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A dense geodesic ray
in the Out(F,)-quotient of reduced Outer Space

Yael Algom-Kfir! and Catherine Pfaff?

Abstract. In [16] Masur proved the existence of a dense geodesic in the moduli space
for a surface. We prove an analogue theorem for reduced Outer Space endowed with the
Lipschitz metric. We also prove two results possibly of independent interest: we show
Brun’s unordered algorithm weakly converges and from this prove that the set of Perron—
Frobenius eigenvectors of positive integer m x m matrices is dense in the positive cone R’f_
(these matrices will in fact be the transition matrices of positive automorphisms). We give
a proof in the appendix that not every point in the boundary of Outer Space is the limit of
a flow line.
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1. Introduction

1.1. Geodesics in Outer Space. One of the richest and most expansive methods
for studying surfaces has been through the ergodic geodesic flow on Teichmiiller
space. As an example, it was used by Eskin and Mirzakhani [10] to count pseudo-
Anosov conjugacy classes of a bounded length. For this reason, the papers of
Masur [17] and Veech [21] independently proving the ergodicity of the Teichmiiller
flow were seminal in the field. The existence of an Out(F;)-invariant ergodic
geodesic flow on Outer Space may similarly expand the tools for studying Out(F;).
Before giving the proof of the ergodicity theorem in Teichmiiller space, Masur
performed the following “litmus test” for its plausibility.

Theorem 1.1 ([16]). Given a closed surface Sg of genus g, there exists a Teich-
miiller geodesic in the Teichmiiller space Tg whose projection

p:Tg — Ty / MCG(Sg)
to moduli space is dense in both directions.

Our main theorem is an Out(F;) analogue of the above theorem. Some of the
terms in the theorem are defined directly below its statement.

Theorem A. Foreachr > 2, there exists a geodesic fold ray in the reduced Outer
Space RX, whose projection to RX, / Out(F;) is dense.

Remark 1.2. (1) The reduced Outer Space RX, is a subcomplex of the Outer
Space X, which consists of those graphs without separating edges (see Defini-
tion 2.12). It is an equivariant deformation retract of X,.

(2) The metric on RX, with respect to which the ray in Theorem A is a geodesic
is the Lipschitz metric (see Definition 2.25). It is an asymmetric metric (analogous
to the Thurston metric on Teichmiiller space [20]) that has proven to be very useful
in the Out(F;,) context, e.g. [3].

(3) Because of the asymmetry of the metric, our geodesics will always be
“directed geodesics,” i.e. maps I': [0, 00) — X, such that d(T'(¢),T(t")) =t —1t
for ¢’ >t > 0, but not necessarily for r > ¢'.

(4) A fold line is a special kind of geodesic in X, (explicitly described in
Definition 3.14) that is analogous to a Teichmiiller geodesic.

(5) Comparing between Theorem 1.1 and Theorem A, one may notice that our
theorem declares the existence of a ray in contrast with Masur’s theorem which
declares the existence of a geodesic. We could easily extend our ray to a bi-infinite
geodesic. However, the density of the image of the ray will follow from techniques
that we cannot extend to the backwards direction.
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Returning to Remark 1.2(1), we note that for proving algebraic properties
of Out(F;), one may usually replace Outer Space with RX,. However, on the
geometric side, it is not known whether or not RX, is convex in any coarse sense.
That is, if x and y are points in is there a geodesic between them that stays in? If
not, is there a geodesic that stays a distance R from?

We hence pose two questions:

Question 1.3. For each r > 2, does there exist a geodesic fold line in X, that is
dense in both directions in X, / Out(F,)?

Question 1.4. For each r > 2, is the reduced Outer Space RX, coarsely convex?
For example, given points x,y € RX, does there always exist a geodesic from x
to y which is contained in reduced Outer Space?

1.2. The unit tangent bundle. While Masur proved the existence of a dense
geodesic first, this result also follows from his proof of the ergodicity of the
Teichmiiller flow. The unit tangent bundle of Teichmiiller space is isomorphic
to its unit cotangent bundle Q,, which may be described explicitly as the space of
unit area quadratic differentials on a closed surface S, of genus g. The geodesic
flow on Teichmiiller space is a MCG(Sy) invariant action of R on Q. Fort € R
we denote the flow by T;: Q9 — Qo. Given a quadratic differential ¢ € Qy, the
set of points {q;};er = {T:q}:er defines a geodesic in the Teichmiiller space T .

Theorem 1.5 ([16]). For a closed surface Sy of genus g > 1, there exists a
quadratic differential ¢ € Qg so that the projection of {q;} for either t > 0 or
t <0isdensein Qo/ MCG(Sg).

The analogue of Theorem 1.5 is not obvious, as it is unclear what the unit
tangent bundle should be. For example, two geodesics in Outer Space can meet
for a period of time and then diverge from each other (or even alternately meet
and diverge). This is an impediment to a “local” description of the tangent bundle.
A more global approach would be to relate the tangent space at a point to the visual
boundary of Outer Space. However, as of yet there is no description of the visual
boundary of Outer Space. For example, we show in §9 that there are points on
X, — X, (where X, denotes the set of very small F,-trees) that are not ends of
geodesic fold rays.

For the purposes of this paper, we propose the following analogue of the unit
tangent bundle. Given a point x € RX, there are finitely many germs [«] of fold
lines « in RX, initiating at x. Define

URX, = {(x, [a]) | x € RX,, « is a fold line with ¢(0) = x and Im(«) C RX,}.

Given a geodesic ray y:[0,00) — RX,, for t € R we denote by y,; the path
yi(s) = y(t + s). We may associate to y a path in the unit tangent bundle

7(t) = (y(2), [y:]). We prove:



574 Y. Algom-Kfir and C. Pfaff

Theorem B. Foreachr > 2, there exists a Lipschitz geodesic fold ray y: [0, c0) —
RX, so that the projection of 7 to URX, / Out(F,) is dense.

1.3. Geodesics in other subcomplexes. For each r > 2, we define the theta
subcomplex T, to be the subspace of RX, consisting of all points in X, whose
underlying graph is either a rose or a theta graph, see Figure 1. This subcomplex
carries the significance of being the minimal connected subcomplex containing
the image of the Cayley graph under the natural map. Both as a warm-up, and for
its intrinsic significance, we initially prove Theorem A in 7.

Figure 1. The underlying graphs of the simplices of 7. The graph on the left is called a
rose and that on the right is called a theta graph.

Theorem C. For each r > 2, there exists a dense fold ray in T, that projects to a
dense Lipschitz geodesic fold ray in T,/ Out(F;).

1.4. Outline. We begin by outlining the proof of Theorem C. After proving
Theorem C, we develop the topological machinery necessary to extend the more
combinatorial arguments of the proof of Theorem C to the proof of Theorem B
(and Theorem A as a corollary).

Recall that points in Outer Space are marked metric graphs equivalent up to
homotopy, see Definition 2.2. As described in Definition 2.11, Out(F}) acts on the
right by changing the marking. To a point x € T,/ Out(F}), one may associate a
positive vector, the “length vector” recording the graph’s edge lengths. The folding
operation may be translated to a matrix recording the change in edge lengths from
its initial point to its terminal point. In this dictionary, a fold ray in 7,/ Out(F;)
should correspond to an initial vector and a sequence of fold matrices. However,
not every such sequence comes from a fold ray: a particular fold may or may
not be allowed for a specific vector depending on whether its image is again a
positive vector. Our challenge is to construct a sequence of fold matrices {7y }72 ,
satisfying that, for some positive vector wy, if we write w; = T; --- T1(wyp) for
eachi € N then

I. the fold T4 is allowed in w; = T; - -- T1(wy) for each integer 1 <i < oo,
II. the set of vectors wj; is projectively dense in a simplex and,
III. the corresponding fold ray is a geodesic ray in the Lipschitz metric.
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In order to prove Item II of the list, we prove the following fact:

Theorem D. For each r > 2, let S 1’1 be the set of unit vectors according to the
Iy metric in R',. The set of Perron—Frobenius eigenvectors of matrices arising as
the transition matrices of positive automorphisms in Aut(F,) is dense in S lrl .

The proof of Theorem D, in §4, uses Brun’s algorithm [7]. We also prove in §4
that Brun’s (unordered) algorithm converges in angle, a result to our knowledge
previously absent from the literature in dimensions higher than four. (Brun proved
it in [7] for dimensions three and four.)

To construct the sequence {7} of fold matrices we enumerate the powers of
“Brun matrices” (see §4): Py, P2, P3,.... Toeach P;, we can attach the following
data:

e a positive Perron-Frobenius eigenvector v;,

e a positive automorphism g; € Aut(F;), also denoted g,,, so that the transi-
tion matrix of g; is P;,

e and a decomposition of P; into fold matrices, arising from the decomposition
of g; into Nielsen generators which correspond to moves in Brun’s algorithm.

We remark that this method is reminiscent of Masur’s paper, where he proved
the existence of a dense geodesicin Ry = Qo/ MCG(S, ) using the fact that closed
loops in R, are dense. The resemblance stems from the decomposition in the third
item defining a loop in RX, / Out(F}) based at v; and the density, established by
Theorem D, of the set of Perron—Frobenius eigenvectors {v; }.

We concatenate the fold sequences associated to the matrices P; together to
form the sequence {7 }72 ;. We address Item I on the list, i.e. the allowability of
the sequence, in Lemma 5.1. We now have a fold ray through the points {w;}72 ;.

For density of the geodesic ray we use the automorphisms g; related to the P;.
By ensuring that arbitrarily high powers of these automorphisms (hence matrices)
occur in the sequence, we ensure that the ray passes through points with length
vectors arbitrarily close to the dense set of eigenvectors.

Finally, property (II) on the list, that the fold line is a Lipschitz geodesic,
follows from the fact that every g; is a positive automorphism (see Corollary 3.19).

To extend our proof of Theorem C to Theorems A and B, we prove that for
a generic point y in reduced Outer Space, there exist roses x, z and a “positive”
fold line [x, z] remaining in reduced Outer Space and so that y € [x,z]. Here
by “positive” we mean that the change of marking from x to z is a positive
automorphism. Moreover, if G is the underlying graph of y and E, E’ are two
adjacent edges in G, then one may choose [x, z] so that it contains the fold of the
turn {E, E’} immediately after the point y. This construction is carried out in §6
and elevates the geodesic’s density in RX,. / Out(F;) to density in URX, / Out(F;).
Additionally, the geodesic [x, z] varies continuously as a function of y, as we prove
in §7. Thus, one may adjust the previous argument to prove Theorems A and B,
which we do in §8.
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2. Definitions and background

2.1. Outer Space and the action of Out(F,). Culler and Vogtmann introduced
Outer Space in [8]. Points of Outer Space are “marked metric graphs.”

Definition 2.1 (graph, positive edges). A graph will mean a connected 1-dimen-
sional cell complex. V(G) will denote the vertex set and E(G) the set of unori-
ented edges. The degree of a vertex v € V(G) will be denoted degg; (v), or deg(v)
when G is clear.

For each edge e € E(G), one may choose an orientation. Once the orientation
is fixed, that oriented edge E will be called positive and the edge with the reverse
orientation E will be called negative. Given an oriented edge E, i (E) will denote
its initial vertex and ter(E) its terminal vertex. A directed graph is a graph G with
a choice of orientation on each edge e € E(G), we call this choice an orientation
onG.

Given a free group F; of rank r > 2, we choose once and for all a free basis
A = {X1,...,X;}. Let R, = \/;_, S! denote the graph with one vertex and
r edges, we call this graph an r-petaled rose. We choose once and for all an
orientation on R, and identify each positive edge of R, with an element of the
chosen free basis. Thus, a cyclically reduced word in the basis corresponds to an
immersed loop in R;.

