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Relatively extra-large Artin groups

Arye Juhdsz

Abstract. Let n > 2 be an integer and let N be an n x n symmetric matrix with I’s on
the main diagonal and natural numbers n;; # 1 as off-diagonal entries. (0 is a natural
number). Let X = {x;,...,x,} and let F be the free group on X. For every non-zero off-
diagonal entry n;; of N defineaword R;; := UV ~!in F, where U is the initial subword of
(x;x;)"/ oflengthn;; and V is the initial subword of (x; x;)"#/ of lengthn;;,1 <i,j <n.
Let A be the group given by the presentation (X | R;;, n;; > 2). Aiscalled the Artin group
defined by N, with standard generators X. Let Y = {x1,...,xx},k < n and let Ny be
the submatrix of N corresponding to Y. Let H = (Y). We call A extra-large relative to
H if N subdivides into submatrices Ny, B,C and D of sizes k x k,k x[I,] x k,[ x 1,
respectively (/ + k = n) such that every non zero element of B and C is at least 4 and
every off-diagonal non-zero entry of D is at least 3. No condition on Ny. In this work
we solve the word problem for such A, show that A is torsion free and show that A has
property K (x, 1), provided that H has these properties, correspondingly. We also compute
the homology and cohomology of A, relying on that of H. The two main tools used are
Howie diagrams corresponding to relative presentations of A with respect to H and small
cancellation theory with mixed small cancellation conditions.
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Introduction

An Artin group is a group given by a presentation
P={ar,....an | R) 0)

where n > 2, R = {R;;},1 <i < j < n, and either R; ; is empty, in which
case we define n;; = oo, or R; ; has length 2n; ;, n; ; € IN'\ {0, 1}, and is given
by R;,; = UV™!, where U is a head of (a;a;)"/ of length n;; and V is a head of
(ajai)”if of length nij, nijj < Q.

Artin groups are subject to an intensive study at least for fifty years. Yet, the
most basic decision problem, the word problem (W.P.) is not known to be solvable,
except for some special cases. Recall, that an Artin group A is called of finite type,
if the corresponding Coxeter group, a presentation of which is obtained from (0)
by adding relations a?,i = 1,...,n, is finite [7]. Also, recall that A given by (0)
is called largeif n;; > 3forall 1 <i < j <n (see[2]) and extra-large if n;; > 4,
forall 1 <i < j < n (see[2]). Ais called right angled if n;; = 2, for n;; < oo,
1 <i,j < n. Most notably the W.P. is known to be solvable for finite type,
see [6] and [18], FC type [1], right angled [21], extra large [2], large [3] and locally
aspherical [11]. (For definitions of FC type and locally aspherical Artin groups see
the cited references [1] and [11], respectively). Another problem in Artin groups
which is known to have an affirmative answer for these classes of Artin groups is
the K(m, 1) conjecture. (See Section 5 for a very brief introduction of the K(x, 1)
conjecture, following [32] and for a full discussion in [32]).

In the present work we introduce a framework which allows to deal with Artin
groups in which certain subgroups are from one class and certain other subgroups
are from other classes in a uniform way, this in contrast with the above mentioned
classes, where for each class a specific method is used.

A different type of result which implies solvability of the W.P. and a proof
of the K(m, 1) conjecture is [20], where it is proved that if a certain type of
subgroups have solvable W.P. then the Artin group A has solvable W.P. Also, if
these subgroups satisfy the K (7, 1) conjecture, then A satisfies it. See [32] for a
full discussion of the K (7, 1) conjecture and see [15] for this last result. Our main
result is of similar type, but has essentially different flavour: it is a kind of relative
hyperbolicity result. As is well known, relative hyperbolicity was introduced by
M. Gromov [22], and further clarified by B. Farb and others, see [16], [4], [29],
[30], and [33]. It is natural to ask when is an Artin group hyperbolic relative to a
certain set of subgroups. Indeed, in [25] it is shown that A is hyperbolic relative to
a certain set of two-generated subgroupsifn;; > 7, forevery 1 <i < j < n. Also,
a related result is [8], in which relative hyperbolicity is considered with respect to
the subgroups of finite type.
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In the present work we consider relative hyperbolicity via van Kampen dia-
grams with various small cancellation conditions. A basic observation, made for
the first time in [2], shows that the relations R;; in (0) are not suitable for appli-
cation of small cancellation theory. The right way is to consider certain products
of them in a systematic way. See Section 1.2. This leads to diagrams in which
the original regions are replaced by subdiagrams which realise these products.
We call them modified regions and the diagram with these regions, we call mod-
ified diagram. Now, if A is extra-large then these modified diagrams have linear
isoperimetric functions, hence in this context extra-largeness can be considered as
a substitute for hyperbolicity. Similarly, largeness of Artin groups is a form of non-
positive curvature. In this work we introduce Artin groups which are extra-large
relative to a parabolic subgroup H, thus resembling relative hyperbolicity.

Before describing our main results we need to introduce some notions.

Let A be an Artin group given by presentation (0). The corresponding (Cox-
eter) graph is the graph with vertex set V = {vq,...,v,} and edge set E such
that if e € E has endpoints v; and v; (i # j) then e is labeled by the number
n;j; A(e) := n;; and if v; and v; are not connected by an edge then n;; = 0. Thus,
the vertices of I" are in one-to-one correspondence with the generators of A given
by (0), a; — v;,i = 1,...,n and the edges of I" are in one-to-one correspondence
with the relators R; ;, such that R; ; corresponds to the edge e connecting v; with
v; and A(e) =nj,j.

Suppose now that Vj is a non-empty subset of V and let V = V,UV; be the
disjoint union of Vy and V;. Denote by E;, i = 0,1 the set of all edges of "
which have both their endpoints in V; and denote by Ey ; the set of all the edges
of I" which have one endpointin Vp and the other in V;. Thus, E = EqUEqUE].
Further, denote by R¢, R and Ro,; the sets of the relators corresponding to Ey, E;
and Eo 1, respectively. Clearly, we have R = RoURg 1 UR;. Denote by Ro, Ro 1
and JA%I the symmetric closure of Rg, Rp,; and R; respectively. i.e. the set of all
the cyclic conjugates of relations and their inverses.

Denote H = (a; | v; € V). Then H is a standard parabolic subgroup of A
and by [31] H is presented by {(a; | v; € Vo, Ro).

Definition. Let notation be as above. Call A extra-large relative to H if each of
the following holds:

(a) Ae) = 3,forevery e € Ey;
(b) A(e) > 4,foreverye € Ey .

