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Abstract. The goals of this paper are twofold. First, we generalize the result of Gaboriau
and Lyons [17] to the setting of von Neumann’s problem for equivalence relations, proving
that for any non-amenable ergodic probability measure preserving (pmp) equivalence
relation R, the Bernoulli extension over a non-atomic base space (K, x) contains the orbit
equivalence relation of a free ergodic pmp action of F». Moreover, we provide conditions
which imply that this holds for any non-trivial probability space K. Second, we use this
result to prove that any non-amenable unimodular locally compact second countable group
admits uncountably many free ergodic pmp actions which are pairwise not von Neumann
equivalent (hence, pairwise not orbit equivalent).
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1. Introduction and statement of main results

Background. The notion of amenability for groups was introduced by J. von
Neumann in order to explain the Banach—Tarski paradox [55]. He showed that
any countable group that contains the free group I, on two generators is non-
amenable. The question of whether any non-amenable group contains I, became
known as von Neumann’s problem, and was eventually settled in the negative by
A. Ol'shanskii [40].

Remarkably, D. Gaboriau and R. Lyons proved that von Neumann’s problem
has a positive solution in the context of measurable group theory [17] (see also the
survey [23]). More precisely, they showed that any countable non-amenable group
I' admits IF, as a “measurable subgroup”: there exists a free ergodic probability
measure preserving (pmp) action I' ~, (X, ) whose associated orbit equivalence
relation R(I" ~, X)) contains the orbit equivalence relation of a free ergodic pmp
action F, ~, (X, ). Moreover, the Bernoulli action of T on ([0, 1]', AT) has this
property, where A denotes the Lebesgue measure on [0, 1].

Our first goal is to establish the following strengthening of this result:

Theorem A. Let R be an ergodic non-amenable countable pmp equivalence
relation, and let Rg on (Xg, () denote its Bernoulli extension with base space
(K,x). If (K,k) is non-atomic, then there exists a free ergodic pmp action
Fo ~ (Xk, i) such that R(F, ~ Xkx) < Rg, almost everywhere. Moreover,
this conclusion holds for any non-trivial choice of (K, k), provided that R has
an ergodic subequivalence relation of infinite index which is non-amenable or
normal, or that R has an infinite fundamental group.

Remark 1.1. Assume that (K, x) = ([0, 1], A). If R is the orbit equivalence rela-
tion of a free pmp action I' ~, X, then Rk is isomorphic to the orbit equivalence
relation of the product action I' ~, X x KT (Proposition 3.2). In this case, Theo-
rem A is a consequence of [17, Theorem 1]. Indeed, since R(I' ~ K 1“) contains the
orbit equivalence relation of a free ergodic pmp action of I, by [17, Theorem 1],
it follows that the same is true for Rg. However, Theorem A is new whenever R
does not arise as the orbit equivalence relation of a free pmp action of a countable
group (see [13] for examples of such R). Also, note that if R = R(I" ~, [0, 1]7),
then R is isomorphic to R. Theorem A implies that R contains the orbits of a
free ergodic pmp action of I,, for any non-amenable I', and therefore recovers
[17, Theorem 1].

Remark 1.2. At the end of [17], the authors posed the following analogue of
von Neumann’s problem for equivalence relations: does every ergodic non-
amenable countable pmp equivalence relation R contain R(F, ~, X) for some free
ergodic pmp action of I, ? The main result of [17] shows that this is indeed the case
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if R arises from the Bernoulli action with base ([0, 1],A) of a non-amenable
countable group. Theorem A shows that, more generally, this holds for the
Bernoulli extension with base ([0, 1], A) of any ergodic non-amenable countable
pmp equivalence relation.

We turn now to the second main result of this paper and to the history mo-
tivating it. In the early 1980s, D. Ornstein and B. Weiss [44], extending work
of H. Dye [9], showed that any two ergodic pmp actions of countable infinite
amenable groups are orbit equivalent. Moreover, as a consequence of [7], all free
properly ergodic pmp actions of a unimodular amenable Icsc group G are pairwise
orbit equivalent. On the other hand, over the next two decades, several families
of non-amenable countable groups, including property (T) groups [21] and non-
abelian free groups [19], were shown to admit uncountably many actions which
are pairwise not orbit equivalent.

Unifying many of these results, it was shown in [26] that any countable group
I" containing a copy of IF, has uncountably many free ergodic actions which are
pairwise not orbit equivalent. Thus nearly three decades after the solution to von
Neumann’s problem [40], the relationship between general non-amenable groups
and the prototypical example of IF, came again into focus. Gaboriau and Lyons’
result in [17] was followed shortly by [10], in which I. Epstein combined [17] with
the methods of [26] via a new co-induction construction for group actions, proving
that any countable non-amenable group I' admits uncountably many non orbit
equivalent actions, and settling the question in the case of countable groups.

Much less has been established in the case of unimodular Icsc groups G. It was
shown in [56, Example 5.2.13] (see also [16, Corollary A.10]) that any connected
semisimple Lie group G with R-rank(G) > 2, finite center, and no compact factors
has uncountably many mutually non orbit equivalent free ergodic pmp actions.
By combining [10] with an induction argument it follows that, more generally, any
unimodular non-amenable Icsc group G possessing a lattice has uncountably many
non orbit equivalent free ergodic pmp actions. However, in spite of these advances,
the situation for general non-amenable unimodular Icsc groups G remained open.

Making use of Theorem A, we are able to settle this question:

Theorem B. Any unimodular non-amenable lcsc group G admits uncountably
many free ergodic pmp actions which are pairwise not von Neumann equivalent
(hence, pairwise not orbit equivalent).

This will follow from Theorem D below on extensions of equivalence relations,
a notion which will be key in the rest of the paper.

Definition 1.3. For countable pmp equivalence relations R on (X, 1) and R on
(X, f1), we say that R is a class-bijective extension (in short, an extension) of R if
there is a Borel map p: X — X satisfying
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(1) w(E) = ji(p~\(E)), for all Borel sets E C X,

2) p|[x]5‘a is injective, for almost every x € X, and

(3) p(x]z) = [p(x)]x, for almost every x € X.

Remark 1.4. A map p: X — X which satisfies condigons (1)~(3) in the above def-
inition is called a local OE (or local isomorphism) of R, R in [49, Definition 1.4.2].

Theorem A leads to the following characterization of non-amenability for
ergodic equivalence relations in terms of actions of IF», which can be viewed as a
weak version of von Neumann’s problem for equivalence relations:

Corollary C. An ergodic countable pmp equivalence relation R is non-amenable
if and only if it admits an extension which contains almost every orbit of a free
ergodic pmp action of 5.

Combining this result with the co-induction construction of [10] and the meth-
ods of [26], we prove:

Theorem D. Let R be a non-amenable ergodic countable pmp equivalence rela-
tion on a standard probability space.

Then R admits uncountably many ergodic extensions which are pairwise not
stably von Neumann equivalent (hence, pairwise not stably isomorphic).

Remark 1.5. Theorem D implies the following dichotomy: any ergodic count-
able pmp equivalence relation has either only one or uncountably many ergodic
extensions, up to isomorphism. Indeed, if R is an amenable countable pmp equiv-
alence relation, then R is hyperfinite by [7]. As a consequence, any two ergodic
extensions of R are hyperfinite, and thus isomorphic by [9].

Remark 1.6. Let I" be a countable non-amenable group. If R is the orbit equiva-
lence relation of some free pmp action of I, then any extension of R is the orbit
equivalence relation of some other free pmp action of I". Theorem D implies that
I' admits uncountably many actions which are pairwise not stably von Neumann
equivalent, thereby strengthening the results of [26, 10].

Inspired by [34], our approach to deducing Theorem B from Theorem D is
based on the notion of cross section equivalence relations. Specifically, we rely on
the following elementary observation: if R is a cross section equivalence relation
of some free ergodic pmp action of a unimodular Icsc group G, then any ergodic
extension of R can be realized as a cross section equivalence relation of some
other free ergodic pmp action of G (see Proposition 8.3).
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This observation turns out to also be useful in a different context. Very
recently, M. Gheysens and N. Monod introduced a measure-theoretic analogue of
closed subgroup embeddings for locally compact groups, called tychomorphism
[18, Definition 14]. Using this notion, they formulated and proved a generalization
of the Gaboriau-Lyons theorem for Icsc groups G: if G is non-amenable, then
there is a tychomorphism from F, to G (see [18, Theorem B]). When combined
with Theorem A, the observation in Proposition 8.3 leads to a proof of this result
which bypasses the usage of the structure theory of locally compact groups as
in [18] (see Subsection 8.1).

We note that [18] is representative of a lot of recent interest in measure-theoretic
versions of von Neumann’s problem spawned by the pioneering work [17]. Thus,
the main result of [17] was strengthened in [33], and its proof was simplified
in [54]. Very recently, von Neumann’s problem was shown to have a positive so-
lution for non-amenable equivalence relations that act on hyperbolic bundles [5].

QOutline of the proof of Theorem A. We end the introduction by outlining
the proof of the main assertion of Theorem A. This relies on an extension of
techniques from [17]. To fix notation, let R be an ergodic non-amenable countable
pmp equivalence relation on a probability space (X, u). Let (K, k) = ([0, 1], A1),
and put X=X x and R = Rk . Our goal is to show that R contains the orbits of
a free ergodic pmp action of I;.

To this end, denote by u: [R] — U(L?(R,m)) the canonical representation of
the full group [R]. Since R is ergodic and non-amenable, after replacing R with
a subequivalence relation, we may assume that R is generated by finitely many
automorphisms 61, ..., 6, € [R]such thatthe operator 7 = Y _7_; (u(6;)+u(6;""))

satisfies |T|| < 2n. Moreover, after replacing the set S = {6,...,6,} with a
power SK = {6;, .0, | 1 <iy,...,ix <n},forlarge enough k, we may assume
that ||| < n.

For x € X, we denote by G, = ([x]x, Ex) the graph on [x]x associated to the
graphing {01, . .., 6,}. Then we can identify the X with the set of pairs (x, w), with
x € X and w € [0, 118, such that R is identified with the equivalence relation
given by (x, a))9~1(y, §)if and only if xRy and w = &.

For p € [0,1] and x € X, we denote by m,: [0, 1]Ex — {0, 1}E~ the map
p(w) = (1)o, pj(we))e, and view 7, (w) € {0, 1}Ex as a subgraph of G, for every
o = (we)e € {0, 11 Ex,

In the first part of the proof, we use results from percolation theory, no-
tably [39] and [6], to show that if p is in the interval (WITII-H ”—}”), then the
graph 7, (w) has infinitely many infinite clusters (i.e. connected components), for
almost every (x,w) € X.

In the second part of the proof, we consider the cluster equivalence relation
Re on X given by (x, w)Re(y, €) if and only if (x,w)R(y, £) and x, y belong to
the same cluster of ,(w) = 7,(§), see [15]. By combining the first part of the
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proof with results from [37, 1] and [14] we conclude that the restriction J~2C1 to its
infinite locus is ergodic and has normalized cost > 1.

Finally, since 9~ch - 9~Q, a combination of results from [22] and [30, 46] implies
that R contains the orbits of a free ergodic pmp action of IF,.

Organization. Besides the introduction, this paper has seven other sections. In
Section 2, we collect several facts about equivalence relation. In particular, we
prove that we may assume ||7|| < n and show that the isoperimetric constant of
the graph G, satisfies t(9x) = 2n—||T'||. Section 3 contains various general results
on Bernoulli extensions of equivalence relations. Sections 4 and 5 are devoted to
the first and second part of the proof of the main assertion of Theorem A described
above. In Section 6, we complete the proof of Theorem A and deduce Corollary C.
Finally, in Sections 7 and 8, we present the proofs of Theorem D and Theorem B,
respectively.

Acknowledgement. We are grateful to Nicolas Monod for helpful comments.

2. Preliminaries

In this section we recall several general notions and results regarding equivalence
relations.

2.1. Equivalence relations. Let (X, 1) be a probability space, always assumed
to be standard. Following [11], an equivalence relation R on X is called countable
probability measure preserving (countable pmp) if it has countable classes, R is a
measurable subset of X x X, and any measurable automorphism 6: X — X which
satisfies O(x) € [x]x, for almost every x € X, preserves u. Here, for x € X, we
denote by [x]« its equivalence class.

The group of measurable automorphisms 6: X — X satisfying 0(x) € [x]x,
for almost every x € X, is called the full group of R and denoted [R]. We
also denote by [[R]] the set of measurable isomorphisms 6: A — B between
measurable subsets of X which satisfy 8(x) € [x]x, for almost every x € A.

