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Abstract operator-valued Fourier transforms
over homogeneous spaces of compact groups
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Abstract. This paper presents a systematic theoretical study for the abstract notion
of operator-valued Fourier transforms over homogeneous spaces of compact groups.
Let G be a compact group, H be a closed subgroup of G, and p be the normalized
G-invariant measure over the left coset space G/H associated to the Weil’s formula. We in-
troduce the generalized notions of abstract dual homogeneous space G//71 for the compact
homogeneous space G/H and also the operator-valued Fourier transform over the Banach
function space L'(G/H, j1). We prove that the abstract Fourier transform over G/H satis-
fies the Plancherel formula and the Poisson summation formula.
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1. Introduction

The abstract aspect of harmonic analysis over homogeneous spaces of compact
non-Abelian groups, more precisely, left (resp. right) coset spaces of non-normal
subgroups of compact non-Abelian groups is placed as building blocks for coher-
ent states analysis, constructive approximation, and particle physics, see [4, 11, 15,
16, 20, 18, 19, 17] and references therein. Over the last decades, abstract and com-
putational aspects of Fourier transforms and Plancherel formulas over symmetric
spaces have achieved significant popularity in geometric analysis, mathematical
physics, and scientific computing, see [6, 12, 13, 14, 10, 25, 24, 23, 22, 21] and
references therein.

Let G be acompact group and H be a closed subgroup of G. Then the left coset
space G/H is acompact homogeneous space, where G acts on it via the left action.
Let u be the normalized G-invariant measure on the compact homogeneous space
G/H associated to the Weil’s formula with respect to the probability measures of
G and H. This article consists of theoretical aspects of a unified approach to
the nature of abstract operator-valued Fourier transform over the Banach function
space L'(G/H, jt). We aim to further develop the abstract notions of dual homo-
geneous spaces and also Fourier transforms over homogeneous spaces of compact
groups, which has not been studied when compared to the Fourier analysis over
(reductive) symmetric spaces [29].

This paper is organized as follows. Section 2 is devoted to fixing notations
and preliminaries including a summary on non-Abelian Fourier analysis over
compact groups and classical results on abstract harmonic analysis over compact
homogeneous spaces. In Section 3, we present some abstract aspects of harmonic
analysis on the Banach functions spaces over the compact homogeneous space
G/H . We then introduce the abstract notion of dual homogeneous space G//ﬁ for
the compact homogeneous space G/H . Next we present the theoretical definition
of the abstract operator-valued Fourier transform over the compact homogeneous
space G/H, and we study analytic-algebraic properties of this transform. The
paper is concluded by presenting an abstract generalized version of the Poisson
summation formula.

2. Preliminaries and notations

2.1. Operator theory. Let HH{ be a separable Hilbert space. An operator T €
B(H) is called a Hilbert-Schmidt operator if for one, hence for any orthonormal
basis {ex} of H we have Y, [|[Tex||> < oco. The set of all Hilbert-Schmidt
operators on H is denoted by HS(H), and for T € HS(H) the Hilbert-Schmidt
normof T'is | T'||g = Y [ Tex||>. The set HS(H) is a self adjoint two sided ideal
in B(H), and if K is finite-dimensional, we have HS(H) = B(H). An operator
T € B(H) is trace-class, if | T || = tr[|T|] < oo, where tr[T] = >, (Tex, ex) and
|T| = (T'T*)"/? [16, 26].
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Let 3 be a finite dimensional Hilbert space of dimension d and 1 < p < oco.
For a (bounded) linear operator T € B(JH) the Schatten operator p-norm of T,
denoted by || 7|, is defined as [16]

d 1/p
171, = (D lsi(D17)
j=1

where {s;(T):1 < j < d} is the sequence of singular values of 7', that is the
sequence of eigenvalues of the positive-definite operator |T'|. It is a well-known
result that || T'(|; = t[|T|?]. Thus, |T|l; = || T |l¢ and | T |2 = || T ||us-

2.2. Abstract Fourier analysis over compact groups. Let G be a compact
group with the probability Haar measure dx. Then each irreducible representation
of G is finite-dimensional, and every unitary representation of G is a direct sum
of irreducible representations, see [4, 15, 16]. The set of all unitary equivalence
classes of irreducible unitary representations of G is denoted by G. This definition
of G is in essential agreement with the classical definition when G is Abelian, see
[4, 15). For a subset Q < G, the x-algebra [[,cq B(Hy) is denoted by €(R2),
where scalar multiplication, addition multiplication, and the adjoint of an element
are defined coordinatewise. For 1 < p < oo, €7 (Q2) is defined by

(@) = {T = (Trea € €@ | ITILpq) = Y. dalTell} < o0},
[7]e

and

Q:OO(Q) ={T = (Tx)rea € €() | ||T||€°°(Q) -= Sup HTzr”oo < oo},

[7]e

where |||, with 7 € Q are the Schatten operator p-norms. The set of all
T € €(Q2) such that {m € Q: T, # 0} is finite, is denoted by €yo(2), and &€y(R2) is
defined as the set of all T € €(2) such that T, := {7 € Q:||Tx|lco > €} is finite
for all € > 0, see [16, §28.24 and §28.34] and [26].

If 7 is any unitary representation of G, for {,§ € H,, the functions m¢ g(x) =
(m(x)¢, &) are called matrix elements of 7. If {e; } is an orthonormal basis for J(,
then 7;; means Te;e;- The Fourier transform of f € L(G) at 7 € G is defined
in the weak sense as an operator in B(H,) by

) = [G FE)m@) dx @.1)
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If 7(x) is represented by the matrix (r;;(x)) € C97>4x then f(n) € Cdrxdr jg
the matrix with entries given by f();; =d; lcj’.’i (f) satisfying
dr

dJT
Y B (N)m () =de Y f()imij(x) = dy e f ()7 (x)],

i,j=1 i,j=1

where ¢ . (f) = d= (. 7ij)12(G)- Then the Peter-Weyl Theorem implies

11326 = Z del SN = ) Z (fdiPmi) el (22)

[n]egj k=1
and .
fx) = Z dptr[ f(m)m(x)] fora.e.x e G. (2.3)
[x]eG
Thus, the abstract Fourier transform

Fg: L*(G) — ¢%(G),
given by
f = F6(f)=(f(1),ca
is a unitary transform, see [16, §27.40 and §28.43] and [4, 21].

