(z)) for
a general Laurent polynomial

s
p() = e [T —an™
r=1
with ¢ € C, k € Z and the distinct roots a, € C* of p(z) of multiplicities w,.
We rearrange the roots of p(z) so that a;,...,a, € S' and ay+1,...,as ¢ S!
for some 0 < u < 5. By [10, Lemma 2.58, p.100] and its proof we have that
a@(p(z)) = sy ifu > 1and a@(p(z)) = oot otherwise.

To compute the élp’hg number of A; in the case u > 1, note that the singular
values of 4, € M(i,i;C) are given by |p(§f‘)| = |c|TT 2, |§{‘ — a,|*r for
k =0,....,i —1. Letd > 0and D > 0 be given by the minimum and the
maximum, respectively, of [[7_,,; |z — a,|*r for z € S'. Let ro < u be an index
such that a;, is a root on the unit circle of maximal multiplicity po = pr,. If ay,
is an i-th root of unity, we have |¢¥ — a,,| = 2sin (£) where ¢¥ is either of the
two i-th roots of unity adjacent to a,,. If a,, is not an i -th root of unity, then it lies
in the open circle segment above one particular edge of the regular i-gon so that
|§f‘ —ary| < 2sin(7) for either of the two roots of unity g‘{‘ spanning the segment.
In any case, we obtain that there exists 0 < k <i — 1 with

p@h] = lelp2*(sin (T))™

where © = @1 + --- + uy. Let us merge the constants to K = |c|D2*. Since
ot (A;) < |p(¢*)| and m*(A;) > 1, we have

log (7) _ log (7)
log (K (sin (%))MO) o log (K’%O sin (%))
A computation similar to the one in Section 2 gives lim sup, _, ., a(4;) < -, thus

no’
also limsup;cp a(4;) < % by Lemma 1. To show equality (in both cases) it

Ol(Ai) <

remains to identify % as a cluster point of the net («(A4;));er. This is the tricky
part.

Note that the notation ||x|| from Section 2 still makes sense and is well-defined
for x € R/Z = T. The same two inequalities from before hold true and even
better, the term ||x — y|| for x, y € T defines a metric inducing the given topology
onT.

Proposition 1. Forallpointszy,...,z, € S' C Conthe circle thereis0 < R < %
such that for each positive integer K there are infinitely many positive integers i;
such that forallt = 1,...,u and forallk =1, ..., Kij either

Rnm
_ sk _k s : )
Z; = gKij or |zy §K1j| = 2sm(Kij>
where ki, is a fixed primitive Kij;-th root of unity.
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Proof. For what comes next it is preferable to think of the u-dimensional torus
as the additive group T# = (R/Z)*. Accordingly, let us change the notation for
the point (z1,...,zy) in (S)* to L = (Ly,...,Ly) in T so that (z,...,z"

corresponds to nL. = (nLy,...,nL,). The point L defines a homomorphism of
Z-modules (abelian groups) ¢r:Z* — T = R/Z sending (a,...,ay) € Z* to
Z;=1 ajLj € T. Let {A4;,..., Ax} C Z" be a basis of the free submodule ker ¢,
of Z*. Considering these basis elements as the columns of a (1 xk)-matrix A, they
define a homomorphism R¥ — R* where we write elements of R* and R¥ as row
vectos and multiply them from the right with A. This homomorphism descends
to a homomorphism 4: T% — T¥. Theorem 5 says precisely that the Z-orbit
By = {nL € T%|n € Z) of L in the u-torus T* has closure By = ker(y4).
It follows from this description that B, =~ T @ 7Z./mZ for some m > 1,
compare also [1, Corollary 4.2.5, p.209]. Here the dimension v is one less than
the dimension of the Q-vector space generated by 1, E e f; where each E is
some lift of L; from T to R. Therefore v, depending on L, can take any value

between zero and u. For the moment, let us assume v > 1. Since the quotient
B_L/B_L0 = 7,/mZ by the unit component is generated by L + BL'. it follows that
— =0

B = B =~ TV. Let

Tmr = {(x1,...,xy) € T | x, = [0] if mL, = [0]}

be the unique minimal subtorus obtained from T* by setting fixed coordinates

to zero under the side condition that it still contains B_LO. It is then of course
necessary that 1 <v < [ =dimT,; < u.In what follows we will delete the
zero coordinates from T,,7,. We can choose 0 < R < % so small that the interior
of the centered cube

KR ={(x1,....x;) € T | |x:]l = Rforallt = 1,....1}.