Here and after, we say that a pmp action I' ~, (X, ) is essentially free (in
short, free) if the stabilizer I'y = {g € " | g - x = x} is trivial, for almost every
x € X. f ' ~ (X, ) is a pmp action of a countable group I', then its orbit
equivalence relation

RO A X):={(x,y) e X xX |Tx =Ty}

is a countable pmp equivalence relation. Conversely, Feldman and Moore proved
that any countable pmp equivalence relation arises this way [11]. However, this
action cannot always be taken to be free, a question that was settled by Furman [13].
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Let R be a countable pmp equivalence relation on (X, u). We endow R with
an infinite Borel measure m given by

m(A) = / {y € [x]x | (x,y) € A} du(x), forevery Borel subset A C R.
X

Then u: [R] — U(L?(R, m)) given by the formula (u(0) f)(x,y) = f(071(x),y)
defines a unitary representation. Note that L%°(R) acts on L?(R, m) by pointwise
multiplication and the unitary u(0) normalizes L°°(R), for every 6 € [R]. We also
have an embedding L°°(X) C L°°(R) which associates to every a € L°°(X) the
function (x, y) — a(x).

The von Neumann algebra of R is defined as the strong operator closure of the
linear span of {a u(0) | a € L*®(X), 0 € [R]} inside B(L?(R, m)), and is denoted
by L(R) [11]. Recall that L(R) is a finite von Neumann algebra, with its canonical
trace given by

©(T) = (T(Aa),1A), forevery T € L(R),

where 15 € L?(R, m) denotes the characteristic function of A = {(x,x) | x € X}.

Definition 2.1. Let R and S be two (not necessarily countable) equivalence rela-
tion on probability spaces (X, i) and (¥, v). Then R and 8 are called isomorphic
(resp. stably isomorphic) if there exist Borel subsets Xo C X, Yo C Y which are
co-null (resp. complete sections for R, §), and a measure preserving Borel iso-
morphism 6: Xo — Yp such that xRx’ if and only if 0(x)86(x’), for all x, x" € Xj.
Here, we endow X¢ C X with the probability measure p(Xo) ™! (i | Xo). Also, we
say that a Borel set X C X is a complete section for Rif {x € X | [x]x N X¢ # @}
is a co-null subset of X. Moreover, if R and 8 are countable pmp, then they are
called von Neumann equivalent (resp. stably von Neumann equivalent) if their von
Neumann algebras L(R) and L(8) are isomorphic (resp. pL(R)p = qL(8)q, for
some non-zero projections p € L(R), g € L(3)).

Two pmp actions I' ~, (X, u) and A ~ (Y, v) of two locally compact second
countable (lcsc) groups I' and A are called orbit equivalent (resp. stably orbit
equivalent) if their orbit equivalence relations are isomorphic (resp. stably iso-
morphic). Finally, the actions are called von Neumann equivalent if the associated
crossed product von Neumann algebras (see, e.g., [52, Chapter X] for the defini-
tion) are isomorphic.

2.2. Amenable equivalence relations. Following [7, Definition 6], a countable
pmp equivalence relation R on (X, ) is called amenable if there exists a state
®: L°(R) — C such that ®(u(0) fu()*) = ®(f), forall f € L*(R), 6 € [R],
and ®(a) = [y a du, for all a € L*°(X). By [7, Theorem 10] a countable pmp
equivalence relation R is amenable if and only if it is Ayperfinite. The latter means
that we can write R = | J,,-; R,, where R,, is a countable pmp equivalence relation
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on X such that [x]x, is finite and [x]®, C [x]x,,, for almost every x € X and
alln > 1.

Next, we record the well-known fact that an ergodic equivalence relation R is
non-amenable if and only if the unitary representation u: [R] — U(L?(R, m)) has
spectral gap:

Lemma 2.2. Let R be a non-amenable ergodic countable pmp equivalence rela-

tion.
Then we can findn > 1 and 01, ...,0, € [R] such that } % h- u(@i)” < 1.
Moreover, if ¢ > 0, then we can find n > 1 and 604,...,6, € [R] such that

”% Y= u(@i)H <c.

Proof. Assume by contradiction that |2 >7_, u(6;)| = 1, forall 6;,....6, €
[R]. Then by arguing as in the proof of [20, Lemma 2.2] it follows that there exists
a state ®: L>°(R) — C such that ®(u(0) fu(0)*) = ®(f), for all f € L*°(R)
and every 6 € [R]. Since R is ergodic, any such state ® also satisfies that
®(g) = [y g du, forall g € L®(X) (see e.g. the proof of [24, Lemma 4.2]).
This implies that R is amenable, which is a contradiction.

For the moreover assertion, let 1 , . . . .6, € [R] such that §:= | 137 u(6;) || <1.
Let ¢ > 0 and choose m > 1 such that §”* < ¢. Then we have that

1 1 m
n—m S u@,...6,)| = H(;Zu(e,-)) <&M <c.
1<il,esim<n i=1
Thus, the elements 6;, ...6;, € [R], for 1 <ij,...,i, < n, satisfy the second
assertion. O

2.3. Extensions and Expansions of Equivalence Relations. Let R and ~9~% be
countable pmp equivalence relations on probability space (X, 1) and on (X, f1),
respectively.

Definition 2.3. We say that R is a class-bijective extension (in short, an extension)
of R if there is a Borel map p: X — X satisfying

(1) u(E) = i(p~Y(E)), for all Borel E C X,
2) p|[x]5‘a is injective, for almost every x € X, and
(3) p([x]z) = [p(x)]x, for almost every x € X.
We say that R is an expansion of R if condition (3) is weakened to

(3) p([x]z) D [p(x)]x for almost every x € X.

Notation 2.4. Below we use the notation R — R to mean that R is an extension
of R.
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Remark 2.5. Assume that R is an extension of R and let § < R be a subequiv-
alence relation. Then 8 := {(~x, y) € R | (p(x), p(¥)) € 8} is an extension of S,
which we call the [ift of S to R.

Remark 2.6. Assume that R is an expansion of R. Then R contains an extension

Ro < R of R defined by Ro = {(x,y) € R | (p(x), p(y)) € R}. Note, however,
that containing an extension of R is not equivalent to being an expansion of R.

Suppose that R is an expansion of R and let p: X — X as in the above
definition. If # € [R], then for almost every x € X, the set p_1(0(p(x))) N [x]5

contains exactly one point x” € X . We may therefore define 6 e [ZR] by 6(x) = x'.
Note that § o p = p o 0, for all & € [R]. One can check that 6 0 is a
homomorphism from [R] into [32] Fora € L®(X), weletd = ao p € L®(X).

The next result is due to S. Popa [49, Proposition 1.4.3]. For completeness, we
include a proof.

Lemma 2.7. [49] There is a trace preserving x-homomorphism w: L(R) — L(IJ~Q)
satisfying

(1) m(a) = a, for everya € L*®(X),
2) m(u(d)) = u(é),for every 6 € [R], and
(3) m(L®(X)) N L(R) = L®(X).

Moreover, ifﬁi is an extension of R, then the linear span of{bu(é) | b e LX),
0 € [R]} is dense in L(R), in the strong operator topology.

Proof. We denote by 7 and (., .) the canonical trace and inner product on L(R)
(resp. L(R)) and by Epeo(x) (resp. ELOO()?)) the conditional expectations onto
L®(X) (resp. L°°(X)). Note first that the map 7: L>°(X) — L*(X) given by
7(a) = a defines a trace preserving *-homomorphism. Moreover, if 6 € [R], then

7 (Epeo(x)(u(0))) = Lixex|9(x)=x} © P
= e 1000 =p())
= 1{xe5€:§(x)=x}
= E} o () (0)).
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Let D C L(R) be the x-subalgebra consisting of finite sums of the form
> gapu(f). Then D C L(R) is dense in the strong operator topology, and for
every a,b € L*(X), 0, p € [R], we have

((@u(@). 7(G)u(p) = t(x(b*a)u@5 ")
= f(n(b*a)ELoo(g)(u(Qﬂ_l)))
= t((b*a)m (ELeo ) (u(6p™1))))
= ‘[(b*aELOO(X)(M(GP_I)))
= (au(0), bu(p)).

Therefore, the map N
. D — L(R)

> agu(®) — Y agu(f)
9 9
is well-defined and trace-preserving. Moreover, since
T (®)au(0)*) = w(ao 6™ = n(a)o 67" = u(@)au(d)*

and the maps a + a and u(0) +— u(é) are x-homomorphisms, 7 is a *-homo-
morphism. Since 7 is trace-preserving, it extends to a trace-preserving *-homo-
morphism 7: L(R) — L(R) satisfying (1) and (2).

To prove (3),let y € n(L*°(X))' N L(R). Fix 0 € [ ] and set

defined by

bo = Ey oo iy u(6)").
Then for any a € 7w (L*°(X)) we have

boa = abg = By gy (@yu(0)) = Ep ey (rau(8)) = by (u(0)au(6)*).

Thus, for almost every x € supp(bg) C X, we have p(x) = p(O~'(x)).
Since plpx); is injective, we derive that x = 6~1(x), for almost every x €
supp(bg). Hence, for any b € L°°(X) and almost every x € X, we have
by (x)[u(0)bu(0)*1(x) = bg(x)b(0~'x) = by(x)b(x). Therefore, we get that
beu() € L®(X)' N L(R) = L*®(X). Since this holds for any 6 € [R], we
conclude that y € L°°(X ).

Finally, assume that R is an extension of R, and let 6 € [ZR] Then for almost
every x € X we have (p(x), p(0(x))) € R. Hence

X = JlxeX|p0x) =p(px)} = Jix e X [6(x) = p(x)}.
0€[R] p€E[R]

Thus, we can write ug = Y .-, z,u(pn), for some {p,} C [R] and projections
{zn} C L>®(X) with Y 72,2z, = 1. In particular, this gives the moreover
conclusion. |
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2.4. Graphed equivalence relations and isoperimetric constants. Let R be a
countable pmp equivalence relation on a probability space (X, u). A graphing of
R is an at most countable family {6;};>1 C [[R]]. A graphing {6;};> is generating
if R is the smallest equivalence relation which contains the graph of 6; for all
i>1

Any graphing {6;: A; — B;}i>1 gives rise to a graph structure on R (see [14]).
More precisely, for x € X, we define an unoriented (multi-)graph G, = ([x]x, Ex)
whose vertex set is the equivalence class [x]x and whose edge set E consists of
the pairs (y, 8;(y)), foreveryi > 1 and y € [x]x N A;. Note that we allow multiple
edges between two given vertices. Therefore, if the graphing is finite and given
by {6;}!_,, with 01, ..., 6, € [R], then G is a 2n-regular graph.

Let G = (V, E) be an unoriented infinite (multi-)graph with vertex set V' and
edge set E£. Given a non-empty finite set F C V, let dg F' be the set of edges
which have exactly one endpoint in F. The edge-isoperimetric constant of G is
defined as
10e F|

|F|

(9 = inf{ ‘ @ #£ F C V finite subset}.

If R is an amenable countable pmp equivalence relation, then ((95) = 0, for
almost every x € X, for any finite graphing {6; }”_, (see [28, Theorem 2]). On the
other hand, the converse is false. More precisely, [28, Section 3] provides an ex-
ample of a non-amenable equivalence relation R which admits a finite generating
graphing {6; }”_, such that ((Gx) = 0, for almost every x € X.

Nevertheless, the combination of Lemma 2.2 and Lemma 2.8 below shows
that if R is non-amenable and ergodic, then we can find a graphing {6;}7_, with
01,...,6, € [R]suchthat the associated graphs satisty ((Gx) > 0, for almost every
xeX.

Lemma 2.8. Let R be a countable pmp equivalence relation on a probability
space (X, ) and 01, ...,6, € [R]. For every x € X, consider the unoriented
graph Gx = ([x]x, Ex) defined as above.

Then 1(Sy) > 2n — ” S (u(6;) + u(@i_l))} , for almost every x € X.

Proof. Denote § = 2n — || Y7 (u(6;) + u(6;"))||. Let S be the set of y € X
such that ((G,) < 8. Assume by contradiction that ;£(S) > 0. Forall y € S we
can find a finite set A, C [y]x satisfying |0, (A4y)| < §|Ay| in such a way that the
set A:={(x,y) e R|y e S, x e Ay}is Borel. Moreover, after replacing S with
a non-null Borel subset, we may assume that sup,,cg |4y| < oo.

If we view 14 € L2(R, m), then

W(0)14),14) = / [{x € 4,107 (x) € Ay} du(y), forall @ € [R].
S
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By using this identity we derive that
n
(D) +u(671)) o). 14)
i=1

— [ T t=i <nlf @ e a1 <1 = a6, € 4D duaty)
s X€Ay

= /(2”|Ay| — [0E, (Ay)D) du(y) > (2n —5)/ Ayl du(y)
s s
= (2n —8) m(A)

= (2n —8)(La, 1a).
This contradicts the fact that | Y7 (u(6;) +u(6;71))| = 2n — 6. O

2.5. Cost of equivalence relations. Let R be a countable pmp equivalence
relation on a probability space (X, ). The cost of a graphing {0;: A; — B;}i>1 is
the sum of the measures of the domains: >, u(A4;). The cost of R is defined as
the infimum of the cost of all generating graphings of R [14, Defintion 1.5].

