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Abstract. We give explicit necessary and sufficient conditions for the abstract commen-
surability of certain families of 1-ended, hyperbolic groups, namely right-angled Coxeter
groups defined by generalized ®-graphs and cycles of generalized ©-graphs, and geometric
amalgams of free groups whose JSJ graphs are trees of diameter < 4. We also show thatif a
geometric amalgam of free groups has JSJ graph a tree, then it is commensurable to a right-
angled Coxeter group, and give an example of a geometric amalgam of free groups which
is not quasi-isometric (hence not commensurable) to any group which is finitely generated
by torsion elements. Our proofs involve a new geometric realization of the right-angled
Coxeter groups we consider, such that covers corresponding to torsion-free, finite-index
subgroups are surface amalgams.
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1. Introduction

Two groups G and H are (abstractly) commensurable if they contain finite-index
subgroups G’ < G and H' < H so that G’ and H’ are abstractly isomorphic.
There are related but stronger notions of commensurability for subgroups of a
given group. Commensurability in the sense we consider is an equivalence relation
on abstract groups which implies quasi-isometric equivalence (for finitely gener-
ated groups). In this paper, we give explicit necessary and sufficient conditions
for commensurability within certain families of Coxeter groups and amalgams of
free groups.

Let I' be a finite simplicial graph with vertex set S. The right-angled Coxeter
group Wr with defining graph T has generating set S and relations s2 = 1 for all
s € §,and st = ts whenevers,t € S are adjacent vertices. We assume throughout
that Wr is infinite, or equivalently, that I" is not a complete graph. The graph I"
is 3-convex if every path between a pair of vertices of valence at least three in
I' has at least three edges. For each induced subgraph A of I', with vertex set
A, the corresponding special subgroup of Wr is the right-angled Coxeter group
Wa = Wy = (A). See Section 2.1 for additional terminology for graphs, and
Figure 1.1 for some examples of 3-convex defining graphs.

1" I‘/ r//@
Figure 1.1. The graphs ', T, and ' are examples of 3-convex defining graphs, and the
spaces X and X’ are examples of surface amalgams.

Geometric amalgams of free groups were introduced by Lafont in [16]. These
are fundamental groups of spaces called surface amalgams, which, roughly speak-
ing, consist of surfaces with boundary glued together along their boundary curves.
See Section 2.3 for details, and Figure 1.1 for some examples.

We now outline our main results and the ideas of their proofs, including some
new constructions which may be of independent interest, and discuss previous
work on related questions. We defer precise definitions and theorem statements to
Section 1.1.

In Theorems 1.8 and 1.12, we give explicit necessary and sufficient conditions
for commensurability of right-angled Coxeter groups defined by two families of
graphs. Theorem 1.8 classifies those defined by 3-convex generalized ®-graphs
(see Definition 1.6 and the graph I' in Figure 1.1), and Theorem 1.12 classifies those
defined by 3-convex cycles of generalized ©-graphs (see Definition 1.10 and the
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graphs I'" and I'” in Figure 1.1). We prove Theorem 1.8 in Section 5, and the nec-
essary and sufficient conditions of Theorem 1.12 in Sections 6 and 7, respectively.
Our commensurability criteria are families of equations involving the Euler char-
acteristics of certain special subgroups, and we express these criteria using com-
mensurability of vectors with entries determined by these Euler characteristics.

In [6], Crisp and Paoluzzi classified up to commensurability the right-angled
Coxeter groups defined by a certain family of three-branch generalized ®-graphs,
and in Remark 1.9 we recover their result using Theorem 1.8. If I" is a 3-convex
generalized ®-graph and I'" a 3-convex cycle of generalized ©-graphs, we can also
determine the commensurability of Wr and Wy, as explained in Remark 1.14.

The results described in the previous two paragraphs fit into a larger program
of classifying 1-ended, hyperbolic right-angled Coxeter groups up to commensu-
rability. Since groups that are commensurable are quasi-isometric, a step in this
program is provided by Dani and Thomas [7], who considered Bowditch’s JSJ
tree [3], a quasi-isometry invariant for 1-ended hyperbolic groups which are not
cocompact Fuchsian. If G is such a group then G acts cocompactly on its Bowditch
JSJ tree T with edge stabilizers maximal 2-ended subgroups over which G splits.
The quotient graph for the action of G on T is called the JSJ graph of G, and the
induced graph of groups is the JSJ decomposition for G. In Section 2.2, we recall
results from [7] that give an explicit “visual” construction of the JSJ decomposi-
tion for right-angled Coxeter groups Wr satisfying the following.

Assumption 1.1. The graph I' has no triangles (Wt is 2-dimensional); T is
connected and no vertex or (closed) edge separates I" into two or more components
(Wr is 1-ended); I has no squares (Wr is hyperbolic); I" is not a cycle of length
> 5 (Wr is not cocompact Fuchsian); and I" has a cut pair of vertices {a, b} (Wr
splits over a 2-ended subgroup).

Moreover, Theorem 1.3 of [7] says that Bowditch’s tree is a complete quasi-
isometry invariant for the family of groups satisfying, in addition,

Assumption 1.2. I" has no induced subgraph which is a subdivided copy of Ky,
the complete graph on four vertices.

We denote by G the family of graphs satisfying Assumptions 1.1 and 1.2.
Generalized ®-graphs and cycles of generalized ®-graphs are two infinite families
of graphs in §. Thus Theorems 1.8 and 1.12 and Remarks 1.9 and 1.14 provide a
finer classification (up to commensurability) within some quasi-isometry classes
determined by graphs in §. In Section 9 we discuss the obstructions to extending
our results to other families of graphs in G.

Our proofs of the necessary conditions in Theorems 1.8 and 1.12 follow the same
general strategy used by Crisp and Paoluzzi [6] and Stark [23] on commensurabil-
ity of certain geometric amalgams of free groups (discussed further below). Given
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two groups which are commensurable, the first step in both these papers is to con-
sider covers corresponding to isomorphic (torsion-free) finite-index subgroups. In
both cases such covers are surface amalgams, and a crucial ingredient is Lafont’s
topological rigidity result from [16], which says that any isomorphism between a
pair of geometric amalgams of free groups is induced by a homeomorphism of
the corresponding surface amalgams. This homeomorphism between the covers
is then analyzed to obtain the necessary conditions.

The natural spaces to apply this strategy to in our setting are quotients Xr/G
where X is the Davis complex for Wr, and G is a torsion-free, finite-index sub-
group of Wr. However, Stark proves in [22] that topological rigidity fails for such
quotients, by constructing an example where G and G’ are isomorphic torsion-
free, finite-index subgroups of Wr, but /G and X1 /G’ are not homeomorphic.
The graph I in this example is a 3-convex cycle of generalized ®-graphs.

In light of the result of [22], in Section 3 we introduce a new geometric realiza-
tion for right-angled Coxeter groups Wr with 3-convex I € , by constructing a
piecewise hyperbolic orbicomplex Or with fundamental group Wr. The orbicom-
plex Or has underlying space obtained by gluing together right-angled hyperbolic
polygons, and each edge of Or which is contained in only one such polygon is a
reflection edge. It follows that any cover of Or corresponding to a torsion-free,
finite-index subgroup of Wt is a surface amalgam (tiled by right-angled polygons).
Thus we can apply Lafont’s result to these spaces. With a view to generalizing the
commensurability classification, we give the construction of the orbicomplex Or
for all 3-convex graphs in G, not just for generalized ®-graphs and cycles of gen-
eralized ®-graphs.

Our construction of Or makes heavy use of the JSJ decomposition from [7].
We restrict to 3-convex defining graphs in this paper so that the correspondence be-
tween [" and the JSJ decomposition of Wr is more straightforward than the general
case in [7]. A reference for orbifolds is Kapovich [15]; we view orbicomplexes as
complexes of groups, and use the theory of these from Bridson and Haefliger [4].

The proofs of the necessary conditions in Theorems 1.8 and 1.12 then involve
a careful analysis of the homeomorphic finite covers guaranteed by topological
rigidity. For generalized ®-graphs, we adapt Stark’s proof in [23] to the setting
where the orbicomplexes considered do not have the same Euler characteristic.
The proof of the necessary conditions for cycles of generalized ®-graphs is con-
siderably more difficult. Here, the groups Wr and W are fundamental groups
of orbicomplexes Or and Ops with “central” orbifolds A and A’ that have many
branching edges along which other orbifolds are attached (see the lower right of
Figure 4.4). A key ingredient in the proof of Theorem 1.12 is a careful argument to
show that the homeomorphism f: X — X’ between finite covers 7: X — Or and
7': X' — O guaranteed by Lafont’s topological rigidity result can be modified
so that either (7~ 1(A)) = n/~1(A’), or f(m~1(A)) has no surfaces in common
with 7/~ 1(A).
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To prove the sufficient conditions in Theorem 1.8 and 1.12, given any pair of
groups Wr and Wrs which satisfy the putative sufficient conditions, we construct
finite-sheeted covers of Or and Or/ with isomorphic fundamental groups. It
follows that Wr and Wrs have isomorphic finite-index subgroups. In the case
of generalized ®-graphs, these finite-sheeted covers are orbicomplexes whose
construction is an immediate generalization of Crisp and Paoluzzi’s. The finite
covers in the case of cycles of generalized ®-graphs are homeomorphic surface
amalgams, and their construction is quite delicate.

In order to explain our constructions of surface amalgams covering Or, we
introduce the notion of a half-covering of graphs (see Section 4.1). The idea is that
if a surface amalgam Y is a finite-sheeted cover of another surface amalgam X, or
of an orbicomplex Or, then the induced map of JSJ graphs is a half-covering. For
the proofs of the sufficient conditions in Theorem 1.12, we first construct the JSJ
graphs for the homeomorphic finite-sheeted covers, together with the associated
half-coverings. We then construct suitable surfaces and glue them together along
their boundaries, guided by adjacencies in the JSJ graphs, to obtain a surface
amalgam covering Or.

One construction in our proof of sufficient conditions for Theorem 1.12 may
be of independent interest. In Section 4, given any orbicomplex Or (with I € G
and I" being 3-convex), we construct a particularly nice degree 16 cover X which
is a surface amalgam. Hence Wt has an index 16 subgroup which is a geometric
amalgam of free groups (this result is stated below as Theorem 1.15). Our con-
struction of X uses tilings of surfaces similar to those in Futer and Thomas [10,
Section 6.1]. Given two groups Wr and W which satisfy the sufficient conditions
from Theorem 1.12, we first pass to our degree 16 covers X and X’ of Or and Or,
then construct homeomorphic finite-sheeted covers of X and X'.

Theorem 1.16, proved in Section 8, says that for all geometric amalgams of free
groups G, if the JSJ graph of G is a tree, then G is commensurable to some Wr
(with " € G). In Section 8 we also give an example of a geometric amalgam of
free groups which is not quasi-isometric (and hence not commensurable) to any
Wr, or indeed to any group finitely generated by torsion elements. This leads to
the question:

Question 1.3. Which geometric amalgams of free groups are commensurable to
right-angled Coxeter groups (with defining graphs in §)?

The proof of Theorem 1.16 uses the torsion-free degree 16 cover of the orbicom-
plex Or that we construct in Section 4. We show that any surface amalgam whose
JSJ graph is a tree admits a finite-sheeted cover which “looks like” our torsion-
free cover. Then we follow our construction in Section 4 backwards to obtain
an orbicomplex Or as a finite quotient, with fundamental group the right-angled
Coxeter group Wr.
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As a corollary to Theorems 1.8, 1.12, and 1.16, we obtain the commensurability
classification of geometric amalgams of free groups whose JSJ graph is a tree
with diameter at most 4 (see Corollary 1.17). This recovers part of Theorem 3.31
of Stark [23], which gives the commensurability classification of fundamental
groups of surface amalgams obtained by identifying two closed surfaces along
an essential simple closed curve in each. We remark that Malone [18] provides
a complete quasi-isometry classification within the class of geometric amalgams
of free groups; in particular, he proves that the isomorphism type of Bowditch’s
JSJ tree for such a group is a complete quasi-isometry invariant, and supplies an
algorithm to compute this tree.

We conclude this part of the introduction by mentioning some earlier work on
commensurability and on the relationship between commensurability and quasi-
isometry for groups closely related to the ones we study. We refer to the surveys by
Paoluzzi [21] and Walsh [24] for more comprehensive accounts. In [14] and [11],
the related notion of wide commensurability is studied for Coxeter groups gen-
erated by reflections in the faces of polytopes in n-dimensional real hyperbolic
space. Apart from these two papers and [6], we do not know of any other work on
commensurability for (infinite non-affine) Coxeter groups.

In [5], Crisp investigated commensurability in certain 2-dimensional Artin
groups, while Huang has studied quasi-isometry and commensurability in right-
angled Artin groups with finite outer automorphism groups in [13] and [12].
Huang’s combined results show that within a class of right-angled Artin groups
defined by a few additional conditions on the defining graph, the quasi-isometry,
commensurability and isomorphism classes are the same. We note that none of
the groups we consider is quasi-isometric to a right-angled Artin group, since the
groups we consider are all 1-ended and hyperbolic, and a right-angled Artin group
is hyperbolic if and only if it is free.

The above results of Huang are in contrast to our settings of right-angled Cox-
eter groups and geometric amalgams of free groups: Theorems 1.8, 1.12, and 1.16
above, together with the descriptions of Bowditch’s JSJ tree from [7] and [18],
show that each quasi-isometry class containing one of the groups considered in
our theorems contains infinitely many commensurability classes. For geometric
amalgams of free groups, Malone [18] and Stark [23] had both given examples to
show that commensurability and quasi-isometry are different.

1.1. Definitions and statements of results. We now give precise definitions and
statements for our main results.

First, we recall the definition of the Euler characteristic of a Coxeter group in
the case we will need. A reference for the general definition is pp. 309-310 of [8].

Definition 1.4 (Euler characteristic of Wr). Let Wr be a right-angled Coxeter
group with defining graph I" having vertex set V(") and edge set E(I"). Assume
that I is triangle-free. Then the Euler characteristic of Wr is the rational number
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x(Wr) given by
card V() n card E(I")

W) =1—
x(Wr) 5 2

We remark that y(Wr) is equal to the Euler characteristic of the orbicomplex in-
duced by the action of Wr on its Davis complex (we will not need this interpreta-
tion).

To each group we consider, we associate a collection of vectors involving
the Euler characteristics of certain special subgroups. We will use the following
notions concerning commensurability of vectors.

Definition 1.5 (commensurability of vectors). Let k,£ > 1. Vectors v € Q¥ and
w € QY are commensurable if k = { and there exist non-zero integers K and L
so that Kv = Lw. Given a nontrivial commensurability class V of vectors in QF,
the minimal integral element of 'V is the unique vector vy € V N 7k so that the
entries of vy have greatest common divisor 1 and the first nonzero entry of v is a
positive integer. Then for each v € 'V, there is a unique rational R = R(v) so that
v = Rvy.

Our first main result, Theorem 1.8, classifies the commensurability classes
among right-angled Coxeter groups with defining graphs generalized ®-graphs,
defined as follows.

Definition 1.6 (generalized ®-graph). For k > 1, let W be the graph with two
vertices a and b, each of valence k, and k edges ey, ..., e, connecting a and b.
For integers 0 < n; < --- < ng, the generalized ®-graph O(ny,n,, ..., ng) is
obtained by subdividing the edge e; of Wy into n; + 1 edges by inserting n; new
vertices along e¢;, for 1 <i <k.

For example, the graph I" in Figure 1.1is ®(2, 2, 3, 4). We write ; for the induced
subgraph of ® = ®(ny,n,,...,ng) which was obtained by subdividing the edge
e; of Wy, and call B; the ith branch of ©®. A generalized ®-graph is 3-convex if
and only if n; > 2 for all i, equivalently n; > 2. Note that if ® is 3-convex and
has at least 3 branches then © satisfies Assumptions 1.1 and 1.2.

To each generalized ®-graph, we associate the following Euler characteristic
vector.

Definition 1.7 (Euler characteristic vector for generalized ®-graphs). Let Wg be
the right-angled Coxeter group with defining graph ® = ®(ny, ..., ng). The Euler
characteristic vector of Wg is v = (y(Wg,). ..., x(Wg,)).

Note that, by definition, y(Wg,) > --- > x(Wp,). For example, if ' =
®(2,2,3,4) as in Figure 1.1, then the Euler characteristic vector of Wr is v =
-3 -3-7.—9-
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The commensurability classification for the corresponding right-angled Cox-
eter groups is then as follows.

Theorem 1.8. Let © and ©' be 3-convex generalized ®-graphs with at least three
branches, and let v and v’ be the Euler characteristic vectors of the right-angled
Coxeter groups Wg and Wey, respectively. Then Wg and Wer are abstractly
commensurable if and only if v and v' are commensurable.

Remark 1.9. We now explain how Theorem 1.8 can be used to classify all
right-angled Coxeter groups defined by generalized ®-graphs satisfying Assump-
tions 1.1 (so that the corresponding groups are 1-ended and hyperbolic), with ®
not required to be 3-convex.

If® = O(ny,...,n) satisfies every condition in Assumptions 1.1, it is easy to
check that k > 3, n; > 1, and n; > 2 for all i > 2. Theorem 1.8 covers the case
ny1 > 2, so we just need to discuss the case n; = 1.

Let ¢ be the unique vertex of valence 2 on the first branch of ®. Then we may
form the double of ® over c, defined by D.(®) = O(ny, nz,n3,n3, ..., 0, Ng).
This is a 3-convex generalized ®-graph with 2(k — 1) > 4 branches, obtained from
® by deleting the open star of ¢, and then identifying two copies of the resulting
graph along a and b. The group Wp_(e) is isomorphic to the kernel of the map
We — 7Z/27 which sends ¢ to 1 and all other generators to 0. In particular,
Wb, (@) is commensurable to Wg. This, together with Theorem 1.8, can be used
to extend our classification result above to all generalized ®-graphs satisfying
Assumptions 1.1. In this way we recover Crisp and Paoluzzi’s result from [6], as
they considered the family of graphs ®(1,m + 1,n + 1) withm,n > 1.

Next, in Theorem 1.12 we consider groups Wt where I is a cycle of generalized
®-graphs, defined as follows.

Definition 1.10 (cycle of generalized ®-graphs). Let N > 3 andletry,...,ry be
positive integers so that for each i, at most one of ; and r;4+; (mod N) is equal
to 1. Now for 1 <i < N, let ¥,, be the graph from Definition 1.6, with r; edges
between a; and b;. Let W be the graph obtained by identifying b; with a;, for
all i (mod N). A cycle of N generalized ®-graphs is a graph obtained from W by
(possibly) subdividing edges of W.

For example, the graph I (respectively, I'”) in Figure 1.1 is a cycle of three
(respectively, four) generalized ®-graphs. If T is a cycle of generalized ®-graphs,
we denote by ©; the ith generalized ®-graph of T, that is, the subdivided copy of
W, inside I', and we say that ©; is nontrivial if r; > 1. Observe that the condition
on the r; guarantees that if ®; is trivial, then ®;_; and ®;4; are not, hence the
vertices ai,...,ay have valence at least three in I". It follows that a cycle of
generalized ®-graphs I' is 3-convex if and only if each edge of W is subdivided
into at least three edges, by inserting at least two vertices.
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We now use this notation to define Euler characteristic vectors associated to
cycles of generalized ®-graphs.

