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A higher moment formula
for the Siegel-Veech transform
over quotients by Hecke triangle groups
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Abstract. We compute higher moments of the Siegel-Veech transform over quotients of
SL(2,R) by the Hecke triangle groups. After fixing a normalization of the Haar measure on
SL(2,R) we use geometric results and linear algebra to create explicit integration formulas
which give information about densities of k-tuples of vectors in discrete subsets of R?
which arise as orbits of Hecke triangle groups. This generalizes work of W. Schmidt on the
variance of the Siegel transform over SL(2, R)/ SL(2, Z).
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1. Introduction

The Siegel-Veech transform maps a function on R? to a function on sets of trans-
lation surfaces. This powerful transformation gives information about the asymp-
totic density of saddle connections [17] and and cusp excursions [3]. On connected
strata of translation surfaces, the Siegel—Veech transform is integrable [16] and in
L? with respect to the Masur—Veech measure [2]. In [16], Veech also showed that
the Siegel-Veech transform is integrable over closed SL(2, R) orbits of Veech
surfaces with respect to the induced Haar measure. Building on work of Siegel,
Schmidt, and Rogers [15, 14, 13] we compute higher moments of the Siegel-Veech
transform over sets of surfaces with the Hecke triangle groups as their stabilizer
group.

The Hecke triangle group H, for integers ¢ > 3 is the discrete subgroup of
SL(2, R) generated by

10 =1 |1 Ay _ s
S—|:1 0] and T—[O 1j|, Wherekq—2cos(5).
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Note H3 = SL(2,7Z) and for all ¢ > 3, H, has finite co-volume in SL(2, R). For
more information on Hecke triangle groups see [10].
Let V, be the discrete subset of R? defined by

V :Hq'[é}y

which corresponds to a subset of saddle connections of a translation surface when
q is odd (see Section 2.3). Define Y, = SL(2, R)/H, with corresponding Haar
probability measure 1. Let B, ((R?)¥) be the set of bounded measurable functions
with compact support on (R?)¥.

Definition 1.1. For / € B.((R?)¥) and, by abuse of notation g = [g] € Y, we
define the Siegel-Veech transform by

f@) =Y flgi.....v0).

In the above definition k = 1 is the classical Siegel-Veech transform, and
for particular f € B.((R?)¥) of the form f(x1,---,xx) = h(x1)---h(xg) for
h € B.(R?), f corresponds to the kth power of the classical Siegel-Veech
Transform of 4 on R2. Veech proved that the classical Siegel-Veech transform
is integrable with the following formula from Section 16 of [17].

Theorem 1.2. For f € B.(R?),

A 1
[ F@dne) = — [ rax
c(q)
Yq R2
where the Siegel-Veech constant is given by

def T Y
C(q) = 7'[(7'[—;—5)
We will first prove the following theorem which computes the square of the

classical Siegel-Veech transform on B.(RR?). To state the theorem, we introduce
the following two definitions:

Definition 1.3 (Set of non-vanishing determinants). Let
Ny &ef {n € Z[A4) \ {0}: there exists v, v, € V, with det(v, v2) = n}

(D
= {n € Z[A4]\ {0}: there exists 0 < m < A4|n| with [’:] e Vq},

where (1) will be proved in Lemma 3.5.
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Definition 1.4 (¢-geometric Euler totient function). For b € Z[A,] define
o) =#{1 =0 = 2,00:[5] < v}

Note that A3 = 1 and V3 = SL(2,Z) - e so g3 reduces to the standard Euler
totient function.

Theorem 1.5. Ler f € B.(R*xR?), N, be the set of non-vanishing determinants,
and @4 the q-geometric Euler totient function. Then,

c(q)

Yy neNy SL(2,R)

/ Fdug) = Y ¥ / Fgdn) dnt+ —— / (f(x =)+ f(x. ) dx ()
C(q)]Rz

where J, = [(1, ,ll] W is the Haar probability measure on Y,, 1 is Haar measure

on SL(2, R) normalized so n(Y3) = ”?2, and dx is the Lebesgue measure on R?
normalized so the area of the unit square is 1.

Note f is uniformly bounded by Lemma 16.10 of [17], so both sides of (2)
are finite. The proof of Theorem 1.5 will use Schmidt’s outline of proof (see
Section 2.1). It is a useful exercise to consider this proof in the case of Schmidt
with ¢ = 3. That is where N3 = Z \ {0} and the constant ¢(3) = %2 = ¢(2).
In Section 5 we will see how the formula in Theorem 1.5 allows us to understand
the asymptotic densities of saddle connections of translation surfaces with Veech
group H, for g odd. Theorem 1.5 is in fact a special case of the main theorem,
which calculates the kth moment of the classical Siegel-Veech transform.