2.3. Classical harmonic analysis over homogeneous spaces of compact
groups. Let H be a closed subgroup of G with the probability Haar measure dh.
The left coset space G/H is considered as a locally compact homogeneous space
that G acts on it from the left, and g:G — G/H given by x — g(x) := xH is
the surjective canonical map. The classical aspects of abstract harmonic analysis
on locally compact homogeneous spaces are quite well studied by several authors,
see [4, 5, 15, 16, 27] and references therein. The function space C(G/H ) consists
of all functions Ty ( f), where f € C(G) and

To (f)(H) = /H F(ehydh. (2.4)

Let  be a Radon measure on G/H and x € G. The translation u, of u is defined
by ux(E) = pn(xE), for all Borel subsets E of G/H. The measure u is called
G-invariant if u, = u, for all x € G. The compact homogeneous space G/H has
a normalized G-invariant measure p associated to the following Weil’s formula

/ Tor (f)(xH)dp(xH) = / F()dx, 2.5)
G/H G

and hence the linear map Ty is norm-decreasing, that is

ITa (I |eveaw < 1 o)
forall £ € L1(G), see [4, 15, 27].



Fourier transforms over homogeneous spaces of compact groups 1441

3. Abstract harmonic analysis over homogeneous spaces of compact groups

This section is devoted to present a classical study for abstract harmonic analysis
of Banach function spaces over homogeneous spaces of compact groups [8, 7].
Throughout this paper we assume that G is a compact group with the probability
Haar measure dx, H is a closed subgroup of G with the probability Haar measure
dh, and p is the normalized G-invariant measure on the compact homogeneous
space G/H associated to the Weil’s formula (2.5) with respect to the probability
measures of G and H. From now on, we may say u is the normalized G-invariant
measure over the compact homogeneous space G/H, at times.

The following proposition shows that the linear map Tx: C(G) — C(G/H) is
uniformly continuous.

Proposition 3.1. Let H be a closed subgroup of a compact group G. The linear
map Tr: C(G) — C(G/H) is uniformly continuous.

Proof. Let f € C(G) and x € G. Then we have
T (f) (e H)| = ‘ / f(xh)dh‘
H

< / | f(xh)|dh
H

= 1 lswp (/H dh)

= ||f||SUpa

which implies || 7g (/) llsup =< [I.f llsup- =

Next theorem proves that the linear map 7Ty is norm-decreasing in other L?-
spaces, when p > 1.

Theorem 3.2. Let H be a closed subgroup of a compact group G, | be the
normalized G-invariant measure on G/H, and p > 1. The linear map

Th:€(G) — C(G/H)

satisfies
ITa(lLr@/agw = I1f lLr@y for f € C(G), (3.1

and hence it has a unique extension to a norm-decreasing linear map from L?(G)
onto LP(G/H, u).



1442 A. Ghaani Farashahi

Proof. Let f € C(G). Using compactness of H, and the Weil’s formula, we can
write

I gy = | D du

o

14
< / ( / If(xh)ldh) du(xH)
G/H H

< / / | o) P dhdp(xH)
G/H JH

— [ [ 11 ednduce)
G/H JH

_ / To (1 1P)(xH)dp(x H)
G/H

p
du(xH)

— [ 1rirax
G

= ||f||£p(G)v

which implies (3.1). Thus, we can extend T uniquely to a norm-decreasing linear
operator from L?(G) onto L?(G/H, ), which still will be denoted by 7. O

As an immediate consequence of Theorem 3.2 we deduce the following corol-
lary.

Corollary 3.3. Let H be a closed subgroup of a compact group G, | be the
normalized G-invariant measure on G/H, and p > 1. Let ¢ € L?(G/H, ) and
¢0g :=9oq. Then ¢, € L?(G) with

logllr ) = lellLrG/m,w- (3.2)

Proof. Using the Weil’s formula, compactness of H, and since d# is a probability
measure, we get

Ioalri) = [ a7

— / Tot (gl ?) (x H)dpu(x H)
G/H

-/ ( / |<pq(xh)|l’dh) dyu(xH)
G/H H
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=/G/H (/H |<p(th)|1’dh) dp(xH)
-/ . ( [ |<p(xH>|1’dh) dyu(xH)
= [, el (/) an) drcern

— [ttt dpct)
G/H

= H(p”ZP(G/H,M)’
which implies (3.2). O
For ¢, v € L'(G/H, i), one can define ¢ * ¢ € L'(G/H, i) by

¢ %6 VOsH) = Talyg 26 Vo)) = [ gy w6 vgehdh, 33)
where ¢, := g oq, Y, := V¥ oq, and ¢, *G ¥, € L'(G) is the convolution of
LY(G).

Then we have

(¢ %6/ ¥)q = ¥q %G Vq. forg.y € L'(G/H, ). (3.4)

The following theorem [9] states basic property of the convolution defined by (3.3).

Theorem 3.4. Let H be a closed subgroup of a compact group G and j be the nor-
malized G-invariant measure on G/H. The Banach function space L'(G/H, 1)
equipped with the convolution given in (3.3) is a Banach algebra.

