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Abstract. This paper presents a systematic theoretical study for the abstract notion

of operator-valued Fourier transforms over homogeneous spaces of compact groups.

Let G be a compact group, H be a closed subgroup of G, and � be the normalized

G-invariant measure over the left coset spaceG=H associated to the Weil’s formula. We in-

troduce the generalized notions of abstract dual homogeneous space bG=H for the compact

homogeneous space G=H and also the operator-valued Fourier transform over the Banach

function space L1.G=H;�/. We prove that the abstract Fourier transform over G=H satis-

�es the Plancherel formula and the Poisson summation formula.
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1. Introduction

The abstract aspect of harmonic analysis over homogeneous spaces of compact

non-Abelian groups, more precisely, left (resp. right) coset spaces of non-normal

subgroups of compact non-Abelian groups is placed as building blocks for coher-

ent states analysis, constructive approximation, and particle physics, see [4, 11, 15,
16, 20, 18, 19, 17] and references therein. Over the last decades, abstract and com-

putational aspects of Fourier transforms and Plancherel formulas over symmetric

spaces have achieved signi�cant popularity in geometric analysis, mathematical

physics, and scienti�c computing, see [6, 12, 13, 14, 10, 25, 24, 23, 22, 21] and

references therein.

LetG be a compact group andH be a closed subgroup ofG. Then the left coset

spaceG=H is a compact homogeneous space, whereG acts on it via the left action.

Let � be the normalizedG-invariant measure on the compact homogeneous space

G=H associated to the Weil’s formula with respect to the probability measures of

G and H . This article consists of theoretical aspects of a uni�ed approach to

the nature of abstract operator-valued Fourier transform over the Banach function

space L1.G=H;�/. We aim to further develop the abstract notions of dual homo-

geneous spaces and also Fourier transforms over homogeneous spaces of compact

groups, which has not been studied when compared to the Fourier analysis over

(reductive) symmetric spaces [29].

This paper is organized as follows. Section 2 is devoted to �xing notations

and preliminaries including a summary on non-Abelian Fourier analysis over

compact groups and classical results on abstract harmonic analysis over compact

homogeneous spaces. In Section 3, we present some abstract aspects of harmonic

analysis on the Banach functions spaces over the compact homogeneous space

G=H . We then introduce the abstract notion of dual homogeneous space 1G=H for

the compact homogeneous space G=H . Next we present the theoretical de�nition

of the abstract operator-valued Fourier transform over the compact homogeneous

space G=H , and we study analytic-algebraic properties of this transform. The

paper is concluded by presenting an abstract generalized version of the Poisson

summation formula.

2. Preliminaries and notations

2.1. Operator theory. Let H be a separable Hilbert space. An operator T 2

B.H/ is called a Hilbert-Schmidt operator if for one, hence for any orthonormal

basis ¹ekº of H we have
P

k kTekk2 < 1. The set of all Hilbert-Schmidt

operators on H is denoted by HS.H/, and for T 2 HS.H/ the Hilbert-Schmidt

norm of T is kT k2
HS D

P
k kTekk2. The set HS.H/ is a self adjoint two sided ideal

in B.H/, and if H is �nite-dimensional, we have HS.H/ D B.H/. An operator

T 2 B.H/ is trace-class, if kT ktr D trŒjT j� < 1, where trŒT � D
P

khTek; eki and

jT j D .T T �/1=2 [16, 26].
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Let H be a �nite dimensional Hilbert space of dimension d and 1 � p � 1.

For a (bounded) linear operator T 2 B.H/ the Schatten operator p-norm of T ,

denoted by kT kp, is de�ned as [16]

kT kp WD
� dX

j D1

jsj .T /j
p

�1=p

;

where ¹sj .T /W 1 � j � dº is the sequence of singular values of T , that is the

sequence of eigenvalues of the positive-de�nite operator jT j. It is a well-known

result that kT k
p
p D trŒjT jp�. Thus, kT k1 D kT ktr and kT k2 D kT kHS.

2.2. Abstract Fourier analysis over compact groups. Let G be a compact

group with the probability Haar measure dx. Then each irreducible representation

of G is �nite-dimensional, and every unitary representation of G is a direct sum

of irreducible representations, see [4, 15, 16]. The set of all unitary equivalence

classes of irreducible unitary representations ofG is denoted by yG. This de�nition

of yG is in essential agreement with the classical de�nition whenG is Abelian, see

[4, 15]. For a subset � � yG, the �-algebra
Q

�2� B.H�/ is denoted by C.�/,

where scalar multiplication, addition multiplication, and the adjoint of an element

are de�ned coordinatewise. For 1 � p � 1, Cp.�/ is de�ned by

C
p.�/ D

°
T D .T�/�2� 2 C.�/

ˇ̌
ˇ kTk

p

Cp.�/
WD

X

Œ��2�

d�kT�kp
p < 1

±
;

and

C
1.�/ D ¹T D .T�/�2� 2 C.�/ j kTkC1.�/ WD sup

Œ��2�

kT�k1 < 1º;

where kT�kp with � 2 y� are the Schatten operator p-norms. The set of all

T 2 C.�/ such that ¹� 2 �WT� 6D 0º is �nite, is denoted by C00.�/, and C0.�/ is

de�ned as the set of all T 2 C.�/ such that T� WD ¹� 2 �W kT�k1 � �º is �nite

for all � > 0, see [16, §28.24 and §28.34] and [26].

If � is any unitary representation of G, for �; � 2 H� , the functions ��;�.x/ D
h�.x/�; �i are called matrix elements of � . If ¹ej º is an orthonormal basis for H� ,

then �ij means �ei ;ej
. The Fourier transform of f 2 L1.G/ at � 2 yG is de�ned

in the weak sense as an operator in B.H�/ by

Of .�/ D

Z

G

f .x/�.x/�dx (2.1)
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If �.x/ is represented by the matrix .�ij .x// 2 C
d��d� , then Of .�/ 2 C

d��d� is

the matrix with entries given by Of .�/ij D d�1
� c�

ji .f / satisfying

d�X

i;j D1

c�
ij .f /�ij .x/ D d�

d�X

i;j D1

Of .�/j i�ij .x/ D d� trŒ Of .�/�.x/�;

where c�
i;j .f / D d� hf; �ij iL2.G/. Then the Peter–Weyl Theorem implies

kf k2
L2.G/

D
X

Œ��2 yG

d�k Of .�/k2
2 D

X

Œ��2 yG

d�X

j;kD1

jhf; d1=2
� �jkiL2.G/j

2; (2.2)

and

f .x/ D
X

Œ��2 yG

d� trŒ Of .�/�.x/� for a.e. x 2 G: (2.3)

Thus, the abstract Fourier transform

FG WL2.G/ �! C
2. yG/;

given by

f 7! FG.f / D . Of .�//
�2 yG

;

is a unitary transform, see [16, §27.40 and §28.43] and [4, 21].