Theorem 1.6. Let f € B.((R?)*) and define

1
Tnm = [0 ’ﬂ

Then

[ 7 dnte

Yy
1
-¥ R/ FOx) dx

AERK

tY Y X Y [ (o) enal5]) ncor

neNg 0<m<Aq|n|1<j<k A,a,B SL(2,R)
(m,n)Tqu
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where for each 1 < j < k we have A € R/ is of the form (1, %1, ..., +1) and
a = (0,02,...,0p_;)and B = (1,Ba2,..., Bxk—j) where for each2 <i < k — j
we have

[?}eu}%- 3

1

1.1. Outline. In Section 2 we give an overview of the history of the problem,
followed by the necessary background on translation surfaces, Veech groups, and
the geometric Euler totient function. In Section 3 we prove Theorem 1.5, followed
by Section 4 where we prove Theorem 1.6. Finally in Section 5 we explain how
we found numerical evidence for the result.

Acknowledgments. I thank Jayadev Athreya for proposing the project and many
useful discussions. I thank Bianca Viray and Claire Burrin for useful comments
and discussions about the totient function. Thanks to Anthony Sanchez for useful
comments on the paper. Finally I would like to thank Kimberly Bautista, Maddy
Brown, and Andrew Lim of the Washington Experimental Mathematics Lab for
their contributions to my numerical experiments and discussion in generalizing to
higher moments.

2. Background and history

We first give a summary of previous related results in the geometry of num-
bers, followed by background on translation surfaces, Veech groups, and the g-
geometric Euler totient function.

2.1. Geometry of numbers. We will first focus on the mean and variance of the
primitive Siegel transform, which is a special case of the Siegel-Veech transform
defined in the previous section. First we set up some notation and definitions,
then state the theorems of Siegel, Rogers, and Schmidt computing the mean and
variance of the primitive Siegel transform.

Consider f € B.(R?). We aim to understand f evaluated on visible lattice

points in R, where a point v = (vy,...,vq)T € Z¢ is primitive or visible if
ged(vy, ..., vg) = 1. We denote the set of primitive vector points by Zgﬁm, which

one can show Zgrim = SL(d.Z) - [§]- Define X; = SL(d,R)/SL(d,Z). By
abuse of notation, for an equivalence class g = [g] € X4, we define the primitive

Siegel transform by

o)=Y f(gv).

d
v EZprim
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In 1945, Siegel [15], Sections 5-6, showed

A 1
X{ £(9) du(g) = @R[ £(x) dx @)

where the standard Lebesgue measure on RY is dx, { is the Riemann zeta function,
and p is probability Haar measure on Xg.

In order to understand higher moments of f , we split into the cases where
d =2 and d > 2. We address the latter case first.

For understanding higher moments of f, C. A. Rogers’ 1955 paper [13],
Theorem 5 solved the case for f k with d > 2 and k < d. For simplicity, we
will only consider the case k = 2 of Rogers’ result. Recall for f € B.(R%), and
defining h € B.(R? x R?) by h(x,y) = f(x) f(y) we have

Y h(gvr.gua) = 3 flgv) flgva) = [ 2 few)| = (1

vy, vzeZ vezd.

v1,V2€ zg, prim prim

prim

Rogers showed that for f € B.(R%), and h(x,y) = f(x)f(y), the second
moment of f is given by

Jr@dne = [ Fhigogudute)
Xa

d
Xg V1, vzezprim

®)

= §(c11)2/h(x yv)dxdy + —— | [h(x,x) + h(x,—x)] dx.

RY xR4

§(d)

For a modern proof of (5), see Section 4 of [3].

Fork > d > 2and f € B.(R?), the function f k is not integrable (Proposi-
tion 7.1 of [9]). However when d = 2 we have f is bounded on X5, and thus f k
integrable for any k > 1. So we now exclusively study the case d = 2. Rogers
had a mistake in his paper claiming (5) held for d = 2, which we can see does not
work by setting /¢ to be the characteristic function of the set given by

{(vq, U2)21’1’18.X(|1)1|, |U2|) < R, det(vyvy) ¢ 7},

Applying (5) to ho, the left hand side of (5) will be identically zero as for any
V1, Uy € Zprlm
det(gvy gvy) = det(g) det(vyv;) € Z,
and the right hand side will be nonzero as the vectors with integer determinant are
a Lebesgue measure zero subset of R? x R2.
In correction to Rogers, Schmidt addressed the case where d = 2 (see [14],
Section 6).



62 S. Fairchild

Theorem 2.1. Let f € B.(R? x R?). Then

() ()

nezZ\{0} SL(2,R)

/ Faug) =Y 20 / Flgdn) dn + —— / flro—x) + f(x.x)dx (6)
Y3 R2

where ¢ is the standard Euler totient function.

Note this formula does not look exactly like the formula in Schmidt [14] as we
have a different normalization of the Haar measure . Note also that Theorem 2.1
is a special case of Theorem 1.5.

2.2. Translation surfaces. A translation surface is a surface formed by taking
a finite number of polygons in the plane and gluing opposite sides by translation,
where surfaces are equivalent up to cutting and pasting of these polygons via
translation. Equivalently a translation surface is a closed Riemann surface X with
a nonzero holomorphic 1-form w. This section will focus on examples relevant to
this paper. For more background see [11], [8], and [5].