Definition 2.2 (marked metric F,-graph). For each integer r > 2 we define a
marked F,-graph to be a pair x = (G, m) where

e G is a graph such that deg(v) > 3 for each vertex v € V(G);
e m: R, — G is a homotopy equivalence, called a marking.
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A marked metric graph is a triple (G, m, £) so that (G, m) is a marked graph
and

e the map £: E(G) — Ry is an assignment of lengths to the edges. We require
that ) ,c g (g) £(e) = 1. The quantity vol(G) = }_,cg(q) {(e) is called the
volume of G.

Remark 2.3 (a metric graph as a metric space). The assignment of lengths to
the edges does not quite determine a metric on G, but a homeomorphism class of
metrics. This choice is inconsequential in this paper.

Define an equivalence relation on marked metric F,-graphs by (G, m,{) ~
(G’,m’,£") when there exists an isometry ¢:(G,{) — (G',{') so that m’ is
homotopic to ¢ o m.

Definition 2.4 (underlying set of Outer Space). For each r > 2, as a set, the
(rank-r) Outer Space X, is the set of equivalence classes of marked metric
F,-graphs.

Remark 2.5. On occasion we may think of graphs with valence-2 vertices as
living in Outer Space by considering them equivalent to the graphs obtained by
unsubdividing at their valence-2 vertices.

Definition 2.6. The simplex o in X, corresponding to the marked graph (G, m)
is
oG.m) = {(G,m, L) € X, | vol(G) = 1}.

By enumerating the edges of G, we can identify o(g, ») with the open simplex

Here E = E(G). We denote this identification by n: 0(G,»m) — 8|g|. We call the
open simplex corresponding to (R, id) the base simplex and denote it by oy.

Outer Space has the structure of an ideal simplicial complex built from open
simplices (see [22]), faces of o(g,m) arise by letting the edges of a tree in G have
length O.

Definition 2.7 (simplicial metric). Given an open simplex o(G,m) in X,, the
simplicial metric on o(g,m) is defined by dy(¢,¢') = \/ZEGE(G) (L(e) — 2 (e))?,

for £,0" € o(G,m). We also denote by d; the extension of this metric to a path
metric on X,.
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Remark 2.8. In §2.4 we define the Lipschitz metric on X,. The simplicial metric
and Lipschitz metric on Outer Space differ in important ways. However, open
balls with respect to the Lipschitz metric (in either direction, see Remark 2.26)
contain open balls of the simplicial metric. Therefore, a set dense with respect to
the simplicial topology will also be dense with respect to the Lipschitz topology.

Definition 2.9 (unprojectivized Outer Space). [8] The (rank-r) unprojectivized
Outer Space X, is the space of metric marked F,-graphs where vol(G) is not
necessarily 1.

There is a map from §Cr to X, normalizing the graph volume, i.e.
q:RY —> Sy,
X1 Xm (1)
Xt oo X)) > == —— )
i ") (Z:’il Xi > xi)

and taking the point (G, u, £) to the point (G, i, g(£)).
We call the full preimage under ¢ of a simplex in X, an unprojectivized simplex.

Definition 2.10 (topological Outer Space). [8] The topological space consisting
of the set of equivalence classes of marked metric F,-graphs, endowed with the
simplicial topology, is called the (rank-r) Outer Space and is also denoted by X,..

Definition 2.11 (Out(F;) action). If & € Aut(F,) is an automorphism, let
fo: R, — R, be ahomotopy equivalence corresponding to ® via the identification
of E(R,) with the chosen free basis 4 of F,.. We define a right action of Out(F,) on
Xr. An outer automorphism [®] € Out(F;) acts by [G, m, £]-[D] = [G,mo fo, {].

Definition 2.12 (reduced Outer Space RX, and M,.). For each integer r > 2, the
(rank-r) reduced Outer Space RX, is the subcomplex of X, consisting of precisely
those simplices 0(g,m) such that G contains no separating edges. This space is
connected and an Out( F;)-equivariant deformation retract of X,.

Let M, denote the quotient space of RX, by the Out(F;) action. Hence, M,
contains a quotient of a simplex for each graph (no longer marked). Note that, as a
result of graph symmetries, simplices in X, do not necessarily project to simplices
in M,.. Thus, M, is no longer a simplicial complex but a union of cells which are
quotients of simplices in X, .

2.2. Train track structures. Much of the following definitions and theory can
be found in [5] or [4], for example. However, it should be noted that some of our
definitions, including that of an illegal turn, are somewhat nonstandard.

Definition 2.13 (regular maps). We call a continuous map f: G — H of graphs
regular if for each edge e € E(G), we have that f|;,; () is locally injective and
that f maps vertices to vertices.
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Definition 2.14 (paths and loops). Depending on the context an edge-path in a
graph G will either mean a continuous map [0, n] — G that, foreach 1| <i < n,
maps (i — 1,i) homeomorphically to the interior of an edge, or if the graph G is
directed, a sequence of oriented edges e, ..., e, such that ter(e;) = i(e;j+1) for
each 1 <i < n — 1. We may on occasion also allow for e; and e, to be partial
edges. Given any path y = e; - - e, we will denote its initial vertex, i.e. i (e1), by
i(y) and its terminal vertex, i.e. ter(e,), by ter(y).

A loop a in G is the image of an immersion a: S! — G. We will associate to
each loop an edge-path unique up to cyclic ordering.

In a directed graph G, we will call a path directed that either crosses all edges
in a positive direction (a positive path) or crosses all edges in a negative direction
(a negative path). The operation of path concatenation will be denoted by .

Definition 2.15 (illegal turns and gates). Let f: G — H be a regular map. Let
e, e’ € E(G) be oriented edges with the same initial vertex. We call {e, ¢’} a turn.
We say a turn {e, e’} is an illegal turn for f if the first edge of the edge-path f(e)
equals the first edge of the edge-path f(e’). The property of forming an illegal
turn is an equivalence relation and the equivalence classes are called gates.

Definition 2.16 (train track structures). Let f: G — H be a regular map. If every
vertex of G has > 2 gates, then we call the partition of the turns of G into gates
a train track structure and say that f induces a train track structure on G. An
immersed path «: I — G will be considered legal with respect to a given train
track structure if it does not contain a subpath e;e; where {e;, e; } is an illegal turn.

Remark 2.17. The image of a legal path is locally embedded.

Definition 2.18 (transition matrix). The transition matrix of a regular self-map
f:G — G isthe square |E(G)| x | E(G)| matrix (a;;) such that a;;, for eachi and
J» is the number of times g(e;) passes over e; in either direction.!

We define the transition matrix for an element ® € Aut(F}) to be the transition
matrix of fg (see Definition 2.11).

2.3. Perron-Frobenius theory. We are particularly interested in positive matri-
ces (defined below) because of their known properties (due to Perron—Frobenius
theory) of contracting the positive cone Ri ={veR?|v;>0,i=1,...d).

Definition 2.19 (positive matrices, Perron—Frobenius eigenvalues and eigenvec-
tors). We call a matrix A = [a;;] positive if each entry of A is strictly positive. By
Perron—Frobenius theory, we know that each such matrix has a unique eigenvalue

!'This matrix is the transpose of the transition matrix as Bestvina and Handel define it in [5],
but this definition will have a stronger relationship with the change-of-metric matrix we define
later.
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of maximal modulus and that this eigenvalue is real. This eigenvalue is called the
Perron—Frobenius (PF) eigenvalue of A. It has an associated eigenvector whose
entries are each strictly positive. We call the eigenvector with strictly positive en-
tries and such that all entries sum to one the Perron—Frobenius (PF') eigenvector.

Definition 2.20 (weak convergence). A sequence {Ax}?> , of d x d matrices,

restricted to vectors in Ri, converges weakly if the sequence {Ak(Rj’_)},‘z"=l con-
verges projectively to a point.

Remark 2.21. Perron—Frobenius theory also tells us that, for a positive matrix M,
the sequence { M* i<, weakly converges to the line spanned by the PF eigenvector.

2.4. The Lipschitz metric

Definition 2.22 (difference in markings). Let x = (G,m,{) and y = (G',m’, {')
be two points in X,. Denote by 7: G — R, a homotopy inverse of m. A difference
in markings is a linear map f: G — G’ homotopic to m’ o h.

Definition 2.23 (stretch). Let o be a conjugacy class in F,, equipped with a free
basis A. By abuse of notation we may think of « as an immersed loop a: S! — R,
in R, via the identification of the edges of R, with A. For x = (G, m, {) € X,, let
a5 denote the unique immersed simplicial loop in G homotopic to m(«).

Given a conjugacy class « in F, and x € X,, we define /(«, x) as the length
of . (Notice that since «, is a simplicial loop in x, its length does not depend
on the particular metric structure chosen for x, see Remark 2.3). For x,y € X,

define the stretch of o from x to y as sty (x, y) := 583

The following theorem is attributed to either White or Thurston. It can be
found in [1] or [12].

Theorem 2.24. Given a continuous map f of metric spaces, let Lip(f) denote
the Lipschitz constant for f. Then for each pair of points x,y € X,, we have

inf{Lip(f) | f:x — y is a difference in marking } = sup{sty(x,y) | @ € F,}.
2)

Moreover, both the infimum and supremum are realized.

Definition 2.25 (Lipschitz metric). The Lipschitz metric d(x, y) is defined as the
log of either of the quantities in Equation 2. This function is not symmetric but
satisfies the other axioms of a metric [4].

A difference in marking that achieves the minimum Lipschitz constant of (2)
is called an optimal map. A loop that achieves the maximum stretch is called a
witness. For each x, y € X, there exist optimal maps and witnesses.
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Remark 2.26. An open ball based at x with radius R is either
BL(x,R)={yeX,|d(x,y)<R}orB_(x,R)={y e X, |d(y,x) < R}.
In either case, the simplicial topology is equal to the Lipschitz topology.

For a given difference of marking f, the subgraph of G where the Lipschitz
constant is achieved is called the tension graph, usually denoted A r. Notice that f
induces a train track structure on Ar. Proposition 2.27 gives one way to identify
witnesses.

Proposition 2.27 ([3]). Let x and y be two points in X;, let f:x — y be a map,
and let Ay be the tension graph of f. If Ay contains a legal loop, then f is an
optimal map and any legal loop in Ay is a witness. Conversely, if « C x is a
witness, then it is a legal loop in Ay.

Proposition 2.28. Let f:x — y and g: y — z be difference in markings maps.
Let a be a conjugacy class in F, satisfying that cx is f-legal and contained in Ay
and that ay, is g-legal and contained in Ag. Then d(x,z) = d(x,y) +d(y, z).

Proof. Since o, is contained in A, the map f stretches each edge of ax by Ay =
Lip(f). Moreover, since ay is f-legal, I(«, y) = Af - [(«, x). Similarly, if 1, =
Lip(g), then [(a,z) = Ag - l(a, y) = ArAg - (@, x). Thus, sty(x,z) = ArAg and
therefore d(x, z) > log(ArAg). By Proposition 2.27, ax and a,, are both witnesses,
hence d(x,y) = log(sty(x,y)) = log(Ar) and d(y,z) = log(sta(y,z)) =
log(Ag). Thus, we have d(x,z) > log(Ar) + log(Ag) = d(x,y) + d(y,z). The
triangle inequality gives us an equality. |

3. Fold paths and geodesics

In this section we introduce fold lines and prove results that will allow us to con-
struct Lipschitz geodesics from certain infinite sequences of nonnegative matrices
(unfolding matrices).

Definition 3.1 (unparametrized geodesic). Let / C R be a generalized interval
in R. An unparametrized geodesic in X, is amap I': I — X, satisfying that

(1) foreachs <r <t,wehave d(I'(r),T'(¢)) = d(I'(r),T'(s)) + d(T'(s),T(2))
and

(2) there exists no nontrivial subinterval I’ C I and point xo € X, such that
I'(t) = xo foreacht € I’.
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Remark 3.2. If T" is an unparametrized geodesic then there exists a generalized
interval I’ and a homeomorphism /: 1’ — I so that I" o 4 is an honest directed
geodesic, i.e. for all s < ¢, we have that d(I" o h(s), [ o h(t)) =t —s.

