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1. Introduction

1.1. Basic setup. Suppose that we are given the following data.

e A finite simplicial graph X on the vertex set V' and a collection of groups
W= {W, | v € V}. Denote by W = W(X, W) the associated graph product,
see Section 3, and by X the flag complex associated to X . Examples of graph
products are right-angled Artin groups and right-angled Coxeter groups.

e A commutative ring with unit A and an equivariant homology theory J?
with values in A-modules, see Definition 2.1. Our main examples will be
those associated to algebraic K- and L-theory or topological K -theory, which
appear in the Farrell-Jones Conjecture or the Baum—Connes Conjecture.
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e A non-empty class € of finite groups which is closed under isomorphisms,
passage to subgroups and passage to quotient groups. Our main example will
be the class of all finite groups.

o A class € of A-modules with the property that for an exact sequence 0 —
Vo — Vi — V, — 0 the A-module V7 belongs to £ if and only if both V}
and V; belong to €.

1.2. Main result. Fix an integer n. We obtain a covariant functor
J{S: Groups — A-Modules, G +—— H-Cf (Ec(G)),

where Eq(G) is the classifying space of the family of subgroups of G which
belong to €, see Section 2 and (2.4).

Let S be the poset of full subcomplexes of ¥ and let P be the poset of simplices
of X, both ordered by inclusion, where the empty subcomplex and the empty
simplex are allowed. For an element L in 8, we can consider the subgraph X N L
of X. Let W(L) be the graph product associated to X N L and the collection of
groups W|ynr = {W, | v is a vertex of L}. With this notation W (X) is the graph
product W(X, W) and W(@) = {1}. We obtain a covariant functor

Wi:8 — Groups, L +— W(L).
Let
I:P—38

be the inclusion which sends a simplex o of ¥ to the corresponding full sub-
complex of £. Sometimes we identify o in P with /(o) in 8. For instance
we will often write W(o) instead of W(I(0)). Notice that the covariant functor
Wi o I:P — Groups sends a simplex o of X to [[,cpny Wo-

We obtain a covariant functor
HE o Wy: 8 — A-Modules, L +— HV D (Ee(W(L))).

We are interested in the value at I, i.e., in Y (Ec(W)) for W = W(X, W).
The composite HE o Wy o I: P — A-Modules is given by

o 36( [Tw) = sail=voe ™ (T Eem).

veVNo veVNo

since [ [,epne Ec(Wy) is a model for Ec([[,epng Wo)-
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Define for a simplex o the quotient A-module of HS o W o I(0) by

Se(HE oWy o) = COK(@J’CSOW*OI(‘L’) —>J’CSOW*OI(0)),
T

where t runs through the simplices of /(o) which are different from o. The idea is
to kill everything in 3¢ o W, o (o) which comes from a proper simplex 7 of 1(o).

For a simplex o of X, let ch, (X, o) be the set of n-chains 09 < 01 <--- < gy
in P with 09 = o. Define the integer

ch(Z,0) =) (=1)"-|chy(Z.0)|.

n>0

Denote by Go(&) the Grothendieck group of elements in &, i.e., the abelian
group with the isomorphism classes of elements in € as generators and relations
[Vi] = [Vo] + [V2] for every short exact sequence 0 — Vy — V7 — V, — 0 of
A-modules belonging to €.

Theorem 1.1 (main theorem). (i) The canonical A-homomorphism

T: colimgep HW @ (Ee(W(0))) —> HY® (Ee(W(X)))

is an isomorphism.

(ii) For every o € P, the canonical projection
pg:fHS oWyxol(o) — SU(THS oWyol)

has a section
561 Se(HE 0 Wy o I) — HE o Wy 0 I(0).

Any collection of such sections and the canonical maps
5{5 o Wy o I(0) —> colimgesp ﬂ-(ff oWyxol

induce an isomorphism

P So(IE o Wy 0 1) > colimgep IV @ (Ee(W(0))).
geP
Moreover, there is an explicit section s, (Lemma 4.4).

(iii) Suppose that each A-module fJ-C,I;V ©) (Ec(W(0))) belongs to E. Then we
getin Go(&)

[FHY D (EeW ()] = Y ch(S.0) - [HY O (Ec(W(o))).

oeP
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‘We mention that it is both unusual and fortunate that in assertion (i) the source
and target involve the same degree. In general one would expect that in the source
all degrees m < n occur. The reason for this simplification is that for each simplex
o the inclusion W(o) — W is split injective. This leads also to the explicit
splitting in assertion (ii).

Note that the number ch(X, o) appearing in assertion (iii) depends only on
3 and o. It is given by 1 — x(X) for 0 = @. It has the following geometric
interpretation if o is non-empty. Let X’ be the barycentric subdivision of X. Then
ch, (X2, o) can be interpreted as a collection of n-simplices in X’. Each simplex in
ch, (X, o) contains the vertex given by o. The collection of the faces of all these
simplices of ch, (X2, o) determines a simplicial subcomplex D, of ¥’ which can
be contracted to the vertex given by o. Its boundary 0D consists of all those faces
of simplices of ch, (X, o) which do not contain o. One easily checks

¢h(2.0) = 1(Dg) — x(3Dg) = 1 — x(3Dy).

If ¥ is the triangulatjon of a closed manifold of dirnensiqn d, then 0D, is home-
omorphic to §47174im(@) and hence ch(X, o) = (—1)¢~dim©@),

1.3. Computations. We will illustrate the potential of Theorem 1.1 by comput-
ing the group homology of G, the algebraic K- and L-theory of the group ring
of G, and the topological K-theory of the group C*-algebra of G in Sections 6
and 7 if G is a right-angled Artin group or a right-angled Coxeter group. These
computations are based on the Baum—Connes Conjecture and the Farrell-Jones
Conjecture which we will briefly recall in Section 5 and which hold for these
groups. The situation in the Farrell-Jones setting is more complicated since we
have to deal with the family VCY of virtually cyclic subgroups, whereas in The-
orem 1.1 the family FIN of finite subgroups is considered. The passage from
FIN to VCY is discussed in Subsection 5.3. This is different in the Baum—Connes
setting since there the family FIN is used. In order to get full functoriality we
need to consider the maximal group C *-algebra instead of the reduced C *-algebra
which makes no difference for right-angled Artin groups and right-angled Coxeter
groups.