Given A € SL(2,R) and (X, w) a translation surface, we produce a new
translation surface A4 - (X, w), which is the surface with charts of (X, @) composed
with A acting linearly on R2. The Veech group is the stabilizer subgroup of this

action
def

SL(X,w) = {4 e€SL2,R):A-(X,w) = (X,w)}.
The Veech group is always discrete and in fact trivial for almost every translation
surface [6].

Saddle connections on a translation surface (X, w) are geodesics which start
and end at zeros of the 1-form w on X. For each saddle connection y, there is
an associated holonomy vector v, = [ o € R? which records the length and
direction of y.

2.3. Hecke triangle groups as Veech groups. We will consider surfaces whose
Veech group is given by SL(X, w) = H, forq > 3. Wheng = 3, H3 = SL(2, %)
which is the Veech group for the square torus. In general given a translation surface
(X, w) where we glue two regular (2n + 1)-gons and then identify opposite sides,
Veech showed in [16] that SL(X, w) = H,+1. For even Hecke triangle groups,
Bouw and Modller [4] followed by a constructive proof of Hooper [7] were able
to show that there exists a translation surface (X, w) with SL(X, w) conjugate to
an index 2 subgroup of H,,, but there is no translation surface with Veech group
containing Hy,,.
Notice the set of holonomy vectors for the square torus are

1 1
Z3im = SL(2.7Z) - [o] = Hj - M.
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The characterization is not as clean for other surfaces, but if (X, w) is a translation
surface with SL(X, w) a lattice, then the set of holonomy vectors will always
be given as a finite union of SL(X, w)-orbits [16], 5th paragraph, Section 3.
By studying the Siegel-Veech transform over V; we will be able to understand
asymptotic density of saddle connections for a class of translation surfaces [17].

2.4. Geometric Euler totient function. Recall we define the g-geometric Euler
totient function by

0q(b) = #{1 <a<Ag|bl: [Z} e Vq},

where g3 = ¢ is the standard Euler totient function. Since V; is discrete and thus
@g is finite and well defined. Though ¢, generalizes the standard Euler totient
function, ¢, does not agree with the more standard Euler totient function defined
for the ring of integers over a number field in terms of the product formula over
prime ideals.

Following [10], we can define a greatest common q-divisor denoted (a, b),
for a,b € Z[A4] using a Euclidean pseudo-algorithm. This greatest common g-
divisor has many similar properties to the gcd function, including for any ¢ # 0,

(ta,tb)y =1t-(a,b),. @)

With this definition we also have the following useful characterization of elements
of H, as proved in Proposition 3.7 of [10].

Proposition 2.2. A matrix [ 5] € SL(2,Z[A4)) is in Hy if and only if (a,b)y =
(c,d)g = 1. Infact if (a,b); < 1 or|b| < 1, then (a,b)T cannot be a column of
a matrix in Hy.

3. Orbits and integrals

The goal of this section is to prove Theorem 1.5.
Let f € B.(R? x R?), and define f as in Definition 1.1. Consider the map

7 [ fau.
Yy

This mapping is a positive linear functional which is SL(2, R)- invariant, where
SL(2,R) acts diagonally by g - (vi,v2) = (gvy,gvs) for (vi,v2) € R? x R2.
Hence by the Riesz representation theorem, there exists a measure v so that

/fdu:/fdu forany / € B.(R? x R?).

R2xR2 Yy
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Since v is SL(2, R)-invariant, we can write v as a combination of measures on
SL(2, R) orbits of R? x R2. So to understand v we need to understand our integral
over SL(2, R) orbits.

The outline of the proof is as follows. In Section 3.1 we split R? x R? into
SL(2, R) orbits under the diagonal action and find the possible SL(2, R)-invariant
measures on these subsets. In Section 3.2 we will reduce the uncountable num-
ber of orbits which occur in our setting to two linearly dependent orbits, and a
countable number of linearly independent orbits. After setting up notation in Sec-
tion 3.3, in Section 3.4 we reduce the linearly dependent case to Theorem 1.2,
finally addressing the linearly independent case in Section 3.5.

3.1. Decomposition into orbits. Let R} = R" \ {0}, similarly Z§ = Z" \ {0},
and Zy[A4] = Z[A4] \ {0}.

Lemma 3.1. The following decomposes R? x R? into disjoint SL(2, R) orbits:

R2? x R2 = (|_|D)u(|_|LD,)uHuVu{0},

neRg teRp

where we have the linearly independent determinants,
D, = {(v,w) € R? x R*:det(v w) = n},
the linearly dependent subsets
LD; = {(v,tv):v € R3},
and two special cases of linearly dependent vectors: horizontal and vertical

H ={(v,0):veR V ={0,v)veR:}.

Proof. We will realize each subset as an orbit of SL(2,R) under the diagonal
action on R? x R2. Since g-{0} = 0 for all g € SL(2, R), the point {0} is an entire
orbit.