Definition 1.11 (Euler characteristic vectors for cycles of generalized ®-graphs).
Let I' be a 3-convex cycle of N generalized ®-graphs and let / C {1,..., N} be
the set of indices with ; > 1 (so I records the indices i for which ®; is nontrivial).

(1) For eachi € I, we define the vector v; € Q" to be the Euler characteristic
vector of Wg, (from Definition 1.7). Thus if ®; has branches i1, ..., Bir,,
with r; > 1, then

v = (X(Wﬂll)’ . "X(Wﬂiri)) = (Xil’ . "’Xiri)'

(2) If there is some r > 2 so that each nontrivial ®; has exactly r branches, we
define another vector w associated to I" as follows. Let A be the union of
{ai, ...,an} with the vertex sets of all trivial ®;. Recall from the beginning
of this section that Wy is the special subgroup of Wt defined by the subgraph
of I' induced by A. Then w € Q"*! is the reordering of the vector

(ZXH, D tize o Y Xir X(WA)>

iel iel iel
obtained by putting its entries in non-increasing order.

For example, the graph I'"” in Figure 1.1 has I = {1,2, 3}, with say v; = v, =
(—%.—3) and v3 = (—7.—%.—3). If [ is as in Figure L1, then r = 2, we
can choose / = {1,2,3}, and then v; = v = (—3.-1), v3 = (-3,-3),
5 5 _5_5
X(WA) =% and w = (_Z’ -3 —5)
We can now state the commensurability classification of right-angled Coxeter

groups defined by 3-convex cycles of generalized ®-graphs.

Theorem 1.12. Let T' and T’ be 3-convex cycles of N and N’ generalized
®-graphs, respectively (with N, N’ > 3). Let r; be the number of branches of
the ith generalized ®-graph ®; in T', and let I be the set of indices with r; > 1.
Let{v; | i € 1} and w be the vectors from Definition 1.11, and let Wy be the special
subgroup from Definition 1.11(2). Here, {v; | i € 1} denotes a multiset of vectors
(since the v; may not all be distinct). Let r, O, I',{v; | k € I'}, w’, and Wy’ be
the corresponding objects for T".

The right-angled Coxeter groups W = Wr and W' = Wy are abstractly
commensurable if and only if at least one of (1) or (2) below holds.

(1) (a) The set of commensurability classes of the vectors {v; | i € I} coincides
with the set of commensurability classes of the vectors {v; | k € I'};
and
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(b) given a commensurability class of vectors V, if Iy C I is the set of
indices of the vectors in {v; | i € I} NV, and I}, C 1' is the set of
indices of the vectors in {v, | k € I'} NV, then

X - (30 xWe))) = x W - (3 x(Wey))-

iely kEI@

(2) There exists r > 2 such that each nontrivial generalized ®-graph in I and
in T/ has r branches, and

(a) the vectors v; for i € I are contained in a single commensurability
class; likewise, the vectors v for k € I' are contained in a single
commensurability class; and

(b) the vectors w and w’ are commensurable.

Remark 1.13. For a pair of graphs I" and I'" as in the statement of Theorem 1.12,
with Wr and Wt abstractly commensurable, it is possible that (1) holds but not (2),
that (2) holds but not (1), or that both (1) and (2) hold. See Figure 1.2 for examples

AN
Ly

Figure 1.2. We illustrate Remark 1.13. Let u = (—4, 1 2) and v = (—4, 5, 2)
By Definition 1.4, the Euler characteristic vectors ass001ated to the nontrivial generahzed
©®-subgraphs of the graphs above are the multiples of u and v depicted. Consider first the
pair I'y, I‘i. Condition (la) in Theorem 1.12 clearly holds. Now W4 = (a,b,c) < Wr,
satisfies y(Wy) = —%, and Wy < Wy is the group defined by the branch 8 together
with the vertex a’, so y(Wy4/) = —1. It is easy to check that for the commensurability class
of u, both s1des of the equation in (Ib) are 2 and for that of v, both sides of the equation
in (1b) are 4 Thus condition (1) is satisfied for I'y, I" However, since u# and v are not
commensurable, (2a) fails for this pair. Now con31der the graphs T'>, T'}. It is clear that
condition (2a) holds, but since u and v are not commensurable, (la) fails. For this pair,
we have w = (—l, —1,-1,-2)and w’ = (— 4, s, % —3), so (2b) holds as well. Thus
condition (2) but not condition (1) is satisfied for I‘z, I'. Finally, we leave it to the reader
to check that both (1) and (2) hold for the pair I's, Fg.
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Remark 1.14. If T is a generalized ®-graph as in the statement of Theorem 1.8,
then the result of doubling I' along a vertex of valence 2 which is adjacent
to a vertex of valence at least 3 is a cycle of three generalized ®-graphs, and
by doubling again if necessary, we can obtain a 3-convex cycle of generalized
®-graphs T such that the groups Wr and Wrs are commensurable (compare
Remark 1.9). Hence we can determine which groups from Theorems 1.8 and 1.12
are commensurable to each other.

We then turn our attention to the relationship between right-angled Coxeter
groups and geometric amalgams of free groups. We prove the following two
theorems. Recall that G is the class of graphs satisfying Assumptions 1.1 and 1.2.

Theorem 1.15. IfI" € G and I is 3-convex, then Wt has an index 16 subgroup
which is a geometric amalgam of free groups.

Theorem 1.16. If a geometric amalgam of free groups has JSJ graph which is a
tree, then it is abstractly commensurable to a right-angled Coxeter group (with
defining graph in 9).

In addition, we show that if the diameter of the JSJ graph of the geometric
amalgam of free groups is at most 4, then the defining graph of the corresponding
right-angled Coxeter group guaranteed by Theorem 1.16 is either a generalized ©-
graph or a cycle of generalized ®-graphs. Thus we have the following corollary.

Corollary 1.17. Geometric amalgams of free groups whose JSJ graphs are trees
of diameter at most 4 can be classified up to abstract commensurability.
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2. Preliminaries

We recall relevant graph theory in Section 2.1. Section 2.2 states the results on
JSJ decompositions from [7] that we will need, and establishes some technical
lemmas. In Section 2.3 we recall from [16] the definitions of geometric amalgams
of free groups and surface amalgams, and state Lafont’s topological rigidity
result. Section 2.4 contains some well-known results on coverings of surfaces
with boundary, and Section 2.5 recalls the definition of Euler characteristic for
orbicomplexes.

2.1. Graphtheory. In this paper, we work with several different kinds of graphs.
We now recall some graph-theoretic terminology and establish notation.

We will mostly consider unoriented graphs, and so refer to these as just graphs.
As in [1], a graph A consists of a vertex set V(A), an edge set E(A), and a map
e: E(A) — V(A)?/C, from the edge set to the set of unordered pairs of elements
of V(A). For an edge e, we write €(e) = [x, y] = [y, x], where x, y € V(A). An
edge e is a loop if €(e) = [x, x] for some x € V(A). If e(e) = [x, y] we say that e
is incident to x and y, and when x # y, that x and y are adjacent vertices. The
valence of a vertex x is the number of edges incident to x, counting 2 for each
loop e with €(e) = [x, x]. A vertex is essential if it has valence at least 3.

Identifying A with its realization as a 1-dimensional cell complex, a cut pair
in A is a pair of vertices {x, y} so that A \ {x, y} has at least tWwo components,
where a component by definition contains at least one vertex. A cut pair {x, y}
is essential if x and y are both essential vertices. A reduced path in A is a path
which does not self-intersect. A branch of A is a subgraph of A consisting of a
(closed) reduced path between a pair of essential vertices, which does not contain
any essential vertices in its interior.

A graph A is bipartite if V(A) is the disjoint union of two nonempty subsets
Vi(A) and V> (A), such that every edge of A is incident to exactly one element of
Vi(A) and exactly one element of V,(A). In this case, we sometimes refer to the
vertices in V1 (A) as the Type 1 vertices and those in V,(A) as the Type 2 vertices.

An oriented graph A consists of a vertex set V(A), an edge set E(A), and maps
i: E(A) > V(A)and t: E(A) — V(A). For each edge ¢ € E(A), we refer to i (e)
as the initial vertex of e and ¢ (e) as the terminal vertex of e. Other definitions are
similar to the unoriented case.

Throughout this paper, we reserve the notation I' and I'’ for defining graphs of
right-angled Coxeter groups, and we assume throughout that I and I'’ are finite,
simplicial graphs in G, that is, they satisfy Assumptions 1.1 and 1.2. (A graph I' is
simplicial if it has no loops and the map ¢ is injective, that is, ' does not have any
multiple edges.)
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2.2. JSJ decomposition of right-angled Coxeter groups. In this section we
recall the results we will need from [7]. We also establish some technical lemmas
needed for our constructions in Section 3, which use similar arguments to those
in [7].

2.2.1. JSJ decomposition. Let W = Wr. The main result of [7] gives an explicit
description of the W -orbits in Bowditch’s JSJ tree T = Ty and the stabilizers
for this action. From this, we can obtain an explicit description of the canonical
graph of groups induced by the action of W on 7. Recall from the introduction
that the quotient graph A = W\ T is the JSJ graph of W and the canonical graph
of groups over A is the JSJ decomposition of W. The JSJ graph A is in fact a
tree, since W is not an HNN extension (like any Coxeter group, W is generated
by torsion elements hence does not surject to Z). The next result follows from
Theorem 3.36 of [7], and is illustrated by the examples in Figure 2.1.

Corollary 2.1. Let T be a finite, simplicial graph satisfying Assumptions 1.1
and 1.2, so that U is 3-convex. The JSJ decomposition for W = Wr is as follows.

(1) For each pair of essential vertices {a,b} of T such that T \ {a,b} has k > 3
components, the JSJ graph A has a vertex of valence k, with local group

(a, b).
(2) For each set A of vertices of " satisfying the following conditions:

(0e1) elements of A pairwise separate the geometric realization |T'| of T, that
is, given a,b € A with a # b, the space |U| \ {a, b} has at least two
components;

(a2) the set A is maximal among all sets satisfying (o1 ); and

(a3) (A) is infinite but not 2-ended,

the JSJ graph A has a vertex of valence £ where £ > 1 is the number of
distinct pairs of essential vertices in A which are as in (1). The local group
at this vertex is (A).

(3) Every edge of A connects some vertex as in (1) above to some vertex as in (2)
above. Moreover, a vertex vy as in (1) and a vertex v, as in (2) are adjacent
if and only if their local groups intersect, with this intersection necessarily
(a, b) where {a, b} are as in (1). There will then be an edge with local group
{a, b) between these vertices. All maps from edge groups to vertex groups are
inclusions.

For i = 1,2, we refer to the vertices of the JSJ graph A as in part (i) of
Corollary 2.1 as the Type i vertices, and denote these by V;(A). The JSJ graph
A is a bipartite graph, with vertex set V(A) = Vi(A) U Va(A).
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Figure 2.1. Examples of JSJ decompositions given by Corollary 2.1. From left to right
and top to bottom, we have a defining graph T, the JSJ decomposition of Wr, a defining
graph I/, and the JSJ decomposition of Wr-. In the JSJ decompositions, the Type 1 vertices
are white, all unlabelled Type 2 vertex groups are the special subgroups corresponding to
the branches indicated by color, and all edge groups are equal to the groups on the adjacent
Type 1 vertices.

2.2.2. Technical lemmas. We will use in Section 3 the following technical
lemmas related to the JSJ decomposition, where I' is as in the statement of
Corollary 2.1.

Lemma 2.2. Suppose a Type 2 vertex in the JSJ decomposition of Wr has stabi-
lizer (A). Let L = Ly be the number of essential vertices in A. Then L > 2, and
L =2 ifand only if A is equal to the set of vertices of a branch of " (including its
end vertices).

Proof. The fact that L > 2 follows from the vertex v having valence £ > 1, and
the description given in Corollary 2.1 of the vertices adjacent to v.

If A equals the set of vertices of a branch of I', then it is clear that L = 2.
Conversely, if L = 2 let the two essential vertices of A be ¢ and b. Since (A)
is not 2-ended by (3), the set A must also contain a non-essential vertex, say a’.
Let 8 be the branch of T" containing «’. Using Lemma 3.20 of [7], we obtain that
A contains all vertices of 8, including its end vertices. Since L = 2, these end
vertices must be ¢ and b. If A contains a vertex ¢ of I which is not in the branch g,
then since L = 2, the vertex ¢ must be non-essential and lie on another branch,
say f’, between a and b. Now the graph I is not a cycle, so the pair {a’, ¢} cannot
separate |I"|. This contradicts («;). So if L = 2, the set A4 is equal to the set of
vertices of a branch 8 in T'. O
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Lemma 2.3. Suppose a Type 2 vertex in the JSJ decomposition of Wr has sta-
bilizer (A). Assume A contains the set of vertices of a branch B of T, including
its end vertices b and b'. Let k be the number of components of T \ {b,b’}. Then
k > 2, and k > 3 if and only if A equals the set of vertices of B.

Proof. First observe that k > 2 since the branch f is not all of I'. Now
assume k > 3, and let Ay,..., Ag be the components of T \ {b,b'}, with
Ay = B\ {b,b’}. Suppose A contains a vertex a which is not on . Without
loss of generality, a € A,. Let ¢ be an interior vertex of 8. We will show that
I' \ {a, ¢} is connected, hence the (non-adjacent) pair {«, ¢} does not separate |I'|.
This contradicts condition («;) for A.

Define A to be the induced subgraph of T" which is the union of b, b’, and
the graphs A; for 3 < i < k. Since k > 3, the graph A is connected, and
since ¢ € A; and @ € A,, we have that A is contained in one component of
I'\{a, c}. It now suffices to show that for any vertex d € A; UA, withd ¢ {a, c},
there is a path in I from d to either b or b’ which misses both a and c¢. If
d € A1\ {a,c} = A1\ {c}, then d is an interior vertex of the branch § and
the result is clear. If d € A, \ {a,c} = A, \ {a}, consider the induced graph
A, with vertices b, b’, and the vertex set of A,. We claim that 4 must be in a
component of A, \ {a} containing either b or b’, hence there is a path in A, from
d to either b or b’ which misses a (and also ¢), and we are done.

Suppose for a contradiction that ¢ is in a component of A, \ {a} containing
neither b nor »’. By Assumption L1, the graph T has no separating vertices, so
there is a reduced path n in I from d to say b which does not pass through a.
Without loss of generality, we may assume that  does not pass through »’. Then
the entire path 7, is contained in a component of A, \ {a}. So in fact d is in a
component of A, \ {a} containing b, and the claim holds. Thus I' \ {a,c} is
connected. We conclude that if k¥ > 3, the set A equals the vertex set of .

Now suppose that A equals the vertex set of 8, and let £ be valence of the
vertex of the JSJ graph which has stabilizer (A4). Then by (2) of Corollary 2.1, we
have that £ > 1 and that A must contain at least one pair of vertices as in (1) of
Corollary 2.1. Since A equals the vertex set of the branch B, the set A contains at
most one pair of vertices as in (1) of Corollary 2.1, namely the pair {b, ’}. By the
description given in (1) of Corollary 2.1, it follows that k > 3. O

Lemma 2.4. Suppose a Type 2 vertex in the JSJ decomposition of Wr has stabi-
lizer (A).

(1) The set A has a well-defined cyclic ordering aq, .. ., ay.

(2) Assume A contains L > 3 essential vertices, and let a;,, ..., a;, be the
essential vertices of A in the induced cyclic ordering. For 1 < j < L let
kj be the number of components of I \ {a;;,ai, ,, }-

(@) Foralll < j <L, kj>?2, hence {aij , aij+1} is an essential cut pair.
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(b) Foreach 1 < j < L, there is at least one branch B of T between a;;
and iy

(c) Suppose a € A is a non-essential vertex, lying between a;; and a;;
in the cyclic ordering. Then k;j = 2, there is a unique branch = f;
of T between a;; and a;; _,, all vertices of B are contained in A, and f8
contains the vertex a.

(d) If there are no non-essential vertices of A lying between a;; and a;; |
in the cyclic ordering on A, then k; > 3.

(e) Supposea,b € A are such that {a, b) is the stabilizer of a Type 1 vertex
in the JSJ decomposition of Wr. Then a and b are adjacent in the cyclic
ordering on A.

Proof. Part (1) is Lemma 3.14(1) of [7].

For (2)(a), we have k; > 2 for all j by (o) in Corollary 2.1 and the graph I
being 3-convex.

For (2)(b), let o be an induced cycle in I' containing all vertices of A, as
guaranteed by Lemma 3.12 of [7]. Then since a;; and a;, , are adjacent essential
vertices in the cyclic ordering on A, there is an arc of ¢ \ {a; o di; 41} Which
contains no essential vertices of A. To see that there is a branch 8 between a; y
and q; e it suffices to show that this arc contains no essential vertices of T".
Assume there is an essential vertex b of I" which lies on o between a; ; and a; e
Then it is not hard to see that either every reduced path from a;, to a;, , in the
component of I' \ {a;;,a;; ,} containing b passes through b, or I' contains a
subdivided K4 subgraph. In the first case, by the maximality condition (cz) of
Corollary 2.1, the vertex b is in A, which is a contradiction. The second case
contradicts Assumption 1.2. Hence there is at least one branch 8 of I" between a; y
and q; e

To prove (2)(c), let a be a non-essential vertex of A lying between a;; anda;; |
in the cyclic ordering, and let 8 be the branch of I" containing a. (Note that every
non-essential vertex of I" lies on a unique branch of I'.) Then all vertices of 8 are
in A, by Lemma 3.20 of [7]. Since the cyclic ordering on A is well-defined, and
contains a, it follows that the branch g has endpoints a; ; and q; 41- Nowas L > 3,
the set A4 is not equal to the vertex set of 8. Thus by Lemma 2.3 we get thatk; = 2.
So there is at most one branch of I" between a;; and a;; . Hence g = f; is the
unique branch of I' between a;; and a;; . We have proved all claims in (2)(c).

For (2)(d), since there are no non-essential vertices of A lying between a;,
and q; 4 N the cyclic ordering on A, without loss of generality a; S =@ and
aj, ., = az, and I" \ {a1,a»} has k; = k > 2 components. By (2)(b), there is a
branch  of I between a; and a,. Assume k = 2. We will obtain a contradiction
by showing that every interior vertex of 8 is in A. Let b be an interior vertex of §.
First notice that the pairs {a;, b} and {ay, b} both separate |I'|, and that if b’ is
any other interior vertex of 8 then {b, b’} also separates |I'|. Now since k = 2,
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for every a € A which is not in 8, the pair {a, b} separates |I'| if and only if both
{a,a:} and {a, a,} separates |I'|. There is at least one such a since L > 3. It
follows that for all ¢ € A and for all vertices b in the interior of g, the pair {a, b}
separates |I'|. Hence by the maximality condition («), every interior vertex of
is in A. This contradicts a; and a, being adjacent in the cyclic ordering on 4, so
kj > 3 as required.