Let A C X be a Borel set of positive measure and denote by

RIMA:=RN(AxA)

the restriction of R to A. Then the normalized cost of R | A is defined as the
cost of R | A with respect to the probability measure on A given by u4(B) =
w(B)/u(A), for any Borel set B C A.

In the proof of our main result we will use the following theorem.

Theorem 2.9. Assume that R is ergodic and has cost in (1, 00). Then there exists
a free ergodic pmp action Fy ~ (X, ) such that R(F, ~ X) C R, almost
everywhere.

This theorem is the combination of Propositions 13 and 14 from [17]. Its proof
relies on a theorem due to G. Hjorth [22] and on a result from [30, 46] (see [17]
for details).

3. Bernoulli extensions of equivalence relations

In this section, we first recall the construction of Bernoulli extensions and prove
that Bernoulli extensions preserve ergodicity. We then study isomorphisms of
Bernoulli extensions and their behavior with respect to restrictions to subequiva-
lence relations and compressions.
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3.1. Bernoulli extensions and ergodicity. Let R be a countable pmp equiva-
lence relation on a probability space (X, u). Let (K, k) be a probability space.

We denote by Xk the set of pairs (x,w) with x € X and w € K=, We
endow Xk with the smallest o-algebra of sets which makes the maps (x, ) + x
and (x,w) — w(6(x)) measurable, for every 6 € [R]. We also endow Xg with
the probability measure p, given by

dje(x, 0) = di™* (@) dp(x).

Lastly, we denote by Rx the equivalence relation on Xg given by (x, w)Rg (v, &)
if and only if xRy and w = £, and call it the Bernoulli extension of R with base
space (K, k) (see [4, Section 11]).

Lemma 3.1. IfR is ergodic, then Rk is ergodic.

Proof. Assume that R is ergodic. Then we can find 6 € [R] which acts ergodically
on (X, u) (see [29, Theorem 3.5]). We define 6 € [Rk] by letting 0(x,w) =
(0(x), w), for (x,w) € Xk. Then, in order to conclude that Rg is ergodic, it
suffices to prove that 6 acts ergodically on Xg.

Let § < R be the subequivalence relation generated by 6. Since 6 and hence
8 is ergodic, we can find {ei},N=1 € [R] such that for almost every x € X we
have 6; ([x]s) N 0;([x]s) = @, for alli # j, and [x]x = U,N=1 0; ([x]s) (see [27,
Lemma 1.1]). Here, N € IN U {oo} is the index of S in R.

Now, we define

o: X x K{boN2 o xp

by letting

o(x, (kij)ieq1,. N}, jez) = (x,0),

where w € K¥I® is given by w(6; 67 (x)) = ki j,foralli e {l,...,N}and j € Z.
Further, we endow X x K{l+-NZ with the probability measure u x i {l--N*Z,
Then it is clear that ¢ is an isomorphism of probability spaces and that

(6 ofo0)(x.k) = ((x), (ki j+1)),

.....

0 is ergodic. O

Let us also note that if R is the orbit equivalence relation of some free action,
then the Bernoulli extensions of R can be described explicitly.
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Proposition 3.2. Assume that R = R(I' ~, X), for some essentially free pmp
action I ~, (X, p).
Then R is isomorphic to R(I' ~ X x KT).

Proof. Let
0: Xg — X x KT

be given by
0(x. w) = (x,n),

where n(g) = w(g~'x), for every g € I'. It is immediate to see that 6 is an
isomorphism of probability spaces which implements an isomorphism between
Rk and R(TC ~, X x K1), O

3.2. Isomorphisms of Bernoulli extensions. Let R be a countable pmp equiv-
alence relation on a probability space (X, i). Next, we study the isomorphism
problem for Bernoulli extensions. For this we need the following definition:

Definition 3.3 (Isomorphism of extensions). Let R, § be countable pmp equiva-
lence relations on probability spaces (X, i) and (¥, V). Suppose that 7: X > X,
¢:Y — X are Borel maps which give extensions of R and § over R, respectively.
We say that the extensions R — Rand § — R are isomorphic if there is an
isomorphism : X — Y of R with S such that 7 = o

Let (K, k) be a standard probability space. If (K, «) is purely atomic then we
define its Shannon entropy by

H(K., 1) := ) —p({k}) log(({k})).

keK

By convention 0 - log(0) = 0. Otherwise, we set H(K, k) := 400.

Theorem 3.1. Let (K, k), (L, M) be probability spaces with the same Shannon
entropy.
Then the corresponding Bernoulli extensions of R are isomorphic.

Proof. By Ornstein’s isomorphism theorem, see [41, 42], the Bernoulli shifts
7~ (K, k)% and Z~(L,A)? are isomorphic. Let ®: K% — L7 be such an
isomorphism.

Fix an aperiodic element 6 € [R] (see [29, Theorem 3.5] for the proof of
existence). Let x € X and w € K¥I®, For y € [x]x, let ¥ € K% be the
map given by

w?(n) = w("y).
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Also, define
o' [x]x — L

by
@' (y) = ®(0”)o.

That is, o’ is the time 0 coordinate of ®(w?”). Finally, define

\IJ:XK —>XL

by
Y(x,w) = (x,).

The proof that W gives the desired isomorphism is similar to the proof of [3,
Lemma 3.1]. For the reader’s convenience, the proof is sketched below.
To prove invertibility, given w € LI¥1%  define

o”: [x]g — K

by
@"(y) = @ (w”)o.

We claim that (0')” = w. Indeed,
(@)'(y) = @7 (@))o = @' (n > &' (8"y))o = @7 (n > D" ¥)0)o.

Because

(a)eny)m — w(0m+ny) — a)r):-}—m

and @ is shift-equivariant,
®@"")g = D).
Plug this back into the formula for (w’)”(y) to obtain
(@)"(y) = 7 (n = D(@”)n)o = P (P(@))o = wf = @(y).

Now define B
v XL —> XK

by
U(x,0) = (x,0").

By the previous computation,
V(¥ (x,0)) = (x, (@)") = (x,0).

Similarly, W is also the identity so W is the inverse of W.



414 L. Bowen, D. Hoff, and A. Ioana

Fix x € X. It suffices to show that ¥ maps the fiber measure «*1* to the fiber
measure A% So let w:[x]x — K be random with law «*1% . The restrictions
of w to the orbits of § are jointly independent. Because w’(y) depends only on
the 6-orbit of y € [x]x, the restrictions of w’ to the orbits of 8 are also jointly
independent. The law of any f-orbit is kZ. Since ®.k% = AZ, it follows that ¥
maps the fiber measure k¥1% to A% as required. |

Definition 3.4. Theorem 3.1 allows us to define the Bernoulli extension of R with
base entropy t € (0, oo] to be any Bernoulli extension of R with base space (K, «)
satisfying H(K, k) = t.

3.3. Bernoulli extensions restricted to subequivalence relations

Theorem 3.2. Let R be a countable ergodic pmp equivalence relation on a
probability space (X, n). Let (K, k) be a probability space and Rxg — R the
corresponding Bernoulli extension of R. Let 8 < R be an ergodic subequivalence
relation and 8 < Rk the lift of 8 to Rg.

Then the extension 8 — 8 is isomorphic to the Bernoulli extension of 8 with
base space entropy equal to H(K, k)[R : 8].

Proof. Let N = [R : 8]. Since 8 is ergodic, we can find {6;}., € [R] such
that for almost every x € X we have 0;([x]s) N 0;([x]s) = @, for all i # j, and
[xlx = UM, 6;([x]s) (see [27, Lemma 1.1]).

Let (L,A) = (K.,x)¥. We denote by (Y7, v,) the underlying space of the
Bernoulli extension 87 the Bernoulli extension of § with base space (L, A).
Specifically, Y = {(x,0’) | x € X, ' € LI¥ls},

Define the isomorphism

d: XK —> YL
by letting
O(x,w) = (x,0'),
where
o' [x]s — L
is defined by

@' (V)n = @(On()).
We will prove that ® is an isomorphism between the extensions § — § and
8y — 8. Since H(L,A) = N H(K,«x) = [R: 8] H(K, k), the conclusion follows.
For (x, ') € Y, define
0" [x]lg — K
by
@"(0"(y)) = 0'(y)n  fory € [x]s.
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This is well-defined because {6, (y): y € [x]s} partitions [x]x. Define
Y, L —> X K

by
V(x,0') ="

Then W is the inverse of ®, so ® is invertible.

Fix x € X and let w be a random variable with law «*1 . Since {o(¥)}yelxx
are i.i.d. random variables and {6,(y): y € [x]s} partitions [x]x, it follows that
{@'(¥)}ye[x)s are also i.i.d. random variables. So ® maps the fiber measure Pait
to the fiber measure A*1s and therefore, it maps [y to (y. O

3.4. Compressions of Bernoulli extensions

Theorem 3.3. Let R be a countable ergodic pmp equivalence relation on a
probability space (X, n). Let (K, k) be a probability space and Rxg — R the
corresponding Bernoulli extension of R. Let Y C X be a non-null Borel set and
let Y C Xk be the corresponding lift.

Then the extension Rx | Y — R | Y is isomorphic to the Bernoulli extension
of R | Y with base space entropy equal to H(K,«)/u(Y).

To prove this we first need to study the classification of inhomogeneous
Bernoulli shifts.

Let T € Aut(X, u) be an ergodic automorphism of a probability space. Let
Q be a complete metric space and Prob(£2) the set of probability measures on €2
endowed with the weak* topology. Suppose that ¢: X — Prob(2) is a Borel map.
For x € X, let k, be the probability measure on Q% obtained as the direct product
of the measures ¢ (T"x) (n € 7).

Define the measure ji on X x Q% by

dji(x, ®) = dkx(w) du(x).

We let o denote the shift map from Q7 to itself given by o (w), = w,+1. Then fi is
T x o-invariant. The automorphism 7" x o is called the inhomogeneous Bernoulli
shift over T with data ¢.

Lemma 3.4. The inhomogeneous Bernoulli shift defined above is measurably
conjugate to a direct product T x U, where U is a Bernoulli shift with h(U) =
[ H(¢(x)) du(x). Moreover, the conjugacy can be chosen to be the identity on
the X coordinate.

Proof. This is a straightforward consequence of Thouvenot’s Relative Isomor-
phism Theorem [53]. We provide some details here, guided by the formulation of
Thouvenot’s Theorem presented in [32].
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Let (B, p) be a complete separable metric space. If vy, v, are probability
measures on B™ (for some integer m > 0), then we define the d-distance between
them by

m
A1, v2) = inf / m! Ep(x,-, Vi) dJ(x. y)
i=

where the infimum is over all probability measures J on B” x B™ with marginals
vy and v,.

Let (Y,C,v) be a standard probability space and S:Y — Y a measure-
preserving automorphism. Also let 7 C € be an S-invariant sub-o-algebra and
¥:Y — B ameasurable map. Let

yi:Y — B™
be the map
Vi) = @ (Sy),.... ¥ (S"y)).
Also let
v .Y — BN
be the map

V2 () = W) (ST ) Y (S2y).. ).

Then (S, ¥, v) is F-conditionally very weak Bernoulli (VWB) if whenever
y € Y is random with Law(y) = v then

lim E[d(Law (1" (y) | F). Law (i (v) | F.920)] = 0.

A word about this expression is in order. Law(y/{"()) is just the pushforward mea-
sure (Y1")«p (since y has law p). Law(y*(y) | F) is the distribution of ¥ (y)
conditioned on J. In other words, it is the conditional expectation of (Y{")«u
relative to F. Similarly, Law(y(y) | F, ¥°,.) is the conditional expectation of
(¥™) e relative to F and the o-algebra generated by ¥° . The expected value in
the expression above is over y.

In the special case in which B is a finite set, Thouvenot proved that if (S, i, v)
is F-conditionally VWB then (S, ¢, v) is F-relatively Bernoulli. The latter means
there is an S-invariant sub-o-algebra G such that

e Fisindependentof G (so forany A € F, A" € G, (AN A') = n(A)u(4)),

o the factor corresponding to G is isomorphic to a Bernoulli shift. The entropy
rate of this factor is necessarily equal to £(S,G) = h(S,GVv F | F),

e the o-algebras F and G generate the Borel o-algebra of Y up to sets of
measure zero.
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It is straightforward to generalize the proof to the case in which B is an arbitrary
complete metric space. Alternatively, one can use the fact that inverse limits of
Bernoulli shifts are Bernoulli [43].