Now notice that g - [ § | = R3. Using this fact, for any 7 € Ry,

SL(2.R) - ([(1)] [(’)D — {(v.1v):v € R3} = LD, .

Similarly for H and V, it suffices to see that they are both given by

H =SLQ.R).- ([(1)] [gD V = SL2,R)- ([8] M)

Finally, for n # 0, since nRZ = R3,
1 0
SL(2,R)- ([O} , |:n]) = {(v,nu):det(vu) =1} = Dy,
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Thus we have shown each of these subsets is an SL(2, R) orbit. Finally, since
every pair of elements in R? is either linearly independent and thus have a nonzero
determinant or linearly dependent and thus are scalar multiples we conclude every
element (v, v;) € R? x R? is contained in one of the given sets. Thus we have a
decomposition of R? x R? into SL(2, R) orbits. |

The last task of this subsection is to determine the possible measures on each
of our subsets. We will freely use the fact that Haar measure is unique up to
scaling. In this section we will fix a particular scaling of Haar measure for each
measure, and then by taking a linear combination of these different measures we
can obtain v.

On {0}, there is only one probability measure given by 8y, which is trivially
SL(2, R) invariant.

On H,V,and LD, fort € Ry, we have a copy of Rg. Notice Lebesgue measure
my on R? is SL(2, R)-invariant. So we will fix the standard Lebesgue measure
giving the unit square [0, 1]? volume 1 on each of the subsets H, V, and LD, for
t € Ryp. Since {(0,0)} is a measure zero subset, without loss of generality we can
write integrals with respect to m, over all of R2. To see this measure is the unique
SL(2, R)-invariant measure (up to scaling), consider the induced Haar measure
under the quotient of SL(2, R)/N = RZ, where N = {[} {]:t € R}.

To find a Haar measure on D,,, we will first find a Haar measure on SL(2, R),
then we will show how this can be viewed as a Haar measure on D,,. To construct
a Haar measure on SL(2, R), consider SL(2, R) as a subset of (R*, m4) where my,
is Lebesgue measure on R*. As a result, for measurable 4 € SL(2, R), we can
define the cone measure

n(A) = myq(C(A)) where C(A) = {ag:ax € (0,1],g € A}.

Under matrix multiplication, my4 is SL(2, R) invariant. Hence 7 is an SL(2, R)
invariant measure on SL(2, R). Under this measure, the set of matrices with a zero
in the top left corner is a null set. Thus we can write the measure dn = da db ds

under the coordinates
1 0 |a b
s 1 0 a'f

With this normalization, in the quotient by SL(2, Z), we can compute the push-
forward defined in terms of the projection map = and fundamental domain F [1]

2
(x(¥s) = nr~!(¥a) N F) = = = ¢(2).

With this fixed normalization, 1 gives the Poincaré volume. This means that we
in fact have

(M« (Yg) = c(q)-
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Now having fixed Haar measure on Dy, for D, with n # 0, we identify D,
with Dy = SL(2,R) as D,, = D1 J,. Since we can write D,, = D;J,, we choose
the coordinates on D, to be the same as those on D;. In this manner, we have n
is the Haar measure we will choose as our normalization of Haar measure on D,,.

We’ve now decomposed R? x R? into SL(2, R) orbits, and fixed a normaliza-
tion of Haar measure on each of these orbits.

Since Haar measure is unique up to scaling, we can now write our SL(2, R)
invariant measure on R* as

v :a50+2b,m2+2cnn

teRU{o0} n€Rg

for some constants a, by, ¢,. where b, corresponds to V' and by corresponds to H .

3.2. Reduction to visible determinants and removal of zero term. We have

shown
/fwszw
Yq R2xR2 )
— af(0.0) + / by / Fxotx) dx + / en / F(gdw) dn,
teRU{oc0} R2 neRop SL(2,R)

where we define (x, cox) = (0, x).
The purpose of this section is to prove the following.

Lemma 3.2. In(8),a =0, t € {£1}, andn € Ny.

Proof. To see that t € {1}, consider the function f supported on LD, for
t € RU {oo} where LDy = H and LDy, = V. That is, for some large R and
B(0, R) denoting the Euclidean ball in R*, let

TR Y) = A g0 oy - A, (x-y) forx.y € R%

On the left hand side of (8), notice

Fre(g) =" fri(gv1. gv2)

v1,v2€Vy
=#{v1,v2 € V; N B0, R):gvy =tgvs}
=#{v1,v2 € V; N B(0, R): vy = tva}.

If [¢] € V, by Proposition 2.2, we have (a,c), = 1, and thus (7), (ta,tc)y = t.
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So by Proposition 2.2 [£4] cannot be an element of V;, unless t = +1. Or more
geometrically since V are the set of vectors visible from the origin, fv is never
visible from the origin unless ¢t = +1. Hence we’ve shown

f _Jo ift #£ +1,
BT v e v, N BO. R ifr = 1.