Again A = {X1,..., X,} will denote a fixed free basis of F,.

Definition 3.3 (fold automorphism). By a fold automorphism we will mean a “left
Nielsen generator,” i.e. an automorphism of the following form (i # j):

X; X fork =i,

X,  fork #i. )

;i (Xk) = {

To a fold automorphism one can associate a matrix.

Definition 3.4 ((un)folding matrix). Leti # j € {1,...,r}. Then the (i, j)
folding matrix T;; has entries tx;, where

1 ifk =1,
th=1—-1 ifk,))=0(,J), “4)
0 otherwise.

Notice that T;; is not the transition matrix of &;;, though it will relate to
the change-of-metric matrix coming from a folding operation. The matrix T;;
is invertible and we call M;; := Ti]_.1 the (i, j) unfolding matrix. The entries of
M;; are my;, where

®)

1 ifk=1lor(k,l)=(,j),
my] = .
0 otherwise.

Notice that the nonnegative matrix M;; is the transition matrix of ®;;. We hence
sometimes write M (®;;) for this matrix.

Definition 3.5 (combinatorial fold). Let G be a graph whose oriented edges are
numbered. Let (ex,e;) be a pair of distinct oriented edges with i(ex) = i(e;).
A combinatorial fold is a tuple (G, (ex, ;). G', f) where G’ isagraphand f: G —
G’ is a quotient map that identifies an initial segment of ¢ with an initial segment
of e j -
(1) When f identifies part of e with all of e; we will call it a proper full fold.
We will call this tuple “folding ex over e;.”

(2) When f identifies all of e; with all of e; we will call it a full fold and say
that “ex and e; are fully folded.”

(3) When f identifies a proper segments of e; and e; we will call it a partial
fold and say that “e; and e; are partially folded.”
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Notation We sometimes suppress some of the data depending on the context. We
will denote the combinatorial fold by f or G — G’ or (G, (e;, ¢j)) depending on
which data we want to emphasize.

Definition 3.6 (combinatorial folds of fold automorphisms and the induced enu-
meration). Let G be the r-rose with an enumeration on its oriented edges, then
the fold automorphism ®;; induces a combinatorial fold, which by abuse of no-
tation we also denote ®;;. The target graph G’ is also a rose and ®;; induces an
enumeration of the edges of G’ by declaring the edge ®;;(ex) to be the k** edge
for each k # i and calling the remaining edge of G’ the i edge.

Definition 3.7 (direction matching folds). Let G be an oriented graph. A combi-
natorial fold (G, (e;, e})) is direction matching if e; and e, are either both negative
edges (we then call f negative) or both positive edges (we then call f positive).

Observation 3.8. Let G be an oriented graph and f: G — H adirection matching
combinatorial fold, then f induces an orientation on the edges of H. Moreover,
f maps each positive edge of G to a positive edge-path in H (of simplicial length
<2).

Definition 3.9 (allowable folds). Let xo = (G, m, £) be a point in Outer Space.
The fold (G, (e, ') is allowable in x, if the following two conditions hold:

(1) €(e) = L(e);
(2) if ter(e) = ter(e’), then £(e) > £(e’). In this case this is a proper full fold.

Let G be a rose with its edges enumerated. This enumeration induces a
homeomorphism n;:0(G.m — 8. We write cr(%jrzl) for the set where ®;; is
allowable.

Lemma 3.10. Let 69 be the unprojectivized base simplex and let ® be a fold
automorphism. Assume the edges of R, have been enumerated, let ng: 6o — R
be the induced identification, and let ny be the identification induced fromng by ®
(See Definition 3.6). Then for each x € 61 we have ni(x) = no(x-® ') (as defined
in Definition 2.11).

If afold (G, (e, ¢’)) is allowable at a point xq in Outer Space, one can construct
a path {X;}¢[0,1] in unprojectivized outer space, called a “fold path.” This is done
by identifying initial segments of e and e’ of length £y (e’), for 0 < ¢t < 1. The
quotient map f; o: Xo — X; is a homotopy equivalence, as are the quotient maps
fi.s for 0 <s <t < 1. By projectivizing we get a path {x;} in Outer Space.
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Definition 3.11 (basic fold paths). Given an allowable fold as above, the path
F:10, 1] — X, defined by ¢ — x; is the fold path in X, starting at xo and defined
by folding e over ¢’. The path t — X, will be called the (unprojectivized) basic
fold path. We will not always use the hat notation when discussing unprojectivized
paths but will mention whether the image lies in X, or 56,, if it is otherwise unclear.

Definition 3.12 (change-of-metric matrix). Let G, G’ be graphs and assume we
have numbered their oriented edges. Let ¥ be a linear map from a subset of the
unprojectivized simplex (g, to the unprojectivized simplex 6(g’,,/). Then ¥
may be represented by an | E(G’)| x | E(G)| matrix. This matrix will be called the
change-of-metric matrix.

Lemma 3.13. Let ® be an allowable fold automorphism on the point xo =
(Rr,m,t) and suppose the edges of R, have been numbered so that ® = ®;;.
Let x1 be the folded graph and suppose Gy and &, are unprojectivized open
simplices containing respectlvely xo and x1. The change-of-metric matrix for the

fold operation from no(cr( R m)) to n1(0(R,dom)) is the matrix T;j of Definition 3.4.

Definition 3.14 (fold paths). A fold path F:[0, k] — X, is a path in X, that may
be divided into a sequence of basic fold paths {F; }k , as in Definition 3.11, so that
Fi(1) = F;+1(0) for each i. As above, we will denote by x; = (G;, my, {;) the
points of the path in X;. The maps f; ; for s, ¢ € [0, k] will be defined similarly as
above.

If ¥ is a fold path from F(0) = x to F(k) = y we sometimes denote it by
Fix —y.

The following Lemma follows from Lemma 3.13 and its proof is left to the
reader.

Lemma 3.15. Let f1,..., fx be a sequence of combinatorial proper full folds,
with associated change-of-metric matrices Ty, ..., Ty having respective inverse
matrices M1, ..., My. Suppose thatv € M 1 Mk (R’,). Then the combinatorial
fold f; is allowable in the metric graph ”1_—1 (Ty—;---T1(v)), foreach2 <1 <k
(and any marking). Furthermore, applying fi, ..., fr to xo € oo will result in the
point n,:l (Tk -+ T1(no(xo))) of the simplex o(R,., f; oo f,0m)-

Lemma 3.16. Let {D;}{2, denote a sequence of nonnegative invertible ma-
trices such that, for each i € N, there exist some integer n > i such that
DiDjy1-+- Dy—1Dy is strictly positive. Then there exists a vector wo € R’ so

that, if we define w; 1 := DH_lwl,for each 1, then each wj is a positive vector.
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Proof. Let ﬁ denote the set of vectors with nonnegative entries, and recall the
map ¢ from Equation 1. Let i; be such that Dy --- D;, is strictly positive and let
My = Dy --- D;,. Recursively define iy so that D;,_, 41 --- D;, is strictly positive
and let My = Dy, 41+ Dj,. Let I = (g My --- Mg (R,). Note that

o0

o
15 () Mi... M (RY) D () q(M; ... M (RY)).

k=1 k=1
The right-most intersection is nonempty since it is an intersection of nested com-
pact sets. Moreover, J C M, (E) C R!.. Choose wo € J. Given/ € N, let
k € N be such that iy _y <[ < iy. Since wo € J C My --- My (R’ ), we have that
M, V..o M wy is a strictly positive vector. Hence, since each D; is a nonnega-
tive invertible matrix, w; = Djqq--- Dy M7t --- M wg € Dyyy--- D (R7) C
R’ |

Corollary 3.17. Let { fi}2,, be a sequence of combinatorial proper full folds of
the r-rose, with associated change-of-metric matrices {T;}{2, having respective
inverse matrices {D;}{2,. Suppose that for each i € N, there exist some integer
n > i such that D;Djy1--- Dy—1 Dy, is strictly positive. Then there exists a
vector wo € R, so that the infinite fold sequence { f;}{2, is allowable in the rose
xo = ng(wo).

Proposition 3.18. Let {Fj:x; — xi+1}f.‘:0 be a sequence of fold paths with fold
maps { fs.t}s>1>0. Suppose there is a conjugacy class o in F, satisfying that,
for each i, the realization oy, of o in x; is legal with respect to the train track
structure induced by f; 1,;. Then the corresponding fold path Im(F) = {x;}+¢[0,k]
is an unparametrized geodesic, i.e. for each r < s < t in [0,k], we have
d(xr, x¢) = d(xr, x5) + d(xs, X¢).

Proof. The proof uses Propositions 2.27 and 2.28 and is left to the reader. |

Suppose yg is a graph and fy: yo — y; is direction matching, then by Obser-
vation 3.8, we have that y; inherits an orientation such that the image of each edge
is a positive edge-path (see Definition 2.14).

Corollary 3.19. Let yo be a directed metric r-rose graph with length vector
v and let {fi:y; — yi+1}§:’g be an allowable sequence of proper full folds.
Suppose that for eachi = 0,...,k — 1 the fold f;+1 is direction matching with
respect to the orientation of yi4+1 inherited by f;. For each 0 < i < k, let
{Fi:yi = yi+1} denote the fold path determined by { f;}. Then the corresponding
fold path Im(F) = {y:}efo,k] Is an unparametrized geodesic.
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Proof. Without generality loss we can assume that the marking on R, is the
identity. Then, by Proposition 3.18, it suffices to show that there exists a conjugacy
class o in F; satisfying that, for each i, the realization «y, of « in y; is legal with
respect to the train track structure induced by the map f;. We claim that this holds
for the conjugacy class « of a positive generator X;. By induction suppose that
ay, is a positive loop. Since f; maps positive edges to positive edge-paths, ay, |
is also a positive loop. Since f;+1 is direction matching, ay, | is fi+1-legal and
positive. O

4. Brun’s algorithm and density of Perron—Frobenius eigenvectors

We introduce fibered systems so that we can use an algorithm of Brun to prove,
in Theorem 4.14, that the sequence of Brun matrices converge weakly for a full
measure set of points. These matrices are unfolding matrices, which will be
significant for proving Theorems A, B, and C in the next sections.

4.1. Fibered systems. The following definitions are taken from [19].

Definition 4.1 (fibered systems). A pair (B, T) is called a fibered system if B is a
set, T: B — B is a map, and there exists a partition {B(i) | i € I} of B such that
I is countable and T'|g(;) is injective. The sets B(i) are called time-1 cylinders.

Definition 4.2 (time-s cylinder). For each x € B, one can define a sequence
®(x) = (i1(x),i2(x),...) € IN by letting is(x) = i < T 'x € B(i). In
other words, is(x) tells us which cylinder 7°~!x lands in. Then a time-s cylinder
is a set of the form

B(i1,....is) ={x e B|i1(x) =i1,...,is(x) = is}.
From the definitions we have B(iy,...,is+1) = B(i1,...,is) N T B(is+1).
4.2. The unordered Brun algorithm in the positive cone. The following algo-
rithm (commonly referred to as Brun’s algorithm) was introduced by Brun [7] as

an analogue in dimensions 3 and 4 of the continued fractions expansion of a real
number. It was later extended to all dimensions by Schweiger in [18].

Definition 4.3 (Brun’s (unordered) algorithm). Brun’s unordered algorithm is the
fibered system (C", T') defined on

C"=R ={(x1,...,xp) €R | x; > 0forall | <i <n}

by
T:C" — C",

(-xls'-'y-xn) i (-xlﬁ-'-sxm—lsxm _xsy-xm-f-ls'-'ﬁxn)#
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where
m(x) :=min{i | x; = max Xx;},
1<j<n °
s(x) :=min{i #m(x) | x; = max  Xx;}.
l<j#m(x)<n
In other words, for each x = (x1,...,x,) € C", we have that m(x) is the first

index that achieves the maximum of the coordinates and s(x) is the first index that
achieves the maximum of all of the coordinates except for m(x).

