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Algorithmic aspects of branched coverings I/V.
Van Kampen’s theorem for bisets

Laurent Bartholdi! 2 and Dzmitry Dudko?

Abstract. We develop a general theory of bisets: sets with two commuting group actions.
They naturally encode topological correspondences.

Just as van Kampen’s theorem decomposes into a graph of groups the fundamental
group of a space given with a cover, we prove analogously that the biset of a correspondence
decomposes into a graph of bisets: a graph with bisets at its vertices, given with some
natural maps. The fundamental biset of the graph of bisets recovers the original biset.

We apply these results to decompose the biset of a Thurston map (a branched self-
covering of the sphere whose critical points have finite orbits) into a graph of bisets. This
graph closely parallels the theory of Hubbard trees.

This is the first part of a series of five articles, whose main goal is to prove algorithmic
decidability of combinatorial equivalence of Thurston maps.
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1. Introduction

This is the first of a series of five articles, and develops the theory of decomposi-
tions of bisets. For an overview of the series, see [1].

1.1. Bisets. Bisets are algebraic objects used to describe continuous maps up to
isotopy. Classically, a map f:(Y,T) — (X, %) between pointed spaces induces
a homomorphism between the fundamental groups fi:m1(Y,T) — m1(X, *).
If, however, f does not preserve any natural base points, it is much more con-
venient to consider a weaker kind of relation between 71 (Y, 1) and 71 (X, *): this
is precisely a biset, namely a set B(f) with two commuting group actions, of
1(Y, ) on the left and of 71 (X, %) on the right. Bisets may naturally be multi-
plied, and the product of bisets corresponds to composition of the maps.
Another advantage of bisets is that only bijective maps may be inverted, while
every biset B has a contragredient BY, obtained by dualizing the actions. Thus

it is almost as easy to handle correspondences Y Lz 1> X as genuine maps
Y — X, see §4: the biset of the correspondence is B(i)" ® B(f).

Van Kampen’s theorem is a cornerstone in algebraic topology: given a space X
covered by (say) open subsets (Uy), the theorem expresses the fundamental group
of X in terms of the fundamental groups of the pieces U, and of their intersections.
This is best expressed in terms of a graph of groups, namely a simplicial graph
with groups attached to its vertices and edges. The fundamental group of a graph
of groups is algebraically constructed in terms of the graph data, and recovers the
fundamental group of X.

The main construction in this article is a graph of bisets expressing the decom-
position of a continuous map, or more generally a topological correspondence,
between spaces given with compatible covers, see Definition 3.8. We single out
the subclass of fibrant graphs of bisets. Graphs of bisets can be multiplied, and
the product of fibrant graphs of bisets is again fibrant.

We construct in Definition 3.13 the fundamental biset of a graph of bisets, and
show in Corollary 3.20 how it can be conveniently computed for a fibrant graph
of bisets.

Our central result, Theorem 4.8, is an analogue of van Kampen’s theorem in the
language of bisets. It expresses the biset of a correspondence as the fundamental
biset of a graph of bisets constructed from restrictions of the correspondence to
elements of the cover.

1.2. Applications. We then apply these results, in §5, to complex dynamics.
Following Thurston, we consider branched coverings of the sphere, namely self-
maps f:S2% that are locally modeled on z — z¢ in complex charts. The
subset of S2 at which the local model is z¢ with d > 1 is called the critical set
of f, and the post-critical set P(f) is the strict forward orbit of the critical set.
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A Thurston map is a branched covering of the sphere for which P(f) is finite.
Such maps f are studied as correspondences

S2\ P(f) <= 2\ fTHP() L5 87\ P()).

The simplest example of all is the map f(z) = z4 jtself, with P(f) = {0, co}.
The map f is a covering on C \ {0, 00}, and m(@ \ {0, 00}, 1) = Z. In this case,
we can give the biset of f quite explicitly: it is B(f) = Z, with right and left
actions given by m-b-n = dm + b + n. We call such bisets regular cyclic bisets,
and we define a cyclic biset as a transitive biset over cyclic groups.

The next simplest maps are rational maps f(z) with finite post-critical set,
such as f(z) = z? — 1. In particular, complex polynomials have been intensively
studied via their Hubbard tree, see [7, 8, 16]. This is a dynamically-defined
f -invariant tree containing P ( /) and embedded in C. We apply the van Kampen
Theorem 4.8 to the Hubbard tree and obtain in this manner a decomposition of the
biset of f as a graph of cyclic bisets, see Theorem 5.5.

One of the advantages in working with branched coverings rather than rational
maps is that surgery operations are possible. For example, given a Thurston map
f with a fixed point z mapping locally to itself by degree d > 1, and given
a (topological) polynomial g of degree d, a small neighbourhood of f may be
removed to be replaced by a sphere, punctured at co, on which g acts. One calls
the resulting map the funing of f by g.

This operation has a transparent interpretation in terms of graphs of bisets: it
amounts to replacing a cyclic biset, at a vertex of the graph of bisets of f, with
the biset B(g); see Theorem 5.8.

In case f itself also has degree d, one calls the resulting map 4 the mating of
f and g. The sphere on which 4 acts is naturally covered by the punctured spheres
on which f, respectively g act, and the “equator” on which they overlap. Thus &
is naturally expressed by a graph of bisets with two vertices corresponding to f
and g respectively, and an edge corresponding to the equator; see Theorem 5.9.

Laminations allow Julia sets of polynomials to be obtained out of the Julia set
of z¢, namely a circle, by pinching. Similarly, van Kampen’s Theorem 4.8 applied
to the lamination of f decomposes the biset B( f) into a graph of bisets made of
trivial bisets and one regular cyclic biset (the biset of z¢). We compute it explicitly
for the map f(z) = z? — 1, and describe in this manner, in §5.6, the mating of
z2 — 1 with an arbitrary quadratic polynomial.

1.3. Notation. We introduce some convenient notations, which we will follow
throughout the series of articles. For a set S, we write St for its permutation
group. This has the mnemonic advantage that #(S¥) = (#5)!. We always write
1 for the identity map from a set to itself. The restriction of amap f:Y — X to
a subset Z C Y is written f|z. Self-maps are written f: X £ in preference to
f:X—>X.
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Paths are continuous maps y: [0, 1] — X; the path starts at y(0) and ends at
y(1). We write y#6 for concatenation of paths, following first y and then §; this is
defined only when y(1) = §(0). We write y~! for the inverse of a path.

We write ~ for isotopy of paths, maps etc, ~ for conjugacy or combinatorial
equivalence, and = for isomorphism of algebraic objects. Similarly #® denotes
the image of & under ¢. Similarly, g o f is the composition of maps, first f then
g, and fg is the composition of homomorphisms, first f then g.

A graphs of groups is a graph X with groups associated with X’s vertices and
edges. We always write G, for the group associated with x € X; thus if 9 is
another graph of groups, we will write G,, for the group associated with y € 9,
and no relationship should be assumed between G and G,. Similarly, in a graph
of bisets B there are bisets B, associated with z € B3, and different graphs of
bisets will all have their bisets written in this manner.

2. Bisets

We show, in this section, how topological data can be conveniently converted to
group theory. We shall extend, along the way, the classical dictionary between
topology and group theory.

Consider a continuous map f:Y — X between path connected topological
spaces, and basepoints ¥ € Y and * € X. Denote by H = m1(Y, ) and
G = mi(X,*) their fundamental groups. If f(f) = x*, then f induces a
homomorphism f.: H — G; however, no such natural map exists if f does not
preserve the basepoints.

A solution would be to express f in the fundamental groupoid 71 (X), whose
objects are X and whose morphisms from x to y consist of all paths from x to y
in X up to homotopy rel their endpoints. However, for computational purposes, a
much more practical solution exists: one expresses f as an H-G-biset.

Definition 2.1 (bisets). Let H, G be two groups. An H -G-biset is a set B equipped
with a left H-action and a right G-action that commute; namely, a set B and maps
H x B — B and B x G — B, both written -, such that

h-h'-(b-gg')=hh"-(b-gg") = (hh'-b)-gg' = (hh'-b)-g-g'.

so that no parentheses are needed to write any product of /’s, b, and g’s. We will
also omit the -, and write the actions as multiplication.

A G-biset is a G-G-biset.

An H-G-set B is left-free if, qua left H-set, it is isomorphic to H xS for aset S
(where, implicitly, the left action of H is by multiplication on the first codrdinate);
it is right-free if, qua right G-set, B is isomorphic to 7 x G. It is left-principal,
respectively right-principal, if furthermore S, respectively 7 may be chosen a
singleton, so that the respective action is simply transitive; more generally, it is
left, respectively right free of rank r if #S = r, respectively #T = r.
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Bisets should be thought of as generalizations of homomorphisms. Indeed, if
¢: H — G is a group homomorphism, one associates with it the H-G-biset By,
which, qua right G-set, is plainly G; the left H -action is by

h-b=h%.

All bisets of the form By are right-principal; and they are left-free if and only if
¢ is injective. Recall that 4% denotes the image of / under ¢.

Let us return to our continuous map f:Y — X, but drop the assumption
f(f) = «. The H-G-biset of f is defined as homotopy classes of paths rel their
endpoints:

B(f) = B(f.1.%) ={y:[0.1] = X | y(0) = f(}). y(1) = *}/~ (D)

For paths y, §: [0, 1] = X with y(1) = §(0), we denote by y#§ their concatenation,
defined by

y(2t) ifo<t <

8)(t) =
(@ {5(2t -1 ifi=<r<

and, for a path y: [0, 1] — X, its reverse y~! is defined by
Y = y(1—1).
The left action of H on B(f) is, for aloop A in Y based at ¥,
[A]- [yl = [(f o M)#y],
and the right action of G is, for a loop x in X based at x,
V]~ [n] = [y#ul.

It is then clear that B( f') is a right-principal biset. If f({) = %, then B(f) is
naturally isomorphic to By, .

As we will see in §4, bisets actually encode topological correspondences, as
generalizations of continuous maps.

2.1. Morphisms. We consider three different kinds of maps between bisets.

Definition 2.2 (biset morphisms). Let g Bg and g B’ be two H-G-bisets.
A morphism between them is a map 8: B — B’ such that

hvPg = (hbg)? forallh e H,b € B, g €G.

The definitions of endomorphism, isomorphism, automorphism, monomorphism,
and epimorphism are standard.
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Let now g Bg and g+ B’/ be two bisets. An intertwiner is a triple (y, 8, ¢) of
maps, with ¢: H — H’ and ¢: G — G’ group homomorphisms, and : B — B’
a map, such that

hYbPg?® = (hbg)? forallh e Hb e B, g €G.

The map f itself is called a (v, ¢)-intertwiner; therefore a morphism is the same
thing as a (1, 1)-intertwiner. An intertwiner is injective if all ¥, B, ¢ are injective,
and similarly for surjective etc. A congruence is an invertible intertwiner.

Consider finally a G-biset g Bg and a G'-biset g B’ /. Apart from morphisms
and intertwiners, a third (intermediate) notion relates them: a semiconjugacy is a
pair (¢, B) of maps, with ¢: G — G’ and B: B — B’, such that

WP g® = (hbg)? forallg,h € G, b € B.

In other words, B is a (¢, ¢)-intertwiner. Note that we do not require, as is some-
times customary, that 8 be surjective. A conjugacy is an invertible semiconjugacy,
i.e. a semiconjugacy in which both ¢ and j are invertible.

In summary,
intertwiners __ semiconjugacies morphisms
W.pe ~ V=9 y=¢=1
U U U
congruences _ conjugacies isomorphisms
(V. B.9) V=49 v =¢=1

Note now the following important, if easy, fact: the isomorphism class of a
biset By remembers precisely the homomorphism ¢ up to inner automorphisms.
More precisely,

Lemma 2.3. Let ¢, v: H — G be two homomorphisms. Then the bisets By and
By are congruent if and only if there exists an automorphism n of G such that
Y = ¢n; and they are isomorphic if and only if n may be chosen to be inner.

Proof. We only prove the second assertion (“isomorphic bisets if and only if 7 is
inner”).

Assume first ¥ = ¢, and let n be conjugation by g. Then an isomorphism
between the bisets By and By, is given by B:b +— g~'b. Indeed,

(h-b)P = (h®h)P = g7 'h®b = h®"g~'b = hVbP = h - bP.

Conversely, if B and By, are isomorphic, let 8 be such an isomorphism, and
set g = (1#)~1. Because 8 commutes with the right G-action, which is principal,
the map B must have the form »# = 18h = g~1b, and the same computation as
above shows that v = ¢n, with  conjugation by g. O
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2.2, Products. The product of the H-G-biset B with the G-F-biset C is the
H-F-biset B ®¢ C, defined as

B ®gC =B><C/{(b,g-c)=(b-g,c)forallbeB,geG,ceC};

itis naturally an H - F-biset for the left H -action on B and the right F-action on C.
We have the easy

Lemma 2.4. Let ¢: H — G and y: G — F be group homomorphisms. Then
B¢1/, >~ B¢ KRa Bv,.

Recall that we stick to the usual topological convention that g o f is first f,
then g; but we use the algebraic order on composition of homomorphisms and
bisets, so that fg means ‘first f, then g’ for composable algebraic objects f and
g. In other words, we may write go f = fg.

The contragredient of the H-G-biset B is the G-H -biset BY, which is B as a
set (but with elements written V), and actions

g-bY-h=0m"1-b-gHhVv.

If ¢: H — G is invertible, then we have (By)" = B,-1. In all cases, we have a
canonical isomorphism (B ® C)¥ = CY ® BY.

Remark 2.5. Answering a question of A. Epstein, we may define Hom(B, C) =
BY ® C, and then note that ‘®’ is the adjoint to this internal Hom functor, namely
Hom(C ® B, D) = Hom(B,Hom(C, D)) is natural.

Products allow us to write intertwiners in terms of morphisms:

Lemma 2.6. Let v: H — H' and ¢: G — G’ be homomorphisms, let B be an
H-G-biset, and let B’ be an H'-G'-biset. Then there is an equivalence between
intertwiners (¢, 8, ¢): B — B’ and morphisms y:BJ ® B® By — B, in
the following sense: there is a natural map 6: B — Bl\/// ® B ® By defined by
b 1Y ® b ® 1, and the intertwiner (y, B, ¢) factors as (Y, B, ¢) = (¥, 0, ¢)y.

In particular, the bisets g Bg and g’ B’ g are conjugate if and only if there exists
an isomorphism ¢: G — G’ with B’ = B ® B ® By = By—1 ® B ® By.

