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Abstract. We study the intersection of finitely generated factor-free subgroups of free
products of groups by utilizing the method of linear programming. For example, we prove
that if H; is a finitely generated factor-free noncyclic subgroup of the free product G * G2
of two finite groups G1, G2, then the WN-coefficient o (H1) of H; is rational and can be
computed in exponential time in the size of H;. This coefficient o(H1) is the minimal
positive real number such that, for every finitely generated factor-free subgroup H» of
G * Gy, itis true that 7(Hy, Hy) < o(H)1(H1)T(H>), where T(H) = max(r(H) — 1,0)
is the reduced rank of H, r(H) is the rank of H, and r(H, H>) is the reduced rank of the
generalized intersection of Hy and H». In the case of the free product G| * G of two finite
groups G1, G2, it is also proved that there exists a factor-free subgroup H} = H; (Hp)
such that I(Hy, Hy) = o (H)T(H)T(H}), H} has at most doubly exponential size in the
size of Hy, and H2* can be constructed in exponential time in the size of H;.
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1. Introduction

Let Gy, o € I, be some nontrivial groups and let F = ]_[;ie ; Go denote the free
product of these groups. According to the classic Kurosh subgroup theorem [20]
and [21], every subgroup H of ¥ is a free product F(H) * ]_[* la,y Hoyly, },, where
Hyg,y is a subgroup of G, to,, € F, and F(H) is a free subgroup of F such that,
for every s € F and y € 1, it is true that F(H) N sG,s™! = {1}. We say that
H is a factor-free subgroup of ¥ if H = F(H) in the above form of H, i.e., for
every s € Fand y € I, we have H N sG,s™! = {1}. Let r(F) denote the rank of
a (finitely generated) free group F. Since a factor-free subgroup H of ¥ is free,
the reduced rank 1(H) := max(r(H) — 1,0) of H, where r(H) is the rank of H,
is well defined.

Letg* = ¢*(Gy, o € I) denote the minimum of orders > 2 of finite subgroups
of groups Gy, @ € I, and let ¢* := oo if there are no such subgroups. It is clear
that either ¢* is an odd prime or ¢* € {4,00}. If ¢* = oo, define qZ—iz = 1.
Dicks and the author [6] proved that if H; and H, are finitely generated factor-
free subgroups of F, then

*

q
q*—2

t(Hy N Hy) <2 T(H1)T(H>). (1
Dicks and the author [6] conjectured that if groups G, « € [, contain no
involutions, then the coefficient 2 could be left out and

*

f(H1 N Hy) <

I(H1)f(H>). (2)
q* =2

This conjecture can be regarded as a far reaching generalization of the Hanna
Neumann conjecture [23] on rank of the intersection of subgroups in free groups.
Recall that the Hanna Neumann conjecture [23] claims that if Hy, H, are finitely
generated subgroups of a free group, then 1(H, N H,) < t(H,)1(H3). For more
discussion, partial results and proofs of this conjecture the reader is referred to
[41, [5], [8], [18], [22], [24], [27], and [28].

The conjecture (2) is established by Dicks and the author [7] in the case when
F is the free product of two groups of order 3 in which case ¢* = 3 and (2) turns
into

r(Hy N Hy) <

- 2f(H1)f(H2) = 3r(H)I(H>).
Another special case in which the conjecture (2) is known to be true is the case
when JF is the free product of infinite cyclic groups, i.e., & is a free group, as
follows from Friedman’s [8] and Mineyev’s [22] proofs of the Hanna Neumann
conjecture, see also Dicks’s proof [5]. In this case ¢* = oo and the inequality (2)
turns into

t(Hy N Hz) < t(H1)T(H2). (3)
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More generally, the inequality (3) also holds in the case when J is the free
product of right orderable groups as follows from results of Antolin, Martino,
and Schwabrow [1], see also [18]. We mention that it follows from results of [6]
that the conjectured inequality (2) is sharp and may not be improved.

In an attempt to improve on the bound (1) in a special case, Dicks and the
author [7] showed that

(4+2v3)p
(2p — 3+ /3)2

F(H 0 H) < (2- ) SIS THDiCH:) )

for finitely generated factor-free subgroups H;, H, of the free product C, * C,, of
two cyclic groups of prime order p > 2.

Note that for p = 3 the inequality (4) yields the conjectured inequality (2).
However, for prime p > 5, the problem whether the inequality (2) holds for the
free product of two cyclic groups of order p remains open and seems to be the
most basic and appealing case of the conjecture (2) for groups with torsion. In
this connection, we remark that the ideas of articles [1], [5], [8], and [22] do not
look to be applicable to the case of free products with torsion and shed no light
on the conjecture (2) for free products of groups with torsion, especially, for free
products of finite groups.

In this article, however, we will not attempt to prove or improve on any upper
bounds. Instead, we will look at generalized intersections of finitely generated
factor-free subgroups in free products of groups from a disparate standpoint and
prove results of quite different flavor by utilizing the method of linear program-
ming.

First we recall a stronger version of the conjecture (2) that generalizes the
strengthened Hanna Neumann conjecture which was put forward by Walter Neu-
mann [24] for subgroups of free groups. Let H; and H, be finitely generated
factor-free subgroups of an arbitrary free product F = []5.; Go of groups G,

a € I, let the number q,’fiz be defined for F as above, and let S(H;, H;) denote
a set of representatives of those double cosets H;tH, of F, t € F, that have the
property Hy NtH,t~' # {1}. Then the strengthened version of the conjecture (2)

claims that

q*

t(Hi, Hy) := Zf(H1 NsHys 1) < 3

seS(Hy,H>)

I(H1)T(H>), ®)

where 1(H1, H») is the reduced rank of the generalized intersection of H; and H»
consisting of subgroups Hy N sHys™ 1, s € S(Hy, Hy).

Let K¢(F) denote the set of all finitely generated noncyclic factor-free sub-
groups of the free product F. Pick a subgroup H; € Kg(F). We will say that a
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real number o (H1) > 0 is the Walter Neumann coefficient for Hy, or, briefly, the
WN-coefficient for H,, if, for every H, € K¢(F), we have

f(Hl , Hz) < O'(Hl)l_‘(Hl)f(Hz) (6)
and o (H) is minimal with this property. Clearly,

t(Hy, H>) }

o(Hy) = supy, {m

over all subgroups H, € K (F).
For every integer d > 3, we also define the number

t(Hy, H>) }

H(H)T(Hy) @

0a(Hy) = supp, |
over all subgroups H, € K¢(F, d), where Kg(F, d) is a subset of K¢ (F) consisting
of those subgroups whose irreducible core graphs have all of its vertices of degree
at most d, see Section 2 for definitions. This number o; (H1) is called the WN-
coefficient for H;. Since K(F, d) € K (F, d + 1), it follows from the definitions
that o4 (H1) < 04+1(H1) < 0(Hy) and sup,{og(H1)} = o (Hy).

For example, it follows from results of [6] and [7] mentioned above that if
J = Cp * Cp is the free product of two cyclic groups of prime order p > 2 and
H, € Xg(F), then

LSUd(Hl)SO(HI)S(z— (“4+2v3)p ) P
p—2 p

(2p -3+ /3)2 -2

The main technical result of this article is the following.

Theorem 1.1. Suppose that F = Gy x G, is the free product of two nontrivial
groups G1, G, and H\ is a finitely generated factor-free noncyclic subgroup of F.
Then the following are true.

(a) For every integer d > 3, there exists a linear programming problem
(LP-problem)

P(Hy.d) = max{c(d)x(d) | A(d)x(d) < b(d)} ®)
with integer coefficients whose solution is equal to —o 4 (H1)t(H}y).

(b) There is a finitely generated factor-free subgroup HY of 3, HY = H}(H1),
such that Hy corresponds to a vertex solution of the dual problem

P*(Hy,d) = min{b(d) " y(d) | A(d)"y(d) = ¢(d)", y(d) = 0}
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of the primal LP-problem (8) of part (a) and
t(H1, Hy) = o4 (H)T(H1)t(Hy).

In particular, the WN4-coefficient 045 (H1) of H, is rational.

Furthermore, if W(Hy) and W(H}) denote irreducible core graphs represent-
ing subgroups Hy and H,, resp., and | EV| is the number of oriented edges
in the graph U, then

- 22\E\II(H1)\/4+10g210g2(4d)

|EV(H)|

(c) There exists a linear semi-infinite programming problem (LSIP-problem)
P(Hy) = sup{cx | Ax < b} with finitely many variables in x and with
countably many constraints in the system Ax < b whose dual problem

P*(Hy) = inf{b y [ ATy =cT, y =0}
has a solution equal to —o (H1)t(H1).

(d) Let the word problem for both groups Gi1, G2 be solvable and let an irre-
ducible core graph V(H1) of Hy be given. Then the LP-problem (8) of
part (a) can be algorithmically written down and the WN 4 -coefficient o4 (H1)
for Hy can be computed. In addition, an irreducible core graph V(H) of
the subgroup H; of part (b) can be algorithmically constructed.

(e) Let both groups G and G, be finite, let d,,, := max(|G1|, |G2|) > 3, and let
an irreducible core graph V(H,) of Hy be given. Then the LP-problem (8)
of part (a) for d = dy, coincides with the LSIP-problem P(H1) of part (c)
and the WN-coefficient o (Hy) for Hy is rational and computable.

It is worthwhile to mention that the correspondence between subgroups
H, € K(F,d) and vectors of the feasible polyhedron {y(d) | A(d)Ty(d) =
c(d)T, y(d) > 0} of the dual problem P*(H, d), mentioned in part (b) of Theo-
rem 1.1, plays an important role in proofs and is reminiscent of the correspondence
between (almost) normal surfaces in 3-dimensional manifolds and their (resp. al-
most) normal vectors in the Haken theory of normal surfaces and its generaliza-
tions, see [10], [11], [12], [16], and [19]. In particular, the idea of a vertex solution
works equally well both in the context of almost normal surfaces [16], see also [11]
and [19], and in the context of factor-free subgroups, providing in either situation
both the connectedness of the underlying object associated with a vertex solution
and an upper bound on the size of the underlying object.

Relying on the linear programming approach of Theorem 1.1, in the following
Theorem 1.2, we look at the computational complexity of the problem to compute
the WN-coefficient o (H;) for a factor-free subgroup H; of the free product of two
finite groups and at other relevant questions.
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Theorem 1.2. Suppose that F = G * G, is the free product of two nontrivial
finite groups G1, G, and Hy is a subgroup of F given by a finite generating set §
of words over the alphabet G; U G,. Then the following are true.

(a) In deterministic polynomial time in the size of 8, one can detect whether H,
is factor-free and noncyclic and, if so, one can construct an irreducible graph
W, (Hy) of Hy.

(b) If H; is factor-free and noncyclic, then, in deterministic exponential time in
the size of 8, one can write down and solve an LP-problem P = max{cx |
Ax < b} whose solution is equal to —o(H1)T(H1). In particular, the
W N -coefficient 0 (H1) of H; is computable in exponential time in the size

of 8.

(¢c) If Hy is factor-free and noncyclic, then there exists a finitely generated factor-
free subgroup H} = Hy(H,) of F such that

t(Hy, H}) = o (H\)t(H))T(H})

and the size of an irreducible core graph V(H}) of H} is at most doubly
exponential in the size of W(H1). Specifically,

22| EW(H1)|/4+logy logy (4dm)

[EW(HS)| < ,
where V(Hy) is an irreducible core graph of Hy, | EWV| denotes the number
of oriented edges of the graph V, and d,,, := max(|G1], |G2|).

In addition, an irreducible core graph V(H}) of Hy can be constructed
in deterministic exponential time in the size of 8 or V(H»).

It is of interest to observe that our construction of the graph W(H') is some-
what succinct (cf. the definition of succinct representations of graphs in [25])
in the sense that, despite the fact that the size of W(H}') could be doubly exponen-
tial, we are able to give a description of W(H') in exponential time. In particular,
vertices of W(H') are represented by exponentially long bit strings and edges
of W(H;) are drawn in blocks. As a result, we can find out in exponential time
whether two given vertices of W(H ') are connected by an edge.

The situation with free products of more than two factors is more difficult to
study and we will make additional efforts to obtain the following results.

Theorem 1.3. Suppose that F = [[,; G is the free product of nontrivial groups
Gy, a € I, and H, is a finitely generated factor-free noncyclic subgroup of F.
Then there are two disjoint finite subsets I, I> of the index set I such that if
G, = ]_[wel1 Gy, Gy = ]_[wel2 Gy, and T := Gy * Gy, then there exists a

finitely generated factor-free subgroup H, of F with the Jollowing properties.
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(a) F(H1) = T(H,), 04(H1) > 04(H,) for everyd > 3, and o (H,) > o(H)).
In particular, if the conjecture (5) fails for Hy then the conjecture (5) also
fails for H;.

(b) If the word problem for every group Gy, where o € 11 U I, is solvable and
a finite irreducible graph of H, is given, then the LP-problem CP(ﬁ 1,.d) for
H, of part (a) of Theorem 1.1 can be algorithmically written down and the
WNy-coefficient Ud(ﬁ 1) for H, can be computed.

(c) Let every group Gy, where o € 11 U I, be finite, let Hy be given either by a
finite irreducible graph or by a finite generating set, and let

dy = max{|l; U |, max{|Gy| | @ € I; U I1}}.

Then ogq,, (ﬁ 1) > o(Hy) and there is an algorithm that decides whether the
conjecture (5) holds for H;.

We remark that the proofs of Theorems 1.2—1.3 provide a practical deterministic
algorithm (with exponential running time, though) to compute the WN-coefficient
o (H,) for a finitely generated factor-free subgroup H; of the free product of two
finite groups and to determine whether a certain finitely generated factor-free
subgroup of a free product of finite groups satisfies the conjecture (5). It would
be of interest to implement this algorithm and experiment with it.

The article is structured as follows. In Section 2, we define basic notions
and recall geometric ideas that are used to study finitely generated factor-free
subgroups and their intersections in a free product &. In particular, we define a
finite labeled graph W(H) associated with such a subgroup H of F. In Section 3,
we consider the free product ¥ = G; * G, of two nontrivial groups G1, G, and
introduce certain linear inequalities associated with the groups G, G, and with
the graph W(H;) of H;, where H; is a finitely generated factor-free noncyclic
subgroup of F. Informally, these inequalities are used for construction of cores
of potential fiber product graphs W(H;) x W(H,), where H, is another finitely
generated factor-free subgroup of ¥, and for subsequent translation to linear
programming problems. More formally, these inequalities enable us to define
an LP-problem max{c(d)x(d) | A(d)x(d) < b(d)}, corresponding to W(H)
and to an integer d > 3, and to define an LSIP-problem sup{cx | Ax < b},
corresponding to W(H;). We also consider and make use of the dual problems of
the primal problems

max{c(d)x(d) | A(d)x(d) <b(d)}, sup{cx|Ax <b}.

Basic results and terminology of linear programming are discussed in Section 4.
These LP-, LSIP-problems, and their dual problems are investigated in Sections 3
and 4. In Section 5, we look at the case of free products of more than two groups
and prove a few more technical lemmas. Proofs of Theorems 1.1-1.3 are given in
Section 6.
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2. Preliminaries

Let Gy, @ € I, be nontrivial groups, let ¥ = ]_[:';E ; Go be their free product, and
let H be a finitely generated factor-free subgroup of ¥, H # {1}. Consider the
alphabet A = | J,c; Go, Where G, N Gy = {1} if o # .

Analogously to the graph-theoretic approach of articles [6], [7], [13], [14],
[15], [17], and [18], we first define a labeled A-graph W(H) which geometrically
represents H in a manner similar to the way Stallings graphs represent subgroups
of a free group, see [27].

If T is a graph, VT denotes the vertex set of I' and ET" denotes the set of
oriented edges of I'. For e € ET let e_, e4 denote the initial, terminal, resp.,
vertices of e and let e~! be the edge with the opposite orientation, where e ™! # e

foreverye € ET, (e™)_ =e4, (e =e_.
A path p = e;...ex in T is a sequence of edges ey, ..., ex such that (¢;)+ =
(ei+1)—, i = 1,...,k — 1. Define p_ := (e1)-, p+ := (er)+, and |p| := k,

where |p| is the length of p. We allow the possibility that p = {p_} = {p+}
and |p| = 0. A path p is closed if p—- = py. A path p is called reduced if p
contains no subpaths of the form ee™!, e € ET. A closed path p = e ...e; is
cyclically reduced if |p| > 0 and both p and the cyclic permutation e; ... exe;
of p are reduced paths. The core of a graph I", denoted core(I"), is the minimal
subgraph of I" that contains every edge e which can be included into a cyclically
reduced path in I'.