Notice that, letting (i, j) = (m(x),s(x)), the transformation T is just left
multiplication by the matrix 7; ; from Definition 3.4. Then, given a vector vy =
(x1,...,x,) € C" with rationally independent coordinates, one obtains an infinite
sequence

{op = (X%, xknee  cen,

where vy is recursively defined by vi 11 = Tvy),s(vz) Vk-

Definition 4.4 (Brun sequence). In light of the above, the sequence for Brun’s
unordered algorithm (which we call the Brun sequence) will consist of the ordered

pairs ks = (is, js), where (is, js) = (m(vs),s(vs)). Further, the sequence
O(x) = {ky}$2, will determine a sequence of folding matrices, which we denote

by {T"}52,, where T = Tp . Welet {M{}32, denote the corresponding

inverses, i.e. the unfolding matrices. We denote their finite products by

AT = M{M3 --- M for each s € N. (6)

Then, as above, for each vy € C", we have a sequence of vectors {vs}52, C C”,
where vy = Tvs = T, vs. Thus, vy = M9 ve41, and hence vg = A v;. So

vo € ) AZ(C™). (7)
s=1

This fact will become particularly important in the proof of Theorem 4.14, hence
Theorem D.

Definition 4.5 (Brun matrix). For each vector vy € C”, we call each matrix
A0 = MIUO -~ MO ®)
a Brun matrix. We let B, denote the set of r x r Brun matrices.

Remark 4.6. When it is clear from the context, we may leave out reference to the
starting vector vg and simply write A, Ty, M, etc.
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Proposition 4.7. Let Y, be the set of rationally independent vectors in C”, then
for each x € Y, there exists an N € N so that A}, is a positive matrix for each
n>N.

Proof. We fix vo and omit the index vy from the notation below. We first prove
that, for each i, and for each & € N, there exists some m > h and some j such that

-

km = (i, j). Starting with vy and until (v,,); becomes the largest coordinate, at
each step one subtracts a number > (v,,); = (vy); from some coordinate > (vyy);.
This can only happen a finite number of times before each coordinate apart from
(vm)i becomes less than (v,,); = (v);.

Consider A, as in (6). To prove the proposition, it suffices to show that, for
each (i, j), there exists a large enough N so that for all n > N the (i, j)-th entry
of A, is positive. In fact, it is enough to show that this entry is positive for some
A,. Indeed A, 4+ is obtained from A, by adding one of its columns to another one
of its columns, so that an entry positive in A4,, will be positive in 4, 4.

Fix i, j. Let

a = min{t | IE, = (i, ¢) for some c},

b =min{t > a | ks = (j,d) for some d}.

Let ¢ be such that k, = (i, c1). Observe that, since c; is the second largest
coordinate in v, in the next vector v,41, either i is still the largest coordinate or
¢y becomes the largest coordinate. There is some N; > 1 and some index c; so
that

N
Aa+N1 = Aa—lM(i,él)M(cl,cz)-

p p : _ Ny N> N3 arN:
We continue in this way, 4, = Aa_lM(i,cl)M(cl,CZ)M(02,03) M(Ct,ct+1)' When

n = b, we have that ¢, = j. Thus, forn = b — 1, we have

— Ny N> N3 A Ne
Ap—1 = Aa1t M Mol oMy ey M, jy-

. .. Ny N> N3 Ny
It is elementary to see that the (i, j)-th entry of M(l.’q)M(Cl’CZ)M(Cz,Q) M

is positive. This implies that the (7, j)-th entry of Ap_; is positive.

4.3. Other versions of Brun’s algorithm. To use the results of Schweiger’s
books, we must give two other different, but related, versions of Brun’s algorithm.

Definition 4.8 (Brun’s ordered algorithm). Brun’s ordered algorithm is the fibered
system (A", T’) defined on A" :={x € C" | x1 > --- > x,} by

T A" — A",

(X1, Xn) — (X2, .., X1, X1 — X2, Xiy . vy Xp),
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where i = i(x) > 2 is the first index so that x; — x, > x; and, if there is no such
index, we let i (x) = n. The time-1 cylinders are

A"i—1) ={x ]| xi—1 > x1 — X2 > x;}.
Notice that the transformation 7" is just left multiplication by the matrix 77 »,
followed by a permutation matrix that we denote P;, determined by the cylinder
A"(i). (We denote P; Ty by Tl/ and its inverse by Mi/ .) Hence, given a sequence

of indices w(x) = (i1,i2,...) with 2 <i; < n for each i;, one obtains a sequence

. A , i . . .
of matrices {Tl.j 721 Given vg € A"(i1,...,im), this gives a sequence of points

Vo, ..., Um € A" such that vy = Tl/j v foreach 1 < k < m — 1. The fibered
system sequence here will be w(x) = (i1, i2,...) when

o0
xe () AMireiz.. .. im).
m=1

If w(x) = (i1,1i2,...), we define
¥= Ml/1 i/k )

for each k € N.

Definition 4.9 (Brun’s homogeneous algorithm). Brun’s homogeneous algorithm
is the fibered system (B, T”) defined on

By ={xeR"|[1>2x1>x3>->x, >0}

and where T': B,, — B,, is such that the following diagram commutes:
Antl T Ant1
Pl
B, —T - B,
where p: A"t! — {0} — B, is defined by

2 x’ﬂ) (10)

p(X1,..., Xp41) = (—
X1 X1

We denote the time-1 cylinders by B, (7).
4.4. Relating the algorithms
Definition 4.10. Let O: C" — A” be defined by

(X140 Xn) = (Xips e ey Xiy,)

where x;; > x;, > -+ > x;,. Note that for a particular x, O(x) is a permutation.
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Lemma 4.11. For each x € C" and for each m € N, there exist permutation
matrices P;,, P;, so that
AY = Py (ASD)Y Py,

Proof. This follows from the following commutative diagram:

cr—L.cr .

e

Ar T’ Ar D

Corollary 4.12. For each x € C" and for each m € N, we have that A}, is a

positive matrix if and only if(A,(,D,("))/

is a positive matrix.
Corollary 4.13. For each irrational x € A" there exists an N so that (A}) is
positive for alln > N.

Proof. This follows from Proposition 4.7 and Corollary 4.12. O

4.5. Weak convergence and consequences. Recall the definitions of the (r —1)-
dimensional simplex 8, in Definition 2.6 and the projection map ¢g: C" — 8,
of Equation 1. We will show that for each r > 2, the set of Perron—Frobenius
eigenvectors for the transition matrices of positive automorphisms in Aut(F;) is
dense in the simplex S, .

It is proved in [19, Theorem 21, p.5] that Brun’s ordered algorithm is er-
godic, conservative, and admits an absolutely continuous invariant measure. The
proof uses Rényi’s condition, which further says that the measure is equivalent
to Lebesgue measure. We are very much indebted to Jon Chaika for pointing out
to us that we could use the ergodicity of Brun’s algorithm to prove the following
theorem.

Theorem 4.14. There exists a set K C 8, of full Lebesgue measure such that for
eachx € K

() 47 (R}) = spang,, {x}. (11)
=1

Remark 4.15. Before proceeding with the proof, we explain what we saw as
an impediment to proving that the PF eigenvectors are dense in a simplex. It is
possible to have a sequence of invertible positive integer d x d matrices {M;}{2,
so that

o0
O My MR
k=1
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is more than just a single ray. The existence of such sequences of matrices was
proved in the context of non-uniquely ergodic interval exchange transformations.
There are several papers on the subject (including [15], [14], [21], [17]). Because
it may not be straightforward to the reader outside of the field, we briefly explain
how [14] implies the existence of such a sequence.

We consider a sequence of pairs of positive integers {(my, ng)}7, satisfying
the conditions of [14, Theorem 5]. We look at

o
ﬂ Am1 N Amz,nz e Amk,nk (Ri),

as defined on p. 191. Keane explains on p. 191 that the product of any two successive
Am; n; is strictly positive and that always det(Am, ) = 1. We let By =
Amy iy Amans *+ Amyny - Keane [14] pI‘O]eCtIVIZGS By to Bk, so that Bk is a map
of the 3-dimensional simplex 84. By Lemma 4, {B; (0, 1,0, 0)}7=, is a sequence
of vectors converging to a vector whose 2"¢ entry is at least % By Lemma 3 (when
Theorem 5(ii) holds), { Bk (0,0, 1, 0)}7=, is a sequence of vectors converging to a

vector whose 3™ entry is at least 5. But 3+ + & > 1 and we have assumed that
we are in S4. So these limits must be distinct vectors.

Proof of Theorem 4.14. Choose any N-cylinder 2 := A" (i1, ...iy) such that the
corresponding matrix Z := A’y is positive (see Corollary 4.13). Let Q = p(Q).
Then () > 0, where p is the Lebesgue measure on B,. Since T’ : B, — B,
is ergodic with respect to the Lebesgue measure, by Birkhoft’s Theorem, there
exists a set K C B, such that (K) = 1 and so that for each ¥ € K the set
J(%) :={n € N | T"(X) € Q} is infinite.

We let K’ := p~'(K). Then for each x’ € K’ the set I(x') := {n € N |
(T")"(x') € Q} is infinite, as n € I(x’) if and only if n € J(p(x')).

Let K” := O7(K’) Cc R’,. If x € K", then O(x) € K’, and hence for each
n € 1(O(x)) we have

(T)"(0(x)) € Q.

Let s € N be arbitrary. Consider the first s integers {ji,..., js} in 1(O(x))
satisfying that any difference between two of these numbers is > N (where N
came from the original N -cylinder we started with). Let N; > j; + N + 1. Then,
for each m > Nj,

(AXY = Dy+-Djy 1 ZDjy 5 -+ Djyr+++Djg-1 ZDjy 1N - D,

where Z is the positive matrix that we started with and the D; are the M/’s of
Brun’s ordered algorithm. The matrix Z appears in this product s times. By
Lemma 4.11, for each x € K” and each m € N, there exist permutation matrices
P;,, Pi, so that

A = P; (AOW) P,
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Hence, for this arbitrary s we have found an N;(s) € N so that for all m > Ny,
Ay, =PiDy---Dj,_1ZDj+N - Djy—1---Dj;1ZDj,+N -+ Dy P2,

where Z appears in this product at least s times and the other matrices in this
product are all invertible nonnegative integer matrices. Then, by [6] (see also [11,
Corollary 7.9]), Equation 11 holds true for each x € K”.

Let g:R!, — &, be the projection to the simplex in the positive cone (see
Equation 1) and let " be the Lebesgue measure on 8,. Define K := ¢(K”). Then,
since u(K) = 1, we arrive at u/(K) = 1, as desired. O

Definition 4.16. Recall B, from Definition 4.5, we let P, be defined as

P, :={vpr € 8, | vpF is the PF eigenvector
for some positive Brun matrix M € B,}.

Definition 4.17. Suppose
A :Milsjl ”'Minajn EB"‘ (12)

Then each M;, ;, is anunfolding matrix as in (5) and we can associate to it the fold-
automorphism f;, ;, (see Definition 3.3). Notice that M;, ;, is in fact the transition
matrix for f;, ;.. To each A € B, as in (12) we associate the automorphism

84 = finjn ©*" 0 firjis (13)

whose transition matrix is A. We also call this automorphism g,, where v is the
PF eigenvector of A.

Theorem D. For eachr > 2, let S 1’1 denote the set of unit vectors according to
the Iy metric in R?,_. The set of Perron—Frobenius eigenvectors of matrices arising
as the transition matrices of positive automorphisms in Aut(F,) is dense in S 1’1 .