Proof. It is obvious that (¢, ¥') = ¢ *g/a ¥ is a well-defined bilinear map on
LY(G/H, it). Then using (3.2), and (3.4), we get

le *6/a VLiG/mam = 1@ *6/a V)qllLi6)
= |(pg *6 YqllL1(6)
< llegllLr)1¥allLr)
= el /aml¥ L G/a.m-
which completes the proof. O
Remark 3.5. It is straightforward to check that, if H is a closed normal subgroup

of G then the convolution defined in (3.3) coincides with the standard convolution
of the function algebra of the compact quotient group G/H, see [1, 2, 3, 9, 8, 27].
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Let J2(G, H) :=={f € L*(G): Ty(f) = 0} and J*>(G, H)* be the orthogonal
complement of the closed subspace J%(G, H) in L?(G).

Next result shows that the linear operator Ty: L*(G) — L?*(G/H,p) is a
partial isometric.

Proposition 3.6. Let H be a closed subgroup of a compact group G and i be the
normalized G-invariant measure on G/H. Then Ty: L*>(G) — L*(G/H, 1) is a
partial isometric linear map.

Proof. Let ¢ € L*(G/H, p). Invoking Corollary 3.3 we claim that 77 (¢) = ¢,
and hence Ty Ty, (¢) = ¢. Indeed, using the Weil’s formula, we can write

(T (@), 126 = (. T () L26/H.1)

- / o H) T () H)dp (xH)
G/H

- / o H) T (F) (e H)dpu (xH)
G/H

_ / To (0g- ) (xH)dp(xH)
G/H

- / 00 (1) TV dx
G

= (¢, f)12(6)

for all f € L?(G), which implies that T};(¢) = ¢,. Now a straightforward
calculation shows that Ty = Ty T;Ty. Then, by Theorem 2.3.3 of [26], Ty
is a partial isometric operator. O

The following corollaries are straightforward consequences of Proposition 3.6.

Corollary 3.7. Let H be a closed subgroup of a compact group G. Let Py, g
and Py2 (G gL be the orthogonal projections onto the closed subspaces J%(G, H)
and J*(G, H)* respectively. Then, for f € L>(G) and a.e. x € G, we have

Py,mr (X)) =Ta(fH(xH),  Pygm (/X)) = f(x) - TH(f)(Xf(Ig-S)

Corollary 3.8. Let H be a compact subgroup of a compact group G and . be the
normalized G-invariant measure on G/H. Then

(1) (G, H)" ={yg =y oq:y € L*(G/H, )}

Q) for f € 3*(G,H) andh € H, we have Ry, f = f;

(3) for v € L>(G/H. ), we have ¥l 26y = 1V | 126/,

4) for f.g € (G, H)*, we have (Ta (f). T () 1261 = ([ &) 12(6)-
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Remark 3.9. Invoking Corollary 3.8, one can regard the Hilbert function space
L?(G/H, u) as a closed subspace of the Hilbert function space L?(G), that is the
closed subspace consists of all f € L2(G) which satisfies R, f = f, for all
h € H. Then Theorem 3.2 and Proposition 3.6 guarantee that the linear map

Th: L*(G) — L%(G/H, ) C L*(G)

is an orthogonal projection onto L?(G/H, 1v).

4. Abstract duality over homogeneous spaces of compact groups

In this section, we present the abstract notion of dual homogeneous spaces asso-
ciated to homogeneous spaces of compact groups.
For a closed subgroup H of G, define

H' :={[r] € G:n(h) = Iforallh € H}, (4.1)

If G is Abelian, each closed subgroup H of G is normal and the locally compact
group G/H is Abelian, then the character group 5/? is the set of all characters
(one dimensional irreducible representations) of G which are constant on H, that
is precisely H+. If G is a non-Abelian group and H is a closed normal subgroup
of G, then the dual space G//F which is the set of all unitary equivalence classes
of unitary representations of G/H, has meaning and it is well-defined. Indeed,
G/H is a non-Abelian group. In this case, the map &: G//F — H* defined by
o0+ ®(0) := 0 o g is a Borel isomorphism and G//F = H1, see[4, 15,21, 28].
Thus, if H is normal, H1 coincides with the classic definitions of the dual space
either when G is Abelian or non-Abelian.

Definition 4.1. Let H be a closed subgroup of a compact group G and Q < G.
The homogeneous space G/H satisfies the Q2-separation property, if 7(x) = 5,
for all [z] € Q imply x € H. In this case, we say that 2 separates points of G/H,
at times. It is evident to check that, 2 separates points of G/H if and only if for
any xH # yH there exists [] € Q such that 7 (x) # 7 (y).

The following theorem shows that the homogeneous space G/H does not
satisfy the H*-separation property, if H is not normal in G.

Theorem 4.2. Let H be a closed subgroup of a compact group G. Then H~+
separates points of G/H if and only if H is normal.
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Proof. Let H be a normal subgroup of G. Then G/H is a compact group.
Thus, Gelfand-Raikove Theorem guarantees that the dual space of G/H, which
is precisely H, separates points of G/H . Conversely, assume that H~ separates
points of G/H. Let x € G and h € H. Then we can write

a(x7thx) = n(x Hr(h)w(x) = 7(x)*m(h)w(x) = 7(x)*7(x) = Is,,

for all [r] € H+. Hence, the H*-separation property of G/H implies x "'hxc H.
Since x € G and h € H are arbitrary, we obtain that H is normal in G. O

Remark 4.3. Theorem 4.2 guarantees that H~ is not the appropriate candidate
to be considered as the dual space of the homogeneous space G/H, when H is
not a normal subgroup of G. In fact, H+ is not large enough with respect to the
left coset space G/H if H is a given closed subgroup of G, unless H be a normal
subgroup of G.

For a closed subgroup H of G and a continuous unitary representation (7, H)
of G, define

T = /H x(h)dh, 42)

where the operator valued integral (4.2) is considered in the weak sense.
In other words,

(TEL.6) = /H (e(W)e.€)dh, for £.€ € . 43)

The function i + (7 (h)¢, &) is bounded and continuous on H. Since H is com-
pact, the right integral is the ordinary integral of a function in L!(H). Therefore,
Ty} is a bounded linear operator on H, with || T7| < 1.