On the right hand side of (8), the only nonzero term will be the coefficient of b;
for if x € B(0, £), then tx € B(0, R). Thus,

R
/fR,,(x, tx)dx > m2<B]Rz (0, T>> > 0.
R2
But when ¢ # +1, the left hand side of (8) is zero since fR = 0. Hence b, = 0
fort # 1.

We now want to show that the set of possible determinants is N,. For the
determinant n loci (n # 0), we similarly define

TR (X.Y) = X po 21y (x.y) forx.y € R%

We compute

Fra(8) =" fra(gv1.gv1)

UI,UIEVq
=#{v1,v2 € V;, N B(0, R):det(vy v2) = det(gvy, gva) = n}.

Since Ny is the set of determinants that can arise as the determinant of two
elements in V,, we can write

f _ J#{vr,v2 € VN B(0, R): det(vivz) = n}  ifn € Ng,
B0 ifn ¢ N,.

On the right hand side of (8), the only nonzero term corresponds to ¢, , and

/ fr(gJn)dn >0
SL(2,R)

since D, N B(0, R) has positive cone measure. In order to match the left hand side
of (8) for fR,n, we conclude ¢, = Oforalln ¢ N,.

We conclude this proof by showing a = 0. To see this, consider the character-
istic function over the set {(0, 0)} € R? x R2. That is set fo(x, y) = X0 0)}(x, ¥).
Then on the right hand side of (8), we have f(0,0) = 1, all other integral’s are zero
since {(0,0)} is a measure zero subset of R?, and cannot show up in SL(2, R)J,
for any n. Thus the right hand side of (8) for fj is a. On the left hand side of (8),
(0,0) is not a pair of visible vectors since (0, 0) cannot be the first column of a
matrix in Hg, so the left hand side is zero. Thus we conclude a = 0. O
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To summarize, in this section we reduced our equation (8) to

Corollary 3.3.
| 7an= /blf(x 0+ bafxdi+ e [ £ dn
Y, n€Ng SL(2,R)

3.3. Notation and division into smaller lemmas. In the proceeding sections,
we will compute the values for b, b_;, and ¢, for n € N,. In order to do this,
we introduce the following notation: for D a discrete subset of (R?)* which is
V,-invariant under the diagonal action, define fp:Y,; — R by

fogh =) f(gv)

veDk

In a similar manner define the functional Tp: B.((R?)*) — R by

To(f) = / fo(lg)) du(lg))-

We now define the following sets:
D,‘f =D, NV xVy) ={(v,w) e V; x Vy:det(vw) = n},

LDK1 ={(v, xv):v e V,}.
Then we can rewrite the left hand side of Corollary 3.3 as
/ [fLD}/ + Jpy, T ZfDr‘f] dp

Y, neNg

= Typr (f) + Tipr, () + ) Tpy (f).

neNy

Thus finding the coeflicients in Corollary 3.3 is reduced to finding coefficients
individually in each of these equations:

Timy, (f) = bey / F(x. £x) dx, ©)

and for eachn € N,

Toy (f) = cn / F(gdw) dn. (10)

SL(2,R)
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3.4. Reducing to Siegel-Veech formula in linearly dependent case. In this
section, we will prove that the coefficients b; and b_; in (9) are given by

by = b_1 = gz by reducing to the Siegel-Veech Primitive Integral Formula

(Theorem 1.2). That is, we will prove the following:

Lemma 3.4. Forany f € B.(R? x R?),

1
Tiog, (1) = =5 [ S0 z0ay
R2

where c(q) is the Poincaré volume of the unit tangent bundle over H*/H,,.
Proof. Given f € B.(R? x R2), define f € B.(R2) by

fe) = f(u, +u).
So we now compute

ooy, (1) = [ 3 fleu.gu) dudls)

Y, veVy

— [ X Ftew due

Yy uely

= qu)]R[ fa(x)dx (by Theorem 1.2)

1
= @R[ S(x,£x)dx.

This concludes the proof of the lemma. |

We’ve now shown b1y = c¢(g)~!, in the next section, we address the coeffi-
cients ¢, forn € Nj,.

3.5. Coefficients on loci with fixed determinant. The goal of this section is to
prove that each ¢, = ¢(q)'¢,(n) forn € N,. We will first decompose D, into
H, orbits under the diagonal action, showing there are ¢, (n) orbits which each
contribute equally to 7, . After showing this, we will find the value over a single
orbit.
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Lemma 3.5. Let n € Zo[Ay]. There exists vi, v, € V, with det(viv2) = n if and
only if there exists m € Z[Ay] with0 < m < Ag4ln| and [}] € V,.
In particular, the equality in (1) for Ny holds.

