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Abstract. We prove that the continuous cohomology of IsomC.Hn/ can be measurably

realized on the boundary of hyperbolic space. This implies in particular that for IsomC.Hn/

the comparison map from continuous bounded cohomology to continuous cohomology is

injective in degree 3. We furthermore prove a stability result for the continuous bounded

cohomology of Isom.Hn/ and Isom.Hn
C
/.
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1. Introduction

Let H be a locally compact second countable group. We denote by H�
m.H IR/

the measurable cohomology ofH with trivial real coefficients (see [19], [20], [21]

and Section 2). If H acts on a measure space X we define H�
m.H Õ X IR/ to

be the cohomology of the cocomplex .C �.X IR/H ; ı/, where Cp.X IR/H is the

space ofH -invariant measurable mapsXpC1 ! R identifying those which agree

almost everywhere and ı is the standard homogeneous differential (see Section 2

for precise definitions). Fix a basepoint x 2 X . Given a cocycle ˛ 2 Cp.X IR/H

we obtain a cocycle ˛x 2 C.H
pC1IR/H by

˛x.h0; : : : ; hp/ WD ˛.h0 � x; : : : ; hp � x/:

1 This research was supported by Swiss National Science Foundation grant number PP00P2-
128309/1.
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Since the class of ˛x does not depend on the chosen basepoint this defines a map

�X WH
�
m.H Õ X IR/ �! H�

m.H IR/:

We say that the measurable cohomology of H (with trivial R-coefficients) is

measurably realized on X if this map is an isomorphism. Since measurable and

continuous cohomology coincide for trivial R-coefficients [1, Theorem A] we

will then also say that the continuous cohomology of H is measurably realized

on X . Let IsomC.Hn/ be the group of orientation preserving isometries of real

hyperbolic n-space H
n. Our main result is

Theorem 1.1. Let n � 2. The continuous cohomology of IsomC.Hn/ is mea-

surably realized on the boundary @Hn of real hyperbolic space (with the natural

action). Furthermore, all cohomology classes have essentially bounded represen-

tatives in this boundary resolution.

An immediate consequence of Theorem 1.1 is

Corollary 1.2. The comparison map

cWH 3
c;b.IsomC.Hn/IR/ �! H 3

c .IsomC.Hn/IR/

is injective for all n � 2.

For n D 3 the above theorem is a result of Bloch. Recall that, by the van Est

isomorphism, H�
c .IsomC.H3/IR/ can be identified with the de Rham cohomol-

ogy of the 3-sphere. Thus H 3
c .IsomC.H3/IR/ is one dimensional and it is well

known that it is generated by the volume function Vol 2 L1..@H3/4IR/IsomC.H3/

which sends four points in the boundary to the volume of the ideal simplex they

span. Hence Bloch’s result implies that, up to scalar multiplication, Vol is the

only cocycle in degree 3 defined on the boundary. He used this to show that the

Bloch-Wigner dilogarithm is essentially the only measurable function on P
1
C

that

satisfies the five term relation. Indeed, applying such a function to the cross ratio

of 4 points in @H3 gives a measurable cocycle and thus a multiple of the volume

function. The main difficulty in the generalization from n D 3 to higher dimen-

sions comes from the fact that for n � 4 the stabilizer of 3 points in @Hn is not

trivial. This prevents a straightforward generalization of Bloch’s proof for degree

p > 3. Below we describe our strategy of proof.

About the proof of Theorem 1.1. LetG D IsomC.Hn/ and Cp D C..@Hn/pC1;

R/ the G-module of measurable functions .@Hn/pC1 ! R identifying those

which are equal almost everywhere. We follow Bloch’s approach by looking at

the spectral sequences associated to the double complex .C.GqC1ICp/G ; d; ı/

(with differentials d; ı to be defined below in Section 3). For p > 2 we have
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IE
p;q

1 D H�
m.SO.n � 2/ICp�3/, with SO.n � 2/ the stabilizer of 3 points in the

boundary of hyperbolic space. In the case of n D 3 this group is trivial and

thus IE
p;q

1 automatically vanishes for q > 0. Because of this, in Bloch’s proof

for n D 3 the fact that the spectral sequence degenerates at the second page

already follows from looking at the first page. One would expect that H�
m.KIA/

vanishes if K is compact no matter what the coefficients A are. However, if the

coefficients A are not locally convex there is no way to integrate over them so it is

not possible to construct a coboundary by integration over the first variable. Since

C..@Hn/p�2IR/ is a (non-locally convex) F-space it is not clear (how to prove)

that H�
m.SO.n � 2/ICp�3/ vanishes for n > 3. Here we will instead prove that if

a cocycle Œ˛� 2 IE
p;q

1 survives to the second page of the spectral sequence, i.e. if

ı˛ D d�, then it is cohomologous in IE
p;q

2 to a coboundary in IE
p;q

1 . As in the

proof in [1] of the isomorphism between measurable and continuous cohomology

in the case of Fréchet coefficients [1, Theorem A], we would like to show by

dimension-shifting induction that each cohomology class has a representative that

is locally totally bounded. In fact, by a double induction argument, we will show

that this is the case for a cocycle in IE
p;q

2 . The first step of this dimension-shifting

induction argument (Proposition 3.5) implies in particular that all cocycles in

.Cp/G are cohomologous to essentially bounded cocycles, which is the second

part of Theorem 1.1. It is not known if Theorem 1.1 generalizes to all semisimple

Lie groupsG with Furstenberg boundaryG=P . Examples indicate that this might

be the case. In [12] and [13] Goncharov defines measurable cocycles on the space

of flags Fl.Cm/ representing the Borel classes inH 2n�1
c .SLm.C/IR/ for n D 2; 3

and m � 2n � 1 using the classical di- and trilogarithm. These cocycles are all

bounded and therefore give further evidence for the conjecture ([10], [17]) that

the comparison map between continuous bounded cohomology and continuous

cohomology is an isomorphism for all semisimple connected Lie groups with

finite center. This has so far only been established in a few cases. For degree

2 it was proven by Burger and Monod in [8]. In degree 3 and 4 it has been proven

for SL2.R/ by Burger and Monod [9] and Hartnick and Ott [15] respectively. For

IsomC.Hn/, injectivity in degree 3 was so far only known for n D 2 by Burger-

Monod [8] and for n D 3 by Bloch’s result.

Corollary 1.2 also follows from a simpler argument which only uses some basic

properties of hyperbolic space and the injectivity in degree 3 for IsomC.H3/. This

method of proof also gives a stability result for the isometry group Isom.Hn
.C/
/ of

real (or complex) hyperbolic space.

Theorem 1.3. If k C 1 � n then there exists an injection

H k
c;b.Isom.Hn.C//IR/ ,�! H k

c;b.Isom.HnC1
.C/

/IR/:
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Such stability results give a further tool for computing the continuous bounded

cohomology of Lie groups. In [18] Monod proves a similar result for the con-

tinuous bounded cohomology of SLn. More precisely, for any local field k and

0 � q � n � 1 he shows that the standard embedding GLn�1.k/ ,! SLn.k/ in-

duces an isomorphism H
q

c;b
.SLn.k// Š H

q

c;b
.GLn�1.k//. He proves this using

nontrivial coefficients of L1 type and a spectral sequence argument.