Computation in this context means not only that we identify the corresponding
K- and L-groups of G as abelian groups but we give explicit isomorphisms
identifying them with K- and L-groups of the ground ring. For instance, we show
for a right-angled Coxeter group W associated to the finite flag complex X that
there is for every n € Z an isomorphism

B Kn(fo): D Kn(€) —> Kn(CF(W)).

where o runs through the simplices of X including the empty simplex and f,: C —
Cx(W) is an explicit homomorphism of C *-algebras depending on o. If o is



K- and L-theory of graph products of groups 273

empty, it is given by the obvious inclusion C — C*(W). If k = dim(o) > 0, then

o determines a subgroup W(o) = ]_[f‘: 11 7Z./2 of W and f; is the composite of the

homomorphism C — C[]_[fill 7.,/2] sending A to 27%=1. ) . ]_[f-jll(l —t;) for ¢;
the generator of the i-th factor Z/2 and the homomorphism C[W(o)] — C*(W)
coming from the inclusion W(o) — W, see Remark 7.17. This implies

77 if nis even,

Kn(CF(W)) = {

{0} otherwise,

where r is the number of simplices of X including the empty simplex. Moreover,
we can write down an explicit basis B = {b, | 0 € P} for the finitely generated
free Z-module Ko(C¥(W)), namely, for 0 = @ we take the class of the idempotent
1in C}¥(W) and for o # @ we take the class of the idempotent in C;* (W) given by
the image of the idempotent 27%—1 . ]_[f: 11 (1 —1;) € C[W(0)] under the inclusion
C[W(o)] C CY(W). These computations for right-angled Coxeter groups were
carried out in the second author’s master’s thesis [22].

1.4. Acknowledgments. The paper was financially supported by the ERC Ad-
vanced Grant “KL2MGe-interactions” (no. 662400) of the third author granted by
the European Research Council. It was also funded by the Deutsche Forschungs-
gemeinschaft (DFG, German Research Foundation) under Germany’s Excellence
Strategy - GZ 2047/1, Projekt-ID 390685813. We thank the referee for several
useful comments.

2. Equivariant homology theories and classifying spaces of families

In this section we recall the axioms of an equivariant homology theory and the
notion of a classifying space of a family of subgroups. For an amalgamated
product of groups, we deduce a Mayer—Vietoris type sequence for the values of
an equivariant homology theory on classifying spaces.

Fix a discrete group G and a commutative ring A with unit. A G-homology
theory HS with values in A-modules is a collection of covariant functors 3¢ from
the category of G-C W -pairs to the category of A-modules indexed by n € Z
together with natural transformations

3% (X, A): HO (X, A) — HE [(4) = HC (A, 0)

for n € Z such that the axioms concerning G-homotopy invariance, the long exact
sequence of a pair, excision, and disjoint unions are satisfied, see [24, Section 1].

Let «: H — G be a group homomorphism. Given an H -space X, define the
induction of X with « to be the G-space ax X = G X4 X which is the quotient
of G x X by the right H-action (g,x) - h = (ga(h),h~'x) for h € H and
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(g,x) € G x X. The following definition is taken from [24, Section 1] except that
the induction structure in this paper is defined for every group homomorphism «.

Definition 2.1. An equivariant homology theory 3} with values in A-modules
assigns to each group G a G-homology theory 3¢ with values in A-modules
together with the following so called induction structure.

Given a group homomorphism «: H — G and an H-C W-pair (X, A), there
are for every n € Z natural homomorphisms

indy: HH (X, A) — HE (a (X, A))
satisfying the following axioms.

e Compatibility with the boundary homomorphisms. S o ind, = indy 09X .

e Functoriality. Let f:G — K be another group homomorphism. Then we
have forn € Z

indgoy = HX(f1) oindg oindy: HZ (X, A) — HE((B o @)« (X, 4)),

where

i1 Bulea (X, A) => (Boa)e(X. A).  (k.g.x) — (kB(g). X).

is the natural K-homeomorphism.

o Compatibility with conjugation. Forn € Z, g € G and a G-C W -pair (X, A)
the map
inde(g):6G: 36 (X, A) —> T (c(8)«(X, A))

agrees with 3G (f») for the G-homeomorphism f5: (X, A) — c(g)«(X, A)
which sends x to (1, g7'x) in G X.(g) (X, A).

e Bijectivity. If ker(x) acts freely on X \ A, then
indy: HH (X, A) — HE (. (X, A))
is bijective for all n € Z.

We briefly fix some conventions concerning spectra. If X is a space, denote
by X+ the pointed space obtained from X by adding a disjoint base point. Let
Spectra be the category of spectra in the following naive sense. A spectrum
E = {(E(n),0(n)) | n € Z} is a sequence of pointed spaces {E(n) | n € Z}
together with pointed maps called structure maps o (n): E(n) AS' — E(n + 1).
A map of spectra f:E — E' is a sequence of maps f(n): E(n) — E’(n) which
are compatible with the structure maps o (n), i.e., we have f(n + 1) o o(n) =
o’(n) o (f(n) Aidg1) for all n € Z. Given a spectrum E and a pointed space X,
we can define their smash product X A E by (X A E)(n) := X A E(n) with the
obvious structure maps.
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It is a classical result that a spectrum E defines a homology theory by setting
Hy (X, A;E) = 7, (X4 Uy, cone(44)) A E),

where cone denotes the reduced cone. We want to extend this to equivariant
homology theories.

Let Groupoids be the category of small connected groupoids with covariant
functors as morphisms. Notice that a group can be considered as a groupoid with
one object in the obvious way.

For the proof of the following result we refer to [27, Proposition 157 on p. 796].

Theorem 2.2. Consider a covariant Groupoids-spectrum
E: Groupoids — Spectra.

Suppose that E respects equivalences, i.e., it sends an equivalence of groupoids
to a weak equivalence of spectra.
Then E defines an equivariant homology theory H?(—: E) such that we have

H;(G/H:E) = H,! (pt:E) = m,(E(H))
for every group G, subgroup H C G andn € Z. The construction is natural in E.

Example 2.3 (Borel homology). Let E be a spectrum. Let H«(—; E) be the (non-
equivariant) homology theory associated to E. Given a groupoid G, denote by E'G
its classifying space. If G has only one object and the automorphism group of this
object is G, then E'G is a model for £G. We obtain two covariant functors

Cg Groupoids — Spectra, Gr—E,
bg: Groupoids — Spectra, §+— EGy AE.

Thus we obtain two equivariant homology theories H} (—:cg) and H!(—; bg)
from Theorem 2.2. The second one is called the equivariant Borel homology
associated to H.(—; E). We get for any group G and any G-C W-complex X
natural isomorphisms

HE (X;cg) = Hy(G\X;E),
HE(X;bg) = Hy(EG x6 X;E).

Let € be a non-empty class of groups which is closed under isomorphisms,
passage to subgroups and passage to quotient groups. Our main examples will be
the class FIN of finite groups and the class VCY of virtually cyclic groups.