2.3. Transitive bisets. We call an H-G-biset transitive if it consists of a single
H x G-orbit. If desired, transitive bisets may be viewed as quotients of right-
principal bisets (namely, bisets coming from homomorphisms), as follows:
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Lemma 2.7. Let B be a transitive H-G-biset. Then there exist a group K and
homomorphisms ¢: K — G, ¥: K — H such that B = BJ ®k Bg. Furthermore,
there exists a unique minimal such K, in the sense that if (K’,¢’, ¥') also satisfy
B = BJ/ ®k’ By then there exists a homomorphism t: K' — K with t¢p = ¢’
and Ty =y’

K/

Proof. Choose a basepoint b € B, and define
K ={(h,g) e HxG |bg =hb}.

The homomorphisms ¥, ¢ are given by projection on the first, respectively second
codrdinate. To construct an isomorphism S: BJ ® By — B, set (h" ® 2P =
h~'bg; note that this is well-defined because 1V ®g = (b)Y ®g’ if and only if there
exists (", g") € K with ¢’ = g”’g and i’ = h"h; and then h~'bg = (W)~ 'bg’.

To prove the unicity of K, consider a group K’ with two homomorphisms
¢":K' — G and y": K" — H, and an isomorphism §: Bjj, ®k’ By — B. Define
then the map 7: K’ — K as follows. Write 8~1(b) = (b1, b,). For k' € K’, define
he H, geGby

B(b1,k'bs) = hb = bg and then (k') = (h, g). O

Note that the product of two bisets, when expressed as groups K, L with homo-
morphisms as in the lemma, is nothing but the fibre product of the corresponding
groups K, L.

If furthermore B is left-free, then the construction can be made even more
explicit: the biset B‘\D’ is a subbiset of B, and By is left- and right-free. We
summarize this in the

Proposition 2.8. Let B be a left-free transitive H-G-biset. Choose b € B. Define
e Gy :={g e G |bg e Hb}, the right stabilizer of b;
e D = g,Gg, the natural G,-G biset;
e CV = Hb, an H-Gy, subbiset of g Bg, .

Then C is a right-principal biset and B =~ CV ®g¢, D.
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2.4. Combinatorial equivalence of bisets. Let g Bg be a left-free biset. For
every n > 0 we have a right G-action on 1 ®g BZ", which gives a well defined
action on the set

T:=|]1®c BE"

n>0

The G-set T naturally has the structure of a rooted tree, by putting an edge from
11 ® - b, 101 b1 ®---Q b, ® by for all b; € B. Itis called the Fock
tree of B in [14]. The action of G on T is self-similar in an appropriate labeling
of T, see [13, Chapter 2].

Set G’ := G/ ker(action); thus G’ is the maximal quotient of G such that the
induced action on T is faithful. As in [15] we say that ¢ Bg is combinatorially
equivalent to

G/B/G’ = G’ Q¢ B Q¢ G

(The motivation is dynamical: if g Bg is contracting, then so is g B’ - and, more-
over, the limit dynamical systems associated with ¢ Bg and g/ B’ are topologi-
cally conjugate, see e.g. [13, Corollary 3.6.7].)

We say that two left-free ¢ Bg and g Cg are combinatorially equivalent if their
quotients g B’/ and g C’gys are conjugate.

It is easy to check that any surjective semi-conjugacy (¢, 8):¢Bc — wCnH
between left-free bisets descends to a semi-conjugacy (¢, 8'): ¢'B'¢: — u/C'g.
We say that a surjective semi-conjugacy (¢, ): 6 B¢ — mCq between left-free
bisets respects combinatorics if (¢, B'): ¢z B'¢: — mg/C’g- is a conjugacy (so that
6 Bg and g Cy are combinatorially equivalent).

2.5. Biset presentations. Let B be a left-free H-G-biset. Choose a basis of B,
namely a subset S of B such that B, qua left H-set, is isomorphic to H x S. In
other words, S contains precisely one element from each H -orbit of B.

The structure of the biset is then determined by the right action in that descrip-
tion. For g € G and s € S, there are unique (k,7) € H x S such that sg = ht.
The choice of basis therefore leads to a map S x G — H x §, or, which is the
same, amap ®: G — (H x §)5.

Associativity of the biset operations yields, as is easy to see, that ® is a group
homomorphism G — H ¢ S¥. This last group, the wreath product of H with the
symmetric group St on S, is by definition the semidirect product of HS with S¥,
in which SV acts by permutations of the codrdinates in HS. We call ® a wreath
map of the biset B.

Wreath products are best thought of in terms of decorated permutations: one
writes permutations of S in the standard arrow diagram notation, but adds a label
belonging to H on each arrow in the permutation. Permutations are multiplied by
concatenating arrow diagrams and multiplying the labels.
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A presentation of B is a choice of generating sets I', A for G, H respectively,
and for each g € I' an expression of the form

g=<hy,....,hg>(iy,...),

describing ®(g); the h; are words in A, and (iy,...) is a permutation of S =~
{1, ...,d} in disjoint cycle format.

Lemma 2.9. If ®,V: G — H :d} are two wreath maps of the same biset i Bg,
then there exists w € H 2 d¥ such that ¥ = ® - (h — h").

Proof. Let S, T be the bases of B in which &, W are computed, and identify S, T

with {1,...,d} by writing S = {s1,...,sq}and T = {#1,...,t7}. In B, write

si = w; - tiw fori =1,...,d, defining thus w = Kwy,...,wg>m € HdV.
Consider an arbitrary g € G, and write

D(g) = Kg1,....84>0, V(g) =<hy,....hg>.
We therefore have s; ¢ = g;s;0 and t;g¢ = h;t;= for all i. Now
hintine = ting = wi 'sig = ;' giSic = w; ' giwjonlion,
so P(g)¥ = Y(g). |

It may help to introduce an example here. Consider the map f(z) = z¢ from
the cylinder X = C \ {0} to itself. Choose * = T = 1 as basepoints, and identify
1 (X, %) with Z by choosing as generator the loop t(¢) = exp(2int).

Since it is right-(free and transitive), the biset B( f) is in bijection with the set
of homotopy classes of loops at 1, and so may be naturally identified with Z. The
biset structure is givenby n-b-m =dn +b +mforn,m € Z = m (X, *) and
b e Z =~ B(f). Thus B(f) is left-free of rank d, and a basis is a complete set of
congruence representatives modulo d, for example {0, 1, ..., d — 1}. In that basis,
the wreath map reads

P(r) = <1,....1,t>(1,2,....d).

or in diagram notation

Since it is left-free of rank d, the biset B(f) is also in bijection with the
homotopy classes of paths from * to an f-preimage of *, namely to a d-th root of
unity. A basis of B(f) may be chosen as {exp(2intk/d) | t € [0, 1]}k=o,...a—1,
and in this basis one recovers the wreath map of t given above.
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2.6. Conjugacy classes in groups. We will, in later articles, consider conjugacy
classes so as to represent unbased loops in topological spaces. There are various
applications; for example, a fundamental construction by Goldman [9] defines a
Lie bracket structure on the vector space spanned by conjugacy classes in 1 (X, *)
for a closed surface X. We consider, here, the general case of groups and bisets.
Let C(G) denote the set of conjugacy classes of the group G, and consider a
left-free H-G-biset B. Choose a basis S of B, whence a wreath map ®: G —
H : SY. Consider g€ € @(G), write ®(g) = <hi,...,hg>m,and let Sy, ..., S,

be the orbits of w on §. For each j = 1,...,¢, let k; be the product of
the h;’s along the orbit S;; namely, if §; = {sl,...,sdj} with s = siq1,
indices being computed modulo d;, then k; = hy hy, -+ hy d;- The multiset
{(d,-,kf’) | i = j,...,¢} consisting of degrees and conjugacy classes in H is

called the lift of g©.

Lemma 2.10. The lift of g€ is independent of all the choices made: of g in its
conjugacy class, of the basis S, and of the cyclic ordering of the orbit S;.

Proof. Different choices of bases give conjugate wreath maps, by Lemma2.9. O

Let QC(G) denote the vector space spanned by the conjugacy classes C(G),
and consider again a left-free H-G-biset B. Then the lift operation gives rise to a
linear map B*: QC(G) — QC(H), defined on the basis by

*x Gy .__ k]H
B g% =3 - )

(d;,hH)elift of gG

called the Thurston endomorphism of B.

3. Graphs of bisets

We define here the fundamental notion in this article: viewing groups as funda-
mental groups of spaces, bisets describe continuous maps between spaces. Graphs
of groups describe decompositions of spaces, and graphs of bisets describe con-
tinuous maps that are compatible with the decompositions.

3.1. Graphs of groups. We begin by precising the notion of graph we will use;
it is close to Serre’s [17], but allows more maps between graphs. In particular, we
allow graph morphisms that send edges to vertices.
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Definition 3.1 (graphs). A graph X isasetX = V U E, consisting of two subsets
called vertices and edges respectively, equipped with two self-maps x +— x~ and
X +— X, and subject to axioms

forallxeX, X=x, x €V, and x=x" & x=X < xecV.
3)
The object x is called the reverse of x. Setting x* = (X)~, the vertices x~, x*
are respectively the origin and terminus of x.

We write V(X) and E(X) for the sets of vertices and edges respectively in
a graph X. A path is a sequence (e, ...,e,) of edges with ¢;” = e, for all
i =1,...,n—1. A graph is connected if there exists a path joining any two
objects. A circuit is a sequence (e, ..., e,) of edges with el.+ = e;, forall i,
indices taken modulo n. A tree is a graph with no non-trivial circuits; that is in
every circuit (ey, ..., e,) one has e;+; = e; for some i.

A graph morphism is a map 6:9) — X satisfying 6(7) = 0(y) and 6(y~) =
O(y)~ for all y € ). Note that # maps the vertices of ) to those of X. It is
simplicial if furthermore 6 maps the edges of 9) to those of X.

A graph of groups is a connected graph X = V' U E, with a group G, associated
with every x € X, and homomorphisms (:)7: Gy — Gx- and (-): Gy — Gx
for each x € X, satisfying the same axioms as (3), namely the composition
Gx — Gz — Gz = Gy is the identity for every x € X, and if x € V then
the homomorphisms Gy — Gx— and G, — Gj are the identity. For g € G, we
write g = (g)~. The graph of groups is still denoted X.

Let X = V U E be a graph of groups. For v, w € V, consider the set

Myw = {(g0. X1, &1, -+ Xn, gn) | Xi € X,x7 =v,x]" =xj3 .57 =w,
gi € Gxi+ = le_—_H},

of (group-decorated) paths from v to w. As a special case, if v = w then we
allow n = 0 and g9 € G, = Gy. Say that two paths are equivalent, written
~, if they differ by a finite sequence of elementary local transformations of the
form (gh) < (g,x,1,x,h) for some x € X and g,h € Gy—, or of the form
(gh~.x.k) < (g.x,h"k) forsome x € Xand g € Gy—,h € G,k € G+, or of
the form (g, x, h) <> (gh) for some x € V and g, h € Gy.

The product of two paths (go, x1,...,8&m) and (ho, y1, ..., hy,) is defined if
x,b = y7,and equals (go, X1, . .., gmho, Y1, - - ., hn); this product [Ty, , x Iy, —
I, is compatible with the equivalence relation. The fundamental groupoid
m1(X) of X is a groupoid with object set V, and with morphisms between v and
w the set 1 (X, v, w) = I1, 4/~ of equivalence classes of paths from v to w.

In particular, for v € V, the fundamental group m;(X,v) is I1,/~. If X is
connected, then 77 (X, v) is up to isomorphism independent of the choice of v € V.
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In fact, the elements x; in a path may be assumed to all belong to E, and if
Xi+1 = X; then the element g; 11 may be assumed not to belong to (G, ,,)~. Such
paths are called reduced, and I1,_,,/~ may be identified with the set of reduced
paths from v to w.

In a more algebraic language, the fundamental groupoid 7; (X) is the universal
groupoid with object set V', and whose morphism set is generated by XU| |,y Gu;
the source and target of x € X are x~ and x* respectively; the source and target
of g € G, are v; the relations are those of the G, as wellasv = 1 € G, for
allv € V,andxx = 1 € Gy- and g7x = xgT forall x € X and g € G,.
The path (go, x1, ..., gn) is identified with gox; ...g,. The following property
follows easily from the definitions:

Lemma 3.2 (e.g. Serre [17, §5.2]). Let X be a graph of groups. If all morphisms
Gx — G- are injective, then all natural maps Gy — 71(X, %) are injective.

3.2. Decompositions and van Kampen’s theorem. Graphs of groups, and their
fundamental group, generalize decompositions of spaces and their fundamental
group. Here is a useful example of graphs of groups:

Example 3.3. If X be a path connected surface with at least one puncture,
consider a graph X drawn on X which contains precisely one puncture in each
face. Then X deformation retracts to X, and the groups 1 (X, *) and 71 (X, *) are
isomorphic. Here we consider X as a graph of groups in which all groups G, are
trivial.

Definition 3.4 (1-dimensional covers). Consider a path connected space X, cov-
ered by a collection of path connected subspaces (Xy)yey. It is a 1-dimensional
open cover of X if forallu,v,w eV
(1) all path connected components of X,, N X,, are of the form X, for somet € V;
2)ifX, CX,CXythenu =vorv=uw.
We order V' by writing u < v if X, & X,.

A 1-dimensional cover of X is a cover (X, )yey of X satisfying (1) and (2)
and such that for every family of open neighbourhoods U, 2> X, of the X, there
exists a family X,, € U, of path connected open subneighbourhoods such that the
natural map m;(Xy) — m(f v) is an isomorphism for all v € V' and the (f v)veV
form a 1-dimensional open cover as above, with same combinatorics as (Xy)yey .

Traditionally, the sets X, in a cover are assumed open so that every curve
y C X is a concatenation of finitely many curves y; where each y; lies entirely in
some X, ;).

For our dynamical applications, we may also wish to consider closed subsets
X, of X: typical dynamically-invariant subsets (such as the Julia set) are closed
but not open. We may use these more general covers in place of open covers,
thanks to the following fact:
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Lemma 3.5. Let f:Y — X be a continuous map, and suppose that f extends to
7Y > XwithX c XandY C Y. Assume that all spaces are path connected
and that X < X andY < Y induce isomorphisms on fundamental groups. Then
the bisets of B(f) and B( f ) are isomorphic.