Acknowledgements. The author would like to thank her doctoral advisor Michelle

Bucher for many useful discussions and for carefully reading multiple drafts of this

paper, Tobias Hartnick for his interest and helpful suggestions and the referee for

suggesting many improvements to the presentation.

2. Preliminaries

2.1. Polish Abelian H -modules. LetH be a locally compact second countable

group. A Polish space is a separable completely metrizable topological space, a

Polish group is a topological group which is also a Polish space in its topology

and a Polish Abelian H -module is a triple .A; �; T /, where A is a Polish Abelian

group with a translation-invariant metric � compatible with the topology on A

and T WH Õ A an action by continuous automorphisms. It is a F-space if A is

furthermore a separable real topological vector space in its Polish topology. A

Fréchet space is a locally convex F-space.

Definition 2.1. A Borel map f WX ! Y from a locally compact space to a Polish

space is locally totally bounded if for any compact subsetK � X the image f .K/

is precompact in Y .

It follows from the Borel selection theorem (see e.g. [11, Section 423] and [1,

Lemma 32]) that

Lemma 2.2. Let A be a Polish Abelian group and let B < A be a closed

subgroup. Then there exists a section sWA=B ! A of the natural projection map

pWA ! A=B that is Borel and locally totally bounded. If A is furthermore a

Fréchet space then there exists a section that is continuous.

For any �-finite measure space .X;B; �/ and any separable metric space A

let C.X IA/ be the set of equivalence classes of measurable functions X ! A,

identifying those which agree �-almost everywhere (a.e.). Any class of measur-

able functions contains a Borel function so we could also define C.X IA/ as con-

sisting of equivalence classes of Borel maps X ! A and obtain the same space.
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We endow this space with the topology of convergence in measure. When A D R

this gives the usual F-space structure on C.X IR/ and this space is often denoted

by L0.X/. There holds an exponential law for these spaces, i.e. if .X1;B1; �1/

and .X2;B2; �2/ are two �-finite measure spaces then [20, Theorem 1]:

C.X1 �X2IA/ Š C.X1IC.X2IA// Š C.X2IC.X1IA//: (1)

If A is a Polish AbelianH -module and .X;B; �/ is a �-finite standard Borel space

on which H acts as a Borel transformation group such that it leaves some finite

measure � that is equivalent to � quasi-invariant then C.X IA/ is again a Polish

Abelian H -module with action given by

.h � f /.x1; : : : ; xp/ WD h � .f .h
�1x1; : : : ; h

�1xp//;

for f 2 C.X IA/, h 2 H and x1; : : : ; xp 2 X [20, Proposition 12]. Note that any

equality between elements of C.X IA/ is understood to hold �-a.e.

2.2. Cohomology theories. For locally compact second countable groups H

and Polish AbelianH -modulesA in [19], [20], and [21] C. C. Moore developed the

measurable cohomology theoryH�
m.H IA/. Denote by C.H IA/H the submodule

of C.H IA/ consisting of H -invariant maps and let

d WC.HpC1IA/H �! C.HpC2IA/H

be the standard homogeneous coboundary operator, i.e. for a cochain ˛ 2
C.HpC1IA/H and h0; : : : ; hpC1 2 H

d˛.h0; : : : ; hpC1/ WD

pC1
X

iD0

.�1/i˛.h0; : : : ; Ohi ; : : : ; hpC1/:

The measurable cohomology groups for H with coefficients in A are

Hp
m.H IA/ WD

ker.d WC.HpC1IA/H �! C.HpC2IA/H /

Im.d WC.HpIA/H �! C.HpC1IA/H /
:

Analogously, Cc.H
pC1IA/H and Cc;b.H

pC1IA/H are defined to be the H -

invariant cochains HpC1 ! A that are respectively continuous and continuous

bounded and we obtain the continuous cohomology groups

Hp
c .H IA/ WD

ker.d WCc.H
pC1IA/H �! Cc.H

pC2IA/H /

Im.d WCc.HpIA/H �! Cc.HpC1IA/H /
;

and the continuous bounded cohomology groups

H
p

c;b
.H IA/ WD

ker.d WCc;b.H
pC1IA/H �! Cc;b.H

pC2IA/H /

Im.d WCc;b.HpIA/H �! Cc;b.HpC1IA/H /
;
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where the appropriate coefficients A for continuous bounded cohomology are the

dual of a separable Banach space on which H acts continuously and by linear

isometries. For more information about this technical requirement see [16]. For

continuous cohomology we allow as coefficients A all Fréchet spaces with a

continuous H -action.

2.3. Buchsbaum’s criterion. Denote by P.H/ the category of Polish Abelian

H -modules. A short exact sequence

0 �! A
i
�! B

j
�! C �! 0

in P.H/ is exact algebraically and such that the maps i and j are continuous

homomorphisms intertwining the action of H . An effaceable cohomological

functor H�.H I �/ on P.H/ is a a family Hn.H I �/; n � 0 of covariant functors

from P.H/ to the category of Abelian groups such that the following three

conditions hold.

(1) H 0.H IA/ D AH .

(2) Every short exact sequence 0 ! A ! B ! C ! 0 of Polish Abelian

H -modules induces a long exact sequence in cohomology

0 �! H 0.H IA/ �! H 0.H IB/ �! H 0.H IC/! H 1.H IA/ �! � � �

� � � �! H k.H IB/ �! H k.H IC/ �! H kC1.H IA/ �! � � � :

(3) H�.H I �/ is effaceable in the category of Polish Abelian H -modules. That

is, for any Polish Abelian H -module A and any a 2 H k.H IA/ there exists a

short exact sequence

0 �! A �! B �! C �! 0

such that the image of a in H k.H IB/ vanishes.

By Buchsbaum’s criterion ([7]), an effaceable cohomological functor H�.H I �/

on P.H/ is unique (if it exists). More general,

Lemma 2.3 (Buchsbaum’s criterion, [7]). LetHn
1 .H I �/ andHn

2 .H I �/ be families

of covariant functors from an Abelian category A to the category of Abelian

groups such that H 0
1 .H;A/ D H 0

2 .H IA/ for all A 2 A and such that Hn
1 .H I �/

and Hn
2 .H I �/ both satisfy the above conditions (2) and (3) for the category A.

Then

Hn
1 .H IA/ Š H

n
2 .H IA/;

for all n 2 N and all A 2 A.
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C. C. Moore proved that measurable cohomology satisfies the above three re-

quirements in the category P.H/ and is therefore the unique effaceable coho-

mological functor on P.H/ [20, Section 4]. Let us briefly discuss why the

three above conditions hold for the measurable cohomology H�
m. The fact that

H 0
m.H IA/ D A

H is immediate from the definition. For the third condition, Moore

proves thatHp.H IC.H IA//D 0 for p > 0 [20, Theorem 4]. Then any cohomol-

ogy class Œ˛� 2 H k
m.H IA/ is effaced by the inclusion �WA ,! C.H IA/ (sending

a 2 A to the constant function � a). Indeed, ��.˛/ D ıˇ with ˇWHp ! C.H IA/

defined by

ˇ.h1; : : : ; hp/.h/ WD .�1/
p˛.h1; : : : ; hp; h/:

Lastly, the second condition, i.e. the existence of long exact sequences, is ensured

by the existence of Borel sections. Let

0 �! A
i
�! B

j
�! C �! 0

be a short exact sequence of Polish Abelian H -modules. The induced sequence

0 �! C q.H IA/
i�

�! C q.H IB/
j�

�! C q.H IC/ �! 0

is then also exact. The map i�WC q.H IA/ ! C q.H IB/ is clearly injective and

the induced maps i� and j � are continuous. Furthermore, by Lemma 2.2 there

is a Borel map sWC ! B with j ı s D idC and thus if ˛ 2 C q.H IC/ then

s� ı ˛ 2 C q.H IB/ is mapped to ˛. Hence j � is surjective and the sequence is

exact. Then a long exact sequence as in the second condition can be constructed

in the standard way.