The following proposition presents basic properties of the linear operator 7.

Proposition 4.4. Let H be a closed subgroup of a compact group G and (7w, Hy)
be a continuous unitary representation of G with Tz # 0. Then the linear
operator Ty is an orthogonal projection.

Proof. Using compactness of H, we have

(TH)* = (/H n(h)dh) =/Hn(h)*dh =/Hn(h_1)dh = TZ.
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As well as, we can write

TETE = (/H Jr(h)dh) (/H n(t)dt)
=/Hn(h) (/er(t)dt)dh
:/H(/Hn(h)n(t)dt)dh
:/H(/Hn(ht)dz)dh
:/Hngt

=TE. O

Remark 4.5. Let H be a closed subgroup of a compact group G. Let (7, H,) be a
continuous unitary representation of G on the Hilbert space JH,. A vector { € H,
is called H-constant if w(h){ = ¢ for all h € H. Then T} is the orthogonal
projection onto the closed subspace K consists of all H -constant vectors of 3,
that is

KH .= (¢ e Hym(h)e = forallh € H). (4.4)

Invoking Remark 4.3, we can suggest the following dual space for G/H .

Definition 4.6. Let H be a closed subgroup of a compact group G. Then we
define the dual space of G/H, as the subset of G which is given by

G/H :={[n] € G: T} # 0} = {[n] € G:/ w(h)dh # o}. 4.5)
H

Let (7, H,) be a continuous unitary irreducible representation of a compact
group G on the Hilbert space H,. Invoking Remark 4.5, we deduce that [r] €

G/H if and only if there exists a non-zero vector { € H, such that 7(h)¢ = ¢ for
all h € H, or equivalently X2 be a non-zero subspace of H.
Evidently, any closed subgroup H of G satisfies

H+ cG/H. (4.6)

Let (7, 3;) be a continuous unitary representation of G such that 77 # 0.
Then the functions n{l’s: G/H — C defined by

n{fe(xH) := (m(x)T§L.§) forxH € G/H, 4.7)

for &, ¢ € H,, are called H-matrix elements of (7, Hy).
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For xH € G/H and {, § € H,, we have
lnfle(xH)| = [(m(x) TS §)|
< |z )TN
< [ITFEIEN
< [ISIIIE]-

Also, we can write

afle(H) = (m()TFE E) = mrmee(x). (4.8)

Invoking definition of the linear map Ty and 77, we have

Th () (xH) Z/Hﬂz,s(xh)dh
- / (e (xh)E. €)dh
H

- / (e () (W)E, €)dh
H

- nydh ) ¢,
<n(x)(/Hn( ) )z s>
= (r(x)T5E. &),
which implies
Ty (meg) = JT{’{;.. (4.9)

The linear span of the H-matrix elements of a continuous unitary representa-
tion (77, H,) satisfying T} # 0, is denoted by Trig, (G/H ) which is a subspace
of C(G/H).

Then we define

Trig(G/H) := the linear span of U Trig (G/H). (4.10)
[x]eG/H

Functions in Trig(G/H ) are called trigonometric polynomials over G/H .
In the followings we study abstract harmonic analysis aspects of trigonometric
polynomials.

Proposition 4.7. The linear operator Ty maps Trig(G) onto Trig(G/H).

Next theorem presents some analytic aspects of trigonometric polynomials
over G/H as a function space.
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Theorem 4.8. Let H be a closed subgroup of a compact group G and | be the
normalized G-invariant measure on G/H. Then

(1) Trig(G/H) is ||.||Lr(c/H,u)-dense in LP(G/H, j);

(2) Trig(G/H) is ||.||sup-dense in C(G/H).

Proof. () Let p > 1 and ¢ € L?(G/H,n). Let f € LP(G) with Tg(f) =
¢. By |.||L»(c)-density of Trig(G) in L?(G) we can pick a sequence { f,} in
Trig(G) such that f = |.||L»(g) — lim, f,. Then continuity of the linear map
Ty:LP(G) — LP(G/H, ), implies

¢ =Tu(f) = llLr@6/mp —lim Th (fa),

which completes the proof.

(2) Invoking uniformly boundedness of T, uniformly density of Trig(G) in
C(G), and the same argument as used in (1), we get |.||sup-density of Trig(G/H)
in C(G/H). O

The following theorem guarantees the ﬁ—separation property of the homo-
geneous space G/H.

Theorem 4.9. Let H be a closed subgroup of a compact group G. Then 6/?
separates points of G/H.

Proof. Let x,y € G with xH # yH. Let ¥ € C(G/H) such that y(xH) #
VY (yH). Since Trig(G/H) is ||.||sup-dense in €(G/H ), we can uniformly approxi-
mate i with elements of Ty (Trig(G)) = Trig(G/H). Thus, there exists an irre-
ducible representation (7, H,) of G and non-zero vectors £, § € H, such that

Th (mee)(xH) # Th (,6) (VH).
This automatically guarantees that 777 # 0, and 7 (x) # m(y) as well. |

Next we show that the reverse inclusion of (4.6) holds, if and only if H is a
normal subgroup of G.

Theorem 4.10. Let H be a closed subgroup of a compact group G. Then H is
normal in G if and only if G/H = H™.