Proof. First, suppose there exists m € Z[A,] with 0 < m < A4|n| and [7] € V.
Setvy =[], whichis in V since Tvy = vy, and set v = [%]. Then vy, v, € V
with determinant n, son € Njy.
Conversely suppose vy, v2 € V, with det(viva) = n. Let g € H, so that
ge1 = vy. Then,
g ' vrva] = [e1 g 0ol

_ 12
e[l

for some £ € Z[A,]. Applying the matrix T to the left j times for some j € Z
gives

Since the determinant is 7,

T7g i va] = [e1 T/ g7 o]
where .
T/ g7 v, = [E +inkq].

Thus we can find j € Z so that m = £ + jnA, satisfies
0 <m < Agln|,
and the proof is complete. |

Lemma 3.6. Forn € N, The subset D) is the union of ¢, (n) different orbits

Dy =| |E™.

0<m<|n|rq
(m,n)Tqu

I m
EM = {y-[o n]:y € Hq}.

Proof. We will first show that the decomposition of every element in D) can be
written as an element E,S’" ) for some m.

Let 5
a 14
[c d} €D,

From the proof of Lemma 3.5, there exists a matrix 7 € H, with

h[a b}:[l ’:} for0 <m < A4|n|.

where

c d 0
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Since [ 5] € V,, we also have [}] = h[5] € V,. We have now shown every

element in D) is in E™ for some m with 0 < m < Ag|nland '] € V.

To see that we have no duplicate representatives of our orbits, let 0 < m, m, <
Agln| with my # m, and ["1],["2] € V,. Without loss of generality suppose
my > mj. If the representatives

1m1 lmz
o ] e [0

were in the same H, orbit, there would exist an element [ ¢ 5 | € H, such that

e e el

This impliesa = 1,¢ =0,d = 1,and b = "2 Since 0 < my—m; < Agn, we
have 0 < b < A,. This is a parabolic element with upper right entry smaller than

the generating matrix 7', and thus not in H,. Therefore we conclude that EM™ are
@4(n) distinct H, orbits whose union is all of D). O

Lemma 3.7. For a fixed m with0 < m < A4|n| and [7}] € V,,
Ty = = [ 1 (al) dne.
SL(2 R)

Proof. Letw:SL(2,R) — Y, be the projection map g — [g]. Recall we normalize
n so that w.(n)(Yy) = c(g). Hence 7, (c(q)~'n) = . Moreover, to push a
function from SL(2, R) to a function on X5, we have to sum over the orbits H,.
Thus,

ﬁsuﬁj (g[(l) D "= /VGXH: f(g a [ ’:’1]) ap = Tggm ().

For the last part of the lemma, we compute the following:

c(q) / ([ Dd”
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where the last equality follows from the fact that SL(2, R) is a unimodular group,
so the Haar measure 7 is both left and right invariant under the action of SL(2, R).
O

Lemma 3.7 shows that T (f) is constant for with respect to m. Hence we
n
conclude

@q(n)
Tpy = Tgom = C"(q) [ J(gJn) dn(g).
0<m<Ag|n| SL(2,R)

(m,n)Tqu

In conclusion, we’ve now shown that

_ pq(n)
Tpy = Cq(q) /f(an) dn (g)

SL(2,R)

As well as

1
Tip,, = @/f(x,:tx) dx.
]RZ

Putting these results together with Corollary 3.3, we have now shown Theo-
rem 1.5 holds.

4. Higher moments

We will prove Theorem 1.6 which is the generalization of Theorem 1.5 which
corresponds to higher moments of the classical Siegel-Veech Transform on R2.

4.1. Decomposition into orbits. We first decompose (R?)¥ into SL(2, R) orbits.
Given a point in (R?)*, either all the terms are linearly dependent, or there exist
two terms in the k-tuples which are linearly dependent.

Lemma 4.1. The following decomposes (R?)¥ into disjoint SL(2, R) orbits:
(R2)k = (l_lLD;L) ¥ ( |_|D,,,A,o,,ﬂ).
A n,Aa,B

In the linearly dependent case,
LD, = {Ax:x € R?}

for A € R¥ with first nonzero entry (if it exists) given by 1.
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In the linearly independent case,

Dpiap = {(hx, ax + By):det(x y) = n},

where n € Ry is the determinant of the first nonzero vector with the first linearly
independent vector. For 0 < j < k we have A € R/ where the first nonzero entry
is 1 and o, B € R¥=7 where a = (0, a2, . cak—j)and B = (1,B2, ..., Br—j).

Proof. We first claim that LD, and D, ; 4 g can be written as SL(2, R) orbits.
Indeed since SL(2, R) acts transitively and linearly by matrix multiplication on
R2 \ {0} we can write

SL(Z,R)-A[(I)] =1D;,.

Similarly since SL(2, R) acts transitively on determinant n subsets as proved in
Lemma 3.1 and linearly on R2, we can write

SL(2,R) - (A mam + ﬁ[g]) = Dnap-

Next we show that the union of the orbits in fact covers all of (R?)*. To
do this consider a vector v = (v, vs,...,v;) € (R®)X. If all v; = 0 then
v € LDg. Otherwise there is some first nonzero v; which we will call x. If
dim(span(vy, ..., vg)) = 1, then every other element will be a linear multiple of
x. Hence v € LD, where A has first nonzero entry is 1 and all remaining entries
are real numbers.