. . —0 .
contains [m L] and therefore intersects By, in the nonempty set Uy . Next we claim
- — =0
that for every nonzero K € Z we have Bg,r = Bz = Br .

Indeed, the inclusion Bxmr C Bz is clear. For the other inclusion we note
that B,,, = Br_ = T" is a torus, hence is divisible. Thus for given x € B
and ¢ > O thereis y = (y1,...,Vu) € B, such that Ky = x and there is
N € Z such that ||[NmL; — y|| < |_IS{| forall t = 1,...,u. It follows that

IN(KmL¢) — x| = [[K(NmL; — y;)|| <e, hence x € BgmL-
Since Uy is open in B_LO, it contains infinitely many Z-translates of KmL.

Note moreover that Uy, = —U, so we can pick a sequence i; of positive integer
multiples of m such thati; KL € Uy for all j.
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By construction we have that for each i; either Ki; L, = [0], meaning that
z; € Stis a Kij-th root of unity, or |Ki;L;|| > R, meaning that z, encloses an
angle of at least % with any Ki;-th root of unity. This gives the assertion for
v>1.Incasev = Owehave L; € Q/Zforallt = 1,...,u orin other words each
z; € S!is some k,-th root of unity. In that case setting ij = jlem(ky, ... ky)
does the trick for arbitrary 0 < R < 1.

To see that % is a cluster point of the net («(A4;))ier, for any given posi-
tive integer K we have to construct a sequence of positive integers i; such that
lim; o0 @(Aki;) = 7o So let the number 0 < R < 5 and the sequence (i;) be
specified by ay, . ..,a, € S' and by K according to Proposition 1. We now ask for
a lower bound on o (Ag; ). Letd = min{%, n} where 1 is the minimum of the
pairwise Euclidean distances of the points {a;, ...,a,} C S!. Let £k; y be (one of)
the Ki;-th root(s) of unity for which o+ (Ag; ) = |p(éki;)|. For sufficiently large
Jj» there must be one and only one root a, on S! within the open §-ball around
€ki;» where r = r(j) depends on j. Soif a,(;y is not a Ki;-th root of unity, we
have |Exi; —ar@)| > 2sin R% Ki; - and if a,(;) is a Ki;-th root of unity, we even have
|Eki; —ar@)l = 2sin Z= Kl.j For sufficiently large j, this gives

e = elds = (2sin () = a2 (sin (7))

lj J

Since p is a polynomial, the function t +> | p(e?*1%)| is strictly monotonic on small
half-open intervals starting at the zeros and the function is bounded from below
outside these intervals. Thus for large j we have m™ (A4 ki;) < 2u. (Note that
we use the symbol “i” for the imaginary unit whereas the symbol “i” is reserved
for indices.) The same computation as above shows liminf; o o(Ak; j) > %,
thus lim; oo ot (A Kij) = %. This answers Question 1 (a) affirmatively for the case
G=Zandr =s5s=1.

4. The case of a matrix of Laurent polynomials

For a general matrix A € M(r, s; C[Z]) with arbitrary r, s we notice that the ring
of Laurent polynomials C[Z], being a localization of the polynomial ring C|[z], is a
principal ideal domain. Therefore A can be transformed into Smith normal form.
This means there are invertible matrices S € M(r,r; C[Z]) and T € M(s, s; C[Z])
such that SAT is an (r x s)-matrix of block form (£ 0) where P is a diagonal
matrix with entries p;(z),..., px(2).
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The (Laurent) polynomials pi(z),..., pr(z) are called the invariant factors
and satisfy the relation p; | p;+;. Multiplying S or T by a diagonal matrix
with nonzero constant polynomials as entries, if need be, we can and will ad-
ditionally assume that |p;4(z)| < |p;(z)| forallz € Standl = 1,...,k — 1.
By [10, Lemma 2.11(9), p. 77, and Lemma 2.15 (1), p. 80] we get

a?(4) = a®(SAT) = min (@ (p())} = P (pi(2).