It is convenient to express this definition in terms of the adjacency matrix
N4 = (n;j), where, for i # j, n;; is the natural number which labels the edge of
the defining graph of A which connects v; with v; if such an edge exists, n;; = 1,
and is O otherwise and n;; = nj;. In these terms, A is called extra-large relative
to H, if Ny splits into 4 submatrices Ny, B, C and D, where the size of Ny is
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k x k where k = |V}, the sizes of B, C and D are respectively k x [, | xk, [ x1,
where [ + k = n such that all the non-zero entries of B and C are at least 4 and
all non-zero oft-diagonal entries of D are at least 3.

Example 1. Let A be given by N4 below. Then A is extra-large relative to
H = (a1, a»,as). The Coxeter graph of A is given in Figure 1.

1 2 3 4 4
21 3 4
Na=|73 31 s B_(ésl) C=(4 4 5) D=()
4 4 5 1
U1
I'3
Large: I'y and I'»
Finite Type: I's(ay,az,a3)
Locally aspherical: T4
2
4
Iz
V2 v3

Figure 1

With these definitions, our main results are the following theorems.

Theorem A. Let notation be as above. Assume A is extra-large relative to H. If
H has solvable word problem, then A has.

Theorem B. Assume A is extra-large relative to H. Then the following hold.:
(a) if H is torsion free then A is;
(b) H*(A,x) =~ H"(H, ) and H,(A, x) =~ H,(H, x) for everyn > 2.

Theorem C. Let notation be as above. If H satisfies the K(m, 1) conjecture then
A satisfies it.

Acknowledgements. I am grateful to Ruth Charney, Patrick Dehornoy, and Luis
Paris for their comments. I am particularly grateful to Ruth Charney and Luis Paris
for sending me their joint result prior to its appearance and to Ruth Charney for
the reference in Section 5. I am also grateful to the referee for his useful remarks.
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1. Preliminary results

1.0. Results on Artin groups. The main tool we use is van Kampen diagrams.
We collect here the known results on diagrams of Artin groups, which we shall
need. For diagrams in general we follow [28]. We denote by & the labelling
function of a diagram M over a free group F (thus ®: M — F). In addition,
denote by Reg(M) the set of all the regions of M. We denote by Int(M) the
interior of M and by | M | the number of regions of M (thus |M| = |Reg(M)]).

Remark 1.0. We consider dD, the boundary of a region D as a path, rather than
just a set in I£2 and similarly for M, the boundary of a diagram M.

We shall use the following notation and convention, as well.

(a) Let W be a non-empty reduced word in F(aq,...,a,) (the free group, freely
generated by {ay,...,a,}). Denote by Supp(W¥) the set of all the letters a;
such that either a; or a; 1 occurs in W.

(b) Let W be a reduced word in F(ay,...,a,). Denote, as usual, by ||W||
its syllable length (or free-product length, see [28, p.176]) and denote by
[(W) its word length. Thus, if W = a?a3a;'aj then |W| = 4, (W) =
2434+ |—1|+4 = 10 and Supp(W) = {ay,az,as}. If u is a path in M
we write /() for /(®(u)) and write Supp(u) for Supp(P(w)). Also, for a
region D in M write Supp(D) for Supp(®(dD)). We denote ||| = |D(w)]-
If ®(dD) = R € R we write n(D) for 3I(R).

(c) Let v: F — A be the natural map from F onto the Artin group A. If no
ambiguity is caused, then we shall not distinguish between a subgroup H of
F and its image by v in A.

Basic to what follows is the theorem of L. Paris [31].

Theorem 1.1 (H. van der Lek [26]; L. Paris [31]). Let A be an Artin group given
by (0) and let H be a standard parabolic subgroup of A. Then the natural map of
H into A is an embedding.

Fix a set of Artin relators R as in (0) which defines the Artin group A4 and let
H = (V4), as in the introduction. From now on we shall write “parabolic” for
“standard parabolic.”

This theorem has several consequences which we shall need.

Corollary 1.1. Let My be a van Kampen R-diagram with Supp(0My) < H.
Then there exists a van Kampen R-diagram M with Supp(D) C H, for every
D e Reg(M), such that M and My have the same boundary labels.
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Proof. Let W be a boundary label of My. Then W € H and W represents 1
in A. Since the natural map of H into A4 is an embedding, by Theorem 1.1, W also
represents 1 in H. Hence by [28, Chapter V] there is a van Kampen R-diagram M
over H with boundary label W. |

Definition. Let H be a parabolic subgroup of 4 and let M be a van Kampen
R-diagram. Call M H -normal if every subdiagram L with connected interior in
which Supp(D) C H for every D € Reg(L) and which is maximal with respect
to this property, has simply connected interior.

Corollary 1.2. Let My be a reduced van Kampen R-diagram and let H be a
parabolic subgroup of A. Then there exists an H-normal reduced van Kampen
R-diagram M with ®(0M) = ®(IMy).

Proof. If My is already H-normal then take M = M,. Assume M, is not H -
normal and L is a subdiagram of M, which satisfies the conditions of the definition
but its interior is not simply connected. Then [E? \ L has a finite number of
bounded simply connected components J;,...,Jr, kK > 1. Now, each J; is a
van Kampen R-diagram with Supp(dJ;) € H. Hence, by Corollary 1.1, J; can
be replaced by an Ry van Kampen diagram J; with the same boundary label and
with Supp(Ro) S H, Ry S R. Cutting out J; and sewing back J/,i = 1,...,k
we get a diagram L’ which has connected and simply connected interior with
Supp(L’) € H and with the same boundary label as L. If L’ is reduced we are
done. If L’ is not reduced then we can reduce it by diamond moves (See [12]),
which, as well-known do not change the boundary label, yet they may identify
boundary vertices. See Figure 2.

In Figure 2, L” is the diagram obtained from L’ by diamond moves. In case(a)
of Figure 2, Int(L") is the disjoint union of subdiagrams A; each homeomorphic
to an open disc: Int(L”) = A1U...UA;, s > 1. (In Figure 2, s = 2) Now, by
construction, A; satisfies the conditions of the definition and has simply connected
interior, as required.

In case (b) of Figure 2, although L” is not simply connected, its interior is,
and the conditions of the definition are satisfied. There is also the possibility that
conjunctions of case (a) and case (b) occur. In these cases the result follows by
the above arguments of cases (a) and (b). O

o Ee e
L//
(a) (b)

Figure 2
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Remark 1.1. Notice that the procedure of Corollary 1.2 is applied only to regions
with boundary labels in H and leaves all other regions unaltered.

Corollary 1.3. Every standard generator a; of A has infinite order.

Proof. Apply Theorem 1.1to H = (a;). O

We close this section with the following result due to R. Charney and L. Paris,
see [10].