If however dim(span(vy, ..., vg)) = 2, then set y to be the first vector after
x which is linearly independent of x. For all v; which occur after y, v; can be
written as a linear combination of x and y, thus written as o;x + §; v for some
real numbers. Since LD, and D, ; o g are subsets of (Rz)k we conclude that

0 = (U0r) o Ubnns).
I n,Aa,B

Finally we finish the proof by proving each of these orbits is distinct. Since all
pairs of entries in LD, have determinant O and SL(2, R) preserves determinants,
we know that the LD and D, , o g must be disjoint.

Now suppose that LD, = LDj,. Since the first nonzero vector must have a
coefficient of 1, if A; = 1 is the first nonzero element, then A’; = 1 as well. Now
every vector after the first vector is linearly dependent on the first nonzero vector,
so there is a unique coefficient and A = A’.

Similarly, since we choose a coefficient of 1 for the first nonzero vector, and a
coefficient of 1 for the first vector which is linearly independent, we have a unique
representation of the linear combinations «; x + B;y. Hence the D, ; 4 g are also
all disjoint. This completes the proof. |
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4.2. Reduction to smaller lemmas. Using the notation of Section 3.3 we will
rewrite fY,, f du, reducing the proof of Theorem 1.6 to smaller lemmas.
Define

DY s wp = Pniap N (V)

and
LDY = LD; n(V,)*.

Moreover for 1 < m < |n| with (m,n)T € V, define

s ()

where [ 5 | is a2 x (k — j) matrix and

1
Tnm = [0 ’ﬂ

corresponds to J, = J,,1 in the k = 2 case. By Lemma 3.6, we can write

(m)
Dpjap = |_|Enr,’jl,tx,ﬂ‘

0<m<Ag|n|
m.m)T ev,

Lemma 4.2. We have

/fd,u ZTLDV +Z Z Z E™
neNy 0<m<Aq|n| A,a.B o
m,m)T eVy

where in the linearly dependent case A € R¥, where the first element of A must
be 1, and any remaining elements of A must be £1.

In the linearly independent case, given n € N, there exists a unique 0 <
m < Ag4|n| so that the two vectors lie in the Hy orbit of Jyu ., Given n and m,
we have A € R/ with first entry 1 and all remaining elements +1. Moreover
a = (0,a2,...,0x—j) and B = (1, B2, ..., Bk—;) where a and B satisfy (3) for
each2 <i <k —j.

Proof. By Lemma 4.1, given v € (Vq)k, we must have v € LDI{ or Dr‘l//1 w.p for
some A or (n,A,a, B). o

If v € LD}, first note that the zero vector is not in V,. Hence the first entry in
A must be 1. Since the vectors are in V,; and must be constant multiples of the first
vector, all other vectors must be £v;. Thus A must have the specified form.
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Moving onto the linearly independent case, if v € D r‘l/ A p then we can write
v = (Avi,av; + Bv;) for some 1 < j < k where v; is the first vector after v,
which is not co-linear with v;. Since all the vectors in Av; must be in V;, A must
have first entry 1 and all other entries £1.

Setting det(v; v;) = n by the definition of N; we have n € N,.

Finally we need to determine the criterion for ¢ = (0,z,...,2x—;) and
B=(,B2,...,Bk—j). Sothatforall 1 <i <k — j we have o;v; + B;v; € V.

By Lemma 3.6, there exists y € H, and 0 < m < A4|n| with (m,n)T € V, so

that
1 m
roln =g 7]

y - (ovr + Bivy) = [“" jﬁTﬁi].

So we have

Since H, acts transitively on V,, a;v1 + Biv; € V; is equivalent to

1 m|[ai]  [ei +mB;
o B[] =[] e

Multiplying by the inverse of J, ,, we see o and S must satisfy (3).

So for each n, there exists m with 0 < m < A,4|n| so that (m,n)T € V,. Given
this m, we already have the requirement for A, and the o and § must satisfy (3).
This concludes the proof. |

Now that we have decomposed |’ Y, f du, the higher moments case is complete
once we prove the following two lemmas.

Lemma 4.3. Given the restrictions of A in Lemma 4.2,
1
TLDX = @ / f(AU) dv.
]RZ

Proof. The proof strategy is identical to the strategy in Lemma 3.4. |

Lemma 4.4. Given the restrictions of n,m, A, «a, B in Lemma 4.2’

1 17 [
Teun ™ c(q)SL(Z/ J (1¢]o [ ]) e

Proof. This proof strategy is identical to the proof in Lemma 3.7. Note we cannot
use the change of variables to get equal contribution for each T ¢ as in the case of

n
Lemma 3.7 because the criterion for which & and 8 can occur depends on m. [
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Combining Lemma 4.2 with Lemma 4.3 and Lemma 4.4, we have now con-
cluded the proof of Theorem 1.6.