The last equality holds because the maximal multiplicity of a root on the unit
circle can only increase from p; to p;+;. The following proposition thus reduces

Question 1 for the (r x s)-matrix A to the same question for the (1 x 1)-matrix
(px(2)). The latter was treated in the preceding section.

Proposition 2. Suppose a® (A) < cot. Then we have

liminfw(A4;) = liminf «(pr(z);) and limsupa(A4;) = limsupa(pr(2);)
i€F i€F ieF ieF

”»

and the same statement holds replacing “i € F” with “i — oo.

The proof requires some labor. We prepare it with a lemma that captures those
properties of the functions ¢ > |p;(e'?™")| that are relevant for computing alpha
numbers.

Lemma 2. Let pi(2),..., pr(z) € Clz,z7'] be complex Laurent polynomials.
Then there exists 0 < ¢ < 1 and there exist constants d, D > 0 such that for every
polynomial p;(z)

(i) we have the inequality
d|t|* < |pi(ae®™)| < DJr|*

for everyroota of p;(z) on S' and eacht € (—¢, &) where  is the multiplicity
of a,

(i) the function |p;(ae?™)| is monotone decreasing fort € (—e, 0] and mono-
tone increasing for t € [0, €) for every root a of p;(z) on S?,

(iii) the function |p;(e?™)| is bounded from below by d&"° on the complement
of all open g-balls around the roots of p;(z) on S' where juy is the maximal
multiplicity among all the roots of all polynomials p1(z), ..., pr(2).

Proof. Leta € S! be aroot of p;(z) of multiplicity u. Let 0 < § < 2 be so small
that p(z) has no second root in Bg(a), the closed §-ball around a. Let d’ > 0

and D’ > 0 be given by the minimum and maximum, respectively, of | (Z”_(g n | for
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z € Bs(a). Sete = % arcsin (%), so that in particular ¢ is bounded from above by
%, and setd = d’4* and D = D’(2m)*. Then for |¢| < & we have
|pl(aei27rt)| < D/|aei2nt _a|u
— D/|eizm _ 1|/L
= D"2"|sin(mwt)|*
< D'm)*|t|*
= D"

and similarly
| pr(ae®™)| > d'2"|sin(t)|* > d'4*|t|* = d|t|*.

We repeat this construction for all the remaining roots of p;(z) on S' and for
all the remaining polynomials. The minimal occurring ¢ and d together with the
maximal occurring D will then work for all roots and polynomials and gives (i). It
is clear that since p;(z) is a polynomial, we can additionally achieve (ii) and (iii)
by making ¢ smaller, if necessary. |

Proof of Proposition 2. For any two matrices M, N € M(n,n;C) we have the

inequalities of singular values foreacht =1,...,n
on(M)o:(N) < 0/(MN) < 01(M)o:(N), (D
0t(M)on(N) < 0:(MN) < 0:(M)o1(N), (2)

as given for instance in [8, 24.4.7 (¢), p. 24-8]. Here, as usual, the singular values
are listed in nonincreasing order. Of course the second inequality follows from
the first because o; (M) = o,(M ). We apply these inequalities to our setting as
follows. Let m = max{r, s} and view the matrices A; as lying in M(mi,mi;C)
by embedding A; in the upper left corner of an (mi x mi)-matrix, filling up the
remaining entries with zeros. If r < s we consider S; as an element of GL(mi; C)
by overwriting the upper left block of an (mi x mi)-identity matrix with S; and
similarly for 7; in place of S; if r > 5. Since both S and 7" are invertible over
the group ring C[Z], it follows from [10, Lemma 13.33, p. 466] that the spectrum
of rézg* and r;z%* is contained in [C~!, C] for some C > 1. Since the operator
norm of the projection map L'(G) — L'(G/G;) is bounded by one, it follows
that the eigenvalues of (SS*); and (T T*); are likewise constrained to lie within
[C~!, C]. Therefore Cc2 < 04(S;),0,(T;) < C? foreacht = 1,...,mi so that
the inequalities (1) and (2) give