Proof. Suppose that ¥ € Y and * € X are the basepoints; we can assume that
f(f) = *. We need to show that fx = fi. Suppose that fi # fi. Then
there is a y € my(Y,{) such that fi(y) # 1 but fi(y) = 1. This means
that f(y) is not trivial in 7r;(X, %) but is trivial in 71 (X, *); this contradicts
m(X, %) ~ 7 (X, %). O

Definition 3.6 (graphs of groups from covers). Consider a path connected space
X with a 1-dimensional cover (Xy)yeyp. It has an associated graph of groups X,
defined as follows. The vertex set of X is V. For every pair u < v there are edges
e and ¢ connectingu = e~ = ¢ and v = e™ = &, and we let E be the set of
these edges. Set X = V U E.

Choose basepoints %, € X, forall v € V, and set G, = m1(Xy, *y). For
every edge e with e~ < e™ choose a path y,:[0,1] — X,+ from *.— to *,+, set
Ge = G- anddefine G, — G~ := 1and G, — G,+ by y > y; #y#y,. Finally
for edges e with e~ > e™ set G, := Gz and y; = Vo ! and define morphisms
G, = G~ and G, — G, + as G; — G+ and G; — G- respectively.

The graph of groups X depends on the choice of basepoints *, and paths y., but
mildly: we will show in Lemma 4.9 that the congruence class of X is independent
of the choice of *, and ..

Here is a simple example: on the left, the subspaces X, are the simple loops
and the two triple intersection points; on the right, the corresponding graph of
groups, with trivial or infinite cyclic groups.

Z 7
E)( >(§ >1 Z 1<
VA 7

Theorem 3.7 (van Kampen’s theorem). Let X be a path connected space with

1-dimensional cover (Xy) and a choice of basepoints %, € X, as well as paths

connecting *, and *, if Xy & X,. Let X be the associated graph of groups.
Then, for every v, the groups w1(X, %) and 7w1(X, v) are isomorphic.
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Sketch of proof. The isomorphism 0: 771 (X, v) — m1(X, *,) is defined by

0(go0.€1.81,--..€n,8n) = Zo#Ve, # ... Ve, #8n.

We start by assuming that the 1-dimensional cover (X, ) consists of open sets. Then
every loop y: [0, 1] — X with y(0) = y(1) = %, is homotopic to a concatenation
of the above type, so 6 is surjective. By the classical van Kampen argument
(see [12, Chapter IV]), the path 6(g) is homotopic to 6(g’) in X if and only if
g and g’ are equivalent in 1 (X, v); thus 6 is injective.

If the X, are not open, then they may be slightly enlarged enlarged to open sets
X,, on which the theorem applies; the graphs of groups associated to the covers
(X,) and (X,) are isomorphic. |

In case X is a tree, m1(X, x) is an iterated free product with amalgamation
of the G,’s, amalgamated over the G.’s. It may be constructed explicitly as
follows: consider the set of finite sequences over the alphabet |_|, ., Gy; identify
two sequences if they differ on subsequences respectively of the form {(1), (-)};
or {(g,h), (gh)} for g, h in the same G,; or {(g), (g)} where the first, respectively
second, ‘g’ denote the image of g € G, in G-, respectively G,+; and quotient
by the equivalence relation generated by these identifications.

Note the following three operations on a graph of groups X, which does not
change its fundamental group.

(1) Split an edge. Choose an edge ¢ € E. Add a new vertex v to V, and replace
e, e by new edges ey, &, ¢1, 21 withej = e =vande; = e~ ande] = e™.
Define the new groups by G, = G, = G., = G,, with the obvious maps
between them;

(2) Add an edge. Choose a vertex v € V, and a subgroup H C G,. Add a new
vertex w to V, and add new edges e, e with e~ = v and e™ = w. Define the
new groups by G, = G, = H, with the obvious maps between them;

(3) Barycentric subdivision. Construct a new graph X’ = V' U E’ with V/ =
X/{x =Xx}and E' = E x{+,—};fore € E and ¢ € {1}, set (e, e)® = ¢°
and (e,&)™® = [e] and (e, &) = (&, —¢). Define finally a graph of groups
structure (Gy,;) on X’ by setting Gy, to be G for all [x] € V' (recalling
that Gy and Gx are isomorphic), and G/e,s) = G,, with the obvious maps
between these groups.

Recall that graph morphisms may send edges to vertices, but not vertices
to (midpoints of) edges. If such a map between the topological realizations of
the graphs is needed, it may be expressed as a map between their barycentric
subdivisions.

If X be a graph of groups, let X’ denote the underlying graph of X, but with
trivial groups. Then, on the one hand, 1 (X’) is the usual fundamental groupoid of
X', and 71 (X', v) is a free group; on the other hand, there exists a natural morphism
of groupoids 71 (%) — m1(X').
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If X,9) be graphs of groups, §:2) — X be a graph morphism, and 6, be, for
every y € 2), a homomorphism G, — Gyg(y) such that 6,(g)” = 6,-(¢g~) and
% = 05(g) for all g € G, then there is an induced morphism of groupoids
m1(Q) — m1(X). We do not give a name to these kinds of maps, because they
are too restrictive; see the discussion in the introduction of [5]. We will give later,
in §3.9, more examples of graphs of groups; we now describe in more detail the
precise notion of morphisms between graphs of groups that we will use.

3.3. Graphs of bisets. Just as bisets generalize appropriately to our setting
homomorphisms between groups, so do “graphs of bisets” also generalize the
notion of homomorphisms between graphs of groups. In fact, our notion also
extends the definition of morphisms between graphs of groups given in [5], in
that a “right-principal graph of bisets” is the same thing as a morphism between
graphs of groups in the sense of Bass.

Definition 3.8 (graph of bisets). Let X,9) be two graphs of groups. A graph of
bisets 9B x between them is the following data:

e a graph B3, not necessarily connected;

e graph morphisms 1: 8 — ) and p: B — X;

o forevery z € 9B, a Gy (;)-G,(z)-biset B, an intertwiner (-)": B, — B,— with
respect to the homomorphisms Gj(z;) — Gi(z)~ and Gpz) — Gp(z)—, and a
congruence (-): B; — Bz with respect to the isomorphisms Gy — Gz,
and Gp(z) —> G;Tz)

These homomorphisms must satisfy the same axioms as (3), namely: the
composition B, — Bz — B; = B, is the identity for every z € X, and if
z € V, then the homomorpk_li_sms B, — B,- and B, — B; are the identity.
Forb € B, we write bt = b .

We call 8 a 9)-X-biset.

Example 3.9. A graph morphism 6:9) — X, given with homomorphisms
0y: Gy — Gg(y) for all y € 9 such that (-)~ o 6, = 0,— o (-)~, naturally gives
rise to a -X-biset By. Its underlying graph is B = 2); the maps are A = 1 and
p = 8. For every z € ‘B, the biset B; is Gg(,) with its natural right Gg(,)-action,
and its left G,-actionis g - b = 6,(g)b.

Definition 3.10 (product of graphs of bisets). Let B be a 2)-X-biset, and let
¢ be a X-20-biset. The product of B and € is the following graph of bisets
9Dy = B ®x ¢: its underlying graph is the fibre product

D ={(b,c) €eBxC|pb)=Ar(c)).

with (b, ¢)~ = (b~,c¢") and (b, c) = (b,¢). Themap 1: ® — is A(h, c) = A(b),
and the map p: ® — W is p(b, c) = p(c). The biset B ¢) is By ®G,,, Be-
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Properties of the product will be investigated in §3.7. For now we content
ourselves with some illustrative examples.

Lemma 3.11 (see Example 3.9). Let 6:9) — X and x:X — 20 be graph
morphisms, given with homomorphisms 0y: Gy, — Gg(y) and kx:Gx — Gy(x).
Then their bisets satisfy Bg Qx By = Boyy.

Proof. We have natural identifications G, ®g, Gx = G, between the bisets of
By ®x B, and those of By,. O

The contragredient 8" of the graph of bisets B is defined by exchanging p
and A, and taking the contragredients of all bisets B;. If 6:9) — X is bijective
and all 6, are isomorphisms, then the contragredient of By is By-1.

The identity biset for products is the following biset xJx: its underlying graph
is X, with maps A = p = 1, and bisets B, = G-.

Example 3.12 (see Lemma 2.7; a partial converse to Example 3.9). Let 9B x be
a graph of bisets such that the graph B is connected and B; is transitive for every
z € B. Suppose that for every z € B we are given an element b, € B, such that
b, = bz and (b;)~ = b,- for all z € B. Then there exist a graph of groups 3 and
morphisms of graphs of groups A: 3 — 9) and p: 3 — X as in Example 3.9 such
that B is isomorphic to B} ® B,.

Note, however, that it is not always possible to make coherent choices of
basepoints b, € B,. For example, it may happen that (B.)” N (By)~ = @ for
two edges e, f withe™ = f~.

Here is a dynamical situation in which this happens. Let f be a rational
map whose Julia set is a Sierpiniski carpet, and assume that its Fatou set has two
invariant components U, V, perforce with disjoint closures, on which f acts as
z > z™, z" respectively. Remove these components, and attach on each of them a
sphere with a self-map that has an invariant Fatou component mapped to itself by
the same degree. To these data correspond a graph of groups X with three vertices
(the main sphere and the two grafted ones), and a graph of bisets xBx describing
the self-map. The basepoint on the main sphere cannot be chosen to coincide
with the basepoints of the grafted spheres, because the Fatou components of the
Sierpinski map have disjoint closures.

3.4. The fundamental biset

Definition 3.13 (fundamental biset of graph of bisets). Let B be a 9)-X-biset;
choose * € X and + € Q. Write G = m1(X,%) and H = 71(2), 7). The
Sfundamental biset of B is an H-G-biset B = w1 (B, T, *), constructed as follows:

Ll eves) m1(D, T,4(2)) ®G,(.) Bz ®c,(., m1(X, p(2), *)

€ m1(Y.T,M2)7). b € Bz, }

B =
- + (N q
{qb p=qA(2)btp(z)p forall pem(X p(z)", %),z € E(B)

®)
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In other words, elements of B are sequences (hg, y1, 1, ..., Vn, b, X1, ..., &m—1,
Xn, &n) subject to the equivalence relations used previously to define 71 (X), as
well as (yp, hb~g,x1) < (yn.h,A(2).bT,p(z),g.x1) forall z € B, b € B,
h e G,\(z)—, g < Gp(z)—.

In particular, if 2) = X are graphs with one vertex and no edges and associated
groups H, G respectively, the definition simplifies a little: then B is the quotient
of || ey () Bz by the relation identifying b~ with b, for all edges z € 9B and all
b € B, with respective images b* in B, +.

If f:Y — X be a continuous map and the spaces X, Y admit decompositions
giving a splitting of their fundamental group as a graph of groups, as in Theo-
rem 3.7, and if f is compatible with the decompositions of X and Y, then B(f)
will decompose into a graph of bisets, as we will see in Theorem 4.8.

Let X be a graph of groups. Choose * € X, and consider the graph {x} with a
single vertex and no edge. We treat it as a graph of groups, with group m; (X, %)
attached to *, and denote it by X,y. Consider now the following biset 5 (X, %) X0
its underlying graph is X; the maps are A = 1 and p(z) = * for all z € X; and the
bisets are B, = m1(X, z7, *); for vertices, this is just 71 (X%, z, *), while for edges
this is a left G;-set via the embedding G, — G,-. The embedding B, — B,- is
the identity, while the map B, — Bz is b — zb.

Lemma 3.14. Write G = m1(X, *). Then we have an isomorphism of G-G -bisets
T ((X, %), *, %) = 6Gg.

The bisets (X, %) and (2), T) enable us, using (5), to write w1 (8, T, *) more
simply. We will prove Lemma 3.15 in §3.7:

Lemma 3.15. Let 9By be a graph of bisets, and choose x € X, T € ). Then
(B, 1,%) = 11 (Y. 7)Y @ B Q (X, %), T, %).

Note, in particular, the expression 71 ((X, )Y ®x (X, x)) = m1(X, 1, %) of the
set of paths from T to * in X in terms of graphs of bisets.

3.5. Fibrant and covering bisets. We now define a class of graphs of bisets for
which the fundamental biset admits a convenient description.

Definition 3.16 (fibrant and covering graph of bisets). Let B be a 9)-X-graph of
bisets. Then B is a left-fibrant graph of bisets if p: 8 — X is a simplicial graph-

map, and for every vertex v € ‘B and every edge f € X with f~ = p(v) the
map
|_| Gaw) ®Gy o) Be—> By, g®br—gb™, (6)
eco™1(f)
e =v

is a G (y)-Gy biset isomorphism, for the action of Gy on B, given via the map
Ol Gf — Gp(v).
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If in addition B, is a left-free biset for every object z € X, then B is a covering,
or left-free, graph of bisets.

If furthermore B; is left-principal for every z € ‘B and p:B — 92) is a graph
isomorphism, then ‘B is left-principal. Right-fibrant, -free, and -principal graphs
of bisets are defined similarly. For example, the biset associated with a morphism
of groups as in Example 3.9 is right-principal.

We think about (6) as a unique lifting property: we may always rewrite pbq €
71(B, T, %) as p'b’ € m1(B, T, *) in an essentially unique way, as we will see in
Corollary 3.20. We will show in Lemma 3.28 that for left-principal graphs of
bisets (6) follows automatically. R

For every object y € ) let us denote by Gy, the image of G, in the fundamental
groupoid 71(2)); we write g — ¢ the associated natural quotient map G, — @y.
We define @x and g — ¢ similarly for x € X. Finally, for z € 5 we set

EZ = G\A(Z) ®GA(2) BZ ®Gp(z) @P(Z)

and denote by b — b the natural quotient map B, — B..

Let B be the graph of bisets obtained from B by replacing all Gy, Gy, B;
by Gy. @y, B, respectively. It is immediate that 71 (8, §, *) and m; (%, T, %) are
naturally isomorphic via ybx ﬁl;)%.

Theorem 3.17. Suppose that B is a left-fibrant biset. Then

(1) B is left-fibrant;

2) l?z ~ @,1(2) ®G, ., Bz via the naturalmap 1 @ b ® 1 <~ 1 ® b;
3 O B, — Bo— are monomorphisms for all e € B; and

(4) if B is left-free, respectively left-principal, then so is B.