2.3. Classical harmonic analysis over homogeneous spaces of compact

groups. LetH be a closed subgroup ofG with the probability Haar measure dh.

The left coset space G=H is considered as a locally compact homogeneous space

that G acts on it from the left, and qWG ! G=H given by x 7! q.x/ WD xH is

the surjective canonical map. The classical aspects of abstract harmonic analysis

on locally compact homogeneous spaces are quite well studied by several authors,

see [4, 5, 15, 16, 27] and references therein. The function space C.G=H/ consists

of all functions TH .f /, where f 2 C.G/ and

TH .f /.xH/ D

Z

H

f .xh/dh: (2.4)

Let � be a Radon measure on G=H and x 2 G. The translation �x of � is de�ned

by �x.E/ D �.xE/, for all Borel subsets E of G=H . The measure � is called

G-invariant if �x D �, for all x 2 G. The compact homogeneous space G=H has

a normalized G-invariant measure � associated to the following Weil’s formula
Z

G=H

TH .f /.xH/d�.xH/ D

Z

G

f .x/dx; (2.5)

and hence the linear map TH is norm-decreasing, that is

kTH .f /kL1.G=H;�/ � kf kL1.G/;

for all f 2 L1.G/, see [4, 15, 27].
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3. Abstract harmonic analysis over homogeneous spaces of compact groups

This section is devoted to present a classical study for abstract harmonic analysis

of Banach function spaces over homogeneous spaces of compact groups [8, 7].

Throughout this paper we assume that G is a compact group with the probability

Haar measure dx,H is a closed subgroup ofG with the probability Haar measure

dh, and � is the normalized G-invariant measure on the compact homogeneous

space G=H associated to the Weil’s formula (2.5) with respect to the probability

measures ofG andH . From now on, we may say � is the normalizedG-invariant

measure over the compact homogeneous space G=H , at times.

The following proposition shows that the linear map TH WC.G/ ! C.G=H/ is

uniformly continuous.

Proposition 3.1. Let H be a closed subgroup of a compact group G. The linear

map TH WC.G/ ! C.G=H/ is uniformly continuous.

Proof. Let f 2 C.G/ and x 2 G. Then we have

jTH .f /.xH/j D

ˇ̌
ˇ̌
Z

H

f .xh/dh

ˇ̌
ˇ̌

�

Z

H

jf .xh/jdh

� kf ksup

�Z

H

dh

�

D kf ksup;

which implies kTH .f /ksup � kf ksup. �

Next theorem proves that the linear map TH is norm-decreasing in other Lp-

spaces, when p > 1.

Theorem 3.2. Let H be a closed subgroup of a compact group G, � be the

normalized G-invariant measure on G=H , and p � 1. The linear map

TH WC.G/ �! C.G=H/

satis�es

kTH .f /kLp.G=H;�/ � kf kLp.G/ for f 2 C.G/; (3.1)

and hence it has a unique extension to a norm-decreasing linear map fromLp.G/

onto Lp.G=H;�/.
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Proof. Let f 2 C.G/. Using compactness of H , and the Weil’s formula, we can

write

kTH .f /k
p

Lp.G=H;�/
D

Z

G=H

jTH .f /.xH/j
pd�.xH/

D

Z

G=H

ˇ̌
ˇ̌
Z

H

f .xh/dh

ˇ̌
ˇ̌
p

d�.xH/

�

Z

G=H

�Z

H

jf .xh/jdh

�p

d�.xH/

�

Z

G=H

Z

H

jf .xh/jpdhd�.xH/

D

Z

G=H

Z

H

jf jp.xh/dhd�.xH/

D

Z

G=H

TH .jf jp/.xH/d�.xH/

D

Z

G

jf .x/jpdx

D kf k
p

Lp.G/
;

which implies (3.1). Thus, we can extend TH uniquely to a norm-decreasing linear
operator from Lp.G/ onto Lp.G=H;�/, which still will be denoted by TH . �

As an immediate consequence of Theorem 3.2 we deduce the following corol-
lary.

Corollary 3.3. Let H be a closed subgroup of a compact group G, � be the

normalized G-invariant measure on G=H , and p � 1. Let ' 2 Lp.G=H;�/ and

'q WD ' ı q. Then 'q 2 Lp.G/ with

k'qkLp.G/ D k'kLp.G=H;�/: (3.2)

Proof. Using the Weil’s formula, compactness ofH , and since dh is a probability
measure, we get

k'qk
p

Lp.G/
D

Z

G

j'q.x/j
pdx

D

Z

G=H

TH .j'q jp/.xH/d�.xH/

D

Z

G=H

�Z

H

j'q.xh/j
pdh

�
d�.xH/
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D

Z

G=H

�Z

H

j'.xhH/jpdh

�
d�.xH/

D

Z

G=H

�Z

H

j'.xH/jpdh

�
d�.xH/

D

Z

G=H

j'.xH/jp
�Z

H

dh

�
d�.xH/

D

Z

G=H

j'.xH/jpd�.xH/

D k'k
p

Lp.G=H;�/
;

which implies (3.2). �

For ';  2 L1.G=H;�/, one can de�ne ' �  2 L1.G=H;�/ by

' �G=H  .xH/ D TH .'q �G  q/.xH/ D

Z

H

'q �G  q.xh/dh; (3.3)

where 'q WD ' ı q,  q WD  ı q, and 'q �G  q 2 L1.G/ is the convolution of
L1.G/.

Then we have

.' �G=H  /q D 'q �G  q; for ';  2 L1.G=H;�/: (3.4)

The following theorem [9] states basic property of the convolution de�ned by (3.3).

Theorem 3.4. LetH be a closed subgroup of a compact groupG and� be the nor-

malized G-invariant measure on G=H . The Banach function space L1.G=H;�/

equipped with the convolution given in (3.3) is a Banach algebra.

Proof. It is obvious that .';  / 7! ' �G=H  is a well-de�ned bilinear map on
L1.G=H;�/. Then using (3.2), and (3.4), we get

k' �G=H  kL1.G=H;�/ D k.' �G=H  /qkL1.G/

D k.'q �G  qkL1.G/

� k'qkL1.G/k qkL1.G/

D k'kL1.G=H;�/k kL1.G=H;�/;

which completes the proof. �

Remark 3.5. It is straightforward to check that, ifH is a closed normal subgroup
ofG then the convolution de�ned in (3.3) coincides with the standard convolution
of the function algebra of the compact quotient group G=H , see [1, 2, 3, 9, 8, 27].
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Let J2.G;H/ WD ¹f 2 L2.G/WTH .f / D 0º and J2.G;H/? be the orthogonal
complement of the closed subspace J2.G;H/ in L2.G/.