Clo,((SAT)i) < 0:(A;) < Co: ((SAT);). 3)
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The special case t = rank¢(A4;) gives
C Lot ((SAT);) <o (4;) < Cot((SAT),). 4)
Next we show that there is M > 0 such that
l<m¥(4) <M (5)

for all sufficiently large i. To this end, let r; = rank¢ 4; sothato ™ (4;) = or; (A;).
Let o be the maximal occurring multiplicity among the roots of pi(z) on S!.
Lete > 0and d, D > 0 be the constants from Lemma 2 applied to the polynomials
p1(2), ..., pr(z) which form the diagonal of the matrix SAT. Pick a positive
integer

2, L
K><C D)“°+1 ©6)
and set § = %8“0. Now we consider i so large that at least 2K of the i-th roots
of unity lie in any open §-ball around any point on S!. By Lemma 2 (i) and (ii),
evaluating the function | p;(z)| in the 2K roots of unity closest to any roota € S'!
gives values smaller than D(%s“O)M < de"o where pu was the multiplicity of
a. So if N denotes the sum of the number of distinct roots of each p;(z), then
by Lemma 2 (iii) the first 2K N (positive) singular values of (SAT); are given
by evaluating some |p;(z)| within the e-ball of some root. By the pigeon hole
principle there is one root a € S! of some p;(z) such that K singular values
among the smallest 2K N singular values of (SAT); are given by evaluating | p; (2)]
at the K closest i -th roots of unity on one side of the root a. Again we denote the
multiplicity of a by . Using the monotonicity asserted by Lemma 2 (ii) this gives

2 _
0r—ank ((SAT);) = | p(ae™ T K=D))|,

Applying Lemma 2 (i) and inequality (6) we get

e o) > a (K1) g (KL cap(ly™.

Letao € S be any root of py (z) with multiplicity so. There is an i -th root of unity
& # aop which encloses an angle of at most 27” with ag. Applying Lemma 2 (i)
again we obtain

1\ o 27
C*D(5)" = Clprlaoe™ )] = Clpi(t)] = CPo™ (SATY).

So setting M = 2NK we have o,,—p ((SAT);) > C*0F((SAT);) for every large
enough ;. From inequality (3) we conclude

or—m(Ai) = C 1oy, _u ((SAT);) > Co ™ ((SAT)) = o (4i)

which proves inequality (5).
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Finally note that the inequality | p;+1(z)| < |pi(2)| gives

o T ((SAT);) = o ((p(2)))-

Inequalities (4) thus yields

log (7Au) w) < log (m{42) o
log(C~'o* ((pi(2))i )) — Y T log(Cot ((pr(2))i)
We can rewrite the outer terms as
+ ) +(4.
log ("1A0) _ log ("7 + log (7, )

log(C*1ot((pk(2))i))  log (o (pr(2)1)) (1 £ k,g(gff%)
Since the multiplicities are bounded according to inequality (5), we see from this
that for an increasing sequence of positive integers (i;) we have lim; o a(4;;) =
c if and only if lim; e a(pi(2)i;) = c¢. As a consequence the sequences
(a(A;))iso0 and (x(pr(2)i))i>o share the same set of cluster points. Considering
integer sequences of the form (Ki;) for any positive integer K, the same goes for
the nets («(A4;))ier and («(px(2)))ier. This clearly implies the proposition. [

This answers Question 1 (a) affirmatively for the case G = Z.

5. The case of a virtually cyclic group

Finally let G be infinite virtually cyclic so that G contains an infinite cyclic
subgroup Z < G with [G:Z] = n < oo. By going over to the nor-
mal core, if need be, we can and will assume that Z is a normal subgroup.
We choose representatives g; € G such that Z\G = {Zgi,...,Zgn}. Let
A € M(r,s; CG). Right multiplication with A defines a homomorphism (CG)" —
(CG)* of left CG-modules. If we consider CG, the free left CG-module of
rank one, as a left CZ-module, then it is free of rank n and a basis is given by
g1,---,8n € CG. Accordingly, viewing right multiplication with A as a homo-
morphism (CZ)™ — (CZ)’" of left CZ-modules, it is given by right multipli-
cation with the matrix resg(A) € M(rn,sn; CZ) that results from A by replacing
the (p.g)-thentry 3" . Ag*? ¢ with the (n x n)-matrix over CZ whose (u, v)-th
entry is ) ,c» A;;_qlhgvh forl <u,v <n.