Since in general there exists no continuous cross sectionB=A! B continuous

cohomology has no long exact sequences when we allow all Polish H -modules

as coefficients. However, when restricting to Fréchet modules there do exist con-

tinuous cross sections and continuous cohomology is the unique effaceable coho-

mological functor on this category. In [1] T. Austin and C. C. Moore prove that

measurable cohomology is also effaceable when restricted to Fréchet modules.

Hence for Fréchet coefficients A the natural inclusion C �
c .H IA/ ,! C �.H IA/

induces an isomorphism H�
m.H IA/ Š H�

c .H IA/ [1, Theorem A]. The crucial

step in the proof is [1, Proposition 33] which states that for any cohomology class

in H�
m.H IA/ there exists a locally totally bounded representative. The main in-

gredients of its proof are dimension shifting and Lemma 2.2 which ensures that a

locally totally bounded measurable cocycle N̨ WHp ! C.H IA/=�.A/ can be lifted

to a locally totally bounded measurable map ˛WHp ! C.H IA/.

2.4. Dimension shifting. Let �WA ,! C.H IA/ be the embedding of theH -mod-

ule A into C.H IA/ as the closed submodule of constant maps. Then, since
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Hp.H IC.H IA// D 0 for p > 0 [20, Theorem 4], the short exact sequence

0 �! A ,�! C.H IA/ �� C.H IA/=�.A/ �! 0

induces isomorphisms

Hp
m.H IA/ Š H

p�1
m .H IC.H IA/=�.A//; (2)

for all p > 0. This allows for the technique of dimension shifting, that is we can

rewrite a cohomology group as a cohomology group of lower degree (but with

different coefficients). Then by induction on degree, some algebraic properties

that clearly hold in lower degree may be shown to hold in higher degrees as well.

We will use this technique in the proof of Theorem 1.1.

The connecting map H
p
m.H IA/ ! H

p�1
m .H IC.H IA/=�.A// realizing the

above isomorphism (2) is induced by the map

QWCp.H IA/ �! Cp�1.H IC.H IA//

given by

.Q˛/.h0; : : : ; hp�1/.h/ WD .�1/
p˛.h0; : : : ; hp�1; h/;

for ˛ 2 Cp.H IA/ and h; h0; : : : ; hp�1 2 H . If ˛ is a cocycle it follows directly

that d.Q˛/.h0; : : : ; hp/ is the constant map h 7! ˛.h0; : : : ; hp/ and thus the image

of Q˛ under the quotient map C.H IA/ � C.H IA/=�.A/ defines a class in

H
p�1
m .H IC.H IA/=�.A//. Furthermore, it can be shown that this image only

depends on the cohomology class of ˛ and that Q induces the connecting map.

2.5. Eckmann–Shapiro Lemma. Let L < H again be a closed subgroup and

let A be a Polish L-module. Furthermore, let IndHL .A/ be the Polish H -module

consisting of all equivalence classes of measurable maps f WH ! A such that

f .hl/ D l�1 � f .h/ for almost all pairs .l; h/ 2 L�H with the action ofH given

by

.h � f /.h0/ D f .h�1h0/:

There holds an Eckmann–Shapiro lemma [20, Theorem 6]:

H q
m.H I IndHL .A// Š H

q
m.LIA/:

Let sWH=L ! H be a locally totally bounded measurable section such that

s.L/ D e. For f 2 C.H=LIA/ define Nf 2 IndHL .A/ by

Nf .h/ D h�1 � s.hL/ � f .hL/:

This induces an isomorphism C.H=LIA/ Š IndHL .A/ [20, Proposition 17]. The

action ofH on C.H=LIA/ becomes .h �F/.h0L/ D �.h; h0L/ �F.h�1h0L/, where

�.h; h0L/ WD s.h0L/�1 � h � s.h�1h0L/ 2 L:
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If cochains in H
q
m.H I IndHL .A// are continuous, as for example in degree 1 ([20,

Theorem 3]), we can give explicit maps on the cochain level which induce the

isomorphism of the Eckmann–Shapiro lemma. Define

unWCc.H
qC1IA/H �! Cc.L

qC1IA/L

by

un.�/.l0; : : : ; lq/ D �.l0; : : : ; lq/;

for l0; : : : ; lq 2 L. Note that this is well defined because � is continuous inH qC1.

The map

vnWCc.H
qC1IC.H=LIA//H �! Cc.H

qC1IA/L

can be defined as follows. Let ˇ 2 Cc.H
qC1IC.H=LIA// and h 2 H . Define

Fh.ˇ/ 2 Cc.H
qC1IA/ by

Fh.ˇ/.h0; : : : ; hq/ WD ˇ.s.hL/h0; : : : ; s.hL/hq/.hL/;

for h0; : : : ; hq 2 G. Then if ˇ isH -invariant, Fh.ˇ/ is independent of h and gives

an element in Cc.H
qC1IA/L. We define vn.ˇ/ to be this element and then we can

define

� D un ı vnWCc.H
qC1IC.H=LIA//H �! Cc.L

qC1IA/L: (3)

Its inverse in cohomology is given by

 .˛/.h0; : : : ; hq/.hL/ D ˛.�.h0; hL/; : : : ; �.hq; hL//; (4)

where ˛ 2 Cc.L
pC1IA/H and h; h0; : : : ; hq 2 H .

3. Proof of Theorem 1.1

Let G D IsomC.Hn/ and let .Kp;q; d; ı/ be the first quadrant double complex

defined by

Kp;q D C.GqC1ICp/G ; for p; q � 0;

where Cp D C..@Hn/pC1IR/, the first differential d WKp;q ! Kp;qC1 is the ho-

mogeneous coboundary operator and the second differential ıWKp;q ! KpC1;q

is induced by the homogeneous coboundary operator ıWCp ! CpC1. To such a

complex one can associate two spectral sequences, IE
p;q

r and IIE
p;q

r , both converg-

ing to the cohomology of the total complex (see for example [4, Chapter III, §14]).