Proof. It will suffice to show that P, is dense. By Theorem 4.14, we know that
Brun’s algorithm weakly converges on a dense set of points K C §,. Thus,
given any x € 8§, and ¢ > 0, there exists some x’ € B(x,5) N K on which
Brun’s algorithm weakly converges. Hence, there exists some N such that, for
eachn > N, we have that ¢(4X' C") C B(x', %). By possibly replacing N with a
larger integer, we can further assume that the Aﬁ/ are positive (see Proposition 4.7),
so have PF eigenvectors. And the PF eigenvector v, for each Aﬁ/ is contained
in A;/C " and hence is in B(x’, %). Hence, there exists a v; € P, such that
d(vi,x) < e. O
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5. Dense Geodesics in theta complexes

In this section we construct a geodesic ray dense in the theta T, subcomplex
whose top-dimensional simplex has underlying graph as in the right-hand graph
of Figure 1. One could consider this a warm-up to the proof of Theorem B
or interesting in its own right, as this is the minimal connected subcomplex
containing the projection of the Cayley graph for Out(F;).

5.1. Construction of the fold ray. We enumerate the vectors in P, from Defini-
tion 4.16 as {v; }72 . For each i there exists a positive matrix 4,,; in B, so that v; is
the PF eigenvector of A4,,. Further, there exists an automorphism g, correspond-
ing to A,, (Display 13). We also enumerate all possible fold automorphisms, as in
(), by hi, ... hyr—1).

We construct a sequence that contains each gfi ohj withi,k,j € N:

8v; ohy, 8vs ohy, gf,l o h», g,‘j’l o hs, gﬁz o hy, 83 ohy, 8vy ohy... (14)

Decompose each g, in (14) according to (13), to obtain an infinite sequence of
fold automorphisms

{Pr}rs- (15)

For example, if gy, = fi,,j, -0 fi;,j; then @1 = hy, @2 = fiy i, P3 = fir, )0,
etc. We denote by G; the r-rose whose positive edges are identified with the
chosen basis. This identification induces an enumeration of the edges. Using
Definition 3.6, ®; can be represented by the combinatorial fold f;. The target
graph G, is topologically an r-rose and it inherits an orientation and an enumer-
ation of edges. Thus we may continue inductively to define the combinatorial
fold fx:Gx—1 — Gg. The enumeration of edges induces the homeomorphism

N 6(Gk,fk°"'°f1) e Sr.

Lemma 5.1. Let o¢ be the base simplex, then there exists a point xo € 0y
so that, for each k > 0, the fold fi+1 is allowable in the folded rose after
performing the sequence of folds f1, ..., fx. Moreover, this folded rose is x; =
n Ty o -+ 0 Ty (no(x0))) in the cone 6(g, g oo f,0m)-

Proof. This follows from Corollary 3.17. Note that the positivity condition follows
from the positivity of the matrices A, . O
Remark 5.2. [11, Corollary 7.9] implies the metric on xg is unique, as the same

positive matrix occurs in infinitely many of the products M;, --- M;, .

Definition 5.3 (R). We let R denote the infinite fold ray (Definition 3.14) initiating
at x¢ and defined by the sequence of folds { f;} as constructed above.



594 Y. Algom-Kfir and C. Pfaff

Theorem C. For eachr > 2, there exists a dense fold ray in T, that projects to a
dense Lipschitz geodesic fold ray in T,/ Out(F;).

Proof. We recall R from Definition 5.3. It is clear that R is contained in T,. R is
a geodesic ray by Corollary 3.19.

First recall that the simplicial and Lipschitz metrics on X, induce the same
topology on X,. Hence, it suffices to prove density in the simplicial metric.

Leta € T,/ Out(F;) and let ¢ > 0 be arbitrary. Lift a to a point @ € T, in the
interior of a top dimensional simplex 7. Let y € 7 be a pointsuchthatd;(a, y) < e,
and so that its coordinates are rationally independent. The point y lies on a fold
line J; ; from a point x on one face of r to a point z in another face. Without
generality loss assume z € oy, the base simplex. Moreover, without generality
loss assume the combinatorial fold is f». Let e/, ..., e, denote the edges of R,
as numbered in oyp. Enumerate the edges of G, the underlying graph of z, as
ei,...er41, so thatif c: Gy — R, is the map collapsing e, in G, then c(e;) = €]
and c(e;) = e;_, for each i > 3. We parameterize the path [x, z] as an unfolding
path 91 2(z, t) in unprojectivized Outer Space as follows. Let { = ng(z) € §;,
then

ne(P12(z,8)) =1 +t,t,50—1,83,...,Cr).

We note that z = $15(z,0), x = ﬁ?l,z(z,éz), and for some 0 < ty < &
we have y = ﬁﬁl,z(z,to). Since the function y;2(z,1) = =y1.2(2.1) is
continuous when ¢ is bounded away from 1, there exists an ¢’ > 0 so that for
each w € B(z, &), the path y; »(w, t) passes through B(a, ¢).

Now, by the density of PF eigenvectors (Theorem D), there exists a vector
v; € P, such that v; € no(B(z,¢")). Let &’ > 0 be such that ny(B(z, &')) contains
B(v;,&"). Let K be large enough so that q(A’lfi (R%)) C B(v;,&") forall k > K.

Let Wy be the composition of ®1, ®,, ... from Display 15 up to the first fold
automorphism in the decomposition of g{fi. Choose k > K so that the last fold
automorphismin Wy is @ ». Let zx be the rose-point in R directly after performing
the fold sequence of V. Let x; be the rose-point directly before z.

We claim that R - \IJ,:I is e-close to a. To see this recall that directly after zj
in R we perform the folds corresponding to gfi. Let wy be the rose-point in R
directly after these folds and let ny, n,, be the appropriate identifications of the
simplices containing z; and wy with 8,. Then ng(zx) = A’lfi (nm(wy)). Hence
ns(zr) is £”-close to v;. Thus ng(z) is &’-close to ngy(z).

The point z is in 0g - V. Hence, by Lemma 3.10, n¢ (2 - \IJ;1) = ny(zg). Thus
the fold path [xg, zx] - \IJIZI, which is a path induced by the fold @, ,, satisfies that
its endpoint, z - \IJ,:1, is &”-close to z. Thus, this fold line intersects B(a, ¢), as
desired. |
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6. Finding a rose—to—graph fold path terminating at a given point

This section is the first step in our expansion of our methods of Section 5 to obtain
a dense geodesic ray in the full quotient of reduced Outer Space.

In this section and in the next one, we find, for a dense set of points y in reduced
Outer Space, roses x, z so that y € [x, z] and the difference in marking map x — z
is positive. The path [x, z] will be called a positive rose—to—rose fold line. It will
replace our basic fold lines J;_; in the proof of Theorem C.

A rose—to—rose fold path will have two parts: a rose—to—graph part [x, y] and
a graph—to-rose part [y, z]. We begin in (Subsection 6.1) with decomposing the
graph of y into a union of positive loops (Lemma 6.6). This allows us to find the
rose x.

6.1. Decomposing a top graph into a union of directed loops

Definition 6.1 (paths and distance in trees). Let T be a tree. Then for each pair
of points p,q in T there is a unique (up to parametrization) path from p to g. We
denote its image by [p, ¢]r and, when there is no chance for confusion, we drop
the subscript 7. Given a tree T, let dr (-, -) denote the combinatorial distance
inT.

Definition 6.2 (rooted trees). By a rooted tree we will mean a finite tree 7 with
a preferred vertex vy called a root. A rooted tree can be thought of as a finite
set with a partial order that has a minimal element - which is the root. We will
refer to the partial ordering induced by the pair (7, vg) as <r, i.e. w <7 w’ when
w € [vg, w]r.

Remark 6.3. In the figures to follow the root will always appear at the bottom.

We use special spanning trees to guide us in finding the loop decomposition
of G:

Definition 6.4 (good tree). Let T be a rooted tree in G and e = (v, w) an edge
of G. Wecall e bad if v £7 w and w £7 v. Let B(T') be the number of bad edges
in G with respect to T. When B(T) = 0 we call T good (sometimes elsewhere
called normal).

We prove a somewhat stronger version of [9, Proposition 1.5.6].

Proposition 6.5. For each G € X,, and for each E € E(G) that is not a loop,
there exists a rooted spanning tree (T, vo) so that B(T) = 0and E € E(T) and
vo = ter(E). Moreover, when G is trivalent with no separating edges, T can be
chosen so that deg(vo) = 1.
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Proof. Given an edge E in G, we let vg = ter(E). Let Gy,..., Gy denote the
components of G — {vo} with {vo} added back to each component separately.
Thus G = U,NzlGi /{vo}. We will construct a good tree 7; (rooted at vg) in each
G;. Then T = Uf\':lTi will also be a good tree rooted at vy, since all edges
e € E(G — T) have endpoints inside some G;.

Let G, be the component containing the edge E. For i # 1 we choose a
spanning tree 7; in G; arbitrarily. For i = 1 we construct a spanning tree 77 in G
such that deg(vg)7, = 1. Denote by v; the endpoint of E distinct from ve. Since
E is non-separating in G it is non-separating in G; so each vertex in G can be
connected to vy via E. We choose T to be a spanning tree that does not include
any edges of G adjacent to vy other than £. We now define a complexity of a
tree and show how to decrease it so that in the end of the process we get a good
spanning tree.

Let S be a tree. For an edge ¢ = (v, w) in G, the union [vg, v]s U [ve, w]s
forms a tripod. Denote the middle vertex of this tripod by ¢., i.e. ¢, satisfies
[V0,gels = [vo,v]s N [ve, w]s. Let d(e) = ds(vo, g.). We define the complexity
C(S) = (n(S),m(S)) of S by defining n(S) and m(S) as follows:

—min{d(e) | e is bad} if B(S) # 0,

—00 otherwise,

n(S) = {

and let
m(S) = #{e € G | eisbad and d(e) = —n(S)}.

Note that the complexity is always a pair of integers (or —oo). Moreover, m(S) = 0
if and only if there are no bad edges, so that, if there are no bad edges, C(S) =
(—00,0).

The complexity is ordered by the lexicographical ordering of the pairs. Note
that for S bad, the complexity is bounded from below. Indeed, when G € X, we
have |V(G)| < 2r —2,s0n(S) > 2 —2r, hence C(S) > (2 —2r, 1).

We will modify each 7; separately to make it a good tree in G;. Suppose
e = (v, w)is abad edge in G; realizing the minimal distance —n (7;). Let e be the
firstedge of [v, ge]7; and let e, be the last edge of [v, g.]1;. Let T/ = T; U{e}\{ez}.
We claimthate, # E. If G; # Gy, then this is obvious. Otherwise, deng (vg) =1
and deg(q.) > 2, so that vy # ¢, and hence e, # E. Therefore, E € E(T]) after
the move and still degT{(vo) = 1. Next, notice that some bad edges of 7; have
become good in 77, for example e is no longer bad, as is any edge from a vertex in
[v,gelT; to a vertex in [ge, w]7;. Some bad edges remain bad. But the only edges
that were good and became bad are edges with one endpoint in [v, ¢.]7, and one
endpoint in a component of 7; \ {v} that does not contain e; or w. For such an
edge f, we have that gy = v,s0d(f) = dg/(v,vo) > dr/(qe, Vo) = d(e) and the
complexity has decreased. l l
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If G is trivalent with no separating edges, then no edge is a loop. This implies
that there are three edges E, E’, E” incident at vg. If the tripod E U E' U E”, was
separating then each of its edges would be separating - a contradiction. Therefore,
G = G, in this case, and the proof is complete. O

Lemma 6.6. If G is a trivalent graph with no separating edges and a turn at vy
involves the unoriented edges E and E', then there exists an orientation on the
edges of G so that,

(1) G = Ul_,a; where each «; is a positive embedded loop,
2) a; N ( U;;ll Olj) is a connected arc containing v for each i, and

(3) vy is the terminal point of both E and E'.
We will in fact prove:

Lemma 6.7. Let G be a trivalent graph with no separating edges and let (T, vg)
be a good spanning tree in G. Let ey € E(G —T) be so thati(e1) = vo. Then one

can enumerate E(G — T) — {e1} as ez, . .., e, and orient all of the edges of G so
that
(1) there exist positive embedded loops oy, . ..,or C G,

(2) foreach i, we have that i is the smallest index such that a; contains e;, and

(3) foreach i, we have that o; N (U;';l1 oj) is a connected arc containing ey.