Now let T € Aut(X, u), ¢: X — Prob(2) and ji be as before this lemma.
WesetY = X xQ% S =T xo,v = jiandlet y: X x Q% — Q be the
map ¥ (x,y) = yo (Where y = (y;)iez). Also let F be the o-algebra generated
by projection to the X-coordinate. It is straightforward to check that (S, v, v) is
F-conditionally VWB. Indeed, in this case,

Law(y{"(y) | 5) = Law(y 1" (») | T, ¥ 2.

To finish the lemma, it suffices to observe
WS 19) = [ H@ ) duo.

Indeed, if Py is any finite partition on £ we may let P be the partition on X x Q%
given by (x, y) and (x’, y’) are in the same parts of P if and only if y, and y; are
in the same parts of Py. Then the translates {S”P},cz are independent relative to
F. Therefore

H(S.919) = [ How o) dutx).

The entropy rate /(S | F) is the supremum of 4 (S, P | F) over all such P. This is
because the translates {1/ o §"},cz together with F generate the Borel o-algebra
on Y. By the Monotone convergence theorem,

[ H@ @) dint) = s [ How @) dui) 0

Next, we extend the previous result to equivalence relations. Let R be a
countable ergodic pmp equivalence relation on (X, ). Let ¢: X — Prob(€2) be a
Borel map. For x € X, let «, denote the probability measure on Q1% given by
Ky is the direct product of ¢ (y) over all y € [x]x.

Let Xy be the set of all pairs (x,w) with x € X and w € QII®x . We endow
X with the smallest o-algebra of sets which makes the maps (x,w) — x and
(x,w) = w(0(x)) measurable, for every 6 € [R]. Also we endow X4 with the
probability measure 4 defined by

po(x, 0) = dix () di(x).

Let R4 be the equivalence relation on R given by (x, w)Rg(x’, @) if and only if
xRx" and 0 = '. We call Ry the inhomogeneous Bernoulli extension over R
with data ¢.
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Lemma 3.5. The inhomogeneous Bernoulli extension Ry — R is isomorphic to
the Bernoulli extension of R with base space entropy equal to [ H(¢(x)) dj(x).

Proof. Let (K, k) be a probability space with entropy equal to [ H(¢(x)) du(x).
Let 6 € [R] be an ergodic element (see [29, Theorem 3.5]). By Lemma 3.4, the
inhomogeneous Bernoulli shift over 8 with data ¢ is isomorphic to 6 x S, where
S is the Bernoulli shift with base space (K, k). Let ®: X x Q% — X x K” be such
an isomorphism.

Given x € X and w: [x]x — R, let 0* € Q7 be the map

w*(n) = w(0"x).

Also, define
o' [x]g — K

by
o'(y) = ®(y, w”)o.

That is, '’ is the time 0 coordinate of ®(y, w”). Finally, define W: X4 — Xk by
Y(x,w) = (x,).

The proof that W is the desired isomorphism is similar to the proof of Theorem 3.1.
O

Proof of Theorem 3.3. Without loss of generality, we may assume K is a compact
metrizable space. Let * be an element not contained in K. Let K, = K U {x} be
the disjoint union and & = KY. For S C N, we identify the product space K*
with the set of sequences & = (x1,®3,...) € Q suchthato; € K, ifi € §, and
o = *x,if i ¢ S. We also view the product measure xS as a measure on 2 be
letting 5 (2 \ K5) = 0.

Since R is ergodic, we can find 61, 6, --- € [[R]] such that dom(6;) C Y, for
all i, 0;(Y) N 6;(Y) = @, forall i # j, and |J; 6;(Y) is co-null in X. Then
>, u(dom(6)) = 1.

For x € Y, let S(x) be the set of all i € IN with x € dom(6;). Define

¢: Y —> Prob(R2)

by
P(x) = 5.
Let (Xk, i) be the underlying space of the Bernoulli extension Rx. We denote

by Y the lift of ¥ to Xx. Let (X¢. 1g) be the underlying space of the Bernoulli
extension of R | Y by ¢.
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Define the isomorphism

OV — Xy
by
O(x,w) = (x,0),
where
o[y — @ = KN
is defined by

’ _ )% ifn ¢ S(y),
@ = {w(@n(y)), otherwise.

Below, we prove that & is an isomorphism between the extension Rg |} ¥ - R |} ¥
and the extension (R | Y)y — R | Y. Lemma 3.5 implies that the extension
(R I Y)p — R Y isisomorphic to the Bernoulli extension of R | ¥ with base
space entropy equal to

w(y)™! /Y H($(x)) du(x) = p(¥) " H(K.1) Y p(dom(6;)
i=1
= H(K.)/u(Y),

where the 14(Y)~! terms appear because we have to renormalize the measure on Y .
So this finishes the theorem.
To prove that ® is invertible, for (x, ") € Xy, define

0" [x]lg — K

by
@"(0n(y)) = &' (y)n for y € dom(6,) N [x]x.
Because {6, (y): y € dom(8,) N [x]x,n € IN} partitions [x]x, this is well-defined.
Define
WXy — Y

by
U(x,o') = (x,0").

Then W is the inverse of ®.

Fix x € Y. Because {0,(y):y € dom(6,) N [x]x,n € IN} partitions [x]x,
® maps the fiber measure «*1* to the fiber measure [, k) where the production
is over z € [x]g N |J; dom(6;). Therefore, @u (e | ¥) = pg. O
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4. Bernoulli percolation on graphed equivalence relations

This section is devoted to the first part of the proof of main assertion of Theorem A.
We start by recalling several concepts and results regarding Bernoulli percolation
on graphs.

4.1. Bernoulli percolation on graphs. Let § = (V, E) be an infinite (mul-
ti-)graph with vertex set V' and symmetric set of edges E. That is, we allow mul-
tiple edges between two given vertices. A connected component of G is called a
cluster. We identify points in the standard Borel space {0, 1}£ with subsets of the
edge set E. This allows us to view {0, 1} as the Borel space of all subgraphs of
G with the same set of vertices V.

A simple cycle in G is a cycle that does not use any vertex or edge more than
once. A simple bi-infinite path in G is a bi-infinite path that does not use any vertex
or edge more than once.

An infinite set of vertices Vy C V is end convergent if for every finite K C V,
there is a connected component of G\ K that contains all but finitely many vertices
of Vy. Two end-convergent sets Vy, V7 are equivalent if Vo U V7 is end-convergent.
An end of G is an equivalence class of end-convergent sets.

The Bernoulli(p) bond percolation on G is the process of independently keep-
ing edges with probability p and deleting them with probability 1 — p. Concretely,
we endow {0, 1}£ with the probability measure AZ, where 1, is the probability
measure on {0, 1} with weights 1 — p and p.

Since the event that @ € {0, 1} has an infinite cluster is a tail event, Kol-
mogorov’s 0-1 law implies that the probability

a(p) = Af ({w € {0, 1} | » has an infinite cluster})

is equal to O or 1.
The critical value p.(S) € [0, 1] is defined as

pe(§) = sup{p € [0, 1] | a(p) = 0}.
It is easy to see that if p > p.(9), then
pe(w) = pc(G)/p, for )&f—almost every o € {0,1}%. 4.1)

One also defines p, (9) as the infimum of the set of p € [0, 1] such that w has
a unique infinite cluster, for A7 -almost every » € {0, 1}~.

The following result due to I. Benjamini and O. Schramm (see [6, Theorem 4])
provides an upper bound for p..
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Theorem 4.1. If G = (V, E) is a graph then p.(3) < m

For any subset A C {0, 1}¥ and edge e € E, we denote by TT, A C {0, 1} the
set {w U {e} | v € A}. We also denote by I1_.A4 the set {w \ {e} | w € A}.

The Bernoulli(p) percolation with p € (0, 1] is insertion tolerant. if A C
{0.1}£ is a Borel subset with AZ(4) > 0, then AZ(I1,A) > 0, for any edge
e € E. If p € [0,1) then it is deletion tolerant: if A C {0, 1} is a Borel subset
with 1£(4) > 0, then AZ (I1-,A) > 0, for any edge ¢ € E. Moreover, we have
that )Lf (T, A) > p)Lf (A) and )Lf(HﬁeA) >(1-— p))Lf (A).

We end this subsection with two well-known consequences of insertion and
deletion tolerance:

Lemma 4.2. Let § = (V, E) be a multi-graph and p € (0,1). Assume that
w has N, infinite clusters, for )Lf -almost every w € {0, 1}£, for some constant
N, € N U {oo}. Then,

(1) if G is connected, then N, € {0, 1, co};

(2) if N, = 1, then the infinite cluster of w has one end, for /\f -almost every
w € {0, 1}F.

Proof. Part (1) is a direct consequence of insertion tolerance and is due to New-
mann and Schulman (see [39] and the second part of the proof of[35, Theo-
rem 7.6]). For part (2), we reproduce the argument given in the proof of [35,
Theorem 7.33]. If  has a unique infinite cluster for almost every o € {0, 1} %,
then that cluster has one end. Otherwise, by removing a finite number of edges
and using deletion tolerance, we would get that w has at least two infinite clusters
with positive probability. |

4.2. Infinitely many infinite clusters. Before stating the main result of this
section, we need to introduce some notation that we will use throughout this and
the next section.

Notation 4.3. Let R be an ergodic countable pmp equivalence relation on a prob-
ability space (X, ). Suppose that R is generated by finitely many automorphisms
01,...,0, € [R].

e Forx € X, we define an unoriented connected (multi-)graph S = ([x]=, Ex)
whose edge set E, consists of the pairs {y,8;(y)} with y € [x]x and
i €{l,...,n} (see Section 2.4).

e Fix p € (0, 1) and endow {0, 1} with the probability measure A, with weights
1 — pand p.

e Let X be the set of pairs (x,®) with x € X and w € {0, 1}£~, and endow X
with the probability measure fi given by d ji(x, w) = dA fx (w)du(x).
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e Let R be the equivalence relation on X given by (x, a))ﬂ~2(y, ¢) if and only if
xRy and w = £.

Let u: [R] — U(L?(R, m)) be the unitary representation defined in Section 2.1.
Consider the self-adjoint operator T = Y 7'_, (u(6;) + u(@i_l)) and note that
IT|| <2n. The main goal of this section is to show that if | T|| < n, then there is
a non-trivial interval of p € (0, 1) such that w has infinitely many infinite clusters,
for almost every (x, w) € X.

Here, we view every w € {0, 1}£~ as a subgraph of G,. Recall that we allow
Yx (and therefore w) to have multiple edges joining the same two points.

Theorem 4.4. In the setting from above, assume that <p<

1
@n=NTDH+1 ||T||
Then w has infinitely many infinite clusters, for ji-almost every (x,w) € X.

Remark 4.5. Let G be the Cayley graph of a countable group I with respect to
a finite symmetric set of generators S. Let A: T — U({2T) be the left regular
representation of I'. Put 7 = 3, ¢ A(g). 1. Pak and T. Smirnova-Nagnibeda
showed that if ||T] < Iizl, then p.(9) < pu(9) (see [45]). Theorem 4.4 is an
analogue of their result for equivalence relations.

Towards Theorem 4.4, we first prove three lemmas:

Lemma 4.6. R is isomorphic to the Bernoulli extension of R with base space

({0, 1)", A%).

Proof. For x € X, the map By:[x]x x {1,...,n} — E, given by Bx(y,i) =
(¥, 0:;(y)) is a bijection. Moreover, if [x]x = [y]x and we identify E, and E,
in the natural way, then B, = B,. It follows that R is indeed isomorphic to the
Bernoulli shift over R with base space ({0, 1}", 7). O

Lemma 4.7. For (x,w) € X, let N(x,w) be the number of infinite clusters of
w € {0, 1}Ex,

Then there exists N, € {0, 1, 0o} such that N(x, ) = Np, for ji-almost every
(x,w) € X.

Proof. Comblmng lemmas 3.1 and 4.6 yields that Ris ergodic. Since the measur-
able function N: X — IN U {oo} is R-invariant, we can find N, € N U {oo} such
that N(x, w) = N,, for almost every (x, w) € X. Hence, we can find x € X such
that @ has N, infinite clusters, for )fo -almost every w € {0, l}EX. Since G, is
connected, Lemma 4.2 (1) implies that N,, € {0, 1, co}. |
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1
Lemma 4.8. U‘W <p < 1, then Np € {1,00}.

Proof. By combining Lemma 2.8 and Theorem 4.1 we get that

1 - 1 -
1(Gx)+1 7 @n—|T|)+1

p, for p-almostevery x € X.
4.2)
Therefore, for almost every x € X, we have that @ has at least one infinite
cluster, for )L,’,E"—almost every o € {0, 1}£x. Thus, N(x, ) > 1, for almost every
(x,w) € X. Together with Lemma 4.7 this gives that N, € {1, oo}. O

Pe(Gx) <

We are now ready to prove Theorem 4.4. The proof is an adaptation of an
argument due to O. Schramm showing that p,(G) > 1/y(9), for any transitive
graph G (see [35, Theorem 7.33]). Here, y(9) := limsup,_, o, axn (S)Y/", where
an(9) is the number of simple cycles of length 7 in G.