Let W be a graph whose vertex set IV W consists of two disjoint nonempty parts
VpW, Vs, so VW = VpW U VgW. Vertices in VpW are called primary and
vertices in VsW are called secondary. Every edge e € EW connects primary and
secondary vertices, hence, W is a bipartite graph.

W is called a labeled A-graph, or briefly A-graph, if ¥ is equipped with
functions

0 EV — A, 0:Vs¥ — 1

such that, for every edge e € EW, it is true that
ple)e A=|)GCa. o™ =0
ael

and, if e € Vg, then ¢(e) € G4, where @ = 9(ey).
If e, € VsV, define

B(e) :=0(ey), 0O(el) :=06(ey)

and call f(e4), 0(e) the type of a vertex e4 € Vs W and of an edge e € EW. Thus,
for every e € EW, we have defined an element ¢(e) € A, called the label of e, and
an element 6(e) € I, called the type of e.
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The reader familiar with van Kampen diagrams over a free product of groups,
as defined in [21], will recognize that our labeling function ¢: E¥ — A is
defined in the way analogous to labeling functions on van Kampen diagrams
over free products of groups. Recall that van Kampen diagrams are planar 2-
complexes whereas graphs are I-complexes, however, apart from this, the ideas of
cancellations and edge folding work equally well for both diagrams and graphs.

An A-graph W is called irreducible if the following properties (P1)—(P3) hold
true.

(P1) Ife, f € EW,e_ = f_ e VpW,and ey # f4, then 8(e) # 6(f).

(P2) Ife, f € EV,e # f,and ey = f1 € Vg, then ¢(e) # ¢(f) in Go().

(P3) W has no multiple edges, deggv > 0 for every v € VW, and there is at most
one vertex of degree 1 in W which, if exists, is primary.

Suppose W is a connected finite irreducible A-graph and a primary vertex
o € VpV is distinguished so that degy, 0 = 1 if W happens to have a vertex of
degree 1. Then o is called the base vertex of ¥ = ,,.

As usual, elements of the free product F = [[,.; G, are regarded as words
over the alphabet A = | J,c; Go, Where Go NGy = {1} if & # o’. A syllable of a
word W over A is a maximal nonempty subword of W all of whose letters belong
to the same factor G,. The syllable length |W || of W is the number of syllables
of W, while the length |W| of W is the number of all letters in W. For example,
ifai,az € Gg, then |a11a2| =3, ||a11a2|| =1, and |1| = ||1|| = 1.

A nonempty word W over A is called reduced if every syllable of W consists
of a single letter. Clearly, |W| = ||W|| if W is reduced. Note that an arbitrary
nontrivial element of the free product F can be uniquely written as a reduced
word. A word W is called cyclically reduced if W? is reduced. We write U 2w

if words U, W are equal as elements of F. The literal (or letter-by-letter) equality
of words U, W is denoted U = W.

If p=e;...exis apathin an A-graph ¥ and ey, ..., e, are edges of W, then
the label p(p) of p is the word ¢(p) := p(e1)...p(ex).

The significance of irreducible A-graphs for geometric interpretation of factor-
free subgroups H of ¥ is given in the following lemma.

Lemma 2.1. Suppose H is a finitely generated factor-free subgroup of the free
product F = [[he; Ga, H # {1}. Then there exists a finite connected irreducible
A-graph ¥ = V,(H), with a base vertex o, such that a reduced word W over the
alphabet A belongs to H if and only if there is a reduced path p in V,(H) such

that p— = py = o, ¢(p) 2Wwin F, and | p| = 2|W|.
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In addition, assume that all factors Gy, o € I, are finite and V1, ..., Vi are
words over A. Then there is a deterministic algorithm which, in polynomial
time depending on the sum |Vi| + --- + |Vi|, decides whether the subgroup
Hy = (W1,..., V), generated by V1, ..., Vy, is factor-free and, if so, constructs
an irreducible A-graph V,(Hy) for Hy.

Proof. The proof is based on Stallings’s folding techniques and is somewhat
analogous to the proof of van Kampen lemma for diagrams over free products
of groups, see [21] (in fact, it is simpler because foldings need not preserve the
property of being planar for diagrams).

Let Hy = (V1,..., V) be a subgroup of F, generated by some words
Vi, ..., Vi over A. Without loss of generality we can assume that Vi, .. ., Vj arere-
duced words. Consider a graph ¥ which consists of k closed paths p;. ..., px such
that they have a single common vertex o = (p;)—, and |p;| = 2|Vi|,i = 1,...,k.
We distinguish o as the base vertex of ¥ and call o primary, the vertices adja-
cent to o are called secondary vertices and so on. Denote V = a;,1 ...a; ¢;, where
a;j € Aareletters,i = 1,....k,andlet p; = e; 1 fi,;1...eiy, fig;» Wheree; ;, fi ;
are edges of the path p;. The labeling functions ¢, 6 on the path p; are defined so
that if ajj € Ga(i,j)’ then

0(eij) == ali.j).  0(fi;)=al.j),
plei ;) == ai;bi ;. ¢(fij) = bij,
where b; ; is an element of the group G, j)-

Clearly, o(p;) = V; in Fforalli = 1,..., k.

It is also clear that ¥ = U, is a finite connected A-graph with the base vertex
o that has the following property.

(Q) A word W € ¥ belongs to H if and only if there is a path p in W, such that
p—=ps=oandp(p) = W.

However, lTJO need not be irreducible and we will do foldings of edges in
U, which preserve property (Q) and which are aimed to achieve properties (P1)
and (P2).

Assume that property (P1) fails for edges e, f with e_ = f_ € VpW, so that
et # f1+and f(e) = 0(f). Letus redefine the labels of all edges e’ with e/, = e
so that ¢(e’)p(e) ! does not change and ¢(e) = ¢(f) in Gg(). This can be done
by multiplication of ¢-labels on the right by ¢(e)~'¢( f). Since ¢(e) = ¢(f) and
f(e) = 0(f), we may now identify the edges e, f and vertices ey, f4. Observe
that this folding preserves property (Q) ((P2) might fail) and decreases the total
edge number | EW,|. This operation changes the labels of edges and can be done
in time polynomial in | V| +-- -4 | V| if all factors G4, « € I, are finite. Note that
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if G4 were not finite, then there would be a problem with increasing space needed
to store p-labels of edges and subsequent computations with larger labels.

If property (P2) fails for edges e, f and ¢(e) = ¢(f) in Gg(), then we identify
the edges e, /. Note property (Q) still holds ((P1) might fail) and the number
|EW,| decreases.

Suppose property (P3) fails and there are two distinct edges e, f in ¥, such
thate- = f_and e, = fy € VsW,. If p(e) # o(f) in Go(e), then a conjugate
of p(e)p(f)™! € Gy is in Hy, hence we conclude that Hy is not factor-free.
So we may assume that ¢(e) = ¢(f) in Gg). Then we identify the edges e, f,
thus preserving property (Q) and decreasing the number |EW, |. If property (P3)
fails so that there is a vertex v of degree 1, different from o, then we delete v along
with the incident edge. Clearly, property (Q) still holds and the number |E W, |
decreases.

Thus, by induction on |EW,| in polynomially many (relative to Zf;l [Vil)
steps as described above, we either establish that the subgroup Hy is not factor-
free or construct an irreducible A-graph ¥, with property (Q).

It follows from the definitions and from property (Q) of the graph W, that Hy
is factor-free (see also Lemma 2.2). Other stated properties of W, are straightfor-
ward.

Finally, we observe that if all factors G,, @ € I, are finite, then the space
required to store the g-label of an edge of intermediate graphs is constant and
multiplication (or inversion) of ¢-labels would require time bounded by a constant.
Therefore, the above procedure implies the existence of a polynomial algorithm
for finding out whether a subgroup Hy = (V1,..., Vi) of F is factor-free and for
construction of a finite irreducible A-graph ¥, for Hy . O

The following lemma further elaborates on the correspondence between finitely
generated factor-free subgroups of the free product F and finite irreducible A-
graphs.

Lemma 2.2. Let YV, be afinite connected irreducible A-graph with the base vertex
oandlet H = H(V,) be a subgroup of the free product F that consists of all words
©(p), where p is a path in Y, such that p— = p+ = o. Then H is a factor-free
subgroup of F andt(H) = —y(V,), where

1
1(Wo) = [VW,| — ElE\pol
is the Euler characteristic of V.

Proof. This follows from the facts that the fundamental group 71 (¥,, 0) of Y, at
o is free of rank —y(¥,) + 1 and that the homomorphism 7; (¥,,0) — ¥, given
by p — ¢(p), where p is a path with p_ = p; = o, has the trivial kernel in view
of properties (P1) and (P2). O



1124 S. V. Ivanov

Suppose H is a nontrivial finitely generated factor-free subgroup of a free
product F = ]_[Z:e ;1 Go, and W, = ¥, (H) is a finite irreducible A-graph for H as
in Lemma 2.1. We say that WV, (H) is an irreducible graph of H.

Let W(H) := core(VY,(H)) denote the core of an irreducible graph ¥,(H) of
H. Clearly, W(H) has no vertices of degree < 1 and W(H) is also an irreducible
A-graph. We say that W(H ) is an irreducible core graph of H.

It is easy to see that an irreducible graph W,(H) of H can be obtained back
from an irreducible core graph W(H ) of H by attaching a suitable path p to W(H)
so that p starts at a primary vertex o, ends in p4 € VpW(H ), and then by doing
foldings of edges as in the proof of Lemma 2.1, see Figure 2.1.

W(H) =
coreV,(H)

Figure 2.1

Now suppose H;, H» are nontrivial finitely generated factor-free subgroups
of F. Consider a set S(H;, H,) of representatives of those double cosets H;tH,
of F, t € 7, that have the property H; N tHyt™' # {1}. For every s €
S(Hy, H,), define the subgroup Ky := H; N sH,s™'. Similarly to articles
[13], [14], [15], [17], and [18] and analogously to the case of free groups, see [4]
and [24], we now construct a finite irreducible A-graph W(H;, H,), also denoted
core(W(H1) x W(H>)), whose connected components are irreducible core graphs
V(Ky),s € S(Hy, Hp).

First we define an A-graph W, (H;, H>). The set of primary vertices of
V! (Hy, Hy) is VpW,(Hy, Hy) := VpW,, (Hy) x VpW,, (H3). Let

T VP\IJ(/,(Hl, Hy) — VpW¥,, (H;)

denote the projection map, 7; ((v1, v2)) = v;, i = 1,2.

The set of secondary vertices Vs W, (H;, H) of W, (H;, H>) consists of equiv-
alence classes [u]y, where u € VpW/ (Hy, Hy), « € I, with respect to the
minimal equivalence relation generated by the following relation ~ on the set
VpW!(Hy, Hy). Define v X w if and only if there are edges e;, f; € EW,, (H;)
such that

(ei)- =1 (), (fi)- =tu(w), (e)+ = (fi)+
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for eachi = 1,2, the edges e;, f; have type o, and g(e1)o( f1)~! = @(e2)p(f2)!
in Gg. It is easy to see that the relation ~ is symmetric and transitive on pairs and
triples of distinct elements (but it could lack the reflexive property).

The edges in W, (H,, H») are defined so that the vertices
ue VP\IJ;(HI,Hz) and [U]a € VS\IJ:)(HI,Hz)

are connected by an edge if and only if u € [v]q.
The type 6([v],) of a vertex [v]y € VsV, (H1, H>) is « and if

e€ EV)(H\,Hy), e—=u, et =1[v]y,

then ¢(e) := ¢(e1), where e; € EW,, (H;) is an edge of type o with (e;)- =
71(u), when such an e; exists, and ¢(e1) := gq, Where g4 € Gy, g # 1,
otherwise.

It follows from the definitions and properties (PI) and (P2) of W,,(H;),
i = 1,2, that W/ (H;, H>) is an A-graph with properties (P1) and (P2). Hence,
taking the core of W/ (H;, H»), we obtain a finite irreducible A-graph which we
denote by W(H;, H,) or by core(W(H;) x V(H>)).

It is not difficult to see that, when taking the connected component

! (Hy, H>,0)

of W/ (H;, H>) that contains the vertex o = (01, 02) and inductively removing
from W/ (Hy, H», 0) the vertices of degree 1 different from o, we will obtain an
irreducible A-graph W, (H; N H,) with the base vertex o that corresponds to the
intersection H; N H»> as in Lemma 2.1.

It follows from the definitions and property (P1) for W(Hj;),i = 1, 2, that, for
every edge e € EV(H,, Hy) with e— € VpW(H;, H,), there are unique edges
e; € EW(H,;) such that t;(e—) = (e;)—, i = 1,2. Hence, by setting z;(e) = e;,
ti(eq) = (ei)+,i = 1,2, we extend 7; to the graph map

w:U(Hy, Hy) — W(H;), i=1,2. )

It follows from the definitions that 7; is locally injective and 7; preserves syllables
of the word ¢(p) for every path p with primary vertices p_, py.

Lemma 2.3. Suppose Hy, H, are finitely generated factor-free subgroups of the
free product F and S(Hy, Hy) # @. Then the connected components of the
graph W(H{, H,) are core graphs W(H, N sH,s™') of subgroups Hy N sH,s™!,
s € S(Hy, H»). In particular,

t(Hy, Hy) = Zf(Hl NsHys™') = —y(V(H,, Ha)).
SES(H],Hz)

Proof. This is straightforward, details can be found in [18]. O
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3. The system of linear inequalities SLI[Y1]

In this section, we let ¥, = G1 * G, be the free product of two nontrivial groups
G1, Gy, let A := G U G, be the alphabet, G; N G, = {1}, and let Y; be a finite
connected irreducible A-graph such that core(Y;) = Y7 and1(Y;) := —x(¥Yy) > 0.
In particular, Y; has no vertices of degree 1 and Y; contains a vertex of degree > 2.

Let S2(Ggy), where @« = 1,2, denote the set of all finite subsets of G, of
cardinality > 2 and let S (Vp Y1) denote the set of all nonempty subsets of Vp Y.
Foraset T € S>(Gy), consider a function

QTi T — Sl(Vle).

We also consider a relation ~g,. on the set of all pairs (a,u), where a € T
and u € Qr(a), defined as follows. Two pairs (a, u), (b, v) are related by ~q,
written (a, u)~q, (b, v), if and only if the following holds. Either (a,u) = (b, v)
or, otherwise, there exist edges e, f € EY; with the properties that e— = u,
f— = v, the secondary vertex e; = fy has type «, and ¢(e)p(f)~! = ab~!in
Gy, see an example depicted in Figure 3.1. It is easy to see that the relation ~q,
is an equivalence one.

ur U2 U3z ) Qr(gy)
T =1{g1,82.83. 84} € Gq, I

Qr(ga)
Qr(g1) = {ur,uz,us},
Y €1
Q7(g2) = {u3,uq,us}, ug « cU3
e4
Qr(g3) = {ur,ue, u7}j, us o o - cly
€2
Q7(gs) = {u2,us,ug}, U3 o , cUs
34
Qr(g) SVrY, plej)) =gi, i =1,2,3,4,
Qr(g2)
(g1.u2) ~ar (g2.u4), (g3,us) ~qr (g4.us). I
U7 Ue Ul
Qr(g3)

Figure 3.1

Let [(a,u)]~,. denote the equivalence class of (a,u) and let

1@, )]~g,, |

denote the cardinality of [(a, u)]~, . It follows from the definitions that

I = |l(@,w)l~g, [ =T (10)
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We will say that the equivalence class [(«, u)]NQT is associated with a secondary
vertex w € VgY; of type @ if w = ey, where e € EY; and e— = u. It is easy
to see that the definition of the secondary vertex w is independent of the primary
vertex u in [(a, u)]~q,.-

A function Q7: T — S1(VpY1), T € S2(Gy), is called a-admissible if

(@, w)]~q, | =2
for every equivalence class [(a, u)]~g,,., where a € T, u € Qr(a). The set of all
a-admissible functions is denoted Q (Y7, o), ¢ = 1, 2.
Let Qr € Q(Y1, @) be an a-admissible function, T € S»(Gy), and let

No(Q1) := Y _([(@.w)]q, | —2) (11)

denote the sum of cardinalities minus two over all equivalence classes [(a, u)]NQT ,
where a € T and u € Qr(a), of the equivalence relation ~q..