Given a group G, denote by Ec(G) the classifying space of G with respect to
the family of subgroups Fe(G) = {H C G | H € C}. Itis defined to be a terminal
object in the G-homotopy category of G-C W -complexes, whose isotropy groups
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belong to Fe¢(G). A model for Ec(G) is a G-C W-complex whose H -fixed point
set is contractible if H € C and is empty if H ¢ C. With this notation E5gx(G)
is the classifying space of proper actions, sometimes also denoted by EG. We
sometimes denote Evyey(G) by EG. For more information about classifying
spaces of families we refer for instance to [26].

Given a group homomorphism f: G — H, we denote by

Ec(f): J«Ee(G) — Ec(H)

the up to H-homotopy unique H-map coming from the universal property of
Ee(H) and the fact that fx Ec(G) is an H-C W -complex whose isotropy groups
are of the shape f(K) for K € € and hence all belong to € again. Given an
equivariant homology theory 3} with values in A-modules, it induces homomor-
phisms of Z-graded A-modules

HE(Ec(f))
_

fe: HI(Ee(G)) = H (fxEe(G)) H (Ee(H)).

One easily checks that thus we obtain a covariant functor

HE: Groups — A-Modules, G — HC(Ee(G)). (2.4)
Lemma 2.5. Let Gy, Gy and G, be subgroups of G satisfying Go < G, Ga.
Suppose that the inclusions iy: Gy — G for k = 0, 1,2 induce an isomorphism

G1 *G, G2 = G. Let ji: Gy — Gy be the inclusion for k = 1,2. Suppose that
each element in C is a finite group.
Then we obtain a long exact Mayer—Vietoris sequence

0n
- 2L 380(Ee(Go))

(E1)n®E2)n
_—

UD)nx=(i2)n
TR, 16 (Ee(Gh)) @ HO (Ee(Ga))

UDn—1x=02)n—1 .

HE (Ee(G)) 25 350 (Ee(Go))

Proof. There is a 1-dimensional G-C W -complex T whose underlying space is a
tree such that the 1-skeleton is obtained from the 0-skeleton by the G-pushout

G/Gox S® —1 G/G1 11 G/G,

| |

G/Gox D! — & T

where ¢ is the disjoint union of the canonical projections G/Gy — G/G1 and
G/Gy — G/Gy, see [35, Theorem 7 in §4.1 on p. 32]. If we take the cartesian
product with Ee(G) we obtain another cellular G-pushout. Its associated Mayer—
Vietoris sequence yields the long exact sequence

+ = 37(G/ Go x Ee(G)) —> 3 (G/G1 x Ee(G)) & 7 (G/ G2 x Ee(G))

— HO(T x E¢(G)) — HC [(G/Go x Ec(G)) —> -+ .
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There is a G-homeomorphism (jx )« j; Ec(G) = G/GrxEe(G), where Jr Ec(G)
is the restriction of E¢(G) to Gy by jx. Obviously j*Ec(G) is a model for
E¢(Gy). Using the induction structure of the equivariant homology theory 7’
we obtain identifications for k = 0, 1,2

HE (Ee(Gr) —> HE(G/ Gy x Ee(G)).

The K-fixed point set 7X is a non-empty subtree and hence contractible for every
finite subgroup K C G, see [35, Theorem 15 in 6.1 on p. 58 and 6.3.1 on p. 60].
Hence the projection T x Ec(G) — Ee(G) is a G-homotopy equivalence since
every element in C is finite by assumption. Hence we get an identification

HO(Ee(G)) —> HE(T x Ee(G)).

Now we obtain the desired long exact sequence from the last long exact sequence
and the identifications above. |

3. Graph products of groups

In this section we give the definition of a graph product of groups. We show that
the value of an equivariant homology theory on the classifying space of a graph
product is the colimit over a certain system of subgroups.

Let X be a finite simplicial graph on the vertex set V' and suppose that we
are given a collection of groups W := {W, | v € V}. Then the graph product
W(X, W) is defined as the quotient of the free product *,ecy W, of the collection
of groups W by introducing the relations

{[g. &1 =1]v,v €V, there is an edge joining v and v', g € Wy, g’ € Wy }.

In other words, elements of subgroups W, and W,, commute if there is an edge
joining v and v’. This notion is due to Green [18].

Let X be the flag complex associated to X. Denote by § = 8(X) the poset
of full subcomplexes of X, ordered by inclusion, where we also allow the empty
subcomplex. Then we can assign to L € 8 the graph product group W(X N L,
WlynL), where X N L agrees with the 1-skeleton of L and W|ynr = {W,, | v €
V N L} is the restriction of W to the vertices in L. Consider Loy, L; € 8 with
Ly < Ly. Then we obtain group homomorphisms

Wi(Lo < L1): W(Lo, Wlynr,) — W(L1, WlvnL,),
W*(Lo < L1): W(L1,Wlynr,) — W(Lo. WlvnL,)

as follows. The morphism W,(Lo < L) is induced by the obvious inclusion
*yevnLoWv = *vevnr, Wy, Whereas the second one is induced by the projection
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*yevnL, Wo = *vevnr, Wy which s given on W, for v € V' N L, by the inclusion
Wy — *yevnrL, Wy if v € Ly, and by the trivial homomorphism if v ¢ Lo. One
easily checks that thus we obtain a covariant functor

Wy:8 — Groups
and a contravariant functor
W*:8 — Groups.

By construction W, and W* agree on objects and we write
W(L) := Wi(L) = W*(L) := W(X N L,W|ynr)

for an object L € S.
The elementary proof of the following lemma is left to the reader.

Lemma 3.1. (i) Let Lo, L1, Lo, L € S be elements such that L = L U L, and
Lo = L1 N Ly. Then we obtain a group isomorphism

Wi(L1 < L) *w,(Lo<r) Wi(L2 < L): W(L1) *w(Ly) W(L2) — W(L).

(i) Let L1, L», L € 8 be elements satisfying L1 < L and L, < L. Then we
get an equality of group homomorphisms W(L1) — W(L>)

W*(Ly < L)oWi(Ly < L) = Wa((L1 N L) < Ly) o W*((L1 N Ly) < Ly).

Remark 3.2. Notice that in particular we get from Lemma 3.1 (ii) that for any two
elements Lo and L; in 8 with Ly < L, the composite

W*(Lo < Ll) o W*(Lo < Ll)

is the identity on W(L¢). Hence W, (Lo < L) is split injective and W*(Lo < L1)
is split surjective.

Let 5’ be an equivariant homology theory with values in A-modules. Let C
be a non-empty class of groups which is closed under isomorphisms, passage to
subgroups and passage to quotient groups. We have defined a covariant functor
HE and studied its main properties in Section 2.