Proof of Lemma 6.6 ( from Lemma 6.7). To prove Lemma 6.6, we use Proposi-
tion 6.5 to find a good tree (7', vg) containing £ and so that vy has valence 1in T'.
Denote by e; the third edge at vq distinct from E, E’. Since E € E(T), we have
E’,e; ¢ E(T). By Lemm 6.7(2), 1 is a loop containing e;. Since E is the only
edge of T adjacent to vy, o1 contains E. E is oriented towards vy, so e; is oriented
away from vg. E’ is notin 7, so E' = e,, for some m. Now by Lemma 6.7(3),
o, contains ey, so £/ must be oriented towards vg. This proves Lemma 6.6(3).
Lemma 6.6(2) follows form Lemma 6.7(3). By 6.7(3), (Uf.‘;llai) N oy is an arc
so the rank of U{;lai is k (by Van-Kampen’s Theorem). Therefore, the subgraph
G' = UJ_,«; is connected and has rank r. Since G has no valence-1 vertices, a
subgraph G’ that has rank r is in fact all of G. This proves item Lemma 6.6(1). [

We will need the following definitions in our proof of Lemma 6.7.
Definition 6.8 (v_(¢) and vi(e)). Let T be a good tree in G. Given an edge

e € E(G), one of its endpoints is closer (in T') to vy than the other. We denote by
v_(e) the vertex closer to vy and by v (e) the vertex further from vy.
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Definition 6.9. Let o be an embedded oriented path in the graph G and let x, y
be two points in the image of o, i.e x = «(s) and y = «(¢), for some s,¢. If
s < t, then we denote by [x, y], the image of the subpath of « initiating at x and
terminating at y, i.e. o([s, t]).

Definition 6.10 (left—right splitting). Let v be a vertex of a graph G and let « be
an embedded directed loop based at vy. Let e be an edge of «, and m the midpoint
of e. Then the left-right splitting of « at e is

L = [vo,mly, RS = [m,vola.

Definition 6.11 (aligned edges). Let G be a graph and (7', vg) a spanning good tree
in G. Suppose f1, f> € E(T) satisfy that the vertices {v+(f1), v+(f2), vo} span a
line in 7. Then we call the pair of edges f1, f> aligned. If v4(f1) < v4(f2) we
say f lies below f5.

Definition 6.12 (highlighted subpaths). Let G be a graph and (T, vo) a spanning
good tree in G. Let fi, f> be aligned edges in T such that f; lies below f,. For

each i, let oy, be an embedded loop containing f; and vo. We define H j:l‘ /2 and
H };‘ /2 the highlighted subpaths of « s, and « f,, respectively, as follows:

Hfl’fzzL,{lﬁ and HC’fz:R,{Zfz wheni(f1) <r ter(f1), (16)

fi f
H]{"fz = jo_lﬁ and H};l’fz = L‘{iz when i(f1) >7 ter(f1). (17)

Proof of Lemma 6.7. Enumerate E(G — T) — {e;} so that k < j implies that
v_(ex) # v_(e)).
We prove this lemma by induction on i for 1 < i < r. We will define a loop
«; and orient its previously unoriented edges so that Items (1)—(3) of the lemma
hold and moreover the following Items 4 and 5 hold. Denote by «, the first loop
that contains e (for example when e = ¢; ¢ E(T) then o, = ;).

@ If f € E(T) and f’ € E(G) are such that vy (f) < v(f’) and f’ is
oriented, then f is oriented.

(5) Let f1, f> € E(T) be aligned and H}(l"fz, H]{;l’fz the corresponding high-

lighted paths with respect to af,,as,, then H J{ll’f NH };"f ? contains no
half-edges.

We include Item 5 to ensure that the loop in the induction step is embedded.
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The base case. We begin the base of the induction with the edgee; € E(G—T),
which is adjacent with vo. Define the directed circle o, = ey * [t(e1), vo]7, this
is clearly an embedded loop. We orient the edges of «,, accordingly, i.e. e; is
directed away from v, and the edges f < [t(e1), vo]r are directed toward vy.
Clearly Items 1-5 hold at this stage, i.e. in the subgraph consisting of precisely o .

The induction hypothesis. We now assume that we have oriented some subset
of E(G) sothatforeach j <i—1 wehavethate; is oriented. We call G’ = U};ll o
the oriented subgraph. We let ¢ := ¢; and note thate ¢ G'.

The induction step. Let I/ = [v_(e), v+(e)]r. Let #; be the edge of / adjacent
at v_(e). We claim as follows that ¢; is oriented, see Figure 2. Indeed, if
v_(t1) = vy this follows from the base case. Otherwise, there is anedge t3 € E(T)
adjacent to v_(#1). Since f3 is nonseparating, there is an edge ¢/ € E(G — T)
so that v_(e’) < v_(t3) and vy(e’) > v4(t3). But since the graph is trivalent,
v+ (e’) > v4(t1). Now, since v_(e’) < v—(e), we have that ¢’ is oriented. Hence,
by Item 4 in the induction hypothesis, #; is oriented.

81 h n 1

(A) (B) © (D)

Figure 2. The green line indicates the path o, takes near e. The edge #; is the first edge in
I and £, is the last oriented edge in /.

Let £, be the last oriented edge of /. Denote J = [v4(f2), v+(e)]r. Note that
we allow #; = f, and leave the adjustments of this case, from Cases A and C of
Figure 2, to the reader. The loop «, is constructed as in Figure 2 from the following
segments by adding or removing a half-edge of #, or removing a half-edge of ¢,
or 1.

H{2, J, e, HP. (18)

%)
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The orientation of «, is chosen according to the direction of #;. When i(#;) >
t(t1), Cases A and B of Figure 2, we orient o, so that H ,’21 "2 s the left (first)

segment and when i (t;) <7 (1), Cases C and D, we orient so that H,tlz’t1 is the
first segment.

We observe that o, is indeed embedded as follows. The paths H ,’21 2 H ff’t‘ C
G’ while J,e C G — G’, hence they are edge-disjoint. Moreover, by Item 5 for G’,
the paths H ,2”2, H,tlz’t1 are half-edge disjoint so that even if we add #; or 7, they
remain edge disjoint. Therefore the path «, does not self-intersect in an edge. It
cannot self-intersect at a vertex since the graph is trivalent. Moreover, the loop is
positive. This proves Item 1.

Note that o, is contained in G'UT U{e}, hence it does not contain e; for j > i.
This proves Item 2. Item 3 is also clear. Item 4 is satisfied since for f’ = e and

forall f € E(T) sothat v (f) < v4(e) we have that f is oriented.

We are left with proving item 5 for each pair of aligned edges fi, /> € E(T)
such that at least one of them is oriented in the i’" step, i.e. ay = «;. Itis less
difficult to check that the claim holds when both edges are newly oriented. We
leave this case to the reader and check the case where f; C G'NT and f, C T is

newly oriented, i.e. fo C J. We illustrate the different cases in Figure 3.

v4(e) vt (e) v4(e) vt (e)
f2 f f2 f2
5] 5] 2 2
n N N h
il 1 1 1
) (Ia) (IIb) (I1D)

Figure 3. Checking Claim 5 for f, f> depending on their location. In Case I, f1 lies below
t1, and in the other cases 71 lies below fi. In Cases Ila, IIb, f; is pointing down and in
Case III, f; is pointing up.

Suppose f1 ¢ I (Case I in Figure 3), then for each f € {f,, 11,12}, we have
fo<r f.Thus, H{ = H{M for f. f' € {fo.tr.12).

Moreover, by our construction of « s, = a,, we have H URENE | ,J]:‘ ey Ju
{t2} U {e} for either k = 1 or k = 2. Thus, for the same k we have (see Figure 2)

) ok ’ ot
HIV2 = gV and HI? ¢ HIV U {e} U T U (1),
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S1:tk
1

Since J is newly oriented, H 7 and J are edge-disjoint. By the induction

hypothesis, H j:l‘ TN H,{l ' contains no edges or half-edges. Moreover, if
H};"fz ¢ H,J]:"t" U J U {e} then k = 2 and a half of #, must be in H,];l’tz. Since
H j:l‘ kN H ,{1 ' contains no half-edges, then #, is not contained in H J{ll k| This

implies that H }:1 J2n g };1 /2 contains no edges or half-edges.

If f1 € I, then there are two classes of cases: i ( f1) >7 ter( f1) (Cases Ila, IIb

of Figure 3) and i (f1) <r ter(f1) (Case III). We will prove Case Ila and leave the
others to the reader. If f is pointing down, then H }Z"f 2 = R"{}i ,H };"f 2 = L({Z/ .
There are two subcases: f, is pointing down (Case Ila) or up (Case IIb). If f5 is
pointing down, then ¢, is pointing up (see Figure 2), thus L,{f C fo‘tl UeU J.
In this configuration,

Sttt _ pf fiot1 _ gt
Hfll l_Rl Htll I_L‘Yltl

Olfl

J1./2 _ ph
Hf1 =R

o

HIV? = L2 c LY, UfetuJ

Hence, the fact that H }? TN H ,{ 1 contains no half-edges implies that H }:1 J2 A

H };1 /2 contains no half-edges. The other cases are similar. O

6.2. Rose-to—graph fold line. Given a point x whose underlying graph is triva-
lent with no separating edges, we wish to find a rose-point x( and a line in X,
from x to x. This is done by simultaneous folding as defined below.

Definition 6.13 (rose—to—graph fold line JF(xo, {s;;})). Let xo = (R, i, {p) be a
point in X, whose underlying graph is a rose with r petals. There are K = r(r—1)
turns and we enumerate them in any way {7;}X . Let 5 € RX be a nonnegative
vector so that s; is no greater than the length of each edge in the turn ;. Given the
data (xo, ) we construct a continuous family of graphs {x,} for0 <z < T =Y s,
and maps f;,0: xo — Xx; as follows. In the i th step let 7; = {ej, e} and fold initial
segments of length s; in f; 0(e;) and f; o(en). We caution that these f; o are not
always homotopy equivalences. However, if fr ¢ is a homotopy equivalence, then
for each t < T the map f;, is a homotopy equivalence. In this case we get a path

F(x0.5):[0, T] — X,

I —> Xx¢.

We denote its projectivization by F = ¢(F).
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Lemma 6.14. Let G be a trivalent graph such that 71(G) = Fy. Then for each
x € X, with underlying graph G, there exists a point xo whose underlying graph
is a rose and there exists a nonnegative vector s in RX, where K = r(r — 1), so
that

x = F(xo,5)(T).

Additionally, xo, s are linear functions of the lengths of E(G) as they vary through-
out the unprojectivized simplex. (As above, T = )_ s;.)

Proof. Let Eq, ... E3-_3bethe edgesin G. Lemma 6.6 provides a decomposition
of Gas G = U/_ ;. Let R = U/_,;/{vo}, then R is an r-petaled rose. Let
e1,...er be the edges of R. Let Lg(e;) = £g(o;). We write «; as a sequence of
edges o = Em(i,l) cee Em(i,ki)- Then

ki
r(e) = Lo(ai) =Y L6 (Em.j)- (19)

Jj=1

Let x¢ denote R with these edge lengths. There is a natural map 6: xo — x defined
by the inclusion of «; in G. This is a quotient map and, moreover, 0|, is an
isometry.