Let r be the number of all equivalence classes [(«, u)]NQT of the equivalence
relation ~q,., where a € T and u € Qr(a). If r > |VpY;], then it follows
from (11) and definitions that

No(Q1) =) (@ w))eg, | =2) < |T|-|VpY1] = 2r < (IT| = 2)|VpY1].
On the other hand, if r < |Vp Y], then it follows from (10) and (11) that
No(Qr) =Y ([@.w)]~q, | —2) < (T|-2)r < (IT| =2)|VeY1].
Thus, in any case, it is shown that
Ne(Qr) = (IT| =2)|VPYi|. (12)

For every set A € S;(VpY;), we consider a variable x4. We also introduce a
special variable x;. Now we will define a system of linear inequalities in these
variables.

For every a-admissible function Q7, where T € S>(Gy) and o = 1,2, we
denote T = {by1,...,bx} and we set A; := Qr(b;),i =1,...,k.

If « = 1, then the inequality, corresponding to the o-admissible function Qr,
is defined as follows.

—xp, — - — x4, — (k —2)xg < —Ny(Q7). (13)

If « = 2, then the inequality corresponding to the ¢-admissible function Q7
is defined as follows.

X4, +"'+xAk_(k_2)xS f—Ng(QT). (14)
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Let
SLI[Y4] (15)

denote the system of linear inequalities (13)—(14) over all ®-admissible functions
Qr,where Q7 € Q(Y1,@) and o = 1, 2. Since the set S»(Gy) is in general infinite
(unless Gy, is finite) and the set S;(Vp Y1) is finite (because Y is finite), it follows
that SLI[Y;] is an infinite system of linear inequalities with integer coefficients
over a finite set of variables x4, A € S1(VpY1), X;s.

Let d > 3 be an integer and let
SLIz[Y1] (16)

denote the subsystem of the system (15) whose linear inequalities (13)—(14) are
defined for all ¢-admissible functions Q7, where Q7 € Q(Y;, @) and @ = 1,2,
such that |T| < d.

If g is an inequality of SLI;[Y1] then the coefficient of x; in the left hand side
of g is the integer —k + 2, where

2<k=k(qg)=IT|=d,
and the right hand side of ¢ is the integer — N, (21), where
0 < Ny(Qr) < (d —2)|VPY1],

as follows from inequality (12). Also, the number of subsets A C VpY; that index
variables x4 in the left hand side of ¢ is finite and the total number of occurrences
of such variables +x4 in g is k = |T| < d. Therefore, SLI;[Y1] is a finite system
of linear inequalities and

SLI[Y;] = G SLI,[Y1].
d=3

Consider the following property of a graph Y, (which need not be connected).

(B) Y isafiniteirreducible A-graph, the map 7,: core(Y; xY>) — Y» is surjective,
core(Yz) = Y, and 1(Y>) := —x(Y2) > 0.
For example, Y; has property (B).

If I' is a finite graph, let deg I" denote the maximum of degrees of vertices of I'.
Recall that the degree of a vertex v € VI is the number of edges e € ET such
that e = v. For later references, we introduce one more property of a graph Y>.

(Bd) Y has property (B) and deg Y> < d, where d > 3 is an integer.
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Suppose Y, is a graph with property (B). For a secondary vertex u € VgY, of
type o, we consider all edges e, . .., eg, where degu = £, such that

u=(e1)+=-=(e)+
and denote vj := (e;)—, j = 1,...,£. Define
Ty :=A{gp(e1).....p(er)}.

Clearly, T, < S2(Gq). Forevery j = 1,...,¢, let t;'(v;) denote the full
preimage of the vertex v; in core(Y; x Y>). Define the sets

Aj(w) =175 ' (v) € VpY) (17
for j = 1,..., £ and consider the function
Qr,: Ty —> S1(VpY1) (18)

so that Q7, (¢(e;)) := A;(u).
Itis easy to check that Qr, is «-admissible. Since every «-admissible function
Q e Q(Y;,w) gives rise to an inequality (13) if « = 1 or to an inequality (14) if
« = 2 and every secondary vertex u € VgV, of type « defines, as indicated
above, an a-admissible function Qr,,, it follows that every u € VsY, is mapped
to a certain inequality of the system SLI[Y}], denoted inqg (). Thus we obtain a
function
inqg: VsY> — SLI[Y1] (19)

defined from the set Vs Y, of secondary vertices of a finite irreducible A-graph Y,
with property (B) to the set of inequalities of SLI[Y1].

If ¢ is an inequality of the system SLI[Y;], denoted ¢ € SLI[Y;], we let g~
denote the left hand side of g, let g® denote the integer in the right hand side of ¢
andlet k(g) > 2 denote the parameter k for ¢, see the definition of inequalities (13)
and (14).

Lemma 3.1. Suppose Y, is a finite irreducible A-graph such that the map
n:core(Yy x Ya) — Ys is surjective, core(Y,) = Y, and degY, < d. Then
inqg(VsY2) < SL1;[Y1]. Furthermore,

> ingg(u)" = —28(Y2)xs,

ueVsY,

ZinqS(u)R = —2r(core(Y; x Y>2)).

ueVsYr
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Proof. The inclusion inqg(VsY>) € SLI;[Y;] is evident from the definitions.

Suppose v € VpY; and let ey, e be the edges such that (e1)— = (e2)— = v and
Uy 1= (eq)+, o = 1,2, is a secondary vertex of type « in Y5. Clearly, p(ey) € Gy
for « = 1,2. Denote 4, := 717, (v). It follows from the definitions that
Ay € S1(VpY1) and that the variables —x4,, x4, occur in inqg(u1)%, inqg (u2),
resp., and will cancel out in the sum inqg (u1)% + inqg (u2)~. It is easy to see that
all occurrences of variables +x4, A € S;(VpY1), in the formal sum

> ingg(u)®, (20)

ueVsY,

before any cancellations are made, can be paired down by using primary vertices
of Y, as indicated above. Since every secondary vertex u of Y, contributes
—(degu — 2) to the coeflicient of x; in the sum (25) and

D (degu —2) = 2i(Y2), 1)

ueVsY,

it follows that the first equality of Lemma 3.1 is true. The second equality follows
from the analogous to (21) formula

Z(degu —2) = 21r(core(Y7 x Y>)),
ueVs (core(Y1xY3))

and from the definition (11) of numbers Ny (27,), u € VsY>. Here the function
Qr, is defined for u as in (18). O

Let A be a finite set. A combination with repetitions B of A, which we denote
B =1[b1,....,b¢] C A4,

is a finite unordered collection of multiple copies of elements of A. Hence, b; € A
and b; = b; is possible wheni # j. If B = [[b;,...,b]] is a combination with
repetitions then the cardinality |B| of B is |B]| := {.

Observe that a finite irreducible A-graph Y, with property (Bd) can be used to
construct a combination with repetitions, denoted

inq; (VsY2),

of the system SLI;[Y;], whose elements are individual inequalities of SLI;[Y;] so
that every inequality ¢ = inqg(u) of SLI;[Y1], see (19), occurs in inq,; (VsY>) as
many times as the number of preimages of ¢ in VgY, under inqg. Note that, in
general, inq, (VsY>) # inqg(VsY2) because inqgq(VsY>) is a subset of SLI;[Y1]
while inq, (Vs Y>2) is a combination with repetitions of SLI;[Y}].
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It follows from Lemma 3.1 that if inq; (Vs Y>2) = [[q1, - . ., q¢]] is a combination

of SLI;[Y1], then
m
> gt =) "qf = -21(Va)x,.
qeing, (VsY2)  j=1

In the opposite direction, we will prove the following.

Lemma 3.2. Suppose Q is a nonempty combination with repetitions of SL1;[Y1]
and

Y qh =—C(0)x,, (22)
q€Q
where C(Q) > 0 is an integer. Then there exists a finite irreducible A-graph Y» o
with property (Bd) such that, letting Q = inq,; (VsY>,0), one has |Q| = |Q| and

Y g =) q" = -2(Y2,0)xs, (23)
qeQ qeé
Y qf = Y R = 2i(core(Y) x Y2,0)). 24)
q€Q qeé

Proof. We will construct an A-graph Y, o whose secondary vertices u; are in
bijective correspondence

where j = 1,...,|Q|, with elements of the combination

0 =[lg1,---,q10]] E SLI4[Y1]

so that the secondary vertices of type @ = 1in Y> ¢ correspond to the inequalities
of type (13) in Q, and the secondary vertices of type « = 2in ¥, ¢ correspond to
the inequalities of type (14) in Q.

To fix the notation, we let the inequality ¢; of Q be defined by means of an
aj-admissible function
Qr;: Tj — S1(VpY1),

where T € S5(Go;) and Tj = {b1,j,.... bk, j}, 2 < kj < d, bi,j € Go,. Here
kj = k(q;) denotes the parameter k for g;, see (13) and (14).

Consider a secondary vertex u; of type «; and k; edges ey ;, ..., e;,; whose
terminal vertex is u; and whose ¢-labels are

pler,j) =bij, ..., olex, ;) = bk, ;.

This is the local structure of the graph Y ¢ around its secondary vertices.



1132 S. V. Ivanov

Now we will identify in pairs the initial vertices of the edges ey,j, ..., ek; ;.
J = 1,...,]0Q|, which will form the set of primary vertices VpY, o of the graph
Y>, 0. Inthe notation introduced above, it follows from the definitions (13) and (14)
that a typical term x4 of qu has the form (—1)* x4, where A = Qr; (b;,;) for
somei =1,...,k;.

It follows from the equality (22) that there is an involution ¢ on the set of all
terms +x4 of the formal sum
10|

> ar 25)
j=1

such that ¢ takes every term =4x4 of qul to a term Fxy4 of quz, j1 # ja,and 2 = id.
Therefore, if

=D*xar, @, ;) and  (=D%2xer @, )
are two terms of the formal sum (25) which are (-images of each other, then
{aj, 0} ={1.2} and  Qr; (biy,;;) = Q1 (bis,j»)-

We identify the initial vertices of the edges e;, ;, . €i,,j, S0 that the vertex

(€iy,jy)- = (eir, o)

becomes a primary vertex of Y o. We do this identification of the initial vertices
of all pairs of edges, corresponding as described above to all pairs of terms £x4,
Fx4 in (25) that are (-images of each other. As a result, we obtain an A-graph
Y> 0. Itis clear from the definitions that Y, ¢ is a finite irreducible A-graph such
that the degree of any secondary vertex u; of Y, ¢ is k; such that

2<k; =Tyl <d.

and the degree of every primary vertex of Y, ¢ is 2.

Looking at the coefficients of —x; in (25), we can see from (22), (13), and (14)
that
10

C(Q) =) (k;—2) > 0.
j=1

Hence, the graph Y, ¢ has a vertex of degree at least 3.

Therefore, Y, ¢ is a finite irreducible A-graph such that core(Y2,9) = Y20
and 1(Y>,0) > 0. Note that Y, ¢ is not uniquely determined by Q (because there
are many choices to define the involution ¢, i.e., to do cancellations in the left hand
side of (22)).
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Consider the graph core(Y; x Y> o) and the associated graph maps
aj:core(Yy x Y2 0) — Y1, asicore(Yy x Y2 0) — Y2 0.

It follows from the definitions, in particular, from the «-admissibility of functions
Qry, ..., Q7 that a is surjective. Hence, Y3 ¢ has property (Bd).

Let the sets A1 (1)), ..., Ak, (u;) be defined for a secondary vertex u; of ¥, ¢
as in (17) so that A4; (4;) is defined by means of the primary vertex (e; ;)—, where
i =1,...,k;. Itis not difficult to see from the definitions that

QTJ- (bl,j) - Al(uj), R QTJ- (bkj,j) - Akj (u,)

This observation means that if  := inq, (VsY>,0) then |0] = |Q] and Y,5 =
Y>, o for a suitable involution i = 7(0).
Hence, if ¢; has the form (13), where k; = k(q,) as before, then we have

ings ()" = —xay0y) =+ = Xag; @) — (K = 2)%.
where Qr, (bi,j) € Aj(uj)fori =1,...,kj,and
Ni(Qr1,) < Ni(Qr1,) = —ingg(u))®,
here Q7 , is the function,
QTj:{bl,ja--wbkj,j} — S1(Vp Y1),

defined by Q7 (bi,;) := Ai(u;) fori = 1,....k;.
Analogously, if ¢; has the form (14), where k; = k(q;), then we have

inqs ()" = xay ) + 0+ Xag, ) — (ki — D,
where Qr, (bi,j) € Aij(uj)fori =1,...,kj,and
Ni(Qr1,) < Ni(Qr,) = —inqg(u))®,
here QTJ. is the function,
Qr,i{brj.... be, i} — Si(VpY),
defined by Q7 (bi,j) := Ai(u;) fori = 1,....k;.

Therefore,
ZqR:ZqRSZqR_

ge€inqy (VsY2,0) ¢qed qeQ
Now both (23)-(24) follow from Lemma 3.1. O



1134 S. V. Ivanov
We summarize Lemmas 3.1-3.2 in the following.
Lemma 3.3. The function
inqy: Y2 —> inq; (VsY2) = O

from the set of finite irreducible A-graphs Y, with property (Bd) fo the set
of combinations Q with repetitions of the system SLI1;[Y1] with the property
quQ gt = —C(Q)xs, where C(Q) > 0 is an integer, is such that

ZqL = =21(Y2)xs and ZqR = —2r(core(Y; x Y3)).
geing,; (VsY2) geing,; (VsY2)

In addition, for every Q in the codomain of the function inq,, there exists a
graph Y, ¢ in the domain of inq,; such that, letting Q = inq,;(VsY2,0), one has
10| = 10| and

Y gt =" q" = -2i(Y2,0)xs,

qeQ qeé

> R =) R = —2i(core(Y1 x Y2,0)).

q€Q qeé

Proof. This is straightforward from Lemmas 3.1 and 3.2 and their proofs. |

4. Utilizing linear and linear semi-infinite programming

First we briefly review relevant results from the theory of linear programming
(LP) over the field Q of rational numbers. Following the notation of Schrijver’s
monograph [26], let A € Q™" be an m’ x n’-matrix, let b € Q™! = Q™ be
a column vector, let ¢ € QIX”/ be a row vector, ¢ = (cy,...,¢y), and let x be a
column vector consisting of variables X7, ..., Xp/, S0 X = (X1,...,Xy) ', where
M T means the transpose of a matrix M. The inequality x > 0 means that x; > 0
for every i.

A typical LP-problem asks about the maximal value of the objective linear
function
CX =C1X1 + -+ Cpr Xy

over all x € Q" subject to a finite system of linear inequalities Ax < b. This
value (and often the LP-problem itself) is denoted

max{cx | Ax < b}.
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We write max{cx | Ax < b} = —oo if the set {cx | Ax < b} is empty. We
write max{cx | Ax < b} = +ooiftheset {cx | Ax < b}isunbounded from above
and say that max{cx | Ax < b} is finite if the set {cx | Ax < b} is nonempty and
bounded from above. The notation and terminology for an LP-problem

min{cx | Ax < b} = —max{—cx | Ax < b}

is analogous with —oo and +oo interchanged.
If max{cx | Ax < b} is an LP-problem as defined above, then the problem

min{b y | ATy =c",y >0},

where y = (y1,...,ym) ", is called the dual problem of the primal LP-problem
max{cx | Ax < b}.

The (weak) duality theorem of linear programming can be stated as follows,
see [26, Section 7.4].