Next result shows that the linear operator TH WL2.G/ ! L2.G=H;�/ is a
partial isometric.

Proposition 3.6. LetH be a closed subgroup of a compact groupG and � be the

normalized G-invariant measure on G=H . Then TH WL2.G/ ! L2.G=H;�/ is a

partial isometric linear map.

Proof. Let ' 2 L2.G=H;�/. Invoking Corollary 3.3 we claim that T �
H .'/ D 'q ,

and hence THT
�

H .'/ D '. Indeed, using the Weil’s formula, we can write

hT �
H .'/; f iL2.G/ D h'; TH .f /iL2.G=H;�/

D

Z

G=H

'.xH/TH .f /.xH/d�.xH/

D

Z

G=H

'.xH/TH .f /.xH/d�.xH/

D

Z

G=H

TH .'q:f /.xH/d�.xH/

D

Z

G

'q.x/f .x/dx

D h'q ; f iL2.G/;

for all f 2 L2.G/, which implies that T �
H .'/ D 'q . Now a straightforward

calculation shows that TH D THT
�

HTH . Then, by Theorem 2.3.3 of [26], TH

is a partial isometric operator. �

The following corollaries are straightforward consequences of Proposition 3.6.

Corollary 3.7. LetH be a closed subgroup of a compact group G. Let PJ2.G;H/

and PJ2.G;H/? be the orthogonal projections onto the closed subspaces J2.G;H/

and J2.G;H/? respectively. Then, for f 2 L2.G/ and a.e. x 2 G, we have

PJ2.G;H/?.f /.x/ D TH .f /.xH/; PJ2.G;H/.f /.x/ D f .x/ � TH .f /.xH/:

(3.5)

Corollary 3.8. LetH be a compact subgroup of a compact groupG and � be the

normalized G-invariant measure on G=H . Then

(1) J2.G;H/? D ¹ q D  ı qW 2 L2.G=H;�/º;

(2) for f 2 J2.G;H/? and h 2 H , we have Rhf D f ;

(3) for  2 L2.G=H;�/, we have k qkL2.G/ D k kL2.G=H;�/;

(4) for f; g 2 J2.G;H/?, we have hTH .f /; TH .g/iL2.G=H;�/ D hf; giL2.G/.



Fourier transforms over homogeneous spaces of compact groups 1445

Remark 3.9. Invoking Corollary 3.8, one can regard the Hilbert function space
L2.G=H;�/ as a closed subspace of the Hilbert function space L2.G/, that is the
closed subspace consists of all f 2 L2.G/ which satis�es Rhf D f , for all
h 2 H . Then Theorem 3.2 and Proposition 3.6 guarantee that the linear map

TH WL2.G/ �! L2.G=H;�/ � L2.G/

is an orthogonal projection onto L2.G=H;�/.

4. Abstract duality over homogeneous spaces of compact groups

In this section, we present the abstract notion of dual homogeneous spaces asso-
ciated to homogeneous spaces of compact groups.

For a closed subgroup H of G, de�ne

H? WD ¹Œ�� 2 yGW�.h/ D I for all h 2 H º; (4.1)

If G is Abelian, each closed subgroup H of G is normal and the locally compact
group G=H is Abelian, then the character group 1G=H is the set of all characters
(one dimensional irreducible representations) of G which are constant onH , that
is preciselyH?. If G is a non-Abelian group and H is a closed normal subgroup
of G, then the dual space 1G=H which is the set of all unitary equivalence classes
of unitary representations of G=H , has meaning and it is well-de�ned. Indeed,
G=H is a non-Abelian group. In this case, the map ˆW1G=H ! H? de�ned by
� 7! ˆ.�/ WD � ı q is a Borel isomorphism and 1G=H D H?, see [4, 15, 21, 28].
Thus, if H is normal, H? coincides with the classic de�nitions of the dual space
either when G is Abelian or non-Abelian.

De�nition 4.1. Let H be a closed subgroup of a compact group G and � � yG.
The homogeneous spaceG=H satis�es the�-separation property, if �.x/ D IH�

for all Œ�� 2 � imply x 2 H . In this case, we say that� separates points of G=H ,
at times. It is evident to check that, � separates points of G=H if and only if for
any xH 6D yH there exists Œ�� 2 � such that �.x/ 6D �.y/.

The following theorem shows that the homogeneous space G=H does not
satisfy the H?-separation property, if H is not normal in G.

Theorem 4.2. Let H be a closed subgroup of a compact group G. Then H?

separates points of G=H if and only if H is normal.
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Proof. Let H be a normal subgroup of G. Then G=H is a compact group.
Thus, Gelfand-Raikove Theorem guarantees that the dual space of G=H , which
is preciselyH?, separates points of G=H . Conversely, assume thatH? separates
points of G=H . Let x 2 G and h 2 H . Then we can write

�.x�1hx/ D �.x�1/�.h/�.x/ D �.x/��.h/�.x/ D �.x/��.x/ D IH�
;

for all Œ��2H?. Hence, theH?-separation property ofG=H implies x�1hx2H .
Since x 2 G and h 2 H are arbitrary, we obtain that H is normal in G. �

Remark 4.3. Theorem 4.2 guarantees that H? is not the appropriate candidate
to be considered as the dual space of the homogeneous space G=H , when H is
not a normal subgroup of G. In fact, H? is not large enough with respect to the
left coset space G=H ifH is a given closed subgroup of G, unlessH be a normal
subgroup of G.

For a closed subgroupH ofG and a continuous unitary representation .�;H�/

of G, de�ne

T �
H WD

Z

H

�.h/dh; (4.2)

where the operator valued integral (4.2) is considered in the weak sense.
In other words,

hT �
H �; �i D

Z

H

h�.h/�; �idh; for �; � 2 H� : (4.3)

The function h 7! h�.h/�; �i is bounded and continuous on H . Since H is com-
pact, the right integral is the ordinary integral of a function in L1.H/. Therefore,
T �

H is a bounded linear operator on H� with kT �
H k � 1.

The following proposition presents basic properties of the linear operator T �
H .

Proposition 4.4. LetH be a closed subgroup of a compact group G and .�;H�/

be a continuous unitary representation of G with T �
H 6D 0. Then the linear

operator T �
H is an orthogonal projection.