Theorem 1.2 ([10]). Let W be a reduced word in H C F and let Z be a shortest
representative of W in A. Then Supp(Z) < Supp(H)

1.1. Two-generator Artin groups and related results. The following are well
known results from [3].

Lemma 1.1 ([3]). Let A = (x,y | R) be a two generated Artin group and let M be
a van Kampen diagram for A with connected interior. Then the following holds.
(@ ||loM | = ||R]|. (See [3, Lemma 6].)
(b) If pv is a cyclically reduced boundary cycle of M and ||| < %||R|| then
I(w) < 1(v). Moreover, if | || < %||R|| thenl() < [(v). (See[3, Lemma7].)
(c) Every R-diagram satisfies conditions C(4) and T(4). (See [3].)
(d) |M| < (I(dM))?. (See [28, Chapter V].)

Part (b) of Lemma 1.1 together with Theorem 1.2 have the following conse-
quence.

Lemma 1.2. Let A be an Artin group defined by (0) and let af"'a?" K'=1in
A, aj,o; € Z, where K is an arbitrary reduced word in F(ai,...,ay). Then
I(K) = |ai| + |aj].

Proof. Without loss of generality we may assume that K is a shortest represen-
tative of aja;’ in A. Let U = a{"a;’ K~'. Then U represents 1 in (a;.a;)
due to Theorem 1.2 and /(K) < I(a;’ a‘?" ). If U is cyclically reduced then
l(aj'a;’) < I(K), By Lemma L1(b), hence l(a{"a}’) = I(K), ie. aj'a;’ is a
shortest representative of itself in A, as required. If U is not cyclically reduced
then K = K1 K,K3 anda;’ a;‘j = K1 LK; reduced as written such that LK, ! = 1
in (a;" a‘?" ) and LK is cyclically reduced. If L = 1in F then K, = 1in F,
since K is a shortest representative of ;" a;‘j . But then /(a}" aj.tj ) = [(K), again.
If L # 1in F then L has form af i a‘f 7, not both B; and S ; are zero, hence the
result follows from the cyclically reduced case. |
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Corollary 1.4. Let W # 1 be aword in F which represents 1 in A. Then |W | > 4.

Proof. Without loss of generality we may assume that W is cyclically reduced.
By Corollary 1.3, |W| = 2. If |W|| = 2 then clearly | Supp(W)| = 2, hence
by Lemma 1.1(a), |W| > 4, a contradiction. Finally, suppose that |W| = 3
and that W has no cyclic conjugate W’ with ||[W’| = 2. Then | Supp(W)| = 3,
hence a"a?’ a®* = lin A, a;,a;, o all non-zero. Therefore, by Lemma 1.2
loi | > loj| + |ok|, loj| = leti| + |ou| and |ag| > |etj| + |e;|. Summing up we get
o > 20, where a = |o; | + |oj| + |ak |, a contradiction, which completes the proof
of the Corollary. O

1.2. Modified diagrams. Diagrams of Artin groups with more than two gener-
ators are not suitable for studying them directly via small cancellation theory. Let
M be a van Kampen diagram over a set of Artin relators. It was observed in [2]
that if we replace the regions of M by certain subdiagrams which are diagrams for
two generator subgroups, then we have control on the pieces in the new diagram
obtained. These subdiagrams can be defined as follows.

Let M be areduced R-diagram, R a set of Artin relators. Say that two regions
are neighbours or are adjacent if they have a common edge. Say that two adjacent
regions D; and D, are friends, if Supp(D1) = Supp(D-). Let “~” be the transitive
closure of friendness. Then “7” is an equivalence relation on Reg(M). For a
region D € Reg(M) denote by [D]ys the equivalence class of D in M and let

A(D) = U E., where E denotes the closure of E in 2,
E€[Dlm

Let Supp(D) = {a;,a;} and let H; ; be the subgroup of F generated by a;
and a;, H; j = (a;,a;) € H. Using Corollary 1.2 and Remark 1.1, it follows that
we may get by the procedure of Corollary 1.2 a diagram with the same boundary
label as M which is H-normal and H; j-normal for H; ; ¢ H. Therefore we
may consider A(D) as a region. (If the label of dA(D) is not cyclically reduced,
then we can apply a sequence of diamond moves. They do not alter Reg(A (D)),
considering A(D) as a subdiagram of M). We denote by M’ the diagram obtained
by considering A(D), for D € Reg(M), as regions and call M’ the modified
diagram of M . We call {A(D) | D € Reg(M)} the modified regions of M’. We
shall denote a typical modified region by A’ and denote by A the corresponding
subdiagram of M. Thus, as sets A and A’ are the same. We shall denote paths in
M’ by u/,v', ... and the corresponding paths in M by u,v,.... Again, as sets u
and u’ are the same. Denote by ||| the syllable length of x' in M’ and by || u||
the syllable length of u in M and similarly for /(1) and /(u'). These distinctions
are needed because we are going to work sometimes in M’ and then pass to M
and back. We shall introduce in Section 2 a further diagram constructed from M
and extend these notations.
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Observe that [(0M') = [(0M) and ®(IM’) = ®(dM), since by definition
oM = oM.

The main property of these diagrams is given by the lemma below.

Lemma 1.3 ([3, Lemma 3]). Let notation be as above and let Ay and A, be
modified regions of M'. Then ||0A1 N 0A,]| < 1.

Combining Lemma 1.1(a) with Lemma 1.3 implies that modified diagrams of
Artin groups of large type satisfy the small cancellation condition C(6). See [3].
However, we shall need a more flexible small cancellation condition which we
recall in the next subsection.

1.3. Diagrams with small cancellation condition V(6). Recall that the (under-
lying) map corresponding to a diagram M is obtained by removing labels of M.

Definition. Let M be a map. Say that M satisfies the small cancellation condition
V(6) if each of the following holds:

(i) each inner region has at least 4 neighbours;

(ii) if an inner region has less than 6 neighbours, then every vertex on its bound-
ary has valency at least 4.

Remark 1.2. Condition V(6) is a special case of the condition W(6). See [24],
where a structure theorem for simply connected maps with the condition W(6)
was developed. Hence we can use the results of [24] for V(6)-maps and we do so
below.

The first basic result concerning V(6) maps is given by Theorem * on p. 61
of [24], which states that in a V(6) map M, for every region D, dD is a simple
closed curve and if D; and D, are regions of M such that dD; N dD, # @ then
dD1 N dD; is a connected simple curve. Consequently, following Definition 1.1.4
on p. 58 of [24] we can reformulate Definition 2.1 in [24, p. 59] as follows.

Definition. Let £ be a boundary region of M. Call E a k-corner region of M,
k € {1, 2, 3} if the following holds:

(1) 0E N oM is connected;

(2) E has k neighbours in M

(3) if k = 2 then at least one endpoint of dE N dM has valency 3 in M

(4) if k = 3 then at most one inner vertex of JE has valency 4 or more.
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Definition (one layer maps). (a) Let M be a connected, simply connected regular
map (i.e. every edge is on the boundary of a region) with connected interior. M
is called a one layer map if its dual is a line segment.