If ˛ 2 C..@Hn/pC1IR/G is a cocycle then

ı˛.y; x0; : : : ; xp/ D 0;

for almost all .y; x0; : : : ; xp/. By the exponential law, there exists a y 2 @Hn such

that ı˛.y; x0; : : : ; xp/ D 0 for almost all .x0; : : : ; xp/. Now define

ˇ.x0; : : : ; xp�1/ WD ˛.y; x0; : : : ; xp�1/:
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Then

ıˇ.x0; : : : ; xp/ D
X

j

.�1/j˛.y; x0; : : : ; Oxj ; : : : ; xp/ D ˛.x0; : : : ; xp/;

for almost all .x0; : : : ; xp/. Thus .C �; ı/ is an acyclic cocomplex and therefore

IIE
p;q

1 D

´

C.GqC1IR/G if p D 0I

0 otherwise,

which implies that the second page of IIE
p;q

r is

IIE
p;q

2 D

´

H
q
m.GIR/ if p D 0I

0 otherwise.

Hence IIE
p;q

2 D IIE
p;q

r for every r � 2 and we obtain on the one hand that
IIE
p;q

r converges toH�
m.GIR/which is isomorphic to the continuous cohomology

H�
c .GIR/ of G. On the other hand, we establish

Proposition 3.1. The spectral sequence IE
p;q

r converges to the cohomology group

H
p
m.G Õ @HnIR/.

Proof. By definition the first page IE
p;q

1 is given by Hd .K
p;q/ D H

q
m.GIC

p/.

Let G1 D .R>0 � SO.n � 1// Ë R
n�1; G1;0 D R>0 � SO.n � 1/ and G1;0;1 D

SO.n�2/ be the stabilizers of respectively ¹1º; ¹1; 0º and ¹1; 0; 1º, where these

are viewed as points in the upper half space model ofHn. Note thatG=G1 Š @H
n,

and furthermore G=G1;0 ,! @Hn � @Hn and G=G1;0;1 ,! @Hn � @Hn � @Hn as

conull sets. By the Eckmann–Shapiro Lemma it then directly follows that

IE
0;q

1 D H
q
m.GIC

0/ Š H q
m.G1IR/;

IE
1;q

1 D H
q
m.GIC

1/ Š H q
m.G1;0IR/;

IE
2;q

1 D H
q
m.GIC

2/ Š H q
m.G1;0;1IR/;

and
IE
p;q

1 D H q
m.GIC

p/ Š H q
m.G1;0;1IC

p�3/; for p > 2:

Since for R-coefficients measurable and continuous cohomology coincide it

follows that IE
0;q

1 Š H
q
c .G1IR/. By the van Est isomorphism [3, Chap-

ter IX, Corollary 5.6] for any connected Lie group G we have that H�
c .GIR/ Š

H�.��.G=K/G/, where K is a maximal compact subgroup of G and where

�q.G=K/G denotes the set of G-invariant real differential q-forms on G=K. Note

that the van Est isomorphism used here is more general than the best known ver-

sion for semisimple Lie groups since here G is not assumed to be semisimple and

therefore the differentials can be non-zero.
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Thus, since a maximal compact subgroup ofG1 is SO.n�1/, the cohomology

groupH�
c .G1IR/ can be computed using the complex of multi-linear alternating

SO.n � 1/-invariant maps .R � R
n�1/q ! R, where SO.n � 1/ acts on the

R
n�1 factor. Let T WR � R

n�1 ! R be the projection onto the first factor and

let detW .R � R
n�1/n�1 ! R be the determinant defined on the second factor, i.e.

T W .t; v/ 7�! t;

detW ..t1; v1/; : : : ; .tn�1; vn�1// 7�! det.v1; : : : ; vn�1/;

where t; t1; : : : ; tn�1 2 R and v; v1; : : : ; vn�1 2 R
n�1. Then, up to scalar multi-

plication, the only nonzero alternating forms are constant maps in degree 0, the

form T in degree 1, the form det in degree n � 1 and T ^ det in degree n. At the

end of this section we will prove

Lemma 3.2. Let det 2 �n�1.G1=K/
G1 be the form defined above. Then

d.det/ D .1 � n/ � T ^ det .

It then follows that

H q
c .G1IR/ Š

´

R if q D 0; 1I

0 otherwise.

Furthermore, a maximal compact of G1;0 is also SO.n � 1/ and thus

IE
1;q

1 Š H
q.��..R>0//

SO.n�1// Š

´

R if q D 0; 1I

0 otherwise,

and, since SO.n � 2/ is compact,

IE
2;q

1 Š H
q
c .SO.n� 2/IR/ Š

´

R if q=0;

0 otherwise.

Hence the first page of IE
p;q

1 is as follows:

q � � � � � � � � � � � � � � �

0 0 0 H 2
m.G; C

3/ H 2
m.G; C

4/ � � �

R R 0 H 1
m.G; C

3/ H 2
m.G; C

4/ � � �

R R R .C 3/G .C 4/G � � � p:

  

  

 

!

 

!

 

!

 

!

 

!

  

 

!
d1  

!

 

!

 

!

 

!

 

!

 

!

 

!

 

!

 

!
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We finish the proof of Proposition 3.1 using the two following propositions

which we will prove in the next two sections.

Proposition 3.3. The map d1W
IE
0;1

1 !
IE
1;1

1 is an isomorphism.

Proposition 3.4. IE
p;q

2 D 0 for p > 2 and q > 0.

It then follows that the spectral sequence degenerates at the second page, that is

IE
p;q

2 D

´

H
p
m.G Õ @HnIR/ if q D 0I

0 otherwise,

which proves Proposition 3.1. �

Hence H
p
c .GIR/ is isomorphic to H

p
m.G Õ @HnIR/ and thus measurably

realized on the boundary. This proves the first part of Theorem 1.1. For the

second part, note that a locally totally bounded cocycle .@Hn/pC1 ! R is

essentially bounded. Indeed, since .@Hn/pC1 is itself compact, a cocycle that

sends compact subsets of .@Hn/pC1 to precompact subsets of R is bounded a.e.

Thus Proposition 3.5 below finishes the proof of Theorem 1.1.

Proposition 3.5. Let A be a Polish Abelian G-module. Any G-invariant cocycle

˛W .@Hn/pC1 ! A is cohomologous to a locally totally bounded cocycle. That

is, there exists a G-invariant cochain � W .@Hn/p ! A such that � D ˛ C ı� is a

locally totally bounded cocycle.

Proof. This follows by a dimension-shifting argument. For p D 0 cocycles

correspond to constants in A and are thus bounded. Suppose now that p > 0

and defineQWC..@Hn/pC1IA/G ! C..@Hn/pIC.GIA//G by

Q˛.x0; : : : ; xp�1/.g/ D .�1/
p˛.x0; : : : ; xp�1; gG1/:

Then

ı.Q˛/.x0; : : : ; xp/.g/ D ˛.x0; : : : ; xp/;

is independent of g. Let �.A/ be the image of the embedding of A into C.GIA/

as the closed submodule of constant maps which we identify with A. The image

Q˛ ofQ˛ in C..@Hn/pIC.GIA/=�.A//G defines a cocycle. By the induction hy-

pothesis its cohomology class has a representative that is locally totally bounded,

i.e.