We want to study the covariant AS-module

HC o Wi: 8 — A-Modules, L +— K7D (Ec(W(L))),

and are in particular interested in its value at X itself.
Viewing a simplex as a full subcomplex yields for every L € 8 a map of posets

I P(L) —> S(L).
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For two elements L and L' in 8 with L < L’ let

JP(L < L'):P(L) — P(L),

JS(L < L"):8(L) — 8(L")
be the maps of posets induced by the inclusion L € L'. Define the A-module

Cn(L) = colimpzy HE o Wi 0 JS(L < 2) o I,
to be the colimit of the covariant functor
HE o Wi o JS(L < X) o I P(L) — A-Modules.

Given elements L and L’ in 8 with L < L’, we obtain a map of A-modules

Ca(L < L'): Ca(L) —> Cu(L))

from JP(L < L") because of JS(L' < X)olp o JP(L <L')=J3(L < X)ol;.
One easily checks that thus we obtain a covariant AS-module

C,:8 — A-Modules, L +— C,(L).
For every object L € § there is an obvious A-homomorphism
Tu(L): Cu(L) = colimpry HS o Wy 0 JS(L < E) o I —> HS o Wi(L)

coming from the various A-maps HS o Wi (o) — HS o Wi (L) induced by the
inclusions I7,(0) € L for o running through the simplices of L. One easily
checks that the collection of the A-homomorphisms 7, (L) fits together to a map
of covariant AS-modules

Tp: Cp —> HE o Wi, (3.3)

Theorem 3.4. Suppose that each element in C is a finite group.
Then the map of AS-modules T, of (3.3) is an isomorphism. In particular its
evaluation at X yields a A-isomorphism

To(2): colimgep HY @ (Ee(W(0))) — HIY D (Ec(W(T))).

Proof. Notice that T, (L) is obviously an isomorphism if L lies in the image of
1:P — §, since then L is a terminal object in P(L) and hence under the obvious
identification C, (L) = colimp(z) HS o Wy 0 J8(L < X) o I, = HE o Wi(L) the
A-homomorphism 7}, (L) becomes the identity.

We show for any L € 8 that T,,(L) is an isomorphism by induction over the
number of vertices of L. If L is the empty subcomplex, then L is in the image
of 1: P — § and the claim has already been proved. The induction step is done
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as follows. We only have to consider the case, where L is not in the image of
I:P — 8. Since L is itself a flag complex, there must be two vertices v; and
v, in L which are not connected by an edge. Let L; be the full subcomplex of
L spanned by v; and all vertices in L which are connected to v; by an edge. In
particular v, is not a vertex of L. Let Lo be the full subcomplex of L which is
spanned by all vertices v for which there exists an edge whose terminal points
are v and v;. Notice that v; does not belong to Lo and L; is the cone over
Ly with cone point v;. Let L, be the full subcomplex of L spanned by all
vertices except v;. Then L = L; U L, and Ly = L; N L, and the number
of vertices of Ly, L and L, is smaller than the number of vertices of L. The
induction hypothesis applies to Ly and hence T,(Ly) is an isomorphism for
k = 0,1,2. Since P(L) = P(L;) U P(Ly) and P(Ly) = P(L1) N P(Ly),
P(L) is the pushout of P(L;) < P(Lo) — P(L2). Hence C, (L) is the pushout
of C,(L1) < Cy(Lg) — Cy(L») along the maps induced by the inclusions
P(Lo) € P(Lg) and P(Lr) € P(L) for k = 1,2. This can be seen as follows.
A morphism out of the pushout to a A-module X is an element in the pullback
of Homa (C,(L1), X) — Homy (C,(Lo), X) < Homp (C,(L2), X). These are
homomorphisms of A-modules indexed over P(L;) and P(L,) that agree on
P(Lo). Hence this is the same as a A-module homomorphism from C, (L) to X.
In particular,

Cy(Lo) — Cu(L1) ® Cp(L2) — Cy(L) — 0

is exact. Since the group homomorphism W, (Lo) — Wi (L) is split injective, a
retraction is given by W*(L{) — W*(Ly), the A-homomorphism

3Gy 0 Wa(Lo < L1):3G; 0 Wa(Lo) —> 30} o Wa(L1)

is split injective by functoriality. We get from Lemma 2.5 and Lemma 3.1 (i) an
exact sequence

HE o Wi(Lo) —> HE o Wi(L1) ® HE o Wi(Lz) —> HE o Wi (L) —> 0.
One easily checks that we obtain a commutative diagram with exact rows

Cn(Lo) — > Cu(L1) ® Cp(L2) ——— > Cu(L) — 0
ElTn(Lo) %lTn(Ll)GBTn(Lo) lTn(L)
HE o Wi(Lo) — HE o Wa(L1) & HE o Wi(La) — HE o Wa(L) — 0

Now the induction step follows from the Five-Lemma. |

We have proven part (i) of the main Theorem 1.1.
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4. Mackey modules

In this section we prove the remaining parts of the main Theorem 1.1. More
generally, we show that the colimit of any Mackey module splits as a direct sum
over its index category.

Let ¥ be a finite simplicial complex. Denote by P = P(X) the poset of its
simplices ordered by inclusion, where we allow the empty simplex as well. The
dimension of the empty simplex is defined to be —1. Notice that for two elements
o and 7 in P the intersection o N 7 is again an element in P which is uniquely
determined by the property that it is maximal among all those elements p in P
satisfying both u < o and u < 7.

Let A be acommutative ring with unit. A Mackey AP-module M = (M, M*)
is a bifunctor P — A-Modules, i.e., a covariant functor M. and a contravariant
functor M* from P to A-Modules such that M, and M* agree on objects and
for objects 01, 02, T of P satisfying o < v fork = 1,2, we get

M*(02 < 1)oMy(0) <7) = My(01 N0z <03) o M*(01 N0y <07).  (4.1)

The name Mackey AP-module comes from the analogy to the classical notion
of a Mackey functor, where (4.1) replaces the double coset formula, see [37,
Section 6.1].

Example 4.2 (Mackey modules coming from graph products). Our main example
comes from Section 3. Let X be a finite simplicial graph on the vertex set V
and suppose that we are given a collection of groups W := {W, | v € V}. Let
F:Groups — A-Modules be a covariant functor, e.g. the functor H¢ defined
in (2.4). Define My = FoW,ol and M* = F o W*o I. Then the pair (M., M*)
defines a Mackey A P-module by Lemma 3.1 (ii).