(b) Let A be an annular regular map with connected interior. A is called a one
layer map if its dual is a circle.

Following Definition 2.7 on p. 63 of [24], for every submap K of a map M
we define Sys (K) to be the set of all the regions in Reg(M ) \ Reg(K) which have
a common vertex with dK. Further, we define Sty (K) = {K} U Sy (K) and
inductively by Sty,(K) = K and for ¢t > 1, St},;(K) = Star(St};'(K)). Finally,
define L}, (K) to be the closure of the submap obtained by deleting Sthy 1(K) from
Sth,. We shall need this construction for the special case when K is a region or
a vertex. Following [24, p. 64, Definition 2], we say that M has convex layer
structure if for every D € Reg(M) and for i > 1, every submap S of St} (D)
which contains Stj;* (D) is simply connected.

The main result of [24] is Theorem 2.7 on p. 64 saying that every simply
connected V(6) map with connected interior has convex layer structure. We call
L%, (D) the t-th layer (relative to D) and denote Ay (D) = (L°(D),...,LP(D)).

We shall need the following results on V(6)-maps. If M is fixed, we shall write
L:(D) or just L, if D is clear, for L}, (D).

Theorem 1.3. Let M be a simply connected V(6)-map with connected interior
containing at least two regions and let A = (L°(D), ..., L?(D)) be a convex
layer structure for M.

(a) Either Int(L;) is annular and is a one-layer map, or it is the disjoint union
of simply connected one-layer maps.

(b) Letw(Ly) = 0Ly N0L;41. Then every vertex in w(L;) has valency at most 3
in Lt.

(¢c) M has at least two corner regions. If M has exactly two corner regions then
M is a one-layer map.

(d) M| <2[(dM)]>.
(e) If M is reduced then M cannot be mapped onto a 2-sphere.

Proof. (a) follows from the definition of L;, Theorem 2.7 and Lemma 2.7(b)
in [24], p. 64.

(b) is Lemma 2.7(a) in [24], p. 64.

(c) follows from Theorem 2.2 in [24], p. 59 and Corollary 1 on p. 60.

(d) follows from the area Theorem in [24, p. 76].

(e) is Corollary 2 in [24, p. 60]. O
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For an inner region D of M denote by dp (D), as usual, the number of
neighbours (neighbouring regions). For a boundary region D of M denote by
ip (D) the number of neighbouring regions of D in M. For a vertex v in M
denote, as usual, by djs (v) the valency of v in M.

We denote for a boundary path p the number of segments it contains by |u/,
where a segment is a path with endpoints having valency at least 3 and every inner
vertex has valency 2.

2. The relative diagram

The basic idea of the proofs of Theorems A, B, and C is to consider a relative
presentation of A, rather than its free presentation (0).

Recall from [5] that a relative presentation P consists of a group U, a set Y,
with Y N U = @, and a set R of cyclically reduced words in U * F(Y') which are
not in U. We denote

P=(UY|R)

The group defined by P is U * F(Y)/ < R >, where <« R > is the normal
closure of Rin U * F(Y).

Now we consider the relative presentation of an Artin group A, which is extra-
large relative to a parabolic subgroup H, generated by V. Let F(V}) be the free
group, freely generated by {a; | v; € Vj}, j =0, 1. Recallthat V' = Vo U V;. Then
F(ay,...,an) = F(Vp)* F(V1)and U = H = F(Vp)/ < Ro >. The relative
presentation of A (relative to H) is given by

P=(HVi|RiURp) (D

Let M be an R-diagram over F, where R is a set of Artin relators which
define the Artin group A. We consider the corresponding Howie diagrams, M
and their modified diagrams. (See [23] for definition and [13] for definition in
a more general context). They are constructed from M by shrinking each edge
which is labelled by a letter from V,. (In particular, such boundary edges are
shrunk.) The regions of M are Reg, (M) U Reg ; (M), where Reg, (M) is the set

of regions of M with boundary label from R, and Regg ; (M) is the set of regions

of M with boundary label from Ry, after shrinking the edges with labels in V}
to vertices and introducing them as corner labels. (This notion has nothing to do
with corner regions.) See Figure 3. We call such vertices, with corner labels from
F(Vy), coloured vertices and from F (V1) uncoloured vertices.

Our aim in the present subsection is to show that M’ satisfies condition V(6).
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c,a €V, bGV()’l

Figure 3

Remark 2.1. Consider Figure 4. We have the following diagram, where § is the
operation of forming the modified diagram and o is the operation of forming the
Howie diagram. These two operations are independent, hence o 0§ = § o g, i.e.

(F) = (M)'. From now on we shall denote the common value by (1\7 )

(M) = (M)
Figure 4

Notation. For aregion D in M we denote the corresponding region(or vertex) in
M by D. For a modified region A’ of M’ we denote the corresponding region in
(M ) by (A/ ). Thus, A’ is obtained from A’ by shrinking each edge of A’ labelled
by a word from H to a point. If A’ € Reg,(M’) then A’ shrinks to a vertex v such
that A’ € N, € M’, where N, is the diagram of the set of all the regions of M
which are shrunk to ?’. If A" € Reg, ;(M’) then in A’ all the edges with labels
from H shrink to a point ,hence ||0A||3 = 2||8& 377> Where the subscrlpts M’
and M’ indicate that we consider the syllable length in M’ and M’, M’ respectively.
For simplicity we shall avoid the subscripts, understanding that || dA’| is naturally
measured in M’. If A’ € Reg,(M’) then A’ = A’ because the boundary label of
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A does not contain letters from H, yet we consider A’ asa region of M’, M’, while
we consider A’ as a reglon of M’. We use similar notation for paths 1/ in M’ and
corresponding paths ' and u in M’ and M respectively.

Lemma 2.1. Let M be a van Kampen diagram corresponding to (0) such that A
is extra-large relative to H. Let A’ be an inner region of M.

(a) If A € Reg, (M) then each boundary vertex is uncoloured, the corner label
of N at each vertex is 1, and a’~(A’) > 6, for every inner region A’ of M'.

b) If N € Rego,l(M/) with Supp(A’) = {ai,a;}, ai € Vo, aj € Vi then
|0A’|| = 4 and every boundary vertex of A’ is coloured and the corner label
isa;’, a; € 7\ {0}.

Proof. (a) This is clear from the definition of M’ and the fact that Supp(A) C
{ai | a; € V1}, since Supp(A) N Vy = 0.

(b) Again, this is clear from the definition of M’ and the fact that Supp(A) N
Vo = {ai}, and n(A’) > 4, due to the relative extra-large condition. Hence
[0A"]| = 4. O

Remark 2.2. Observe that if u is a path in M and ||®(i1')|| > 2 then u contains
a subpath 6 = 0,0,05 with ®(0y), ®(63) € F(V7) and ®(8,) € F(Vp), since
then /i’ contains a subpath ;'v'u;’, v a vertex, 0y = 1,603 = up and 6, C
dN, N 1. Consequently, (i) contains a subword a®bPc?, with a, ¢ € F(V}) and
b € F(Vy), @, B,y non-zero integers.