Theorem A. A Let max{cx | Ax < b} be an LP-problem and let min{h "y |
ATy = ¢T,y > 0} be its dual LP-problem. Then for every x € Q" such
that Ax < b and for every y € Q™" such that ATy = ¢7, y > 0, one has
cx =y "Ax <b"yand

max{cx | Ax <b} =min{b y |ATy =cT,y >0} (26)

provided both polyhedra {x | Ax < b}and{y | ATy =c",y > 0} are not empty.
In addition, the minimum, whenever it is finite, is attained at a vector y which is
a vertex of the polyhedron {y | ATy =¢T,y > 0}.

Since the system of inequalities SLI[Y;], as defined in Section 3, is infinite in
general, we also recall basic terminology and results regarding duality in linear
semi-infinite programming (LSIP), see [2], [3], and [9]. Consider a generalized
LP-problem max{cx | Ax < b} that has countably many linear inequalities in the
system Ax < b while the number of variables in x is still finite. Hence, in this
setting, A is a matrix with countably many rows and n’ columns, or A € Q®*"" is
an oo x n’-matrix, b € Q®°*! = Q, or b is an infinite column vector, ¢ € Q"
is a row vector, and x = (x1,...,x) .

A typical LSIP-problem over @) asks about the supremum of the objective
linear functional cx over all x € Q" subject to Ax < b. This number and
the problem itself is denoted sup{cx | Ax < b}. As above, we write sup{cx |
Ax < b} = —occoif the set {cx | Ax < b} is empty, sup{cx | Ax < b} = o0 if
the set {cx | Ax < b} is not bounded from above and say that sup{cx | Ax < b}is
finite if the set {cx | Ax < b} is nonempty and bounded from above. The notation
and the terminology for an LSIP-problem inf{cx | Ax < b} = —sup{—cx |
Ax < b} is analogous with —oo and +oo interchanged. Let A; denote the
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submatrix of A4 of size i x n” whose first i rows are those of A and b; is the starting
subcolumn of b of length i. Then max{cx | A;x < b;} is an LP-problem which is
called the i -approximate of the LSIP-problem sup{cx | Ax < b}.

Let M; = max{cx | A;jx < b;} denote the optimal value of the i -approximate
LP-problem max{cx | A;x < b;} and M is the number sup{cx | Ax < b}. Clearly,
forevery i, M; > M;;+; > M. Note that in general lim; _,, M; # M, see [2], [3].

Similarly to [2], [3], [9], we say that if sup{cx | Ax < b} is an LSIP-problem
as above, then the problem

inf{b"y | ATy =cT, y >0},

where y = (y1, y2....)" is an infinite vector whose set of nonzero components
is finite, is called the dual problem of sup{cx | Ax < b}.

For later references, we state the analogue of Theorem A for linear semi-infinite
programming which, in fact, is an easy corollary of Theorem A.

Theorem B. Suppose that sup{cx | Ax < b} is an LSIP-problem whose set
{cx | Ax < b} is nonempty and bounded from above and whose dual problem is
inf(bTy | ATy =cT, y > 0}. Then

sup{cx | Ax < b} <inf{pTy | ATy =cT, y >0} (27)

and the equality holds if and only if sup{cx | Ax < b} is equal to lim;_ ., M;,
where M; = max{cx | A;jx < b;} is the optimal solution of the i-approximate
LP-problem max{cx | Ajx < b;} of the primal LSIP-problem sup{cx | Ax < b}.

In the situation when the inequality (27) is strict, the difference
inf{bTy |ATy =c", y >0} —supfcx | Ax < b} >0

is called the duality gap of the LSIP-problem sup{cx | Ax < b}.

We now consider the problem of maximizing the objective linear function
CX 1= —Xg

over all rational vectors x, x € Q" for a suitable n’, subject to the system of linear
inequalities SLI[Y1], see (15), as an LSIP-problem sup{cx | Ax < b}.

We also consider a subsequence of mjpq 4-approximate LP-problems
max{cx | Ammq’dx < bmmq’d}

of the LSIP-problem sup{cx | Ax < b} whose systems A, ;X < bmy, , Of
inequalities are finite subsystems SLI;[Y;] of SLI[Y;], where d = 3,4,..., as

defined in (16).
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It is straightforward to verify that the dual problem
inf{bTy | ATy =c", y >0}

of this LSIP-problem sup{cx | Ax < b} can be equivalently stated as follows.

o0 o0
Zyjqf — inf subjectto y > 0, Zyjqu = —Xjg, (28)
j=1 j=1
where almost all y;, j = 1,2, ..., are zeros. We rewrite (28) in the form
o0 o0
inf {3 wiaf [y 2 0.3 viaf = —x}. (29)
j=1 j=1

Analogously, the dual problem of the mj,q,4-approximate LP-problem
max{cx | Ammq’dx < bmmq’d}

can be stated in the form

Ming,d Ming.d
ZJ’;‘CI]R —> min subjectto y > 0, nyqu = _x,
j=1 s

which we write as follows:

Ming,d Ming,d

min{ > vigR |y 2 0.3 viqf = -x}. (30)
j=1 j=1

In Lemma 3.3, we established the existence of a function
inq,: Y2 +—> inq, (Y2)

from the set of finite irreducible A-graphs Y, with property (Bd) to a certain set of
combinations with repetitions of SLI;[Y;]. Now we will relate these combinations
with repetitions of SLI;[Y1] to solutions of the dual LP-problem (30).

Consider a combination with repetitions Q of SLI;[Y;] that has the property
that
> gk =-C(Q)xs. 31)
q€Q
where C(Q) > 0 is an integer. As above in (30), let the inequalities of SLI;[Y;]
be indexed and let
SLIz[Y1] = {q1. ..., qminq.d}'
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Let n;(Q) denote the number of times that g; occurs in Q, and let «; be the
coeflicient of x, in g;. Then it follows from the definitions and (31) that

Ming,d
Y o ah =" kni(@)xs = —C(Q)xs. (32)
q€Q j=1
Consider the map
s0lg: 0 F—> Yo = (¥o.1+- - YOumnga) | - (33)
where yg ; 1= 7’Cf((QQ)) for j = 1,...,mjnqq. It follows from the definitions that

Yo is a rational vector, yp > 0 and, by (32), y¢ satisfies the condition

Ming.d

> ve df =—xs.
j=1

Hence, y is a vector in the feasible polyhedron

Ming.d

{y ‘ y=0.) yiqf = —xs} (34)
j=1

of the dual LP-problem (30).
Note that, in place of (33), we could also write

solg: Q —> C(Q) 'n(Q)7, (35)
where 7(Q) = (11(Q). - ... Nmyg.s (). as yo = C(Q)"'(Q) .

Conversely, let z = (zy,.. <+ Zimning, d)T be a vector of the feasible polyhe-
dron (34) of the dual LP-problem (30). Let C > 0 be a common multiple of
positive denominators of the rational numbers z1, ..., Zpm,,, ,. Consider a combi-
nation with repetitions Q(z) of SLI;[Y;] such that every g; of SLI;[Y;] occurs in
Q(z) exactly Cz; = nj many times. Then it follows from the definitions that

Ming,d Ming,d Ming,d
DD 3 YD IS 3 PN E
q€Q(2) Jj=1 Jj=1 Jj=1

Now we can see from
nj(Q(z) _ Cz
c C
where j = 1,...,mjnq 4, that the vector yg(;) = soly(Q(z)), defined by (33) for
0Q(z), is equal to z.

=z, (37)
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Lemma 4.1. The map

solg: QO —> yo
defined by (33) is a surjective function from the set of combinations Q with
repetitions of SL1,[Y1] that satisfy the equation quQ gt = —C(Q)x;, where

C(Q) > 0 is an integer, to the feasible polyhedron (34) of the dual LP-prob-
lem (30). Furthermore, the composition of the maps inq,; and solg,

solg oing,: Y, — solg (inq, (Y2)) = yy,,

is a function from the set of graphs with property (Bd) fo the feasible polyhe-
dron (34) of the dual LP-problem (30). Under this map, the value of the objective
function Z:n;";’d VY, j qJR of the dual LP-problem (30) at yy, satisfies the equality

Ming,d R f(COfe(Yl S YZ))
DI idf = i(Y2) .

(38)

Jj=1

In addition, for every z in the polyhedron (34), there is a vector Z in (34) such
that Z = sol, (inq, (Y2)) for some graph Y, with property (Bd) and

Ming.d Ming.d

=~ R R
D54k =) )
Jj=1 j=1

Proof. As was observed above, see (36) and (37), soly is a surjective function.
Consider a finite irreducible A-graph Y, with property (Bd) and define
Q :=1inq,;(Y2), Yy, :=solg(Q).

It follows from Lemma 3.3 that

Z gt = —2F(Y>)x; and Z g® = —2f(core(Y; x Y»)). 39)
qeQ qeQ

It follows from (32) and (39) that C(Q) = 21(Y>). Hence, using the definition (33)
and equalities (39), we obtain

R
mmq_d Z q

R 4€0 r(core(Y; x Y3))
Z YY»,jd; = = -
Jj=1

) i(Y2) ’

as required in (38).
To prove the additional statement, consider a vector z in the polyhedron (34).
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Since soly; is surjective, there is a combination with repetitions Q such that
soly(Q) = z. By Lemma 3.3 for this Q, there is a graph Y5 ¢ such that if

inq; (VsY2,0) = O then |Q| = |Q] and

gt =Y ¢F = 2i(Ya.0)x = —C(Q)xs = —C(D)xs.  (40)

qgeQ qeQ
> q® =) ¢R = —2(core(Y1 x Y2,0)). @1
qeQ qGQ

Letz := sold(Q~). Then, in view of (40)—(41), we obtain

IO
Ming.d q Ming.d

- R_ q€0 qe0 R
Ziq; = — < = Ziq; ,
; T @) T CQ) ,; T

as required. |
We will say that a real number o (Y1) > 0 is the WN-coefficient for Y if
f(core(Yl X Yz)) < O'(Yl)f(Yl)f(Yz)

for every finite irreducible A-graph Y, with property (B) and o(Y7) is minimal
with this property.

We also consider the WN-coefficient o4(Y7), where d > 3 is an integer, for
Y1 defined so that

t(core(Y1 X Y3)) < 04 (Y1)1(Y1)1(Y2)

for every finite irreducible A-graph Y, with property (Bd) and o4 (Y1) is minimal
with this property.

It is clear from the definitions that

04(Y1) < 0441(Y1) <0(Y1)
foreveryd = 3,4,... and
supg{og (Y1)} = o (Y1). (42)
Observe that

r(core(Y1 X Y3))
Y)) =
o0 = sopr, =Sy
over all finite irreducible A-graphs Y, with property (B). Similarly,
f(core(Y7 x Yz’))}
r(YDE(Y;)
over all finite irreducible A-graphs Y, with property (Bd).

(43)

0a(Y1) = supy, {
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Lemma 4.2. Both optima

Ming,d Ming,d
max{—x; | SLIz[Y1]} and min{ Zyjq]R ‘ y >0, Zyjqu = _xs}
j=1 j=1

are finite and satisfy the following inequalities and equalities

*

—2— 2f(Yl) < sup{—x; | SLI[Y1]}
7 —
< max{—x, | SLIz[V1]}
Ming.a Ming.d (44)
_ min{ > viaR ‘ y=0.) yiqf = _xs}
j=1 =1
= —oq(Y)1(Y1).

Furthermore, the minimum is attained at a vector yy = yy(d) of the feasible
polyhedron (34) of the dual LP-problem (30) such that there is a graph Y» ¢, that
has property (Bd), yy = solg(inq,; (Y20, )) and the following hold

o o
inf{ZYJ%R ‘ ¥z 0. i) = —Xs}
ji=1 7=1

= —o(Y)ri(Y1)
, , 45)
Ming,d Ming,d
< min{ > gk ‘ y=0,> yiqf = —xs}
=1 =1
= —oq(Y1)1(Y1).

In particular, 64(Y1) < o(Y1) < 2qfi’—i2.

Proof. Recall that every primary vertex of Y; has degree 2 and d > 3. Hence, if
the graph Y; contains a vertex u of degree > d, then u is secondary and we may
take some edges out of Y7 to get a subgraph 171 of Y7 such that |EI71| < |EYy|,
f(?l) > 0 and core()7 1) = Y1. It is clear that the natural projection

1p: core(Y] X }71) — 171
is surjective. Hence, either the graph Y1 has property (Bd) or, otherwise, Y1 has

a vertex of degree greater than d. Iterating this argument, we can prove that Y;
contains a subgraph Y; ; with property (Bd).
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Setting Y, := Y; 4, we obtain, by Lemma 4.1, a solution y = sol,(inq;(Y>))
to the equalities and inequalities that define the feasible polyhedron (34) of (30).
Hence, both sets

Ming,d

o0
{y‘yzo, > yjqu—xs}, {y‘yzo,Zyjquz—xs}
j=1 Jj=1

are not empty.

To see that the sets {x | SLI[Y;]}, {x | SLI;[Y;1]} are not empty either, we
will show that the vector X, whose components are X4 := 0 for every nonempty
A C VpY; and X := 2q,‘5—i2f(Y1), is a solution both to SLI;[Y;] and to SLI[Y;].
To do this, we will check that every inequality of SLI[Y1] is satisfied with these
values of variables, that is,

*

2q

_(k_z).q*_z

1(Y1) = —No(Q27) (46)

for every a-admissible function
QTi T — SI(VPY1),

where T € S>(Gy) and |T'| = k.
LetT = {al,...,ak},k > 2, a; € Gy, and QT(ai) =A;,i=1,...,k.

Consider a secondary vertex u of Y;, suppose degu = £ and let ey, ..., eg be
all edges of Y7 such thatu = (e1)+ = --- = (e¢)+. Denote

B :={gp(e1)....,0(ep)}.

It is not difficult to see from the definition (11) of the number N, (27) that the
contribution to the sum N,(Q27), made by those equivalence classes that are
associated with the vertex u € VgY7, does not exceed

Zmax(|T N Bg|—2,0).
g€Gy

*

Hence, it follows from the definition of the number q,‘f—_, see (1), and from the
results of Dicks and the author [6, Corollary 3.5] that

> max(IT N Bg| —2.0) < q:’_zuﬂ ~2)(|B|-2)

§€Ca (47)
q 5 (k=2)(¢ ~2).

*_




Linear programming and the intersection of free subgroups 1143

Therefore, summing up inequalities (47) over all u € VgY;, we obtain

*

No(®) = 5 (k= 2) - 2Ro()
< 4 k225,
q*—2

where 2ty (Y1) is the sum ), (degu — 2) over all secondary vertices u € VgY; of
type «. This proves (46) and also shows that
2q*
qr =2

(Y1) < sup{—x, | SLI[Y1]} (48)

because £ with &5 = qz*quf(Yl) is a solution to SLI[Y1].

Therefore, both sets {x | SLI[Y;]} and {x | SLI;[Y1]} are not empty as required.

According to Theorem A, the maximum and minimum in (44) are finite and
equal. The first inequality in (44) is shown in (48) and the second one follows
from the definitions.

It follows from the definition (43) and Lemma 4.1 that the supremum

r(core(Y1 x Y3))
e { =

over all graphs Y, with property (Bd) is equal to

B r(core(Y7 x Y2))}

} = 0q(Y1)i(Y1) = —infy, { 1(Y2)

Ming.d Ming.d
oq(Y)r(Yy) = —inf{ Zy‘,-qJR ‘ y =0, Zy‘,-qu = —xs}
i=1 i=1

Ming,d Ming,d

= —min{ Zyjq]R ‘ y=0, Zyjq‘,-L = —xs},
j=1 j=1

as stated in the last equality of (44).

The inequalities and equalities of (44) are now proven.

By Theorem A, the minimum in (45) of the LP-problem (30) is attained at a
vertex yy = yy (d) of the feasible polyhedron (34).

It follows from Lemma 4.1 that, for the vertex yy, there exists a vector jy in
the polyhedron (34) such that

Ming,d Ming,d

Z fV,jQ,R < Z yV,jCIJR-
j=1 j=1

and yy = soly(inq,(Y>,0, )) for some graph Y5 o, with property (Bd). Hence,
the minimum in (45) is also attained at yy .
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In view of the last equality of (44) and (42), we obtain

Ming,d Ming,d

igf{min{ Zyjq]R ‘ y >0, Z yjqu = —xs}}
J=1 Jj=1

= igf{—od (Y)1(Y1)}

= —o(Y))i(Yy) (49)
Ming.d Ming.d

< min{ > yiaf ‘ y=0. ) yiqf = —xs}
j=1 j=1

= —oq(Yr(Yy).