Let Z; be the unique subgroup of Z with [Z : Z;] = i. Then [G : Z;] = ni
and Z; is normal in G because Z; is characteristic in Z.
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Proposition 3. We have resg (A); = A;j as elements in M(rni, sni; C).

Proof. We pick representatives Z;\Z = {Z;hy,...,Z;h;} and verify that for
I<p<randl <qg <saswellas 1 <u,v <n we have

i
(resg(A)i)(p—l)n+u,(q_l)n+v = Z( Z Ap qlhh/g )Zihl-

I=1 heZzZ;
Multiplication with a fixed coset Z; iy gives

i

Zith( 2 Wlhh,gv)z"h’ - Z( > )‘ﬁ;‘h,:lhhzgv)zih"

I=1 heZzZ; I=1 heZ;
Hence resg (A); is realized over C by replacing the entry at

(p—Dn+u.(g—Nn+v)
with a (circulant) (i x i)-matrix whose (k, /)-th entry is
Z Agu lh lhhlgv
heZ;

To realize A; as a matrix over C we now use our chosen representatives to list
the cosets of Z;\G in this order as

{Zihlgl,...,Zihigl, ,Zihlg,,,...,Zl-hl-gn}.

Again we compute for 1 < p <rand1 < g <saswellas1 < u,v < n and
1 <k <i that

_ Py P .
Zihygu E Ag Zig = Z A(hkgu)_lgzlg
geiG geG

- ZZ > Ap—lh Ui g, 218V

v=1]=1heZ;

Thus A; is realized over C by replacing the (p, g)-th entry with the (ni x ni)-

matrix whose entry at (u — 1)i +k, (v — 1)i +1)is 3 ;7. AP —lh Uhhie . Thus

the C-matrices resg, (A)i and A; coincide. O

Proposition 4. Let F(Z) and F(G) denote the full residual systems of Z and G,
respectively. Suppose a® (A) < oo™, then

llmlnfa(A )= llmlnfa(A ) and limsupa(A4;) = limsupa(4;).
i€F(Z) €EF(G i€F(Z) ieF(G)
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Proof. Let ¢ be a cluster point of the net (x(A4;))icr(z) and let H < G be a
finite index normal subgroup representing some element in F(G). Then there are
upper bounds j of H N Z in F(Z) C F(G) with «(A;) arbitrarily close to c.
Conversely, let ¢ be a given cluster point of the net («(4;));er() and consider
Z; < Z. Then Z; represents an element in F(G), thus there are upper bounds
J of Z; in F(G), which actually lie in F(Z), with «(A;) arbitrarily close to c.
Thus the set of cluster points agrees for the nets («(A4;))icr(z) and («(4;))ieF(G)
which in particular implies the proposition. O

Now we are in the position to complete the proof of our main result.

Proof of Theorem 2. 1t follows from [10, Theorem 1.12 (6), p. 22] that for the spec-

tral distribution functions we have F.z(4(A) = nFa(A), hence a@) =

a® (resg (A)). Together with the preceding section, Proposition 3 and Proposi-
tion 4 we obtain

a@(4) = a® (res&(4))

= lim sup a(resZ (A);)
ieF(2)

= lim sup «(A4;)
ieF(Z)

= lim sup «(4;).
ieF(G)

This answers Question 1 (a) in the affirmative for ' = C and thus for any subfield.
In Section 3.1 we gave an example answering Question 1(b) in the negative for
F = @ and thus for every larger field. |

6. The lower limit of alpha numbers

In this final section we give the proof of Theorem 3. Recall our definition of Baker
constants from the end of Section 2.1.

Theorem 8. Let a # 1 be an algebraic number on the unit circle and let D be

a Baker constant of the pair (a,—1). Then for all n > 2 with a" # 1 we have
-D

la™ — 1| = #5—.