Q˛ D Ň C ı N
;

with ŇW .@Hn/p ! C.GIA/=�.A/ a G-invariant locally totally bounded cocy-

cle and N
 W .@Hn/p�1 ! C.GIA/=�.A/ a G-invariant cochain. It follows from
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Lemma 2.2 that there exists G-invariant measurable lifts ˇW .@Hn/p ! C.GIA/

and 
 W .@Hn/p�1 ! C.GIA/ of Ň and N
 such that ˇ is still locally totally bounded

(but no longer a cocycle). Thus

Q˛ D ˇ C ı
 C �;

with � W .@Hn/p ! A a G-invariant measurable cochain. We have ı.Q˛/ D ˛ and

thus

˛ D ıˇ C ı�:

Hence ıˇ is a cocycle that takes its values in �.A/ � C.GIA/. Therefore � WD ıˇ

can be seen as a cocycle taking its values in A and � is a representative for the

cohomology class of ˛. Furthermore, for any compact L � @Hn:

�.LpC1/ � ˇ.Lp/ � ˇ.Lp/C � � � C .�1/pˇ.Lp/;

and thus �.LpC1/ is precompact as a subset of A � C.GIA/. It follows that � is

a locally totally bounded representative for the cohomology class of ˛. �

Proof of Lemma 3.2. For ! 2 �n�1.G1=K/ and X0; : : : ; Xn�1 2 T .G1=K/

there is the following formula for d! (see for example [5, V.2])

d!.X0; : : : ; Xn�1/ D

n�1
X

iD0

.�1/iXi .!.X0; : : : ; yXi ; : : : ; Xn�1//

C
X

i<j

.�1/iCj!.ŒXi ; Xj �; X0; : : : ; yXi ; : : : ; yXj ; : : : ; Xn�1/:

We identify G1=K with R>0 �R
n�1 by the map

.�; v/ 7! .�; v/K D ¹.�k; kv/ j k 2 Kº

So in particular K is identified with .1; 0/ 2 R>0 � R
n�1. Let X0; : : : ; Xn�1 2

T .G1=K/ be the constant vector fields defined by .X0/p D .1; 0/ and .Xi /p D
.0; ei / for all p 2 G1=K and i D 1; : : : ; n� 1. Then

d.det/K..X0/K ; .X1/K ; : : : ; .Xn�1/K/

D d.det/.1;0/..1; 0/; .0; e1/; : : : ; .0; en�1//

D
d

dt

ˇ

ˇ

ˇ

tD0
det.1;0/Ct.1;0/..0; e1/; : : : ; .en�1; 0//

C

n�1
X

iD1

d

dt

ˇ

ˇ

ˇ

tD0
det.1;0/Ct.0;ei /..1; 0/; .0; e1/ : : : ; .

b0; ei/; : : : ; .0; en�1//

D
d

dt

ˇ

ˇ

ˇ

tD0
det.1Ct;0/..0; e1/; : : : ; .0; en�1//;

where the last equality follows from det ..1; 0/; �; : : : ; �/ D 0:
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Since det isG1-invariant, i.e. invariant under taking the pullback by the action

of G1 on G1=K, we have

det.1Ct;0/..0; e1/; : : : ; .0; en�1// D detg �.1Ct;0/.g � .0; e1/; : : : ; g � .0; en�1//;

for all g 2 G1. Let g D
�

1
1Ct

In�1; 0
�

2 G1. Then

g � .1C t; 0/ D
� 1

1C t
In�1 � .1C t /; 0

�

D .1; 0/;

and

g � .0; ei/ D
�

0;
1

1C t
In�1 � ei

�

D
�

0;
1

1C t
ei

�

:

Hence

det.1Ct;0/..0; e1/; : : : ; .0; en�1// D detg �.1Ct;0/.g � .0; e1/; : : : ; g � .0; en�1//

D det.1;0/

�

.0;
1

1C t
e1/; : : : ; .0;

1

1C t
en�1/

�

D det
� 1

1C t
e1; : : : ;

1

1C t
en�1

�

D
1

.1C t /n�1
det.e1; : : : ; en�1/

D
1

.1C t /n�1
:

It follows that

d

dt

ˇ

ˇ

ˇ

tD0
det0Ct.1;0/ ..0; e1/; : : : ; .0; en�1// D

d

dt

ˇ

ˇ

ˇ

tD0

1

.1C t /n�1
D 1� n:

Since furthermore T^det ..1; 0/; .0; e1/; : : : ; .0; en�1// D 1 the result follows. �

3.1. Proof of Proposition 3.3. Recall thatG1 D .R>0�SO.n�1//ËR
n�1 and

G1;0 D R>0 � SO.n � 1/. Let

j �WH 1
m.GIC.G=G1IR// �! H 1

m.GIC.G=G1;0IR//

be the map induced by the natural surjection G=G0;1 � G=G1, i.e. on cochains

j �.˛/.g0; g1/.gG1;0/ D ˛.g0; g1/.gG1/; (5)

for ˛ 2 C.G2IC.G=G1IR//
G and g0; g1; g 2 G. By abuse of notation we

will denote the map from H 1
m.GIC.G=G1IR// to H 1

m.GIC.G=G1;0IR// that

is induced by the differential d1WH
1
m.GIC

0/ ! H 1
m.GIC

1/ also by d1. We will

prove
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Proposition 3.6. The map

d1WH
1
m.GIC.G=G1IR// �! H 1

m.GIC.G=G1;0IR//

is equal to 2j �.

This proves Proposition 3.3 since it implies in particular that d1 is an isomor-

phism. Indeed, measurable cohomology and continuous cohomology agree in

degree 1 and thus

H 1
m.G1IR/ D Hom.G1IR/ Š R

and a generator is given by the homomorphism f1WG1 ! R defined by

f1.kAC v/ D ln.k/;

where we write kAC v for the element ..k; A/; v/ 2 G1 D .R>0 � SO.n� 1//Ë

R
n�1. Furthermore,

H 1
m.G1;0IR/ D Hom.G1;0IR/ Š R;

and a generator is given by the homomorphism f2WG1;0 ! R defined by

f2.kA/ D ln.k/; (6)

for kA 2 G1;0 D R>0 � SO.n � 1/. Under the Eckmann–Shapiro Lemma j �

corresponds to the map i�WH 1
m.G1IR/ ! H 1

m.G1;0IR/ induced by the natural

inclusion i WG1;0 ,! G1. This is an isomorphism as it sends f1 to f2. Let

J 2 IsomC.Hn/ be a rotation by � centered on a point on the geodesic between 0

and1 so that J.0/ D1, J.1/ D 0 and J�1 D J . In the upper half space model

a possible formula for J is

J W .x1; : : : ; xn/ 7�!
1

jxj2
.x1; : : : ; xn�2;�xn�1; xn/; (7)

for x D .x1; : : : ; xn/ 2 Hn n ¹1º. Let

J �WH 1
m.GIC.G=G1;0IR// �! H 1

m.GIC.G=G1;0IR//

be the isomorphism defined on cochains by

J �.˛/.g0; g1/.gG1;0/ D ˛.g0; g1/.gJG1;0/; (8)

for ˛ 2 C.G2IC.G=G1;0IR//
G and g0; g1; g 2 G. Let

 1WC.G
2IC.G=G1IR//

G �! C.G2IC.@HnIR//G

be the isomorphism defined by

 1.ˇ/.g0; g1/.x/ D ˇ.g0; g1/.gG1/;
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for ˇ 2 C.G2IC.G=G1IR//
G, g0; g1 2 G and x 2 @Hn and with g 2 G such

that g � 1 D x. Furthermore, let

 1;0WC.G
2IC.@Hn � @HnIR//G �! C.G2IC.G=G1;0IR//

G

be the isomorphism defined by

 1;0.˛/.g0; g1/.gG1;0/ D ˛.g0; g1/.g � 0; g � 1/;

for ˛ 2 C.G2IC.@Hn � @HnIR//G and g0; g1; g 2 G. We have the commutative

diagram

C.G2IC.G=G1IR//
G C.G2IC.G=G1;0IR//

G

C.G2IC 0/G C.G2IC 1/G ;

 

!
d1

 !  1

 

!
ı

 ! 1;0

and furthermore, with j � and J � the maps defined in equation (5) and equation (8)

respectively, we obtain

Lemma 3.7. d1 D j
� � J � ı j �.