Proof. Using compactness of H , we have

.T �
H /

� D

�Z

H

�.h/dh

��

D

Z

H

�.h/�dh D

Z

H

�.h�1/dh D T �
H :
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As well as, we can write

T �
HT

�
H D

�Z

H

�.h/dh

� �Z

H

�.t/dt

�

D

Z

H

�.h/

�Z

H

�.t/dt

�
dh

D

Z

H

�Z

H

�.h/�.t/dt

�
dh

D

Z

H

�Z

H

�.ht/dt

�
dh

D

Z

H

T �
Hdt

D T �
H : �

Remark 4.5. LetH be a closed subgroup of a compact groupG. Let .�;H�/ be a
continuous unitary representation ofG on the Hilbert spaceH� . A vector � 2 H�

is called H -constant if �.h/� D � for all h 2 H . Then T �
H is the orthogonal

projection onto the closed subspaceKH
� consists of allH -constant vectors of H� ,

that is
KH

� WD ¹� 2 H� W�.h/� D � for all h 2 H º: (4.4)

Invoking Remark 4.3, we can suggest the following dual space for G=H .

De�nition 4.6. Let H be a closed subgroup of a compact group G. Then we
de�ne the dual space of G=H , as the subset of yG which is given by

1G=H WD ¹Œ�� 2 yGWT �
H 6D 0º D

²
Œ�� 2 yGW

Z

H

�.h/dh 6D 0

³
: (4.5)

Let .�;H�/ be a continuous unitary irreducible representation of a compact
group G on the Hilbert space H� . Invoking Remark 4.5, we deduce that Œ�� 2
1G=H if and only if there exists a non-zero vector � 2 H� such that �.h/� D � for
all h 2 H , or equivalently KH

� be a non-zero subspace of H� .
Evidently, any closed subgroupH of G satis�es

H? � 1G=H: (4.6)

Let .�;H�/ be a continuous unitary representation of G such that T �
H 6D 0.

Then the functions �H
�;�

WG=H ! C de�ned by

�H
�;�.xH/ WD h�.x/T �

H �; �i for xH 2 G=H; (4.7)

for �; � 2 H� , are called H -matrix elements of .�;H�/.
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For xH 2 G=H and �; � 2 H� , we have

j�H
�;�.xH/j D jh�.x/T �

H �; �ij

� k�.x/T �
H �kk�k

� kT �
H �kk�k

� k�kk�k:

Also, we can write

�H
�;�.xH/ D h�.x/T �

H �; �i D �T �
H

�;�.x/: (4.8)

Invoking de�nition of the linear map TH and T �
H , we have

TH .��;�/.xH/ D

Z

H

��;�.xh/dh

D

Z

H

h�.xh/�; �idh

D

Z

H

h�.x/�.h/�; �idh

D

�
�.x/

�Z

H

�.h/dh

�
�; �

�

D h�.x/T �
H �; �i;

which implies
TH .��;�/ D �H

�;� : (4.9)

The linear span of the H -matrix elements of a continuous unitary representa-
tion .�;H�/ satisfying T �

H 6D 0, is denoted by Trig�.G=H/ which is a subspace
of C.G=H/.

Then we de�ne

Trig.G=H/ WD the linear span of
[

Œ��2bG=H

Trig�.G=H/: (4.10)

Functions in Trig.G=H/ are called trigonometric polynomials over G=H .
In the followings we study abstract harmonic analysis aspects of trigonometric

polynomials.

Proposition 4.7. The linear operator TH maps Trig.G/ onto Trig.G=H/.

Next theorem presents some analytic aspects of trigonometric polynomials
over G=H as a function space.
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Theorem 4.8. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . Then

(1) Trig.G=H/ is k:kLp.G=H;�/-dense in Lp.G=H;�/;

(2) Trig.G=H/ is k:ksup-dense in C.G=H/.

Proof. (1) Let p � 1 and � 2 Lp.G=H;�/. Let f 2 Lp.G/ with TH .f / D
�. By k:kLp.G/-density of Trig.G/ in Lp.G/ we can pick a sequence ¹fnº in
Trig.G/ such that f D k:kLp.G/ � limn fn. Then continuity of the linear map
TH WLp.G/ ! Lp.G=H;�/, implies

� D TH .f / D k:kLp.G=H;�/ � lim
n
TH .fn/;

which completes the proof.

(2) Invoking uniformly boundedness of TH , uniformly density of Trig.G/ in
C.G/, and the same argument as used in (1), we get k:ksup-density of Trig.G=H/
in C.G=H/. �

The following theorem guarantees the 1G=H -separation property of the homo-
geneous space G=H .

Theorem 4.9. Let H be a closed subgroup of a compact group G. Then 1G=H

separates points of G=H .

Proof. Let x; y 2 G with xH 6D yH . Let  2 C.G=H/ such that  .xH/ 6D
 .yH/. Since Trig.G=H/ is k:ksup-dense in C.G=H/, we can uniformly approxi-
mate  with elements of TH .Trig.G// D Trig.G=H/. Thus, there exists an irre-
ducible representation .�;H�/ of G and non-zero vectors �; � 2 H� such that

TH .��;�/.xH/ 6D TH .��;�/.yH/:

This automatically guarantees that T �
H 6D 0, and �.x/ 6D �.y/ as well. �

Next we show that the reverse inclusion of (4.6) holds, if and only if H is a
normal subgroup of G.

Theorem 4.10. Let H be a closed subgroup of a compact group G. Then H is

normal in G if and only if 1G=H D H?.

Proof. Let 1G=H D H?. Then Theorem 4.9 guarantees that G=H satis�es the
H?-separation property. Thus, Theorem 4.2 implies that H is normal in G.
Conversely, let H be a closed normal subgroup of a compact group G. It is
su�cient to show that 1G=H � H?. Let Œ�� 2 1G=H be given. Due to the normality
of H in G, for all x 2 G the map �xWH ! H given by h 7! �x.h/ WD x�1hx
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belongs to Aut.H/ and x�1Hx D H . Invoking compactness of G we have
d.�x.h// D dh, for x 2 G. Now, for x 2 G we get

Z

H

�.h/dh D

Z

xHx�1

�.�x.h//d.�x.h//

D

Z

H

�.�x.h//dh

D

Z

H

�.x/��.h/�.x/dh

D �.x/�
�Z

H

�.h/dh

�
�.x/

D �.x/�T �
H�.x/:

Therefore, �.x/T �
H D T �

H�.x/ for x 2 G, which implies T �
H 2 C.�/. Irreducibil-

ity of � guarantees that T �
H D ˛I for some non-zero ˛ 2 C with j˛j � 1. Thus,

for t 2 H , we can write

�.t/ D ˛�1�.t/˛I

D ˛�1�.t/T �
H

D ˛�1

Z

H

�.th/dh

D ˛�1

Z

H

�.h/dh

D ˛�1T �
H D I;

which implies Œ�� 2 H?. �

For T D .T�/Œ��2 yG
2 C. yG/, let

TH WD .T �
HT�/

Œ��2bG=H
2 C.1G=H/:

Then
cTH WC. yG/ �! C.1G=H/

given by T 7! TH is a well-de�ned linear operator.