Proof. Let @ﬁ = H+*. Then Theorem 4.9 guarantees that G/H satisfies the
H l—separ.al‘[ion property. Thus, Theorem 4.2 implies that H is normal in G.
Conversely, let H be a closed normal subgroup of a compact group G. It is
sufficient to show that @ﬁ C H'. Let[n] € G//ﬁ be given. Due to the normality
of H in G, for all x € G the map 7,.: H — H given by h > 1,(h) := x 1hx
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belongs to Aut(H) and x"'Hx = H. Invoking compactness of G we have
d(tx(h)) = dh, for x € G. Now, for x € G we get

/ w(hydh = / )
H xHx—1
_ / 7 (vx (h))dh
H

_ / 2 (x)* 7 ()7 () dh
H

= n(x)* (/H n(h)dh) 7(x)

= 7 (x)*Tfm(x).

Therefore, w(x)T7 = Tim(x) for x € G, which implies 77 € C(rr). Irreducibil-
ity of = guarantees that 77 = «/ for some non-zero o € C with |o| < 1. Thus,
for t € H, we can write

n(t) = o \n(t)al

= oz_ln(t)Tg
:a_I/ w(th)dh
H

=a! / w(h)dh
H
=a 'TE =1,
which implies [7] € H*. O
For T = (Tr) e € €(G), let

Ty = (TgT”)[n]eG//?I € Q(G/H)
Then DR -
Tn:¢(G) — ¢(G/H)

given by T > Tg is a well-defined linear operator.

Theorem 4.11. Let H be a closed subgroup of a compact group G and p > 1.
Then . R -
Ty:€?(G) — €P(G/H),

is a norm-decreasing linear operator.
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Proof. LetT = (T,,)[n] G € C(@). Then we can write

ITa (I, = = > Ao TETRE
[x]eG/H

< Y dalTxl?

[x]eG/H

= Z dn“Tn“;I;)

[r]eG

— p

5. Abstract operator-valued Fourier transforms
over homogeneous spaces of compact groups

Throughout this section, we present the abstract notion of operator-valued Fourier
transforms over homogeneous spaces of compact groups. It is still assumed that
H is aclosed subgroup of a compact group G and pu is the normalized G-invariant
measure on the compact homogeneous space G/H .

Let 9 € LY(G/H, ) and [7] € G//ﬁ The Fourier transform of ¢ at [r] is
defined as the operator

Fo/a(@)(m) = ¢() = /G/H (xH)Tx(xH)*dp(xH), (.1

on the Hilbert space H,, where for xH € G/H the notation I'; (x H) stands for
the bounded linear operator on H,, satisfying

(€. Tx(xH)§) = ({. m(x)Tg§), (5.2)
forall ¢, & € H,.

Remark 5.1. Let H be a closed normal subgroup of a compact group G and u
be the normalized G-invariant measure over the left coset space G/H associated
to the Weil’s formula. Then it is easy to check that u is a Haar measure of the
compact quotient group G/H and by Theorem 4.10 we have G//ﬁ = H*. Also,
for each ¢ € L1(G/H, 1) and [r] € H, we have

60 = [ pleH)T("deH).
G/H
Thus, we deduce that the abstract Fourier transform defined by (5.1) coincides

with the classical Fourier transform over the compact quotient group G/H if H
is normal in G.
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The operator-valued integral (5.1) is also considered in the weak sense. That is
(@(m)L.§) = /G/H (xH)(Cx (xH)*E, E)dp(xH), (5.3)

forall £, & € H,.
In other words, for [7] € G/H and ¢, § € H,, we have

(G E) = /G ST TEEd(cH), (5.4)
Indeed, we can write
(@08 E) = /G S GHY . E)du(H)
- / o H)(&. T (xH)E)dp (x H)
G/H
- / G H) (& () TEE) du(x H).
G/H
Thus, for ¢, & € H,, we get
(@2, 8)| = ‘ /G |, PEHDE T OTFE dp(xH)
< /G DI 7T du(eH)
< /G PN TEE i H)
- / oG [E) | TEE (e H)
G/H

5/ lo(xE)[II[ 1§l dp(xH)
G/H

= lEEM el L1 /8.0

Therefore, ¢(r) is a bounded linear operator on J, satisfying

oGO < llellLi G m.)- (3.5)

From now on, we may use ¢(x) or Fg,/u (¢) () at times.
The following proposition gives us the connection of the Fourier transform
over the homogeneous space G/H with the Fourier transform on the group G.
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Proposition 5.2. Let H be a closed subgroup of a compact group G and | be the

normalized G-invariant measure on G/H. Let ¢ € L'(G/H, i) and [rr] € G//ﬁ
Then

T/ (@) (1) = T (9g) (). (5.6)

Foy(Lep)() = Fom(9))m(g)*. forg € G. (5.7)

o/ (0) ()" = / GG H) U (x H)dp(x H). (5.8)
G/H

Proof. Using (5.4) and also the Weil’s formula, for ¢, £ € H,, we can write
(G E) = / o H) (€. () TEE)dp(x H)

G/H

— [ ot Talre ) GH e H)
G/H

— [ )T () (e dpa (e H)
G/H

- / Th (g ) (H)dp(x H)
G/H

=/ @q(x)me ¢ (x)dx
G

- /G 00 (V) (€. T ()E)dx

- /G 00 (1) (1 (x)*2. £)dx
= (G (0.E).

which implies (5.6).
Then using (5.6), we get

Fe/ua(Lgp)(m) = F6(Lgeg) ()
= Fo(pg) ()7 (g)"
= Fo/n(9) (M) (8)™.
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Let ¢, & € H,;. Then, using (5.4) and the fact that u is a positive measure, we can
write

(@(m)*8.§) = (5. 9(m)E)
= (P(E Q)

( o(eH)(E. n(x)THndu(xH))

- / GG H) ()T L, €)dp(xH)
G/H

- / GG H) (T (H)E, §)dp(xH),
G/H

implying that (5.8), holds. |

The following proposition states some generic properties of the Fourier trans-
form (5.1).