Fix elements 7 in ? and d € {-2,-1,0,1,2,...}. Consider a covariant
AP-module N, i.e., a covariant functor N: P — A-Modules. Define the A-sub-
modules L¢ N and L, N of N(t) to be the images of the maps

PN <1): P Neo) — N

oceP, o<t oceP, o<t
dim(o)<d dim(o)<d

and

P nNe <1): P Neo) — N@).

oceP, o<t oceP, o<t

respectively. Define A-quotient modules of N(t) by

SIN = N(x)/LY(N), SN = N(1)/L(N).
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Then we obtain a sequence of inclusions of A-modules
{0y =L 2N CL7INCLINCLIN c...c Ldm®-1y = [dm@ N — 1 N,
and a sequence of epimorphisms of A-modules
N(t) = ST2N — S7IN — SN — SIN — ... — gdim®-1y
= §Im@ N = g N.
Note that
L7'N =im(N@) — N(r)) and S;'N = cok(N(@) — N(1))

fort #@and L;'N = {0} and S;'N = N(9).

Consider a Mackey AP-module M = (M., M*). Define a A-homomorphism

sf: M (1) —> M.(7)

by
s = idp, ) — ) Ma(p < 1) 0 M*(pu < 7).
MEP U<t
dim(uw)=d
Lemma 4.3. Ford € {—1,0,1,2,...},

s(LIM,) C LM,

Proof. 1f d > dim(t) we have s¢ = idy, () and Lé7'M, = LIM, = L. M,.
Therefore the claim is true in this case. Assume that d < dim(r). We compute
for 0 € P satistying o0 < t and dim(o) < d

sf oM.(o <1)

=Mi(0<1)—) Mi(u<t)oM*(n=1)0Mi(o =<7

MEP, u<t
dim(pu)=d

Mﬁl)M*(o §r)—ZM*(,u <t)oM,(uNo <pu)oM*(uNo <o)

MEP, u<t
dim(u)=d

= M«(o §t)—ZM*(,uﬂo <t)oM*(uNo <o)
HEP U<t
dim(u)=d

=M*(crSr)—ZM*(,uﬂafr)OM*(,uﬂofa)

HEP U<t
dim(u)=d,dim(uNo)=d

—ZM*(MHUSI)OM*(;LHUSU).

MEP, U<t
dim(uw)=d,dim(uNo)<d—1
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Suppose that dim(y N o) = d. Since dim(x) = d and dim(o) < d, we conclude
W = uNo =oand hence because of 0 < 7

{ne?P|u<rtdimu) =d,dim(unNo) =d} ={o}.
This implies

Mo <7)=) Mi(pno<t)oM*(uno <o) =0,
MEP U<t
dim(w)=d,dim(uno)=d
and hence

s@oMi(o < 1) = —ZM*(MHU <t)oM*(uNo <o).
HEP U<t
dim(uw)=d,dim(uNo)<d—1
We conclude for every o € P satisfying 0 < 7 and dim(o) < d
im(s? o My (0 < 1)) € L97' M,

Now the assertion follows. O

Define a map
Sei My (1) —> My (7)

to be the composite s7! 0 5% 0 -+ 0 sS™D~1 Then we conclude by induction

from Lemma 4.3 that s, restricted to LM, is trivial and hence induces a A-
homomorphism
Sei SeMy —> My (7).

Lemma 4.4. Let M = (M, M*) be a Mackey AP-module. Consider an element
v € P. Let pr: My (t) — S M, be the projection. Then

pr o8y =ids, pm, -
Proof. Obviously each map s¢ satisfies p; o s¢ = p;. |
For every element v € P the restriction
RES;: AP-Modules — A-Modules

has a left adjoint E£; by [23, Lemma 9.31 on p. 171]. Explicitly, the functor
E;: A-Modules — AP-Modules is given by E;(N) = N ®x A morp(t,?),
where ? runs through the objects of P and A mors(z, ?) is the free A-module with
the set mory(z, ?) as basis. Equivalently, N ® o A mors(z, ?) assigns to an object ?
the A-module N if < ?, and {0} otherwise. Functoriality in ? is given by the
identity on {0} or N, or by the inclusion {0} — N.
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We get for every element t € P and every map of covariant A-modules
u: S M, — M, (t) a map of covariant AP-modules

ad(u): E;(S:My) — M,

by the adjoint of u under the adjunction (E;, RES;). For ? € P the map ad(u)(?)
is given by the composite

My (r<?
So My =5 Mo (0) 2= mLo0)

if © < ? and by the inclusion {0} — M..(?) otherwise.

Lemma 4.5. Consider any collection of homomorphisms §;: S My« — My (1)
satisfying pr o §; = ids, pm,, where t runs through the elements in P.
Then the homomorphism of covariant AP-modules

ad(5) == P ad(5:): @) E<(S: M) — M.

teP TeP

is an isomorphism.

Proof. We start with injectivity. Suppose that ad(5) is not injective. Then
there exists an element ¢ € P and a non-trivial element a = (a;)zep €
D,cp E-(S:My) (o) such that ad(5)(0)(a) = 0. Choose 19 € P with a,, # 0
such that for all © € P with a; # 0 we have dim(t) < dim(zp). If T € P satisfies
a. # 0and hence E;(S;M.)(0) # 0, we use the explicit description of E;(S; M)
to conclude t < 0. The composite

D E(SM)©0) 2 Ma(0) 52 Ma(ro) 7 S Mo (46)

teP

sends « to 0 since ad(§)(o)(a) = 0.
Consider an element t € P with a; # 0. Then dim(r) < dim(zp) and hence
we get T N 19 < 79 if T # 19 and t N 19 = 19 if T = 19. The composite

My(t< M* (o< Dt
Mo(@) 2= a0y 2R g () T S, M

agrees because of (4.1) with the composite

M*(N My (zNtp< Dt
Mo(r) L= gy M= oy 2 s M.

Hence itis zero if T # 19 anditis py, if T = 79. This implies that the restriction of
the composite (4.6) to the summand associated to 7 is trivial if ¢ # 7o and is the
identity under the obvious identification Eq,(Sz,Mx)(0) = S;yMy if T = 79. We
conclude that the composite (4.6) sends a to a,, under the obvious identification
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E)(St;uMy)(0) = SyyM. Since this implies a;, = 0, we get a contradiction.
This finishes the proof that ad($) is injective.