Theorem 4.11. Let H be a closed subgroup of a compact group G and p � 1.

Then
cTH WCp. yG/ �! C

p.1G=H/;

is a norm-decreasing linear operator.
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Proof. Let T D .T�/Œ��2 yG
2 C. yG/. Then we can write

kcTH .T/k
p

Cp.bG=H/
D

X

Œ��2bG=H

d�kT �
HT�kp

p

�
X

Œ��2bG=H

d�kT�kp
p

�
X

Œ��2 yG

d�kT�kp
p

D kTk
p

Cp. yG/
: �

5. Abstract operator-valued Fourier transforms

over homogeneous spaces of compact groups

Throughout this section, we present the abstract notion of operator-valued Fourier
transforms over homogeneous spaces of compact groups. It is still assumed that
H is a closed subgroup of a compact groupG and� is the normalizedG-invariant
measure on the compact homogeneous space G=H .

Let ' 2 L1.G=H;�/ and Œ�� 2 1G=H . The Fourier transform of ' at Œ�� is
de�ned as the operator

FG=H .'/.�/ D O'.�/ WD

Z

G=H

'.xH/��.xH/
�d�.xH/; (5.1)

on the Hilbert space H� , where for xH 2 G=H the notation ��.xH/ stands for
the bounded linear operator on H� satisfying

h�; ��.xH/�i D h�; �.x/T �
H �i; (5.2)

for all �; � 2 H� .

Remark 5.1. Let H be a closed normal subgroup of a compact group G and �
be the normalized G-invariant measure over the left coset space G=H associated
to the Weil’s formula. Then it is easy to check that � is a Haar measure of the
compact quotient group G=H and by Theorem 4.10 we have 1G=H D H?. Also,
for each ' 2 L1.G=H;�/ and Œ�� 2 H?, we have

O'.�/ D

Z

G=H

'.xH/�.x/�d�.xH/:

Thus, we deduce that the abstract Fourier transform de�ned by (5.1) coincides
with the classical Fourier transform over the compact quotient group G=H if H
is normal in G.



1452 A. Ghaani Farashahi

The operator-valued integral (5.1) is also considered in the weak sense. That is

h O'.�/�; �i D

Z

G=H

'.xH/h��.xH/
��; �id�.xH/; (5.3)

for all �; � 2 H� .
In other words, for Œ�� 2 1G=H and �; � 2 H� , we have

h O'.�/�; �i D

Z

G=H

'.xH/h�; �.x/T �
H�id�.xH/: (5.4)

Indeed, we can write

h O'.�/�; �i D

Z

G=H

'.xH/h�� .xH/
��; �id�.xH/

D

Z

G=H

'.xH/h�; ��.xH/�id�.xH/

D

Z

G=H

'.xH/h�; �.x/T �
H �id�.xH/:

Thus, for �; � 2 H� , we get

jh O'.�/�; �ij D

ˇ̌
ˇ̌
Z

G=H

'.xH/h�; �.x/T �
H�id�.xH/

ˇ̌
ˇ̌

�

Z

G=H

j'.xH/jjh�; �.x/T �
H �ijd�.xH/

�

Z

G=H

j'.xH/jk�kk�.x/T �
H�kd�.xH/

D

Z

G=H

j'.xH/jk�kkT �
H �kd�.xH/

�

Z

G=H

j'.xH/jk�kk�kd�.xH/

D k�kk�kk'kL1.G=H;�/:

Therefore, O'.�/ is a bounded linear operator on H� satisfying

k O'.�/k � k'kL1.G=H;�/: (5.5)

From now on, we may use O'.�/ or FG=H .'/.�/ at times.
The following proposition gives us the connection of the Fourier transform

over the homogeneous space G=H with the Fourier transform on the group G.
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Proposition 5.2. LetH be a closed subgroup of a compact groupG and � be the

normalized G-invariant measure on G=H . Let ' 2 L1.G=H;�/ and Œ�� 2 1G=H .

Then

FG=H .'/.�/ D FG.'q/.�/: (5.6)

FG=H .Lg'/.�/ D FG=H .'/.�/�.g/
�; for g 2 G: (5.7)

FG=H .'/.�/
� D

Z

G=H

'.xH/��.xH/d�.xH/: (5.8)

Proof. Using (5.4) and also the Weil’s formula, for �; � 2 H� , we can write

h O'.�/�; �i D

Z

G=H

'.xH/h�; �.x/T �
H�id�.xH/

D

Z

G=H

'.xH/TH .��;�/.xH/d�.xH/

D

Z

G=H

'.xH/TH .��;�/.xH/d�.xH/

D

Z

G=H

TH .'q :��;�/.xH/d�.xH/

D

Z

G

'q.x/��;�.x/dx

D

Z

G

'q.x/h�; �.x/�idx

D

Z

G

'q.x/h�.x/
��; �idx

D h b'q.�/�; �i;

which implies (5.6).

Then using (5.6), we get

FG=H .Lg'/.�/ D FG.Lg'q/.�/

D FG.'q/.�/�.g/
�

D FG=H .'/.�/�.g/
�:
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Let �; � 2 H� . Then, using (5.4) and the fact that � is a positive measure, we can
write

h O'.�/��; �i D h�; O'.�/�i

D h O'.�/�; �i

D

�Z

G=H

'.xH/h�; �.x/T �
H�id�.xH/

��

D

Z

G=H

'.xH/h�.x/T �
H �; �id�.xH/

D

Z

G=H

'.xH/h��.xH/�; �id�.xH/;

implying that (5.8), holds. �

The following proposition states some generic properties of the Fourier trans-
form (5.1).

Proposition 5.3. LetH be a closed subgroup of a compact groupG and � be the

normalized G-invariant measure on G=H . Then

(1) for f 2 L1.G/ and Œ�� 2 1G=H we have 2TH .f /.�/ D T �
H

Of .�/;

(2) for ' 2 L1.G=H;�/ and Œ�� 2 1G=H we have T �
H O'.�/ D O'.�/;

(3) for ' 2 L1.G=H;�/ and Œ�� 2 1G=H we have tr
�

O'.�/T �
H

�
D tr Œ O'.�/�.