Proof of Theorem 4.4. By Lemma 4.8 we have that N, € {1, 00}. To show that
N, = oo, assume by contradiction that N, = 1. Thus, » has a unique infinite
cluster, for almost every (x, w) € X. Denote by C(x, w) this unique infinite cluster.
Lemma 4.2 (2) then implies that C(x, w) has one end, for almostevery (x, w) € X.

Let A be the set of (x,w) € X such that w (viewed again as a subgraph of
9x = ([x]», Ex)) contains an infinite number of simple cycles through the vertex
x. We continue with the following:

Claim. (A) > 0.

Proof of the claim. By inequality 4.2 we have that p.(Gx) < p, for almost every
x € X. In combination with formula 4.1 we get that p.(®w) = p.(Sx)/p < 1,
for almost every (x,w) € X. On the other hand, if a graph G of bounded degree
does not contain a simple bi-infinite path, then p.(G) = 1 (see [36, Lemma 3.19]).
Altogether, we deduce that w contains a simple bi-infinite path, for almost every
(x,w) € X.

Recall that we view w as a graph with vertex set [x]x. It follows that there
is a measurable map 6: X — X such that for almost every x € X, we have that
6(x) € [x]x and that the set of w € {0, 1}£~ for which there is a simple bi-infinite
path in @ containing 0(x) has positive measure. Since p(60(X)) > 0 and Gg(x)
is naturally identified with G, the set B of (x,w) € X for which there exists a
simple bi-infinite path in @ containing x must also have positive measure.

Since w has a unique infinite cluster, we derive that there is a simple bi-infinite
path in C(x, ) containing x, for almost every (x, w) € B. Now, we view such an
infinite path as the union of two disjoint infinite simple paths starting at x. Since
C(x,w) has only one end, these two paths can be connected by paths in C(x, ®)
that do not intersect any given finite subset of C(x, ). This implies that there are
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an infinite number of simple cycles in C(x, ) (and hence in w) through x, for
almost every (x,w) € B. We conclude that ji(A) > i(B) > 0, which proves the
claim. A

Next, let m = 2n and enumerate

(Wiso o Um) ={01.....60,. 07, ..., 0.1

Note that for every y € [x]x there are exactly m edges having y as an endpoint,
namely (y, ¥;(y)), fori € {1,...,m}.

Fork > landiy,... i € {1,...,m}, wedefine 4;,_;, tobethesetofx € X
such that ¥;, ... ¥, ¥, (x) = x and x # V¥4, ... Vi, (x) # Vi, ... ¥, (x) # x, for
all 1 <a < b < k. In this case, x, ¥, (x), ..., ¥, ... ¥ (x) is a simple cycle in

Sx. Conversely, any simple cycle in G contalmng x is of this form. Further, we
define A;,,...;, to be the measurable setof (x,w) € X such that x € Ajy,...i, and
the cycle x, ¥, (x), . .. ¥i, (x) belongs to w.

Then A consists of the points (x,w) € X which belong to infinitely many
sets of the form /Til Since fi(A) > 0 by the claim, we derive that

Zzozl Zil ,,,,, ire{l,..., m}ﬁ(gll ..... ik) = oo. Since ﬁ(‘zfll ..... lk) =Dp /’L(All ..... lk) we
conclude that

.....

k=1 D1 yeees ir<e{l,...,m}
Let A = {(x,x) | x € X} and view 15 € L?(R, m). Then
(u@)Aa).1a) = p{x € X | ¥ (x) = x}),

for every ¢ € [R]. Hence, since T = Y -, u(y;), for every k > 1 we have that

(TF(1a),1a) = ) p({(x € X | Wi - iy (x) = x})

01 5eees ir€{l,...,.m} (4 4)
> ZM(AH ..... ik)'
I eees ire{l,..., m}

This implies that p||7|| > 1 which leads to the desired contradiction. O
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5. Ergodicity of the cluster equivalence relation

This section is devoted to the second part of the proof of the main assertion of
Theorem A.

Consider the setting from 4.3. In particular, p € (0, 1) is fixed, and X is the
set of pairs (x, ), with x € X and w € {0, 1}£~, endowed with the probability
measure given by dji(x, w) = d)xf" (w)dp(x). Two points (x, w), (y,§) € X are
i—equivalent if xRy and @ = £. Recall that we view every € {0,1}Fx as a
subgraph of G, = ([x]», Ex)-

Following D. Gaboriau [15, Section 1.2] we define a subequivalence relation
R of R, called the cluster equivalence relation. Thus, we say that two points
(x, ), (y,&) € X are icl—equivalent if they are i—equivalent and x, y belong to
the same cluster of w = £.

For (x, ) € X, we let C(x, ) be the cluster of x in w. We denote by U the
set of points (x, ) € X such that C(x, w) is infinite. Then U is an Re-invariant
set and the restriction 9~%C1 P U has infinite classes.

In this section we show that if @ has infinitely many infinite clusters, for almost
every (x,w) € X, then R P U is ergodic and has cost > 1.

Theorem S.1. Assume that w has infinitely many infinite clusters, for ji-almost
every (x,w) € X. _
Then the restriction Ry [ U is ergodic.

R. Lyons and O. Schramm proved that the infinite clusters that may appear
in Bernoulli(p) bond percolation on a transitive graph are indistinguishable (see
[37, Theorem 1.1] for the precise statement). D. Gaboriau and R. Lyons then
showed that indistinguishability of infinite clusters is equivalent to ergodicity of
the restriction of the cluster equivalence relation to its infinite locus (see [17,
Proposition 5]). Theorem 5.1 is a generalization of these results. Its proof is an
immediate consequence of work of D. Aldous and R. Lyons [1] who noted that
the results from [37] extend to the more general context of unimodular random
networks. More precisely, we will show that the following result, stated implicitly
in [1], implies Theorem 5.1.

Theorem 5.2. Let A be a Borel subset of {(A,x) | A € {0, 1}¥1® x {0, 1}Ex,
x € X}. Assume that if (A, x) € Aand y € [x]x, then (A, y) € A.

Then the set of (x,w) € X, for which there exist two infinite clusters Cy, C of
w such that ((Cy,w), x) € A and ((Ca, w), x) & A, has fi-measure zero.

Before deducing Theorem 5.1 from Theorem 5.2, let us explain how the latter
follows from [1]. Recall from [1, Section 2] that a network is a (multi-)graph
G = (V, E) together with a complete separable metric space E and maps from
V and E to E. A rooted network (9, o) is a network with a distinguished vertex o.
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Then G, denotes the set of isomorphism classes of rooted connected locally finite
networks.

By [1, Example 9.9] the graphs (Gx)xex give rise to a unimodular ran-
dom rooted network. More precisely, consider the map ®: X — G, given by
®(x) = (Yx,x). Then the push-forward &, is a unimodular probability mea-
sure on G (see [I, Definition 2.1]). Moreover, the measure ji corresponds to
Bernoulli(p) percolation on ®,u. Since p € (0, 1], we have that [ is insertion
tolerant in the sense of [1, Definition 6.4]. Therefore, by [I, Theorem 6.15],
has indistinguishable infinite clusters. Finally, translating this fact leads to Theo-
rem 5.2.

Proof of Theorem 5.1. LetY C U bea icl—invariant Borel subset. We define A
as the set of ((C, w), x) with x € X, w € {0, 1}£x and C infinite cluster of @ such
that (y,w) € Y, forall y € C.

Let x € X, w € {0, 1}Ex and C infinite cluster of » such that ((C, ), x) & A.
Then (y,w) ¢ Y, for some y € C. But then for all z € C we have that
(z,w) ~ Ry (y,w) and since Y is R¢-invariant, we deduce that (z,w) ¢ Y.

Since A is clearly invariant under changing the “root” x, Theorem 5.2 implies
that for almost every (x, w) € X we have that either (y, w) € Y, for all y contained
in some infinite cluster of w, or (y,w) ¢ Y, for all y contained in some infinite
cluster of w.

This implies that Y is invariant under R} U™. Since by lemmas 3.1 and 4.6
we have that R is ergodic, it follows that fi(Y) € {0, i(U®°)}, which proves that
9~QC1 P U is ergodic. O

Proposition 5.3. Assume w has infinitely many infinite clusters, for fi-almost
every (x,w) € X. Then the normalized cost of Ry | U is > 1.

The proposition follows by combining Theorem 5.1, [39], and [14, Corollaire
1V.24]. For the reader’s convenience we include a proof below.

Proof. We begin with the following claim:

Claim. Each infinite cluster of w has infinitely many ends, for [i-almost every
(x,w) € X.

Proof of the claim. The proof is a straightforward adaptation of the proofs of
Propositions 3.9 and 3.10 in [37]. By the discussion following [6, Conjecture 4.1]
it is enough to show that no infinite cluster of w has an isolated end. Assume that
some cluster of w has an isolated end, with positive probability. Then insertion
tolerance guarantees that, with positive probability, a cluster of w will have at least
three ends with one of them being isolated.
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Let A, be the set of (x, w) € X with the property that C(x, w) \{y € C(x,w) |
d(x,y) < n} has at least 3 infinite components, where d is the cluster metric. Our
assumption implies that the set of (x, w) € A, for which C(x, w) has an isolated
end, has positive probability, for some n > 1.

If C(x,w) N Ay # 0, then we let K(x, w) be the setof y € C(x,w) N A, that
are closest to x. Next, we let 71 be the usual infinite measure of R and define

F:R—>1[0,1]
by letting

_1 .
F((x. 0). (7. 0)) = {loK(x’wN if Clr.w)N 4y # Bandy € K(x.0),

otherwise.

Since
Y F((x.0).(y.0) €{0.1}, forall (x,0) € X,

,w)€[(x,0)]5
/F dm < 1.

R

we get that

On the other hand, let (x, w) € A, and 5 be an isolated end of C(x, w). Then
we can find B C C(x, w) finite and a neighborhood D of 5 such that the points
in C(x,w) N A, that are closest to any given point y € D lie in B. Thus, we
have that K(y,w) C B, for all (y,w) € [(x,w)]5 with y € D. In particular,
|K(y,w)| <|B|, for all such y.

Since D is infinite, it follows that

> F((y. »). (z.0)) = oo.

¥,),(z,0)€[(x,0)]5,2€B

Since B is finite, we derive that

Z F((y,w),(z,w)) = co, forsomez € B.
y.w)el(x,0)] %

This clearly implies that

which gives a contradiction. A
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Fori € {1,...,n}, let A; be the set of (x, w) € U such that x and 6; (x) lie in
the same cluster of w. We define 6; € [[5%01]] by letting 6; (x, w) = (6; (x), w), for
all (x,w) € A;. Then {éi}?zl is a generating graphing of Rl P U®. Moreover,
for all (x,w) € U, the graph of the equivalence class of (x,®) in Rel PU®
associated to {6; }7_, is isomorphic to the cluster C(x, ).

By the claim, the latter has infinitely many ends, for almost every (x,w) €
U®. Since Ry P U is ergodic by Theorem 5.1, [14, Corollaire 1V.24] gives that
5%01 I U has normalized cost > 1. O

6. Proofs of Theorem A and Corollary C

6.1. A generalization of Theorem A. The main goal of this section is to prove
Theorem A. Let R be a non-amenable countable ergodic pmp equivalence relation
on a probability space (X, ). We would like to understand for which probability
spaces (K, k) there exist a free ergodic pmp action F, ~ (Xk, i) such that
R, ~ Xk) < Rk, almost everywhere. While we expect that this should be
the case for any non-trivial (K, k), at this point we only have partial answers. The
next theorem, which clearly generalizes Theorem A, summarizes our main results.
Recall the definition of the Shannon entropy H (K, k) from §3.2.

Theorem 6.1. Let R be a non-amenable countable ergodic pmp equivalence
relation on (X, ).

(1) There is a number B(R) € [0, o0] such that if H(K,x) > B(R), then there
exists a free ergodic pmp action Fy ~, (Xg, i) Such that

R(Fy ~ Xg) <Rk, almost everywhere.

If H(K, k) < B(R), then no such action exists.

(2) B(R) is finite. In particular, if (K, k) is non-atomic, then there exists a free
ergodic pmp action Fy ~, (Xk, i) such that

R, ~ Xg) <Rk, almost everywhere.

(3) For any ergodic non-amenable subequivalence relation § < R, we have
B(R) < [R: 8]"1B(8). In particular, if § has infinite index, then B(R) = 0.

(4) For any non-null Borel set Y C X, B(R) < u(Y)B(R | Y). In particular, if
R has infinite fundamental group, then B(R) = 0.

(5) If R contains a normal ergodic subequivalence relation § <1 R with infinite
index, then f(R) = 0.
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Recall that the fundamental group of R denotes the set of all quotients
w(Y1)/u(Yz) € (0,00), where Y1,Y, C X are non-null Borel subsets such that
R | Y1 = R | Y,. For the definition of normality for subequivalence relations
8 < R, see [12].