Lemma 2.2 (corner regions). Let M be an H-normal van Kampen R-diagram
(with connected interior). Assume that

) M’ has connected interior and

(2) every inner coloured vertex of M’ has valency at least 4.
Let N be a k-corner region 0f1\71’, k =1,2,3andlet i’ = A’ N OM'. Then
I = 2.
Proof. Assume first that A’ € Rego’l(ﬂ/). By Lemma 2.1(b) |dA’|| > 4, hence
|iZ'|| = 4 — k. Therefore, if k = 1,2, then |’|| > 2, as required. If k = 3 then by
assumption 2, all the inner vertices of dA’ have valency at least 4, violating the

definition of 3-corner regions. Next, if A’ € Reg, (i), then ||dA’|| > 6, by the
relative extra-large condition, hence ||| > 6 —k >3 > 2. O

Lemma 2.3 (0A’ N dN,, is connected). Let M be an H;normgl van Kampen R-
diagram and assume that in every proper subdiagram M| of M', every coloured
inner vertex has valency at least 4. Let A" be a modified region in Reg, ;(M')
with B} a coloured vertex on dA'. If9A’ N N/, , is not connected then no bounded
connected component C' of E2 \ (1\7;0 U A) satisfies condition V(6).
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Proof of Lemma 2.3. Consider Figure 5. We have in M’, 0C’ = uu’vv’, where
u,v are vertices u’ = 9N, N dC’" and v/ = dA,, N dC’. Suppose by way of
contradlctlon that C’ satisfy condition V(6). If C’ consists of a single region A

then AO € Rego’l(M ) and ||u'|| = 1, since A’ is a modified region and v/’ is a
boundary cycle of C’. Hence ||V'|| > 2n(A’)—1>2-4—1="7,ie|V'| > 7. See
Figure 5(a). This, however, implies that all the regions of Ay in M are equivalent,
in the sense of Section 1.2, to all the regions of A in M, a contradiction to the
definition of Ao (and A). Assume therefore that C' contains at least two regions.
See Figure 5(b). Then by Theorem 1.3, C’ contains at least two corner - regions,
say A’ and A’ and, by Lemma 2.2, ||8A/ NaC’|| > 2 and ||8A’ Nnac’|| = 2.

Therefore by Remark 2.2, BA/ NdC’, i = 1,2, contains a subpath with label

“’bﬂ’ Vi, where |o; ], |Bil. lyil > 0, ai,ci € Vi, bi € Vp. Since [[9A} N p/|| < 1,
this 1mphes that both A} and A, contain ;1 on their boundary. But this violates

the fact that M is planar. Hence, M’ does not satisfy condition V(6). The Lemma
is proved. u

(a) (b)

Figure 5

Lemma 2.4 (d;,(v') > 4). Let V' be a coloured inner vertex of M’ and suppose

that for every region N of M’ which contains ' on its boundary, dN!, N A’ is
connected. Then d (V') > 4

Proof. By Corollary 1.4, |ON’|| > 4 and due to Lemma 1.3, if 6 is a connected
component of dN] N dA’ then ||P(F)|| < 1. Since by assumption, N, N IA’
is connected, d;,(0') > [[ON'|| = 4 (each neighbour of N, from Rego,l(ﬂ/)
contributes at least 1 to dz, (")), as required. O
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Proposition 2.5 (M " satisfies V(6)). Let M be an H-normal van Kampen R-di-
agram with connected interior. Then M’ satisfies condition V(6) and every
coloured inner vertex has valency at least 4.

Proof. By induction on |M’|. The case |M’| = 1 being clear. Suppose the Lemma
holds for every proper van Kampen subdiagram with connected interior L’ of
M’. We show that if 9" is a coloured inner vertex of M’ then d,(?') > 4. By
Lemma 2.4 it is enough to show that N, N dA’ is connected for every region
A’ of M’ which contains 7’ on its boundary. Suppose not. Then by Lemma 2.3,
M’ contains a proper van Kampen subdiagram C’ which either doesn’t satisfy
condition V(6), or it contains a coloured inner vertex with valency < 3, both
in contrast with the induction hypothesis. Hence 0N, N dA’ is connected and
d iz, (v) > 4, for every coloured inner vertex of M’, by Lemma 2.4. Consequently,
if A’ is an inner region in Rego,l(ﬂ/) then dﬂ,(l/) > 4 due to Lemma 2.1,
dj;,(V') > 4 for every boundary vertex of A’. On the other hand, if A’ is a region in
Reg, (M), then, by Lemma 2.1, dp/(A) = dﬂ,(l/) > 6. Hence condition V(6)
is satisfied by M’. The Proposition is proved. |

Corollary 2.1. Let notation and assumptions be as in Lemma 2.4. Then ON, N0A'
is connected and d (V') > 4.

Proof. By Proposition 2.5, M’ satisfies condition V(6), and every coloured inner
vertex has valency at least 4. Hence by Lemma 2.3, dN, N dA’ is connected. [

3. Proof of Theorem A

Let A’ be a corner region of M, let i’ = 9A’NJM’ and let i’ ji'?'7’ be a boundary
cycle of A’ see Figure 6(a). We consider A" in M'; see Figure 6(b), where K, K»
and K3 are the connected components of N,, and L; and L, are the connected
components of ;. Thus p’ is the longest subpath of dA’'NIM’ with u’ NN, = @
and p/ N AN, = @. (1 is an open path.) Hence, if v’ is the complement of 1 on
dA’ then v/ = v v|v], where v, = dA’ N IN] and v, = IA’ N IN),.

Lemma 3.1. Let M be an H -normal van-Kampen R-diagram with |M'| > 2 and
let A be a k-corner region of Z\7I~’, k =1,2,3. Let p = A N OM and let v be
the complement of 1 on dA. Let u' and v’ be the endpoints of i’ in M’, such that
i ' 3'9, is a boundary cycle of . (Thus v' = vl v\vl, where v/, = N, N A’

and v}, = ON] NAA" and v} is an edge.) Suppose that A e Rego’l(ﬂ/). Then one
of the following holds.

(a) @/ = @)z’ fty, where Z' a vertex with Reg(N}) # 0. Let o’ = dN, N OM' and
let B’ be the complement of &’ on ON.. In this case [(B’) < [(&').
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(b) ¥’ (or @) has valency 3 in M’ and Reg(N)) # @ (Reg(N,)) # ). In this
case [(ON], N oM') > 1({), where ¢ is the complement of ON] N OM' on N}
(1N, N aM") = 1¢)).

©) 1(v) = ().