Next we show by induction for d = —1,0, 1,2, ... that ad(5)(o) is surjective
for all 0 € P with dim(o) < d. The induction beginning is obvious since @ is
the unique initial object, hence SyM, = M, (@) holds and therefore ad(s)g(0)
is bijective. The induction step from (d — 1) to d > 0 is done as follows. The

composite

d($)o
Eq(So M) (©) 2% M, (0) —> SoM.

is surjective. Hence it suffices to show that L, M, is contained in the restriction
of ad(3)(0) t© Prep v 2o Ex(S:My)(0). It suffices to show that for every o’ with
o’ < o the image of M.(0’) — M. (o) is contained in the restriction of ad(s) (o)
10 D 120 Ec(S:Ms)(0). By induction hypothesis ad(5) (o) is surjective. Now
Lemma 4.5 follows from naturality of ad(5) and the fact that Ey(Sy;My)(0")
vanishes. O

For a covariant AP-module N, denote by H,(P; N) its homology. This is
H, (P, @pp N) for the A-homology of the A-chain complex P, ® pp N for any
projective AP-resolution P, of the constant AP-module A with value A. In the
notation of [23, Chapter 17] this is Torf,\?(/_\, N).

Theorem 4.7. Let M = (M, M*) be a Mackey AP-module. Then,
(i) Hn(P; My) vanishes forn > 1,
(ii) we obtain an isomorphism

colimp M, = Ho(P; My) = €P) So M.,

geP
(ili) Sg My is a direct summand in the A-module M (o).

Proof. (i) From Lemma 4.5, we obtain an isomorphism

D H,(P; Eo(Se M.)) = H,, (‘.P; @EU(SGM*)> ~ H,(P: My).

oeP oeP

Since the automorphism group of the object ¢ in P is the trivial group {1}, we get
for any A-module N an isomorphism

{0} ifn=>1,

Hy(P: Ec(N)) = Hy({1}: N) = {N ifn =0.

This follows from the adjunction (E,, RESy) of [23, Lemma 9.31 on p. 171] and
the fact that RES, (Py) is a projective A-resolution of A.
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(ii) For every covariant AP-module N, there are canonical A-isomorphisms
colimp N = A ®pp N = Ho(P; N),

where A is the constant AP-module with value A. This follows from the adjunc-
tion between tensor product and the hom-functor and the fact that — @ o N is
right-exact, see [23, 9.21 and 9.23 on p. 169].

(iii) This follows from Lemma 4.4. O

Let ch, (X, 0) be the set of n-chains 09 < 01 < -+ < g, in P with o9 = o.
Define the integer

ch(,0) =Y (—=1)" - |chy(Z.0)|.
n>0

Fix a class of A-modules & with the property that for an exact sequence
0 — Vo = Vi — Vo — 0 the A-module V; belongs to € if and only if both V, and
V> belong to €. An example is the class & of A-modules whose underlying set is
finite, and for a Noetherian ring A the class € of finitely generated A-modules.
Denote by Go(€) the Grothendieck group of elements in &, i.e., the abelian
group with the isomorphism classes of elements in € as generators and relations
[Vi] = [Vo] + [V2] for every short exact sequence 0 — Vo — V3 — V, — 0 of
A-modules belonging to €.

Theorem 4.8. Let M = (M., M*) be a Mackey AP-module. Suppose that M (o)
lies in € for all o € P.
Then we get in Go(&)

[colimp M.] = > " ch(Z.0) - [M.(0)].
oeP

Proof. The bar-resolution yields a finite free A®P-resolution C, of the constant
AP-module A with value A such that

C, = @ @Amor?(?,cr),
o€P ch, (2,0)

see [11, Section 3]. Since Cy is a finite free AP-chain complex, the A-chain
complex Cx ® pop M is a finite-dimensional A-complex whose A-chain modules
belong to €, and we get in G (&)

Z(_l)n : [Hn(c* QAP M*)]

n>0

=D )" [Cr@ar M=) (=D)"- (D D [Mu(0)))

n>0 n>0 o€P ch,(Z,0)

=3 (21" Tehn(2.0)]) - [Ma(0)] = Y ch(S,0) - [Ma(0)]

oc€P n>0 oeP
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Since H,(C« @ap My) agrees with H,(P; M), the claim follows from Theo-
rem 4.7. O

4.1. Proofof Theorem 1.1. We defined the functor }$: Groups — A-Modules
in (2.4). We conclude from Example 4.2 that (S o Wy 0o I, HS o W* o I) is a
Mackey AP-module. Now Theorem 1.1 follows from Theorem 3.4, Theorem 4.7,
and Theorem 4.8.

5. Isomorphism Conjectures in K- and L-theory

In this section we review the Isomorphism Conjectures of Baum—Cones and
Farrell-Jones and recollect the most important results on the passage from FIN
to VCY in the Farrell-Jones setting.

Let C be a non-empty class of groups which is closed under isomorphisms,
passage to subgroups and passage to quotient groups. Recall that given a group
G, we denote by E¢(G) the classifying space of G with respect to the family of
subgroups Fe(G) = {H € G | H € C}. Consider a covariant Groupoids-
spectrum

E: Groupoids — Spectra

which respects equivalences. We obtain an equivariant homology theory H.(—; E)
associated to E from Theorem 2.2.

Then the Meta-Isomorphism Conjecture for E and the class C predicts that the
projection pr: Ec(G) — G/G induces for all n € Z an isomorphism

HE (pr; E): HE (E¢(G): E) = HE(G/G:E) = m,(E(G)).

If we make the appropriate choices for E and C, this becomes the Baum—
Connes Conjecture or it becomes the Farrell-Jones Conjecture for algebraic
K-theory, for algebraic L-theory, for Waldhausen’s A-theory, or for topological
Hochschild homology.

5.1. The Baum—Connes Conjecture. Given a discrete group G, denote by
CX(G) and C}(G;R) its reduced complex and reduced real group C*-algebra
and by C,;(G) and C,;, (G; R) its maximal complex and maximal real group C*-al-
gebra. There are covariant functors

K¢ : Groupoids — Spectra, S.D
K¢y .r: Groupoids — Spectra, (5.2)
which send equivalences of groupoids to weak equivalences of spectra and satisfy

n(Kcy (G)) = Kn(Cpi(G)) and 7, (K 2(G)) = KOn(Cp(G:R)) forn € Z.
Here K. and KO, denote topological K-theory. If we consider the class of
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finite groups, the Meta-Isomorphism Conjecture reduces to the Baum—Connes
Conjecture for the maximal group C*-algebra. It predicts the bijectivity of the
assembly maps for n € Z

KF(EG) — Kn(Cii(G)),
KOS (EG) — KO0,(C(G; R)),

where the source is given by equivariant K-homology for which we have the
identifications K¢ (EG) = HE(EG;K¢zx) and KOF (EG) = HE(EG: K¢z »).