Proof. By definition the map d1WH
1
m.GIC

0/ ! H 1
m.GIC

1/ is induced by

ıWC 0 ! C 1, i.e. for Œ�� 2 H 1
m.GIC

0/; g 2 G and x0; x1 2 @H
n

d1Œ�� D Œı ı ��;

where

.ı ı �/.g0; g1/.x0; x1/ D �.g0; g1/.x1/ � �.g0; g1/.x0/:

For � 2 C.G2IC.G=G1IR>0// and g0; g1; g 2 G we have

 1;0 ı ı ı  1.�/.g0; g1/.gG1;0/

D ı ı  1.�/.g0; g1/.g � 0; g � 1/

D  1.�/.g0; g1/.g � 1/ �  1.g0; g1/.g � 0/

D �.g0; g1/.gG1/ � �.g0; g1/.g � JG1/

D j �.�/.g0; g1/.gG1;0/ � j
�.�/.g0; g1/.g � JG1;0/

D j �.�/.g0; g1/.gG1;0/ � J
� ı j �.�/.g0; g1/.gG1;0/;

and it thus follows that d1 D j
� � J � ı j �. �
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Since continuous cohomology and measurable cohomology coincide in degree

1 we can and will from now on work with continuous cochains. For such cochains

an isomorphism 'WCc.G
2
1;0IR/

G1;0 ! Cc.G1;0IR/ between the homogeneous

and inhomogeneous resolution is given by

'.ˇ/.g/ D ˇ.e; g/;

with inverse

'.�/�1.g0; g1/ D g0 � �.g
�1
0 g1/:

Lemma 3.8. J � acts as �1 on H 1
m.G1;0IR/.

Proof. Let sWG=G1;0 ! G be a Borel section such that s.G1;0/ D e. Let

˛ 2 Hom.G1;0IR>0/ be a cocycle, h1 2 G1;0, and g 2 G. Let � and  be

the maps defined in equation (3) and equation (4) respectively. Then

' ı � ı J � ı  ı '�1.˛/.h1/

D � ı J � ı  ı '�1.˛/.e; h1/

D J � ı  ı '�1.˛/.s.gG1;0/; s.gG1;0/h1/.gG1;0/

D  ı '�1.˛/.s.gG1;0/; s.gG1;0/h1/.gJG1;0/

D '�1.�.s.gG1;0/; gJG1;0/; �.s.gG1;0/h1; gJG1;0//

D ˛.�.s.gG1;0/; gJG1;0/
�1 � �.s.gG1;0/h1; gJG1;0//

D ˛.s.s.gG1;0/
�1gJG1;0/

�1 � h1 � s..s.gG1;0/h1/
�1gJG1;0//

D ˛.s.h�1
2 g

�1gJG1;0/
�1 � h1 � s.h

�1
1 h�1

2 g
�1gJG1;0//

D ˛.s.h�1
2 JG1;0/

�1 � h1 � s.h
�1
1 h

�1
2 JG1;0//

D ˛.s.JG1;0/
�1 � h1 � s.JG1;0//

D ˛.h�1
3 J

�1h1Jh3/

D ˛.Jh1J /;

where h2 D g�1s.gG1;0/ 2 G1;0, h3 D Js.JG1;0/ 2 G1;0 and we use that

s.hJG1;0/ D s.hG1;0/ � .JG1;0/ D s.JG1;0/ for all h 2 G1;0. Thus J � acts

by conjugation on H 1
m.G1;0IR>0/.

Let g 2 G1;0, say g D kAwith k > 0 andA 2 SO.n�1/ and let x 2 Hnn¹1º.
Recall the formula for J given in equation (7) and note that J.x/ D 1

jxj2
r.x/ with

r W .x1; : : : ; xn�2; xn�1; xn/ 7�! .x1; : : : ; xn�2;�xn�1; xn/
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the reflection in the hyperplane orthogonal to the .n� 1/th coordinate axis. Then

JgJ.x/ D J �
k

jxj2
A � r.x/ D

1
ˇ

ˇ

k
jxj2
� jA � r.x/j

ˇ

ˇ

2
�
k

jxj2
rAr.x/

D
1

ˇ

ˇ

k
jxj2
� jxj

ˇ

ˇ

2
�
k

jxj2
rAr.x/ D

1

k
rAr.x/;

Hence for the generator f2 defined above in equation (6) we obtain that

f2.JgJ / D f2

�1

k
rAr

�

D ln
� 1

k

�

D � ln.k/ D �f2.kA/ D �f2.g/: �

3.2. Vanishing of IE
p;q

2 for p > 2 and q > 0. In this section we give the proof

of Proposition 3.4. Recall that

G D IsomC.Hn/ and Kp;q D C.GqC1IC..@Hn/pC1IR//G

with differentials

ıWKp;q �! KpC1;q and d WKp;q ! Kp;qC1

given by the standard homogeneous coboundary operators. For a Polish Abelian

G-module A denote by Kp;q.A/ the G-module C.GqC1IC..@Hn/pC1IA//G. We

will identify it with the G-module of G-invariant measurable maps

GqC1 � .@Hn/pC1 �! A:

We write ŒŒ˛�d �ı 2 HıHd .K
p;q.A// if a cochain ˛ 2 C.GqC1IC..@Hn/pC1IA//G

satisfies d˛ D 0 and ı˛ D d
 , where 
 WGq � .@Hn/pC2 ! A.

Proposition 3.9. For all p; q 2 N, all Polish Abelian G-modules A and all

ŒŒ˛�d �ı 2 HıHd .K
p;q.A// there exists a locally totally bounded representative

� of ŒŒ˛�d �ı . That is, there exist G-invariant measurable maps

� WGqC1 � .@Hn/p �! A and �WGq � .@Hn/pC1 �! A

such that

� D ˛ C ı� C d�WGqC1 � .@Hn/pC1 �! A

is locally totally bounded. Furthermore, � can be chosen such that d� D 0.
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Proof. We will prove Proposition 3.9 by induction on q while allowing the module

A to vary, thereby proving it for all Abelian G-modules A. Suppose q D 0. Then

d˛ D 0 implies that the cocycle ˛WG ! C..@Hn/pC1IR/ is a constant function

into C..@Hn/pC1IA/G. We identify ˛ with this element of C..@Hn/pC1IA/G and

it thus follows from Proposition 3.5 that Proposition 3.9 holds in degree q D 0 for

all Polish Abelian G-modules A.