Proof. The principal value logarithm satisfies [log(1 + z)| < 2|z| for |z| < % and
is additive up to some integer multiple of 2ri. If |a” — 1| > %, there is nothing to
prove. Otherwise we have

1>2la" — 1] > [log(a")| = |nloga + 2mik| = |nloga + 2k log(—1)],
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so if a” # 1, Theorem 7 gives 2|a” — 1| > max{n,2|k|}~P. Moreover, the
inequalities 1 > |nloga + 2nik| and |loga| < & imply

1 + njloga 1 n

k| < 1+ nflogal < 4=
2 2 2

which is equivalent to |k| < 7 because k and n are integers. Thus we obtain
2|a™ — 1| > n~P as desired. O

The mere existence of some D > 0 giving the estimate of the theorem also
serves as the main ingredient for [10, Lemma 13.53, p. 478]. The latter is just the
(1x1)-case of the Fuglede—Kadison determinant approximation conjecture for the
group Z. We recapped a proof here, however, in order to identify the constant D
as the Baker constant in Theorem 7. This has the virtue that the many estimates on
D in the literature lead to explicit lower bounds on our liminf;cr @ (A4;) as we will
see in the subsequent corollary. We admit that the practical value of these bounds
is limited because the values for D given in the literature are typically astronomic.
The constantin [2, Theorem 2], for example, is D = (32d)*°° times a logarithmic
function in the height of a, where d is the degree of a.

Corollary 1. Let G be a virtually cyclic group and let A € M(r,s; QG) with
a@(A) < cot. Choose an infinite cyclic normal subgroup Z < G of finite index
and let py(z) be the maximal invariant factor of resg (A). We denote the zeros of
pi(z) on S' by ay,...,ay, and let D be the maximal occurring Baker constant
D = D(as,—1) fora; # 1. Then

@)

o

liminf w(4;) > :

mpnfe(d) = 3775

Proof. Again let 1y be the maximal multiplicity amongst the roots ay, ..., a, of
the polynomial py(z) which lie on S!. As explained in the previous two sections

we have
a@(4) = a(2)(resg(A)) =a@ (pi(2)) = %-

Fix ¢ > 0 and consideri > 2%, Let ¢; be a primitive i -th root of unity. For every a,
which is not an i-th root of unity, Theorem 8 gives us |a} — 1| > 2i =P > i ~(P+¢)
and therefore .
! |a; — 1] 1
lar =8|l = =757~ = &)
—1 _i—j—1,1 iD+1+e
| Z}—o a;’ &’ | !

forevery l = 0,...,i — 1. Let &; be the (or an) i-th root of unity for which
ot (pr(2)i) = |pr(&)|. Letc, d, i and § be the constants from below the proof
of Proposition 1. As before, for large enough i there is one and only one root a, ;)
of pi(z) with multiplicity p, ) that lies within the open §-ball around &;. If a, ;)
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is an i-th root of unity and i is large enough, then &; must be one of the two i-th
roots of unity adjacent to a,(;) so that we get

LT 1
lary — &l = 2sin (3) = - ©)
So in any case, either from equation (8) or from equation (9), we get

" N _ lc|d §H—Hr@ lc|cd 8*
o (pk(Z)l) - |pk(gl)| 2 i(D+1+8)Mr(i) 2 i(D+1+3)MO'

Since again m™ (px(z);) < 2u for large i, it follows that

1 a®(A)
liminf o z);) > = .
i—00 (Pr( )l)_(D—l—l—i—s),u,o (D +1+e¢)

with arbitrary ¢ > 0. Lemma 1, Proposition 2, Proposition 3 and Proposition 4
finish the proof. |

Of course, this also completes the proof of Theorem 3.

References

[1] H. Abbaspour and M. Moskowitz, Basic Lie theory. World Scientific Publishing,
Hackensack, N.J., 2007. Zbl 1137.17001 MR 2364699

[2] A. Baker, The theory of linear forms in logarithms. In A. Baker and D. W. Masser
(eds.), Transcendence theory: advances and applications. (Cambridge, 1976) Aca-
demic Press, New York and London, 1977, 1-27. Zbl 0361.10028 MR 0498417

[3] J. W. S. Cassels, An introduction to Diophantine approximation. Cambridge Tracts in
Mathematics and Mathematical Physics, 45. Cambridge University Press, New York,
1957. Zbl 0077.04801 MR 0087708