We can apply K-theory to the natural maps of C*-algebras C,; (G) — C}(G)
and C,(G;R) — C}(G;R) to obtain maps f,: K,(C,(G)) — K,(CX(G))
and fR:K0,(C}(G;R)) — KO,(C*(G;R)). The Baum—Connes Conjecture
predicts that the composites

KS(EG) — Kn(CA(G)) 1> Ka(C}(G)).
KOZ(EG) — KOn(Cp(G:R)) LN K0,(C}(G;R))

are bijective for all n € Z.

There are counterexamples to the Baum—Connes Conjecture for the maximal
group C *-algebra, but no counterexamples to the Baum—Connes Conjecture are
known. We want to consider the Baum—Connes Conjecture for the maximal
group C*-algebra since K,(C,;(G)) and KO,(C,,(G;R)) are functorial in G
for all group homomorphisms, whereas K,(C;*(G)) and KO,(C}(G:R)) are
functorial for injective group homomorphisms, but not in general for any group
homomorphism. Moreover the covariant functors (5.1) and (5.2) are defined on
Groupoids. This ensures that the induction structure is available for all group
homomorphisms and not only for injective group homomorphisms as it is the case
if we replace (5.1) and (5.2) by their versions for the reduced C *-algebras. We
later want to apply the induction structure also to certain split surjective group
homomorphisms, see Remark 3.2.

There is a more general Baum—Connes Conjecture with coefficients, which is
known to be true for a large class of groups and which has good inheritance prop-
erties. In particular, the class of groups satisfying the Baum—Connes Conjecture
with coeflicients is closed under taking graph products, since it is stable under
finite direct products and amalgamated products, see [31] and [32].

5.2. The Farrell-Jones Conjecture. Given aring R (with involution), there are
covariant functors

Kg: Groupoids — Spectra,

L%_C’o): Groupoids —> Spectra,
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which send equivalences of groupoids to weak equivalences of spectra and satisfy
72(Kr(G)) = Kn(RG) and 7,(LY; ™ (G)) = LS ™ (RG). Here K, denotes
non-connective algebraic K-theory and L) denotes algebraic L-theory with
decoration {(—oo). If we consider the class of virtually cyclic groups, the Meta-
Isomorphism Conjecture reduces to the K-theoretic or the L-theoretic Farrell—
Jones Conjecture which predicts that for all n € Z the corresponding map

HE(EG:Kg) — HF(G/G:Kg) = Ku(RG),
HE(EG; LY — HE(G/G;LE™) = LE/(RG)

is bijective.

There is a more general Full Farrell-Jones Conjecture which allows additive
G-categories as coefficients. It is known to be true for a large class of groups
and has good inheritance properties. In particular, the class of groups satisfying
the Full Farrell-Jones Conjecture is closed under taking graph products, which
is a result of Gandini—Riiping [17]. There also is a version of the Farrell-Jones
Conjecture for Waldhausen’s A-theory which we will not discuss here. It satis-
fies similar inheritance properties as the Full Farrell-Jones Conjecture, see [15]
and [38]. Also the following Theorem 5.3 (i) holds in this setting, see [6].

5.3. The passage from FIN to VCY. The Farrell-Jones Conjecture is more
complicated than the Baum—Connes Conjecture since for the Farrell-Jones Con-
jecture the class of virtually cyclic groups has to be considered, whereas for the
Baum—Connes Conjecture the class of finite groups suffices. Hence one has to
understand the passage from EG to EG in the Farrell-Jones setting.

Theorem 5.3. (i) Let G be any group and R be a ring. Then the relative assembly
maps
HE(EG:Kg) — HZ(EG:Kg),
HE(EGLY ™) — HE(EG: L™
are split injective for all n € Z.
(ii) Let G be any group and R be a regular ring. Then the relative assembly
map
H,(EG:Kp) — H,(EG:Kp)
is rationally bijective for all n € Z.
(iii) Let G be any group and R be a regular ring. Suppose that for any finite
subgroup H C G its order |H | is invertible in R. Then the relative assembly map
H,(EG:Kr) — H,(EG:Kp)

is bijective for all n € Z.



290 D. Kasprowski, K. Li, and W. Liick

(iv) Let R be a regular ring. Let W = W(X, W) be a graph product and d
be a natural number. Suppose that for any vertex v € V the group W, is either
torsionfree or a finite group whose order divides d. Then the relative assembly
map

HY(EW:Kg) — H)Y (EW:Kg)
is bijective after inverting d for all n € Z.

(v) Let G be any group and R be a ring with involution. Then the relative
assembly map

HE(EG;LE™)) — HE(EG; LG ™)
is bijective after inverting 2 for all n € Z.

(vi) Let G be any group and R be a ring with involution such that 2 is invertible
in R. Then the relative assembly map

HE(EG;LG™)) — HE(EG; LG ™)

is bijective for all n € Z.

(vii) Let R be a ring with involution. Let W = W(X, W) be a graph product.
Suppose that for any vertex v € V the group W, is either torsionfree or a finite
group of odd order. Then the relative assembly map

HY(EW:LE™®) — HY (EW:LE™)
is bijective for all n € Z.
Proof. (i) See [3] and [28].
(ii) This is proved in [28, Theorem 0.3].
(iii) See [27, Proposition 70 on p. 744].

(iv) Let VCY; be the class of virtually cyclic groups of type I, i.e., groups which
admit a homomorphism to Z with finite kernel. Then the relative assembly map

H,” (Evey,(W);Kg) — H,” (Evey(W); Kg)
is bijective for all n € Z by [12, Theorem 1.1]. Hence it suffices to show that
H,Y (Ezox(W): Kg) — H," (Evey, (W):Kg)

is bijective for all n € Z. By the same argument as it appears in [28, Proof
of Theorem 0.3 on p. 370] the claim is reduced to showing that for any infinite
virtually cyclic subgroup H € W of type I we get

NK(RKp:; ¢)[1/d] =0,

where Ky C H is a finite subgroup such that H/Kp is infinite cyclic and
¢: Kg — Kpg is given by conjugation with an element # € H which is sent
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under the projection H — H/Kpg to a generator. Any finite subgroup of W is
conjugated into a group W(o) for some simplex o of X such that W, is finite for
every v € V No. (Indeed, this is obvious if ¥ is a simplex. Otherwise, we can
express W as an amalgamated product and use the fact that a finite subgroup of
an amalgamated product is conjugated into one of the factors, see [35, Theorem 8
in 4.3 on p. 36]. Then conclude via induction on the number of vertices.) Hence
we can assume that there exists a simplex o of ¥ such that Ky € W(o) and W(o)
is finite. There is a group homomorphism r: W — W(o) whose restriction to
W (o) is the identity, see Remark 3.2. Consider w € Kg. Then hwh™! belongs to
Ky again. We compute

p(w) = hwh™ = r(hwh™Y) = r(h)r(w)rh)~ = r(h)wr )L

Hence ¢ is given by conjugation with r(h) € W(o). The order of r (/) and thus
also of ¢ divides d. We conclude from [28, Theorem 9.4] that

NKn(RKp:¢)[1/d] = 0.