Proposition 5.3. Let H be a closed subgroup of a compact group G and i be the
normalized G-invariant measure on G/H. Then

(1) for f € L\(G) and [z] € G/H we have Tu(f)(n) = T}’}fA(n);
) for g € L\(G/H, ju) and [] € G/H we have TEG(m) = @(m);
(3) for ¢ € L'(G/H, ) and [x] € G/H we have tt [¢(m)TE] = tr [p(r)].

Proof. (1) Let [n] € ﬁ and ¢, & € H,. Invoking definition of the Fourier
transform (5.4), and using the Weil’s formula in the weak sense, we can write

(Ta ()L €) = /G |y THOCH) 6 xR e H)
— [ TufesecH)duteH)
G/H
- /G FONE () TEE)dx
- /G SO (6)* 8. THE)dx

- /G FONTER(x) . 6)dx

= (T /(m).8).
where gz ¢: G — Cis given by g¢ ¢(x) := (., m(x)T7§) for x € G.
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(2)Letg € LY(G/H, ) and [r] € G/H. Then, ¢, € L(G) and Ty (¢q) = .
Using (1) and since TF is an orthogonal projection, we get

TE¢(m) = T3 T (p) () = TETEG (1) = TEGy(m) = Tr(eg)(x) = §(x).
(3)Letg € LY (G/H, ) and [rr] € G//ﬁ Then, using (2), we have
w [p(0)TF] = u[To(0)] = ulp(r)l

Definition 5.4. Let H be a closed subgroup of a compact group G and u be the
normalized G-invariant measure on G/H . The linear map

Fo/u: L' (G/H. p) — €(G/H), (5.9)

is called as abstract operator-valued Fourier transform over the compact homo-
geneous space G/H.

The abstract operator-valued Fourier transform over G/H satisfies
Fe/m 0 Tu = Th 0 Fg. (5.10)
We here study some analytic properties of the Fourier transform Fg, 5.

Theorem 5.5. Let H be a closed subgroup of a compact group G and u be the
normalized G-invariant measure on G/H. The Fourier transform

Fo/m: LY (G/H, ) — €o(G/H)
is a norm-decreasing homomorphism onto a subalgebra of €, (6/?).
Proof. Let g € L'(G/H, ). Using (5.5), we get

19lleo = sup_ 19l = sup_16CO)I < ol 6y
[rleG/H [xleG/H

which means that Fg,g is a norm-decreasing linear operator. Invoking (3.3)
and (5.6), we obtain

Fe/u (@ x6/u ¥)(w) = Fo((¢ *6/H ¥)g) ()
= FG(¢q *6 Yq)(1)
= F6(pg)(7).F6(¥g) ()
= Fo/u(9)(7).Fe/u(Y) (),

which guarantees that F,g is a homomorphism as well. O
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Since L?(G/H, ) ¢ LY(G/H, 1), the Fourier transform defined in (5.1) is
well-defined for L2-functions over the homogeneous space G/H.

In the next result, we show that the Fourier transform defined in (5.1) satisfies
a generalized version of the Plancherel formula in L2-sense.

Theorem 5.6. Let H be a closed subgroup of a compact group G and . be the
normalized G-invariant measure on G/H. Each ¢ € L*(G/H, u) satisfies the
Plancherel formula

Y dxllg@3 = 191132 6/m.0)- (5.11)
(r]eG/H

Proof. Lety € L?(G/H, 1) be given. Then we have ¢, € L*(G). If [] € G with
[7] ¢ G/H, then we have T}; = 0. Hence, for ¢, § € H,, we have Ty (7 ¢) = 0.
Therefore, we get

@q() = 0. (5.12)

Indeed, using the Weil’s formula, for ¢, £ € H,;, we can write
(@ (). E) = / 0a (1) (X)L, E)dx
G
- /G 0a (1) (¢, T(0)E)dx
- /G 00 () T (E. B dx
=/ g (x)me ¢ (x)dx
G
— / Thr (0g 7o) (cH)dp (x H)
G/H
- / o (x H) Ty (g.0) (D dju(x H)
G/H

= 0.
Using (5.6), (5.12), invoking the Plancherel formula (2.2), and (3.2) we obtain
Y dloI3 =D drll@a ()3
[x]eG/H [x1eG/H

=Y dell@g@IZ+ Y dell@g ()2

[x]eG/H {[x)€G:[x]¢G/H}
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= Y dell@y (012

[x1€G
= ¢y 1226,
= 01726/,
which implies (5.11). O

The following corollary is a consequence of Theorem 5.6.

Corollary 5.7. Let H be a closed subgroup of a compact group G and u be the
normalized G-invariant measure on G/H. Then

(1) Forg,v € L>(G/H, 1), we have

Z A @)Y (1)*] = (0. V) 12(6 /1.0 (5.13)

(n]eG/H
(2) For f.g € 3*(G, H)*, we have

Y dr [ f(1)2(1)] = (£.8)12(6)- (5.14)

[x]eG/H

Proof. (1) Using the polarization identity and Theorem 5.6, we get (5.13).
(2) Applying the Weil’s formula, (5.13), and Corollary 3.8, we get (5.14). O

Remark 5.8. Let H be a closed normal subgroup of a compact group G and u
be the normalized G-invariant measure over the left coset space G/H associated

to the Weil’s formula. Then Theorem 4.10 implies that G//ﬁ = H+* and hence the
Plancherel (trace) formula (5.11) reads as follows:

Y del@GO3 = ol 268,00
[rleHL

forall ¢ € L%2(G/H, jt), where
600 = [ peH)a ) du(e),
G/H

for all [x] € H*, see Remark 5.1.
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As a consequence of Theorem 5.6, we can also prove the following results.