6.2. Proof of Theorem 6.1. We begin by defining 8(R) and showing that it is
finite.

Definition 6.1. We define S(R) € [0, co] to be the infimum of all numbers of
the form H (K, k) where (K, k) is a probability space satisfying: there exist a
free ergodic pmp action IF, ~ (Xk, i) such that R(F, ~ Xg) < Rg, almost
everywhere.

Proposition 6.2. If (L, A) is any probability space with H(L, 1) > B(R), then
there exists a free ergodic pmp action F» ~, (XL, i) such that

R, ~ X1) <R, almost everywhere.

Proof. By hypothesis, there exists a probability space (K, «) with H(K,x) <
H(L, A) and a free ergodic pmp action IF, ~, (Xg, i) such that

S :=R(F, ~ Xg) <Rk, almosteverywhere.

Let (N, n) be a probability space such that H(N,n) = H(L,1) — H(K,«k).
The Shannon entropy of (N x K, n x «) equals the Shannon entropy of (L, A).
Theorem 3.1 implies that the extension R; — R is isomorphic to Ryxx — R.
The latter extension has Rg as an intermediate factor.

Next, we lift the action ', ~, Xk to a free pmp action ', ~, Xy xx so that
S = R(Fy ~ Xnxk) is the lift of § through the extension Ryxx — Rk.
Since the extension Ryxx — Rk is isomorphic to the Bernoulli extension
(Rx)n — Rk, Theorem 3.2 implies that the extension S — Sis isomorphic
to a Bernoulli extension. Since § is ergodic, Lemma 3.1 implies that S is ergodic,
hence the action I, ~ Xy« is ergodic. Since Ry, = Ry xx by Theorem 3.1, we
are done. O

Next, we obtain a nontrivial upper bound on 8. Define «(R) = log(n), where
n > 3 is the smallest natural number such that there exist 6y, ..., 8, € [R] with

n

H%Zu(@-)

i=1

<1/4.

Proposition 6.3. There is a universal constant C > 0 such that
B(R) <a(R)+ C.
In particular, B(R) is finite.
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Proof. By Lemma 2.2, non-amenability of R implies «(RR) is finite. Letn > 3
with log(n) = a(R). Let 6y € [R] be ergodic and 6y, ...,0, € [R] such that
|2 >7 u(®)| < 1/4. Then

n

1
n—i—lZ

i=0

<1/2

and the subequivalence relation Ry generated by 6y, ..., 6, is ergodic.
LetT = Y7 _ou(6;)+u(®"). Then |T| <n+1.Let p = 1/(n +2). Note
that
1

2m+ D) —||IT| +1

1
<p< T (6.1)

Consider the notation from 4.3, for the ergodic equivalence relation R and its
generating graphing 6, . .., 6, (instead of R and 6, . . ., 8,) and for the parameter
p defined above.

By inequality 6.1, Theorem 4.4 implies that @ has infinitely many infinite
clusters, for almost every (x,w) € X. Let 9~QC1 C R be the cluster equivalence
relation and U C X as defined in the beginning of Section 5. By combining
Theorem 5.1 and Proposition 5.3 we conclude that Rel P U C R P U™ is
ergodic and has normalized cost > 1. Moreover, the cost of Rel PU>® C R PU®
is clearly finite.

By Lemma 4.6, R is isomorphic to the Bernoulli extension with base space
(K. k) := ({0, 1}"*1 A2+1). In particular, since R is ergodic, Lemma 3.1 gives
that R is ergodic. Therefore, we can find an ergodic subequivalence relation § C R
whose restriction to U°° coincides with 5%01 P U®. Then the induction formula
[14, Proposition I1.6 (2)] implies that 8 has cost in (1, 00).

By applying Theorem 2.9 to 8, it follows that there exists a free ergodic
pmp action F, ~ (X it) such that 8¢ := R(F2 ~ X ) < 8. In particular,
So < R =~ Rk . Thus, we deduce that

B(R) < H(K, k)
= —(n+ D(plog(p) + (1 — p)log(1 — p))

log(n + 2) log(1 —1/(n +2))
BT i
<log(n +2)+ 1 <log(n)+ C
=a(®) +C,

where C = 1 + log(5/3). O
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Proposition 6.4. If S < R is an ergodic non-amenable subequivalence relation,
then we have B(R) < B(8)[R : 8] !

Proof. Let (K, k) be a probability space with H(K.,x) > B[R : 8]7L. By
Theorem 3.2, if $ is the lift of 8 to Rk then S — Sis isomorphic to the Bernoulli
extension of 8 with base entropy H (K, k)[R : 8] > B(S). By the definition of §,
there is a free ergodic pmp action F, ~, (Xx, ) whose orbits are contained in S.
Since § < Rk, these orbits are also contained in Rg. Therefore, B(R) < H(K, k),
and the inequality follows by taking the infimum over all such H (K, k). |

Proposition 6.5. Let Y C X be a non-null Borel set. Then
BR) = BR | Y)u(Y).

Proof. Let (K, k) be a probability space and suppose H (K, k) > B(R I Y)u(Y).
By Theorem 3.3, if Y is thelift of Y to X, then Rg h Y >R I Y is isomorphic to
the Bernoulli extension of R | Y with base entropy H (K, k)u(Y)™! > B(R | Y).
So by the definition of B, there is a free ergodic pmp action F, ~, ¥ such that
S=R(IF; ~ Y ) satisfies § < Rg | Y, almost everywhere.

Since Rk is ergodic by Lemma 3.1, we can find an ergodic subequivalence
equivalence relation T < Rg such that T } Y = 8. Then [14, Theorem IV.15]
and [14, Proposition I1.6 (2)] together imply that the cost of T belongs to (1, +00).
Theorem 2.9 further implies that 7 and thus Rg contains almost every orbit of
a free ergodic pmp action I, ~ Xg. Therefore, B(R) < H(K,«), and the
conclusion follows by taking the infimum over all such H (K, «). O

Proposition 6.6. If R contains an ergodic normal subequivalence relation N <1 R
such that R/N is non-amenable, then B(R) = 0.

Recall from [12] that there exists a countable group, denoted R/N, and a
cocycle c: R — R/N, such that N is the kernel of ¢. Moreover, for any 6 € R/N
there is an element 6 € [R] such that c(@x x) = 0 for a.e. x. The element 9 is
called a lift of 6. These are all the facts we will need about normal subequivalence
relations. We will prove Proposition 6.6 by lifting an appropriate set of elements
from R/N and using the bound in Proposition 6.3.

Lemma 6.7. Let 0y, ....0, € R/Nandlet 01, ...,0, € [R] be lifts. Then

EDIPICH
i=1

where A: R/N — U(L*>(R/N)) is the left-regular representation.

>

i=1
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Proof. Let A = {(x.x) | x € X} and view 15 € L?>(R,m). Let§, € £>(R/N)
denote the Dirac function at the identity e € R/N. Then we have

<(% iu(éi))lA, 1A) = % Xn:u({x € X | 6;(x) =x})
i=1 i=1
1
= ; ;50,-&
_ <(% Zn:u(ei))ae,ée).

i=1

The conclusion follows immediately by combining this inequality with the
following three facts:

o if 01,0, e [R] are lifts of 6,6, € R/N, then § " is a lift of 6,1, and 8,0,
is a lift of 6, 6,;

o |T| = lim ((T*T)™1,14))2m, for every T € L(R);
m—00
. (((T*T)mSe,Se))ﬁ <|IT||, forevery T € L(R/N) and all m > 1. O

Let ¥ < R be a finite subequivalence relation. We denote by X /JF the quotient
space and by R/JF the quotient equivalence relation on X/F. More precisely,
the elements of X/JF are the F-classes of X. Let 7: X — X/F be the natural
projection map and endow X /JF with the push forward measure p 4 := .. Note
that ([x]7, [y]5) € R/TF if and only if xRy.

We leave the proof of the following easy lemmas as exercises.

Lemma 6.8. If N < R is a normal subequivalence relation and ¥ < N is a
finite subequivalence relation, then N/JF is normal in R/F. Moreover R/N =

R/F)/(N/3).

Lemma 6.9. There exists a Borel set Y C X such that every F-class contains
exactly one element of Y. Moreover R | Y =~ R/F. If each F class contains
exactly m € N elements, then u(Y) = 1/m.

Proof of Proposition 6.6. By Kesten’s Theorem [31] non-amenability of the group
R/N implies the existence of elements 601, ..., 6, € R/N with n > 3 such that

1 n
Hz;@f

< 1/4.
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Let m > 1 be a natural number. Let ¥ < N be a finite subequivalence
relation such that every F-class contains m elements. By Lemma 6.8, R/N =~
(R/F)/(N/F). So there exist elements 61, ..., 0, € (R/F)/(N/F) such that

1 n
2
i=1
By Lemma 6.7 we get that «(R/F) < log(n). Lemma 6.9 implies that

a(R | Ym) < log(n),

where Y,, C X is any Borel subset with u(Y,,) = 1/m. By Propositions 6.3
and 6.5,

< 1/4.

B(R) = BR | Yin)/m < log(n)/m + C/m
where C > 0 is a universal constant. Taking m — oo, we obtain f(R) =0. O

By collecting the above results, we are now ready to prove Theorem 6.1.

Proof of Theorem 6.1. Items (1-4) are proven in Propositions 6.2, 6.3, 6.4, and 6.5
respectively. To prove item (5), suppose N < R is ergodic and normal, and R /N is
infinite. If R/N is amenable, then since R is non-amenable, N must also be non-
amenable. In this case, the conclusion follows from Proposition 6.4. On the other
hand, if R/N is non-amenable, the conclusion follows from Proposition 6.6. [

6.3. Proof of Corollary C. If R is non-amenable, it admits such an extension
by Theorem A. On the other hand, if R is amenable, it is hyperfinite by [7]. Any
extension of R is then also hyperfinite, since the lift as in Remark 2.5 of a finite
subequivalence relation remains finite. Thus if R is amenable, no extension of R
can contain the orbit equivalence relation of a free ergodic pmp action of 5, as
the latter is non-amenable.

7. Uncountably many ergodic extensions of nonamenable R

The goal of this section is to prove Theorem D. To this end, we will make use of
I. Epstein’s co-induction construction [10].

7.1. Co-induced Equivalence Relation. Let I'y fw (X, ) be a free ergodic
pmp action and R an ergodic pmp equivalence relation on (X, i) such that Ry =

R(Ty rﬂw X) < R. Since R is ergodic, there is Ny € Z~o U {oo} such that [x]x
contains exactly Ny Ro-classes for almost every x € X. Let N = [0, No) N Z.
. o . .
Then for any pmp action I'y ~ (Y, v), there is a pmp countable equivalence

relation Ry = CIndgf(a) on (X x YN, u x v") called the coinduced equivalence
relation, whose construction we will briefly recall (see also [25, Section 3]).
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Let {C;}jen C [R] with Cp = id and such that for almost every x € X, the
sequence {C;(x)}jen contains exactly one member of each Ry-class contained
in [x]x. These are called choice functions (see [12, Lemmas 1.1 and 1.3] for proof
of their existence). For almost every x € X, this gives us a way to number
the Ro-classes contained in [x]x. If (x,x") € R, then x’ will give rise to a
new numbering of the Ry-classes in [x']x = [x]x and hence a permutation
7(x,x") € Sy defined by

n=mx x)k) < [Cu(¥)]r, = [Ck(x)]x, (7.1)

which satisfies 7 (x, x") 7 (x", x”') = 7 (x, x”) for almost every (x, x), (x’, x”) € R.
Since B is free, we can then define 8, 1 € (o)™ by

Cn’(x,x/)(k) (X) = S(x,x/) (k) . Ck(X/) fork € N. (72)

Fory € YV, let y, € Y denote the nth component of y. Then we can then define
the co-induced equivalence relation Ry on (X x YV, x vV) by

(x, MR(x", y") = [xRx" and yr(xx)k) = Sx,x) (k) -y for all k € N1.

Proposition 7.2 below gives some important properties that this constructions
satisfies. For clarity in its proof, we first isolate the following basic factas alemma.

Lemma 7.1. Let Hy and H, be Hilbert spaces, H = H; ® H,, {&,} C H;y,
{nn} C Hy such that sup,, ||, || < oo and n, — 0 weakly in H,. Then &, @n, — 0
weakly in H.