Proof. For z € B let us write B, := G;(;) ® B, viewed as a right G »(,-set. For
X € X let us write
Cy = |_| B;,

zep~ ' (x)
viewed as a right G.-set. In particular, if f € X is an edge, then (6) gives a
bijection
| |G/ Gre) x B, — C- 7
ecp=1(f)
of right Gr-sets. Finally, for x € X we denote by Aut(Cy) the set of pure
automorphisms of Cy:

Aut(Cy) = {¢ = (¢Z)z€p—1(x) | ¢z € (B;)J"
(gh)?% = gb% forallb € B,,g € Gy}



140 L. Bartholdi and D. Dudko

The right action of G, on Cy induces a homomorphism
Ox: Gy —> Aut(Cy).

Lemma 3.18. Suppose B is a left-fibrant biset. Then for every edge f € X there
is a natural embedding

()7  Aut(Cy) — Aut(Cy-),
(Pe)ecp1 () > [(8:5) € (Gae)/Gi) x B — (g.b%)],

under the identification of Cy— given by (7). Moreover, (-)~ embeds 07 (Gy) into
O (Gr-).

()

Proof. The contents of (7) that we use is that every G-set occurring in Cy occurs
as a summand of Cy—, with multiplicity > 1. Therefore (-)~ is injective. Since the
map (-)": Gy — G- is equivariant with respect to the actions on Cr and Cy-,

we get 0y—(Gy-) = (07(Gy))™ < 07— (Gy-). A

Let X’ be the graph of groups obtained from X by replacing each G, with
0x(Gy), with maps (-)~ given by (8). By Lemma 3.2, every 6, (G ) embeds into the
fundamental groupoid 1 (X’). We also have an epimorphism 6: 71 (X) — 71 (X’)
induced by the eplmorphlsms Ox: Gx — 0x(Gy). Therefore, 6: Gy — 0,x(Gx)
descends to a map 0 Gx — 6x(Gy). The action of G p(z) ON B therefore lifts to

7, and this completes the proof of Claim (2).

Multlplymg (6) on the left by G A(v) glves then Claim (1) as well as Claim (3).
Finally, if B, is left-free then so is G)L(z) ®Gy-) Bz = = B, =~ Bz, and similarly
if B; is left-principal then so is B.; this finishes the proof of Theorem 3.17. O

3.6. Canonical form for fibrant bisets. We now derive a canonical expression
for element in a left-fibrant biset. Let us set

$=[]m®@.1.4() ®g, ., B: ®¢,., 71(X. p(2), %)
zeV(B)

= |_| 7[1(2.)’ T’ A’(Z)) ®Gk(z) BZ ®Gp(z) T (%7 IO(Z)’ *)
zeV(B)

Then 71 (B, T, %) =~ S/~, where ~ is the equivalence relation from (5). For any
path p € m1(X, x, %) starting at some vertex x € X, we consider the following
subset of S:

S(p) = U Ty (@s T! )&(Z)) ®G}\(z) EZ ®60(2) p

zep~ ! (x)

viewed as a left 71 (%), T)-set.
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Proposition 3.19. Suppose B is a left-fibrant graph of bisets. Then for every
P1, P2 € m1(X, —, %) the relation ~ on S(p1) x S(p2) is, in fact, a 71(), T)-set
isomorphism between S(p1) and S(p2).

Proof. If p € m1(X, x, %) then, clearly, S(p) = S(gp) for every g € G,. We
now show that for every edge f € X with fT = x the equivalence gb~p =
gA(z)bT p(z)p in (5) induces an isomorphism between S(fp) and S(p). Since
B is isomorphic to B, by Theorem 3.17(3) we have the required isomorphism:

S(p=]m®@.1.2@) ®g, , B:®/p

zep 1 (f)

= m@. 1206, ( L] G ®B)@sp using©)
zep~ 1 (f7) eeep__;(zf)

=[m®@. 1. AeN®g, B ® fp

ecp™ ()

> | |m@. 1. 2@ M) B ple)®fp using gbp~qA(2)bT p(z) p
ecp= ()

=@ 1. Me"NRBS & p = S(p). O
ecp™1(f)

Corollary 3.20 (canonical form of 1 (B, , *)). Let B x be a left-fibrant graph
of bisets. Then its fundamental graph of bisets has the following description

w1 (B, 1, %) = || 71D, 1,4(2) ®6,, B, ©)
zep~ (%)

with right action given by lifting of paths in w1 (X, *).

Proof. Follows immediately from Proposition 3.19, since the right-hand side of (9)
is S(1). |

Since 1 (B, T, *) = m; (‘lA%, +, %), by Theorem 3.17 we may rewrite (9) as

n (B 10 = | Q. 1.4) g, B (10)

zep~ (%)

Corollary 3.21. Let nBx be a left-free graph of bisets. Then m((B,, x) is a
left-free biset of degree equal to that of | |,¢,—1 ) Bz-

In particular, the number of left orbits of | |
* € ‘B.

zep—1(%) B, is independent on
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Proof. Follows immediately from (10) and Theorem 3.17 Claim 4. O

Lemma 3.22. Suppose B is a left-fibrant graph of bisets. Then 71(%B, 1, ) is
left-free if and only if B is a left-free graph of bisets.

Proof. Tt follows from (10) that 71 (B, 1, %) is left-free if and only if every B, is
left-free. O

The following corollary is an adaptation of Lemma 3.2 to the context of bisets:

Corollary 3.23. Let B be a left-fibrant graph of bisets. If for y € %) the maps
()7: Gy = G- are injective, then the natural maps

B, — m1(B,A(2),p(2)), br—1Q0b®1,

are also injective for all vertices z € B.

Proof. By Lemma 3.2 we have G, = @y for all y € 9. Therefore, by The-
orem 3.17(2) we have B, =~ B, for all z € ‘B. In particular, all B, —
71(%B, A(2), p(z)) are injections by Corollary 3.20. O

Consider a graph of bisets 9B x. As for graphs of groups, 95 x has a barycen-
tric subdivision g8’y all graphs of ', B’, X’ are the barycentric subdivisions
of those of 9), B, X respectively, the vertex groups and bisets Gy, Gx, B, with
y € 9 ,x € X',z € B are the groups and bisets of the associated objects in
2B x, the edge groups and bisets in g9)-B’x+ represent the group morphisms and
the biset intertwiners of 9B x.

Lemma 3.24. Let oB'x/ be the barycentric subdivision of a graph of bisets
9 Bx. Then for T € 9 and x € X we have a natural isomorphism w1 (%8B, T, x) =
w1 (B, 1, ).

If 9B x is left-fibrant (left-covering, etc.), then so is g B x.

Proof. Write B!, , == (2, )Y @B’ ® (X', x) and B« = (Y, )V @ B ® (X, *).
By Lemma 3.15, the fundamental bisets of %/ , and By , are isomorphic to the
fundamental bisets of B’ and B respectlvely It is also easy to see that ‘B/
is (isomorphic to) to the barycentric subdivision of B+ . because 71(2’, ) =
m1(9), 1) and 71 (X', ) = 71(X, *). This reduces the problem to the case when
2) and X are graphs with one vertex. In this case we have a simple description of
the fundamental biset B of 98, and similarly of B’, see §3.4: B is the quotient of
|l.ev(w) Bz by the relation identifying b~ with b, for all edges z € 9B and all
b € B,, with respective images ¥ in B,+. The first claim of the lemma easily
follows.

The second part of the lemma is straightforward: the unique lifting property (6)
is respected by passing to the barycentric subdivision and (6) holds for the new
vertices of 2B’ which are the former edges of B. O
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3.7. Properties of products

Lemma 3.25. For every graphs of bisets B x and xCyy there exists a biset
morphism

71 (B ®x €1, %) —> m1(B, T, %) Oy (x.x) 71(€, %, F) (1D

defined as follows: consider (v,w) € V(B ®x €) and b @ ¢ € B(y,y). Consider
paths ¢ € m(),1,A()) and r € w1 (W, p(w), ¥). Then a typical element of
7158 ®x €, 1, 1) is of the form q(b ® c)r, and its image under (11) is defined to
be (qbp) ® (p~'cr) for any choice of path p € m( (X, p(v), ) = m1(X, A(w), *).

Proof. To show that (11) is well-defined, we must see that it is independent of the
choice of ¢(b ® c)r in its ~-equivalence class and of the choice of p. Clearly the
product over X is independent of the choice of p. Changing h®c into bg® g~ !c is
the same as changing p into gp. For an edge (e, f) in B®x <, changing g(b®c) ™ r
into gA(e)(b ® ¢)*p(f)r is the same as changing p into A(e)p. It is immediate
that (11) is a biset morphism. O

In general, the morphism in Lemma 3.25 need not be an isomorphism. For
instance, B ®x € is the empty graph of bisets if the images of the graphs B and
¢ do not intersect in X. However,

Lemma 3.26. Let B be a left-fibrant %)-X-biset, and let € be a X-20-biset.
Then (11) induces an isomorphism

Trl(%’ T’ *) ®J‘[1(I{,*) 7[1(@:’ *, i) = 7[1(% Qx Q:v T’ i)

Proof. By definition, every element in 71 (B, T, *) ®x, (x,%) m1(&, *, §) is of the
form gbpcr for paths g, p,r in ), X, 20 respectively. By Corollary 3.20 the
subexpression gbp can be rewritten in a unique way as ¢’b’. This defines a biset
morphism

JTI(%, Ty *) ®m(3€,*) T[I(Q:’ *, i) - T[l(% Sx Q:’ T’ i)
by gbpcr + ¢’ (b’ ® c¢)r, which is clearly the inverse of (11). O

Lemma 3.27. Let oBx and xCqy be left-fibrant (respectively left-free, left-
principal) bisets. Then B ®x € is a left-fibrant (respectively left-free, left-
principal) graph of bisets.

Proof. Observe first that p: 8 ®x € — 27 is simplicial. Indeed, if p(v, w) is
a vertex for (v, w) € B Rx €, then w is a vertex of € because p: € — 2 is
simplicial, and A(w) is a vertex of X because morphisms send vertices to vertices,
sov € p~1(A(w)) is a vertex of B because p: B — X is simplicial. Similarly,
if p(v, w) is an edge, then so is w € € because p: € — 2 is simplicial; thus (v, w)
isanedgein B @x <.
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Consider now a vertex (v,w) € B ®x ¢ and an edge f € 2 with f~ =
p(v, w). Let us verify (6). Note first that if (£, e) € p~!(f) with (£,e)” = (v, w),
then £ = v if and only if A(£) = A(v), because p: B — X is simplicial. We have

B(v,w) = By, ® By

~ B, ® |_| Gaw) ®G, ) Be using (6) for By,

ecp~1(f)
e =w
= l_l(Bv & Gl(w)) ®G}L(3) Be
ecp™1(f)
e =w
= | Bv ®6,(, Be because p(v) = A(w)
ecp ()
e =w
= ( |_| By QG (e Be) U ( |_| By QG0 Be)
ecp 1 (f) ecp™ 1 (f)
e =w e =w
Ale)=p(v) Ae)#p(v)
= ( |_| B(”’e)) = ( |_| ( |_| Gaw) ®6) BZ) ®Gae) Be)
(,e)ep™ () ecp1(f) tepT ' (A(e))
(v,e)”=(v,w) e =w {~=v
A(e)#p(v)
= ( |_| Grw) ® B(u,e)) U ( |_| Girw) ®Gy(r) B((’e))
(w,e)ep™1(f) «,e)ep=1(f)

(v,e) " =(v,w) ,e)”=(v,w)

{#v
x~ l_l GA(v) QG0 Bt.e)

e)ep~ ()
“L,e)"=(,w)

= || Grww) ®61rc.e Bitor-
.e)ep™1 ()
“,e) " =(,w)
This shows that B ®x € is a left-fibrant graph of bisets. If, moreover, 9B
and xCqy are left-free (respectively left-principal), then all By, ) are left-free
(respectively left-principal); thus B Q@ x € is a left-free (respectively left-principal)
graph of bisets. |

We are now ready to prove Lemma 3.15:

Proof of Lemma 3.15. Both (8, 1) and (X, %) are left-principal graphs of bisets.
The proof now follows from Lemmas 3.26 and 3.27. |
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3.8. Principal and biprincipal graphs of bisets. Let us now simplify the part
of Definition 3.16 concerning principal graphs of bisets.

Lemma 3.28. A graph of bisets 5B x is left-principal if and only if p: B — X is
a graph isomorphism and B, are left-principal for all z € B.

Proof. We verify that the conditions stated in Lemma 3.28 imply (6).
Since p:B — X is a graph isomorphism, (6) takes the following form: for
every z € ‘B the map

Gite—) ®Gyy Be — B, g®b+—> gh™, (12)

is a Gje—)-Gp(e) biset isomorphism (for the action of G,) on B.— given via
()7:Gpe) = Gpe)—)- Let us verify (12).

Consider an edge e € B. We claim that , )-(Be)” g, ,, is isomorphic
t0 (Gae))” ®Gye) (Be)G,,- Indeed, (Gacer)- (Be)_Gp(e) is left-free as a sub-
biset of a left-free biset B.—. Furthermore, (Gge))~ Be)_Gp(e) has a single or-
bit under the action of (G())~ because this property holds for B.. Therefore,
(G~ (Be)_Gp o 18 left-principal. As a set it is isomprphic to. (G;L(e))._; Fhis
Proves (g, )~ (Be) "6, = (Gae))” ®Gie) (Be)Gye) - Since B, is left-principal
we obtain a natural isomorphism of G —)-G y()-bisets

Be— = Gie)(Be)™ = Gaem) ®Go) Be
which is (12). H

An example of left-principal graph of bisets is (X, *) 4, defined in §3.4.

A biset g Bg is biprincipal if it is left- and right-principal. Clearly, if g Bg is
biprincipal, then the groups G and H are isomorphic. Similarly, a graph of bisets
9 Jx is biprincipal if it is left- and right-principal. By Lemma 3.28 a graph of
bisets 9)Jx is biprincipal if and only if

(1) A2:J — 9P and p: T — X are graph isomorphisms; and
(2) B, are biprincipal for all objects z € 7.

Definition 3.29 (congruence of graphs of groups and bisets). Two graphs of
groups ), X are called congruent if there is a biprincipal graph of bisets 9 Jx.
Isomorphism of graphs of bisets is meant in the strongest possible sense:
isomorphism of the underlying graphs, and isomorphisms of the respective bisets.
Two graphs of bisets 9)Bx and g€y are congruent if there are biprincipal
graph of bisets 9 Jg)’ and x £x/ such that 9)B x is isomorphic to J ®g € @ £Y.
Finally, two graphs of bisets xBx and x/Cx/ are conjugate if xBx is isomor-
phic to J ®x’ € ®x J¥ for a biprincipal graph of bisets xJx’.
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Let g Bg be a biprincipal biset and let H' be a subgroup of H. Forevery b € B
we consider the subgroup (H')? of G defined by the equality

H'b =b(H')’ in B.
It is easy to see that the conjugacy class of (H’)? in G does not depend on b.