To prove (2)(e), we have by Corollary 2.1 that I'\ {a, b} has k > 3 components.
Let o be an induced cycle in ' containing all vertices of A, as guaranteed by
Lemma 3.12 of [7], and suppose a and b are not consecutive in the cyclic ordering
on A. Then there are vertices ¢, d € A so that one of the arcs of o from a to b
contains ¢ and the other arc contains d. Since k > 3, there is also a reduced path
from a to b which misses both ¢ and 4. But this contradicts Lemma 3.14(2) of [7].
Hence a and b are consecutive in the cyclic ordering on A, as required. O

Lemma 2.5. Ifa Type 2 vertex in the JSJ decomposition of Wr has stabilizer (A),
then the set A is not equal to the vertex set of an induced cycle in T'.

Proof. If A is equal to the vertex set of an induced cycle in I, then the group
(A) is cocompact Fuchsian, which contradicts the characterization of stabilizers
of Type 2 vertices in [3]. O

Remark 2.6. Suppose A is the JSJ graph of aright-angled Coxeter group Wr as in
the statement of Corollary 2.1. Then A is a finite tree (containing at least one edge).
By Corollary 2.1(1), all Type 1 vertices of A have valence > 3. Hence all valence
one vertices of A are of Type 2, so A has even diameter. Using Corollary 2.1 and
the above technical lemmas, it is not hard to check that A has diameter 2 if and only
if I' is a generalized ®-graph, and that A has diameter 4 if and only if I is a cycle
of generalized ®-graphs (with I being 3-convex and satisfying Assumptions 1.1
and 1.2 in both cases).

2.3. Surface amalgams and topological rigidity. We now recall some defini-
tions and a topological rigidity result from Lafont [16].

Definition 2.7 (surface amalgams and geometric amalgams of free groups). Con-
sider a graph of spaces over an oriented graph A with the following properties.

(1) The underlying graph A is bipartite with vertex set V(A) = V; UV, and edge
set E£(A) such that eachedge e € E(A) hasi(e) € V; and t(e) € V>.

(2) The vertex space C, associated to a vertex x € V; is a copy of the circle S!.
The vertex space Sy, associated to a vertex y € V5 is a connected surface with
negative Euler characteristic and nontrivial boundary.

(3) Given an edge e € E(A), the edge space B, is a copy of S'. The map
Ge,i(e): Be = Ci(e) is a homeomorphism, and the map ¢, ;(o): Be — Si(e) is
a homeomorphism onto a boundary component of Sy ).
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(4) Each vertex x € V; has valence at least 3. Given any vertex y € V5, for each
boundary component B of S, there exists an edge e with #(e) = y, such
that the associated edge map identifies B, with B. The valence of y is the
number of boundary components of Sy.

A surface amalgam X = X(A) is the space

x=(|]ceu |_|Sy|_||_|Be)/~

xeVy yeV> ecE(AN)

where for each e € E(A) and each b € B, we have b ~ ¢, i) (b) and
b ~ @ere)(b). If X is a surface amalgam, the surfaces in X are the surfaces
Sy for y € V2(A). The fundamental group of a surface amalgam is a geometric
amalgam of free groups.

Note that in [16], surface amalgams are called simple, thick, 2-dimensional hyper-
bolic P-manifolds.

For an oriented graph A as in Definition 2.7, we may by abuse of notation write
A for the unoriented graph with the same vertex and edge sets and €: E(A) —
V(A)/C, given by €(e) = [i(e), t(e)]. We note that:

Remark 2.8. If X = X(A) is a surface amalgam, then the JSJ graph of the
geometric amalgam of free groups 1 (X) is the (unoriented) graph A. For details,
see [18, Section 4.1].

We will use the following topological rigidity result of Lafont.

Theorem 2.9 ([16, Theorem 1.2]). Let X and X' be surface amalgams. Then any
isomorphism ¢: 71 (X) — m1(X') is induced by a homeomorphism f:X — X'.

2.4. Coverings of surfaces. We now recall some results on coverings of sur-
faces.

We write Sg 5, for the connected, oriented surface of genus g with b boundary
components. This surface has Euler characteristic y(Sg,5) = 2—2g —b. The next
lemma allows us to obtain positive genus covers of any S, ;, with negative Euler
characteristic.

Lemma 2.10. Suppose x(Sgp) < 0. Then Sg , has a connected 3-fold covering
Sg’ b, where g’ =3g +b—2andso g’ > 0.

Proof. By Proposition 5.2 of Edmonds, Kulkarni, and Stong [9], it is enough to
check that y(Sg/5) = 3x(Sg,). This is an easy calculation. Alternatively, as
the referee suggested to us, one may explicitly construct a degree 3 covering map
from S 3 to So,3, and then use a pants decomposition to deduce the result for other
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surfaces. To construct such a map, note that a regular hexagon H with opposite
sides attached forms a torus, and the vertices of H project to two points on the
torus. Obtain S; 3 by removing open balls around these two points as well as
around the center of H. Then the order 3 rotation of H induces an isometry of
S1,3 and the corresponding quotient is Sg 3. |

We have the following easy corollary.

Corollary 2.11. If X = X(A) is a surface amalgam, then X has a degree 3 cover
X' which is a surface amalgam whose underlying graph is also A, so that each
surface in X' has positive genus.

We will make repeated use of the following lemma concerning coverings of
positive genus surfaces with boundary, from Neumann [19]. As discussed in [19],
the result appears to be well-known.

Lemma 2.12 ([19, Lemma 3.2]). Let S = Sg 5 where g > 0 and b > 0. Let D be
a positive integer. Suppose that for each boundary component of S, a collection
of degrees summing to D is specified. Then S has a connected D-fold covering S’
with b’ > b boundary components and these specified degrees on the collection
of boundary components of S’ lying over each boundary component of S if and
only if b’ has the same parity as D - x(S).

2.5. Euler characteristic for orbicomplexes. We now recall the definition of
orbicomplex Euler characteristic, in the special case that we will need.

All of the orbicomplexes that we construct will be 2-dimensional and have
(possibly disconnected) underlying spaces obtained by gluing together some col-
lection of right-angled hyperbolic polygons. When the underlying space is a single
polygon, the orbifold will be a reflection polygon. We will then identify certain
of these reflection polygons along non-reflection edges to obtain other orbicom-
plexes. The local groups are as follows. All edge groups will be either trivial or
C,, corresponding to non-reflection and reflection edges, respectively. All vertex
groups will be the direct product of the adjacent edge groups, and will be either
C2 or C2 X C2.

If O is such an orbicomplex, write F for the number of faces (i.e. polygons)
in O, E; (respectively, E5) for the number of edges in O with trivial (respectively,
C>) local groups, and V5 (respectively, V4) for the number of vertices in O with
C; (respectively, C, x C3) local groups. Then

E, Vo Va
0)=F—(Er+=22) + (5 + ).
x(©) ( 1t ) 213
The fundamental groups of the connected orbicomplexes that we construct will

be right-angled Coxeter groups with triangle-free defining graphs, such that if
Wr = m1(0) then the Euler characteristic of Wr from Definition 1.4 is equal to

x(0).
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3. Orbicomplex construction

From now on, I is a finite, simplicial, 3-convex graph satisfying Assumptions 1.1
and 1.2. In this section we construct a piecewise-hyperbolic orbicomplex Or
with fundamental group Wr, such that covers of Or corresponding to torsion-
free, finite-index subgroups of Wr are surface amalgams. The bottom right of
Figure 4.3 gives an example of the orbicomplex Or when I' is a generalized ©®-
graph, and Figure 4.4 contains an example of Or when I is a cycle of generalized
®-graphs. We begin by constructing hyperbolic orbifolds in Sections 3.1 and 3.2
which have fundamental groups the stabilizers of Type 2 vertices in the JSJ
decomposition of Wr (see Corollary 2.1). The underlying spaces of these orbifolds
are right-angled hyperbolic polygons. We then in Section 3.3 glue these orbifolds
together along their non-reflection edges to obtain Or. Some features of the
orbifolds constructed in this section are summarized in the first two columns of
Table 1 at the end of Section 4.

3.1. Branch orbifolds. Foreachbranch g inI", we construct an orbifold Pg with
fundamental group the special subgroup Wg. We call Pg a branch orbifold. We
will also assign types to some of the edges and vertices of Pg, which will later be
used to glue Pg to other orbifolds.

Let B be a branch with n = ng vertices (including its endpoints). Since I' is
3-convex, we have n > 4. Let P = Pg be aright-angled hyperbolic p-gon where
p =n+1>5. We construct P to have one edge of length 1.

Now we construct the orbifold Pg over P. The distinguished edge of P
with length 1 is a non-reflection edge of Pg. The other n = p — 1 edges of P
are reflection edges of Pg, with local groups (b1), ..., (b,) in that order, where
bi,..., by, are the vertices in B going in order along the branch. For the vertex
groups of Pg, the endpoints of the unique non-reflection edge of Pg have groups
(b1) and (by), so that fori = 1 and i = n the vertex group (b;) is adjacent
to the edge group (b;). The other n — 1 = p — 2 vertex groups of Pg are
(bi, bi+1) = Cy x Cy for 1 < i < n, with (b;, bj+1) the local group at the vertex
of Pg whose adjacent edges have local groups (b;) and (b; +1).

An easy calculation shows that the Euler characteristic of Pg is x(Pg) =
3—n 4—

2t = £ = y(Wp). In fact, we have:

Lemma 3.1. The fundamental group of Pg is Wpg.

Proof. We regard Pg as a simple polygon of groups over the underlying polygon
P, with trivial face group, trivial group on the non-reflection edge, and the other
edge and vertex groups as described above (see [4, Example 12.17(6)] for the
general definition of a simple polygon of groups). Notice that each vertex group
is generated by its adjacent edge groups. Since the face group is trivial, it follows
that the fundamental group of Pg is generated by its edge groups, subject to the
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relations imposed within its vertex groups (compare [4, Definition 12.12]). Hence
by construction, m;(Pg) is generated by the vertices of the branch g, which are
b1, ..., b, going in order along the branch, with relations bi2 =1forl <i <n,
and [b;,bj41] = 1for 1 < i < n. Thatis, m{(Pg) is the special subgroup Wg
generated by the vertex set of f.

Alternatively, as suggested to us by the referee, consider the hyperbolic orb-
ifold whose underlying space is Sy,;1, the sphere with one boundary component,
with n — 1 = p —2 > 3 cone points of order 2. Its fundamental group is the free
product of n — 1 copies of C,. Then Py is obtained by quotienting this orbifold
by a reflection in a properly embedded segment containing all the cone points.
An easy computation shows that the orbifold fundamental group of Pg is Wjg, as
desired. O

We assign the non-reflection edge of Pg to have type {b1, b, }. Note that since
b1 and b, are the end vertices of a branch in I, the pair {b;, b, } is an essential cut
pairin I'. Fori = 1 and i = n, we assign type {b;} to the vertex of Pg which has

group (b;).

3.2. Essential vertex orbifolds and non-branch orbifolds. Now let A be a
subset of vertices of I" so that Wy = (A) is the stabilizer of a Type 2 vertex in
the JSJ decomposition, and let L be the number of essential vertices of A. Recall
from Lemma 2.2 that L > 2. In this section, we assume that L > 3 and construct
two hyperbolic orbifolds, Q4 and A.

By Lemma 2.2, since L > 3 the set A is not equal to the set of vertices of a
branch of I'. However the set A may still contain the vertex sets of branches. The
orbifold A will be constructed in two stages: we first construct the orbifold Q4
over a 2L-gon, and then obtain A by gluing on the branch orbifold Pg for each
branch 8 whose vertex set is contained in A. The fundamental group of Q4 will
be the special subgroup generated by the essential vertices in 4, and A will have
fundamental group W4. We refer to Q4 as an essential vertex orbifold and to A as
a non-branch orbifold.

We now construct Q4. Let O = Q4 be a right-angled hyperbolic 2L-gon
(L = 3). Using the following lemma, we can specify that alternate edges of Q
have length 1.

Lemma 3.2. Given L > 3, there exists a right-angled hyperbolic 2L-gon in which
alternate edges have length 1.

Proof. Given any three positive numbers, there exists a right-angled hyper-
bolic hexagon with alternate edges having lengths equal to these three numbers
(cf. Proposition B.4.13 of [2].) The result then follows by induction on L, since if
a right-angled hyperbolic hexagon with alternate edges of length 1 is glued along
an edge of length 1 to a right-angled hyperbolic 2L-gon with alternate edges of
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length 1, the result is a right-angled hyperbolic 2(L + 1)-gon with alternate edges
of length 1. O

The essential vertex orbifold Q4 is constructed over Q. The alternate edges
of Q of length 1 will be non-reflection edges of Q4. The remaining edges of Q4
will be reflection edges, as follows. By Lemma 2.4(1), the set A has a well-defined
cyclic ordering ay,...,a,. Leta;,,...,a;, be the essential vertices of A in this
induced cyclic order. The reflection edges of Q4 will have groups (a;,) = C; for
1 < j < L, going in order around Q. Now each vertex of Q4 is adjacent to one
non-reflection edge and one reflection edge with group (a;; ), and this vertex will
also have group (a;, ).

An easy calculation shows that y(Q4) = % This is equal to Euler charac-
teristic of the special subgroup generated by the L essential vertices in A, since as
I' is 3-convex, there are no edges between any two essential vertices.

We next assign types to certain edges and all vertices of Q4. The non-reflection
edges going around Q4 are assigned type {a;;, a;; , } (Where j € Z/LZ), and we
assign type {a;; } to the vertices of Q4 with group (a;; ), so that the endpoints of
the non-reflection edge of Q4 with type {a;;,a;; } have types {a;; } and {a;, , }.
Notice that each pair {a;;, a;; , } is an essential cut pair, by Lemma 2.4(2)(a).

We now construct the non-branch orbifold A. If A consists entirely of essential
vertices, then we put A = Q4. Otherwise, by Lemma 2.4(2)(c), there is at least
one pair {a;;, a;, ., } of essential vertices in A4 so that I' \ {a;;,a;;, ,} hask; =2
components, and for all such j, there is a unique branch ; of I' between a;; and
ai; - Denote by P; the right-angled polygon underlying the branch orbifold Pg,
constructed in Section 3.1 above. Recall that all non-reflection edges in Q4 have
length 1, and that the unique non-reflection edge in Pg, has length I as well. Also,
the non-reflection edge of Pg, has type {a;;,ai; , }-

To obtain A, for each j such that A contains the vertex set of 8, we glue the
non-reflection edge of Q4 of type {ai;,ai; ,} to the unique non-reflection edge
of CPﬂj, so that the types of the end-vertices match up. In both Q4 and CPﬂj, the
end-vertices of the edge which has just been glued have groups (a;, ) and (a;; ).
Also, the edge groups adjacent to the vertex group (a;;) (respectively, (ai; )
are both (a;,) (respectively, (a;; ,})). So we may erase all of the non-reflection
edges along which we just glued branch orbifolds to Q4, and combine the edges of
Q4 and Pg; with group (a;; ) (respectively, (a;; . ,)) into a single edge with group
{ai;) (respectively, {(a;; ). We now define A to be the resulting orbifold over
the right-angled hyperbolic polygon obtained by gluing together the polygon Q4
which underlies Q4 and the polygons P; which underly the Pg, .

Lemma 3.3. The fundamental group of A is Wy.
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Proof. By construction, the reflection edges of A have groups (a1), ..., {an),
where ayp,...,a, is the cyclic ordering on A given by Lemma 2.4(1), and the
reflection edges with groups (a;) and (a;+;) are adjacent in A if and only if a;
and a; +1 are adjacentin " (for i € Z/nZ). The proof then uses similar arguments
to Lemma 3.1. O

For Euler characteristics, a somewhat involved calculation shows that y(A) =
W4. We remark that there is no simple formula for this Euler characteristic in terms
of £, the valence of the Type 2 vertex stabilized by Wy in the JSJ decomposition,
since y(W,) depends on the number of edges between vertices in A, and this varies
independently of £.

Observe that since A is not the vertex set of an induced cycle in I' (by
Lemma 2.5), it follows from our construction that A has at least one non-reflection
edge. The non-reflection edges of A retain their types {a;;, } from Qy, as do
the endpoints of such edges.

Qijiq

3.3. Construction of orbicomplex. We now construct the orbicomplex Or by
gluing together certain branch orbifolds Pg from Section 3.1 and all of the non-
branch orbifolds A from Section 3.2.

Consider a Type 2 vertex in the JSJ decomposition with stabilizer (A4), where
A is a set of vertices of I'. Let L be the number of essential vertices of A. Then by
Lemma 2.2, we have that L > 2, and L = 2 exactly when A4 is the set of vertices
of a branch B of I'. So if L = 2 then Wy = Wjp is the fundamental group of
the branch orbifold Pg, and if L > 3 then Wy is the fundamental group of the
non-branch orbifold A.

Let C be the collection of all branch orbifolds Pg such that Wz = m1(Pg)
is a Type 2 vertex stabilizer, together with all non-branch orbifolds A. By the
discussion in the previous paragraph, we have:

Corollary 3.4. The set of orbifolds C is in bijection with the set of Type 2 vertices
in the JSJ decomposition of Wr. Moreover, for each orbifold O in the collection C,
we have that 1(0) is equal to the stabilizer of the corresponding Type 2 vertex.

We now consider the relationship between Type 1 vertices in the JSJ decom-
position and non-reflection edges of orbifolds in the collection €. Recall that each
Pg has a unique non-reflection edge, each A has at least one non-reflection edge,
and each non-reflection edge in either a Pg or an A has type {a, b} where {a, b} is
an essential cut pair of I'.

Lemma 3.5. Each non-reflection edge in the collection of orbifolds C has type
{a, b} where {a, b) is the stabilizer of a Type I vertex in the JSJ decomposition of
Wr.
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Proof. First suppose that Pg is in C, let the endpoints of the branch g be b and b/,
and let A be the vertex set of the branch . Then since Wg = Wy is the stabilizer
of a Type 2 vertex, Lemma 2.3 implies that T" \ {b, b’} has k > 3 components. The
result then follows from Corollary 2.1(1).

Now let A be a non-branch orbifold and let {a; i +1) be the type of a non-
reflection edge of A. Then by construction of A and Lemma 2.4(d), we have
that I" \ {a; i +1} has k; > 3 components (otherwise, we would have glued
a branch orbifold on at this edge of Q4). The result then also follows from
Corollary 2.1(1). O

We note that, by similar arguments to those in Lemma 3.5, the number of non-
reflection edges of A is equal to £ > 1, the valence of the Type 2 vertex in the JSJ
decomposition stabilized by Wy.

Lemma 3.6. Let a and b be vertices of T so that {a, b) is the stabilizer of a Type 1
vertex v of valence k > 3 in the JSJ decomposition of Wr. Then {a, b} is the type
of a non-reflection edge in exactly k orbifolds in the collection C.

Proof. Since v has valence k, by the first statement in Corollary 3.4 there are
exactly k orbifolds in the collection € whose fundamental groups are stabilizers
of Type 2 vertices adjacent to v. By Corollary 2.1(3) and the second statement in
Corollary 3.4, these k orbifolds are exactly the elements of C whose fundamental
groups contain the generators a and b. If a branch orbifold Pg is one of these k
orbifolds, then a and b are the endpoints of the branch 8, so by construction the
unique non-reflection edge of Pg is of type {a, b}. If a non-branch orbifold A is
one of these k orbifolds, let A be the set of vertices of I so that Wy = m1(A). By
the construction of A, it suffices to show that a and b are consecutive in the cyclic
ordering on A given by Lemma 2.4(1), and this is Lemma 2.4(2)(e). O

Recall that each non-reflection edge in the orbifolds we have constructed has
length 1. Now for each {a, b} which is the type of some non-reflection edges in
the collection C, we glue together all non-reflection edges of type {a, b} in this
collection, so that the types of their end-vertices are preserved. The resulting
orbicomplex is Or.