(b)

(©)
Figure 6
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Proof. 1t is clear from Figure 6(b) (where Int(/N,) is not connected), that in order
to prove Lemma 3.1 we may assume without loss of generality that Int(N)) is
connected and we shall do so.

Suppose (a) and (b) do not hold. We show that necessarily (c) holds. Assume
first that A’ € Reg,(M’). Then n(A’) > 3. Since k < 3 and ||V| < k, we get
7]l < n(A’). Hence by Lemma 1.1(b) I(v) < I(w).

Assume now that A" € Reg, ;(M’). Then n(A’) > 4 by the relative extra-large
assumption. Consider three cases according to the values of k.

Case l: k =1.Letv, = dN,NJA" and let v;, = IN] NIA’. Then p'v,viv,,
is a boundary cycle of A’, as above. Due to Lemma 1.2 and Lemma 1.3 [[v] ||, [|v] ||
and ||v;, || are all at most 1, hence ||v'|| = [Jv viv,| < 3 < n(A’), hence due to
Lemma 1.1(b) [(v) < I(u).

Case 2: k = 2. Consider Figure 6(c). Since (a) and (b) do not hold, we
may assume Reg(N,) = @, and for every vertex Z’ on i’ we have Reg(N)) = @.
Hence v, = @ and v’ = vjv; vjv,, where v| and v/, are common edges of A’ with

neighbours and v;, = dA’ N dN,, and v;, = dA’ N dN,. Consequently, due to
Lemma 1.2 |v'|| < 4 < n(A’). Hence the result follows from Lemma 1.1(b).

Cask 3: k = 1. Since A’ is coloured, its boundary vertices which are inner
vertices of M’ have valency at least 4, by Corollary 2.1. But this contradicts
the definition of 3-corner regions, which may have at most one such vertex with
valency 4 or more, see Section 1.2. Hence this case cannot occur.

Finally, we prove the “in this case” of parts (a) and (b). In part (a) |8 = 1,
hence it follows from Lemma 1.1 that /(8) < I(«). In part (b) let A’ and 5/1 be the
regions of M’ which contain &’ on their boundaries.

Then ¢’ = vyv|, where vy = 9dA’ N ON) and v = JA] N IN,, hence
I¢'l < 2. Therefore Lemma 1.1 applies and implies /() < [(uy), where p, =
ON, N oM. O

Lemma 3.2. I[f A" € Reg, ;(M') UReg, (M) then [(dA") < 2I(dM").

Proof. By induction on |M|. If | Reg, ; (M')| = 0 then either the result vacuously
holds or Reg(M’) = Reg,(M). If [Reg(M’)| = 1 then clearly the result follows.
Assume therefore that |Reg(M’)| > 2. Then M’ = M’ and M’ is C(6) diagram
which has at least 2 corner regions. Removing one of them easily gives the
result. (See later on in the proof details of the argument) Assume therefore
that |Regy ;(M")| > 1. If |[Regy;(M')] = 1 and M’ contains no boundary
vertices v with |Nj| > 1 and |Reg; (M{)| = 0 and also |Reg, ;(M')| = 1 then
dM = dA, hence the result is clear. If | Reg, (M')| # 0 then M’ has corner region
A} € Reg,(M’), in which case the result follows by an easy induction argument,
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by removing A. If |N]| # 0 (or |N,,| # 0) then since |[ON; N dA’|| = 1 due to
Lemma 1.1, it follows from Lemma 1.2 that /(i) > [(vy), where @, = N, N M
and v, = dN, N dA; see Figure 7. Hence the result follows.

Hv

Figure 7

Assume now that |Reg, ;(M')| > 2 and the result holds for every diagram

with fewer regions. Then Int(#’) has a connected component Z’, the boundary
of which contains at most one double point w'. See Figure 8(a).

If |Reg(Z’)| = 1 then remove Z’ from M’ and by the above arguments, the
result follows. Assume therefore that | Reg(Z ")| > 2. Then due to Proposition 2.5
and Theorem 1.3, Z’ contains at least 2 corner regions, A} and A/, such that
if A; € Rego’l(Z’) then k(Al) < 2 (Observe that k = 3 would contradict
Proposition 2.5 by the definition of 3-corner regions. See Section 1.3). Assume
that one of them, denote it by A’ , does not contain W’ on its boundary. See
Figure 8(b). If A’ € Regl(z ") then remove A’ from M’. Tt follows easily, due
to lemmas 2.1(a) and 1.1(b) that /(dA) < 2I(dM) and for the rest of the regions of
M’ in Ro1(M’) U R1(M’) the result follows by induction. Assume therefore that
A e Regojl(f ’). Then Lemma 3.1 applies. If case (a) of Lemma 3.1 holds then
remove N/ from M’ and if case (b) of Lemma 3.1 holds then remove N, from M’.
(We follow the notation of Lemma 3.1). Then by Lemma 3.1(a, b) the length of the
boundary of the diagram obtained, M/, does not exceed /(0M) and M| contains
all the regions of Reg,, ; (M"), hence the result follows by the induction hypothesis.
If case(c) of Lemma 3.1 occurs, then remove A’. It follows from Lemma 3.1(c) that
the length of the boundary of the diagram obtained, M, does not exceed /(IM)
and M| contains all the regions of Reg,, ; (M), except A". Hence the result holds
for all regions in Reg, ; (M), except perhaps A/, by the induction hypothesis. But
[(v) < I() < 1(0M'), hence [(0A") = I(u') + [(v') < 2[(0M’). (We followed
the notation of Lemma 3.1.)

Finally, assume that every corner region of Z' contains ' on its boundary.
Then Z’ has 1-corner regions A and A, see Figure 8(c). It is easy to see that if
we remove one of them then the diagram obtained has shorter boundary than M
has. (See proof of Lemma 3.1(a)). Hence the above argument for the case when
Lemma 3.1 was applied applies here and the result follows. |
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i
i’ g
(b)
w’ Z'
()
Figure 8

Lemma 3.3. Let A be an Artin group, extra-large relative to H as in the introduc-
tion, and assume that g : N — N is the Dehn function of H. Let v' be a coloured
vertex in M’ and let ¢ = 1(0M). Then,

(a) [(ON,) < 6¢%;

(b) |Ny| < g(6¢%);

(c) |Rego(M)] < 24°g(64%).