Lemma 3.30. Let ), X be graphs of groups and let h:)) — X be an isomorphism
of the underlying graphs. Suppose also that a Gy-Gp(y) biprincipal biset B,
is given for every object y € ). Set J to be ) as a graph. Then the data
{B;}ze5 extends (via appropriate embeddings of edge bisets into vertex bisets) to
a biprincipal graph of bisets 5 Jx if and only if for every edge e € J the following
holds. For any, or equivalently for every, b € B, the groups (G, Vo and G;( o) are
conjugate as subgroups of Gp(e—).

Proof. Follows immediately from the definition: if (G,)? and Gy(e) re conjugate,
say ((G;)b)% = Gy(e)» then we may define (-)~: B, — B.— by mapping B, into
G, (bg) G;( o) The converse is obvious. O

3.9. Examples. We will give more examples and applications in §5. Neverthe-
less, we give here an example that illustrates the main features of Definition 3.13.
First let us introduce some conventions simplifying descriptions of the examples.

Let the graph X = V U E be a graph as in Definition 3.1. By an undirected
graph we mean Xy := X/{z = z} with vertex set V, = V and geometric edge
set Eg := E/{e = e}. The undirected graph X, is endowed with an adjacency
relation. A map 6: Xg — Qo is a weak morphism if 6 sends adjacent objects into
adjacent or equal objects. If X’ and )’ are the barycentric subdivisions of X and 2)
as in §3.2, then 6: Xy — 2)o uniquely determines a graph morphism 6: X’ — 9)’.

Convention. We will often describe a graph of bisets as ¢),B¢x, with
e undirected graphs 2o, Bo, Xo;
e weak graph morphisms A: B¢ — o and p: By — Xo;

e groups Gy, Gy and Gj,(;)-G(z) bisets B, forall y € 9o, x € Xp and z € By
respectively;

e intertwiners from B, to B, and B,, for all edges e € B, adjacent to vertices
v, w € By; and, similarly, group morphisms from B, to B, and B,, for all
edges e € 9o Ll Xy adjacent to vertices v, w.

By passing to a barycentric subdivision of g),B¢x, we obtain a graph of bisets
9B’y satisfying Definition 3.8. Following Lemma 3.24 we set

7T1(9oBoxy. . %) == m1(y B2, T, %).
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Example 3.31. Consider the biset corresponding to the “Basilica map” f(z) =
z2 — 1, from (C, {—1,0, 1}) to (C, {0, —1}).

On the one hand, choose a basepoint xg =~ —0.6 in C \ {0, —1}, and choose a
graph X with one vertex x, to which C\ {0, —1} deformation retracts; let ) be the
full preimage of X under f:

Yo Yo f Xo
O =) — (0

There, the graphs of groups X and ) have trivial groups, and the biset ‘B corre-
sponding to f is ) as a graph, with A = 1l and p = f.

This biset may be encoded differently, by considering rather an orbispace
structure on C with non-trivial groups at 0, =1; the complex plane deformation
retracts to the intervals [—1, 0] and [—1, 1] respectively:

Yo Y1 Yo S X1 Xo

o—o —o _ *—=o
7 7 Z Z Z
The graphs X and 2) have the group Z attached to each vertex, and the edge
groups are all trivial. The biset ‘B has ) as underlying graph; the map A is the
retraction to the segment [y, y1] = [x1. xo] and p folds Q) around its middle point.
The bisets Byé and B, are 77z, while B, = 5777 is free of rank 2 on the left.
The edge bisets embed in By, as two elements of opposite parity.
Note that the underlying graph of 5 is the “Hubbard tree” of f; that will be
explained in more details in §5.2.

Proposition 3.32. Let ¢: H — G be a group homomorphism, and let X be a
graph of groups with fundamental group G. Then there exists a graph of groups
decomposition of H and a graph of bisets with fundamental biset By. Further-
more, there exists a unique minimal such decomposition for H in the sense that
other decompositions are refinements of it.

Proof. Let G act on the tree X, the universal cover of X (also known as the Bass-
Serre tree of G, see [17]), with stabilizers the groups Gy of X. Then H acts on
X via ¢. We define the graph of groups 2) as X//H, namely as the quotient of X
by the action of H, remembering the stabilizers in H of vertices and edges in the
quotient. 5

We next define a graph of bisets 95 as follows. Its underlying graph is X/H.
The graph morphism A: B8 — ) is the identity, and the graph morphism p: %8 — X
is the natural quotient map xH + xG. The biset at the vertex or edge xH is
G p(xH), on which G, gy acts naturally by left multiplication, while H, g acts on
the right via ¢. |
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Remark 3.33. In a manner similar to Lemma 2.7, every graph of bisets 9B x may
be factored as B = Y ® g € for some graph of groups £ and some right-principal
bisets g2y and gCx. Furthermore, there is an essentially unique minimal such .

Lemma 3.34. Let 9B x and o) Cx be graphs of bisets over the same graphs, and let
0:%8 — € be a “semiconjugacy of graphs of bisets”, namely a graph morphism
0:B — € and compatible surjective biset morphisms 0,: B, — Cy(;). Then 0
may be factored as 0 = k ot through semiconjugacies 1.6 — € and k: €' — €,
in such a manner that  induces an isomorphism between 71 (8) and 71(¢’), and
the underlying graph of €' is the same as that of €.

4. Correspondences

Bisets are well adapted to encode more general objects than continuous maps,
topological correspondences.

Definition 4.1 (correspondences). Let X, Y be topological spaces. A topological
correspondence from Y to X is atriple (Z, f, i) consisting of a topological space
Z and continuous maps f:Z — X andi:Z — Y. It is often abbreviated (f,i),
and written ¥ < Z — X.

In the special case that f is a covering, (Z, f,i) is called a covering corre-
spondence. If X = Y, then (Z, f,i) is called a self-correspondence. If X =Y
and f is a covering, then (Z, f,i) is called a covering pair, and is also written

fiiZ =2 X.

Ultimately, we will be interested in dynamical systems that are partially defined
topological coverings f: X --> X, for path connected topological spaces X; the
dashed arrow means that the map is defined on an open subset Y C X; these can
naturally be viewed as correspondences (Y, f, i) with i the inclusion.

4.1. The biset of a correspondence. LetY < Z — X beacorrespondence, and
assume that X and Y are path connected. Assume first that Z is path connected,
and fix a basepoint £ € Z. By (1) we have a 1(Z, £)-71(X, *)-biset B(f) and
a i (Z,%)-m (Y, T)-biset B(i); we define the biset B(f.i) to be B(i)" ®x,(z.5)
B(f); this amounts to first “lifting” from Y to Z, and then projecting Z back to
X. If Z is not path connected, then we define B( f,i) to be the disjoint union of
the bisets B(i)" ®x,(z,p) B(f) with one p per path connected component of Z.

The following alternate construction of B(f,i) avoids an unnecessary refer-
ence to the basepoint and fundamental group of Z:
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Lemma 4.2. The biset B(f,i) may be constructed directly as follows, from the
correspondence:

5:10,1] =Y - —
B(fi) = ez §(0) =1, §(1) =i(p) /N 13)
y: [O, 1] — X y(0) = f(p), y(1)=x
in which the equivalence relation ~ allows p to move in Z as long as 8§,y move

continuously with it!.
The left action is by pre-composition of § by loops in Y at t, and the right
action is by post-composition of y by loops in X at x:

[e] - (8], p. [y]) - [e] = ([o#5], p, [y#e]).

Proof. By the definition of products of bisets, B(f.i) = [],{(8",y)}/~, with
8:10,1] — Y ending at { and y:[0,1] — X ending at * and §(0) = i(z) and
y(0) = f(z), and with one z per path connected component of Z. By the
homotopy relation, we may also allow z to move freely, arriving at the formulation
of the lemma in which no condition on z is imposed. O

Recall that a continuous map f:Y — X is afibration, or a fibrant map if it has
the homotopy lifting property with respect to arbitrary spaces: for every space Z,
every homotopy g: Z x [0, 1] — X and every h: Z x {0} — Y with f oh = g on
Z x {0} there exists an extension of 4 to Z x [0, 1] with f o h = g. Clearly, the
composition of fibrations is a fibration. If X is path connected, then in particular
all fibres f~1(x) are homotopy equivalent.

Remark 4.3. In fact, we may consider at no cost a larger class of maps: let us
say that a map f is a my-fibration if f has the lifting property with respect to
contractible spaces. This is sufficient for our purposes; it implies, for example,
that all f~!(x) have isomorphic fundamental groups.

! Note the similarity with Definition 3.13
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Lemma 4.4. Assume that f:Z — X is a fibration. Then the biset of f has the
Jollowing description:

B(f) ={B:10.1] — Z [ B(0) = 1. f(B(1)) = *}/~. (14)

with B ~ B’ if and only if there is a path &:[0,1] — f~1(x) connecting B(1) to
B’ (1) such that B#e is homotopic to .

Assume that (Z, f,i) is a correspondence with f fibrant. Then in (13) we may
assume that y is constant, and write

B(f.i) ={(8:10.1] — Y. p € Z) | §(0) = 1.8(1) = i(p). f(p) = *}/~. (15)

with (8, p) ~ (8", p') if and only if there exists a path ¢:[0,1] — f~1(x) € Z
connecting p to p’, such that §#(i o &) is homotopic to §'.

Proof. Recall from (1) that B(f) is defined as {y:[0,1] — X | y(0) =
f(1), y(1) = x}/~. Since f is fibrant, every y € B(f) has a lift, say 8, with
B(0) = tand f of = y. We need to show that if y, is homotopic to y;, say via y;,
then their lifts By and 81 have the property that 8¢ is homotopic to f1#e for some
ein f~1(*). Consider y, as amap y: [0, 1] x [0, 1] — X, where ¢ is the first vari-
able and the second variable parameterizes y;. By construction, y(¢,0) = f()
and y(¢,1) = . Since f is fibrant, there is a lift €:[0,1] x [0,1] — Z of y
such that €(¢,0) = 1, ¢f = y, €(0,7) = Bo(r), and €(1,7) = B;1(r). Define
e(t) == e(1, 7). Then By '#p1#e is homotopic to €|a(o.1]x[0.1])- Therefore, By is
homotopic to B;#s.

Let us now prove the second statement. Using the first part, the biset B(f,17)
in the sense of (13) is identified with

{(8:{0,1] — Y, p:10,1] — Z) [ 8(0) = +,8(1) = i(B(0)), f(B(1)) = *}/~,

where (8o, Bo) ~ (81, B1) if there is a path &: [0, 1] — f ! (x) such that (8o, Bo) is
homotopic to (81, B1¢). Projecting B¢ to Y yields the required description. [

Example 4.5. Here are some extreme examples of correspondences worth keep-
ing in mind. If Z = {i} is a point, then B(f,i) = m1(Y,T) x 71 (X, *).
On the other hand, if Z = X = Y and f and i are the identity, then
B(f,i) =~ m (Y, 1) =~ m1(X, x). Finally, one may consider Z = Y x X with
i, f the first and second projections respectively; then B( f, i) consists of a single
element.

If f is a covering, then the biset B(f,i) is left-free. Indeed, consider (15)
as a description of B(f,i). Suppose f~!(x) = {piliecs. For every i choose
8;:[0,1] — Y with ;(0) = f and 6; (1) = i(p;). Then (8;, p;i)ies forms a basis of
B(f.i).
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4.2. Van Kampen’s theorem for correspondences. We describe in this section
the decomposition of the biset of a correspondence into a graph of bisets, using a
decomposition of the underlying spaces. We start by the following straightforward
lemma.

Lemma 4.6. Let
o f:Y — X be a continuous map;
e X' andY' be path connected subsets of X and Y with f(Y') C X’;
o T, 1/, %, and %" be base pointsinY, Y’, X, and X'; and
e v, C X and y+ C Y be curves connecting * to " and ¥ to 1’ respectively.

We allow X' = X ; in this case we suppose that y is the constant path and ¥’ = x.
Then the maps § — y+8y; ", 8 — ys8y; !, and b — f(yy)byy " define a biset
congruence

a @iy BUY A ) sy = vy BUL T 9Dy (x5

Let f: Z — X be a continuous map between path connected spaces. Suppose
that (Uy) and (W,,) are 1-dimensional covers X and Z respectively, as in Defini-
tion 3.4. Choose base points *, € U, and f, € W, as well as connections between
*qr and *¢ if Uy & Uy; and similarly for (W, ). Consider the associated graphs of
groups X and 3 according to Definition 3.6. We have (X, *,) = 71(X, @) and
mi(Z,1y) = m1(3.y), by Theorem 3.7. Suppose furthermore that (U,) and (W)
are compatible with f in the following sense: for every y there is @ =: p(y) with
f(W,) C Uy.

To the above data there is an associated graph of bisets 3B(f)y defined as
follows. As a graph, B is 3, with A:®B — 3 the identity and p: B8 — X given
above. Forevery vertex y € ‘B, the biset By is B(f: W), — U,(), Ta(y)s *p(»))- For
every edge e € ‘B representing the embedding W,» & W, the biset B, is B,. If e is
oriented so thate™ = y’ and e = y, the intertwiners (-)* are ()~ = 1: B, — By~
and (-)": B, — B, given by Lemma 4.6.

By construction, 3B ( /) is a right-principal graph of bisets.

Consider now a correspondence (Z, f,i), with f:Z — X andi:Z — Y,
between path connected spaces X and Y. Suppose (Zy) are the path connected
components of Z, and suppose (Uy), (V), and (W,) are 1-dimensional covers of
X, Y, and Z respectively, compatible with f andi: for every y there are A(y) and
p(y) such that f(W,) C Uy and i(Wy) C V,).

Let (Uy), (Vg), and (W) be 1-dimensional covers of X, Y, and Z compat-
ible with f and i as above. We then have graphs of bisets 3k%( flz,)x and
3¢ B Zk)@. We define the graph of bisets of the correspondence (Z, f,i) as

9Bx = | |yBlz)3, ®34 5, B(fz0)x-
k
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The following equivalent description of 9B x follows immediately from the defi-
nition; see Lemma 4.2.