Recall that the intersection of «; and «; is an arc containing vo. Let a, b be the
endpoints of the arc. For 1y = (¢;, ¢;) and 1, = (¢;,¢;) we define

sk =lg([vo.aly;) and sy =l ([b, vola,)- (20)

Consider the folding line F(xo,s). By the definitions, 6 is precisely the map
fro:xo — xr, since the points identified by 6 are precisely those that are
identified in the folds. Therefore, x7 equals the point x that we started with.
Moreover, 6 is a homotopy equivalence by Lemma 6.6(2). Therefore, F(xo, 5)
is a path in unprojectivized Outer Space. Equations 19 and 20 show that the
dependence of /; and s on edge lengths in x is linear. |

Lemma 6.15. Suppose that x = F(xo.5)(T) and the underlying graph of x is a
trivalent graph. Then there exists a neighborhood of (x¢, 5) so that for each (yo. i)
in this neighborhood, the endpoint y := J(yo, u)(T") of the fold line F(yo, u) lies
in the same unprojectivized open simplex in X, as x.

Additionally, the edge lengths of y are linear combinations of the edge lengths
of yo and u.

Proof. Consider the positive edges Ey,... Ep in G and let G = U]_,«a; be the
decomposition guaranteed by Lemma 6.6. The edge E; is contained in a loop o).
Since G is a trivalent graph, at each endpoint {v, w} of E; there is an edge, Ex, Eg4
resp., not contained in «;. The edges Ey, E4 are contained in o), otj(q) resp.
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Now vo, v € &) Nej(k). Thus, by Lemma 6.6(3), either [vo, vl € @) Nk
or [v, vola;, € @) N k). This situation is similar for vo, w. Therefore,

Sm — Sn when Tm = (ej(d), ej(,-)) and Tn = (e‘,-(k), e‘,-(i)),
Lg(Ei)=148p — Sm when t,,, = (ej(d), ej(,-)) and 7, = (e‘,-(k), e‘,-(i)),

[€(ji)) — (sn + sm)| otherwise.

2D
Note, this dependence of the {g(E;) on the variables s, will be the same for
all points in the same unprojectivized simplex, as they only depend on the loop
decomposition. We also get that the dependence of {g(E;) on s;; and £(e;) is
linear. Let U be the open subset of the unprojectivized rose simplex cross Ri(r -b
so that each expression in the right-hand side of (21) is positive for each i. This is
an open set containing (xo, 5). For any point y in the unprojectivized simplex of
x one can use (19) and (20) to get yo and # so that y = F(yo. ). Hence for each
(vo, 1) in this neighborhood the point F(y¢, 1#)(T") is in the same unprojectivized
open simplex as x. |

6.3. Folding a transitive graph to a rose

Definition 6.16. A transitive graph G is a directed graph G with the following
property: for any two vertices w, w’ there exists a directed path from w to w’.

Note that it is enough to check that for any choice of preferred vertex v, there
exists a directed path to and from each other vertex v’.

The proof of the following is left to the reader.

Observation 6.17. Let G be a directed graph and let f: G — G’ be a direction
matching fold of two oriented edges e;, e, in G, starting at a common vertex v.
Then

(1) if G is transitive, then G’ is transitive;

(2) if the lengths of the edges of G are rationally independent, then the lengths
of the edges of G’ are rationally independent.

Lemma 6.18. Let G be any transitive graph with rationally independent edge
lengths and let {E, E'} be either a positive or negative turn. Then there exists a
fold sequence f1,..., fx containing only direction matching folds and satisfying
that fro---o f1(G) is a rose. Further, assuming G is trivalent, we may choose fi
so that it folds the turn {E, E'}.
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Proof. We perform the following steps.

Step 1. Let ¢(G) denote the number of directed embedded paths in G between
(distinct) vertices. For each pair of vertices w, w’ there exists a directed path from
w to w’, thus it follows that there exists an embedded directed path from w to w’.
We decrease ¢(G) by folding two directed embedded paths o, 8 so thati(«) = i(B)
and ter(o) = ter(f) and @ N B = {i(x), ter(o)}. Note that the edges in « and § are
distinct and thus we are consecutively performing folds as in Definition 3.5. Also,
if G is trivalent and we choose a decomposition as in Lemma 6.6, then we can
choose the first « to contain E and the first 8 to contain E’ and fold «, 8 so that
the first combinatorial fold folds the turn {E, E’}. Denote the new graph by G’'.
Then, by Observation 6.17, G’ is transitive and has rationally independent edge
lengths. The complexity has decreased, i.e. c(G') < ¢(G).

At the end of this step we may assume that we have a connected graph G so that
G =1;_, yi/ ~, where y; is a circle and for each i # j: y; N y; is either empty
or a single point (see Figure 4). We call such a graph a gear graph. Notice that
given a gear graph, such a decomposition into circles is unique up to reindexing.

Figure 4. This graph is an example of a gear graph.

Step 2. For a gear graph, we define a new complexity. Let IV be the set of vertices
(of valence > 2). Our object is to remove one by one all vertices other than vy.
Let w # vg be a vertex and let yy, y» be circles so that w = y; Ny, and suppose
that v # w is a vertex on y, (see Figure 5). Let y, = off where i («) = v = ter(f)
and ter(o) = w = i(B). By folding, wrap B over y; until v is on the image of y;
(we may have to wrap f multiple times over y;). Now there are two paths from
v to w: « and yq, the remaining part of y;. Fold @ over y;. G’ is a gear graph.
Moreover, the valence of the image of w decreases. We continue this process for
all loops based at w until it becomes a valence-2 vertex and we drop it out of the
set of vertices. When all vertices other than vy have valence 2 then G isarose. O

V2 V2 V2

w ‘w
ﬁ [

v v v
Figure 5. Step 2 (8’ is the remaining portion of §, after it is wrapped around y) .
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7. Existence and continuity of rose-to-rose fold lines

In Subsection 6.2 we defined a rose—to—graph fold line [xo, x] = F(xo, 5), given
a point x and a loop decomposition of its underlying graph. We also had two
continuity statements: (1) x¢, s vary continuously as a function of x by Lemma 6.14
and (2) F(xo, 5) vary continuously as a function of xg, 5 by Lemma 6.15. We need
similar existence and continuity statements for the full rose—to—rose fold line.

Proposition 7.1. Let x be any point of §Cr satisfying that q(x) is in a top-
dimensional simplex of reduced Outer Space with rationally independent edge
lengths. Let {E, E'} be a pair of adjacent edges in the underlying graph of
x. Then there exists a positive rose—to—rose fold line, which we denote by
R(x0,5):[0, L] — X, containing x and containing the fold of {E, E'}.

Proof. By Lemma 6.14 there exists a rose point xo and a vector § so that the
rose—to—graph fold segment F(x¢, 5) terminates at the point x. We consider the
orientation on x given by the loop decomposition in Lemma 6.6. We may apply
Lemma 6.18 to obtain a fold sequence fi, ..., fr which terminates in a rose z’
with some valence-2 vertices and so that f; folds the turn {E, E’}. Removing the
valence-2 vertices gives a rose, which we denote by z. The line just described will
be denoted R(xo, 5). It satisfies the statement in the theorem. O

Notation. Let xo be arose, lets € R”"~1 and let R(xo, 5) be the fold line defined
by these parameters. We will denote by x the trivalent metric graph at the end of
the rose—to—graph fold segment, i.e. x = R(x¢, 5)(D_ si), by z the end-point of the
rose—to-rose fold segment, and by z’ the point in the graph—to-rose fold segment
from which z is obtained by removing the valence-2 vertices.

Definition 7.2 (proper fold line). Let R(x¢,5) be a rose—to—rose fold line and let
f1, ..., fx be the sequence of combinatorial folds from x to z’. If for each [ the
fold f; is a proper full fold, then we will say that R(xo, 5) is a proper fold line.

For example, for each x as in Proposition 7.1, the fold line constructed in
the proposition is a proper fold line since the edge lengths in x are rationally
independent.

Proposition 7.3. For each proper rose—to—rose fold line R(x¢,s) and & > 0, there
exists a neighborhood U of (xo,5) so that for any point (yg, 1) € U the following
holds.

(1) The endpoints of the rose—to—graph fold segments
y 1= F(yo, u)(T"),  x :=F(xo,5)(T)

lie in the same unprojectivized open simplex and are e-close.
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(2) The sequence of combinatorial folds from x to z' appearing in the graph—to—
rose fold segment is allowable in y.

(3) Let R(yo.u) be the fold line defined by concatenating F(yo,u) with the
fold segments from (2), then the terminal points w = R(yo,u)(L') and
z := R(xg,5)(L) are s-close.

Proof. By Lemma 6.15 there exists a neighborhood U of (xo, 5) so that for each
(vo,u) € U the fold line F(yo, 1) terminates at some point y lying in the same
unprojectivized top-dimensional simplex as x. Since the edge lengths of y vary
continuously with the edge lengths of yo and s, we can make U smaller, if
necessary, to ensure that y and x are e-close. This proves Item 1.

Let f1,..., fx be the combinatorial fold sequence from x to z’, as described in
Lemma 6.18. For each combinatorial proper full fold folding e; over e;, there
corresponds a square m x m folding matrix (here m > r), which we denote
T/j = (ax;), so thatag; = 1for k = [ and a;; = —1, but otherwise az; = 0
when k # [ (compare with Definition 3.4). Let 77, ..., T, be the fold matrices
corresponding to fi, ..., fr. Then just as in Lemma 3.15, the combinatorial fold
sequence fi, ..., fr is allowable in the point y if and only if for each / the vector
T/---T{(£(y)) is positive for each 1 <[ < k. This defines an open neighborhood
of x where Item 2 holds. Item 3 follows from the fact that matrix multiplication
is continuous. O

Lemma 7.4. Let h: xo — z be a homotopy equivalence representing the map from
the initial rose xg to the terminal rose z in a rose—to—rose fold line. Let H be a
matrix representing the change-of-metric from the rose z to the rose xo. Then H
is a nonnegative invertible integer matrix and it equals the transition matrix of h.

Proof. Let x( be the initial rose with edges ey, . . ., e, and let z be the terminal rose

with edges e}, ..., e,. Let z’ be the graph on the fold line just before z, i.e. z is

) €pe
obtained from z’ by unsubdividing at all of the valence-2 vertices. Let &: xg — z
and g: xo — z’ be the relevant homotopy equivalences. Since g is a subdivision
followed by folding maps, each of which is a positive map, we have for each i
that g|e; is a local isometry. Thus, A/, is a local isometry. Moreover, & maps the
unique vertex of x¢ to the unique vertex of z. Suppose /(e;) contains a part of an
edge e/, then & (e;) contains a full appearance of e] (since there is no backtracking
and the vertex maps to the vertex). Therefore, /|, is an edge-path in z. Thus, we

may write

I(e;) =Y m(i. j)l(e)). (22)
J

where the m(i, j) are the nonnegative integer entries of the transition matrix of 4.
By Equation 22, the change-of-metric matrix from z to xo coincides with the
transition matrix of the homotopy equivalence 4. Therefore, H is nonnegative,
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and integer. Moreover, since all the folds in a rose—to—rose fold line are direction
matching, % is a positive map. Thus, H is equal to Ab(h), the map induced by &
(viewed as an automorphism) by abelianization. Therefore, H is invertible. O

Lemma 7.5. For each ¢ > 0 and proper fold line R(xy,5), there exists a neigh-
borhood U of the terminal rose z such that, for each w € U, there exists a proper
rose—to—rose fold line R(yo, il) terminating at w satisfying that

(1) the top graphs x, y are e-close,

(2) the combinatorial fold sequence corresponding to the graph—to—rose seg-
ments are the same in both lines, and

(3) the change-of-metric matrix for both fold lines is the same.

Proof. We prove (1) and (2). By Lemma 7.4, the change-of-metric matrix H from
Z to xo is nonnegative. Thus, for any w in the same unprojectivized simplex
as z, we have that H{(w) is also positive. By Proposition 7.3, there exists a
neighborhood V of xq so that for each yo € V there exists a vector # so that
if y is the top graph of the fold line F(yy, 1), then x and y are e-close and their
combinatorial fold sequences are the same. The neighborhood U can be taken in
H~Y(V). This proves (1) and (2). Since the combinatorial folds are the same, the
transition matrix yy — w is the same as the transition matrix xo — z. (3) follows
from Lemma 7.4. |

Definition 7.6 (rational rose—to—rose fold lines). A rose—to—rose fold line R(xq, 5)
is called rational if for each edge e in G and for each loop ¢; in the loop decom-

position of the underlying graph of x, the quotient % is rational.