Proof. Note that sup, [|[7,|| < oo by the uniform boundedness principle, so
{&, ® n,} is bounded and it is enough to check that

[(6n ® 11, § @ )| < €] 'Sllipllékll'l(nn,n)l — 0 asn— oo

for each &£ € Hy, n € Hs. O

Proposition 7.2. Let T’y rﬂ» (X, 1) be a free ergodic pmp action and R an ergodic

pmp equivalence relation on (X, u) such that R(Ty r@w X) < R. Then for any

pmp action Ty A (Y,v) with v nonatomic, the coinduced equivalence relation
Ry = CIndf; () satisfies:

(1) Ry is an extension of R;
(2) if o is weakly mixing, then Ry is ergodic;

(3) if a is free, then Ry is an expansion of R(I'y A Y).
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Remark 7.3. Assume that R is the orbit equivalence relation of some free pmp
action ' /% (X, u) of a countable group I'. Let ' /7 (X x YV, x vV) be
the co-induced action of o, modulo (8, o) (see [10] and also [25, Section 3 (A)],
where this terminology is defined). Then R, is precisely the orbit equivalence
relation of . In particular, if « is weakly mixing, then Proposition 7.2 (2) implies
that 7 is ergodic.

This fact allows to simplify the proof of [10, Lemma 2.6]. Indeed, in the context
from [10, Lemma 2.6], it follows that the action ¢ of I" obtained by coinducing the
weakly mixing action a x a, of I, modulo (ay, by) is ergodic, hence the use of
the ergodic decomposition of ¢ is redundant.

Proof. (1) Consider the measurable map p: X xYY — X definedby p(x, y) = x.
Then p = [ x v¥]o p~! and for (x, y) € X x YV we have p([(x, y)],) = [X]»
injectively since 7y 5y = id, 8 ) = id".

2)Let E € X x YV be an Rg-invariant Borel subset and let 1z denote
the characteristic function viewed as an element of L?(X) ® @y L*(Y) =
L?(X xYN), where the tensor product is taken with respect to the reference vector
1 € L%(Y) in each component. Then oy(1g) = 1 for all § € [Rq], where we
define og(§) = § 0 07! for § € L>(X x YN). For 6 € [R], let 6 € [R,] be its lift,
i.e. the unique element in [Ry] such that p o 6 = 0 o p.

Denote by I C (Zso)" the subset consisting of (i;);en such thati; = 0
for all but finitely many j € N. Let {1;}2, be an orthonormal basis of L>(Y)
with no = 1, and for i = (ij)jen € I, let ni = @;cy Mi;- Then expanding
lg = Y e & ® ni with & € L?(X), we will show that 1z € L*(X) ® C by
showing that & = 0 for any i € / which has iy # 0 for some k € N. This will
finish the proof. Indeed, since 1z € L?(X) ® C is Rq-invariant, it follows that 1 g
is R-invariant. Since R is ergodic, this will then force 1g € C, i.e., u(E) € {0, 1}.

Fix such i with iy # 0. Since « is weakly mixing and n;, L C, there is a
sequence {g,}°2, C I’y such that ag, (1;,) — 0 weakly in L>(Y) as n — oo. Let
{Cj }]N=o C [R] be the choice functions used to construct R, and for each n > 1,
set 0, = C ' 0 gy 0 C € [R]. Then Cr(x) = gy - Cr(6, ' x) and so

T[(x’en—lx)(k) = k and S(X,en—lx)(k) = gn f0r alln Z 1

Hence we get y, = g,'yg forn > land x,x’ € X, y,y’ € YV with
b, - (x,y) = (x', y"). Therefore defining {, € L*(X) ® ®;en\ixy L*(Y) by

En(x. Y0, Vier o) = E(0;,' ) @ Q) mi; (v))  where (x, ) = 6,7 - (x.y)
JEN\{k}
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we have
05, (& @ 1) = &n ® ag, (M)
with ||¢, ] = ||&l- Then for any n,
I&1% = l1& ® nill?
= (lg. & ®m)
= (05 ' (1£).& ® m)
= (1g, 05, (5 ® m))
= (1E. {0 @ ag, (0i;))

and (1g, {, ® ag, (1;,)) — 0 asn — oo by Lemma 7.1, so we indeed have & = 0.

(3) Consider the surjection p: X x Y¥ — Y by p(x,y) = yo. Thenv =

n X ]}N ) p_l and p([(x, y)]ﬁRa) ) [p(x’ y)]fR(Fo%Y).

Take any (x, y) € X x YV and suppose that (x’, y’) # (x”, y") are members
of [(x, y)]r, With y5 = yg. Then for k = 7(x,x)(0) and m = 7(x, x”)(0) we
have

Y = S(x,x’)(o)y(/) = S(x,x’)(o)y(/)/ = S(x,x’)(o)s(x,x”)(0)_1ym-
Ifk =mand g = 8 x)(0)8x,x7) (0)~! = e (the identity of I'y), then
x' = CO(X/) = S(x,x’)(o)_lck(x) = S(x,x”)(o)_lck(x) = CO(X//) =x"

which would contradict (x, y') # (x”, y”). On the other hand, if ¥k = m and
g # e, then by the freeness of 'y A (Y,v),

(x v y) e X x YNy =gneh) =v({y e Yy =gy}) =0.
Hence

(n x v ({(x.y) € X x Y¥: p is not injective on [(x, )], })
<Y D wx v y) € X x YNy = gym})

k#meN gelo

=Y % [ lemmhdieoM e G e ) = 0

k#meN gelg Yxy N1

since v is non-atomic. O
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7.2. A separability argument. Let A denote the Haar measure on T. Let
SL,(Z) ~ (T2, A?) be the pmp action given by matrix multiplication. Consider a
fixed embedding of IF, as a finite index subgroup of SL,(Z). Then the restricted

0
action Fy (T2, A?) is free, weakly mixing, and rigid, in the sense of S. Popa
[48, Corollary 5.2]. The latter means that the inclusion of von Neumann algebras
L>®(T?) C L%(T?) x IF, has relative property (T), as defined in [48, Definition
4.2].

0
If an equivalence relation R on (X, ) is an expansion of R(IF;, A T?), then
there is a canonical way to define an extension F, ~° X of «® whose orbit
equivalence relation is contained in R. Specifically, if p: X — T? denotes the
quotient map, then o is the unique such action satisfying p o o(g) = a°(g) o p,
for every g € IF,.

Lemma 7.4. Let {R;}ier on {(Xi, 1i)}ier be an uncountable collection of stably
von Neumann equivalent ergodic pmp countable equivalence relations, each an

0 i
expansion of R(IF, 0& T?). Foreachi € I, let I, K X; denote the canonical

extension of a® with R(F, (;; X;) < Ri.

Then there exists an uncountable set J C I such that for any i, j € J there is
a o' -invariant (resp. o’ -invariant) non-null Borel set E; C X; (resp. E; C X;)
with the restricted actions o' |g, and o/ |g . conjugate.

Lemma 7.4 is an analogue of [26, Theorems 1.3 and 4.7] for equivalence
relations. Its proof combines relative property (T) with a separability argument.
Property (T) was first employed in the context of von Neumann algebras by
A. Connes in [8]. The original idea of combining property (T) and its relative
version with a separability argument is due to S. Popa [47]. It has since proven
greatly influential and has been successfully used in various contexts, including
in the work of D. Gaboriau and S. Popa in [48, 19].

Proof. Since {R;};c; are stably von Neumann equivalent, after replacing / with
an uncountable subset, we may find a separable II; factor M and non-zero pro-
jections p; € L(R;) suchthat M =~ p; L(R;)p;, for all i € I. We denote by t and
[|.Il2 the trace and 2-norm on M, and by t; the trace on L(R;). For eachi € I, let
B; = L*®(X;) and N; = L*°(X;) x,: F», regarded as subalgebras of L(R;). Let
A = L®(T?) and Q = L*®(T?) x40 IF>. We have copies 4; = A, Q; = Q with
A; C Bi, Qi C N;, and by Lemma 2.7, A; N L(R;) = B; foreachi e I.

Since I is uncountable, we can find ¢ € (0, 1] suchthat I, = {i € I | 1 —€? <
t/7i(p;) < 1} is uncountable, for all € > 0. As A is diffuse, there is a projec-
tion ¢ € A such that t(q) = ¢. Since Aq C qQq has relative property (T), there
isafinite set F' C (¢Qq)1 and § > 0 such that for any ¢ Q g—¢ O g-bimodule H with
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nonzero & € J satisfying ||x&y — &ox|| < §||&] for all x € F, there is nonzero
¢ € H with aé = &a for all a € Aq. Let € > 0 small enough that 13526 < 4 and
set I = I..

For x € O, we let x; € Q; denote the image in Q;. Each L(R;) is a factor, so
by conjugating by a unitary in each, we may assume that ¢; < p;, foralli € I;.
Then identifying p; L(R;) p; with M, we have ¢; € M and t(g;) > 1 — €? so that
1ar —qill2 <e€,foreachi € I;.

Then for any i, j € Iy, endow g; L>(M)q; with a ¢Qg—qQg-bimodule struc-
ture given by defining x - £ - y = x;£y;, forall x, y € gQq and § € ¢; L>(M)q;.
Let& ; = qiq; € qiL*(M)q; and note that

1€i; = Tarll2 = [Mar = gill2 + 11ar — gjll2 < 2€

and hence [|&; ;|2 > 1 —2e.
Since M is || - ||2-separable, there is an uncountable set J C I; such that
|x; —xj|l» <eforalli,j € Jand x € F. Fixany i, j € J. Then for any x € F,

Ixi&i; —&ijxjll2 < llxi —xjll2 + 11 — qill2 + 11 — gjl2

< 3¢
< 8(1—2e)
= 8l&i,jl2.

and so by relative property (T) there is nonzero § € g; L>(M)q; with a;§ = &a;
for alla € Aq. Then the polar decomposition § = v|£| hasv € M witha;v = va;
foralla € Aq. Sete; = vv* ande; = v*v.

For any b € Bjg; and a € Aq we have a;vbv* = vajbv* = vbajv* =
vbv*a;, so vBjv* C (A;qi) N qiMg; = Bjq; and similarly v*B;v C Bjqj, and
in particular, e; € B;, e; € B;. We thus define a trace preserving *-isomorphism
V: Bjej — Bje; by b — vbv*.

Then for positive measure sets F; C X; and F; C X; with ¢; = 1f, and
ej = 1F;, there is a measure space isomorphism ©: (F;, u;) — (Fj, it;) such that
W(b) =bo®forallb € B;. Let E; = Jyep, 04 (Fi) and E; = U,ep, 07 (F)).
Then E; is o'-invariant, E; is o”/-invariant and we will show that © can be
extended to a measure space isomorphism ®: (E;, u;) — (E;, ;) by the formula

O(x) =[0]0®o0 o;_l](x) for x € 0} (F;), g € 2 (7.3)

which will then satisfy [og{ 00B](x) =[®o og,](x) forx € E;, g € I, showing
that o' |g; and o/ | , are conjugate. Toward showing that (7.3) is well defined, for
g € Faletug, € Q; andug, € Q; denote respectively the canonical unitaries
implementing o’ and o”/. Viewing v*ug v € ¢; L(R;)e; C L(R;), fora € A we
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have

*

*
AjUug, vV Ug ¥

= ugjag{_l(aj)v*u;iv

= ug; v*a;_l (a;)ug v
*

g

*
&g

= Ug;V U, AV

= Ug, vV Uy va;
so that ug, v*ug v € A; N L(R;) = Bj. Therefore for any b € B;, we have
g VUy bug v ug vIv* = ugvuy (ug, v ug v)bv*
= (ug, ity )vbv™
and hence
Ué(vag_l(b)v*)e,- = vbv*oé,(e,-) forallb € Bj, g € I,
which when applied to h=!g € I, for g, h € T, gives
ol (vag{_l(b)v*)a;',(ei) = 0} (vo)_,(b)v*)ok(e;) forallb € o] (B)) = B,

which translates to

[og{ o®o a;_l](x) = [a}{ o®o a;;_l](x) forall x aé(Fi) N 0,’;(Fi)
showing that (7.3) is well defined. O

Proof of Theorem D. Let R be a non-amenable ergodic countable pmp equiva-
lence relation on a probability space (X, ). Our goal is to show that R has un-
countably many ergodic extensions which are pairwise not stably von Neumann
equivalent. Below, for a pmp action IF, /% (Y, v), we denote by ng and m, the
Koopman representations of I, on L2(Y) © C1 and L?(Y), respectively.

Let R on (X, iv) denote the Bernoulli extension of R with base space ([0, 1], A).

By Theorem A, there is a free ergodic pmp action I, r% X such that Ro =

R(F> A X) < R

By [51] there is an uncountable family {x;: F» — U(H;)};ies of non-equivalent
irreducible representations who are mixing, i.e. (m;(g)&,n) — Oas g — oo
for any &£,n € H;. By considering the Gaussian action corresponding to the
realification of 7r; (as in [29], for example), we obtain an uncountable family of

1
actions {IF'» ?w (Yi, (i) }ier such that ; C n‘gi, foreachi € I.
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For each i € I, note that o x a® is weakly mixing since «’ is mixing and

OlO

is weakly mixing. By Proposition 7.2, R; = CInd%z(a" x %) on (¥;, 7;) is an
ergodic extension of R and hence of R. Thus, we are done, unless uncountably
many of the R; are stably von Neumann equivalent. Therefore, assume toward a
contradiction that there is an uncountable subset /o C I such that the {5%,-},-6 I, are
stably von Neumann equivalent.