[4] A. Gel’fond, On the approximation of transcendental numbers by algebraic numbers.
Dokl. Akad. Nauk SSSR 2 (1935),177-182. In Russian. JFM 61.0184.03 Zbl 0011.33901

[S] A. Gel'fond, On the approximation of algebraic numbers by algebraic numbers and
the theory of transcendental numbers. Bull. Acad. Sci. URSS. Sér. Math. [Izvestia
Akad. Nauk SSSR] 5-6 (1939). 509-518. In Russian. JEM 65.1158.01 Zbl 0024.25103
MR 0001773

[6] A. Gel'fond, On the algebraic independence of transcendental numbers of cer-
tain classes. Uspehi Mat. Nauk SSSR 5 (1949), 14-48. In Russian. Zbl 0039.04401
MR 0031950

[7] M. Gromov and M. A. Shubin, Von Neumann spectra near zero. Geom. Funct. Anal. 1
(1991), no. 4, 375-404. Zbl 0751.58039 MR 1132295


http://zbmath.org/?q=an:1137.17001
http://www.ams.org/mathscinet-getitem?mr=2364699
http://zbmath.org/?q=an:0361.10028
http://www.ams.org/mathscinet-getitem?mr=0498417
http://zbmath.org/?q=an:0077.04801
http://www.ams.org/mathscinet-getitem?mr=0087708
http://zbmath.org/?q=an:61.0184.03
http://zbmath.org/?q=an:0011.33901
http://zbmath.org/?q=an:65.1158.01
http://zbmath.org/?q=an:0024.25103
http://www.ams.org/mathscinet-getitem?mr=0001773
http://zbmath.org/?q=an:0039.04401
http://www.ams.org/mathscinet-getitem?mr=0031950
http://zbmath.org/?q=an:0751.58039
http://www.ams.org/mathscinet-getitem?mr=1132295

(8]

(9]

[10]

(1]

[12]

Approximating Novikov—Shubin numbers 1251

L. Hogben (ed.), Handbook of linear algebra. Second edition. Discrete Mathematics
and its Applications (Boca Raton). CRC Press, Boca Raton, FL, 2014. Zbl 1284.15001
MR 3013937

W. Liick, Approximating L>-invariants by their finite-dimensional analogues. Geom.
Funct. Anal. 4 (1994), no. 4, 455-481. Zbl 0853.57021 MR 1280122

W. Liick, L2-invariants: theory and applications to geometry and K -theory. Ergeb-
nisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys
in Mathematics, 44. Springer-Verlag, Berlin, 2002. Zbl 1009.55001 MR 1926649

W. Liick, Survey on approximating L>-invariants by their classical counterparts. EMS
Surv. Math. Sci. 3 (2016), no. 2, 269-344. Zbl 06669852 MR 3576534

K. Schmidt, Dynamical systems of algebraic origin. Progress in Mathematics, 128.
Birkhéuser Verlag, Basel, 1995. Zbl 0833.28001 MR 1345152

Received November 3, 2015

Holger Kammeyer, Institute for Algebra and Geometry, Karlsruhe Institute of Technology,
76128 Karlsruhe, Germany

home page: http://www.math kit.edu/iag7/~kammeyer/

e-mail: holger kammeyer @kit.edu


http://zbmath.org/?q=an:1284.15001
http://www.ams.org/mathscinet-getitem?mr=3013937
http://zbmath.org/?q=an:0853.57021
http://www.ams.org/mathscinet-getitem?mr=1280122
http://zbmath.org/?q=an:1009.55001
http://www.ams.org/mathscinet-getitem?mr=1926649
http://zbmath.org/?q=an:06669852
http://www.ams.org/mathscinet-getitem?mr=3576534
http://zbmath.org/?q=an:0833.28001
http://www.ams.org/mathscinet-getitem?mr=1345152
http://www.math.kit.edu/iag7/~kammeyer/
mailto:holger.kammeyer@kit.edu

	Introduction
	Preliminaries
	The case of a single Laurent polynomial
	The case of a matrix of Laurent polynomials
	The case of a virtually cyclic group
	The lower limit of alpha numbers
	References