Lemma 4.7. Let (Z, f,i) be a topological correspondence from Y to X, for path
connected spaces X,Y. Let (Uy), (Vg), and (Wy) be 1-dimensional covers of X,
Y, and Z compatible with f and i as above. Then the graph of bisets 9)Bx of
(f.1) with respect to the above data is as follows:

e the graphs of groups X and ) are constructed as in Definition 3.6 using the
covers (Uy) and (Vg) of X,Y respectively. Choices of paths L., m, were
made for edges e in X, ) respectively;

o the underlying graph of *B is similarly constructed using the cover (W) of
Z. Note that neither Z nor the underlying graph of *5 need be connected,

e for every vertex z € ‘B the biset Guz)(BZ)Gp(z) is B(flw.,ilw.);

o for every edge e € B representing the embedding W, & W, the biset B,
is By, and if e is oriented so that e~ = z' then the intertwiners (-)* are
the maps ()~ = 1: B, — B, and ()v:B. — B, given by (y~',8)
(m/{(le)#y_1 . 6#Lp(e)) in the description of Be as B(ilw,—)" ® B(flw,-), see
Lemma 4.6.

Theorem 4.8 (van Kampen’s theorem for correspondences). Let (Z, f,i) be
a topological correspondence from a path connected space Y to a path con-
nected space X, and let 9)Bx be the graph of bisets subordinate to compatible
1-dimensional covers of spaces in question.

Then for every v € ) and u € X we have

B(f.i,Fv, %u) = 71 (B, v, u),

where 1, and x,, are basepoints.

Proof. Recall from §3.2 that for all vertices y € 2) there are chosen basepoints
Ty € V) identifying the groups G,, with 7r; (V},, T,) and for alledges e € Q) there are
curves y, connecting f.— to f,+ satisfying y, =y ! and describing (-)~-maps.
Similarly, for objects in X there are basepoints *, € U, and curves y, C X.

Every biset element b = (ho, y1,....b,...Xn, gn) € m1(°B, T, *) defines a cer-
tain element 6(b) € B((Z. f.i), T+, *«) that is the concatenation hoy, #...#b ...
#yx, gn. We get a biset morphism

9:”1(%vT’ *) — B((Z’ ﬂl)’TT’ **)

We first assume that all the 1-dimensional covers are open. Then 6 is surjective,
because every element in B((Z, f.i), T+, *«) can be presented as a concatenation
hoyy,#...#b .. . #yx,gn. To prove that 6 is injective, we show that if 0(51) is
homotopic to 0(52), then by = b,.
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By the classical van Kampen argument (see [12, Chapter IV]) a homotopy
between 6(by) and 6(b,) can be expressed as a combination of the following
operations: (I) homotopies within U; and V;; (2) replacement of gz or hx by
vz8k Y, L or y;hpy; ! for some z, and (3) replacement of b by y/l_(lz)#b#yp(z)
for some z € 5. All the above operations fix the corresponding elements in
w1 (8B, T, %).

If the 1-dimensional covers are not open, we first slightly enlarge the covers
(Uy) and (V) into equivalent 1-dimensional open covers (Uy) and (Vﬁ), and then
enlarge the 1-dimensional cover (W,) of Z into a 1-dimensional open cover (Wy)
small enough that W, C i~ (V) N f~1(U,(y)). We then apply the first part
to these compatible open covers, and conclude by Lemma 3.5 that the graphs of
bisets are isomorphic. O

Lemma 4.9. Consider a path connected space X with a 1-dimensional cover
(Xy)vev and the associated graph of groups X as in Definition 3.6.

Then, up to congruence by a biprincipal biset whose fundamental biset is
~ B(1), the graph of groups X is independent of the choices of basepoints {*,}
and connecting paths {y.}.

Similarly, the graph of bisets associated with a topological correspondence is
independent of the choices of basepoints {*,} and connecting paths {ye}.

Proof. Let X, X’ be two graphs of groups associated with X and with a fixed
1-dimensional cover (X, )yey but with different choices of basepoints and con-
necting paths. Consider a topological correspondence (X, f, i) such that f: X ©
and i: X © are the identity maps. We may assume that X', resp X, is the graph
of groups associated with the range of f, resp i. Let x28x be the graph of bisets
associated with (X, f,7) and the cover (X, )yey. Then B is a biprincipal graph of
bisets because ( f|x,,i{x,) is biprincipal for every v.

The second claim follows from the first applied to the identity map. O

4.3. Products of correspondences. Correspondences, just as continuous maps,
may be composed; the operation is given by fiber products.

Let (Z1, f1,i1) and (Z», f2,i>) be two correspondences such that f1: Z; — X
and i»: Z, — X have the same range X. Their product is the correspondence

(Z, f,i) given by

Z ={(z1,22) € Z1 x Z2 | f1(z1) = i2(22)},
f(z1,22) = fa(z2), i(z1,22) = i1(21).

We have natural maps i»: Z — Z; and fl: Z — Z, given respectively by

i2(z1,22) = 21, f1(z1,22) = za.
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It is easy to check that f is a fibration, respectively a covering, if both f; and f>
are fibrations, respectively coverings.

The biset of a product of two correspondences is, in favourable cases, the
product of the corresponding bisets:

Lemma 4.10. Let (Z, f,i) be the product of two correspondences (Z1, f1,i1) and
(Z2, fa,12), with f1:Z1 — X and iy: Z, — X and X path connected. Then there
is a biset morphism

B(f.i) — B(f1.11) ® B(f2.12),

e R (16)
(8’p’)/)'—>(8v12(p)’8 )®(8’fl(p)7y)’

for any choice of path ¢ from the basepoint of X to fi(i(p)) = iz(fl (p)).

Example 4.11. In general, the map in the above lemma need not be an isomor-
phism; for instance, the ranges of i, and f} need not intersect, in which case Z = @
so B(f,i) = @, while B(f1,i1) and B( f>, i) are non-empty so their product is
not empty.

For a less artificial example, consider the correspondence shown on Figure 1.
Denote by 1 the trivial group; we also view 1 as a set consisting of one element.
Then B(i1, f1) = 1Zz, B(i2, f2) = zlz; thus B(i1, f1) ® B(i2, f2) = 11z. On
the other hand, B(i;il, f1f2) =1Zz.

Sufficient conditions on the map (16) being an isomorphism are given by
Lemma 4.12, in analogy with Lemma 3.26.

7N

N %Kﬁ\ﬁ

Figure 1. An example with B(f,i) 2 B(f1,i1) ® B(f2,i2).

Lemma 4.12. If in Lemma 4.10 at least one of the maps i», f1 is fibrant, then (16)
is an isomorphism of bisets.
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Proof. We construct an inverse to the map (16), with the notations of Lemma 4.10.
Suppose without loss of generality that i is fibrant. Consider » = (61, p1,y1) ®
(62, p2,y2) € B(f1,i1) ® B(f2,i2). Changing the basepointin X to x = f1(p1)
and denoting by * the constant path in X at %, we rewrite b as (81, p1,*) ®
(y1#62, p2,v2). Since i, is fibrant, the curve y1#§, admits a lift ¢ to Z, with
e(1) = p,. Write p) = £(0). We then have b = (81, p1. *) ® (x, p5, (f2 0 €)#y2),
see Lemma 4.4. Since fi(p1) = * = i2(pj), there is a unique p € Z with
i2(p) = p1 and fi(p) = pj5. Then (81, p, (f2 0 &)#y2) € B(f,i) is a preimage of
b under (16). O

4.4. Fibrant maps and covers. Suppose f:Z — X is a fibrant map between
path connected spaces and (Uy) is a cover of X consisting of path connected
sets Uy. The pullback (W,) = f*(U,) is the cover of Z consisting of all
path connected components of f~!(Uy,), for all U, in the cover. If (U,) is
1-dimensional, then so is (W),). It is also immediate that all f|w, are fibrant
maps.

Proposition 4.13. Suppose 9B x is the graph of bisets of a topological correspon-
dence (Z, f,1) fromY and X subordinate to 1-dimensional covers (Uy), (Vp), and
(Wy) of X, Y, and Z respectively.

If f:Z — X is fibrant, respectively a covering, and (W,) = f*(Uy), then
2B x is a left-fibrant, respectively a left-free, graph of bisets.

The proof of the above proposition is based on the following property.

Lemma 4.14. Let
o W — U be a fibrant map between path connected spaces, with biset
B(f.7.%);
e U’ C U be path connected with basepoint ',
o {W]}zer be the set of connected components of f “LU;
o B(flw:. 17.*) be the biset of f- W] — U’;

i (')_: ﬂl(Wz/sT/z)B(fJ wis T/zﬂ */)nl(U/,*/) - m(W,T)B(f; T! *)nl (U,*) be inter-
twiners as in Lemma 4.6.

Then we have a w1 (W, 7)-m1(U’, %) isomorphism

LIV @y wein)- BUAwe. 12 %) — B(flw.1.%). g ®b > gb~
zel
17
with right action of m(U’', ') on B(flw,T,*) given via (-)":m (U, %) —
7T1(U, *)
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Proof. The statement is clearly stable under motion of *, so we may assume
x = " and that (-)": 7 (U’, ¥') — 71 (U, %) is given by taking each y € 71 (U’, *)
modulo homotopy in U. By Lemma 4.4

B(f.4.%) ={B:[0,1] = W [ B(0) = T, f(B(1)) = *}/~,

with B ~ B’ if and only if there is a path &:[0, 1] — f~!(x) connecting B(1) to
B’ (1) such that S#sc is homotopic to B’. Therefore, each 8:[0, 1] — W in B(f)
ends at a unique W, independent of the choice of g in its homotopy class. It is
now easy to see that the 71 (W, t)-7r1(U’, x) subbiset of B( f, {, x) consisting of all
b € B(f.t,*) terminating at W/ is exactly 1 (W, ) ®», wz.+.)~ B(flwz, 15, %).
This implies (17). |

Proof of Proposition 4.13. Let (Z;) be the path connected components of Z. By
definition, 9Bx = ||, @%(”Zk);k @3, 3, B(f1z4)x- Lemma 4.14 implies
that every Bk%( flz )y is left-fibrant: equation (17) is exactly (6). Since the
product of left-fibrant bisets is left-fibrant (Lemma 3.27), 9B« is a left-fibrant
biset. This proves the part of Proposition 4.13 concerning fibrant maps. In the case
of covering maps observe that all bisets in B( f|z,) are left-free because f|z,
are coverings while all bisets in B(i|z, )" are left-principal; hence all bisets in

Bx =Ll @%(iizk)g/k Q3 3. B(fz,) are left-free. O

4.5. Partial self-coverings. We now turn to a restricted class of covering corre-
spondences (Z, f: Z — X,i: Z — Y), in which the map i is an inclusion, namely
a homeomorphism on its image. We then view Z as a subset of Y, and write the
correspondence as a partial covering f:Y --> X. Here the dashed arrow means
that the map is defined on the image of i.

In this case, the definition of the biset of a correspondence (see §4.1) can be
simplified as follows:

Lemma 4.15. Let f: X --> X be a partially defined self-covering. The biset
B(f) may then be constructed directly as follows:

B(f) ={r:[0.1] > X | y(0) = x = f(y(1))}/~.

The left action is by pre-composition by loops in X at x, and the right action is by
lifting loops through f:

[o] - [y] = [e#ty], [v]- o] = [y#a]
for the unique f-lift @ of « that starts at y(1).

Proof. Simply remark that, in the notation of Lemma 4.2, the point p is deter-
mined as i ~!(y(1)), so may be removed from the definition. |
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Let us consider now a self-correspondence (Z, f: Z — X,i: Z — X). It may
arise as follows: f: X © is a branched covering, Z is the subset of X on which f
is a genuine covering, and i is the inclusion.

Such correspondences may be iterated; however, their iterates are not defined
on the same Z anymore. We set X () := Z and, more generally,

X = {(x1,...,%0) € Z" | f(xi) = i(xi41)}-

Define the maps £ (x;,...,x,) = f(x,)andi®™(xy,...,x,) = i(x1). Then
the n-th power, in the sense of §4.3, of (Z, f.i)is (X, £ ;)

If f is fibrant, then so are all f ™ and naturally (Lemma 4.12), the biset of
(X® £ i)y js none other than B(Z, f,i)®".

Ifi: X — X is an inclusion, then so are all i ™: X — X . Then (Z, f.i) is
identified with a partially defined map f: X --> X; and all (X, £ ;) are
identified with f™: X —-> X . If f is fibrant, then the bisets of (X, £ ;)
and of f are naturally isomorphic.

Iteration may also be interpreted purely in the language of homomorphisms,
using Lemma 2.7. Given a G-G-biset B, write Go = G, and find a group G;
such that B decomposes as B ®¢, By, , for homomorphisms ¢1, ¥1: G1 — Go.
Define then iteratively G, as the fibre product of G, with G, over G,_;:

Dn+1

Gn+1 ’ Gn

'WrH—I 1/’n
v \L

Gn — ¢ — Gn_l.

Then B®" = (B¢n...¢l)v ®aG, By,-¢,-

4.6. Genericmaps. We can slightly relax the previous setting, in whichi:Z —Y
is an inclusion, to “generic”’ maps in the following sense.

Definition 4.16 (generic maps). A continuous map f:Y — X is generic if there
exists a continuous map g: X — Y such that f o g is isotopic to the identity on X.

Here is a typical example: Consider a topological space X and an injective
path y: [0, 1] — X, such that a neighbourhood of the image of y is contractible
in X. Then the inclusion f: X \ {y(0),y(1)} — X \ {y(0)} is a generic map.
Indeed contractibility of the image of y implies the existence of a homeomorphism

2: X \{y(0)} — X \ y([0, 1]).

Lemma 4.17. Let f:Y — X be a generic map, and let + € Y be a basepoint.
Write f(T) = *. Then f«:m1(Y,T) — m1(X, %) is a split epimorphism.
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Therefore, the biset of f is left-invertible and right-principal; namely, it is a
w1 (Y, T)-m1(X, *)-biset B such that BY ®x,(v,t) B = 1, (x.)T1(X, %)z, (x.5)-

Proof. Let g be a homotopy left inverse of f. The first statement follows simply
from g, f« = 1x. The second one follows from the first. O

4.7. Conjugacy classes in bisets. Let g Bg be a biset. Its set of conjugacy
classes is
C(B) :=gBg/{b=gbg ' |beB,geG)

Consider a self-correspondence f,i:Z = X. A homotopy pseudo-fixed
point [10] is the data (p, y) such that p € Z and y: [0, 1] — X with y(0) = f(p)
and y(1) = i(p). In other words, y encodes a homotopy difference between f(p)
and i (p). If y is a constant path, then p is a fixed point of (Z, f,i). Two homotopy
pseudo-fixed points (p, y) and (q, §) are conjugate if there is a path £: [0, 1] — Z
with £(0) = p, £(1) = g such that f(£)#pB#i({~') is homotopic to y.