Proof. Let r be the length of the longest relator in R, and let p be the maximal
valency of a coloured vertex 9’ in M’. Then N/ has at most p neighbours in
M'’, because each neighbour is coloured and contributes 1 to the valency of the
vertex 0’. Since [(ON] N dA’) < [(dA’), where A’ is a coloured region, each
neighbour contributes at most 2¢(= 2/(M)) to [(dN}), by Lemma 3.2. Thus, if 3’
is a coloured inner vertex of M’ then [ (ON]) < 2pq and if v is a boundary vertex
then [(ON') < 2pg + q < 3pq. Hence

I(ON") < 3pq. (1)
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Consequently, if H has Dehn function g : IN — IN, then

INy| < g(3pq). 2

Since all the neighbours of Ny in M" are from Reg, ; (M), the number of subdi-
agrams N} of M’ is at most as the number of coloured vertices in M’. Now, by

Theorem 1.3, the number of regions in M’ is bounded by ¢? and by Lemma 3.2,
[(dA") < 2q. Hence the number of vertices in M’ is at most 2¢>. Hence by (2)

|Rego(M)| < 2¢°2(3pq). A3)

Finally, we estimate p. Let 7’ be a vertex of M’ with valency p. Then p edges are
incident at &’ in M’. Hence it follows that p is at most as the sum of the lengths
of all the edges in M’. By Theorem 1.3 the number of regions in A’ is at most
¢ and by Lemma 3.2 each region A’ contributes at most 2¢ to the total length of
edges. Hence p < 2¢3. Substituting this to (1), (2), and (3) we get:

(a) 1(dNy) < 6%,

(b) |Ny| < g(6g*),

(©) |Regy(M)| < 2¢°g(64"),

as required. |

Remark 3.1. We do not claim that our estimates are best possible.

We are now ready to prove Theorem A.

Proof of Theorem A. We have to show that the group A presented by (0) has a
recursive isoperimetric function f:IN — IN, see [19]. We estimate |Reg(M)|
as a function of g(= [(dM)). To simplify notation we shall write in the proof
of Theorem A, R(M) for Reg(M) and similarly for Regy(M),Reg, ;(M) and
Reg, (M). We have

R(M) = Ro(M)U(Ro,1 (M)UR, (M)). (1
By Lemma 3.3(c),
|Ro(M)| < 2¢%g(69*), where g is the Dehn function of H. 2)
Now due to Theorem 1.3(d) and Proposition 2.5,
|Ro,1 (M)U(R(M")] < 2¢°. 3)
and by Lemma 3.2 for each A’ € Rg 1 (M')U(R;(M’) we have

1(0A") < 2q. @)
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Since each A is a subdiagram of M with the conditions C(4) and T(4) condition
by Lemma 1.1, it follows by (4) and Theorem 1.3(d) that

|A] < 4¢°. 4)
It follows from (3) and (5) that
[Ro,1 (M)UR1(M)] < 8¢*. (6)
Hence, by (1), (2), and (6),
IR(M)| = 2¢°g(6¢%) + 8¢*. (7

Let f:IN — IN given by f(x) = 2x3g(6x*) 4 8x*. Then f is a recursive
function, since by assumption g is, and by (7) g is an isoperimetric function for P
in (0).

The theorem is proved. O

4. Proof of Theorem B

In Section 2 we observed that the Artin group A given by the free presentation (0)
can be also presented by the relative presentation (1): P = (H, 17 | 5%3), where
:R3 = :Rl @) :R(),l, V] = {ak+1, R ,an} and H = <611, e ,Clk).

Without loss of generality we may assume that each R € Rj starts with a
letter, and we shall do so. The main argument in the proof of Theorem B is that P
is aspherical in the sense of [5]. We start by recalling the necessary notions.

Definitions 4.1. (a) Let ¥ be a Howie diagram over PP. For a region D in ¥ and
a vertex v on dD denote the boundary label of dD which starts at v by wp (v).

(b) Let Dy and D, be regions in X. Call (D1, D,) a cancelling-pair in X if
0D N 0D, # ¥ and for every vertex v € dD N 0D, with wp, (v) = wp, (v),
holds.

(c) X is reduced if there are no regions £ and £, in X such that, by performing
a sequence of diamond moves if necessary, along a path the label of which reduces
in F to 1f, (E1, E») becomes a cancelling-pair. See Figure 9.

w(Ey)

() =1F
w(Ey) = w(kz)

Figure 9
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Definition 4.2’ ([5, p.7]). A relative presentation P is aspherical if there are no
reduced spherical pictures over P.

We are not going to introduce pictures over relative presentations, (For pictures
see [5]) since we work with their duals, the corresponding Howie diagrams. In
terms of Howie diagrams, following this definition, we have

Definition 4.2. a relative presentation P is aspherical if there are no reduced
spherical Howie diagrams over IP.

Notice that the operation on pictures corresponding to diamond moves are the
bridge moves. (see [12]) and a picture is reduced in the sense of [5] if and only if
the corresponding Howie diagram is reduced, as defined above.

‘We need one more definition from [5].

Definition 4.3 ([5, p.5]). P is orientable if no element of R is a cyclic conjugate
of its inverse and for every R € R, with {R}* N R = {R}, where {R}* is the set of
all the cyclic conjugates of R and R™!.

Lemma 4.1. Let A be an Artin group given by P in (I). Then P is orientable.

Proof. Let Ry, R, € Rz, with Ry # R,. Then Supp(R;) # Supp(R,) by
definition of Artin relations, hence R; is neither a cyclic conjugate of R, nor
of R;'. If Ry is cyclic conjugate of its inverse, then Ry = KL and R;! = LK,
with K, L € H x F(V;), where not both K and L are empty. Thus K = K~!
and L = L™, hence if K # 1then K = KogK;"', reduced as written, ¢ € H
orqg € F(V1),q* = 1,4 # 1 and ¢ is cyclically reduced. Since R; and R, are
Artin relators ¢ € Vp or g € V;. But this contradicts Corollary 1.3. Hence P is
orientable as required. O

Proposition 4.1. Let A be a relatively extra-large Artin group given by the relative
presentation in (1). Then P is aspherical in the sense of [5].

Proof. Suppose not. Then by definition, there is a reduced spherical Howie-
diagram M over P which contains at least one region. Consider the modified
diagram (M)’ of M. By Remark 2.1, (M )Y = (M /) hence (M )/ satisfies con-
dition V(6) by Proposition 2.5. Since M is spherical, clearly M’ is spherical.
(It defines a tessellation on S? which is coarser than M. ) By Theorem 1.3(e) M’
is not reduced.

Consider the collection of all such reduced diagrams with al least one region
which have non-reduced spherical modified diagrams and assume that M contains
minimal number of regions among them. We show that then M is not reduced,
contrary to assumtion.
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Since M’ is not reduced there are modified regions A’ and A} in M’ which
constitutes a cancelling-pair. Therefore they have exactly the same boundary
labels, supported by 2 letters, say a; and a;, i # J - Hence we may cut out A/ and
A/ from M’ and sew the diagram obtained along BA’ U SA/2 ,to give adiagram M. M’
By minimality M M’ s reduced. This however contradicts Theorem 1.3(e). Hence
Reg(M]) = @, i.e. Reg(M') = {A], A)} and the R-diagram M satisfies C(4) and
T(4), since Supp(A1) = Supp(A2) = {a;, a;}.