On the other hand, it is clear that

o0 o0
inf{ 3" vyaf [y = 0. Y viaf = —x}
j=1 j=1

, A (50)
Ming,d Ming,d
= igf{min{ > viaR ‘ y=0.) yiqF = —xs}}.
j=1 j=1
Now the equalities and inequalities (45) follow from (49) and (50)
The inequalities o4 (Y1) < o(¥7) < 2q3i2 follow from (44) and (42). |

Lemma 4.3. There exists a finite irreducible A-graph Y, o,, = Y2 0, (Y1) with
property (Bd) such that

t(core(Y1 x Y2,0,)) = 04 (Y)T(Y1)T(Y2,0, ),

Y>,0, is connected, and

22| EY1l/4+logs logy (4d)

|EY2,QV| <

Proof. According to Lemma 4.2 and to Theorem A, we may assume that the
minimum of the dual LP-problem (30) is attained at a vertex yy of the feasible
polyhedron (34) of (30).

It is convenient to switch back to the general LP and LSIP notation as was
introduced in the beginning of this section. In particular, let Am, ;X < bmypq 4
be the matrix form of the system (16). Since yy is a vertex solution of the
LP-problem (30) and (30) is stated in the form

min{b;mq’dy | A;mq.dy =c',y >0}
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it follows that the vertex solution yy will satisty mjnq 4 equalities among

Ay =T 3 =0 j =T Mg,
whose left hand side parts are linearly independent (as formal linear combinations
in variables yq, ..., Viing, 2)- We call these mjnq 4 equalities distinguished.

The foregoing observation implies that there are r, r < mjyq,q, distinguished

equalities in the system A, v = c' such that the submatrix 4, . of
T

Ming.a” consisting of the rows of A;mq , that correspond to the r distinguished
equalities, has the following property. The rank of A;mq ,.r is r and deletion of the

columns of A;i that correspond to the variables y; that in turn correspond

nq.d "’

to the distinguished equalities y; = 0, produces an r x r matrix A;mq S With
T . g . T _ T
detAmm srxr 7 0. Reordering the equalities in the system Aming.ay = € and

variables y; if necessary, we may assume that A;mq ,.r consists of the first r rows

T T : . T
of Ammq’ , and Ammq’ 4.rxr 18 an upper left submatrix of Ammq’ .
Let

)7V = (yV,lv---’YV,r)

be the truncated version of yy consisting of the first » components. It follows from
the definitions that yy contains all nonzero components of yy and

T - ~T T
Ammq,d,rer’V =c =(c1,...,¢r) .
Si Ming,d L _ . _ .
ince ) j=1 YV.jdj = —Xs 1t follows that ¢; = 0 if ¢; corresponds to a
variable xp and ¢; = —1 if ¢; corresponds to the variable x;. Since yy # 0

following from the definition of the LP-problem (30), we conclude that ¢ # 0,
i.e., one of ¢; is —1 and all other entries in ¢ | are equal to 0.

Note that every row of Ammq. 4.rxr contains at most d + 1 nonzero entries such
that one is —(k — 2), where 2 < k < d (this is the coefficient of x; that could be
zero), and the other nonzero entries have the same sign and their sum is at least
—d and at most d, see the definitions (13) and (14). Hence, the standard Euclidian
norm of any row of Aming.q,rxr 18 at most

d*+(d—-2»)"? <24
as d > 3. Hence, by the Hadamard’s inequality, we have that
| det Ay e < (2d) (51)
Invoking the Cramer’s rule, we further obtain that

T =T
det Ammq_d,rxr’j (c")

det Aminq,d ST Xr

= ; (52)
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where A (¢T) is the matrix obtained from A;mq. by replacing the

inq.d s X7, J dsrxr

jthcolumn with¢", j = 1,...,r. Since ¢ " has a unique nonzero entry which is
—1, we have from the Hadamard’s inequality, similarly to (51), that

| det Ay grxrj (@] < 2d) . (53)

In view of (51)—(53), we can see that there is a common denominator C > 0
for the rational numbers yy,1,..., yy, that satisfies C < (2d)" and that the
nonnegative integers Cyy,i,..., Cyy,, are less than Qd) 1.

Hence, it follows from the definition of the function sol,, see also Lemma 4.1,
that if Oy is a combination such that yy = soly;(Qy) and |Qy| is minimal with
this property, i.e., the entries of n(Qy) are coprime, then

1Ov| <r@d)y " (54)

Recall that the cardinality |Q| of a combination with repetitions Q is defined so
that every ¢ € Q is counted as many times as it occurs in Q.

We now construct a graph Y, ¢,, from Qy as described in the proof of
Lemma 3.2. Recall that if inq;(VsY2,0,,) = Qv then Qy could be different
from Qy but |Qy| = |Qy|and Y; o, could also be constructed by means of Qy .

It follows from the definitions and Lemmas 4.1 and 4.2 that if

yv = soly(inq; (VsY2,0,))

then the minimum of the dual LP-problem (30) is also attained at yy and this
minimum is equal to —o; (Y;)r(Y7). Hence,

t(core(Y1 x Y2,0,)) = 04 (YD)1(Y1)t(Y2,0, ).

Since |VsY2, 0, | = |Qv| and the degree of every secondary vertex of Y> g,
is at most d, it follows from (54) that

|EY2,0,| <2d|VsY2,0,| =2d|Qv]| <r(2d)". (55)

Note that r does not exceed the total number 7;,q of variables of SLI[Y;]. Since
every primary vertex of Y; has degree 2 and edges of Y; are oriented, we have
|EY1| = 4|VpY1|. Since each variable xp of SLI[Y;], different from x;, is indexed
with a nonempty set B C VpY, it follows that

r<ining < @QVPN 1) 41 = QENIE 1) 41 =2ENA - (56)
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Finally, we obtain from (55) and (56) that

|EY2,0, | <r(2d)"

SlEY1/4

< lEYII/4, 2d)
= 2|EY1|/4 . 2(10g2(2d)).2|EY1 1/4 (57)
< 2(1022(2d)+1)-2|EY1\/4

. 22|EY1|/4+10g2 logp (4d)

’

as desired.

It remains to show that the graph Y, ¢, is connected.
Arguing on the contrary, assume that the graph Y, ¢, is the disjoint union of
its two subgraphs Y3 and Y4. First we assume that

r(Yz) >0 and 71(Y4) > 0. (58)

Clearly, Y3 and Y4 are graphs with property (Bd). Recall that the secondary
vertices of the graph Y5 o, bijectively correspond to the inequalities of the com-
bination Qy, see the proof of Lemma 3.2. In particular, we can consider the com-
binations Q3 and Q4, whose inequalities bijectively correspond to the secondary
vertices of Y3 and Yy, resp. It is clear that Qy is the union of the combinations
Q3 and Q4 and

n(Qv) = n(Q3) + n(Qa). (59

We specify that by the union B; U B, of two combinations By, B, we mean the
combination whose elements are all elements of both B; and B,, in particular,
|B1 U Bz| = |B1| + |Ba|.

Furthermore, the graphs Y3 and Y4 could be constructed from Q3 and Qg,
resp., in the same manner as Y» g, was constructed from Qy. In particular, the
combinations Q3 and Q4 belong to the domain of the function sol,.

Invoking Lemma 4.1, denote yy (j) := solz(Q;), j = 3,4. We also denote

D gt =-COv)xs. Y gk =-C(Q))xs.

qeQy qeQ;

where j = 3, 4.

Since Qy = Q3 U Qy, it follows that C(Qy) = C(Q3) + C(Q4). According
to the definition (33) of the function sol,;, we have

_ ni(Qv)

_ 1i(Qj)
con’ (60)

-~ C(0))

w,i(j)

Yv,i
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for all suitable 7, j. Hence, in view of (59), forevery i = 1,..., mjyq 4, We obtain
. ni(Qv)
2
C(Qv)
_ ni(Q3) +1:i(Q4)
C(Qv) 61)

_ C(Q3) ni(Q3) n C(Q4) 1i(Q4)
C(Qv) C(Q3) CQv) C(Q4)

= A3yv,i(3) + Aayv,i(4),

where A3 = CC((QQ;)) and A4 = CC((QQ;)) are positive rational numbers that satisfy
)L3 + A4 =1.

The equalities (61) imply that

yv = A3yv(3) + Agyv(4). (62)

Since yy is a vertex of the polyhedron (34), yy(3) and yy(4) are vectors
in (34),and 0 < A3, A4 < 1, A3 + A4 = 1, it follows from (62) that

w3 =yrd) =yy.

Hence, in view of (60), the tuples n(Qvy), n(Q3), n(Q4) that have integer entries
are rational multiples of each other. Referring to (59), we conclude that the entries
of n(Qv) are not coprime, contrary to the definition of the combination Q. This
contradiction completes the case (58).

We now assume that the graph Y5 ¢,  is the disjoint union of its two subgraphs
Y3 and Y4 such that
1(Y3) >0 and 1(Ys) =0. (63)

Let 2Qy denote the combination such that n(2Qy) = 25n(Qvy), i.e., to get
2Qy from Qy we double the number of occurrences of each inequality in Qy.
Using this combination 2Qy, we can construct, as in the proof of Lemma 3.2, a
graph Y5 20, which consists of two disjoint copies of Y5,¢, , denoted Y o, and

Y>,0, . Since Y5 g, = Y3 U Y4, we can represent the graph Y5 >0, in the form
Y220, =Y5UYe,

where Y5 := Y3 U Y, U 174 and Yg := 173

Clearly, 1(Y5) > 0, 1(Ys) > 0, and both Y5, Y have property (Bd). As above,
we remark that the secondary vertices of Y» 59, are in bijective correspondence
with the inequalities of 20y . Hence, the combination 2Qy is the union of the



Linear programming and the intersection of free subgroups 1149

combinations Qs and Qg that consist of those inequalities that correspond to the
secondary vertices of Y5 and Yg, resp., and that can be used to construct the graphs
Ys and Y in the same manner as Y5 o, was constructed from Qy .

As above, we can write

n20v) = n(Qs) + n(Qe). (64)

Note that the combinations Q5 and Q¢ belong to the domain of the function
solg. Using Lemma 4.1, denote yy (j) := solg(Q;), j = 5,6. As above, denote

> gt =-Cov)x. Y ¢t =-C(Q))xs.
qe2Q0y q€Q;
where j = 5, 6.
Since 2Qy = QsU Q. it follows that C(2Qy) = C(Q5)+ C(Qs¢). According
to the definition (33) of the function sol;, we have

~ni(Qv) _ ni(20v) i (Q;)

W= Con) T ceon MY T clg) ©
for all suitable 7, j. Hence, in view of (64), for every i = 1, ..., mjyq 4, We Obtain
i = (20v)
T C@20v)
_ 1i(Q5) + 1i(Qs)
- CQ0y) (66)

_ €y -ni(Q5)+ C(Q¢) 1i(Qs)
C(2Qy) C(Qs) C(2Qy) C(Qs)
= As5yv,i(5) + Aeyv.i (6),

where A5 = CWOs) and A = CC(E%‘?/) y are positive rational numbers that satisfy

c20v)
As +Ag = 1.

The equalities (66) imply that
yv =2Asyy(5) + Aeyv (6). (67)

Since yy is a vertex of the polyhedron (34), yy (5) and yy (6) are vectors in the
polyhedron (34), and 0 < A5, A¢ < 1, A5 + A¢ = 1, it follows from (67) that

yw(5) =yv(6) = yy.

Hence, in view of (65), the tuples n(2Qv), n(Qs), n(Qs) that have integer entries
are rational multiples of each other. Referring to (64) and keeping in mind that
the entries of n(Qy) are coprime, we conclude that

n(Qv) = n(Qs) = n(Qe), (68)
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i.e., Oy = Qs = Q. However, Yg = Y3 and Y3 is a subgraph of Y2 o, that
consists of several connected components of Y59, and Y3 # Y,0,. Hence,
05 # Qy. This contradiction to (68) completes the second case (63). Thus the
graph Y5 g, is connected. The proof of Lemma 4.3 is complete. |

5. More lemmas

We now let F = [],.; Go be an arbitrary free product of nontrivial groups G
a € I,and |/| > 1. Let H be a finitely generated factor-free subgroup of F. As in
Section 2, let W, (H ) denote an irreducible A-graph of H, where A = | J,c; Ga.»
with the base vertex o and let W(H ) denote the core of W, (H).

Let /(H) denote a subset of the index set / such that « € I(H) if and only if
there is a secondary vertex u € VgW(H) of type «. Since H is finitely generated,
it follows that the set /(H) is finite.

Let us fix a finitely generated factor-free subgroup H; of F with positive
reduced rank 1(H;) = —y(V(H1)) > 0.

We say that a finitely generated factor-free subgroup H, of F has property (B)
(relative to H;) if the core graph W(H,) of H, has the original property (B) in
which the graphs Y; and Y, are replaced with core graphs W(H;) and V(H>),
resp., i.e., 1(Hy) = —y(¥(H;)) > 0 and the map

p:core(W(H1) x V(H,)) — V(H>)

is surjective.

Let d > 3 be an integer. Analogously, we say that a finitely generated factor-
free subgroup H, of F has property (Bd) (relative to H,) if the core graph W(H5)
of H, has the original property (Bd) in which the graphs Y; and Y, are replaced
with core graphs W(H1) and W(H>), resp., i.e.,

[(Hz) = —x(V(H2)) >0, degW(Hz) <d

and the map 1,: core(V(H;) x V(H3)) — V(H>) is surjective.

Recall that if I" is a finite graph then deg I is the maximum degree of a vertex
of I'.

Lemma 5.1. Suppose H, is a finitely generated factor-free subgroup of & such that
deg W(H3) < d, where d > 3 is an integer or d = oo, 1(H,) = —x(V(H>)) > 0,
and the map
1p:core(W(Hy) x V(Hy)) — V(H>»)
is not surjective. Then there exists a finitely generated factor-free subgroup Hy of
F with property (Bd) if d < oo or with property (B) if d = oo such that
t(Hi, Hy) . t(Hy, Hs)

T(Hy) T(H>) (©9)
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Proof. Recall that 1(H1, Hy) = t(core(V(H,) x W(H>))) and t(H;) = 1(V(H;)),
i = 1,2. If t(core(W(H1) x W(H3))) = 0, then we may take H; = H; and the
inequality (69) holds. Assume that r(core(V(H;) x V(H>))) > 0 and that the map

. core(W(H1) x V(Hy)) — V(H>)

is not surjective. Consider the subgraph I' := t,(core(W(H;) x W(H3))) of
W(H,). It follows from the definitions and assumptions that 7(I") < 1(V(H>))
and

r(core(W(Hy) x I')) = r(core(V(H,) x V(H3))) > 0,

whence ©(I") > 0. It is also clear that core(I") = I". Therefore,

r(core(W(Hy) x IN)) - r(core(W(H1) x W(H>)))

- - (70)
(") 1(V(H2))
Let I'y, ..., 'k be connected components of the graph I". Since
f(core(W(Hy) xIN) > 0,
it follows that r(I") > 0. Note that the graph
core(W(Hy) xTIN)
consists of disjoint graphs core(W(Hy) x I';), j = 1,..., k. In particular,
k k
KT) =) i(Iy).  F(core(W(Hy) x ) = ) F(core(¥(Hy) x I)),
j=1 j=1
hence,
k
> t(core(¥(Hy) x T)))
f(core(\I_l(Hl) x T)) _j=t 1)
(") k
> HI))
j=1

Note that if r(I';) = 0 then r(core(¥(H;) xI';)) =0.
Let I';« be chosen so that r(I';«) > 0 and the ratio
r(core(W(Hy) x I'jx))
£(Lj)

is maximal over those graphs I'; with r(I';) > 0. It follows from

k
i) =Y ©(I) >0

Jj=1
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that such j* does exist. It is not difficult to see that

k
> f(core(¥(Hy) x T)))
j=1 _ T(core(W(H1) x Tj+))

- t([j=)

k
> OHT))
Jj=1

This, together with (70) and (71), implies that

r(core(W(Hy) x I'j+)) - r(core(W(Hy) xIN)) - r(core(W(H1) x V(H3)))
(=) - i(T) 1(V(H))

Hence, picking an arbitrary primary vertex v € VpI'j« in I'j+ as a base vertex,
and letting H4 := H(I';+ ), as in Lemma 2.2, we obtain a subgroup Hy4 with the
desired inequality (69). |

Lemma 5.2. The supremum

a5

over all finitely generated factor-free subgroups Hs of F such that 1(Hs) > 0
and degW(H3) < d, where d > 3 is an integer or d = oo, is equal to
supg, {f(g;}gﬂ} over all finitely generated factor-free subgroups H, of F that
possess property (Bd) when d < oo or property (B) when d = oo, and satisfy the

condition I(Hy) C I(Hy). In particular, we have

oq(H)I(H1) = 04 (V(H1)T(V(HY)),
o(H)T(Hy) = o (W(H))T(V(H1)).