Note that in the resulting space, each non-reflection edge still has a well-
defined type {a, b}, and is the unique non-reflection edge of this type. Also,
if a non-reflection edge e of Or has type {a, b}, and v is its vertex of type {a}
(respectively, {b}), then the vertex group of Or at v is (a) (respectively, {b}), and
each reflection edge of Or which is adjacent to v has group (a) (respectively, {b}).

Lemma 3.7. The orbicomplex Or has fundamental group Wr.

Proof. The underlying space of Or is obtained by gluing together the polygons
underlying the orbifolds in the collection € along non-reflection edges. After glu-
ing, there is a polygon in the resulting space for each Type 2 vertex in the JSJ
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decomposition, and a single non-reflection edge contained in at least 3 distinct
polygons for each Type 1 vertex in the JSJ decomposition. Since the JSJ decom-
position is over a connected graph, it follows that the underlying space after gluing
is connected. Moreover, since the JSJ decomposition is over a tree, it follows that
the underlying space after gluing is contractible. Hence the fundamental group
of Or is generated by the fundamental groups of the orbifolds in €, subject to the
identifications of generators induced by gluing non-reflection edges. This gives
fundamental group Wr. O

We leave it to the reader to verify that y(Or) = y(Wr).

4. Half-coverings and torsion-free covers

Let Or be the orbicomplex with fundamental group Wr constructed in Section 3.
In this section we construct a covering space X of Or so that 771 (X) is an index 16
torsion-free subgroup of 71 (Or) = Wr. Examples appear in Figures 4.3 and 4.4.
The space X will be a surface amalgam with each connected surface in X having
positive genus (so that we can obtain further covers by applying Lemma 2.12).
We describe the construction using the terminology of half-coverings, which we
define in Section 4.1. The surfaces Sg, which cover the branch orbifolds Pg,
and S 4, which cover the non-branch orbifolds A, are constructed in Sections 4.2
and 4.3 respectively. In Section 4.4, we explain how to glue the Sg and S 4 together
to obtain X. Section 4.5 contains a table summarizing the surfaces we construct,
and an explanation of why we use degree 16 covers.

4.1. Half-coverings. In this section we define half-coverings of general bipartite
graphs, and a particular half-covering JH(7") where T is a bipartite tree.

Given a graph A which contains no loops, for each vertex x € V(A), let A(x)
the set of edges of A which are incident to x. Now let A and A’ be (unoriented)
graphs, with associated maps €: E(A) — V(A)2/Cyand€’: E(A') — V(A')?/Cs.
(See Section 2.1 for graph-theoretic definitions.) Recall that a graph morphism
f:A — A’ is a map taking V(A) to V(A’) and E(A) to E(A’), so that for all
e € E(A),if e(e) =[x, y] then €/(0(e)) = [0(x), 0(»)].

Definition 4.1. Let A and A’ be bipartite graphs with vertex sets V(A) = Vi UV,

and V(A’) = V| UV, respectively. A graph morphism 6: A — A’ is a half-

covering if

(1) fori = 1,2, the map 6 takes V; to V/;

(2) forall x € Vi, the restriction of 6 to A(x) is a bijection onto A’(6(x));

(3) forall y € V,, and for every edge ¢’ € A’(6(y)), there is an e € A(y) so that
fe) =¢'.

If there is a half-covering 8: A — A’ then we say that A half-covers A’'.
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In short, a half-covering is a morphism of bipartite graphs which preserves
the bipartition, is locally bijective at vertices of Type 1, and is locally surjective
at vertices of Type 2. (In Section 9, we compare half-coverings with the weak
coverings in [1].)

In several of our constructions we will use half-coverings of the following
particular form. Examples appear in Figures 4.3 and 4.4.

Definition 4.2 (the graph 3 (T') half-covering a tree T'). Let T be a bipartite tree
with vertex set V(T) = Vi U V5. Let H(T) be the bipartite graph defined as
follows.

(1) The vertex set V(H(T')) equals V| U V,, where V| consists of two disjoint
copies of V;, and V; is a copy of V>.

(2) Each edge of H((T') connects a vertex in V to one in V. Suppose u € V;
corresponds to u” and u” in V{ and v € V; corresponds to v” in V. Then u’
and u” are adjacent to v’ in H(7') if and only if u is adjacent to v in T'.

In other words, 3{(T') is obtained by taking two copies of the tree T" and identifying
them along their vertices of Type 2. By construction, the morphism H(T) — T
induced by sending each vertex in V(3 (7)) to the corresponding vertex in V; or
V> (according to the identification of V| with two copies of Vi, and of V) with V)
is a half-covering.

4.2. Covering the branch orbifolds. Let 8 be a branch in I" with ng vertices in
total. The orbifold Pg constructed in Section 3.1 has underlying space P a right-
angled p-gon with p = ng + 1 > 5. We now construct a connected surface Sg
with genus 2(p —4) > 2 and 2 boundary components so that Sg is a 16-fold cover
of '.Pﬁ .

The surface Sg we construct will be tessellated by 16 right-angled p-gons, so
that

e cach p-gon has exactly one edge in a boundary component of Sg;
e the two boundary components of Sg each contain 8 edges; and

e types can be assigned to the edges of this tessellation and to the edges of the
p-gon P, such that there is a type-preserving map from Sg to P which takes
each edge in a boundary component of Sg to the (unique) non-reflection edge
of ?ﬂ.

It follows that the type-preserving map Sg — P induces a degree 16 covering map
from the surface Sg to the orbifold Pg. (More precisely, we can consider the trivial
complex of groups G;(Sg) over this tessellation of Sg, that is, the complex of
groups in which each local group is trivial. The type-preserving map Sg — P then
induces a covering of complexes of groups from G;(Sg) to the simple complex of
groups Pg; see [4] for the general definition of a covering of complexes of groups.
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This induced covering is 16-sheeted since each face group in G;(Sg) and in Pg is
trivial, and Sg contains 16 p-gons while P is one p-gon.)
For the construction of Sg, we consider two cases, p > 5odd and p > 6 even.

! lo( olod olol olol o

p=>

C

16

S|
|
-

p=9
—_

~O-+O+O+OFO+O+O+0-
p=2©6

i16

D

Figure 4.1. On the left are the “jigsaw puzzle pieces” in the odd and even cases. On the
right are the degree 16 covers constructed by gluing the pieces together. The left and right
blue boundaries are glued and the center circles are glued in pairs to construct a surface
with two boundary components, drawn in green.

Casel: p > Sisodd. We obtain a tessellated surface Sg by gluing together, in a
type-preserving manner, 16 copies of the right-angled p-gon “jigsaw puzzle piece”
shown on the top left in Figure 4.1. Each piece is straight on the bottom and sides,
while along the top we have pT_S full scoops and pT_S + 1 horizontal edges, and
there is one half-scoop in the top right corner. (So there are 3 + 2177_5 +14+1=p
sides in total.) Glue 16 of these pieces together into an 8-by-2 block as in Figure 4.1.
Now glue the left and right boundaries of this block as indicated by the arrows. The
resulting surface will be a sphere with 2 boundary components corresponding to
non-reflection edges (these are the outer horizontal edges drawn in thick lines; they
form 2 cycles of length 8 after the gluing), 4 boundary components corresponding
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to the half-scoops, and ”T_S x 8 boundary components corresponding to the full
scoops. These boundary components contain 8, 4, and 2 edges respectively. The
final step to obtain Sg is to glue together the boundary components coming from
half-scoops and full-scoops in type-preserving pairs.

Case 2: p > 6is even. In this case we use similar jigsaw puzzle pieces to Case
1, except that now we have pT_“ full scoops along the top, as shown on the bottom
left in Figure 4.1. Glue 16 of these pieces together into an 8-by-2 block as shown
in Figure 4.1, and identify the left and right boundaries as indicated by the arrows.
The resulting surface will be a sphere with 2 boundary components corresponding
to non-reflection edges and I’T_“ x 8 boundary components corresponding to the
scoops along the top edge of the piece. The final step to obtain Sg is to glue

together these latter boundary components in type-preserving pairs.

4.3. Covering the essential vertex and non-branch orbifolds. Let A be a
subset of vertices of I" so that (A4) is the stabilizer of a Type 2 vertex in the JSJ
decomposition of Wr, and let L > 2 be the number of essential vertices of A. In
this section, we assume that L > 3 and construct a connected surface S, which
is a 16-fold cover of the orbifold A. (See Section 3.2 for the construction of A.)
The surface S, will have genus at least 2 and 2¢ boundary components, where
£ > 1 is the valence in the JSJ decomposition of the vertex with stabilizer (4). An
illustration of the construction appears in Figure 4.2 (which should be viewed in
color).

As in Section 3.2, we will first consider the essential vertex orbifold Q4. We
will cover Q4 by a connected surface S4 with genus 3L —7 > 2 and 2L boundary
components. Recall that the underlying space of Q4 is a right-angled 2L-gon Q.
The surface S4 we construct will be tessellated by 16 right-angled 2L-gons, so
that

e cach 2L-gon has its alternate edges in boundary components of Sy;
e cach boundary component of S4 contains 8 edges; and

e types can be assigned to the edges of this tessellation of S4 and to the edges
of the 2L-gon Q, such that there is a type-preserving map from S4 to Q
which takes each edge in a boundary component of S4 to a non-reflection
edge of Q4. In particular, each boundary component of S4 has the same type
as a non-reflection edge of Q4, and S4 has two boundary components of each

type.

As for branch orbifolds in Section 4.2 above, it follows that the type-preserving
map S4 — O induces a degree 16 covering map from the surface S4 to the
orbifold Qy.
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Figure 4.2. On the right are orbifolds with 2L sides which alternate between reflection edges
(non-horizontal, and drawn in thin lines) and non-reflection edges (horizontal, and drawn in
thick lines). On the left are the initial 8 by 2 blocks of jigsaw puzzle pieces for their degree
16 covers. The blue vertical sides of these blocks are glued as indicated by the arrows, and
the center circles are glued as indicated by the labels and arrows, with the top half of a
circle in the left half glued to the top (respectively, bottom) half of a circle in the right half
as shown by the arrow on the right-hand circle being on the top (respectively, bottom). After
gluing, the center horizontal arcs are cut to obtain a surface with 2L boundary components.

Start with the 8 by 2 block of jigsaw puzzle pieces from the case p = 2L > 6
even above. The non-reflection edges will be the horizontal edges of the puzzle
piece. We will first glue this into a surface with just 2 boundary components of
the same type, this type being one of the non-reflection edges of Q4. We will then
cut along L — 1 curves which have types the other non-reflection edges of Qy, to
obtain a connected surface with 2 4+ 2(L — 1) = 2L boundary components, and
with 2 boundary components for every type of non-reflection edge of Q4.

The first stage is to glue together the left and right sides of the block, as
indicated by arrows. We then glue pairs of boundary components which consist of
2 edges; these are the “center circles” in Figure 4.2. This is done is such a way that
the inner horizontal edges of the 8 by 2 block, those coming from the top edges of
the jigsaw piece, form cycles of a single type of length 8. For each non-reflection
type, there is one such cycle of 8 edges.newpage
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In more detail, when L = 3, the gluing pattern for the center circles is as
indicated by the arrows and labels in the top row of Figure 4.2. The orange
horizontal edges, which occur in pairs in the initial block, then form a cycle of
8 edges passing through the center circles with labels 1, 2, 3, 4 in that order, and
similarly the pink horizontal edges form a cycle of 8 edges pass through the center
circles with labels 1, 3, 2, 4 in that order. The construction is similar for the pink
edges for all L > 4, as indicated in Figure 4.2, with the pink edges passing through
light green center circles labeled 1, 3,2, 4 for all L > 4.

For the other horizontal edges, a suitable labeling is constructed by induction
on L > 4. When L = 4 we use the labeling from the middle row of Figure 4.2,
so that the orange edges form a cycle of 8 edges passing through the center cir-
cles with labels 1’,2’, 3/, 4" in that order, and the purple edges form a cycle of 8
edges passing through alternately black and light green center circles with labels
1,1/,3,3,4,4,2,2 inthat order. Write n® for the integer n followed by k primes.
The labeling of center circles in the left half of the initial block is then, from left to
right, 1,17,..., 1€ 2@=3 279 3.3 303 4UL=3) 4 4 Onthe
right half of the initial block, going from left to right, the 5" (respectively, 67,

7t and 8™M) puzzle pieces have center circles labeled 1,2/, 1”, ... (respectively,
4(L=3) 3= 4L=5) 2. 42" .5 and 3¢ 17D 305 ) when
L is odd, and center circles labeled 1,2/,1”,... (respectively, 3(L=3) 4(L—4)

3L=5) 2,42, .. .;and 1573 3L=4 1(L=5) ) when L is even. By in-
duction and the alternating pattern of labels on the right half, the only color to be
checked is orange. The orange horizontal edges come in pairs in the initial block,
and it is not hard to verify that for all L > 4, they form a cycle of length 8 passing
through black center circles with labels 1(£=3) 2(L=3) 3(L=3) 4(L=3) ip that order.

Now cut along each of these cycles of length 8. There are then 2 boundary
components of each non-reflection type, each consisting of 8 edges. Using the
gluing described above, the resulting surface is connected: for this, we just need
to glue at least one top half of a scoop to the bottom half of a scoop, and this
follows from our construction.

We now describe the surface S4 which 16-fold covers the orbifold A. If A
consists entirely of essential vertices, then we put S4 = S4. Otherwise, for each
branch B so that the vertex set of f is in the set 4, we glue Sg to S4 as follows.
Recall that all edges in the tessellations of Sg and S4 have types, that these types
are preserved by the covering maps Sg — Pg and S4 — Q4, and that each
boundary component of Sg and S4 has 8 edges. Recall also that A is obtained
by gluing Py to Q4 along a non-reflection edge in a type-preserving manner, for
each branch g with vertex set in A. For all such 8, we now glue one boundary
component of Sg to one boundary component of S4 with its same type, and the
other boundary component of Sg to the other boundary component of S4 with
its same type, so that these gluings match up edges and vertices of the existing
tessellations, and so that at each vertex of the resulting tessellation, the incident
edges have exactly two types.
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Finally, we erase the edges in the resulting tessellation which were in boundary
components of S4, and denote the resulting tessellated surface by S 4. Note that
S, is still tessellated by right-angled polygons whose edges have well-defined
type. By construction, the 16-fold coverings Sg — Pg and S4 — Q4 induce a
16-fold covering S4 — A.

We observe that since S4 has genus 3L — 7 > 2, the surface S 4 has genus at
least 2. Also, the surface S 4 has two boundary components for each non-reflection
edge of A. Now by construction of the orbicomplex Or in Section 3.3, the number
of non-reflection edges of A equals the valence £ > 1 of the vertex stabilized by
(A) in the JSJ decomposition of Wr. Hence S 4 has 2¢ boundary components.

4.4. The surface amalgam X. We now construct a surface amalgam X which 16-
fold covers the orbicomplex Or, by gluing together certain surfaces Sg constructed
in Section 4.2 and all of the surfaces S 4 constructed in Section 4.3. Examples
appear in Figures 4.3 and 4.4.

Figure 4.3. The graph I' is a generalized ®-graph, and the graph A is the JSJ graph of Wr-.
On the right is the degree 16 cover X1 — Or, where Or is the orbicomplex described in
Section 3.3. In the center is the half-covering 6 from the JSJ graph of Xt to the JSJ graph
of OF.

Let A be the JSJ graph for Wt and recall that A is a bipartite tree. Let H(A)
be the graph from Definition 4.2 which half-covers A. For each v € V>(A), we
write v’ for the corresponding vertex in V,(H(A)). Now for all v € V,(A), let S,
be the surface Sg, if v has stabilizer Wp for 8 a branch of I', and let S, be the
surface S 4, if v has stabilizer (A4) with A not equal to the vertex set of a branch of
I'. Then the collection of surfaces {Sy | v € V2(A)} = {Sy | v/ € Va(H(A))} is
in bijection with the Type 2 vertices of J{(A).

We now obtain X by gluing together the surfaces {S, } along boundary compo-
nents, according to the adjacencies in the graph H(A). (In fact, the JSJ graph of
X will be H(A).) By construction, each S, has 2¢ boundary components, where
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£ > 1 is the valence of v in A. Since v’ has valence 2¢ in H(A), each S, has
number of boundary components equal to the valence of v’. We now relabel the
boundary components of S, using the vertices of 3{(A) which are adjacent to v’, as
follows. Recall that the boundary components of S, come in pairs which cover the
same non-reflection edge (in either Pg or A), and so have type {a, b} where (a, b)
is the stabilizer of a Type 1 vertex in A. For each u € V;(A) with stabilizer (a, b),
with corresponding Type 1 vertices u” and u” in 3 (A), and for each v adjacent to
u in A, we label one boundary component of S, of type {a, b} by u’ and the other
by u”. Now every boundary component in the collection {S, | v/ € Vo(H(A))}
has been assigned a type in V;(H(A)), and for each v € V;(A), there is a bijection
between the types of boundary components of S, and the vertices adjacent to v’
in H(A). We then glue together all boundary components in the collection {S,}
which have the same type, so that these gluings match up edges and vertices of
the existing tessellations. The resulting surface amalgam is X. By construction,
the 16-fold covers Sg — Pg and S4 — A induce a 16-fold cover X — Or.

l@)

Figure 4.4. The graph T is a cycle of generalized ®-graphs, and the graph A is the JSJ
graph of Wr. On the right is the degree 16 cover X — Or, where Or is the orbicomplex
described in Section 3.3. In the center is the half-covering 6 from the JSJ graph of X to
the JSJ graph of Or.

4.5. Summary and remarks. We now provide in Table 1 a summary of the
surfaces constructed in this section, and explain why we constructed covers of
degree 16 (rather than some smaller degree).
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To cover a branch orbifold Pg with underlying space a right-angled p-gon,
we wanted a construction for all p > 5 of a surface with positive genus and
a small positive number of boundary components. The Euler characteristic of
Pp is 22 so a degree D cover has Euler characteristic M. For a surface,
the Euler characteristic must be an integer, hence D = 4k for some k > 1.
Now if the covering surface Sg has genus g and b boundary component, then
x(Sg) = 2 —2g — b. Equating Euler characteristics when b = 1, we get
k(4 — p) = 1 — 2g. This has no solution when p is even. Thus we consider
b = 2 boundary components. Equating Euler characteristics when b = 2, we get
k(4 — p) = —2g. This has a positive genus solution for all p > 5, provided k is
even. So we work with covers of degree D = 4k where k > 2 is even.

Now, an essential vertex orbifold Q4 with L reflection edges and L non-
reflection edges has Euler characteristic %, where L > 3. We wanted to cover
each such Q4 by a surface Sy4 of positive genus g with 2L boundary components
(since each surface Sg covering a branch orbifold Pg will have 2 boundary com-
ponents, and certain Sg will be glued onto the surface covering Q4 in order to
cover the non-branch orbifold A). If the degree of the coveris D = 8, by equating
Euler characteristics we get4(2— L) =2—-2g—2L hence g = L —3.For L =3
this gives g = 0, but we would like S4 to have positive genus. The next possible
degree is D = 16, and the Euler characteristic equation 8(2— L) =2 —2g — 2L
has positive genus solution g = 3L — 7 for all L > 3. Hence we work with degree

16 covers.