Proposition 7.7. For each ¢ > 0 and for each x in an unprojectivized top-
dimensional simplex of reduced Outer Space, with rationally independent edge-
lengths, there exists a rational proper rose—to—rose fold line passing through some
x" in the same open unprojectivized simplex as x, satisfying that d(x’, x) < e.

Proof. Let x be a point in an unprojectivized top-dimensional simplex and hav-
ing rationally independent edge lengths. Let R(xo,5) be a proper rose—to—rose
fold line containing x. Let V be a neighborhood of (xo, 5) guaranteed by Propo-
sition 7.3. Let U be a neighborhood of x in the same top-dimensional simplex
and such that for each y € U there exists some (yg,#) € V with y the terminal
point of F(yo, /). This is possible by Lemma 6.14. Let x" be a point in U which

is e-close to x and such that the ratios ll((j/’;/,)) are rational. Then the resulting fold
1

line through x” will have the required properties. O
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8. Constructing the fold ray

Enumerate P, by {v;}{2, (see Section 4). There are countably many rational
proper rose—to—rose fold lines with rational edge lengths. Thus there are countably
many such rose—to—rose fold lines terminating arbitrarily close to the rose with
length-vector v;. For such lines that land sufficiently close to v; there is a rose—
to—rose fold line terminating at v; that fellow-travels the rational one, i.e. follows
the same fold sequence. For each such fold line R;;, let F;; denote its folding
matrix and H;; its inverse — an invertible nonnegative matrix. Let U;; denote the
neighborhood of v; from Lemma 7.5 (for ¢ = 1 will suffice), i.e. for each w € U;;
there exists a proper fold line terminating at w, passing through the same simplices
as R;; and satisfying that their fold matrices are the same.

Since each A; = A,, is a positive matrix, for each 7, j there exists an integer
n(i, j) satisfying that for each n > n(i, j) we have g(A} (R’.)) C Uj;.

Recall that g,, has a decomposition into fold automorphisms obtained from
Brun’s algorithm, this induces a decomposition of A4; into unfolding matrices and
A7! into folding matrices. We then create a sequence of pairs denoted {a } which
satisfies:

(1) if ax = (i, j) for an odd k then there exists some n such that n > n(i, j) so
that a1 = (i, n);

(2) foreachi, N € N there exists ann > N and an even k so that (i, n) = ag;
(3) foreachi, j € N, there exist infinitely many odd k’s so that a; = (i, j).

To each aj in this sequence we attach an (unfolding) matrix or sequence of
matrices and automorphisms: if k is odd and a; = (i, j), we attach the matrix H;;
related to the rose—to-rose fold line R;; and define fj to be its change-of-marking
automorphism. Andif k is even and a; = (i, n), we attach a sequence of unfolding
matrices according to a Brun’s algorithm decomposition A? = (M! ... M ,i)” and
a sequence of fold automorphisms. We get a sequence of matrices, which we
denote by {D;}72 . For each [, either D; = H;j or D; = M]? for some i, j. We
emphasize that we have not decomposed H;;. Moreover, we get a sequence of
automorphisms { f7}72 . Let {Z;}72 | denote the sequence of folding matrices, i.e.
Z; = Dj! for each /.

Definition 8.1 (ray 2?). We construct as follows the geodesic fold ray R that we
later prove is dense. Let x( be a rose in the unprojectivized base simplex (i.e. hav-
ing the identity marking) with the length vector wg provided by Lemma 3.16 for
the matrix sequence { D;} defined in the paragraph above. For each k, let x; be the
rose with length vector inductively defined as wy = Z;wg—; and with the mark-
ing fr o---o f1. For each [, if Z; is a single fold matrix coming from the matrix
decomposition of A7, let the line from x; to x; 11 be the single proper full fold fold
line corresponding to Z;. This fold is allowable since Z;w; = w;4, is positive.
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If Z; = H,;; for some i, j coming from a; = (i, j), then axy; = (i,n) for
n > n(i, j). Hence, there is a number s so that the following s matrices { D4 }i;;sl +1
are the matrices of the decomposition of A7. Therefore, w;4; = A’ (w;4,) for
n > n(i, j). Thus xx4q € Ujj, so the fold line corresponding to &;; is allowable
in xx = H;j(xx+1). We insert this fold line between such x; and xxy;. This

defines a fold ray connecting the xi’s.

Theorem B. For each r > 2, there exists a geodesic ray y: [0, 00) — RX, so that
the projection of y to URX, / Out(F,) is dense.

Proof. We will show that, for each r > 2, the fold ray R of Definition 8.1
is contained in URX, and projects densely into U,. The ray is geodesic by
Corollary 3.19.

To prove that R never leaves RX,, i.e. contains no graph with a separating
edge, it will suffice to show that at each point x € R, the underlying graph can be
directed so that it is a transitive graph. This clearly holds for each proper full fold
of a rose, hence for the fold sequences coming from the decompositions of the
gfi. Moreover, for each i, j we have that R;; consists of transitive graphs, since
all folds are direction matching, see Observation 6.17(2).

Let x be a point in an unprojectivized top-dimensional simplex with rationally
independent edge lengths. Let G be its underlying graph and {E, E’} a turn.
By Proposition 7.1 we can construct a proper positive rose—to—rose fold line
R = R(xo,5) containing x and the combinatorial fold f; of {E, E’} directly
after x. We may assume that the terminal point of this rose—to—rose fold line z
lies in o¢. For each ¢ > 0, by Proposition 7.7, there exists a proper rational rose—
to—rose fold line R’ containing a point x’ in the same unprojectivized open simplex
as x, so that x, x" are e-close, and so that the fold f; is the fold following x’. Let
H be the unfolding matrix corresponding to R'.

For each ¢ > 0, there exists, as in Lemma 7.4, an open neighborhood U of
the terminal point of R’ so that for each w € U, there exists a proper rose—to—
rose fold line R'(yo, 1), terminating at w and such that the top graphs x’, y are
e-close, the combinatorial fold sequence in the graph—to—rose segments are the
same, and the change-of-metric matrix for R'(yo, 1) is H. Since the set of PF
eigenvectors is dense, there exists an i so that the PF eigenvector v; is contained
in U. Hence, there exists a rose—to—rose fold line R;; passing through the same
unprojectivized simplices as R’ and having the same change-of-metric matrix
Hij = H. Moreover, there exists a point x;; € R;; in the same unprojectivized
top-dimensional simplex as x’ and e-close to x’. By Definition 8.1, there exist
infinitely many k’s so that the fold line between x; and x;; is the one passing
through the same unprojectivized simplices as R;; (hence R’). In fact, these occur
before arbitrarily high powers of g,,, so that they terminate arbitrarily close to a
rose with length vector v;. Let k be such a number and let W, be the composition
of the automorphisms fi, f>,... up to xx. Thus, by Lemma 7.4, there exists a
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point § € [xx—_y, x¢] - Wi in the same unprojectivized top-dimensional simplex
as x;; and e-close to x;;. Hence, & is the point on the ray defined in Definition 8.1
that is 3e-close to our original point x and the fold immediately after & is the one
folding the turn {E, E'}. O

Theorem A. Foreachr > 2, there exists a geodesic fold ray in the reduced Outer
Space RX, whose projection to RX, / Out(F;) is dense.

Proof. This is an immediate corollary of Theorem B. |

9. Appendix: Limits of fold geodesics

In many cases, as in the case of the geodesic that we construct in this paper, a
concatenation of fold segments {y;: [i,i + 1] — X, i<, that glue together to a ray
y:]0, 00) — X, projecting under ¢q to a Lipschitz geodesic, satisfies the properties
of a semi-flow line below.

Definition 9.1 (semi-flow line; cf. [13, p. 3], definition of a “fold line”). A semi-
flow line in unprojectivized Outer Space is a continuous, injective, proper function
R — X, defined by a continuous 1-parameter family of marked graphs t — G,
for which there exists a family of homotopy equivalences /;5: Gs — G; defined
for s <t € R, each of which preserves marking, such that the following hold.

(1) Train track property. For all s < t € R, the restriction of %, to the interior
of each edge of Gy is locally an isometric embedding.

(2) Semiflow property. hy; o hys = hys foralls <t <u € R and hg: Gy — Gy
is the identity for all s € R.

Handel and Mosher ([13, §7.3]) prove each semi-flow line converges (in the
axes or Gromov-Hausdorff topologies) to a point T, in X, the direct limit of the
system.

Theorem 9.2. For any semi-flow line, its direct limit T, is an F,-tree that has
trivial arc stabilizers. Hence, in particular, not every point in the boundary is the
direct limit of a semi-flow line.

Remark 9.3. This theorem could also be deduced from the proof of Proposi-
tion 3.15 of [2]. Itis shown there thatif {G;}{2, C §Cr, {éi} limits to T as an R-tree
and T has a nontrivial arc-stabilizer, then qvol(7") > qvol(@i) = vol(G;) for each
i. However, if G;1; is obtained from G; by folding, then vol(G;+1) < vol(G;),
which is a contradiction. In order to avoid the definitions above we give a more
direct proof.
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Proof. We lift the maps h;s: Gy — G; to fi5: Ty — T; to a direct system on
trees { f;s: Ts — Ty} that are F,-equivariant, restrict to isometric embeddings
on edges, and form a direct system. In [13, §7.3] it is shown that the maps
Joos: Ts — T that are given by the direct limit construction are also edge-
isometries and Fy-equivariant.

Assume x,y € T are such that y € Stab[x, y]. Without generality loss,
assume d(x, y) = 1 in T. We will show this leads to a contradiction. For each
t € [a,00), wedenote by A;(y) the axisof y in T;. Letting e = %, there exists some
s > a sothat foos(xs) = X, foos(¥s) = ¥, and d(xs, yxs) <&, d(ys,yys) <eé,
and |d(xs, ys) — 1] < e.

Since f;s is distance non-increasing for all ¢, s, we have for all ¢ > s that

1 <d(fis(xs), frs(¥s)) < 1 +e.

Note that for all f;5(xs) and fi5(ys), they are at most a distance of £ from
A;(y). Otherwise, for example, d( fis(xs), ¥ frs(xs)) = &, which contradicts the
fact that the maps are distance non-increasing.

Thus, for each ¢ > s there exist z;, w; such that [z;,w;] C A;(y) N
[f1s(xs)), fes(vs))], and d(z;, fis(xs)) < % and d(wy, frs(ys)) < % Hence,
d(zs,wy) > 1 —e.

Let N be the number of foos-illegal turns in the path [x;s, ys]. Thus, the number
of foot-illegal turns in the path [ f;s(xs), frs(ys)] is < N. Hence, the number of
foot-illegal turns in the path [z;, w,] is < N. Let us denote the points of [z;, wy]

where the illegal turns occur by a},...a¥, and we also denote a? := z, and

afv+1 = Wg.
However, for sufficiently large 7, the translation length of y in T} is < ﬁ
Note that since [z;, ws] is on A;(y), we have that [z;, w;] N y[z;, w,] is equal
1—¢

to [z;, w;] with (possibly) segments of lengths < v Cut from either end.

Since there are < N + 1 segments (a!, aitlyin [z,, w/], one of them has length
> 1&13:1‘ Thus? fqr some i = 0,1,...,N, we have y(al) € (a’,,aﬁ“) or
y~Ha;™") € (ai.a;™"), which are both legal segments. Without generality loss
suppose the former. Thus, the turn taken by [z;, w;] at a; is illegal, but the turn
taken by y[z;, w;] at y(a}) is legal, since it equals the turn taken by [z,, w,] at

y(a'). This is a contradiction to the equivariance. O
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