Suppose now that q > 0 and that for q0 < q the proposition is true for all Polish

Abelian G-modules A. Let ˛ 2 C.GqC1IC..@Hn/pC1IA//G be such that d˛ D 0

and ı˛ D d
 , where 
 WGq�.@Hn/pC2 ! A. We can assume that ı˛ D 0. Indeed,

if ı˛ D d
 ¤ 0 then for any x 2 @Hn such that

ı2˛.g0; : : : ; gq/.x0; : : : ; xpC1; x/ D 0

for almost every ..g0; : : : ; gq/; .x0; : : : ; xpC1// 2 G
qC1 � .@Hn/pC2 the cocycle

˛x.g0; : : : ; gq/.x0; : : : ; xp/

WD ˛.g0; : : : ; gq/.x0; : : : ; xp/C .�1/
pı˛.g0; : : : ; gq/.x0; : : : ; xp; x/

is a representative of the class of ˛ (since ı˛ D d
 is a coboundary) and

ı˛x.g0; : : : ; gq/.x0; : : : ; xpC1/

WD

pC1
X

iD0

.�1/i Œ˛.g0; : : : ; gq/.x0; : : : ; Oxi ; : : : ; xpC1/

C .�1/pı˛.g0; : : : ; gq/.x0; : : : ; Oxi ; : : : ; xpC1; x/�

D ı˛.g0; : : : ; gq/.x0; : : : ; xpC1/

C .�1/pı2˛.g0; : : : ; gq/.x0; : : : ; xpC1; x/

� .�1/p � .�1/pC2ı˛.g0; : : : ; gq/.x0; : : : ; xpC1/ D 0:

Now define the function Q˛ in C.Gq IC..@Hn/pC1IC.GIA///G by

Q˛.g0; : : : ; gq�1/.x0; : : : ; xp/.g/ WD .�1/
qC1˛.g0; : : : ; gq�1; g/.x0; : : : ; xp/:

Then

d.Q˛/.g0; : : : ; gq/.x0; : : : ; xp/.g/

D

q
X

iD0

.�1/iQ˛.g0; : : : ; Ogi ; : : : ; gq/.x0; : : : ; xp/.g/

D

q
X

iD0

.�1/iCqC1˛.g0; : : : ; Ogi ; : : : ; gq; g/.x0; : : : ; xp/

D .�1/qC1d˛.g0; : : : ; gq; g/.x0; : : : ; xp/

� .�1/2qC1˛.g0; : : : ; gq/.x0; : : : ; xp/

D ˛.g0; : : : ; gq/.x0; : : : ; xp/;
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and we see that d.Q˛/ takes its values in �.A/ and therefore the imageQ˛ ofQ˛ in

C.Gq IC..@Hn/pC1IC.GIA/=�.A///G is a cocycle with respect to the coboundary

operator d . Furthermore,

ı.Q˛/.g0; : : : ; gq�1/.x0; : : : ; xpC1/.g/

D .�1/qC1ı˛.g0; : : : ; gq�1; g/.x0; : : : ; xpC1/ D 0:

Hence Q˛ 2 C.GqIC..@Hn/pC1IC.GIA/=�.A///G represents a cohomology

class in HıHd .K
p;q�1.C.GIA/=�.A/// and so by the induction hypothesis

Q˛ D Ň C ı N�C d N�;

where Ň is a locally totally bounded cocycle and d N� D 0. Then, by Lemma 2.2,

there exist G-invariant measurable lifts ˇ; � and � of these maps such that

Q˛ D ˇ C ı�C d� C �;

with �WGq� .@Hn/pC1 ! �.A/ and such that ˇ is still locally totally bounded. We

obtain

˛ D d.Q˛/ D dˇ C dı�C d� D dˇ C ı.d�/C d�:

Note that since ˛ takes values in �.A/ the right-hand side does as well. Also, since

d N� D 0, d� takes values in �.A/ and hence dı� D ı.d�/ can be identified with

a coboundary in C.GqC1IC..@Hn/pC1IA//G. The map � also takes its values in

�.A/ and it thus follows that � WD dˇ is a locally totally bounded representative of

the class of ˛ in HıHd .K
p;q.A//. �

Let K
p;q
c .A/ be the G-module Cc.G

qC1IC..@Hn/pC1IA//G where A is from

now on a Fréchet G-module and let K
p;q
c D K

p;q
c .R/. Then

Proposition 3.10. HıHd .K
p;q
c .A// Š HıHd .K

p;q.A//.

Proof. By Proposition 3.9 any cohomology class ŒŒ��d �ı 2 HıHd .K
p;q.A// has

a locally totally bounded representative �. Then, as in the proof of T. Austin and

C. C. Moore of the isomorphism between continuous and measurable cohomol-

ogy for Fréchet coefficients, such a locally totally bounded cocycle is effaced by

the inclusion A ,! Cc.GIA/ and the result will follow by Buchsbaum’s criterion.

More precisely, let us check that the three conditions of Buchsbaum’s criterion

(Lemma 2.3) hold for both sides of the isomorphism. Firstly,

HıHd .K
p;0.A// D HıHd .K

p;0
c .A// D Hı..C..@H

n/pC1IA//G/;

so both sides agree in degree zero. Furthermore, the existence of continuous cross

sections for Fréchet modules ensures that condition (2) holds for both sides. For

condition (3) we claim that the short sequence

0 �! A
�
�! Cc.GIA/ �! Cc.GIA/=�.A/ �! A
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effaces all ŒŒ��d �ı 2 HıHd .K.c/
p;q.A//. Indeed, assume that � is a locally

totally bounded representative of the class ŒŒ��d �ı (which is automatic if ŒŒ��d �ı 2
HıHd .Kc

p;q.A///. Then there exists an �WGq � .@Hn/pC1 ! Cc.GIA/ s.t.

d� D � where � is viewed as a map GqC1 � .@Hn/pC1 ! Cc.GIA/ taking values

in �.A/ � Cc.GIA/. For example, we can define � by

�.g0; : : : ; gq�1/.x0; : : : ; xp/.g/

WD .�1/q
Z

G

�.g0; : : : ; gq�1; gh/.x0; : : : ; xp/�.h/d�G.h/;

where g0; : : : ; gq�1; g 2 G, x0; : : : ; xp 2 @H
n and �WG ! R>0 is a compactly-

supported continuous function with
R

G
�d�G D 1. Then

d�.g0; : : : ; gq/.x0; : : : ; xp/.g/

D

q
X

iD0

.�1/i .�1/q
Z

G

�.g0; : : : ; Ogi ; : : : ; gq; gh/.x0; : : : ; xp/�.h/d�G.h/

D .�1/q
Z

G

d�.g0; : : : ; gq; gh/.x0; : : : ; xp/�.h/d�G.h/

� .�1/q.�1/qC1

Z

G

�.g0; : : : ; gq/.x0; : : : ; xp/�.h/d�G.h/

D �.g0; : : : ; gq/.x0; : : : ; xp/;

where the last equality follows from the fact that � is a cocycle. It follows that the

image of ŒŒ��d �ı in HıHd .Kc
p;q.Cc.GIA/// is zero. �

Let K D SO.n � 2/ and let sWG=K ! G be a locally totally bounded Borel

section such that s.K/ D e. By the Eckmann–Shapiro Lemma we have the iso-

morphism H
q
m.GIC.G=KIC

p�3// Š H
q
m.KIC

p�3/. From Proposition 3.10 it

follows that if we restrict to cocycles in HıHd .K
p;q/ we can assume them to

be continuous in GqC1. As shown in section 2.5 we then get an explicit map

�WCc.G
qC1IC.G=KICp�3//G ! Cc.K

qC1ICp�3/K that induces the isomor-

phism

HıHd .C.G
qC1IC.G=KICp�3//G/ Š HıHd .C.K

qC1ICp�3/K/:

Proof of Proposition 3.4. Let ŒŒ˛�d �ı 2 HıHd .K
p;q
c / D E

p;q
2 . We will show that

in this case ˛ is cohomologous in HıHd .K
p;q
c / to a coboundary in Hd .K

p;q/.