Proof. The first claim follows from Lemma 5.1 and the observation that if the map
p:core(W(Hp) x V(H,)) — V(H>)

is surjective then 1(H,) € I(H;). The equalities follow from the first claim,
the definitions of the numbers oy(H1), o(H1), 04(V(H1)), o(VY(Hy)), and
Lemma 5.1. O

In view of Lemma 5.2, when investigating the supremum

[ 11
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over all finitely generated factor-free subgroups Hs; of F with r(H3) > 0 and
deg W(H3) < d, we may assume that the index set / is finite, i.e., I = I(H), say,
I ={1,....m},andso F = G1 * G2 * ... % Gy,.

Furthermore, in order to be able to make use of results of Sections 3 and 4,
we consider JF as the following free product

Fo(1) =G *G(2,m)

of two groups G; and G(2,m) := Gy *...* Gp,. Let g, € G4 be some nontrivial
element of G, « € I ={l,...,m}. For every ay, € G4, consider the map

do > (Zat1---8m&1---8a) "daga+t1---&m&1 - - - La> (72)

where gy+1...8mg&1 - - - ga is a cyclic permutation of the word g1 g2 ... gm-

Recall that a subgroup K of a group G is called antinormal if, for every g € G,
gKg ' N K # {1} implies g € K.

Lemma 5.3. Let |I| = m > 3 and let H, be a finitely generated factor-free
subgroup of F. Then the map (72) extends to monomorphisms

w:F —F, pu2:F — Fo(1)

that have the following properties.
(@) Aword U € F with |U| > 1 is cyclically reduced if and only if n(U) is
cyclically reduced.
(b) The subgroups p»(F) and p(F) are antinormal in F»(1) and F, resp.
(¢c) u2(Hy) is a factor-free subgroup of F»(1) and w(Hy) is factor-free in F.
Furthermore, deg WV(H;) = deg W(u2(Hy)).
(d) If K1 and K, are finitely generated factor-free subgroups of F, then

t(K1, K2) = t(u2(K1), u2(K2)).

(e) The supremum
T(Hy, H>)
S“pﬂz{ T(H>) }

over all finitely generated factor-free subgroups H, of F such that t1(H) > 0
and degW(H,) < d, where d > 3 is an integer, does not exceed the
supremum
sup {f(Mz(Hll Kz)}
K 1(K>)

over all finitely generated factor-free subgroups K, of F,(1) with prop-
erty (Bd) relative to p,(Hy). In particular,

04(H1) < 04(u2(H1)) and o(Hy) < o(u2(Hy)).
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Proof. It is clear that the map (72) extends to homomorphisms
wF—3F puF— F(0).

Note that if a; € Gq, and a, € G, are nontrivial elements and «; # a», then
p(ai)u(ay) is a cyclically reduced word. This remark implies that the kernels of
the maps u, p, are trivial, whence u, i, are monomorphisms.

(a) It follows from the foregoing remark that a word U € F with |U| > 1 is
cyclically reduced if and only if u(U) is cyclically reduced.

(b) Let Uy, U, € F be reduced words and W (U)W ™! = u(Us,) in F. Using
induction on |U;| + |U,|, we will prove that W e u ().
Suppose U is not cyclically reduced and

Ui = a1Uzas,

where ay, a, € G, \{1} are letters of U;. Then we canreplace U; with U] := Usas,
where az € Go, az = aza; in Gy if a3 # 1 or with U| := Us if az = 1, and we
replace W with W’ := Wu,(a). This way we obtain an equality

W U)W 2 w(Us)

in ¥ in which |U{| + |Uz| < |U1| + |Uz|. Hence, it follows from the induction
hypothesis that W e wu(¥), as required. If U, is not cyclically reduced, then,
analogously to what we did above for Uy, we can decrease the sum |U;| + |Ua|
and use the induction hypothesis.

Thus we may assume that both words U;, U, are cyclically reduced. By
part (a), the words w(Uy), u(U,) are also cyclically reduced. Observe that if

wyiw—t 2y,

in &, where V7, V; are cyclically reduced and W is reduced, then V5 is a cyclic
permutation of ;. More specifically, there is a factorization

Vi=ViVis

and an integer k such that if ¥k > 0 then W = Vlelk and if £ < 0 then
W = Vl_llVlk . In either case, V, = Vi,V11. Applying this observation to the
equality
10
W(UpW ™' = u(Uy)

in &, we can see from (72), when m > 3, that a cyclic permutation of w(U;)
equal to 1(U,) must have the form 1(U;), where U is a cyclic permutation of
U, . For similar reasons, W = p (V') for some V € F and part (b) is proven for the
subgroup p(F). It now follows that u,(F) is also antinormal in F,(1).
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(c) Arguing on the contrary, suppose H is a factor-free subgroup of F and one
of u(H), u(H) is not factor-free in F, F,(1), resp. Then it follows from the
definitions that w,(H ) is not factor-free in F,(1). Hence, there is a reduced word
U such that U is not conjugate in F to a word of length < 1 and

W) L wyw-! (73)

in &, where W is either empty or reduced and V is either a letter of G; \ {1} or VV
is a reduced word with no letters of G;. Thus, V is reduced and either VV € G or
VeGQ2,m).

Assume that the word U in (73) is not cyclically reduced. Then
U = ay U1a2,

where a1, a, € Gy \{l1}areletters of U. If aja; = a3 in Gy and az € G4\ {1}, then
the word U’ = U, a3, similarly to U, is not conjugate to F to a word of length < 1
and u(U’), being conjugate to p(U) in &F, has a representation of the form (73),
so U can be replaced with U’. If aja, = 1 in G, then the word U; can be taken
as U. Hence, by induction on |U |, we may assume that U is cyclically reduced.

If the word WV W~ in (73) is not reduced, then there are words W', VV/ such
that o

uw(U) =wv'whH,
W', V' have the foregoing properties of W, V, resp., and
20W'| + V| < 2lW |+ |V].

Indeed, if, say W = Wja; and V = a,V;, where a1,a, € Gy \ {1}, then we set
W’ := W and V' is a reduced word equal in F to ajazViay'. Note that W/, V'
have the foregoing properties of W, V, resp., and

W= [W|-1, [V|<|V[+1,
whence 2|W’| 4+ |V'| < 2|W| + |V|. Thus, by induction on 2|W| + |V|, we may

assume that the word WV W1 in (73) is reduced.

Since U is cyclically reduced and |U| > 1, it follows from part (a) that u(U)
is cyclically reduced. Hence, the word W is empty and w(U) = V, where V is a
single letter of G1 \ {1} or V has no letters of G;. However, neither situation is
possible by the definition (72). This contradiction completes the proof of the first
statement of part (c).

Now we will prove the equality
deg W(H,) = deg W(u2(H1))

of part (c). It follows from the definition (72) that the graph W(u.(H)) can be
visualized as a graph obtained from W(H ) by subdivision of edges of W(H) into
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paths in accordance with formula (72) and subsequent “mergers” of edges that
have labels in G, U --- U G,. In particular, for every vertex v € VW(H) with
degv > 2, there will be a unique vertex u = u(v) € VsW(u,(H)) of degree
degu = degv and this map v — u(v) is bijective on the sets of all vertices
of W(H), V(uy(H)) of degree > 2. Hence, the maximal degree of vertices of
W(u2(H)) is equal to that of W(H ), as claimed.

(d) By part (c), the subgroups u»> (K1), n2(K») of F,(1) are factor-free and the
subgroups w(Ki), n(K>) of F are also factor-free. Let

T (2(K1), n2(K3))

be a set of representatives of those double cosets 2 (K1)Up,(K>) of F,(1), where
U e F,(1), that have the property

pa(K1) N Upa(Ko)U™ # {1

IfT € T(ua2(K1), u2(K2)), then it follows from the definition of the set 7' (12 (K1),
U2 (K>3)) that there are nontrivial V; € K;,i = 1,2, such that

Tpa(V2)T™' = pa(Vy) # 1

in F,(1). By part (b), such an equality implies T € u»(F) (note u, could be
replaced with ). Now we can see that there is a set S(K;, K2) € F such that

n2(S(K1, K2)) = T(pn2(K1), n2(K2))

and S(Kj, K») is a set of representatives of those double cosets K1 SK; of &,
S € 7, that have the property K1 N SK>S~! # {1}. Therefore,

f(K1. Ka) =) T(K1 N SKS™") = H(ua(Ky). pa(K2)).,
SeS(K1,K»)

as desired.

(e) This follows from Lemma 5.2, parts (c)—(d) and definitions. O

6. Proofs of theorems
For the reader’s convenience, we restate Theorems 1.1-1.3 before proving them.
Theorem 1.1. Suppose that F = G1 % G, is the free product of two nontrivial

groups G1, G, and H\ is a finitely generated factor-free noncyclic subgroup of F.
Then the following are true.
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(a) For every integer d > 3, there exists a linear programming problem
(LP-problem)

P(Hy,d) = max{c(d)x(d) | A(d)x(d) < b(d)} (®)
with integer coefficients whose solution is equal to —o 4 (H1)t(H}y).

(b) There is a finitely generated factor-free subgroup Hy of F, HY = H; (H),
such that H} corresponds to a vertex solution of the dual problem

P*(Hy,d) = min{b(d) " y(d) | A(d)"y(d) = ¢(d)T, y(d) = 0}
of the primal LP-problem (8) of part (a) and
t(H1, Hy) = o4 (H)T(Hy)T(Hy).

In particular, the WN4-coefficient o4 (H1) of H, is rational.

Furthermore, if W(Hy) and W(H}) denote irreducible core graphs represent-
ing subgroups Hy and H,, resp., and | EV| is the number of oriented edges
in the graph U, then

< 92! EVUIDV/dloga logy (4d)

|EV(H)|

(c) There exists a linear semi-infinite programming problem (LSIP-problem)
P(Hy) = sup{cx | Ax < b} with finitely many variables in x and with
countably many constraints in the system Ax < b whose dual problem

P*(Hy) =inf{b Ty | ATy =¢cT, y >0}
has a solution equal to —o (H1)T(H1).

(d) Let the word problem for both groups Gi, G, be solvable and let an irre-
ducible core graph V(H1) of Hy be given. Then the LP-problem (8) of
part (a) can be algorithmically written down and the WN ;-coefficient o4 (H1)
for Hy can be computed. In addition, an irreducible core graph V(H}) of
the subgroup H; of part (b) can be algorithmically constructed.

(e) Let both groups G and G, be finite, let d,,, := max(|G1|, |G2|) > 3, and let
an irreducible core graph V(H) of Hy be given. Then the LP-problem (8)
of part (a) for d = dy, coincides with the LSIP-problem P(H1) of part (c)
and the WN-coefficient o (H1) for Hy is rational and computable.
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Proof of Theorem 1.1. We start with part (a). Assume that
I ={1,2}, F=G %G,

and H, is a finitely generated factor-free noncyclic subgroup of F. As in Section 2,
let W, (H7) denote a finite irreducible A-graph of H; and let ¥(H) denote the core
of W, (H1). Conjugating H; if necessary, we may assume that W,(H;) = V(H).

Denote Y; := W(H;) and pick an integer d > 3. As in Sections 3 and 4,
consider the system of linear inequalities SLI;[Y1], see (16), and the LP-problem

max{—x; | SLI;[Y1]}. (74)
According to Lemma 4.2, the maximum of the LP-problem (74) is equal to
—og (YDr(Y1),

where

r(core(Y7 X Yz))}
i(Y2)

over all finite irreducible A-graphs Y, with property (Bd) relative to Y.

By Lemma 5.2, we have

0a(YI)F(Y1) = supy, {

oqa(YDI(Y1) = 04(H1)T(H1),
as desired in part (a). Part (a) is proven.

We will continue to use below the notation introduced in the proof of part (a).

Part (b) follows from Lemmas 4.2, 4.3 and their proofs in which the construc-
tion of the graph Y5 o, is based on a vertex solution yy to the dual LP-prob-
lem (30). To define the desired subgroup H; of J for Hy, we can use the graph
Y50, of Lemma 4.3 as an irreducible A-graph W,«(H;). By Lemmas 4.2, 4.3,
and 5.2, the subgroup H; has all of the desired properties. Part (b) is proven.

To prove part (c), we note that it follows from Lemmas 4.2 and 5.2 that the
dual problem (29) of the LSIP-problem sup{—x; | SLI[Y;]}, where Y; = W(H;)
as above, has the infimum equal to —o (Y7)1(Y;) = —o(H1)1(H;). This proves
part (c).

Now we turn to parts (d)—(e) of Theorem 1.1. First we discuss how to algorith-
mically write down inequalities of the system SLI;[Y;], where d > 3 is a fixed
integer. Recall that every inequality of SLI[Y;] is written in the form (13)—(14)
and there are finitely many subsets A € S;(Vp Y1) that are indices of k£ variables
+x4 in the left hand sides of inequalities (13) and (14), where 2 < k = |T| < d.
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The coeflicient of x; is the integer —(k —2) and the right hand side of (13) and (14)
is an integer —N(27)q, Where

0<N(Q7)a <(d—2)|VpY1],

see (12). This information is sufficient to conclude that the set of inequalities
in the system SLI;[Y;] is finite. However, this information is not sufficient to
algorithmically write down inequalities of SLI;[Y7] because the set of available
sets T is infinite whenever the union G; U G is infinite.

To algorithmically write down the system SLI;[Y;], we assume that the word
problem for both groups G, G is solvable and we will look more closely into the
definition of inequalities (13) and (14).

Recall that inequalities (13) and (14) are defined in Section 3 by using an «-
admissible function Q7: 7 — S;(VpY1), where T € S§2(Gy) and o € I = {1, 2}.

We also recall that ~q . denotes an equivalence relation on the set of all pairs
(a,u), wherea € T and u € Qr(a), see Section 3. Making use of the equivalence
relation ~gq ., we define a relation ~ on the set T so that @ ~ b if and only if there
are u € Qr(a) and v € Q7 (b) such that

(a.u) ~q (b.v).

Note that this relation = is reflexive and symmetric. The transitive closure of
the relation ~ is an equivalence relation on 7" which we denote by ~q,. The
equivalence class of @ € T is denoted [d]~,,.. It follows from the definition
of [a]~q, and from the property of being -admissible for Q7 that, for every
b € [a]%QT, there is an element b, € [a]gQT such that b, # b; and there are
edges eq, e2 € EYq such that (e1)+ = (e2)+ € Vs, the vertex (e1)+ has type «,
(ei)— € Qr(b;),i =1,2,and

biby ' = g(er)p(er)™ (75)

in Go. Note that if we connect every two such elements by, b, € [a]gQT by an
edge, then the graph I'(27), whose vertex set is 7', will have connected compo-
nents whose vertex sets are equivalence classes [a]%QT of T'. This connectedness
of subgraphs of I'(27) on vertex sets [a]~, . obviously implies the following.

Lemma 6.1. Equations (75) can be used to determine all elements of the equiva-
lence class [a]%QT for given a € Gy,.

Proof. This easily follows from the definitions. Recall that the word problem is
solvable in G. A
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Let C(«, d) be a subset of G, of cardinality
|IC(a,d)| =d? +d,

where ¢ = 1,2 and d > 3 is a fixed integer. In the arguments below, this set
C(a, d) will be held fixed. Note that if |G| < d? + d, so it is not possible to
choose d? + d distinct elements in Gy, then all inequalities (13) if o = 1 or (14)
if « = 2 for k < d, where as before k = |T'|, can be written down effectively for
the following reasons. The sets

S2(Gy) and {Qr | Qr:T — S1(VpY1), T € S2(Gy)}

are finite, they can be written down explicitly, and it is possible to verify whether
given function
QT: T — Sl(VPYl)

is a-admissible.