Proof. (1) Let Œ�� 2 1G=H and �; � 2 H� . Invoking de�nition of the Fourier
transform (5.4), and using the Weil’s formula in the weak sense, we can write

h2TH .f /.�/�; �i D

Z

G=H

TH .f /.xH/h�; �.x/T
�

H�id�.xH/

D

Z

G=H

TH .f:g�;�/.xH/d�.xH/

D

Z

G

f .x/h�; �.x/T �
H �idx

D

Z

G

f .x/h�.x/��; T �
H�idx

D

Z

G

f .x/hT �
H�.x/

��; �idx

D hT �
H

Of .�/�; �i;

where g�;� WG ! C is given by g�;�.x/ WD h�; �.x/T �
H�i for x 2 G.
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(2) Let ' 2 L1.G=H;�/ and Œ�� 2 1G=H . Then, 'q 2 L1.G/ and TH .'q/ D '.
Using (1) and since T �

H is an orthogonal projection, we get

T �
H O'.�/ D T �

H
2TH .'q/.�/ D T �

HT
�

H b'q.�/ D T �
H b'q.�/ D 2TH .'q/.�/ D O'.�/:

(3) Let ' 2 L1.G=H;�/ and Œ�� 2 1G=H . Then, using (2), we have

tr
�

O'.�/T �
H

�
D tr

�
T �

H O'.�/
�

D trŒ O'.�/�:�

De�nition 5.4. Let H be a closed subgroup of a compact group G and � be the
normalized G-invariant measure on G=H . The linear map

FG=H WL1.G=H;�/ �! C.1G=H/; (5.9)

is called as abstract operator-valued Fourier transform over the compact homo-
geneous space G=H .

The abstract operator-valued Fourier transform over G=H satis�es

FG=H ı TH D cTH ı FG : (5.10)

We here study some analytic properties of the Fourier transform FG=H .

Theorem 5.5. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . The Fourier transform

FG=H WL1.G=H;�/ �! C0.1G=H/

is a norm-decreasing homomorphism onto a subalgebra of C0.1G=H/.

Proof. Let ' 2 L1.G=H;�/. Using (5.5), we get

k O'k1 D sup
Œ��2bG=H

k O'.�/k1 D sup
Œ��2bG=H

k O'.�/k � k'kL1.G=H;�/;

which means that FG=H is a norm-decreasing linear operator. Invoking (3.3)
and (5.6), we obtain

FG=H .' �G=H  /.�/ D FG..' �G=H  /q/.�/

D FG.'q �G  q/.�/

D FG.'q/.�/:FG. q/.�/

D FG=H .'/.�/:FG=H . /.�/;

which guarantees that FG=H is a homomorphism as well. �
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Since L2.G=H;�/ � L1.G=H;�/, the Fourier transform de�ned in (5.1) is
well-de�ned for L2-functions over the homogeneous space G=H .

In the next result, we show that the Fourier transform de�ned in (5.1) satis�es
a generalized version of the Plancherel formula in L2-sense.

Theorem 5.6. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . Each ' 2 L2.G=H;�/ satis�es the

Plancherel formula

X

Œ��2bG=H

d� k O'.�/k2
2 D k'k2

L2.G=H;�/
: (5.11)

Proof. Let ' 2 L2.G=H;�/ be given. Then we have 'q 2 L2.G/. If Œ�� 2 yG with

Œ�� 62 1G=H , then we have T �
H D 0. Hence, for �; � 2 H� , we have TH .��;�/ D 0.

Therefore, we get
b'q.�/ D 0: (5.12)

Indeed, using the Weil’s formula, for �; � 2 H� , we can write

h b'q.�/�; �i D

Z

G

'q.x/h�.x/
��; �idx

D

Z

G

'q.x/h�; �.x/�idx

D

Z

G

'q.x/h�.x/�; �idx

D

Z

G

'q.x/��;�.x/dx

D

Z

G=H

TH .'q :��;�/.xH/d�.xH/

D

Z

G=H

'.xH/TH .��;�/.xH/d�.xH/

D 0:

Using (5.6), (5.12), invoking the Plancherel formula (2.2), and (3.2) we obtain

X

Œ��2bG=H

d�k O'.�/k2
2 D

X

Œ��2bG=H

d�k b'q.�/k
2
2

D
X

Œ��2bG=H

d�k b'q.�/k
2
2 C

X

¹Œ��2bGWŒ��62bG=H º

d�k b'q.�/k
2
2
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D
X

Œ��2bG
d�k b'q.�/k

2
2

D k'qk2
L2.G/

D k'k2
L2.G=H;�/

;

which implies (5.11). �

The following corollary is a consequence of Theorem 5.6.

Corollary 5.7. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . Then

(1) For ';  2 L2.G=H;�/, we have

X

Œ��2bG=H

d� trŒ O'.�/ O .�/�� D h';  iL2.G=H;�/: (5.13)

(2) For f; g 2 J2.G;H/?, we have

X

Œ��2bG=H

d� trŒ Of .�/ Og.�/�� D hf; giL2.G/: (5.14)

Proof. (1) Using the polarization identity and Theorem 5.6, we get (5.13).

(2) Applying the Weil’s formula, (5.13), and Corollary 3.8, we get (5.14). �

Remark 5.8. Let H be a closed normal subgroup of a compact group G and �
be the normalized G-invariant measure over the left coset space G=H associated
to the Weil’s formula. Then Theorem 4.10 implies that 1G=H D H? and hence the
Plancherel (trace) formula (5.11) reads as follows:

X

Œ��2H ?

d�k O'.�/k2
2 D k'k2

L2.G=H;�/
;

for all ' 2 L2.G=H;�/, where

O'.�/ D

Z

G=H

'.xH/�.x/�d�.xH/;

for all Œ�� 2 H?, see Remark 5.1.
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As a consequence of Theorem 5.6, we can also prove the following results.