By Proposition 3.9, the cohomology class of ˛ has a locally totally bounded

representative

ˇWGqC1 � .@Hn/pC1 �! R:
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Then �.ˇ/WKqC1 � .@Hn/p�2 ! R is also a locally totally bounded cocyle and

furthermore we have �.ˇ/ D d�, where �WKq � .@Hn/p�2 ! R is defined by

�.k0; : : : ; kq�1/.x0; : : : ; xp�3/

WD .�1/q
Z

K

�.ˇ/.k0; : : : ; kq�1; k/.x0; : : : ; xp�3/d�K.k/:

It follows that IE
p;q

2 D 0 for p > 2 and q > 0. �

4. Injectivity of the comparison map in degree 3

Corollary 1.2, i.e. injectivity of the comparison map for real hyperbolic space H
n

in degree 3, is an immediate consequence of Theorem 1.1. By this theorem, we

have

H 3
c .GIR/ D

ker.ıWC..@Hn/4IR/G �! C..@Hn/5IR/G/

Im.ıWC..@Hn/3IR/G ! C..@Hn/4IR/G/
:

Furthermore, the continuous bounded cohomology of G can also be computed

with maps that are defined on the boundary of hyperbolic space [16, Theorem

7.5.3]. That is,

H 3
c;b.GIR/ D

ker.ıWL1..@Hn/4IR/G ! L1..@Hn/5IR/G/

Im.ıWL1..@Hn/3IR/G ! L1..@Hn/4IR/G/
;

where L1..@Hn/pIR/ � C..@Hn/pIR/ consists of essentially bounded measur-

able function classes. By 3-transitivity of the action of G on the boundary of

hyperbolic space it then follows that cochains in degree 2 are constant. Since in

even degree applying ı to a constant gives zero there are no coboundaries in de-

gree 3. HenceH 3
c .GIR/ andH 3

c;b
.GIR/ are equal to the corresponding spaces of

cocycles and it follows that the comparison map is injective, given as the natural

inclusion of cocycles.

Injectivity in degree 3 for IsomC.Hn/ also follows from a simpler argument

which only uses some basic properties of hyperbolic space and the injectivity in

degree 3 for n D 3. Denote by R� the Isom.Hn/-module R with Isom.Hn/-action

given by the homomorphism

�W Isom.Hn/ �! Isom.Hn/= IsomC.Hn/ Š ¹1;�1º:

We have

H�
c;.b/.IsomC.Hn/IR/ Š H�

c;.b/.Isom.Hn/IR/˚H�
c;.b/.Isom.Hn/IR�/:
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Also, H 3
c;.b/

.IsomC.H3/IR/ is generated by the volume cocycle which is equi-

variant, i.e. in H 3
c;.b/

.Isom.H3/IR�/, and thus H 3
c;.b/

.Isom.H3/IR/ D 0. On the

other hand, for n > 3we haveH 3
c;.b/

.Isom.Hn/IR�/ D 0 (see [6]). Thus it follows

that H 3
c;.b/

.IsomC.Hn/IR/ D H 3
c;.b/

.Isom.Hn/IR/.

Lemma 4.1. Let n > 3. Then H 3
c;b
.Isom.Hn/IR/ D 0.

Proof. Let Œˇ� 2 H 3
c;b
.Isom.Hn/IR/. Let i WH3 ,! H

n be a natural embedding.

We will identify the image i.H3/ � H
n with H

3. Since ˇ restricted to H
3 is

a cocycle in Cc;b..H/
3IR/Isom.H3/ there is an ˛ 2 Cc;b..H

3/3IR/Isom.H3/ such

that ı˛ D ˇjH3 . Let x0; x1; x2 2 H
n. These points lie in the 2-dimensional

linear plane H.x0; x1; x2/ spanned by the points x0; x1; x2. Since Isom.Hn/ acts

transitively on linear 2-planes there always exists a g 2 Isom.Hn/ such that

g.H.x0; x1; x2// � H
3. Define N̨ W .Hn/3 ! R by

N̨ .x0; x1; x2/ D ˛.gx0; gx1; gx2/;

where g 2 Isom.Hn/ is such that g.H.x0; x1; x2// � H
3. One checks easily that

this is well defined, N̨ 2 Cc;b..H
n/3IR/Isom.Hn/ and ı N̨ D ˇ. Hence it follows that

H 3
c;b
.Isom.Hn/IR/ D 0. �

The proof above only uses the following two facts:

(1) an isometry of Hn can be extended to an isometry of HnC1;

(2) if x0; : : : ; xk 2 H
nC1 where k C 1 � n then there exists a g 2 Isom.HnC1/

such that gH.x0; : : : ; xk/ � H
n where H.x0; : : : ; xk/ denotes the linear

subspace spanned by the points x0; : : : ; xk.

These also hold in complex hyperbolic space H
n
C
. Hence we immediately obtain

the following lemma.

Lemma 4.2. Let k � n and suppose that H k
c;b
.Isom.Hn

.C/
/IR/ D 0. Then

H k
c;b.Isom.HnC1

.C/
/IR/ D 0:

Theorem 1.3 is proved similarly. On cochains define

j WC..Hn.C//
kC1IR/Isom.Hn

.C/
/ �! C..HnC1

.C/
/kC1IR/Isom.H

nC1
.C/

/

by

j.ˇ/.x0; : : : ; xk/ WD ˇ.gx0; : : : ; gxk/;

where g 2 Isom.Hn
.C/
/ is such that g.H.x0; : : : ; xk// � H

n
.C/

. Then

ı.j.ˇ//.x0; : : : ; xkC1/ D ıˇ.g
0x0; : : : ; g

0xkC1/;
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with g0 2 Isom.HnC1
.C/

/ such that g0.H.x0; : : : ; xkC1// � H
n
.C/

. Note that such a g0

exists since k C 1 � n. It follows that if ˇ is a cocycle then j.ˇ/ is as well. Let

furthermore

r WC..HnC1
.C/

/kC1IR/Isom.HnC1
.C/

/ �! C..Hn.C//
kC1IR/Isom.Hn

.C/
/

be the map defined by restricting a k-cochain to .Hn
.C/
/kC1. Then for a cocycle ˇ

in degree k

r ı j.ˇ/.x0; : : : ; xk/ D j.ˇ/.x0; : : : ; xk/ D ˇ.x0; : : : ; xk/;

for all x0; : : : ; xk 2 H
n
.C/

. It follows that j induces an injective map on cohomol-

ogy.
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