5. Generalized ®-graphs

In this section we prove Theorem 1.8, which gives the commensurability classifi-
cation of right-angled Coxeter groups with defining graph a 3-convex generalized
®-graph. We remark that by Corollary 2.1, the JSJ graph of such a group is a
k-valent star, so in particular, the JSJ graph is a tree of diameter 2.

Let Wg and Wgr be right-angled Coxeter groups whose defining graphs are
3-convex generalized ®-graphs ® = O(ny,...,n;) and ® = O(n},...,n},)
respectively, with k,k’ > 3. If © has branches §; for 1 < i < k, then Wg is
the fundamental group of the orbicomplex O = Og constructed in Section 3,
obtained by gluing together the branch orbifolds P; = Pg,, for 1 <i < k, along
their non-reflection edge. Since W; = Wp, is the fundamental group of P;, the
Euler characteristic vector of Wg from Definition 1.7 is v = (y(W1), ..., x(Wy)).
Similarly, Wer is the fundamental group of O" = Qg obtained by gluing together
the branch orbifolds P} = fPﬂl_/, for 1 <i < k’, and Wg has Euler characteristic
vector v' = (y(Wy), ..., x(W/,)) where W/ = Wp:.
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5.1. Sufficient conditions for commensurability. Suppose that the vectors v
and v” are commensurable. Then by definition, k = k’ and there exist integers
K, K’ > 1sothat Kv = K'v’. Let a and b be the two essential vertices of ®. Let
rq be the subcomplex of O consisting of all reflection edges with local group (a)
(so r, is a star of valence k), and let r, C O be the corresponding subcomplex
for b. An immediate generalization of [6, Section 3.1] is that, for any positive
integer R, there is a degree R orbicomplex covering RO — O given by unfolding
R times along copies of r, and r}, so that the central branching edge of RO forms a
geodesic path. An easy counting argument then proves that the orbicomplexes KO
and K’O’ are homeomorphic, hence have isomorphic fundamental groups which
are finite-index subgroups of Wg and Wgy, respectively. Therefore Wg and Wgr
are commensurable.

5.2. Necessary conditions for commensurability. The proof of the necessary
conditions in Theorem 1.8 follows from a slight generalization of [23, Proposi-
tion 3.3.2]. In that setting, it was assumed that the analogs of O and O’ had the
same Euler characteristic, while here, y(We) = x(0) and y(We/) = x(0’) could
be unequal. The proof from [23] can thus be altered as follows.

Suppose that the groups Wg and Wg' are commensurable. Then they are quasi-
isometric, and by [7, Theorem 3.36], we have k = k’. Since Wg and Wy, are
virtually torsion-free, they have isomorphic torsion-free, finite-index subgroups
H < Wg and H' < Weg. Then the corresponding covers X and X’ of O and O’ are
surface amalgams. Let D and D’ be the degrees with which X and X’ respectively
cover O and ©’. By Theorem 2.9, there is a homeomorphism f:X — X’ that
induces the isomorphism between H and H'. Suppose

AW = (W) =+ = y(Ws) > x(Wyy1) = --- = x(Wh),
AW)) = x(Wy) = - = (W) > x(W/;)) = - > x (W)

for some s,¢ < k. (Note that the ordering in the above display is reversed with
respect to the ordering in the proof of Proposition 3.3.2 of [23].) Without loss of
generality, D - y(Wy) > D" (W), andif D - y(W;) = D’ - x(W]), then s > .
The remainder of the proof [23, Proposition 3.3.2] may now be applied with the
first and last line of the main equation in the proof changed to account for the fact
that the degrees of the covering maps are different.

6. Necessary conditions for cycles of generalized ©®-graphs

In this section, we establish our necessary conditions for the commensurability
of right-angled Coxeter groups defined by cycles of generalized ®-graphs, from
Theorem 1.12. We show:
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Proposition 6.1. Let W and W' be as in Theorem 1.12. If W and W' are commen-
surable, then at least one of (1) and (2) from Theorem 1.12 holds.

In Section 6.1 we fix notation, and we explain the three cases we will consider
in Section 6.2. Case 1 is proved in Section 6.3. We establish some results for both
Cases 2 and 3 in Section 6.4, then complete the proof of Case 2 in Section 6.5 and
that of Case 3 in Section 6.6.

6.1. Notation. Suppose W and W’ as in Theorem 1.12 are commensurable. We
continue all notation from Section 1.1. In addition, let Or and O be the orbicom-
plexes with fundamental groups W = Wr and W’ = Wy, respectively, con-
structed in Section 3, and let A and A’ be the (unique) non-branch orbifolds in Op
and O, with fundamental groups Wy and Wy, respectively. So Or (respectively,
Orv) is obtained by gluing certain branch orbifolds to A (respectively, A’) along
non-reflection edges. Foreachi € I and 1 < j < r;, let P;; be the branch orbifold
in Or with fundamental group W;; := W, s and let O; be the sub-orbicomplex
of Or obtained by gluing together the r; orbifolds P;; along their non -reflection
edge. Then 71(0;) = Wg, foreachi € I. Slmllarly define kal, kl, and O’
with 71(0}) = Wer foreachk € I’and 1 <1 < r;. We write E; for the zth
branching edge of O]", that is, the non-reflection edge along which O; is glued to
A, and similarly write £} for the kth branching edge of Or-.

Ifr, =r = r foreachi € I andeachk € I’, thenforalll < j < r
we define the subcomplex R; of Or to be the disjoint union of the “jth ring” of
branch orbifolds {P;; | i € I } in Or, and define y; to be its Euler characteristic.
(Note that, by construction, if iy # i» € I then the underlying spaces of P;, ; and
Pi,j are disjoint polygons.) Thus y; = x(R;) = X ey x(Pij) = X e xij- For
each 1 < j <r, we define R} C Or analogously, and put y; = x(R).

Let p:X — Or and p": X’ — O be the degree 16 torsion-free covers from
Section 4. Then 71(X) and 71 (X’) are commensurable as well. Let n:Y — X
and n: Y — X’ be covers corresponding to isomorphic finite-index subgroups of
1(X) and 71(X’), and set 1 = nopand 7’ = ' o p’. Let D and D’ be the
degrees of the covering maps 7:Y — Or and 7" Y’ — Or, respectively. Finally,
let f:Y — Y be the homeomorphism guaranteed by Theorem 2.9.

6.2. Cases. To prove Proposition 6.1, we consider three cases, by comparing the
subsets f(m~!(A)) and 7'~ (A’) of the surface amalgam Y. Note first that since
A (respectively, A’) contains every branching edge of Or (respectively, Or), the
sets f(m~1(A)) and '~ (A’) will always have non-empty intersection containing
all branching curves in Y’. We write f(r~!(A)) A /-1 (A’) = @ if the interiors of
f(xr~1(A)) and 7’71 (A’) are disjoint, that is, these subsets of Y’ have no surfaces in

common, and we write f(7~!(A)) A7/ (A") # @ if the interiors of f(n~1(A))
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and 7'~ ! (A’) are non-disjoint, that is, these subsets of Y have at least one surface
in common. The cases we consider, and their consequences, are as follows.

Caskg 1. If f(m~1(A)) = n'~1(A’), we show that condition (1) holds.
Casg 2. If f(n~1(A)) ﬁ 7'~1(A’) = 0, we show that condition (2) holds.

Casg3. If f(x71(A)) # n'"Y(A’) and f(n_l(A))r%n’_l(A’) # @, we con-
struct new homeomorphic finite-sheeted covers of Or and Ors which
satisfy Case 1. It follows that condition (1) holds.

6.3. Case 1. In this case we prove:

Proposition 6.2. If f(n ' (A)) = n'~1(A’) then condition (1) in Theorem 1.12
holds.

Proof. Given i € I, consider one component § of the preimage of O; in Y. The
assumption that f(m~!(A)) = n'~!1(A’) implies that 7/ f(8)) cannot intersect
the interior of A’, and so f(8) must cover some orbicomplex O in Ors with
r,’c = r;. If r; > 3, then the vectors v; and v;c are commensurable by Theorem 1.8
for generalized ®-graphs.

If r; = 2 and ©; has branches f;; and §;5, then form a new ®-graph © with
branches f;; and two copies of 2, and do the same for ©]_ to get ©". Now Wg and
Wg’ are commensurable, since we can construct homeomorphic covers of Og and
Qg from 8 and f(8) by adding extra copies of the surfaces mapping to P;» and
‘.P}d, respectively. It follows from Theorem 1.8 that the vectors (yi1, xi2, xi2) and
(Xjer» Xien» X3p) are commensurable, and so v; = (yi1. xi2) and v, = (X}» Xio)
are as well.

Applying the same argument with !, we conclude that the sets of commen-
surability classes of the vectors {v; | r; > 2} and {v}_ | r;, > 2} coincide, proving
condition (1)(a).

We now prove (1)(b). It follows from the proof of (1)(a) that

(o)) = (U or)

Now 71(0;) = We, foreachi € I and 71(0}) = W®§< for each k € I’. As the
degrees of 7 and " are D and D’ respectively, we deduce that

D(Y xWe) = D'( Y x(Wey)). 6.1)

iel kel’

Now f(n~1(A)) = (7)1 (A’) by assumption, and 71 (A) = Wy and 1 (A") =
Wy, so we also have D - y(Wy4) = D’ - y(Wy). This together with equation (6.1)
implies (1)(b). O
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6.4. Results for both Cases 2 and 3. In this section we establish some results
which are relevant to both of the remaining cases. From now on, we suppose that
f(m~1(A)) # a'~1(A’). We start by showing in Lemma 6.3 that all nontrivial
generalized ®-graphs in both T" and I'" have the same number of branches. Next,
in Proposition 6.4 we prove that the vectors w and w’ are commensurable, hence
condition (2)(b) in Theorem 1.12 holds. We then color certain sub-orbicomplexes
of Or and Oy, using the commensurability of w and w’, and make some observa-
tions about this coloring in Remark 6.5 and Lemma 6.6. In Remark 6.7 we discuss
the structure of the subset 771 (A) U £~ (1 (A’)) of Y, and then in Lemma 6.9
we consider pre-images of branching edges in Or and Or.

Lemma 6.3. If f(7r7'(A)) # n'~'(A') then there exists r > 2 such that
ri=r,=rforalli €I andallk € I'.

Proof. We prove the contrapositive. If the conclusion fails, then one of the
following holds:

(i) ri, # ri, for somer;,, 1y, €1
a5 !/ / / !/ /.
(i) &y % " for some ey Tk € 1’; or
(iii) r; = rforalli € I andr; = s forallk € I’,butr #s.

Suppose (i) holds. If S is any component of 7~ !(A), then S is incident to
branching curves in Y with different branching degrees r;; + 1 and r;, + 1. Then
7' (f(S)) is an orbifold of O which is incident to branching edges of at least
two different degrees. It follows that #'( f(S)) = A’ and A’ has branching
edges of at least two degrees. Applying the same argument with f~!, we see
that =(f~Y(T)) = A for each component T of 7'~ '(A’). Thus f(z~'(A)) =
7'~1(A’). The proof is identical if (ii) occurs. Finally, (iii) cannot occur, since the
degree of branching is preserved by homeomorphisms. O

We next extend the techniques used to show that the Euler characteristic vectors
of generalized ®-graphs are commensurable (in the proof of Theorem 1.8) to prove
the following.

Proposition 6.4. The vectors w and w' are commensurable.

— A / !/
Proof. Letw = (wy,...,wy+1) and w’ = (w}, ..., w; ), and suppose
Wy == Ws > Ws+1 =+ = Wr41,
and
w/—...—w/>w/ >...>w/
1= = Wy t+1 2 Z Wy

Without loss of generality, we may assume that Dw; > D’w{, and if Dw; =
D'w thent < s. Foreach1 <u <r + 1, let T, C Or be the sub-orbicomplex
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corresponding to the entry w,, of w. That is, if w, = y(Wj) then T, = A, and
if w, = yxj then T, = R;. Similarly, let 7, C O be the sub-orbicomplex
corresponding to the entry w], of w’. Note that f(x~1(T,)) C Y is a disjoint
collection of connected surfaces with boundary, and the set of boundary curves of
these surfaces is exactly the set of branching curves of Y'.

We now partition f(z~1(T1)) C Y’ as follows:

e 84/ is the union of the connected surfaces in f(x~!(77)) which cover A’;

e for each k € I’, 8 is the union of the connected surfaces in f(m~1(T7))
which cover a branch orbifold in O, .

Suppose 84/ forms a cover of degree D” < D’ of A’. This includes the
possibility that 8 4+ is empty, in which case we put D” = 0. Then () "' (E}) N8 4/
covers the branching edge E; by degree D" as well, for each k € I’. For each
component surface S of a collection 8, let d(S) be the degree of n’ restricted to
S. Since (7') ' (E}) covers E/ by degree D', it follows that

> d(S)=D'-D" forallk el
SC8k

So,
Dwy = x(x~'(T1))
= (S (T1)
= xS+ Y x(8)

kel’

= D" y(A') + Z ( Z d(s) )((CP;IS)) (where S covers P}, )
kel’ SC8

= D"wi+ 3 x @) Y ds))
kel’ SC8x

< D"w)| + (D' — D")w}

= D'wj.

By our assumption, Dw; > D’w]. Thus we conclude that Dw; = D'wj.
Now, each branching curve in Y’ is incident to exactly s connected surfaces in
F Y (T1))U---U £~ 1(Ty)). It follows that 7/( £ (x~1(T1)) U---U f(x=1(Ty)))
must have in its image at least s orbifolds in {77...., 7]}, and therefore > s.
Thus we have Dw; = D'w/ for 1 < i < s = . Moreover, | Ji_; 77 1(T;) =
Ui—; #'71(T}). Now the above argument can be repeated (at most finitely many
times) with the remaining sub-orbicomplexes of Or and O which are of strictly
smaller Euler characteristic, proving the claim. O
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The next step in both Cases 2 and 3 is to color certain sub-orbicomplexes of
Or and O, as follows. Let wy € Z" ! be the minimal integral element in the
commensurability class of w and w’, so that w = Rwp and w’ = R'w,. Let
C = {ci1,...,cn} be the set of distinct values occurring in wg, and assume that
c1 > -+ > cp, so that wg = (¢1,...,¢1,¢2,...,C2,...,Cn,...,Cn). We call the
elements of the set C the colors. Let T, and 7], be defined as in the proof of
Proposition 6.4 for 1 < u < r. We now color Or and O so that T, has color
¢ € C ifwy, = Rc and T}, has color ¢ € C if w;, = R’c. Note that for each color c,
there is an m = m, so that each branching edge E; (respectively, £} ) is incident
to m branch orbifolds P;; (respectively, CP;C ;) of color c.

Remark 6.5 (the map f preserves colors). The following equation is an easy
consequence of the proof of Proposition 6.4:

F@ ' ({Tu | Tu € Or has color ¢})) = 7'~ ({T7, | T}, C Or has color c}).

It also follows that orbifolds of the same color which are attached to a single
edge in Or (respectively, Orv) are identical:

Lemma 6.6. Fori € I, if P;;, and P; j, have the same color c, then x;;, = Xij»»
and P; j, and P; j, are therefore identical orbifolds. The analogous statement holds
Jor CP;dl and CP;CIZ of the same color, where k € I'.

Proof. Leti € I. If the conclusion fails, we may assume that y;;, > yij,. Then
by our assumption that y,; > yujs Whenever j < j’, we see that j; < j», and
D el Xuji > Yuer Xuj,- This is a contradiction as both of these sums are equal
to Rc. Thus y;j, = xij,,» and P;;, and P;;, are identical orbifolds. The proof of
the second sentence is identical. O

For the proofs of Cases 2 and 3, it will be important to understand the structure
of the subset 771 (A) U f~1 ('~ (A")) of Y, which is described in the following
remark.

Remark 6.7 (structure of 77 1(A) U f~1(n'~1(A"))). Each of 77 1(A) and
Y (x'"1(A")) is a disjoint union of (connected) surfaces in Y. Let W be the
collection of surfaces in Y which are in both these sets, that is, W is the collection
of surfaces in 771 (A) N £~ (7'~ (A")).

Now if S is a surface in 77!1(A) \ W, then since n'(f(S)) # A’, for each
boundary component of S there is necessarily a surface in f~1(7'~1(A’)) incident
to this boundary component. If S’ is one of these, then 7(S’) # A, since S
and S’ share a boundary curve and S is in 77! (A). Hence every other boundary
component of S’ also borders a component of 7~!(A). Continuing in this way,
we see that the connected component of 7~ (A) U £~ (/1 (A’)) which contains
S has no boundary.
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Thus there is a decomposition 771(A) U f~1 (7'~ (A")) = WU Z, where Z
is a disjoint union of closed surfaces. Moreover, given a component Z of Z, the
branching curves on Z partition itas Z = Z, U Z 4/, where Z4 and Z', are the
subsets of Z consisting of surfaces in Y such that

r(Za)=A  w(Za)cl o

iel

7' (f(Za) = A, 7 (f(Za) | O

kel’

Observe that Z 4/ contains at least one surface mapping into O; for eachi € I, so
Z 47, and similarly Z 4, is necessarily disconnected. We denote the set of branching
curves of a component Z of Z by the (slightly counterintuitive) notation dZ. Then
by the description above, Z 4 and Z 4/ intersect in exactly in dZ. So we have that
0Z = 0Z 4 = 0Z 4. It follows that the degree of & restricted to Z 4, the degree
of 7 restricted to Z 4/, and the degree of 7 restricted to dZ are all equal.

Observe that for any component Z of 2, the collection dZ intersects 7! (E;)
for each branching edge E; of Or, as well as £~ (z'""(E ) for each branching
edge E; of Or/. In what follows it will be necessary to consider the following
subset of dZ.

Definition 6.8. Let Z be acomponentof Z. Fori € I andk € I',lete;; = €;x(Z)
be the collection of branching curves in dZ which map to E; under 7 and to E;,
under 7’ o f. Thatis, ¢; = n ' (E;) N f~(x'"1(E})) N 0Z.

The degrees of 7 and 7’ restricted to ¢;; satisfy the following useful property.

Lemma 6.9. Let Z be a component of Z, and let €;; be the curves from Defini-
tion 6.8. Then for eachi € I and k € I’, the degree of the map w:€;, — E; is a
number 8 = 6, (Z) which depends on k but not on i, and the degree of the map
n": f(eix) — E; is a number §; = 8;(Z) which depends on i but not on k.

Moreover, if d and d’ are the degrees of w and 7' restricted to 0Z and f(0Z)
respectively, then we have the following equations:

d bk=d and Y 8§ =d. (6.2)

kel’ iel

Proof. We write Z = Z 4 U Z 4/ as in Remark 6.7. By definition, no component
of Z, maps to A’, so we partition Z 4 into a disjoint collection of possibly
disconnected surfaces 8y so that 7'( f(8x)) is contained in O} for each k € I'.
Observe that dSy contains all curves of 0Z = dZ 4 whichmap to E ,/c under ’o f.
Thus 08k = ;¢ €ik-
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On the other hand, 7 maps Sy (and hence dS;) to A with some degree, say
81, which depends on k. Then for any i, the edge E; has exactly & lifts in S, or
equivalently, the degree of & restricted to €; is 8, which is independent of ;.