Theorem 5.9. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . The range of the Fourier transform

FG=H WL2.G=H;�/ ! C
2.1G=H/ is the closed subspace

R
2.G=H/ WD ¹T D .T�/

�2bG=H
2 C

2.1G=H/ j T �
HT� D T� for all � 2 1G=H º:

Proof. Using Proposition 5.2 and Theorem 5.6, we can deduce that the subspace
¹FG=H .'/W ' 2 L2.G=H;�/º is contained in R

2.G=H/. Let T D .T�/
�2bG=H

2

R
2.G=H/ be given. Let �T D . zT�/�2 yG

2 C
2. yG/ such that zT� D 0 for Œ�� 2 yG

with Œ�� 62 1G=H and zT� D T� for all Œ�� 2 1G=H . Since the Fourier transform
FG WL2.G/ ! C

2. yG/ is unitary, there exists a unique f 2 L2.G/ such that
FG.f / D �T. Let ' WD TH .f / 2 L2.G=H;�/ and Œ�� 2 1G=H . Then using
Proposition 5.2, we can write

FG=H .'/.�/ D FG=H .TH .f //.�/ D T �
HFG.f /.�/ D T �

HT� D T� ;

which implies that FG=H .'/ D T. �

We then can also present the following consequences.

Corollary 5.10. Let H be a closed subgroup of a compact group G and � be

the normalized G-invariant measure on G=H . The abstract Fourier transform

FG=H WL2.G=H;�/ ! R
2.G=H/ is a unitary isomorphism of Hilbert spaces.

Corollary 5.11. Let H be a closed subgroup of a compact group G. Then cTH

maps C2. yG/ onto R
2.G=H/.

We then present the abstract de�nition of the inverse Fourier transform over
homogeneous spaces of compact groups.

De�nition 5.12. The inverse Fourier transform T ! MT from R
2.G=H/ onto

L2.G=H;�/, is de�ned as the inverse of the Fourier transform ' ! O', which
maps L2.G=H;�/ isometrically onto R

2.G=H/.

Plainly T ! MT is a unitary isomorphism of Hilbert spaces.
The following theorem shows that the abstract Fourier transform

FG=H WL2.G=H;�/ �! C
2.1G=H/

is surjective, only when H is normal in G.
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Theorem 5.13. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . The abstract Fourier transform FG=H

given by (5.9) maps L2.G=H;�/ onto C
2.1G=H/ if and only if H is normal in G.

Proof. LetH be a closed normal subgroup of G. Then G=H is a compact group,
� is automatically the normalized Haar measure of G=H , and 1G=H D H? as
well. Then by Theorem 28.43 of [16], the abstract Fourier transform

FG=H WL2.G=H/ �! C
2.H?/

is a unitary isomorphism of Hilbert spaces. Conversely, assume that R2.G=H/ D

C
2.1G=H/. Then we get T �

H D I , for all Œ�� 2 1G=H . Let ' 2 C.G=H/ be arbitrary

and h 2 H . Using Proposition 5.2 for Œ�� 2 1G=H , we can write

FG=H .Lh'/.�/ D FG=H .'/.�/�.h/
� D FG=H .'/.�/:

Thus, we get FG=H .Lh'/ D FG=H .'/. Since the abstract Fourier transform

FG=H WL2.G=H;�/ �! C
2.1G=H/

is injective by Theorem 5.6, we get Lh' D ' in the L2-sense. Then continuity of
' implies that Lh'.xH/ D '.xH/, for all x 2 G and h 2 H . Since ' is arbitrary,
we get hxH D xH , for all x 2 G and h 2 H , which means that H is normal in
G. �

Remark 5.14. Theorem 5.13 can be considered as an abstract characterization of
the algebraic structure of the homogeneous space G=H via analytic and topolog-
ical aspects.

The following theorem is the Hausdor�–Young inequality for the abstract
operator-valued Fourier transform over the compact homogeneous spaces.

Theorem 5.15. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure over G=H . Let 1 < p < 2 and p0 be the Hölder

conjugate of p. Then the Fourier transform FG=H WLp.G=H;�/ ! C
p0

.1G=H/ is

a norm-decreasing linear operator.

Proof. Let ' 2 Lp.G=H;�/. Since 1 < p and G=H is compact we have
Lp.G=H;�/ � L1.G=H;�/. Thus, O'.�/ is already de�ned and hence it is a
bounded linear operator on H� for all Œ�� 2 1G=H . Then we claim that

k O'k
Cp0

.bG=H /
� k'kLp.G=H;�/: (5.15)
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To this end, using (2.2), (5.12), and the Hausdor�–Young inequality over the
compact group G (Theorem 31.22 of [16]), we can write

k O'k
p0

Cp0
.bG=H/

D
X

Œ��2bG=H

d� k O'.�/k
p0

p0

D
X

Œ��2bG=H

d� k b'q.�/k
p0

p0

D
X

Œ��2 yG

d�k b'q.�/k
p0

p0

D k b'qk
p0

Cp0
. yG/

� k'qk
p0

Lp.G/

D k'k
p0

Lp.G=H;�/
;

which implies (5.15). �

For 1 < p < 2, one can de�ne R
p.G=H/ as the subset of Cp.1G=H/ given by

R
p.G=H/ WD ¹T D .T�/

�2bG=H
2 C

p.1G=H/ j T �
HT� D T� for all � 2 1G=H º:

(5.16)

Then the inclusion R
p.G=H/ � R

2.G=H/ holds, and hence the inverse
Fourier transform T 7! MT is already de�ned on R

p.G=H/. Then it obviously
maps Rp.G=H/ into L2.G=H;�/.

Theorem 5.16. Let H be a closed subgroup of a compact group G and � be the

normalized G-invariant measure over G=H . Let 1 < p < 2 and p0 be the Hölder

conjugate of p. Then the inverse Fourier transform is a norm-decreasing linear

operator from R
p.G=H/ into Lp0

.G=H;�/.

Proof. Let T 2 R
p.G=H/. Let �T D . zT�/�2 yG

2 C
p. yG/ such that zT� D 0

for Œ�� 2 yG with Œ�� 62 1G=H and zT� D T� for all Œ�� 2 1G=H . Then we get

kTk
Cp.bG=H/

D k�Tk
Cp. yG/

. By Theorem 31.24 of [16], we have
}�T 2 Lp0

.G/ and

k
}�TkLp0

.G/ � k�Tk
Cp. yG/

. Then using Theorem 4.11 and (5.10), we can write

kMTkLp0
.G=H;�/ � k

}�TkLp0
.G/ � k�Tk

Cp. yG/
D kTk

Cp.bG=H/
: �

Next theorem presents an explicit L2-inversion formula for the Fourier trans-
form given in (5.1).
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Theorem 5.17. Let H be a closed subgroup of a compact group G, � be the

normalized G-invariant measure on G=H , and ' 2 L2.G=H;�/. Then the

function M'WG=H ! C de�ned by

xH 7! M'.xH/ WD
X

Œ��2bG=H

d� trŒ O'.�/�.x/�; (5.17)

belongs to L2.G=H;�/, and we have

'.xH/ D
X

Œ��2bG=H

d� trŒ O'.�/�.x/� for � � a.e. xH 2 G=H: (5.18)

Proof. Let ' 2 L2.G=H/ and x 2 G. Then, 'q 2 L2.G/ and hence the series

X

Œ��2 yG

d� trŒb'q.�/�.x/�;

converges and also y 7!
P

Œ��2 yG
d� trŒ y'q.�/�.y/� de�nes a function in L2.G/.