Theorem 5.9. Let H be a closed subgroup of a compact group G and u be the
normalized G-invariant measure on G/H. The range of the Fourier transform

Fe/u: L*(G/H, ) — 62(G//F) is the closed subspace

R2(G/H) :={T = (Ty) € €(G/H) | TETy = Ty forall w € G/H}.

eG/H

Proof. Using Proposition 5.2 and Theorem 5.6, we can deduce that the subspace

{Fo/u(@):9 € L>(G/H, )} is contained in R*(G/H). Let T = (Ty) neGTi €

R2(G/H) be glven Let T = (Ty) zc@ € CZ(G) such that T, = 0 for [7] € G

with [] & G/H and T, = Ty for all [] € G/H Since the Fourier transform
F6:L%(G) — €2(G) is unitary, there exists a unique f € LZ(G) such that

Fe(f) = T. Let ¢ := Ty(f) € L*(G/H, ) and [n] € G/H Then using
Proposition 5.2, we can write

Foru () () = Fo/u (Tu(f))(7) = TFe () () =TTy = Tx,
which implies that g/ (¢) = T. O

We then can also present the following consequences.

Corollary 5.10. Let H be a closed subgroup of a compact group G and | be
the normalized G-invariant measure on G/H. The abstract Fourier transform
Fe/u: L*(G/H, ) — R*(G/H) is a unitary isomorphism of Hilbert spaces.

Corollary S.11. Let H be a closed subgroup of a compact group G. Then Ta
maps €%(G) onto R*(G/H).

We then present the abstract definition of the inverse Fourier transform over
homogeneous spaces of compact groups.

Definition 5.12. The inverse Fourier transform T — T from M2(G/H) onto
L?(G/H, ), is defined as the inverse of the Fourier transform ¢ — ¢, which
maps L?(G/H, u) isometrically onto R2(G/H).

Plainly T — Tisa unitary isomorphism of Hilbert spaces.
The following theorem shows that the abstract Fourier transform

Fo/m: LX(G/H. ) — €(G/H)

is surjective, only when H is normal in G.
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Theorem 5.13. Let H be a closed subgroup of a compact group G and | be the
normalized G-invariant measure on G/H. The abstract Fourier transform Fg g

given by (5.9) maps L*(G/H, ) onto €*(G/H) if and only if H is normal in G.

Proof. Let H be a closed normal subgroup of G. Then G/H is a compact group,

w is automatically the normalized Haar measure of G/H, and G/H = H* as
well. Then by Theorem 28.43 of [16], the abstract Fourier transform

Fo/m: L*(G/H) — €2(HY)
is a unitary isomorphism of Hilbert spaces. Conversely, assume that R2(G/H) =

¢? (ﬁ). Then we get T7; = I, for all [n] € G//ﬁ Let ¢ € C(G/H) be arbitrary
and & € H. Using Proposition 5.2 for [7] € G/H, we can write

Fo/u(Lng) () = Foyu (@) (m)m(h)* = Fo/u () ().

Thus, we get Fg/u (Lrp) = Fg/u (). Since the abstract Fourier transform
Form: LA(G/H, 1) — €(G/H)

is injective by Theorem 5.6, we get L,¢ = ¢ in the L?-sense. Then continuity of
¢ implies that Lyo(xH) = ¢(xH ), for all x € G and h € H. Since ¢ is arbitrary,
we get hxH = xH, for all x € G and & € H, which means that H is normal in
G. O

Remark 5.14. Theorem 5.13 can be considered as an abstract characterization of
the algebraic structure of the homogeneous space G/H via analytic and topolog-
ical aspects.

The following theorem is the Hausdorff-Young inequality for the abstract
operator-valued Fourier transform over the compact homogeneous spaces.

Theorem 5.15. Let H be a closed subgroup of a compact group G and |4 be the
normalized G-invariant measure over G/H. Let 1 < p < 2 and p’ be the Holder

conjugate of p. Then the Fourier transform Fg g: L?(G/H, ) — e” (6/?) is
a norm-decreasing linear operator.

Proof. Let ¢ € LP(G/H,u). Since 1| < p and G/H is compact we have
LP(G/H,u) € LY(G/H, ). Thus, ¢(rr) is already defined and hence it is a

bounded linear operator on H, for all [7] € G//ﬁ Then we claim that

191l oo 7m0y = IllLrGra0- (5.15)
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To this end, using (2.2), (5.12), and the Hausdorff-Young inequality over the
compact group G (Theorem 31.22 of [16]), we can write

~ p/ _ ~ p/
1203, &7 = ZAdnllw(n)ll,,,
[7leG/H
=Y del@a(ml?

[x]eG/H

= Y el (0l

[x]eG
TN 4
= 16212, ¢,
= ||‘Pq||£p(G)

_ )4
= ||¢||L1’(G/H,u)’

which implies (5.15). O
For 1 < p < 2, one can define 37 (G/H) as the subset of €7 (G//ﬁ) given by

RP(G/H) = {T = (Tn) 7 € ¢?(G/H) | TET, = Ty forall w € G/H}.
(5.16)
Then the inclusion R?(G/H) C 9R?(G/H) holds, and hence the inverse

Fourier transform T + T is already defined on R?(G/H). Then it obviously
maps R?(G/H) into L>(G/H, 1v).

Theorem 5.16. Let H be a closed subgroup of a compact group G and [ be the
normalized G -invariant measure over G/H. Let 1 < p < 2 and p’ be the Holder
conjugate of p. Then the inverse Fourier transform is a norm-decreasing linear
operator from R?(G/H) into L? (G/H, ).