Clearly, the same conclusion as above holds if both G, G, are finite but in the
arguments below we will only need the equality |C(«,d)| = d? + d, hence we
can just assume that |Gy | > d? +d.

Consider a subset C C C(a,d), where | < |C| < k < d, and let Z =
{z1,....zk—|c|} be a set of indeterminates . Note that |C U Z| = k. Consider a
function

Qeuz:CUZ — S1(VpY). (76)

Similarly to the relation ~q, defined in Section 3, we introduce a relation
~Qcu, on the set of all pairs (a,u), wherea € C U Z and u € Qcuz(a), defined
as follows. Two pairs (a, u) and (b, v) are related by ~q..,,, if and only if either
(a,u) = (b,v) or, otherwise, there exist edges e, f € EY; such that e- = u,
f— = v and the secondary vertex e+ = f4 has type «.

We also consider an analogue ~z of the relation ~ defined above so that
~z b, where a,b € C U Z, if and only if there are

u € Qcuzla), veQcuz)

such that (a, u) ~q.,, (b,v).As before, the relation ~ 7 is reflexive and symmet-
ric. By taking the transitive closure of the relation ~z we obtain an equivalence
relation on the set C U Z which is denoted by ~q.. .

We will say that a function Qcyz, as in (76), is unacceptable if there is an
equivalence class [(a, u)]~, . , of ~qc, with a single element in it or there is
an equivalence class [a]~, . ., of the relation ~q,, that contains no elements
of C. Note that, when given a function Q¢ yz as in (76), we can algorithmically
check whether or not Qcyz is unacceptable.
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If now the function Q¢ 7 is not found to be unacceptable, then we attempt to
construct a function
(7 — Gqy

by using the following algorithm.

First, we set {o(c) := c if ¢ € C and let
Co:=C, Zyp:=0.

Consider the set of all triples (a,u,{), where a € C U Z, u € Qcuz(a),
1 <{¢ <d + 1, and do the following. By induction on i > 0, assume that the sets

are constructed and a bijective function
(i:CoU Z; — C;

is defined so that the restriction of {; on Cy is {y. For every unordered pair
{(a,u,?), (b,v, L)} of distinct triples with a fixed £ (first we use £ = 1, then { =2
and soonup to £ = d + 1), we check whether there are edges e, f € EY; such
that
e— =1Uu, f_='U, e+=f+,

and ey = fy € VgY; has type . If there are no such edges, then we pass on
to the next pair {(a, u, £), (b, v, £)}. If there are such edges e, f, then we consider
three Cases 1-3 below, perform the described actions and pass on to the next pair.
We remark that these actions can be algorithmically implemented as follows from
the solvability of the word problem for groups G;, G, and the availability of the
graph Y1 = W(H,).

Casel. Ifbotha,b € C U Z;, then we check whether the equality
(@) ()™ = pe)p(f)7!

holds in G,. If this equality is false, then we conclude that the function Qcyz is
unacceptable and stop. Otherwise, we set

Ziy1:=2;, Citz1:=Ci, Gip1:=4.

Case 2. Suppose that exactly one of @, b isin CU Z;,say b € C U Z;. Then itis
clear that ¢ € Z \ Z; and we can uniquely determine an element &(a) by solving
the equation £(a)¢; (b)™! = @(e)p(f)~ L. If £(a) € C;, then we conclude that the
function Q¢ z is unacceptable and stop. Otherwise, we set

Zit1:=Z;Ula}, Citq1:=CU{(a)}

and define a function ;1 on the set C U Z; 1 so that {;4+1(a) := &(a) and the
restriction of {; 41 on C U Z; is ¢;.
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Case 3. Ifbotha,b & C U Z;, then we set
Ziv1:=2;, Ciy1:=Ci, Giy1:=4.
Cases 1-3 are complete.

Since every equivalence class [a]%QCUZ contains an element of C, it follows
from the definitions that while this algorithm runs over all pairs for a fixed ¢’ =
1,...,d, one of the following three Cases (C1)—-(C3) will occur.

(C1) Forsome i, |Z;4+1| = |Z;| + 1.
(C2) The set Qcyz is found to be unacceptable.

(C3) For the index i, corresponding to the last pair {(a, u, {'), (b, v,{’)} for pa-
rameter £ equal to £', one has Z; = Z.

Since |Z| < d — 1, we can see that it is not possible for Case (Cl) to
occur for all £ = 1,...,d. Hence, running this algorithm consecutively for
' =1,...,d,results either in conclusion that the function Q¢yz is unacceptable
or in construction of a bijective function

§=§55CUZ—>C,'§GQ,

where Z; = Z, in which case we say that the function Qcyz is acceptable.
Furthermore, setting

I:=8CuUZ) and Qr(l(a)):=Qcuz(a)

foreverya € C UZ, we obtain an ¢-admissible function Q7 ontheset7, T € G.

Observe that the set of all such functions
Qcuz:CUZ — Sl(Vle),

where C C C(a,d) and Z = {zi,...,zx—c|}, see (76), is finite (recall the
set C(w, d) is fixed) and that all such functions can be written down explicitly.
Moreover, using the foregoing algorithm, we can verify whether a function Qcuz
is acceptable and, when doing so, construct a unique function

(:CuzZ — S1(VpYy),

where T := {(C U Z), so that Q7(¢(a)) := Qcuz(a) foreverya € C U Z and
{(c) = cif ¢ € C. Therefore, in order to establish that inequalities (13)—(14) can
be algorithmically written down, it remains to prove the following.
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Lemma 6.2. For every «-admissible function
Qr:T'— S1(VpY1),
where T' C Gy and 2 < |T'| = k < d, there exists an acceptable function
Qcuz:CUZ — S1(VpY1),

where C C C(a,d) and Z = {zy, ..., zx—|c|}, with the following property.
Let T :=¢(C U Z) and let

QT: T — Sl(VPYl)

be the a-admissible function, defined by Qr(((a)) := Qcuz(a) for every a €
CUZ and {(c) = c for c € C. Then the two inequalities (13), that correspond to
Qrrand to Qr if a = 1, or the two inequalities (14), that correspond to Q' and
to Qr if « = 2, are identical.

To prove Lemma 6.2, we first establish an auxiliary lemma.
Lemma 6.3. Suppose
QT/: T/ —> SI(VPY1)

is an a-admissible function, where 2 < |T'| < d, and T' = E; U---UE, isa
partition of T into equivalence classes [a]zQT/ of the equivalence relation ~gq.,.
Then there are elements hy, ..., h, € Gy such that the set

T := Elhlu"'UErhr

has the cardinality |T| = |T’| and every set E;h;, i = 1,...,r, contains an
element from the set C(a, d).

Proof. By induction on i, where 1 < i < r, we will prove the existence of
elements hy,...,h; € G, with the property that the set E1h; U --- U E;h; has
the cardinality

i
> |Ejhj|
ji=1

and every set Ejhj, j = 1,...,i, contains an element from C(c, d).
Ifi =1, then we sethy := b~ 'c, where b € Ey and ¢ € C(a, d).

Making the induction hypothesis, assume that there are elements /1, ...,h; €
G, with the desired properties.
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To make the induction step from i to i 4 1, denote
Ci(a,d) = C(a,d)N (E1h1 U---U E;h;)
and let b € E; 1. For an element ¢ € C(a,d) \ C;(a, d), we consider the set
R := E,~+1b_1c.

Clearly, R, contains an element from C(«, d) and if R, is disjoint from the set
Ei{hyU---U E;h;, then we can set

h,’+1 = b_lc.

Therefore, we may assume that R, contains an element from Eh; U --- U Ejh;
for every ¢ € C(a,d) \ Ci(, d).

Suppose that elements in £141 U --- U E;h; are indexed by integers from 1 to
|E1hy U---U E;h;| and elements in R, = E;1h~'c, where b and c are chosen
as above, are indexed by integers from 1to | E; 41| so that, for every e € E; 41, the
index of eb™1¢ € R, is equal to that of e € E; 1. In other words, we wish to keep
indices stable when multiplying E; 1 by b~ !c.

Making use of these indices, we fix an element b € E;4; and, for every
ceC(a,d)\ Ci(a,d),

we consider the pair (jr(c), jg(c)) of indices jr(c), jg(c) in R, = E;+1b~'c
and in E1h; U---U E;h;, resp., of an element of the intersection

R.N(E1hyU---U E;h;)
which is not empty as was assumed above.

Suppose that (jr(c1), je(c1)) = (jr(c2), jE(c2)). Then it follows from the
definitions that if e, e, € E;4+; are such that

elb_lcl S Rcl N(Eihy U---U Ejh;),
ezb_ICZ S RC2 N(Erhy U---U Ejh;),

then e; = e and e;h~ !¢y = exb™ !¢y in Gy. These equalities imply that ¢; = c5.
Therefore, for distinct elements ¢y, ¢, € C(«, d) \ Ci(«, d), the pairs

(Jr(c1), je(c1)),  (Jr(c2), jE(c2))
are also distinct. However, the number of elements ¢ in C(«, d) \ Ci(«, d) is
ICla.d)| = |Ci(@,d)| = (d*> +d)—d = d?

and the number of all such pairs (jr(c), jg(c)) is less than d2. This contradiction
completes the induction step and Lemma 6.3 is proved. A
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Proof of Lemma 6.2. Utilizing the notation of Lemma 6.3, we let
T'=E,U.-.-UE,
and let /iy, ..., h, € G4 be elements such that the set
T:=FEhhU---UEh,

has cardinality |T| = |T’'| = k and every set E;h;, i = 1,...,r, contains an
element from C(«, d).

Define a function

~

QT — S1(VpYy)
sothatifa € E;,i =1,...,r, then fz(ahi) = Q7 (a).

Define C := C(a,d) N T and let C = {c1,...,c|c|}. Introducing more
notation, denote

T = {Cl,...,C|C|,b1,...,bk_|c|}
and Z = {z1,..., Zk—|C|}-

We also define a function
Qcuz:CUZ — S1(VpY1)

by setting Qcuz(ci) = Q(ci) and Qcuz(zj) = Q(b,-) for all 7, j. In view
of Lemma 6.1, it is not difficult to see that the function Q2¢cyz is acceptable,
{(CUZ)=T,andif

Qr: T — S1(VpY1)

is the function defined by Q7 ({(a)) := Qcuz(a) for every a € C U Z, where
{(c) = cforc e C, then the following hold true. The function Q7 is ¢-admissible,
Qr = Q, and the two inequalities (13) if @ = 1 or the two inequalities (14) if
a = 2, corresponding to Q7+ and to Qr, are identical. Lemma 6.2 is proved. A

To finish the proof of part (d) of Theorem 1.1, we remark that, by Lemma 6.2,
the LP-problem max{—x; | SLI4[Y1]} can be algorithmically written down.
Solving this LP-problem we obtain, by Lemma 4.2, the number —o,4(Y1)1(Y7)
which is equal to —o (H1)T(H1) by Lemma 5.2. Since the number t(Y;) = 1(H;)
is readily computable off the graph Y; (recallt(Y;) = |EY;1|/2—|VY1]), it follows
that the coefficient o4 (Y7) is also computable.

Since the LP-problem max{—x; | SLI;[Y1]} can be effectively written down,
its dual problem (30) can also be effectively constructed. Using the notation
of the foregoing proof of parts (a)—(c), we observe that a vertex solution yy =
yy (d) to (30) can be computed, see [26]. Hence, a combination with repetitions
Oy, such that soly;(Qy) = yy and all entries in n(Qy) are coprime, is also
computable, see Lemma 4.1.
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Now, as in the proof of Lemma 3.2, we can constructa graph Y5 o, = W(H))
from Qy and observe that this construction can be done algorithmically. The
proof of part (d) is complete.

To show part (e), we note that if both groups G, G, are finite then any
irreducible finite A-graph W has the property that degu < max{|G4|, |G|} for
every secondary vertex u € VgW. Hence, setting

dm = max{|G1/|, |G2|},

we obtain that SLI[Y;] = SLI,;,, [Y1] and so, by Lemma 4.2, o (Y1) = 04, (Y1).
Since the coeflicient 04, (Y1) = o04,,(H1) is rational and computable by part (d),
the number o (H;1) = o(Y;) is also rational and computable. Theorem 1.1 is
proved. |

Theorem 1.2. Suppose that F = G * G, is the free product of two nontrivial
finite groups G1, G, and Hy is a subgroup of F given by a finite generating set §
of words over the alphabet G U G,. Then the following are true.

(a) In deterministic polynomial time in the size of 8, one can detect whether H,
is factor-free and noncyclic and, if so, one can construct an irreducible graph
\po (H 1) Of H 1-

(b) If H; is factor-free and noncyclic, then, in deterministic exponential time in
the size of 8, one can write down and solve an LP-problem P = max{cx |
Ax < b} whose solution is equal to —o(H,)T(Hy). In particular, the
W N -coefficient o (H1) of H; is computable in exponential time in the size
of S.

(¢) If H, is factor-free and noncyclic, then there exists a finitely generated factor-
free subgroup Hy = H(Hy) of I such that

T(Hy, Hy) = o (H)T(H)T(H)
and the size of an irreducible core graph V(H}) of H; is at most doubly
exponential in the size of W(H1). Specifically,

22| EW(H)|/4+]ogp logy (4dm)

|[EW(H7)| <

’

where W(H1) is an irreducible core graph of Hy, |EWV| denotes the number
of oriented edges of the graph ¥, and d,, == max(|G1], |G2]).

In addition, an irreducible core graph VY(H}) of H; can be constructed
in deterministic exponential time in the size of S or V(Hy).
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Proof of Theorem 1.2. Part (a) follows from Lemma 2.1.

To show part (b), we first observe that, in the case when G and G, are finite, we
can effectively write down the system SLI;, [Y;], where d;, = max{|G,|, |G2|},
and this can be done in exponential time in the size of Y; := W(H;). Indeed, the
number of all functions

Qr:T — S1(VpY1),

where T € S5(Gy) and |T| < d, is bounded above by 2dm2lVrYil®"
2dm Q(EY1|/4)0m Hence, we can construct all such functions in exponential time.
We can also check whether every such function is «-admissible in polynomial time
in the size of Y;. Note that the input is the generating set § while the orders of finite
groups Gy, o = 1,2, and the parameter d,, are regarded as constants. Hence, all
inequalities of the system SLI;,, [Y;] that are defined by means of «-admissible
functions Q2 as above, see definitions (13)—(14), can be computed in exponential
time in the size of Y;.

Furthermore, by Lemma 2.1, the size of the graph Y; is polynomial in the size
of the generating set 8. By Theorem L.1(e), SLI[Y;] = SLI,,,[Y1]. Hence, the size
of the system SLI[Y;] = SLI,,, [Y1] is exponential in the size of 8. It is clear that
the size of the primal LP-problem max{—x; | SLI;, [Y1]} as well as the size of
the dual problem (30) are also exponential in the size of Y; or in the size of 8.
By Theorem 1.1 and Lemma 5.2, an optimal solution to the dual problem (30) is
equal to

—04,,(Y1)T(Y1) = —04,,(H1)T(H1) = —0(Y1)T(Y1) = —0o (H1)T(H1).

It remains to mention that an LP-problem max{cx | Ax < b} can be solved in
polynomial time in the size of the problem, see [26], and that the reduced rank
1(Y1) = 1(H1) can be computed in polynomial time in the size of Y.

To prove part (c), we recall that the size of the dual LP-problem (30), similarly
to the size of the primal LP-problem max{—x; | SLI;, [Y1]}, is exponential (in
the size of Y; or 8) that a vertex solution yy = yy(d,,) to (30) can be computed
in polynomial time in the size of the dual LP-problem (30), see [26]. Note that
here and below we use the notation of the proofs of proofs of Lemmas 3.2 and 4.3.
Hence, a vertex solution yy to (30) can be computed in exponential time (in the
size of Y7 or §). Using the function soly,, we can compute a combination with
repetitions Qy, such that solg,, (QOy) = yy and entries of Qy are coprime, in
polynomial time in the size of yy. The size of the vertex yy, as was established
in the proof of Lemma 4.3, see (51)—(53), (56), is exponential. Hence, the
combination Qy can also be computed in exponential time.