Thus, we deduce that the series
P

Œ��2bG=H
d� trŒ O'.�/�.x/�, is converges, because

X

Œ��2bG=H

d� trŒ O'.�/�.x/� D
X

Œ��2bG=H

d� trŒb'q.�/�.x/� D
X

Œ��2 yG

d� trŒb'q.�/�.x/�:

Now let h 2 H . Using Proposition 5.3, we can write

trŒ O'.�/�.xh/� D trŒT �
H O'.�/�.xh/�

D trŒ O'.�/�.x/�.h/T �
H �

D trŒ O'.�/�.x/T �
H �

D trŒT �
H O'.�/�.x/�

D trŒ O'.�/�.x/�;

which guarantees that

yH 7�!
X

Œ��2bG=H

d� trŒ O'.�/�.y/�

gives a well-de�ned function on the left coset space G=H . Using (2.3), for
'q 2 L2.G/, we get

'q.x/ D
X

Œ��2 yG

d� trŒb'q.�/�.x/�; for a.e. x 2 G: (5.19)
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Then applying the linear map TH to (5.19), implies (5.18). Indeed, for x 2 G, we
can write

'.xH/ D TH .'q/.xH/

D

Z

H

� X

Œ��2 yG

d� trŒb'q.�/�.xh/�
�
dh

D
X

Œ��2 yG

d�

�Z

H

trŒb'q.�/�.xh/�dh

�

D
X

Œ��2 yG

d�

�Z

H

trŒb'q.�/�.x/�.h/�dh

�

D
X

Œ��2 yG

d�

�Z

H

trŒ�.h/b'q.�/�.x/�dh

�

D
X

Œ��2 yG

d� trŒT �
H b'q.�/�.x/�

D
X

Œ��2bG=H

d� trŒT �
H b'q.�/�.x/�

D
X

Œ��2bG=H

d� trŒT �
H O'.�/�.x/�

D
X

Œ��2bG=H

d� trŒ O'.�/�.x/�: �

Remark 5.18. Let H be a closed normal subgroup of a compact group G and �
be the normalized G-invariant measure over the left coset space G=H associated
to the Weil’s formula. Then Theorem 4.10 implies that 1G=H D H? and hence the
L2-inversion formula (5.18) reads as follows:

'.xH/ D
X

Œ��2H ?

d� trŒ O'.�/�.x/�

for all ' 2 L2.G=H;�/ and � � a.e. xH 2 G=H , where

O'.�/ D

Z

G=H

'.xH/�.x/�d�.xH/;

for all Œ�� 2 H?.
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Using the Weil’s formula and Theorem 5.17, we conclude the following corol-
lary.

Corollary 5.19. LetH be a closed subgroup of a compact group G and � be the

normalized G-invariant measure on G=H . Then

(1) For ' 2 L2.G=H;�/, we have
Z

G

'.xH/dx D

Z

G=H

� X

Œ��2bG=H

d� trŒ O'.�/�.x/�
�
d�.xH/: (5.20)

(2) For f 2 J2.G;H/?, we have
Z

G

f .x/dx D

Z

G=H

� X

Œ��2bG=H

d� trŒ Of .�/�.x/�
�
d�.xH/: (5.21)

Proof. (1) Let ' 2 L2.G=H;�/. Then we have 'q 2 L2.G/ with TH .'q/ D '.
Using the Weil’s formula and (5.18), we have

Z

G

'.xH/dx D

Z

G

'q.x/dx

D

Z

G=H

TH .'q/.xH/d�.xH/

D

Z

G=H

'.xH/d�.xH/

D

Z

G=H

� X

Œ��2bG=H

d� trŒ O'.�/�.x/�
�
d�.xH/;

which proves (5.20).

(2) It is straightforward by (1). �

Remark 5.20. Let H be a closed normal subgroup of a compact group G and �
be the normalized G-invariant measure over the left coset space G=H associated
to the Weil’s formula. Then Theorem 4.10 implies that 1G=H D H? and hence the
formulas (5.20) and (5.21) read as follows:

Z

G

'.xH/dx D

Z

G=H

� X

Œ��2H ?

d� trŒ O'.�/�.x/�
�
d�.xH/;

and Z

G

f .x/dx D

Z

G=H

� X

Œ��2H ?

d� trŒ Of .�/�.x/�
�
d�.xH/;
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for all ' 2 L2.G=H;�/ and f 2 J2.G;H/?, where

O'.�/ D

Z

G=H

'.xH/�.x/�d�.xH/;

and
Of .�/ D

Z

G

f .x/�.x/�dx;

for all Œ�� 2 H?.

The following result can be considered as an abstract generalization of the
Poisson summation formula for homogeneous spaces of compact groups.

Theorem 5.21. Let H be a closed subgroup of a compact group G. Each

f 2 C.G/ satis�es the following Poisson summation type formula
Z

H

f .xh/dh D
X

Œ��2bG=H

d� trŒ Of .�/�.x/T �
H �; for x 2 G: (5.22)

Proof. Let � be the normalized G-invariant measure on G=H and f 2 C.G/.
Then by (5.18), we have

TH .f /.xH/ D
X

Œ��2bG=H

d� trŒ2TH .f /.�/�.x/� for a.e. xH 2 G=H: (5.23)

Let x 2 G. Using Proposition 5.3 and (5.23), we get
Z

H

f .xh/dh D TH .f /.xH/

D
X

Œ��2bG=H

d� trŒ2TH .f /.�/�.x/�

D
X

Œ��2bG=H

d� trŒT �
H

Of .�/�.x/�

D
X

Œ��2bG=H

d� trŒ Of .�/�.x/T �
H �;

which proves (5.22). �

Remark 5.22. Let H be a closed normal subgroup of a compact group G and �
be the normalized G-invariant measure over the left coset space G=H associated
to the Weil’s formula. Then Theorem 4.10 implies that 1G=H D H? and hence the
Poisson summation formula (5.22) reads as follows:

Z

H

f .xh/dh D
X

Œ��2H ?

d� trŒ Of .�/�.x/�;
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for all f 2 C.G/ and x 2 G, where

Of .�/ D

Z

G

f .x/�.x/�dx;

for all Œ�� 2 H?.
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