The set of fixed points conjugate to a given fixed point p € Z is also known
as the Nielsen class of p. The Nielsen number N(f, i) is the set of fixed points of
(Z, f,i) considered up to conjugacy.

Every (67!, p.y) € B(/f.i), in the notation of Lemma 4.2, naturally defines a
homotopy pseudo-fixed point (p, y#6). Conversely, if X is path connected, then
for every homotopy pseudo-fixed point (p, y) we may choose a path £: [0, 1] — X
with £(0) = * and £(1) = f(p) and construct an element ({7!, p, y#{) € B(f.i)
encoding (p, y).

The following proposition is immediate.

Proposition 4.18. Two elements (§~1, p,y), 8"\, p'.y") € B(f.i) are conju-
gate as elements of the biset B(f,i) if and only if the homotopy fixed points
(p, y#8), (p', y'#8') are conjugate.

As a corollary, if X is path connected, then the Nielsen number N(f,i) is
bounded by the cardinality of C(B).

In [3, 4] we further investigate homotopy pseudo-periodic orbits of a Thurston
map.

5. Dynamical systems

We turn now to applications of the previous sections. They will mainly be to the
theory of iterations of branched self-coverings of surfaces. The main objective is
an algorithmic understanding of these maps up to isotopy, and will be developed
in later articles. Here are some more elementary byproducts.

Consider first a polynomial p(z) € C[z]. We recall some basic definitions and
properties; see [7, 8] for details.
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Let us denote by P(p) C C the forward orbit of p’s critical points:
P(p)={p"() | p'(z) =0,n >0, z € C}.

The post-critical set P(p) := p(P(p)) is the forward orbit of p’s critical values.
The polynomial p is post-critically finite if P(p) is finite. The Julia set J(p) of
p is the closure of the repelling periodic points of p. Equivalently, J(p) is the
boundary of the filled-in Julia set K(p):

K(p) ={z € C| (p"(2))nen is bounded}, J. = K.

The Fatou set F(p) is the complement of J(p).

Let us assume that p is post-critically finite. This assumption is essential to
obtain simple combinatorial descriptions of p. Then each bounded connected
component of F(p) is a disk, and p acts on this set of disks. Furthermore, the
boundary of each disk component is a circle in J(p).

Furthermore, every grand orbit of p: 15( p) — P (p) contains a unique periodic
cycle. If a periodic cycle C € P(p) contains a critical point of p, then C lies
entirely in the Fatou set, and moreover each element ¢ € C lies in a different disk
of F(p). On the other hand, if a cycle C contains no critical point of p, then C
lies in J(p). If no cycle of P(p) contains a critical point of p, then F(p) has no
bounded component and J(p) is a dendrite.

Let T be the smallest tree in K(p) containing P(p) and containing P(p) in
its vertex set such that T intersects F(p) along radial arcs. Since P(p) is forward
invariant we get a self-map p: 7. For every pair of adjacent edges e, e, there is
an angle <t(ey, e2) € Q/Z uniquely specified by the following conditions, see [16]:

o <(e1,e2) =0ifand only if e; = e3;

e if v is a common vertex of e; and e, and deg,(p) is the local degree of p
at v, then

<Up(er). plez)) = deg,(p)<t(er, e2):;
o for all edges eq, e, e3 adjacent to a common vertex we have

<t(e1,e3) = (e, e2) + <(ea, e3).

Definition 5.1 (Hubbard trees). The (angled) Hubbard tree of a complex poly-
nomial p is the data consisting of p: T O, the values deg,(v) € IN measuring
the local degrees of p at vertices v € p~1(7), and the angle structure “<” on T
satisfying the above axioms.

In [16] post-critically finite polynomials are classified in terms of their Hubbard
trees.
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Remark 5.2. If p has degree 2, then the angled structure of p: T is uniquely
determined by how 7 is topologically embedded into the plane. However, in
general, the planarity of 7 is insufficient to recover p; one needs to endow p: T O
with extra information sufficient to recover the embedding of p~!(7) into the
plane.

It may be more convenient to consider a variant, the Hubbard complex, which
is a special case of topological automaton (see [15, §3]):

Definition 5.3 (Hubbard complexes). Let p be a complex polynomial. Its Hub-
bard complex is the self-correspondence p,i: H' = HP defined as follows:

e HY is the smallest 1-dimensional subcomplex of the plane containing
P(p)NJ(p)andall 9D for D C F(p) a Fatou component intersecting P (p);

e H! is the smallest 1-dimensional subcomplex of the plane containing
p Y (P(p))NJ(p)andall 3D for D C F(p) a Fatou component intersecting

p~H(P(p));
e p:H! — HPO is the restriction of p to H! and is a covering map;
e i:H! — HOretracts H! into H°.

(As for the Hubbard tree, we assume that H 1. H? intersects F(p) along radial
lines. Points in H® N P(p) and in H! N P(p) are treated as orbifold points.)

%
£

Figure 2. The Julia sets of the maps z? + i, z2 — 1 (the “Basilica”) and z2 + ¢ for
(c2 + c)2 + ¢ = 0 (the “Rabbit”, right). The Hubbard complex is drawn in red, and
(if it differs) the Hubbard tree is drawn in black.
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5.1. Thurston maps. We may consider the more general situation of a branched
self-covering of the sphere S2, namely a map p: S2 £ that is locally modelled, in
complex charts, by z + z” for some n € IN. Those points z € S? at which
n > 2 are critical points, and P(p) is the forward orbit of p’s critical values. If
furthermore there is a point oo € $? with p~1(c0) = {oo}, then p is a topological
polynomial. If P(p) is finite, then p is called a Thurston map.

Unless p expands a metric on S2, there is no well-defined notion of Julia
set. There is, however, a convenient encoding of p by a biset. One sets X =
Y = S2\ P(p)and Z = S?\ p~'(P(p)), with maps i: Z — Y the inclusion
and p:Z — X the restriction of p. Thus p:S?% is given by a covering
correspondence p,i: Z = X.

Fix a basepoint * € X, and write G = 71(X, *). Let B(p) denote the biset of
the above correspondence; it is a G-G-biset, left-free of degree deg(p).

Let po, p1 be Thurston maps. They are called combinatorially equivalent if
there is an isotopy (p;):e[o,1] from pg to p; along which P (p) moves continuously
(and, in particular, has constant cardinality). The biset of a Thurston map is a
complete invariant for combinatorial equivalence:

Theorem 5.4 (Kameyama [11], Nekrashevych [13, Theorem 6.5.2]). Let po, p1
be Thurston maps. Then pg, p1 are Thurston equivalent if and only if the bisets
B(po), B(p1) are conjugate by an isomorphism

71(S%\ P(po), *0) —> m1(S?\ P(p1). *1)

induced by a surface homeomorphism.

By definition, p behaves locally as z — z9%€:(?) at a point z € S?; set
ord(v) = l.c.m.{deg,(p") | n >0,z € p~"(v)}.

Clearly, ord(z) > 1 if and only if z € P(p), and ord(v) = oo if and only if v is
in a periodic cycle containing a critical point. For example, the degrees at P(p)
are all oo for the Basilica and the Rabbit maps, and are 2 at i, —i,i — 1 for z2 +i.

This order function ord defines an orbispace structure on S2: in our simplified
context, a topological space with the extra data of non-trivial groups attached at
a discrete set of points. We will not go into details of orbispaces, but simply
note that, if v is a point with group G, attached to it, then v has canonical
neighbourhoods with fundamental group isomorphic to G,. In our situation, the
group attached to v € P(p) is cyclic of order ord(v). If ord(v) = oo, then the
point v may be treated as a puncture rather than as a point with Z attached to it.

For each z € P(p), let y, denote a small loop around z, and identify y,
with a representative of a conjugacy class in (52 \ P(p), *). It follows that
the fundamental group of the orbispace defined by ord is given as follows:

Gp = m(S\ P(p). )/ (y2®) : z € P(p)). (18)
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For every z € S? define ord'(z) := ord(p(z))/ deg,(p). Then p:(S2 ord') —
(S2,ord) is a covering between orbispaces while (S2,ord") < (§2,ord) is an
orbispace inclusion. This defines the G,-biset B(p). Note that Theorem 5.4 was
stated for bisets over the group 71(S2 \ P(p)), not for bisets over the orbispace
fundamental group G,. However, an analogue of Theorem 5.4 is also true in that
context; this will be proven in [2].

Much structure in the space of Thurston maps can be obtained by comparing,
or deriving, maps from the simplest example f(z) = z¢. This map has J(f) =
{lz] = 1} and P(f) = {0,00} so that 71 (C \ P(f),*) = (t) =~ Z. We call
the corresponding biset the regular cyclic biset of degree d: as a left (t)-set, it is
(t) x{1,...,d}; and the right action on the basis {1, ..., d} is given by

lt=2, ..., d=V)-t=d, dt=t-1

It may also be defined more economically as B(z%) = {t//? | j e 7}, with left
and right actions given by ¢? - t//4 .tk = yi+ild+k/d

Since topological polynomials of degree d behave as z¢ in a neighbourhood of
00, their bisets contain a copy of the regular degree-d cyclic biset. More generally,
if p has a fixed point in a neighbourhood of which it acts as z — z”, then p
contains a regular degree-n cyclic subbiset.

The graph of bisets decompositions that we shall consider essentially attempt
to describe bisets of Thurston maps in terms of cyclic bisets.

d

5.2. (Graphs of) bisets from Hubbard trees. Letus consider the (angled) Hub-
bard tree p: T of a complex polynomial p. We will now apply Van Kampen’s
theorem to p: T to decompose B(p) as a graph of bisets x Tx as in Example 3.31.

Let T! be the preimage of T under p: C 9. We note that T! is easily recon-
structible from the data p: 79 and < and deg,(p) for all v € T. The angled
structure of T lifts via p: 7' — T to an angled structure on T!. We denote by
:T' — T the natural retraction of J! into its subtree. We write A(z) = v if an
object z € T! retracts into a vertex v € T and we write A(z) = e if an object
z € T! retracts into a subset of an edge e € T but ((z) is not a vertex of T. This
defines a graph morphism A: 7' — T between undirected graphs, see §3.9 such
that the images of adjacent objects are adjacent or equal objects.

Let X be the space obtained from T by blowing up each vertex v € 7 into
a closed unit disc D,, with dD,, =~ R/Z and by blowing down each edge e, say
adjacent to vertices v and w, into a point D, with {D.} = D, N D,, such that for
every pair of edges e;, e, adjacent to a common vertex v we have

(e, e2) = Doy — Do, € R/Z = 0D,

For every vertex v € T put an orbifold point of order ord(v) at the center of D,,
so that the fundamental group of D, is a cyclic group of order ord(v).
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Similarly, let X! be the space obtained from T! by blowing up each vertex
v € 7' into a closed disc D, with orbifold point of order ord! (v) at the center of
D, and by blowing down each edge e into a point D, satisfying same properties
as above.

Then p:T! — T naturally induces a covering map p: X! — X specified so
that all maps between unit discs are of the form z — z¢. Furthermore, we have
a natural retraction ©: X! — X satisfying ((D;) C D) for every object z € T'.
Applying Van Kampen’s theorem Theorem 4.8 to the covering pair (X!, p,t)
subordinate to covers {D;},cy1,{D;}ze7, p. A: Tt — T we get the graph of bisets
xTx.

This graph of bisets can in fact also directly be described out of the Hubbard
tree data. We present below an algorithm that computes »Tx.

We say that a vertex v € T! is essential if it is the image of a vertex under
the embedding T < T'. By definition, every vertex v € T has a unique essential
preimage under A. We say a vertex v € T! is critical if ord(v) > 1. Observe that
if v is a critical but non-essential, then A(v) is an edge.

On the level of graphs, X bl T 5 ) is the barycentric subdivision of

A
7 £ 71 £ 7. For convenience let us write ord(e) = 1 for every edge e € 7.
For every object z € T set
G, =7/ ord(z).

In particular, G, is a non-trivial group if and only if z is an essential vertex. This
constructs the graph of groups X. The fundamental group of X is isomorphic to a
free product of G, over all essential vertices v € T. For every z € T! set

B = ( Z)/ ord(A(v)) (19)

1
deg. (p)

as a set with G (;)-Gp(z) actions given by

m+ b+ —— if z is an essential or a critical vertex,
m-b-n= { deg (p) (20)

m+b otherwise.

It remains to specify an intertwiner from B, into B, for every edge e € T!
adjacent to v € T'. Suppose first that v is a non-essential non-critical vertex.
Then A(e) = A(v) and we define B, — B, to be the natural bijection coming
from (19); this is a well defined intertwiner between bisets because the right
actions are trivial.

Lete € T! be an edge adjacent to either an essential or a critical vertex v € T*.
Then the intertwiner B, — B, is given by

br— b+ |D.]

with D, treated as an element of R/Z =~ dD, and | D, | means “round D, down
to an element in B,,”.
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Theorem 5.5. The fundamental group of X is isomorphic to G, from (18). The
Sfundamental biset of »Tx constructed above is isomorphic to B(p). All bisets
B;,z € T are cyclic.

Proof. By construction, the covering pair ((C,ord!), p, 1) is homotopic to the
covering pair (X!, p, () along a homotopy path of covering pairs. Therefore, by
Theorem 3.7 the fundamental group of X is isomorphic to G,; and by Theorem 4.8
the fundamental biset of 71 (xTx) is isomorphic to B(p). Let us verify that the
above algorithm computes x¥x.

Let us assume that 0 € R/Z =~ 9D, is the basepoint of m;(D,) for every
vertex v € J. For every edge e adjacent to v let [0, D] C R/Z =~ dD, be the
path connecting the basepoint of D, to the basepoint of D, (recall that D, is a
singleton).

For every vertex v € T there is a, € R/Z such that the map p: IDy, — 3D ()
is given by x +— deg,(p)x + a, in the R/Z-codrdinates. Moreover, for every
essential vertex v € T we may choose codrdinates 9D, = R/Z such that the
map t: 0Dy — 9Dy is the identity in R/Z-codrdinates.

Clearly, G, is isomorphic to Z/ ord(z) for every object z € 7.