5. Numerical evidence

This section discusses how to interpret Theorem 1.6 in terms of a counting prob-
lem. We will focus on the case k = 2, that is Theorem 1.5. The following propo-
sition is from Section 16 of [17].

Proposition 5.1. For B(0, R) the ball of radius R in R?,

i HVNBOR)Y 1
R—00 TR? c(q)

We will use the notation

T R?

#{V, N B(O,R)} ~ @

where
f(R) ~g(R) <= lim [(R)/g(R) = 1.

In the case g = 3 this can be interpreted as the probability a randomly chosen
integer vector is primitive is ﬁ See Figure 1 and Figure 2 for visualization of
the points of V, for ¢ = 3,4, 5.

To construct the set V,, we used a Farey tree construction in the first quad-
rant and then used the 4-fold symmetry of V,, that is (a,b) € V, implies
(a,=b),(—a,b), (—a,—b) € V,. The generalization of the Farey tree construc-
tion as found in [10] begins with the vectors

-6 S e B-E e

Then fori = 2,...,q — 1 we add the vectors
ai | _ |Aqli-1 — i
b; Agbi—i —bis |
ay | 1 ao| _ 0
b=l = )=

Iterating this step between each pair of adjacent vectors we obtain the elements
of V.

where
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Figure 1. For R = 100, the left hand plot includes all integer pairs (a, b) and the right hand
plot includes all primitive integers pairs (a, b) with gcd(a, b) = 1 where a® + b% < 1002.

This demonstrated the expectations that for large R, the number of points on the left should

2 1002
be approximately 7100, but on the right the number of points should be ” 9]

Figure 2. On the left is a plot of the vectors V4, and on the right is a plot of the vectors Vs.
These plots were generated using the Farey Tree construction.
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Now that we’ve generated plots for V,, we can now count pairs of elements
in V, corresponding to the square of the Siegel-Veech transform. Specifically for

f = X5 0.0 the characteristic function of the Euclidean ball in R*, we want to
]R b

understand 7y (/) which will asymptotically grow like the function
County (R, n) & # {[f 3} eDV:a® +b*+ 244 < R2} :
Theorem 1.5 states that
County(R,n)  ¢4(n)

/ flghydy @
SL(2,R)

which is not useful for understanding data without more knowledge about the
integral [g; , gy f(gJn) dn.

Newman [12] showed that Countz (R, 1) ~ 6R?. In particular combining with
Theorem 1.5, we obtain

[ rgran~ e
SL(2,R)

Next using the result of Schmidt [14], we can extend this result to the fact that

when g = 3,

7T2 2
[ 7 iy an~ 2.
SL(2,R)

Thus we deduce that for any ¢ > 3,

County (R, n) 1 % gq(n) - m?
B g T T

Indeed in our numerical experiments we obtained the desired results. In Fig-
ure 3, we show the convergence for k = 1,2, 3, 4. Recall D) can be decomposed

into ¢4 (n) orbits E,Sm) where 0 < m < A4|n|, and on each orbit we were able to

verify we had density asymptotic to #(Zq) as desired and graphed in Figure 4. Fi-

nally in Figure 5, we provide a visualization for pairs of elements in V, for g = 3
and g = 5.
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Count(R,k)/R™2 All Orbits

6= . -.'. T ..' B e e e T e O cxocs k=1

o Xy o E:%
5k k=4
] S D N Aeosm -
31— a ._°;..°-- ';.1_n-!e»,__;_p.c;\HA',:.;.i.,_n;._.r_\-;“,._.-.u.,,__..a.‘.;..-._-..a-;--‘_.u_._ﬁ-g-.:-.:;--au,.nf,..s.
N
1¢+

j . . . _ R (radius)

20

40 60 80 100

Figure 3. For g = 3 this is a plot of R on the horizontal axis, and a plot of % on the

vertical axis. Notice that k = 2 and k = 4 both converge to 3 since 6%@ = 6“’7(2) =3.

Count(R,k,1)/R"2 Single Orbit

5L k=1

al

3 . o‘ St s - ety stany, FY S - Rassliery

2 Ly Ty

14w
. . , . . R (radius)
20 10 60 80 100

Figure 4. For ¢ = 3, a plot of R on the horizontal axis, and a plot o

f Count(lg,n,l) on the

vertical axis, where Count(R, n, 1) is number of elements within the ball of radius R, which

are in the orbit SL(2,7Z) - J,,.
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Fog
IRCRONIRG)
cwyc

5
Hed

) 02 04 06 08 7 o2 o o5 o

Figure 5. For each element (a, ) in V,, we can visualize these points by considering a/b,
which for simplicity we will consider the pairs with a/b € [0, 1]. These pictures plot the
points in D ,‘c/ by placing a point if the point a/b on the x-axis and the point ¢/d on the y-
axis have the corresponding pairs (a, b) and (b, ¢) in D,IC/. On the left are pairs of primitive
vectors, and on the right are pairs of vectors in V5 where in the legend u = ¢, the golden
ratio.
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