The left equation in (6.2) follows from the fact that Z = | J,;, 08k, so the
degree d of & restricted to dZ is the sum of the degrees of  restricted to d.S; over
all k € I'. The corresponding statements about §; are proved similarly. |

6.5. Case 2. We now complete the proof of our necessary conditions in the case
that

Fr Y A)) Na LAY = 0.
Lemma 6.3 establishes the first sentence of (2) in Theorem 1.12 and Proposition 6.4
proves (2)(b). Thus it remains to show:

Proposition 6.10. If f(x~!(A)) N 7'~V (A’) = @ then condition (2)(a) holds.

Proof. Recall from the discussion preceding Remark 6.5 that w = Rwg, where
the distinct entries of wg correspond to distinct colors. Let wo denote the vector
obtained from wy by deleting the pth entry, where p is the index of the entry
x(Wy) of w. We show below that for each i € I, the vector v; = (xi1,..., Xir)
is commensurable to wy. Hence the vectors {v; | i € I} belong to a single
commensurability class.

Fix i € I. We begin by showing that there exists a number D/ such that for
1 < j <r,if P;; has color c, then

x(f(x~ 1 (Pij)) = DjRc. (6.3)

Suppose the color of A’ is ¢’ (with ¢’ possibly equal to ¢). Partition f(x~(P;;))
into (possibly disconnected) subsurfaces T4, and T such that n’(T4/) = A’ and
7r'(Ty) is contained in O, for each k € I’. Note that 7! (P;;) contains the full
preimage of the branching edge E;. Let E;; be the collection of all branching
curves in Y which map to E; under 7 and to E; under 7’ o f. Then f(E;)
consists of 07 together with some curves from 97 4.

Let W and 2 be as in Remark 6.7. W is empty, since f (™! (A))Fm/—l (A =4.
Thus Ej is the union of the curves ¢;; = €;1(Z) corresponding to all components
Z of Z. Then it follows from Lemma 6.9 that the degree of 7’ restricted to f(E;x)
is anumber D] = Y, 8;(Z), which is independent of k.

Suppose the degree of 7’ restricted to T4/ is D/ < Dj. Then Remark 6.5
implies that for each k, the map n” sends Ty into the subset of | J;_, P}, consist-
ing of orbifolds of color ¢ by total degree D; — D;’. By Lemma 6.6, for all P} ; of
color ¢, the Euler characteristic of W/, = m1(P},) is independent of /, and is equal
to y(W, 1,) for some /o. Now R}O consists of one orbifold of color ¢ for eachk € I’,
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and therefore X}O = Rc =) ep )((W,élo). Thus we obtain equation (6.3) as
follows:

A(f(x(Pij)) = D{'R'c + Y (D} = D)) x(Wy;)
kel’
= D/R'c + (D} — D])R'c
= D/R'c.
To complete the proof, note that y(f (7~ (Pi;))) = Dy(Wij) = Dyij, since
7 is a degree D map. Thus
Dv; = D(xi1,---» Xir)
= (D;R'cy,...,DiR'¢c1,...,....,DiR'cp,...,DiR'cy)
= D] R'y.

This proves the first part of (2)(a), and the second part has a similar proof. O

6.6. Case 3. We are now in the case that f(n_l(A))%n/_l(A/) £ 0. We
show that condition (1) of Theorem 1.12 holds in this case by constructing new
homeomorphic finite-sheeted covers of Or and O such that the hypothesis of
Case 1 is satisfied. More precisely, we show:

Proposition 6.11. Suppose f(n~'(A)) N 7'~V (A") # @. Then there exist finite-
sheeted, connected torsion-free covers u: M — Or and wW:M — Or and a
homeomorphism f: M — M such that f(u='(A)) = u'~1(A).

Then by applying Case 1 to the maps s, 11/, and £, we get:

Corollary 6.12. If f(7~1(A)) A7/ (A") # @, then condition (1) holds.

To prove Proposition 6.11, we assume that Case 1 does not already hold for Y,
Y, and f. We observe:

Observation 6.13. Since (71 (A)) Azl (A') # @, Remark 6.5 implies that A
and A’ have the same color, say a. As Case 1 does not hold, each of Or and Or~
also has orbifolds besides A and A’ of color a.

Idea of the construction of M and M’. As described in Remark 6.7, we have
a decomposition 771 (A) N f~1 (7'~ (A’)) = W U Z. The hypothesis of Case 1
holds on W and fails on Z. Our assumption that Case 1 does not hold for Y, Y,
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and f implies that Z is nonempty. As in Remark 6.7, each component Z of Z has
a decomposition Z = Z 4 U Z 4/ such that

n(Za)=A  w(Zw) O
iel
7 (fZa)=A. 7 (f(Za) | 0
kel’

The key to constructing the new covers is the fact, which we establish below, that
X(Za) = x(Zar).

If Z4 and Z/, were connected, then by redefining f to interchange its images
on these two surfaces, we would get a homeomorphism such that the hypothesis
of Case 1 is satisfied. However, as observed in Remark 6.7, the surfaces Z 4 and
Z 4/ are never connected, so it is not clear that there is a homeomorphism from
Z . to f(Zar). Trying to modify 7’ poses similar difficulties, as it is not clear that
7’ can be consistently redefined so that the individual pieces of f(Z,4) each map
to A’, and the individual pieces of f(Z.4+) each map to some P, ,. Thus a more
subtle approach is required.

Our strategy is to cut out the interiors of Z 4 and Z 4 from Y (and correspond-
ingly cutout f(Z4) and f(Z.4) from Y') and replace them with different surfaces
to get new (homeomorphic) surface amalgams M and M’ covering Or and Or~
respectively. We will replace Z 4 and f(Z 4) with homeomorphic connected sur-
faces with boundary which cover both A and A’. The Euler characteristic of these
surfaces will be y(Z4) = y(Za). We will replace Z 4 and f(Z /) by a col-
lection of homeomorphic connected surfaces with boundary, so that each such
homeomorphic pair covers some orbifold P;; of color a in Or and also some orb-
ifold CP;d of color a in Ors. The crucial ingredient for this step is Lemma 6.9,
which allows us to derive the necessary Euler characteristic equations required to
construct such pairs. After all these replacements, the new covering maps need to
extend the already existing covering maps on 0Z = dZ 4 = dZ 4 and f(9Z).

We construct the replacement surfaces in Lemmas 6.14 and 6.15 by passing to
our torsion-free covers from Section 4 and then using Lemma 2.12 for constructing
further covers. We use Lemma 6.9 to prove the replacement surfaces are home-
omorphic. The parity condition in Lemma 2.12 forces the covering maps on the
replacement surfaces to have twice the degrees of the restrictions of 7 and 7’ to Z
and f(Z). Thus to glue in these replacement surfaces, we need to pass to degree 2
covers of Y and Y'.

A further difficulty is posed by the fact that each connected replacement surface
of the second type maps to a single P;; and P, ,, but it may be replacing a collection
of surfaces in Z 4, whose image in either Or or Oy contains all orbifolds of color
a at either E; or E; . This would make it impossible to extend at least one of 7 or
7’ to the new surface. To fix this we pass to a further degree m? cover, where m
is the number of orbifolds of color @ in any O;,i € I.
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Thus we first construct spaces Y and Y’ consisting of 2m? disjoint copies of
Y and Y. We define new covering maps 7 and 7’ to Or and Or- respectively,
designed to make the eventual extensions to M and M’ possible. Then we cut out
all 2m? copies of Z and replace them with m? copies of each of the replacement
surfaces in such a way that 7 and 7’ extend. The fact that Case 1 holds follows
from the construction.

We now give the details of the construction.

Construction of the replacement surfaces. Let Z be a component of Z. The
following lemma defines the surfaces which will be used to replace copies of Z 4.

Lemma 6.14. Let d and d’ be the degrees of w and ' restricted to 0Z = 9Z 4 and
f(0Z) respectively. Then there exist connected surfaces T and T' and orbifold
coveringmaps o: T — Aand o': T' — A’ of degree 2d and 2d’ respectively such
that the following properties hold.

(1) Thereis a partition 3T = dT T UIT~ and homeomorphisms B*: 9T+ — 9Z
such that o = 1 o B*.

(2) There is a partition 3T’ = dT'T U dT'~ and homeomorphisms B/*: 9T'F —
f(0Z) such that o' = ' o B'*.

(3) There is a homeomorphism : T — T’ whose restriction to dT consists of
the maps (B'S)"1 o f o B=.

Proof. Recall that 7 = p o n, where p: X — Or is the degree 16 torsion-free
covering space from Section 4. If S4 = p~!(A), then n maps the possibly
disconnected surface Z 4 to the connected surface S, by degree d/16 € Z. We
will use Lemma 2.12 to construct a connected cover T of S 4 of degree d/16.

Let 9Tt and T~ be sets of circles, each equal to a copy of 9Z, and let BT
and B~ be homeomorphisms from 97+ and 37~ respectively to dZ. Then o g%
a covering map from each circle in d7* to a circle in 9S 4. Moreover, the sum of
the degrees of n o 1 and 5 o B~ over all circles that cover a given one in 35 4 is
2(d/16) € 27 by construction (since 7 is a covering map of degree d /16 on 0Z).

Now by Lemma 2.12, there exists a connected surface 7 and a covering map
a:T — S, of degree 2d /16 which extends the maps no* on 97T LIIT ~, because
both the prescribed number of boundary components, namely 2 card (dZ), and the
number 2(d/16) x(S4) are even. Hence @ = p o & is a degree 2d covering map
from T to A. This proves (1), and the map o’: T’ — A’ of degree 2d’ satisfying (2)
is constructed similarly.

To prove (3) we first show that 7 and 7’ have the same Euler characteristic. By
construction y(T) = 2dy(Wy) and y(T') = 2d’y(Wa/), and we now show that
these are equal.
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As in the proof of Lemma 6.9, we partition Z 4 into unions of connected
surfaces 8y for k € I’, where 7'(f(8)) is contained in O;. Observe that the
set of boundary components of 8 is exactly  J;<; €ix, and by Lemma 6.9, the
degree of 7’ restricted to f(e;x) is ;. Now the degree of n’ restricted to f(S) is
exactly the sum of the degrees of n’ restricted to f(e;) over all i € I, and this
sumis ) ;c; 6/ = d’ (again by Lemma 6.9). Thus we have

x(f(8r) =d'x(Wy,), (6.4)

where W/, = m1(P},) for P}, a branch orbifold of color a. By Lemma 6.6 all
branch orbifolds of color a are identical. So f(S;) covers an orbifold identical to
P}, with total degree d’ for each 1 < k < N’. Thus we have

dy(Wa) = x(Za) =D _ x(fG) =d' Y xWi) =d x; =d x(Wa)
kel’ kel’
(6.5)

where the last equality comes from y, = y(R}), x(War) = x(1(A’)), and the
fact that A" and R} have the same color a.

Now 7 and 7' have the same Euler characteristic and the same number of
boundary components, so they are homeomorphic. Moreover, we can choose a
homeomorphism ¥ between them which extends the homeomorphism (8’ jE)_1 o
f o B* on their boundaries. O

The following lemma constructs pairs of homeomorphic surfaces which map
to fixed pairs of orbifolds ;s and ’P}c ;- Collections of surfaces of this form will be
used to replace copies of Z 4/.

Lemma 6.15. Let Z be a component of Z, and let €;,8; and &, be as in
Lemma 6.9. For each i and k such that €; is nonempty, and for each s and t
such that P;g and TP;( ; have color a, there exist connected surfaces S and S "and
orbifold covering maps §:S — Pis and 1S’ — P, of degree 25y and 28]
respectively, such that the following properties hold.
(1) There is a partition 3S = S+ L3S~ and homeomorphisms £*:9S* — 9Z
such that ¢ = o £,
(2) There is a partition 3S’ = 3S'+ U 0S'~ and homeomorphisms £'*:9S'* —
fZ) such that {' = 7 o £'*.

(3) There is a homeomorphism ¢: S — S’ whose restriction to 0S consists of the
maps ()" o f o &%,

Proof. Asin the proof of Lemma 6.14, we construct covers S — P;;and §' — fP}a
of the required degrees using Lemma 2.12. By construction, S and S’ have
homeomorphic boundaries. We show below that y(S) = x(S’). It follows that
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S and S’ are homeomorphic, and we choose a homeomorphism ¢ between them
which extends the homeomorphism (&’ jt)—1 o f o £* on their boundaries.

Since x(S) = 8k x(Wis) = 8k xis and x(S') = 8; x(W},) = 8] x}, it is enough
to show that §; y;s = 6! )(;c ;- This follows from the two facts below, where d and

1
d’ are as in Lemma 6.9:

() dys=d'x;;
(i) d'x}, = Sk xs and dyis = 8} x.
More precisely, (i) and (ii) give

§ k= ) = (G
d X S/ \dyis d/\8 xis/’
This yields 8¢ yis = 8] x}, as desired.
Equation (6.5) in the proof of Lemma 6.14 shows that dy(W4) = d’'y(Wy).
Now (i) follows from the fact that y; = x(Wy) and y), = y(Wa). To prove (ii), we

recall from the proof of Lemma 6.9 that §; covers A with degree §;. This, together
with equation (6.4) in the proof of Lemma 6.14 and the fact that y (Wy) = x, gives:

Skxs = Skx(Wa) = xBk) = x(f(8K) = d’ x,-
The proof of the second equation in (ii) is similar. |
We are now ready to construct the new covers M and M.

Proof of Proposition 6.11. Suppose that each O; and O}, has m branch orbifolds of
color a. Then we will construct homeomorphic surface amalgam covers M and
M of Or and Oy of degrees 2m? D and 2m? D’ respectively.

New homeomorphic covering spaces Y and Y’. Take 2m? disjoint copies of Y

and Y’ to obtain Y and Y'. More precisely, for 1 < p,q < m, let r;fl: Y — yj;q and

= JES :
v’ 54 = 9’5, be homeomorphisms, and set

92( |i| y;q)l_l( lil yga)

p.q=1 p,q=1
and
Y= ( |_| 1dlqu)l_l( |_| 1dlqu)'
Pq=1 pq=1

We define the map 7: Y — Or as follows. First define an isometry o: Or — Or
sothatif I < j; <--- < j, < r are the indices of the color a orbifolds R; in Or,
theno(R;,) = R;,,,, where u + 1 is taken mod m, and o is the identity elsewhere.
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Then 7 is defined on ‘d;tq by =c0Pomo (rfq)_l. Clearly the resulting map
7:Y — Or is an orbifold covering map of degree 2m>D.

Similarly we choose the analogous isometry ¢’: O — Op and define the
corresponding covering map 7":Y — O} of degree 2m?D’, by setting 7’ =

q +\—1 + : : 7. U

oo n/_o (r/pq) on y/pq. Finally, we define a homeomorphism f:Y — Y’ by
setting f = r/;tq ofo (r;f])_l on H;fq.
Construction of M and M'. LetZ C Y be asin Remark 6.7. Given a component

Z of Z C Y, let 0Z denote the branching curves it contains. Let Z = o (Z)

and 0ZF = 3 (3Z) denote the corresponding objects in Y, . Let Mz be the
subspace of Y obtained by cutting out the interiors of all 2m? copies of Z. More
precisely,

m
M =9\ (L L @5\ 0z).
ZeZ p,q=1

The space M is obtained by gluing a new collection of surfaces to My, in such
a way that each branching curve in M has a neighborhood homeomorphic to a
neighborhood of the corresponding curve in Y, and moreover there is an extension
of 7|n, to a map u on M, such that 7 and u agree on such neighborhoods of
branching curves. The space M’ is obtained similarly. The surfaces are glued as
follows.

Fix a component Z of Z. We glue two types of surfaces to Mz and f(Mz)
along the curves U _.0Z ;51 andL? _, f (8Z;—Lq) respectively. Let Z = Z U Z 4/

: pq=1
as in Remark 6.7.

(1) REPLACEMENTS FOR Zg4.

Construct m? copies each of the surfaces T and T’ from Lemma 6.14, indexed
by 1 < p,q <m. Let ,B;—Lq: 0T py — 0Z and ,B/;,tq: dT,, — f(3Z) denote the
maps from the lemma. Then T, is attached to Mz, by identifying 97T ;1 to
0Z} viatt opf  and 9T, to 0Z,, viat,, o, . Similarly 7, is attached
to f(BZ;:q) in f(M3) via the maps rl/,qi of £ +p4. Note that by Lemma 6.14
there are covering maps apy: Tpg — Aand e, - T, — A'.

(2) REPLACEMENTS FOR Z 4.

For each non-empty collection of curves €;; in Z, we glue in m? copies of
a single surface. Thus Z 4/ is replaced by the union of such surfaces for all
pairs i, k such that €;; is nonempty.

Fix such an ¢;;. Construct m? copies of the surfaces S and S’ described
in Lemma 6.15, denoted by Sy, and S, with 1 < p, g < m. Corresponding
to p and ¢, choose s = j, and t = [; in the statement of Lemma 6.15, and
let §pg: Spg — Pij, and §pp Sy, — ﬂ’;dq be the covering maps given by the

lemma. Let E;I: 0Spq — 0Z and 5/;511 3S,, — f(3Z) be the associated maps
on the boundaries.
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We cannot simply attach S, to BZ , as in the previous case, because we
want to define a covering map ¢ on M which agrees with 7 on a neighbor-
hood of each branching curve in Y. Now 1(Spq) will have to be a single
orbifold P; ;; for some 1 < s < m. On the other hand, S,, is replacing a
disjoint collection of surfaces in H;q UY,, (namely all surfaces in T;Z (Zar)
with boundary in rl;—Lq (€ix)). A priori the image of the union of these surfaces
under 7 could be all the P;; of color a. Then for any choice of s there would
be some branching curve incident to two surfaces mapping to P;;,, and
would not be an orbifold covering. To take care of this issue, we define the
attaching maps as follows.

Let y be a boundary curve in 3S,7. Then & (y) is a branching curve
of Y, which is incident to two subsurfaces in Z, say S; in Z4/ and S
in Zy. Then n(S1) = P, for some 1 < u < m and 7'(f(S2)) =
Py, for some 1 < v < m. We then attach the y boundary of S,q to
Ha_u)(q_v) N Mz via the map r(;_u)(q_v) o E;CI. Note that ¥ and v depend
on y. Now if ¢ is the homeomorphism from Sy, to S,, given by Lemma 6.15,
then we attach the ¢(y) boundary of S}, t0 Y(p—u)(g—v) N f(Mz) via the map

fo r(j;_u)( 4—v ©° 5;;1 o ¢~ '. We repeat this procedure for each y in BS;;. to
attach all the boundary components of S,, to Mz and the corresponding

boundary components of S, to f(Mz).

We repeat the above procedure for each 1 < p <m and 1 < g < m. This
completes the replacement of surfaces corresponding to the copies of the
curves €;;. We now do the same for each i and k such that €;; is nonempty.

We claim that at the end of steps (1) and (2), each curve in u;” q_IBZ ;:q is
incident to exactly one surface from (1) and one surface from (2) The first claim
is easy. Now suppose (without loss of generality) that y € Z" is incident to two
surfaces, say along y; in Sp,4, and y» in S,,4,. Then EP]‘I] (y1) = fpzqz (y2) =
(t*s/)"1(y) in dZ, and if u and v are defined as in (2), then s = p; —u = pr —u.
Thus p; = p», and similarly ¢; = ¢».