For every essential vertex v € T the biset B, is computed by (15) as

By = {b:10,1] = R/Z = D)) | b(0) = 0,deg, (p)b(1) + ay = 0}/~

with G,y actions given by pre-concatenation and by post-concatenation via
lifting. Writing

. [0 [~ ]cR/Z~aD
deg,(p) ~ L deg,(p) -

we see that B, takes the form given in (19) and (20). The case of non-essential

vertices is immediate because the right action is trivial.

If e € T!is an edge adjacent to a non-essential vertex v € T, then the
intertwiner B, — B, respects (19). Suppose e € T! is an edge adjacent to an
essential vertex v € T!. If A(e) is an edge, then B, = {D.} embeds into B, as
[0, D.] C R/Z = 3D, followed by the lift of [deg, (p) D, + a,, 0] C dD,(,) under
p: 0Dy — 0Dy starting at D, € dD,. This gives an element |D.| € B, with
B, viewed in the form (19).

If A(e) is a vertex, then A(e) = v and the O-element of B, is [0, D,] C R/Z =~
D,. Again, this element is mapped to | D | via the intertwiner B, — B,,. |

5.3. (Graphs of) bisets from Hubbard complexes. Consider now a Hubbard
complex p,i: H' = H°. As in the case of Hubbard trees §5.2 we blow up each
vertex v € H'! U HY into a closed disc D, with an orbifold point of order ord(v)
at the center of D,, and we blow down each edge e € H! U H? into a point
D,. Observe that all D, have finite fundamental groups. Then p,i: H! = H°
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naturally induces a correspondence p,i:Y'! = Y° normalized so that all maps
between unit discs are of the form z — z¢. As in §5.2 we specify a graph
morphism A: H! — H® by i(D;) C D)) for every object z € H'. Applying
Van Kampen’s Theorem 4.8 to the covering pair (Y'!, p, i) subordinate to covers
{D:},emts {Dz},ego with maps p,A: H' — H® we get a graph of bisets 9.
We remark that g))g) could be explicitly computed out of p,i: H! — H° in the
same way as xTx was computed out of the Hubbard tree in §5.2.

Theorem 5.6. The fundamental group of Q) is isomorphic to G, from (18). The
fundamental biset of 9 $yg) is isomorphic to B(p).
All groups Gy, y € Q) and all bisets B;, z € § are finite.

Proof. The proof is the same as that of Theorem 5.5. The claim about finiteness
of G, and B; is straightforward. O

5.4. (Graphs of) bisets from subdivision rules. Letus now generalize the setup
of §5.2. Suppose that p: S 9 is a topological Thurston map. By a subdivision
rule or a “puzzle partition” we mean graphs G® C G! C $? such that

e G' = p71(G%;
e there is a retraction «: G — G°, with ¢]g, = 1 such that G! is homotopic in
S? to 1(G1) rel the post-critical set;

e each connected component S? \ G! contains at most one post-critical point.

The last condition guarantees that p,i:G! = G° captures all combinatorial
information of p: §2 9.

Assume, furthermore, that ¢ can be chosen in such a way that it maps vertices
and edges of G! into vertices and edges of G'. We may construct a graph of
bisets 33 associated with p,:: G! = G°. Asin §5.2 we blow up each vertex
v € G!' U GY into a closed disc D, with orbifold point of order ord(v) at the
center of D, and we blow down each edge ¢ € G! U G° into a point D,. Then
p.1: G! = GO naturally descends to a correspondence p, : Z' = Z° normalized
so that all maps between unit discs are of the form z — z¢. As in §5.2 we specify
a graph morphism A:G! — G° by «(D;) C Dy for every object z € G'.
Applying Van Kampen’s Theorem 4.8 to the covering pair (Z1, p, i) subordinate
to covers {D;},cg1,{Dz},ego With p,A: G! — G° we get the graph of bisets
3®3.

Theorem 5.7. There is a natural epimorphism ¢: w1(3, x) — G, and there is a
natural surjective map B:m1(3®%3, %) — B(p) such that

(¢.8):m1(363) — 6, B(p)g,

is a semi-conjugacy respecting combinatorics (see §2.4).
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Proof. The space Z° has a natural embedding into S2, unique up to homotopy rel
the post-critical set, such that Z° separates post-critical points. Therefore, there
is a natural epimorphism ¢: 71 (&) — G,.

The embedding of p,i: Z! = Z° into S? defines a semi-conjugacy

(¢.8): B(Z', p,) —> B(p).

Observe that if a loop y € 71(Z°) is trivial in G, then all lifts of y via p: Z! —
Z° are loops. Therefore, y has trivial monodromy action, so (¢, 8) respects
combinatorics. u

5.5. Tuning and mating. The runing operation takes as input a topological
polynomial p, a periodic cycle zg,z1,...,z, = zo for p, and n topological
polynomials go, . ... gn—1 with deg(¢g;) = deg, (p) foralli =0,...,n —1; and
produces a topological polynomial of degree deg(p).

For each i, we give ourselves a set P; containing the critical values of g;_;
and such that ¢; (P;) C P;j4+1. In particular, P; contains the post-critical set of
qi-1°°°:04i+1°4;i.

For simplicity, let us assume that the cycle z¢, z1, .. ., z, = zo has no iterated
critical preimages outside of the cycle. This condition could be lifted, but the
construction would require slight modifications.

Up to isotopy, we may assume that around each z; there is a small closed topo-
logical disc F; such that p restricts to a covering map p: F; \{z;} — Fi+1\{zi+1}
and such that there are homeomorphisms (known as “Béttcher coodrdinates™)
Y2 int(F;) — C so that Y1 o p o ¥l is the map z — z%% P Also, up

1
to isotopy, we may assume that g; (z) = z9°€W@i) 4 o(z9¢2W@i)) 5o that the exten-
sion of g; to the circle at infinity coincides with the extension of z > %€= ?)

We consider the following runing map ¢ (p, {zi},{qi}):

{xp.;ll (¢:(Yi(2))) if z € int(F;) for some i,
1(z)=4" .
p(2) otherwise.

Note that if ¢; = z%€= ) for all i then ¢ is isotopic to p.

Theorem 5.8. Suppose thatt = t(p,{z;},{qi}) is the tuning of a complex post-
critically finite polynomial p with polynomials q;: C\ P; --> C\ P;j+1 as above.
Suppose also ord(z;) = oo foralli. Let xS« denote the graph of bisets constructed
out of the Hubbard tree of p, see Theorem 5.5. Set G; = m1(C \ P;, *;) for
a basepoint x; > 0, and let ¢;:G,, — G; be the monomorphism defined by
identifying int(F;) with C via V;, so that the circle 0F; corresponds to the circle
at infinity in C \ P;. Let B;: B;, — B(q;) be the (¢;, ¢i+1)-intertwiner defined by
viewing p: 0F; — 0F;+1 as a map at infinity of ¢;: C\ P; --> C\ Pjy1.



Van Kampen’s theorem for bisets 167

For all i, replace the cyclic group G;; at z; € X by G; := m1(C\ P;), and
replace the regular cyclic biset B;; at z; € ‘B by the G;-G;1-biset B(q;). Modify
accordingly all non-essential bisets: replace all B, with z € A7 (z;) \ {z;} by
Gi ®g., B; and declare forall z € P~ Y(zix+1)\{z;)} the right G; +1-action on B, to
be trivial. Intertwiners of edge bisets into B(q;) are given through the intertwiner
Bi: Bz, — B(q;). This defines a new graph of bisets B with same underlying
graph as X.

Then B(t) and w1 (8) are isomorphic.

Proof. Let p,i: X! = X be the correspondence from §5.2 associated with the
Hubbard tree of p. Letz,:: X! = X be the correspondence obtained by replacing
each p:int(D;;) — int(D,, ) with ¢;: C\ P; --> C\ P;4; appropriately glued
with dD;, D;+1. Since 1 is isotopic to 7, ¢: X' = X, the biset of 7 is isomorphic
to the biset of a covering pair (X!, ¢,¢) which by Van Kampen’s Theorem 4.8 is
1 (%) . O

This operation may be performed with p a Thurston map, not necessarily a
topological polynomial. As a special case, a topological polynomial has a critical
fixed point co. The formal mating p Ll g of two topological polynomials p, g of
same degree is the tuning ¢(p, {oo}, ¢). In other words, p Ll g is a topological map
on a two dimensional sphere where p acts on the southern hemisphere while ¢
acts on the northern hemisphere.

Since the vertex co does not belong to the Hubbard tree of p, Theorem 5.8
cannot apply. We do have a simple description of the mating in terms of graphs
of bisets, though:

Theorem 5.9. Let p, g be two topological polynomials of same degree d. Write
Gy, = mi(C\ P(p),*) and G4 = m1(C\ P(q). T) with x, } close to oo. Consider
the graph of groups X with one edge e and two vertices p, q. The groups at p, q are
Gp. G respectively; the group at e is Z, included in G, and G4 as the loop around
infinity. Consider the graph of bisets B with one edge and two vertices. The graph
maps A, p are the identity, the biset B, on the edge is regular cyclic of degree
d, and the bisets at the vertices are B(p), B(q) respectively. The intertwiners
Be < B(p) and B; — B(q) are defined by viewing z + z%: S'© as a map on
the circle at infinity of p: C\ P(p) -—> C\ P(p)and q:C\ P(q) --> C\ P(q).
Then 11 (®B) is isomorphic to B(p U q).

Proof. Applying Theorem 4.8 to p LI ¢ subordinate to the cover consisting of the
closed southern hemisphere, the closed northern hemisphere and the equator, we
obtain a graph of bisets isomorphic to the barycentric subdivision of ‘B. O
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5.6. Laminations. Consider a complex post-critically finite polynomial p of
degree d. The Fatou component around oo admits a Bottcher parameterization
¢: Foo — {|z| < 1} such that ¢(p(z)) = ¢(2)¢. Since J(p) = 3Fs, every
element of J(p) may be described as lim,_.; ¢! (re’?) for some (non-unique)
angle 0; this gives a surjective map c,: {|z| = 1} — J(p) encoding the Julia set.
In fact, the biset of p may be read from the base-d expansion of the kernel of ¢,
namely the equivalence relation 2, = {(z1,22) | ¢p(21) = ¢p(22)}.

The equivalence relation may be presented by a lamination of the disk
{|z] < 1}: the disjoint collection of subsets of the closed disk, called leaves, that
are convex hulls (in the hyperbolic metric, say) of equivalence classes of E,.

The Julia set J(p) is the quotient of the circle by the relation E, so the filled-
in Julia set is the quotient of the disk obtained by contracting all leaves of the
lamination to points. The dynamics on the circle is the “multiply the angle by d”’
map. The van Kampen theorem, Theorem 3.7, may therefore be applied to the
covering consisting of the boundary circle and the leaves. In fact, if p is post-
critically finite it suffices to consider a finite collection of leaves. We consider, as
a simple illustration, the Basilica map z2 — 1 obtained from the circle by pinching
the above lamination.

The space under consideration consists of a circle C and an arc A connecting
the points x = exp(2in/3) and y = exp(4im/3), see Figure 3 right. We fix
basepoints * = 1 on C and ¥ = x on A.
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y1 X1 X
f
—_—
%2 *1 *
T
i
X2 V2 Y

Figure 3. The correspondence generating the lamination of z2 — 1. Note that the two
preimages of x are x;,xy = £4/x, and similarly for y.

Let us denote by S, T, U the bisets of f,i:C = C, f,i:A = A, and
fi—A — A,i:—A — C respectively. We thus have the following graph of
bisets B:

X
J1 X1
T~ T
T\/SVU m1(4,7) 71 (C, %)
X2 Y2 \y/

in which S = 77 is the regular cyclic biset encoding the doubling map on C
and the other bisets 7, U are trivial. The maps p, A are given by

p(T) = pU) = A(T) =mi(A. 1), p(S) =A(S) = AU) = m1(C. %).

The structure of ‘B will have been completely given when we fix bases of S, T, U
and describe the edge bisets x1, y1, X2, ¥2 as maps from T or U into S. Let us
write H = 71(C, x) = (t) and 1 = m1(4, T). Then

S =H x{1,2}, 1T =1x{3}, gU=H x{4}.

Recall that elements of a biset B(f,i, *”, *’) are written, in their most general
form (13), as («, p, B) for paths «, 8 with ¢(0) = %", a(1) = i(p),B(0) =
f(p), B(1) = x'. We fix paths p, x, £, y starting at x = 1, turning counterclock-
wise on C, and ending respectively at exp(2i/6), x, *2, y. We also write € for
any constant path. In this notation, the bases 1, 2, 3, 4 are respectively

1= (67 *176)1 2= (61 *216)7 3= (€1T116)7 4= (p7T2s€)'

We may now view yi,x, as maps T — S and x;, y» as maps U — S. They are
given by

y13) = (x.f1.y"H =1, x1(4) = (p. 2. x71) =1,
x»3) =, f.x") =2, y2(4) = (p, T2,y H =t7"2.
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We are finally ready to compute the fundamental biset B of *B. Itis a G-G-biset
for the group G = H * (yx~!) = (¢, yx~!). We may keep the basis {1,2} of S,
so g B = G x {1,2}, and we have, just as in S,

1-t+=2, 2-t=t¢-1.

We now compute

Lyx™h = 1@y = x3x7 =y @) = xy 7 -2,

2-yx =ty @yx T =tdx =ty (4) =1 - 1.

In this manner, we formally recover the presentation of the Basilica biset from
the graph of bisets B, using the relations y;(3)y = x3 etc. appearing in Defini-
tion 3.13.

There is another sort of mating, obtained directly from the Julia sets. The
geometric mating of two polynomials p, g of same degree is the map obtained from
z > 298P (C U {oo}) © through the quotient of {|z| < 1} by the lamination of
p and through the quotient of {|z| > 1} by the lamination of ¢ embedded into
the outer disc via the map z — % In case both p and ¢ are post-critically finite
quadratic polynomials that are not in the conjugate limbs of the Mandelbrot set,
the formal and geometric matings of p and g are isotopic. See [6] for a discussion
on the various types of mating.

Theorem 5.10. Let p be a post-critically finite quadratic polynomial that lies
outside of the Basilica limb. Write H = w(C \ P(p),*). Then the biset of
(z2 — 1) U p is the fundamental biset of the following graph of bisets:

1 X1 X
T B(p) U 1 H
X2 Y2 y

with the same maps p, A and inclusions as above.

Proof. The map (z2 — 1) U p is homotopic to the map shown on Figure 3 with
{|z] = 1} replaced by the filled-in Julia set of p. The statement becomes a corollary
of Theorem 4.8. |
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