The inequality

22| EW(H1)|/44logs logy (4dm)

’

|[EW(H7)| <

where, as above, d,, = max(|G4|, |G2|), follows from part (d) of Theorem 1.1.
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In view of inequalities (54) and (57), we obtain that

10| < rdm)™" (77)

This bound, in particular, means that every inequality ¢ € SLI;, (Y1) occurs
in Qy less than

|EY11/4+1ogs logy (4dm)
<22 .

2| EYq|/44+logy logr (4dm)

2
times, hence, the number ¢, (¢) of occurrences of ¢ in Qy can be written by
using at most 2|EY1l/4+10g> log> (4dm) g,

As in the proofs of Lemmas 3.2 and 4.3, we construct a graph Y, o,, whose
secondary vertices are in bijective correspondence with inequalities of Qy and
whose primary vertices are defined by means of an involution ¢y on the set of
terms +xp of the left hand sides ¢* of the inequalities g € Qy .

Lemma 6.4. The graph Y o, can be constructed in deterministic exponential
time in the size of Y.

Proof. We need to explain how to compute the involution ¢y as above in expo-
nential time (in the size of Y;). To do this, for each variable xp of the system
SLI1,, (Y1), see (15), we consider a graph A p whose set of vertices is the subset

Ry :={q|q€Qv}

of SLI, (Y1) formed with the inequalities of Q. If ¢1,¢> € Ry are distinct, ¢*
contains the term xp and qu contains the term —xp, then we draw an edge in Ap
that connects g, and g,. In other words, if there is a potential cancellation between
terms +xp in the sum qlL + qZL then Ap contains an edge that connects ¢; and
qz.

It is clear that Ap is a bipartite graph so that every edge connects a vertex of
type (13) and a vertex of type (14).

Consider a weight function
a)D:EAD—>Z, (78)
where 7 is the set of integers, such that wp(e™!) = wp(e) > 0 and
Y wp(e) = ng(xp)ngy (4),
e—=q

where n,(xp) is the number of times the term xp or —xp occurs in gL andn g, (q)
is the number of occurrences of ¢ in Qy. Clearly, n,(xp)ng, (q) is the total
number of occurrences of terms +xp in the subsum

qL + coe + qL
~———
noy, (g) times

of the sum Zq/EQV (¢")E. Note thatng,, (q) = n,;(Qv) if ¢ = ¢; in the notation
of (35).
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Our nearest goal is to show that such a weight function wp can be computed
in exponential time for every index D.

Let the edge set

-1 —1 -1
EAD ={e17e1 7e2’ez ""7e|EAD|/27e|EAD|/2}

of the graph A p be indexed as indicated and let (e;)— be a vertex of type (13) for
every i.

We will define the numbers wp (e;) by induction fori = 1,2,...,|EAp]|/2 by
the following procedure which also assigns intermediate weights wp (g) to vertices
q € Ry of Ap.

Originally, we set
wp(q) :=ng(xp)ng, (q)
for every ¢ € Ry. Fori > 1, if the edge ¢; connects ¢; and ¢, then we set

wp(e;) := min(wp(q1). ©p(g2))

and redefine the weights of g; and ¢, by setting

wp(q1) := wp(q1) —min(wp(q1). ©p(q2)).
wp(g2) := wp(g2) — min(wp(q1). ©p(q2)).

where w},(g1) denotes the new weight.

Note that the assignment of a nonnegative weight wp(e;) to the edge e;,
connecting ¢; and ¢», can be interpreted as making wp (e;) cancellations between
terms +xp of the subsums

gt +---+qf and gk +---+qF
——— ~——
no, (g1) times no, (g2) times

of the sum in the left hand side of the equality

> gt = —2r(Y1)xs. (79)

qeQy

Analogously, the intermediate weight wp(g1) of a vertex g; € VAp can be
interpreted as the number of terms £xp of the subsum

bttt
————
no, (q1) times

which are still uncancelled in the left hand side of (79).
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Therefore, in view of the equality (79), in the end of this process, we will
obtain that the weights wp (g) of all vertices ¢ € Ry are zeros, i.e., cancellations
of the terms £ xp are complete, and the weights wp (e; ) of all edges e; have desired
properties.

Clearly, the foregoing inductive procedure makes it possible to compute such a
weight function wp in polynomial time in the size of the graph A p and in the size
of numbers ng, (¢), ¢ € Ry, written in binary. Hence, we can compute weight
functions wp for all D in exponential time.

Now we will define the involution ¢y based on the weight functions wp.
Let elements of the set Ry = {q1.,...,q|r, |} be indexed as indicated and let
elements of the combination
QV = [[QI,I’ q1,2’ ceey QI,nQV (ql)’

. ey

4i,159i25 -+ Ging, @) (80)

4Ry 1.1:91Ry 122 - - DRy Loy, @&y, DI
where ¢;;; = ¢i € Ry for all possible i, j, be double indexed as indicated

according to the indices introduced on elements of Ry .

Since the secondary vertices of the graph Y5 o, are in bijective correspon-
dence with elements of Qy, see the proof of Lemma 3.2, we can also write

VsYa,0, ={uij |1 <i <|Ry|, 1 =) <ng, (g}
where
u,-,j [ Qi,j (81)

under this correspondence.

Let g; € Ry be fixed and let

qmyG)> - -+ dmy; ()

be all vertices of Ap, where m(i) < --- < my, (i), that are connected to g; by
edges fi...., f, resp., in Ap with positive weights wp(f1),...,wp(f), resp.
We assume that ¢; is the terminal vertex of the edges fi,..., f;.

Recall that qiL contains ng; (xp) > 1 terms £xp, here the sign is a minus if ¢;
has type (13) and the sign is a plus if ¢; has type (14).
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According to the weights wp (f1), ..., wp(fs;), we will define (D, i,t)-blocks
of consecutive terms +xp in the sum

L L L
qii T qip+ -+ Ding, ()’ (82)

see (80), in the following manner. (Here and below we disregard all terms +xp,
where B # D, in (82) when we talk about consecutive terms £xp in (82).)

The (D, i, 1)-block consists of the first wp( 1) consecutive terms +xp in the
sum (82). The (D, i, 2)-block consists of the next wp ( f) consecutive terms +xp
in the sum (82) and so on. Note that the first term +xp of the (D, i, 2)-block is
(wp(t1) + 1)stterm +xp in the sum (82) and the last term +xp of the (D, i,2)-
block is the (wp(¢1) + wp(t2))th term +xp in the sum (82).

The (D, i, t;)-block consists of the last wp (f;;) consecutive terms +xp in the
sum (82). Since

t
Y op(f1) = ng;(xp)ngy (q:)
=1
and wp(f;) > 0 for every ¢, it follows that these (D,i,t)-blocks, where t =
1,...,t; and D,i are fixed, will form a partition of the sequence of terms +xp of
the sum (82) into #; subsequences. Note that the terms +xp of the same summand
qiL, ; of (82) could be in different blocks when ng, (xp) > 1.

We emphasize that every (D,i,t)-block is associated with a vertex ¢; €
VAp = Ry and with an edge f; of Ap so that f; ends in g; and wp(f;) > 0. In
particular, for every (D, i, t)-block, associated with a vertex ¢; € Ry and with an
edge f; of Ap, we have another (D, i’, t')-block, associated with a vertex ¢;» € Ry
and with an edge f;, of Ap, sothatg;» # ¢; and f), = f;7 Y. Here f{,..., ft/,/ are
the edges of A p defined for ¢;- in the same fashion as the edges fi, ..., f3, olf Ap
were defined for ¢;. Note that i” =i and f;), = f; in this notation.

We define the involution ¢y so that all the terms £xp of the (D, i, t)-block are
mapped by ¢y to the terms Fxp of the (D, i’,#’)-block in the natural increasing
order of elements in the block.

In other words, this definition of the involution ¢y means that the primary
vertices of the graph Y5 o, , for details see the proof of Lemma 3.2, that are
connected by edges to the secondary vertices

ui,lvui,Z’-"7ui,nQV(qi) (83)

of Y50, , see (81), and that correspond to the terms +xp of the (D, i, ¢)-block,
will be identified, in the increasing order, with the primary vertices that are
connected by edges to the secondary vertices

Uil 1 Ui 25 Uilng, (gi0) (84)

of > 0, and that correspond to the terms Fxp of the (D, i’, ¢’)-block.
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The labels to the edges of the graph Y, o, are assigned as described in the
proof of Lemma 3.2. Specifically, let ey ;, ..., e, ; be all the edges of Y o, that
end in a secondary vertex u; ;, i.e.,

(e1,j)+ == (ex;,j)+ = Ui j,

where k; = k(g;). Furthermore, let {b1, ..., by, } denote the domain of an «;-
admissible function

Qr;: b1, ....bg;} — S1(VeY1)
that defines the inequality ¢g;. Then we set
pler,j):==b1, ..., plex, ;) := by,

Note that the primary vertices that are discussed above and that are connected
by edges to vertices (83) will be precisely those e, ;, among (ey,;)—., ..., (ex;,;)—
overall j =1,...,n9,(¢q), for which

Q1 (pleg,j)) = Qr;(bg) = D.

Similar remark can be made about the primary vertices that are discussed above
and that are connected by edges to vertices (84).

It is clear that the foregoing construction of the involution ¢y can be done
in polynomial time in the total size of graphs Ap, weights wp(e), e € EAp,
and numbers ng, (¢), ¢ € Ry, written in binary. Therefore, we can compute
ty in exponential time in the size of Y; (or §). Thus the graph Y, ¢, can also
be constructed in exponential time, as required. The proof of Lemma 6.4 is
complete. A

Since the graph Y5 o, can be constructed in exponential time in the size of the
generating set 8, it follows from Lemma 4.3 that we canuse Y5 ¢, as anirreducible
A-graph W(HJ) of the subgroup H,. Theorem 1.2 is proved. |

It is worthwhile to mention that our construction of the graph Y, g, is some-
what succinct (cf. the definition of succinct representations of graphs in [25]) in
the sense that, despite the fact that the size of Y» ¢, could be doubly exponential,
we are able to give a description of Y, ¢, in exponential time (in the size of Y1).
In particular, vertices of Y5 o, are represented by exponentially long bit strings
and edges of Y5 o, are drawnin blocks. As aresult, we can find out in exponential
time whether two given vertices of Y> o, are connected by an edge labelled by
given letter g € Gy.
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Theorem 1.3. Suppose that F = [[,,c; Ga is the free product of nontrivial groups
Gy, a € I, and H, is a finitely generated factor-free noncyclic subgroup of ¥F.
Then there are two disjoint finite subsets I, I> of the index set I such that if
G, = ]_[Ole,1 Gy, Gy = ]_[ael Gy, and T := Gy * G, then there exists a

finitely generated factor-free subgroup H, of F with the following properties.

(a) f(ﬁl) =1(H1), ad(ﬁl) > o04(Hy) for everyd > 3, and a(ﬁl) >o(Hy). In
particular, if the conjecture (5) fails for Hy then the conjecture (5) also fails
for H;.

(b) If the word problem for every group G4, where a € Iy U I, is solvable and
a finite irreducible graph of H, is given, then the LP-problem P(H1,d) for
Hy of part (a) of Theorem 1.1 can be algorithmically written down and the
WNg-coefficient o;(H1) for Hy can be computed.

(c) Let every group Gy, where a € 11 U I, be finite, let H, be given either by a
finite irreducible graph or by a finite generating set, and let

dy = max{|I; U I|, max{|Gy| | @ € 11 U I5}}.

Then oy,, (Hy) > o(Hy) and there is an algorithm that decides whether the
conjecture (5) holds for H;.

Proof of Theorem 1.3. (a) As in the proof of Theorem 1.1, we assume that the
subgroup H; is given by an irreducible A-graph W(H,) with core(V(H;)) =
W(H,), now the alphabet is A = | J,; G«. Note that it is also possible to assume
that H; is defined by a finite generating set S whose elements are words over
the alphabet A. In the latter case, we could apply Lemma 2.1 which, when given a
finite generating set of a subgroup H of JF, verifies that H is a factor-free subgroup
of F and, if so, constructs an irreducible A-graph of H.

Making use of the graph W(H;) of H;, we switch from the original index set
I to its finite subset /(H;) and rename it by {1, ..., m}. Here and below we use
the notation introduced in Section 5. Without loss of generality, we may assume
that m > 3, otherwise, we set ﬁl = Hi.

Consider the embedding
po:F —> Fa(l)
defined by means of the map (72), where
F(1)=G1 *G12,m) and G2,m)= Gy *---* Gy,

Denote Hy := j2(H,). By Lemma 5.3, u, is a monomorphism, hence, i(Hy) =
T(H1) and, by Lemma 5.3(e),

0q(Hy) < 0q(Hy)
for every d > 3. Consequently, 0 (H;) < o(H1) as well. This proves part (a).
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(b) Assume that the word problem is solvable in groups Gy, ¢ € I(H;).
Then the word problem is also solvable in factors G, G(2, m) of the free prod-
uct F,(1) = G * G(2,m). Furthermore, using the graph W(H;) of H;
and the map (72), we can algorithmically construct a finite irreducible graph
W(H;) with core(¥(H1)) = W(Hy). By Theorem 11(d), the LP-problem
P(Hy,d) = P(V(H1),d), associated with H;, can be effectively constructed and
the coeflicient o, (ﬁ 1) can be computed, as claimed in part (b).

(c) We will continue to use the notation introduced above. Suppose that all
factors G, where @ € I(Hy) = {1, ..., m}, are finite. We also assume that H is
given by an irreducible graph W(H) with core(W(H;)) = W(H;) or H; is given
by a finite generating set. Note that Lemma 2.1 reduces the latter case to the former
one. By Lemma 5.2, when computing the number

{ I(Hy, H) }
I(Hy)t(H>)

over all finitely generated factor-free subgroups H, with 1(H,) > 0, we may
assume that the subgroup H> has property (B) and satisfies the condition I(H,) C
I(H1). The condition /(H,) € I(H;) implies that the degree of every primary

vertex of W(H,) does not exceed |/(H1)|. On the other hand, the degree of every
secondary vertex of W(H>,) does not exceed

max{|Gq| | o € I(Hy)}.
Hence, the degree deg v of every vertex v of W(H>) satisfies
degv < dys := max{|I(Hy)|, max{|Gy| | @ € [(H})}}. (85)

Thus, by Lemma 5.2, we may conclude that

o(Hy) = sup
H»>

o sy 1)
o(Hy) = 0qy, (H1) = S;g {f(Hl)f(HZ)}’

where the supremum is taken over all subgroups H, with property (Bd) in which
d = dy. Applying Lemma 5.3(e) to H;, we obtain

o(H1) = 04y, (Hy) < 04y, (HY).

Recall that an irreducible graph W(H,) of H; = p>(H,) can be algorithmically
constructed from W(H,) (for details see the proof of Lemma 5.3(c)) and that the
word problem is solvable for factors of the free product

Fo(1) = Gy * G(2,m).
Invoking Theorem 1.1(d), we see that the LP-problem
P(H1.dy) = P(Y(H)). dur)

can be algorithmically written down and hence the coefficient oy,, (H,) can be
computed. The proof of Theorem 1.3 is complete. |
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In conclusion, we mention that it is not clear whether there is a duality gap be-
tween the LSIP-problem sup{—x; | SLI[Y1]}, introduced in Section 4, and its dual
problem (29) and it would be of interest to find this out. Another natural prob-
lem is to find an algorithm that solves the dual problem (29) of the LSIP-prob-
lem sup{—xs; | SLI[Y7]} and thereby effectively computes the WN-coefficient
o(V(Hy)) = o(H,) for a finitely generated factor-free subgroup H; of the free
product of two groups (and, perhaps, more than two groups) which are not nec-
essarily finite. It would also be interesting to find an algorithm that computes the
Hanna Neumann coefficient 6 (H;) for a finitely generated factor-free noncyclic
subgroup H; of the free product & of two finite groups which is defined as

f(H; N Hz)}

o = )

H>

over all finitely generated factor-free noncyclic subgroups H, of &.
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suggestions.
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