Finally, we repeat steps (1) and (2) above for each component Z of Z to get M
and M. Note that since the dZ’s for different Z’s partition dZ, we see that each
branching curve in Uzez Up 4 0Z ;Eq is incident to exactly one surface from (1)
and one from (2). In fact, if y € 0Z ;Eq for some Z, p and ¢, then there exist
neighborhoods Ny (y) and Ny (y) in Y and M respectively, and a homeomorphism
hy: Ny(y) — Na(y), which is the identity on Mg N Ny (y), maps Ny(y) NZ 4 to
the part of Ny; coming from the surface from (1), and maps Ny(y) N Z 4 to the
part of Ny coming from the surface from (2).
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The covering maps x and p’, and the homeomorphism f. Define maps u and
' as follows, where 1 < p,q < m:

T on Mg, ' on f(Myz),
— A / /
W= 0pg oneachTp,, and pu = o, oneachT,,
/
Cuv  oneach Spq. {pg oneachS,,.

The overlap between the domains of the various maps is exactly the set of
branching curves Uzez L, 4 0Z ;Eq. Thus it follows from the definitions of the
gluing maps, the definition of 7, and items (i) and (ii) in Lemmas 6.14 and 6.15
that p and p’ are well-defined.

We already know that p is a covering map away from the branching curves
in Uzez Upyg 8Zpiq. If y is such a branching curve, then the above description
of the surfaces incident to y, together with the fact that « and 7 agree on y,
shows that there is a homeomorphism / from some neighborhood of y in M to
a neighborhood of y in Y such that M = 7 o h. It follows that p is an orbifold
covering map in a neighborhood of each branching curve. Thus u, and similarly
w', are orbifold covering maps.

Finally, define f by setting it equal to f on My, to Ypq on each surface of
the form T,, as in (1) above, and to ¢,, on each surface of the form S,, as
in (2) above, where V,, and ¢, are the homeomorphisms from Lemmas 6.14
and 6.15. Then F:M — M is a well-defined homeomorphism, and we have that
fu™HA) = WAy

If the covers M and M’ constructed above are not connected, we consider
the restriction of f to a single connected component of M to get the desired
homeomorphic connected covers satisfying the hypothesis of Case 1. O

This completes the proof of Proposition 6.1.

7. Sufficient conditions for cycles of generalized ®-graphs

In this section we establish sufficient conditions for the commensurability of right-
angled Coxeter groups defined by cycles of generalized ®-graphs. We show that
conditions (1) and (2) from Theorem 1.12 are sufficient in Sections 7.1 and 7.2,
respectively.

7.1. Sufficiency of condition (1). We now prove the following result.

Proposition 7.1. Let W = Wr and W' = Wrs be as in Theorem 1.12. If
condition (1) holds, then W and W' are commensurable.
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By the construction given in Section 4, we have surface amalgams X and X’
which are finite-sheeted covers of Or and Or, respectively. To prove Proposi-
tion 7.1, we will construct homeomorphic surface amalgams Y and Y’ so that Y is
a finite-sheeted cover of X and Y’ is a finite-sheeted cover of X’. It follows that
m1(Y) = 71(Y) has finite index in both W = 71(Or) and W’ = 71(Or-), hence
W and W' are abstractly commensurable.

Let A and A’ be the JSJ graphs of W and W', respectively, and recall from
Section 4 that the JST graphs of X and X’ are the half-covers H(A) and F(A’). The
surface amalgams Y and Y’ will have isomorphic JSJ graphs ¥ and W', with ¥ and
W’ being half-covers of H(A) and H(A’), respectively. After introducing some
notation and constants for use in the proof, in Sections 7.1.1 and 7.1.2 respectively,
we construct W and ¥’ in Section 7.1.3. We then construct common covers of
the surfaces in X and X’ in Sections 7.1.4 and 7.1.5. Finally, in Section 7.1.6, we
describe how these surfaces are glued together to form homeomorphic surface
amalgams Y and Y’ so that there are finite-sheeted coverings Y — X and Y’ — X'.

7.1.1. Notation. We first establish some notation to be used throughout the proof
of Proposition 7.1. This includes labeling the vertices of H(A) and H(A’).

Using (1)(a) of Theorem 1.12, let V4, ..., Vas be the commensurability classes
of the Euler characteristic vectors {v; | r; > 2} and {v; | rr > 2}. For
eachl < p < M, let r, > 2 be the number of entries of each vector in V,,
let w, be the minimal integral element of the commensurability class V,, let
{vpg | 1 < g < N,} be the vectors from {v; | r; > 2} which lie in V,, and
let {v;q/ | 1 < ¢’ < N} be the vectors from {v; | r; > 2} which lie in V. For
each p, ¢, and ¢’, let Rpq and R}, be the (unique) rationals so that v,q = Rpqwp
and v, , = R}, wp.

F(A)

Figure 7.1. The graph I' on the left is an example of a cycle of generalized ®-graphs in
which there are two commensurability classes of Euler characteristic vectors for Wr. On
the right, the graph J((A) is the JSJ graph of the degree 16 torsion-free cover X of Or
constructed in Section 4. The vertices of H{(A) are labeled as described in Section 7.1.1.
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We use the notation from the previous paragraph to label the vertices of the
graphs J(A) and H(A’), as follows. An example of the labeling is given in
Figure 7.1. The graph H(A) has two Type 1 vertices for every r; > 2, hence
has 2 ZII,”:I N, Type 1 vertices. We label these as

Vi(IA)) = (x5 | 1< p < ML 1< g < Np).

The central vertex of H(A), which is of Type 2, we denote by yq. This vertex is
adjacent to every Type 1 vertex, so has valence 2 Zﬁil N,. For each p, the graph
JH(A) has r, N, additional Type 2 vertices, all of valence 2, which we label so that

Va(H(A) = {yo} Uiyl | 1S p <M. 1<q <N, 1<) =<rph

Each of the vertices ypq is adjacent to both x, and x,_
Similarly, F(A’) has 2 Zp=1 N, vertices of Type 1, given by

VIEH(A) = {x ) xp | 1 < p< M1 <q <N},
and 1 + ZII,”:I rp N, vertices of Type 2, given by
Va(HAY) = o} Uiy, [ 1< p <M. 1<q <Ny 1<) <rp,
so that y; is adjacent to every Type 1 vertex, and yg o is adjacent to x;rq/ and x, ,

7.1.2. Constants. We next define quite a few constants for use in the proof of
Proposition 7.1, continuing notation from Section 7.1.1. We will need the following
lemma.

Lemma 7.2. Assume W = Wr and W' = Wy are as in Theorem 1.12, and that
condition (1) holds. Then for each 1 < p < M,

Np

x(Wyr) - (Z qu) = x(Wa)- ( Z Ry )

g=1 q’'=1

Proof. For any vector v, write v for the sum of the entries of v. Using this and the
notation of Theorem 1.12, an easy calculation shows that for each i € / and each
kel

(W@)—Zx(Wﬁu)—vl and X(W(a’)—ZX(Wﬂk,) vj..
j=1 =1
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Now combining this with the notation established in Section 7.1.1, we have by
condition (I)(b) of Theorem 1.12 that foreach 1 < p < M,

Ny Np
xWa) - (3o 0) = xWa) - (3 Rpa )
q=1 g=1
N,
= W)+ (3 Ry
q’'=1
Ny
=10+ (32 ).
q’'=1
The result follows. O

Next, foreach 1 < p < M, each 1 <¢ < N,,andeach 1 < ¢’ < N, let
kpqg = 16|Rpq| and Kk, = 16|R,|. (7.1)

Then by Lemma 7.2, we may define constants B, for 1 < p < M by

Np N
By = 1x W)l (D koa) = LxWa)l - (3 Kpge)-
g=1 q’'=1
We also define
M
B =) B, (7.2)
p=1
Lemma 7.3. With the same hypotheses as Lemma 7.2:
(1) each kpq and k;q, is a positive integer divisible by 4;
(2) each B, is a positive integer, so B is a positive integer; and
(3) for each p, we have B, > N,,.
Proof. By Definition 1.4, the entries in the Euler characteristic vectors vpg and v, ,
and the rationals y(Wj) and y(Wj4) all have denominator at most 4. Since w), is
the minimal integral element of the commensurability class V,, which contains

the vectors v,q and vy, the rationals Rpq and R}, , have denominator at most 4
as well. The lemma follows easily from this. |

We now define K to be the product of all of the k,q and &, ,, that is,

Np

K= ﬁ [(T1 k,,(‘,)(q]]/i:[1 ko) ] (7.3)

p=1 q=1
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We also define
K
dpg = . d;q, =——, D=K|y(Wy), D' = K|x(Wa)|. (7.4)
P4 pq’

Lemma 7.3 now implies:

Lemma 7.4. The constants K, dpq, d!

g D, and D’ are all positive integers.

7.1.3. Construction of the half-covers ¥ and ¥’. We now construct the graphs
¥ and W', and show that they are isomorphic.

Let B be as defined at (7.2) above, and recall from Lemma 7.3 that B is a
positive integer. The graphs W and W will both have 2B Type 1 vertices. In ¥, we

use that N,
(Z X Wa) Vg )
1 g=1

B =
p
to put

Vi(P) = v 1S p<M1=<qg=<N,1=<i=<|x(Wa)lkpg}.

{PQ’

In ¥/, we use that

Ma

(Z X Walkp,)

1

p
to put

'/

We now describe the Type 2 vertices of W and ¥’, and the edges. The graph
W has a distinguished Type 2 vertex y; of valence 2B, which is adjacent to every

Type 1 vertex. There are ZI])”:I B,rp additional Type 2 vertices in ¥, each of
valence 2, so that

Va(@) =y U [1 < p<M,1<q=<N,,
1 <i < |[x(Wa)lkpg, 1 < j <rp}.

For 1 < j < rp, the vertex ypq is adjacent to qu and x -+~ Similarly, the graph
U has 1 + szl Byr, Type 2 vertices, given by

V(W) = Uiyl (1< p<M1<q <N,
L<i' < |x(Wa)lkpy 1 < j <rph,

with y/ adjacent to every Type 1 vertex, and y;/qj/ adjacent to x +and xp ;
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Lemma 7.5. The graphs ¥ and V' are isomorphic.

Proof. By construction, it suffices to show that for each p, the B, vertices {x,’;j |
1 <q < Np.1 =i < |x(Wa)lkpg} in W and the B, vertices {x>>F | 1 < ¢ <
Ny 1 =i’ < [x(Wa)lk,, } in ¥ have the same collection of valences. But each
of these vertices in fact has the same valence, namely 1 + r,, since each x;’;

s

(respectively, xll) q’,+) is adjacent to the central vertex y; (respectively, y), and to

the r, vertices {ylf,{17 | 1 < j <rp} (respectively, {y;/qj; | 1 < j <rp}). The result

follows. O

The next lemma is easily verified.

Lemma 7.6. There is a half-covering ¥ — H(A) induced by y1 +— yy, x;;’;c —
+
X

* and yy v yhq, and similarly for W' — H(A).

7.1.4. Covering the central surfaces. Denote by S 4 the surface in X that covers
the orbifold A with degree 16, and by S’ the corresponding surface in X' (see
Section 4.3 for the constructions of these surfaces). In this section, we construct
a common cover T of the surfaces S4 and S 4.

Recall that the boundary components of S 4 (respectively, S 4/) are in bijection
with the Type 1 vertices of H(A) (respectively, F{(A’)). Now label the boundary
components of S, and S,/ using the notation for the Type 1 vertices of these
graphs from Section 7.1.1 above. Let dpg, dpy’, D, and D’ be the positive integers
defined at (7.4) above.

Lemma 7.7. There exists a connected surface T with 2B boundary components
which covers S with degree D and S 4 with degree D'.

Proof. Notice first that

D x(Sa) = (K[x(Wa)l) - (16x(Wa)) = (K| x(Wa)]) - (163 (Wa)) = D" x(Sw).

so these covering degrees are compatible with the existence of 7.

Next we consider the number of boundary components. Recall from Sec-
tion 4.3 that S 4 is obtained by gluing together the connected surface S4, which
has 2N boundary components, and a connected surface Sg with two boundary
components for every branch 8 in I' whose vertices are contained in A. There
is one such Sg for every r; = 1, thus S4 has two boundary components for ev-
ery r; > 2. Hence S 4 has 2 Z,j;‘l:l N, boundary components. Similarly, S4- has

2 211714:1 N, boundary components.

Now by Lemma 7.3, we have B, > N,, (respectively, B, > N,) for 1 < p <
M. Since B = 2117‘4:1 By, it follows that the number of boundary components of
S (respectively, S 4-) has the same parity as 2B, and is less than or equal to 2B.
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Let T be a connected surface with Euler characteristic y(T) = D - x(Sx) =
D’ x(S4/) and 2 B boundary components. To complete the proof, by Lemma 2.12
it suffices to specify the degrees by which the boundary components of 7" will
cover the boundary components of S4 and S 4.

For this, we label the 2B boundary components of 7" in two different ways,
first by the Type 1 vertices of W, and second by the Type 1 vertices of W’
(see Section 7.1.3 above) We specify that for 1 < i < |X(WA/)|kpq, the
boundary component xj;;” of T covers the boundary component xf, of S with
degree dpy = K/kpq, and that for 1 < i’ < |)((WA)|k/ ,, the boundary
component pé q, of S, with de-
gree d, , = K/k, ,. Hence the union |J; xp; covers x w1th total degree
|X(War)lkpgdpg = |X(WA/)|K = D and the union | J;, x pq
total degree |x(Way)|k. g’ pq, = |x(Wy)|K = D’. Similarly, the union | J; x,’;’(l_
covers x,, C Sx with degree D in total and degree dp4 on each component, and

of T covers the boundary component x p

+
COVers X, with

Ui p/q’, C T covers x,., C S with degree D’ in total and degree dpq, on each
component. This completes the proof. O

7.1.5. Covering the other surfaces. For each p, ¢, ¢/, and j, let ijq (respec-
tively, S; ;) be the surface in X (respectively, X’) corresponding to the vertex

J’;q/ € V2(3(A"))). Recall that each S,{q and ijq/

has 2 boundary components. In this section we construct a surface 7, which is a

Viqg € V2(H(A)) (respectively,

common cover of the surfaces Sy, and S,

Lemma 7.8. Foreach1 < p < M and each 1 < j < rp, there exists a connected
surface Ty with 2 boundary components so that

(1) forall1 < q < Np, the surface T,‘,j covers ijq with degree dyq in total, and
degree dpq on each boundary component; and

(2) foralll < g’ < N}, the surface ij covers Slfq, with degree d, , in total, and
degree dz/z g N each boundary component.

The constants d,, and dl/) 7 in this statement are as defined at (7.4) above.

Proof. We prove (1); the proof of (2) is similar. Write wlj; and vlfq for the jth
entry of the vectors w, and v,,, respectively. Let 7, be a connected surface with
2 boundary components and Euler characteristic y(7;)) = —Kwj, where K is

the positive integer defined at (7.3) above. Since each Slfq also has 2 boundary
components, by Lemma 2.12 it suffices to show that x (T ) = dpg x(Spq)- Now Sy,
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is a 16-fold cover of an orbifold with Euler characteristic v gq, SO
dpg X(S q) = 16dpqv; pg = 16dqupqw£ = kpqdpqw = wa = X(T])
where the constant &, is as defined at (7.1) above. This completes the proof. [

7.1.6. Constructions of surface amalgams Y and Y. We finish the proof of
Proposition 7.1 by constructing homeomorphic surface amalgams Y and Y’ which
cover X and X', respectively.

Recall that the surface amalgam Y will have JSJ graph ¥, and Y’ will have JSJ
graph W', where W and W’ are the isomorphic graphs from Section 7.1.3 above. The
surfaces in Y and Y’ will be those constructed in Sections 7.1.4 and 7.1.5 above, as
we now explain. In Y, put Sy, = T, and in ¥’, put S), = T, where T is the
surface with 2B boundary components from Lemma 7. 7 Now for each p, q, ¢/,
i,i’,and ] ify =yp, € Vz(\Il) write S,’,]q for the surface Sy in Y, and similarly,

if y/ = ypq, € Vo (V') write S‘ ' for the surface Sy in Y. We then put S, = T,

inY and S q’, =T] inY, where T is the surface with 2 boundary components
constructed in Lemma 7.8 above.

To glue these surfaces together to form a surface amalgam Y which covers X,
we label the two boundary components of Spq by the two vertices of ¥ which are
adjacent to yj;, namely x5, and x5, . Now recall from the proof of Lemma 7.7
that if we label the boundary components of 7 = S, by the Type 1 vertices of
W, then the boundary component x}’qi of Sy, covers the boundary component xpiq
of S4 C X with degree dpq. Also, by Lemma 7.8, the covering from 7] = Sy
to the surface S,{q C X has degree dj, on each boundary component. Since the
degrees of these coverings S, — S and S,’,]q — S,{q are equal on each boundary
component which has the same label, we may glue together boundary components
of the collection {Sy,} U {S,,} which have the same labels to obtain a surface
amalgam Y which covers X. The construction of Y’ which covers X’ is similar.

Now all of the surfaces in Y and Y’ are compact, hence the coverings Y — X
and Y — X’ are finite-sheeted (in fact, they have degrees D and D’ respectively,
but we will not need this). The following lemma then completes the proof of
Proposition 7.1.

Lemma 7.9. The surface amalgams Y and Y’ are homeomorphic.

Proof. We note first that Y and Y’ have isomorphic JSJ graphs ¥ and ¥/, by
Lemma 7.5, so it suffices to consider the surfaces in Y and Y. By construction, Y
and Y’ have the same central surface Sy, = T = Syr. Now foreach 1 < p < M,

. iy iy .
consider the Byr, surfaces {Spyq} in Y and the Bpr, surfaces {S, ./} in YJ’. Since

S};’é = T,‘,j = S;;’; foreachq, ¢’, i, and i’, we have by construction that each of the



1330 P. Dani, E. Stark, and A. Thomas

i+ il = N s
qu/ , qu/ } inY)is
incident to the same collection of 1 + r, surfaces {T} U {T; }. Hence Y and Y’ are
homeomorphic. U

B, pairs of branching curves {x5; . x5, } in Y (respectively, {

This completes the proof of Proposition 7.1.

7.2. Sufficiency of condition (2). We now prove the following result.

Proposition 7.10. Let W = Wr and W' = Wy, be as in Theorem 1.12. If
condition (2) holds, then W and W' are commensurable.

By the construction described in Section 4, there are surface amalgams X and
X" which form degree 16 covers of the orbicomplexes Or and Or, respectively.
To prove that W and W’ are abstractly commensurable, we prove there are finite-
sheeted covers Z — X and Z' — X’ and a surface amalgam W so that Z and Z’
finitely cover W. An example of the construction given in this section appears in
Figure 7.2.

We will describe these covering spaces and maps in terms of their JSJ graphs
and half-covers as defined in Section 4.1. We set notation in Section 7.2.1. The
surface amalgam ‘W is described in Section 7.2.2. The surface amalgam Z and the
finite cover Z — X is given in Section 7.2.3. Finally, the finite cover Z — W is
given in Section 7.2.4. The construction for X’ is analogous.