Proof. Let T € R?(G/H). Let T = (T) .5 € €7(G) such that T, = 0
for [7] € G with [r] ¢ G/H and T, = T, for all [x] € G/H. Then we get

||T||€p(5/?1) = ||T||€p(@). By Theorem 31.24 of [16], we have T € L? (G) and

~

||T||Lp/(G) < ||T||€p @) Then using Theorem 4.11 and (5.10), we can write

1T a0 = Ty < Mhen@y = 1Ty 75, O

Next theorem presents an explicit L2-inversion formula for the Fourier trans-
form given in (5.1).
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Theorem 5.17. Let H be a closed subgroup of a compact group G, | be the
normalized G-invariant measure on G/H, and ¢ € L*(G/H,u). Then the
function ¢: G/H — C defined by

XH > ¢(xH) = Y dytr[p(m)m(x)], (5.17)
[n]eG/H
belongs to L*>(G/H, i), and we have

o(xH) = Z dyp tr[@(m)m(x)] for uw—a.e. xH € G/H. (5.18)
[x]eG/H

Proof. Lety € L>(G/H) and x € G. Then, ¢, € L*(G) and hence the series
> dy ey ()7 ()],
[7]eG

converges and also y +— Z[n]eé dx tr[@, ()7 (y)] defines a function in L?(G).

Thus, we deduce that the series Z[n]e GH dy tr[@() 7 (x)], is converges, because

Y dptlpmr ()= Y dptlgu(mr ()] = Y dy gy () (x)].
[x)eG/H [x)eG/H [x]eG
Now let & € H. Using Proposition 5.3, we can write
t[@(m)m (xh)] = [T ¢(r)m (xh)]
= t[p(m)m(x) 7 (h) T]
= t[p(m)m(x)Tq]
= [T @(m)m (x)]
= t[(m)m(x)].
which guarantees that
YH— Y dy tfg(m)m(y)]
[r]eG/H
gives a well-defined function on the left coset space G/H. Using (2.3), for

@q € L?(G), we get

@g(x) = Z dy tr[@g (m)7(x)], forae.x €G. (5.19)
[x]eG
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Then applying the linear map 7x to (5.19), implies (5.18). Indeed, for x € G, we
can write

¢(xH) = Trh(pq)(xH)

_ / ( S do tly (o) ()] )

H [x]eG

= ZA dy ( /H tr[@(n)n(xh)]dh)
[7r]eG

= dy 7 h))dh
[]ZG ( [ g ey )

= []Zé dy (/H tr[n(h)@(n)n(x)]dh)

= > dp tr[Tfy(m)m(x)]
[n]eé

= Y dn [Ty (m)m(x)]

[x]eG/H
= Z dn [T @(m) 7 (x)]
[x]eG/H

= Y dnptrfp(m)m(x)]. O

[x]eG/H

Remark 5.18. Let H be a closed normal subgroup of a compact group G and p
be the normalized G-invariant measure over the left coset space G/H associated

to the Weil’s formula. Then Theorem 4.10 implies that 6/? = H+ and hence the
L?-inversion formula (5.18) reads as follows:

o(xH) = Y dn tufp(r)7(x)]

[rleHL

forall ¢ € L2(G/H, ) and u —a.e. xH € G/H, where
o) = / o) () dp(xH),
G/H

for all [x] € H.
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Using the Weil’s formula and Theorem 5.17, we conclude the following corol-
lary.

Corollary 5.19. Let H be a closed subgroup of a compact group G and | be the
normalized G-invariant measure on G/H. Then

(1) For¢ € L>(G/H, 1v), we have

/Ggo(xH)dx = /G/H( Z/\dn tr[q?(n)n(x)])du(xH). (5.20)

[rleG/H

(2) For f € §*(G, H)*, we have

/G f(x)dx = /G /H( 3 _ dnt] f(n)n(x)])d,u(xH). (5.21)

[rleG/H

Proof. (1) Let ¢ € L*(G/H, ). Then we have ¢, € L*(G) with Ty (g,) = ¢.
Using the Weil’s formula and (5.18), we have

/cp(xH)dx:/ @q(x)dx
G G
- / Th (pg)(x H)dpu(x H)
G/H

- / (e H)dp(xH)
G/H

— [ (X deulplrmol)ducet)
G/H —~_
[x]eG/H
which proves (5.20).
(2) It is straightforward by (1). O

Remark 5.20. Let H be a closed normal subgroup of a compact group G and p
be the normalized G-invariant measure over the left coset space G/H associated

to the Weil’s formula. Then Theorem 4.10 implies that G//ﬁ = H+* and hence the
formulas (5.20) and (5.21) read as follows:

| owstnas = [ /H([ > de wlp(r) ()] )du (e H).

nleHL
and

|rwas= [ (% deulfoomeo])duce),

[zleHL
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forall ¢ € L>(G/H, ) and f € 3*(G, H)*, where
60 = [ peH)a ) dute),
G/H
and
fm = [ femerar,
for all [x] € H.

The following result can be considered as an abstract generalization of the
Poisson summation formula for homogeneous spaces of compact groups.

Theorem 5.21. Let H be a closed subgroup of a compact group G. Each
f € C(G) satisfies the following Poisson summation type formula

/ fahydh = Y dyu[f(m)n(x)T]. forx €G. (5.22)
H —
[r]leG/H

Proof. Let u be the normalized G-invariant measure on G/H and f € C(G).
Then by (5.18), we have

Tu(f)xH)= > dx [T (f)(r)w(x)] forae xH € G/H. (5.23)
[x]eG/H
Let x € G. Using Proposition 5.3 and (5.23), we get

/H Fxhydh = Ter (f) (< H)
= 3" dn [T () ()7 (x)]

(x1eG/H
= > dn [T f(m)7(x)]
(x1eG/H
= Y dp [ f(0)7(x)TE).
(]eG/H
which proves (5.22). O

Remark 5.22. Let H be a closed normal subgroup of a compact group G and p
be the normalized G-invariant measure over the left coset space G/H associated

to the Weil’s formula. Then Theorem 4.10 implies that ﬁ = H+ and hence the
Poisson summation formula (5.22) reads as follows:

/H fehydh =Y dy ] f(m)7(x)),

[rleHL
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for all f € C(G) and x € G, where

Fm) = /G FE)m@)*dx,

for all [7] € H.
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