Consequently, M is not reduced, due to Lyndon’s Lemma [27]. In particu-
lar, M contains a cancelling-pair (after performing a finite sequence of diamond
moves, if needed) (Dl, D2) where D1 and D2 are regions of M By the mini-
mality of |M | it follows that Reg(M ) = {Dl, D2} But then M is not reduced,
contrary to assumption. Therefore IP is aspherical. |

We are now ready to prove Theorem B.

Proof of Theorem B. By Lemma 4.1, P is orientable and, by Proposition 4.1, P
is aspherical. Hence, part (a) follows directly from [5, 0.4] and part (b) from [5,
0.3], noticing that no Artin relator is a proper power. O

5. Proof of Theorem C

5.0. The K(r,1) conjecture. We start with a very brief introduction of the
K (m, 1) conjecture. We follow [32], where a comprehensive introduction is given.
Let W be a Coxeter group. Then W acts faithfully on an open non-empty convex
cone [ such that the union of the regular orbits is the complement in / of a possibly
infinite family A of linear hyperplanes.

It was proved by van der Lek that the Artin group Ay corresponding to W
(Aw has the same defining graph as W has) is the fundamental group of the space

NOW) = x D\ | J(K x K)/W

KeA

The K(m, 1) conjecture says that N(W) is an Eilenberg—Mac Lane space for
Aw . i.e. N(W) is aspherical, see [6, p.15].

5.1. Presentation complex for P. Let? = (X | R) be a free group-presentation.
Recall from [17, p. 5] that the presentation complex k (P) consists of a single vertex
v, for every generator x € X, a simple closed curve starting and ending at v(~ S1)
which is labelled by x, forming a bouquet. For every relator R € R we attach to
the bouquet of circles obtained a 2-cell, the boundary of which is labelled by R.
It is known that the group defined by P is isomorphic to the fundamental group of
k(P). [28] More formally, «(P) is defined by the following push-out (attaching)
diagram in Figure 10.
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P = (X|R)

\/ Sk 1ty \/ Dk (

ReR ReR

xeXx ReR
attaching ‘/’ Q1 =¢@o i
map #1 . @2 =¢@ois
i i

\/ s — > () \ si \/ P%

xeXx xeXx ReR

Figure 10

Definition 5.1. P is called aspherical if « (P) is aspherical as a CW-complex([12]).

In [5, p.36] a similar construction is given for relative presentations IP given
by (1), which we give below.
Let K be an Filenberg—Mac Lane space for H and define

Ki=K\/S,.
YeV)

Let «(IP) be defined by the pushout diagram in Figure 11, where R3 = R; U R 1
(«(P) is denoted in [5, p. 36] by M).

V Sk iy \/ Dk

ReR3 ReR3
¥ ®1
K T) Kk (IP)
Figure 11

5.2. The asphericity of « (P)

Theorem 5.1 ([5, p. 36]). Let P be an orientable aspherical relative presentation
(see definitions 4.2 and 4.3). Then «(IP) is aspherical. (as a CW-complex)

Corollary 5.1. Let P be the relative presentation (1) of a relative extra-large Artin
group A. Then k(PP) is aspherical.

Proof of Corollary 5.1. By Lemma 4.1, P is orientable and, by Proposition 4.1, P
is aspherical. Hence by Theorem 5.1, «(IP) is aspherical. O
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5.3. k(PP) is homotopy-equivalent to Zy,. The idea of the proof of Theorem C
is to show that x(IP) is homotopy equivalent to N(W), where W is the Coxeter
group obtained from A by adding relators a? = 1,i = 1,...,n. (It is easy to see
that A = Aw) We do this in 3 steps. We follow the notation of [32].

Step 1. N(W) is homotopy equivalent to a complex Salv(A). See [32, Corol-
lary 3.4, p. 28]; the notation is the same as in p. 7 and p. 31 of [32].

Step 2. Salv(A) is homotopy equivalent to a CW complex Zy, obtained from
the presentation complex x (P), with P given by (0) of A, by attaching one i-cell,
i > 3, for every finite type standard parabolic subgroup generated by i elements
from {ay,...,a,}. See R. Charney and M. Davis, [9, Corollary 2.23]; the author
is grateful to R. Charney for this reference.

Step 3

Proposition 5.1. Let A be a relatively extra-large Artin group given by (0) and let
P be the relative presentation (1) of A. Assume that the K(m, 1) conjecture holds
for H. Then k(IP) is homotopy equivalent to Zw

We need the following lemma to prove Proposition 5.1.

Lemma 5.1. Let F(A) and F(H) be the sets of finite-type parabolic subgroups of
A on at least 3 generators and H, respectively. Then F(A) = F(H).

Proof of Lemma 5.1. 1t is enough to show that every 3 generated finite type para-
bolic subgroup of A4 is already in H. Let G = (a, b, ¢) be a parabolic subgroup of
A, {a.b,c} C{ay,...,a,). G is of finite type if and only if n;h + # + n:!a > 1.
In particular, if {a, b, ¢} C V; then G is large hence G is not of finite type. Hence
if G is of finite type then at least one of the generators of G is in H. Suppose
a € Hand b ¢ H. Then by the relative extra-large condition, n,; > 4 and if
¢ ¢ H then n,. > 4. If G is of finite type then ﬁ > 1, a contradiction since
n; j > 2 by definition. If c € H thenny, > 4 .alnd'na,;J > 4, which leads to the
same contradiction. Hence {a, b} C H. if ¢ ¢ H then the above calculation shows
that G is not of finite type. Thus G € F(A) implies that G € F(H).

The Lemma is proved. O

Proof of Proposition 5.1. Let

0=\S,

yev
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Y1=\/D2,

ReRy

Y, = \/ D3,
ReR3

Y3 = \/ Cg,
EeF(A)

where Cg is the i-cell corresponding to the i-generated finite type parabolic
subgroup E of A, mentioned in the definition of Zy above. Then,

Zw is obtained from Q by attaching Y, U Y, U Y3 to it. (D)

Now «(IP) is obtained from K; by attaching Y, to it (See attaching diagram
Figure 11). Since by assumption H satisfies the K (s, 1) conjecture, it follows from
the last Lemma that K is obtained from Q by attaching Y; U Y3 to it. Thus:

k (P) is obtained from Q by attaching Y1 U Y3 to it and then attaching Y.
(2)
Noticing that we use the same attaching maps in both cases (up to the difference
in the domains), it follows from (1) and (2) that «(PP) and Zy are homotopy
equivalent. O

Now we are ready to prove Theorem C.

Proof of Theorem C. The conjunction of steps 1, 2, and 3 implies that N(W) is
homotopy equivalent to « (IP). By Corollary 5.1, «(IP) is aspherical. Consequently
N(W) is aspherical, as required. O
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