7.2.1. Notation. For ease of notation, suppose the elements of the multiset of
Euler characteristic vectors {v; | i € [} in the statement of Theorem 1.12 are
labeled vy, ..., v,. By assumption, there exists r > 2 so that each vector v; for
1 <i < n has r entries. Let V denote the commensurability class of the vectors
{vi |1 <i <nj}.

The orbicomplex Or contains a central orbifold A with n non-reflection edges
e1,...,en. Attached to the non-reflection edge e; is a collection of r branch
orbifolds P;y, ..., P, with P;; = fPﬂl.j and m1(Pi;) = Wy = We,, for each
1 <i <mnand1 < j < r. By definition, for | <i < n the Euler characteristic
vector v; is given by

vi = (Xil""7xir) = (X(I/th)”)((I’Vtr)),
and w is the reordering of
n n n
(ZX/’leXjZ’-'-vZX,/'r’X(WA))
j=1  j=1 j=1

so that its entries are in non-increasing order.



Commensurability for RACG’s and geometric amalgams 1331

The surface amalgam X has a central surface S4 with Euler characteristic
16 x(Wy4) and 2n boundary components. Attached to each of the n pairs of
boundary components of S, are surfaces Sji,..., Sir for 1 <i < n where each
Si; has two boundary components and Euler characteristic 16 y(W;;), and forms a
degree 16 cover of P;;.

Figure 7.2. Illustrated above is an example of the covers described in Section 7.2, on the
level of the JSJ graphs. The white vertices represent surfaces with specified Euler charac-
teristic; the valence of the vertex is the number of boundary components of the surface.
The black vertices represent branching curves that are glued to boundary components of
adjacent surfaces. The covering maps between surface amalgams restrict to half-coverings
between the JSJ graphs. In this example, the space X does not cover the space W, and there
is no minimal surface amalgam within this commensurability class.
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Let A be the JSJ graph of W. As described in Section 4.4, the JSJ graph of X
is the half-cover H(A). The graph H(A) has 2n vertices of Type 1. Label these
vertices as

Vi(H(A)) = {xt,x7 |1 <i<n).

4

There is a central vertex of Type 2 associated to the surface S 4; label this vertex
as yo. This vertex is adjacent to every Type 1 vertex, hence has valence 2n. For
each i, the graph J{(A) has r additional Type 2 vertices, associated to the surfaces
Sij for 1 < j < r. Label these vertices accordingly, so that

V2(0UA)) = {yoy Uiy [ T =i =m, 1< j <7}

Each vertex y;; is adjacent to xl.+ and x; .
For 1 <i < n, define

Ui = 16v; = (x(Si), - ... x(Sir)) € 2Z7,.

Let W = 16w, so that w is the reordering of
n n n
(D250, 3 1(Sj2)e - Y2 1(Sjr). x(S)) € 227!
Jj=1 Jj=1 Jj=1
so that its entries are in non-increasing order. Suppose that in this ordering, y(S4)
is the kth entry of . Let w € Z" be the vector w with the kth entry deleted. Then
W =10y + -+ U, €27,

By condition (2)(b) in Theorem 1.12, the vectors w and w’ are commensurable.

Let
Wo = (wl, ceey wr+1) € Zr+1

be the minimal integral element in the commensurability class of w and w’. Since
all entries of w and w’ are negative, all entries of wq are positive. Finally, let wg
be the vector wy minus its kth entry, so

wo = (W1,..., Wk—1, Wit1,-.., Wry1) € Z".

7.2.2. The surface amalgam W. The surface amalgam W has JSJ graph ® with
two Type 1 vertices labeled

Vl (q)) = {X+, X_}-
The graph ® has r + 1 Type 2 vertices labeled

Va(®) = {y1..... yr+1}-

Each Type 2 vertex is adjacent to both x™ and x~.
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To construct the surface amalgam ‘W, for 1 <i <r + 1, let W; be the surface
with Euler characteristic —2w; and 2 boundary components C;; and Cj,; the
surface W; is associated to the vertex y;. Identify the curves C;; for 1 <i <r+1
to create a single curve C; associated to the vertex x T, and identify the curves C;,
for 1 <i <r + 1 to create a single curve C, associated to the vertex x~. This
forms a surface amalgam W which has two singular curves C; and C, and JSJ
graph .

Lemma 7.11. The graph H(A) forms a half-cover of the graph ®.

Proof. The cover is induced by the maps x;" — x*, x;” > x7, and y;; +> y; for

l<i<mnandl <j <r,and yg = y,41. .

Remark 7.12. In view of Lemma 7.11, note that X does not necessarily cover W;
an example of this is given in Figure 7.2. To resolve this, we construct a finite
cover Z — X so that Z has JSJ graph H(A) and finitely covers W.

7.2.3. The surface amalgam Z and the finite covering map Z — X. We will
need the following lemma.

Lemma 7.13. Letu € 7" be the minimal integral element in the commensurability
class V. There exists a positive integer K so that wyg = Ku.

Proof. Since 7; = 16v;, the set of integer vectors {7;, W, wy | 1 <i < n}is also
contained in V. Thus there exists an integer K so that wg = Ku. Since all entries
of wp and u are positive, K is a positive integer. O

Let Z be the following surface amalgam with JSJ graph H(A). Associated to
the Type 2 vertex yo of H(A), the space Z contains one central surface S 4 with
2n boundary components and Euler characteristic )((:9;) = Kx(S4). Attached
to the ith pair of boundary curves of S4, which are associated to the vertices
x;",x;7 € H(A) for 1 <i < n, there are r surfaces S,, for1 < j <r, where S,]
has 2 boundary components and Euler characteristic K y(.S;;); these surfaces are

associated to the vertices y;; in H(A).

Lemma 7.14. The surface amalgam Z forms a degree K cover of the surface
amalgam X, where K is the positive integer guaranteed by Lemma 7.13.

Proof. By Lemma 2.12, the surface S, forms a degree K cover of the surface S
so that the degree restricted to each boundary component of S 4 over the corre-
sponding boundary component of S, is equal to K. Similarly, by Lemma 2.12,
each surface §;; forms a degree K cover of S;; so that the degree restricted to each
boundary component of :S‘\,; over the corresponding boundary component of S;;
is equal to K. Thus, since the covering maps agree along the gluings, Z forms a
degree K cover of X. O
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7.2.4. The finite cover Z — W. For 1 <i < n, define
zi = Kii = (x(Si1)..... x(8;;)) and z = K,

where K is the positive integer from Lemma 7.13. Note that the entries of z are in

non-increasing order. If )((3’71) is the kth entry of z, let Z be the vector z with the
kth entry deleted. Then

Z=Kw=z1+--+2z, €22,

Since wy is the minimal integral element in the commensurability class of w €
27751, there exists a positive integer M so that & = —2Muw,o. Hence, z =

MK (—2wg). Let D = MK € IN. Then
z = D(—2wp) and Z = D(—2wp).
We compute D a second way, and use this to prove that Z finitely covers W.

Lemma 7.15. Let d; be positive integers so that U; = d;(—2u), where u is the
minimal integral element in the commensurability class V. Then D = Y ;_, d;

Proof. By construction of the covering map and the definition of K, we have
zi = Kv; = K(di(—2u)) = d;(—2wp).

Hence
n
=ity = (Zdi)(—2u’)\0).
i=1

So, combining the two equations for Z given above, we have Zl’.':l di=D. 0O

Lemma 7.16. The surface amalgam Z forms a degree D cover of the surface
amalgam 'W.

Proof. Suppose for ease of notation that X(ﬂ) is the (r +1)stentry of the vector z.
Thenforall 1 <j <nandalll < j <r, we have that )((S“;) = d; x(W;), where
the surface W; in W has Euler characteristic w; by definition, and d; is defined
in Lemma 7. 15 By Lemma 2.12, Sii j covers W; by degree d; so that the degree
restricted to each of the boundary components is equal to d;. So, | J;_; S;; forms
a degree D cover of Wj forall 1 < j < r. In addition, )((SA) Dy(W;41), and
the n pairs of boundary / components of S, can be partitioned so that the ith pair
of boundary curves of S 4 covers the pair of boundary curves of W, by degree
d;, for 1 <i <n, with ZLI d; = D. Thus by Lemma 2.12, the space Z forms a
D-fold cover of W, concluding the proof. |
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8. Geometric amalgams and RACGs

In this section we further investigate the relationship between geometric amalgams
of free groups (see Definition 2.7) and right-angled Coxeter groups. In Section 8.1
we prove Theorem 1.16 from the introduction, which states that the fundamental
groups of surface amalgams whose JSJ graphs are trees are commensurable to
right-angled Coxeter groups (with defining graphs in §). As a consequence, we
obtain the commensurability classification of geometric amalgams of free groups
whose JSJ graphs are trees of diameter at most four (Corollary 1.17). Then in
Section 8.2 we give an example of a geometric amalgam of free groups which is
not quasi-isometric (hence not commensurable) to any Coxeter group, or indeed
to any group which is finitely generated by torsion elements.

8.1. Geometric amalgams over trees. Let X(7') be a surface amalgam whose
JSJ graph is a tree T. To prove Theorem 1.16, we construct a surface amalgam
X(A) which finitely covers X(7"), and which looks like one of the covers con-
structed in Section 4. We then follow the construction from Section 4 backwards
to construct an orbicomplex O with fundamental group a right-angled Coxeter
group whose JSJ graph is T'. It follows that the fundamental group of X(T') is
commensurable to a right-angled Coxeter group with JSJ graph T'.

Proof of Theorem 1.16. Let X(T') be as above. By Corollary 2.11 we may assume
that every surface associated to a Type 2 vertex of X(7") has positive genus. Let
A = H(T) be the graph from Definition 4.2, with associated half-covering map
0: A — T. We construct a surface amalgam over A which covers X(7) with
degree 8.

Let y and y’ be Type 2 vertices in T and A respectively, with 8(y’) = y. Recall
that for each edge e incident to y in 7', there are two edges ¢’, ¢” incident to y’
in A, such that f(e’) = 0(e”) = e. In particular, the valence of y’ is twice that
of y. Suppose S, is the surface associated to y, with genus g and b boundary
components. The surface S,/ associated to y’ is defined to be the degree 8 cover
of Sy which has 256 boundary components, such that each boundary component of
S, is covered by two boundary curves of Sy, each mapping with degree 4. Such a
cover exists by Lemma 2.12, since 8 and 25 are both even. This induces a bijection
between the boundary components of S,/ and the edges of A incident to y’. Now
form X(A) by gluing the surfaces associated to the Type 2 vertices of A according
to the adjacencies in A. The covering maps on the individual surfaces induce a
degree 8 cover X(A) — X(T).

If y,y’. S, g, band S, are as in the previous paragraph, and g’ is the genus of
Sy, then we have 8(S,) = x(S,/), or equivalently, 8(2—2g —b) = 2—2g" —2b.
Simplifying, we get

g =3b+8g—T. (8.1)
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Observe that g’ is even if and only if b is odd, and that g’ > 3b, since g was
assumed to be positive.

Next we construct an orbicomplex O as a graph of spaces with underlying
graph T such that )((A) is a degree 16 cover of O. If y is a terminal Type 2 vertex
of T, then the vertex space associated to y is the orbifold P, defined as follows.
Let S, C X(A) be as above. It follows from equation (8.1), since b = 1 in this
case, that g’ is even. Moreover, g’ is positive. Then S,/ forms a degree 16 cover
of P,, an orbifold with underlying space a right-angled hyperbolic polygon with
%/ + 4 > 5 sides, as described in Section 4. The orbifold P, has %/ +3>4
reflection edges and one non-reflection edge of length 1.

Now let y be a non-terminal Type 2 vertex of T with valence . Then the
surface Sys of X(A) has 2b boundary components and genus g’ > 3b such that g’
and b have opposite parity. We will realize S, as a cover of an orbifold A, which
is the union of orbifolds Q4 and P, identified to each other along a non-reflection
edge of each. To do this, decompose S, into two surfaces §; and S, by cutting
along a pair of non-separating curves whose union separates Sy/, and such that
S1 has 2b + 2 boundary components and genus 3(b + 1) — 7 < g/, and S, has 2
boundary components and genus % satisfying g’ = 1+ 3(b + 1) — 7 + h. Thus
h = g’ —3b + 3. Since g’ and b have opposite parity, / is even, and since g’ > 3b,
we know that / is positive.

By the construction in Section 4, the surface S; can be realized as a degree 16
cover of an orbifold Q4 with underlying space a right-angled 2(b + 1)-gon, so that
Q4 has b + 1 non-reflection edges, each of length 1, and » + 1 reflection edges.
Since h is positive and even, the surface S, forms a degree 16 cover of an orbifold
P with % + 4 > 5 sides, as in the terminal vertex case. The orbifold P has % +3
reflection edges and one non-reflection edge of length 1. Form the orbifold A, by
gluing the non-reflection edge of P to one of the non-reflection edges of Q4. Now
let A, be the vertex space associated to y.

We now identify the orbifold vertex spaces described above according to the
incidence relations of 7' along non-reflection edges to get an orbicomplex O.
Arguments similar to those from Section 3 show that the fundamental group of
O is a right-angled Coxeter group. Since the covering maps from the surfaces in
X to the orbifolds in O agree along their intersections, the space X finitely covers
0. The theorem follows. O

Proof of Corollary 1.17. If T is a tree, then by Theorem 1.16, any geometric amal-
gam of free groups with JSJ graph T is commensurable to a right-angled Coxeter
group W with JSJ graph T. If, moreover, T has diameter at most 4, then by Re-
mark 2.6, the defining graph of W is either a generalized ®-graph or a cycle of
generalized ®-graphs. Corollary 1.17 follows. O
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8.2. Geometric amalgams not over trees. In the case of surface amalgams
whose JSJ graphs are not trees, the situation is more complicated. Since H(T) is
not a tree, clearly some geometric amalgams of free groups whose JSJ graphs are
not trees are commensurable to right-angled Coxeter groups. On the other hand,
the following example shows that there exist geometric amalgams of free groups
which are not quasi-isometric (and hence not commensurable) to any Coxeter
group, or indeed to any group which is finitely generated by torsion elements.

Example 8.1. Let G be a geometric amalgam of free groups with JSJ graph A as
in Figure 8.1, where the Type 1 vertices are white and the Type 2 vertices black.

ao
as ai
ay an
as
Figure 8.1

Suppose G is quasi-isometric to a group H which is finitely generated by
torsion elements. Then H is also 1-ended and hyperbolic, and G and H have
the same JSJ tree T. Moreover, the JSJ graph of H is a finite tree, say W. (The
graph W is a tree since any group with a nontrivial loop in its JSJ graph admits a
nontrivial homomorphism to Z, but no such homomorphism from H to Z exists.)
Now the JSJ tree T half-covers W. We show that this is a contradiction, by showing
that if 6: T — T is a half-covering, where 7 is any tree, then 7 must be infinite.
In the following argument, all indices are taken mod 6.

For each vertex a; of A = G\T, by abuse of notation write Ga; for the G-orbit
of some lift of a; in T. The following are straightforward consequences of the
definition of a half-cover.

(1) Each vertex in 8(Ga;) C V(T) is adjacent to at least one vertex from each of
0(Ga;—1) and 8(Ga;41).
(2) Foralli # j, we have 0(Ga;) N 0(Ga;) = 9.
To show that 7" must be infinite, we define a map v:[0,00) — T as fol-

lows. Choose v(0) to be an element of 8(Gay), and then for each i > 0, induc-
tively choose v(i) to be an element of 8(Ga;) adjacent to 8(Ga;—1), which exists
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by (1) above. The adjacency condition can now be used to extend v to [0, c0).
By (2), we conclude that for each i > 0, the vertices v(i — 1) and v(i + 1) are
distinct (i.e. there is no “folding”). This, together with the fact that T is a tree,
implies that v is injective, and it follows that T is infinite.

9. Discussion

In this section we discuss some obstructions to extending our commensurability
results.

A natural strategy that we considered is that used by Behrstock and Neumann
in [1] for quasi-isometry classification. In Theorem 3.2 of [1], it is shown that two
non-geometric graph manifolds M and M’ which have isomorphic Bass—Serre
trees 7 and 7"’ are quasi-isometric, by first proving that there is a minimal graph
A" which is weakly covered by both of the quotient graphs A = 7;(M)\T and
A = m1(M")\T’. The notion of weak covering just requires the graph morphism
to be locally surjective, unlike the half-coverings we introduce in Section 4.1,
which must be locally bijective at vertices of Type 1. The minimal graph A”
determines a 3-manifold M” which is covered by both M and M’, and a bilipschitz
map M — M’ is constructed by showing that there are bilipschitz maps M — M"”
and M’ — M".

We now give an example to explain why such a strategy cannot be pursued
in our setting. Let G = G(A) and G’ = G(A’) be geometric amalgams of free
groups with JSJ graphs A and A’ as shown in Figure 9.1, with Type 1 vertices white
and Type 2 vertices black.

y3 V4

Vs
y1

Figure 9.1

Since all Type 1 vertices in A and A’ are of valence 3, the groups G and G’
have isomorphic JSJ trees. Now the graph A’ does not half-cover any other graph,
so if any graph is half-covered by both A and A’, then there is a half-covering
0: A — A’. The map O must send each of the triples of Type 2 vertices {y1, y2, 3},
{»2, 3, ya}, and {y1, ya, ys} of A to the three distinct Type 2 vertices of A’, but
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this is impossible. Hence there is no (minimal) graph which is half-covered by
both A and A".

Instead, we may approach commensurability by considering common finite
half-covers of A and A’. More precisely, we consider common finite half-covers
of finite, connected, bipartite graphs A and A’ in which all Type 1 vertices have
valence > 3, such that A and A’ are both half-covered by the same (infinite)
bipartite tree in which all Type 2 vertices have countably infinite valence. With
these assumptions, any corresponding geometric amalgams of free groups G =
G(A) and G’ = G(A’) will have isomorphic JSJ trees (a necessary condition for
commensurability). Using similar methods to those of Leighton [17] (see also
Neumann [20]), we can construct a common finite half-cover A” of any two such
graphs A and A’.

However, a half-covering of JSJ graphs does not necessarily induce a topolog-
ical covering map of associated surface amalgams. For example, in Figure 7.2,
the JSJ graph of 71 (X) does half-cover the JSJ graph of 71 (W), but by consider-
ing Euler characteristics, one sees that the surface amalgam X does not cover the
surface amalgam 'W. Hence half-coverings of graphs may not induce finite-index
embeddings of associated geometric amalgams of free groups. Indeed, our results
distinguishing commensurability classes can be used to construct examples where
for certain surface amalgams X over A and X' over A’, there is no surface amal-
gam X" over a common finite half-cover A” so that X" covers both X and X’. Such
examples exist even when A and A’ are isomorphic graphs. A priori, we see no
reason why there would be a bound on the size of common half-covers so that in
determining whether two groups are commensurable, it is enough to look at the
set of common half-covers of their JSJ graphs up to a given size and determine
whether suitable surface amalgams over these graphs exist.

Finally we remark that the proofs of our necessary and sufficient conditions
for cycles of generalized ®-graphs make substantial use of A and A’ both having
a distinguishable central vertex, so it is not clear how to generalize the commen-
surability classification to arbitrary pairs of JSJ graphs.
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