By Proposition 7.2, each 9~Qi is an expansion of R(IF, q"i X Y; x T?) and

hence of R(F, A%’ T2). Let IF, ?lw Y; denote the canonical extension of a°.
Then by Lemma 7.4, there is an uncountable subset J C [ such that for each
i,j € J thereis a o'-invariant (resp. o/ -invariant) positive measure set E; C I~’,
(resp. E; C Y;) with the restricted actions o |, and 67|, conjugate.

Since o' is an extension of the ergodic action ol x a® of Iy, 0| E; is also an
extension thereof. Hence, for all i, j € J,

0
o

0

~
>
J

o/ |E;

0
ixa0 © 7T

0
ni Crny, C7 olE,

C g
so that 7, ; has uncountably many nonequivalent irreducible sub-representations,
contradicting the separability of L?(E;). O

8. Actions of locally compact groups

In this section we prove Theorem B and explain how Theorem A implies [I8,
Theorem B]. We begin by recalling the notion of cross section of actions of lcsc
groups (see [34, Definition 4.1]).

Definition 8.1. Let G be a Icsc group and G ~, (X, ) a free nonsingular action
on a standard probability space (X, 1). A BorelsetY C X is called a cross section
of G ~ (X, p) if there exists a neighborhood U of the identity in G such that the
map U x Y — X given (g, y) — gy is injective, and u(X \ G -Y) = 0. A cross
section Y C X is called co-compact if there is a compact set K C G such that
K -Y is a G-invariant Borel set and u(X \ K -Y) = 0.

Remark 8.2. Assume that G is a Icsc unimodular group. Let G ~ (X, 1) be
a free pmp action and ¥ C X a cross section. Then R = {(y,y’) € Y x Y |
Gy = Gy'} defines a countable Borel equivalence relation, called the cross section
equivalence relation. Moreover, if A is a fixed Haar measure of G, then there exist
a unique R-invariant probability measure v on Y and constant ¢ € (0, +00) such
that for every neighborhood U of the identity in G suchthatthemap ¢: UxY — X
given by ¢(g,y) = gy is injective, we have {.(A|y X v) = ¢ uly.y (see [34,
Proposition 4.3]). Hereafter, we refer to v as the canonical R-invariant probability
measure on Y.
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We continue with an elementary result which gives a construction of actions
of locally compact groups with prescribed cross section equivalence relations.

Proposition 8.3. Let G be a lcsc unimodular group and G ~, (X, 1) a free pmp
action. Let Y C X be a co-compact cross section of G ~, (X, 1), R be the
cross section equivalence relation, and v be the canonical R-invariant probability
measure on'Y . Let R be a countable pmp extension of R on a standard probability
space (Y, ).

Then there exist afree pmp action G ~, (X, ), _and a co-compact cross section
YcX such that the following holds. Denote by ¢ R the cross section equivalence
relation on Y, and endow Y with the canonical R-invariant probability measure
D. Then R is isomorphic to R.

Proof. Let X; C X be the set of points with trivial stabilizer. Then X; is
a G-invariant Borel set (see e.g. [38, Lemma 10]). Moreover, the freeness
assumption implies that X; C X is co-null. Let K C G be a compact set such
that X, = K - Y is a co-null G-invariant Borel subset of X.

Put Xp := X; N X, and Yy := Y N Xy. Then Xy C X is a co-null G-invariant
Borel subset, Yy C Y is an R-invariant Borel subset, and K - Yy = X,. Let U
be a neighborhood of the identity in G such that the map U x ¥ — X given
(g,y) — gy isinjective. Since U - (Y \ Yp) is contained in X \ Xy, it is a null set.
Let A be a Haar measure of G. Since A(U)v(Y \ Yo) = ¢ u(U - (Y \ Yp)) = 0, for
some ¢ > 0, and A(U) > 0, we get that Yy is co-null in Y.

Altogether, we have that G ~ (Xo, t|x,) is a pmp action such that every point
has trivial stabilizer, Yo C Xy is a co-compact cross section with K - Yy = X,
R | Yo is the associated cross section equivalence relation, and vly, is the
canonical R | Yyp-invariant probability measure on Yy. Moreover, since Yy C Y
is co-null, R | Yy is isomorphic to R. Thus, after replacing X, ¥ with Xy, Yo, we
may assume that the stabilizer of every point in X is trivial, and K - Y = X, fora
compactset K C G.

Let U be a neighborhood of the identity in G such thatthe map U x Y — X
given (g,y) +— gy is injective. Define 7:U - Y — Y by letting 7(gy) =
Since K is compact, we can find g1, ..., g, € G suchthat K C U;’=1 giU. Hence
X =K-Y C Uj_,&U - Y. It follows that we can extend 7 to a Borel map
m: X — Y in such a way that 7(x) € Gx, for every x € X.

Let p: ¥ — Y be the quotient map. After replacing ¥ with a co-null R-invari-
ant Borel subset, we may assume that p|(5), is injective and p([y]z) = [p(¥)]=x,
forall y € Y.

Let X = X xy Y be the “fibered product” Borel space given by X ={(x.5) €
XxY | nkx) = p(y)}. We define a free Borel action G ~ X as follows. Let
g €Gand (x,y) € X. Since 7(gx) € Gx NY, we get that 7(gx) € [7(x)]x =
[P ()]
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Thus, there is a unique y € [y]4 such that p(y) = n(gx). Finally, we let
g(x,¥) = (gx,p). Itis easy to check that this indeed defines a Borel action
of G.

Next, let Y = {(p(§).7) | # € Y}. Then Y is a Borel subset of X.
Let (g1, 1), (g2, y2) € U x Y such that g1(p(y1), y1) = g2(p(y2), y2). Then
g1p(y1) = g2p(y2) and since p(y1), p(y2) € ¥, we deduce that g; = g, which
implies that y; = y,. Thus, themap U xY — X givenby (g, y) — gy is injective.
Let (x,7) € X. Since K-Y = X, we can find g € K such that g"'x € Y. Let
J € [§]z such that g7'(x, 7) = (g7'x, ). Since p(y) = (g 'x) = g7 'x, we
deduce that g~!(x, 7) € Y. Thus, K- Y = X. This proves that Y is a co- compact
cross section for the Borel action G ~, X. In particular, the first paragraph of the
proof implies that there exists a Borel map 7: X — Y such that #(y) = y, for
every y € Y, and 7#(x) € Gx, for every x € X.

Further, consider the cross section equivalence relation

R={(y,y)e¥ xY |Gy =Gy}

Let #:Y — Y be the Borel isomorphism given by 6(y) = (p(¥), y). It is easy
to see that (6 x 6)(R) = R. We endow Y with the probability measure v = 6,.v.
Since v is R-invariant, ¥ is R-invariant.

By [50, Section 4.2], the R-invariant probability measure ¥ on the co-compact
cross section ¥ can be “lifted” to a G-invariant finite measure jz on X . Specifically,
for a Borel set A C X, we have

iA) = A xD)({(g,7) € Gx T | 7(gF) =7 and gJ € A)).

Since the map U x Y > U-Y given by (g,y) — gy is a bijection, it
follows that under this identification we have that fi|,; 3 = Aly x V. By using
[34, Proposition 4.3] we conclude that ¥ is the canonical R-invariant probability
measure on the cross section ¥ for the free pmp action G ~, (X ~(X) ft). This
concludes the proof of the proposition.

Proof of Theorem B. Let G ~, (X, i) be a free ergodic pmp action (see [34, Re-
mark 1.1] for a proof of existence). By [34, Theorem 4.2] we can find a co-compact
cross section Y of G ~, (X, u). Denote by R the associated cross section equiva-
lence relation, and endow Y with the canonical R-invariant probability measure v.
Since G is non-amenable and G ~, (X, p) is ergodic, [34, Proposition 4.3] gives
that R is non-amenable and ergodic.

By Theorem D, we can find an uncountable family {5%,-},-6 1 of countable er-
godic pmp extensions of R which are pairwise not stably von Neumann equiva-
lent. By Proposition 8.3, for every i € I we can find a free ergodic pmp action
G~ (f i, f1;) and a co-compact cross section f/; c X, ; such that the associated
cross section equivalence relation is isomorphic to Ri.
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We claim that the actions G ~, (X, , /L,) i € I, are pairwise not von Neumann
equivalent. Indeed, assume that L®(X;) %G = L°°(X ) x G, for some i # j.
On the other hand, L>°(X;) x G and L°°(X ) x G are amplifications of the II;
factors L(9~Q ) and L(9~Q ;) by [34, Lemma 4.5]. It follows that we can find non-zero
projections p; € L(IR )and p; € L(IR ) such that p,L(ﬂ% Vpi = p,L(ZR )p;. This
contradicts the fact that R; and R are not stably von Neumann equivalent. O

8.1. GM15 from Theorem A]Deducing [18, Theorem B] from Theorem A. Let
G be a non-amenable Icsc group. Let A be a Haar measure of G. To show the
existence of a tychomorphism from I, to G, in the sense of [18, Definition 14], we
first reduce to the case when G is unimodular.

Denote by G the kernel of the modular homomorphism of G. Then Gy is non-
amenable. Moreover, G is unimodular. Indeed, since Go < G is a closed normal
subgroup, G/ Gy is a locally compact group, thus it admits a G-invariant Borel
measure. [2, Corollary B.1.7.] now implies that G, is unimodular. Thus, by [I8,
Proposition 18], we may assume that G is unimodular. Since the conclusion fol-
lows from the Gaboriau—Lyons theorem in the discrete case, we may additionally
assume that G is not discrete.

Let G ~ (X, n) be a free ergodic pmp action, ¥ a co-compact cross section, R
the cross section equivalence relation, and v the canonical R-invariant probability
measure on Y. Since G is non-amenable and G ~, (X, ) is ergodic, R is non-
amenable and ergodic.

By Theorem A there exist a countable ergodic pmp extension R of Rona
probability space (¥, ) and a free ergodic pmp action F, ~, (¥, ¥) such that
Foy C [ylz, forall y € Y. By Proposition 8.3, we can be realize ¥ as a co-
compact cross section of some free ergodic pmp action G ~, (X, i), such that R
is precisely the associated cross section equivalence relation. Moreover, the proof
of Proposition 8.3 gives that any point in X has trivial stabilizer and K - ¥ = X,
for K C G compact.

Let U C G be a neighborhood of the identity such that the map ¢: U x ¥ — X
given by {(h, y) = hy is injective. Define

Xo:=U-Y and D:={(x,x)e X x X,) | Gx = Gx'}.

Consider the obvious action of G on D on the first coordinate. As in the end of
[18, Section 5], we endow D with a G-invariant measure m by pushing forward
A X ,u|f0 through the identification G x Xo — D given by (g, x) — (gx,x).
Then (D, m) is a finite amplification of the G-space (G, A), in the sense of [18,
Definition 11].

Next, we define an m-preserving action ', ~, D, as follows. Fix 6 € F,. If
(x,x") € D,thenx’ € Xo,hencewecanwrltex = hy,forsomeh e Uandy € Y.
We define 0(x,x/) = (x,h0(y)). Leta: Yy — G be given by 6(y) = a(y)y, for
every y € 170. Then in the above identification G x )?0 = D, 6 corresponds to the
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Borel automorphism of G x X given by (g, hy) > (gha(y)"'h~1, ho(y)), for
allh e U,y € Y. Since G is unimodular, ¢,(A|y x 7) = ¢ ft|x,. for some ¢ > 0,
and 0 preserves v, it follows that 6 preserves m.

We claim that IF, ~ D admits a non-null measurable fundamental domain.
Since the actions of IF, and G on D commute, it will follow that D gives rise
to a tychomorphism from I, to G. To prove the claim, since K is compact, let
g1,-...8n € G such that K C U;'zlng. Then X = K-Y C U;’zlgjfo and
therefore D = ( J}_, g; Do, where Do := {(x,x') € Xo x Xo | Gx = Gx'}.

Since Dy is IF-invariant, in order to prove the claim, it suffices to show that the
action IFy ~, Do admits a non-null measurable fundamental domain. To see this,
using that the action I, ~, (}7, V) is ergodic, we choose a sequence {C;};>1 C [K]
such that [y]5 is the disjoint union of I'2C; (y), i > 1, for almostevery y € Y (see
[25, Remark 2.1]). Since Do = {(hy,h’'y") | h,h' € U, (y,y’) € R}, one checks
that F := {(hy,W'Ci(y)) | h,h' € U,y € Y,i > 1} is a non-null measurable
fundamental domain for the action IF, ~, Dy.
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