(v) This is proved in [25, Lemma 4.2].

(vi) The proof is analogous to the first part of the proof of (iv) using the fact
that UNil-groups vanish, if 1/2 is contained in R, see [7, Corollary 3] and that the
map

H (Egsn(G); LE™) — H (Evey, (G);LE™)

is bijective for all n € Z, see [25, Lemma 4.2].

(vii) Any finite subgroup of W is conjugated into a group W(o) for some
simplex o of X such that W, is finite for every v € V N o. Hence every finite
subgroup has odd order and thus every infinite virtually cyclic subgroup of W is
of type 1. Now the claim follows from [25, Lemma 4.2]. This finishes the proof of
Theorem 5.3. O

6. Right-angled Artin groups

In this section we want to compute the group homology, the algebraic K- and L-
theory, and the topological K-theory of a right-angled Artin group W. Recall
that a right-angled Artin group is a graph product W = W(X, W) for which
each of the groups W, is infinite cyclic. Right-angled Artin groups satisfy the
Baum—Connes Conjecture and the Baum—Connes Conjecture for the maximal
group C *-algebra, which follows from [13] and [19]. Both the K-theoretic and the
L-theoretic Farrell-Jones Conjecture are satisfied for right-angled Artin groups,
see [2] and [40]. For general information about right-angled Artin groups we refer
for instance to Charney [9].
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In the sequel we denote by r; the number of k-simplices in P = P(X) and
putr = |P| = znznf) rr. Recall that the empty simplex is allowed in P and has
dimension —1.

Note that W is torsionfree and that therefore a model for EW is given by EW .
For an equivariant homology theory 3% and any group G the induction structure

along the trivial homomorphism G — {1} yields an isomorphism
HO(EG) — H Y (BG).

Let I« be a (non-equivariant) generalized homology theory with values in
A-modules. Let X be a C W-complex. It follows from the axioms of a generalized
homology theory that there is an isomorphism, natural in X

By (X) := Ky (pr) X (sn 0 Ky (idx xi)): Kn (X x S = Kn(X) x Kp1(X),
where we denote by
prrX xS! — X

the projection, by
i:S'=(SL,0) — (St pt)

the inclusion, and by

512 Kn (X X (S, 4pt)) —> Kt (X)

the suspension isomorphism.
By induction over k > 0 we obtain an isomorphism

k()
BY:%(T%*) = [T [T %a-i(p0, 6.1)

i=0 j=1

where we denote by 7% the k-dimensional torus ]_[f-;l S1. Note that T° = pt.
Fori = 1,2,...,k, let Tik C T be the subspace consisting of elements of
the form (zy, z2, ..., zx) with z; = *, where x* is a fixed base point in S'. Let
jik: Tl.k — T be the inclusion. We will identify T,f = Tk1,

Lemma 6.2. For everyk > 0 andn € 7 there is an isomorphism
k k 5
ek cok (@D K (i P K (TF) — K(T5)) > Ko (0.
i=1 i=1

Its inverse is induced by the restriction of the inverse of the isomorphism B¥
of (6.1) to the factor K,_i (pt) for the indexi = k.
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Proof. We use induction over k = 0,1,2,.... If k = 0, take ¢) = idx, py. The
induction step from (k — 1) to k > 1 is done as follows. We have the following
commutative diagram of A-modules

D, Kn (G5

D=y Kn(TF) 5 (TF)
id | =
Kn(T) & BIZ] Kn(TF) =id
ido@fZ) id | =
Kn(T*F1) @& BFZ] Kn(TF 1 x S Kn(TH1 x ST
id® @ Z{ Bu (T} 1) | =
I (TH1) @ P21 (I (TF) @ Koy (TF)) =| B, (T<)
fl=
(Kn(T*Y) & D] Kn(TFH) K (TEY)
&) T (S5
—_ _ 0 —
B! K (1) (B0) Har(TF )

where f is the obvious isomorphism, fo := idy, -1y ® EBf:ll Kn (jl.k_l), and
f1= @f‘;ll Kn—1( jik_l). Since fy is surjective, the diagram above induces an
isomorphism

k—1

k
cok ( @JC” (jik)) = cok( fo) @ cok( f1) = {0} @ cok ( @Kn—l(jik_l)).
i=1

i=1

By induction hypothesis we have an isomorphism

k—1
ekt cok (P Kna1 GF) = Kk (PO
i=1
This finishes the induction step and hence the proof of Lemma 6.2. |

6.1. Group homology. Let X, be any generalized homology theory with values
in A-modules. Notice that for any group G the C W-complex EG xg EG is a
model for BG since EG is contractible after forgetting the G-action. We have
introduced the equivariant homology theory given by the Borel construction and
X« in Example 2.3. We conclude from Theorem 1.1 and Lemma 6.2 that there is
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an explicit A-isomorphism

@ :Kn—dim(a)—l (pt) — :Kn (B W)

oeP

If we take for K, singular homology H.(—; A) with coefficients in A, this
boils down to the well-known, see for example [21, Corollary 11], isomorphism
of A-modules N

A" = H,(BW;A).

In particular we get the following relation for the Euler characteristics
X(BW) =1-x(%).

6.2. Algebraic K-theory. Let R be a regular ring. We conclude from Theo-
rem 1.1, Theorem 5.3 (iv), Lemma 6.2, and the validity of the K-theoretic Farrell-
Jones Conjecture for right-angled Artin groups that there is an explicit isomor-
phism of abelian groups

P Kn—dimo)-1(R) —> Kn(RW).

oeP

Its restriction to the summand belonging to o is the composite of the map
K.(RW(0)) — K,(RW) coming from the inclusion Z4m@+! = w(s) - W
with the restriction of the inverse of the iterated Bass-Heller-Swan isomorphism

dim(o)+1 (dim(?)+l)

b Dr-®w =5 K, (R[Z9m©)+1])

i=0 Jj=1

to the summand K, _gim(s)—1(R) belonging to i = dim(o) + 1.

Since for a regular ring R its negative K-theory vanishes, we conclude
K,(RW) = 0forn < —1. If we take R = Z, we conclude that K,,(ZW) for
n < —1, Ko(ZW), and Wh(W) vanish what is actually true if we replace W by
any torsionfree group satisfying the Farrell-Jones Conjecture.

6.3. Algebraic L-theory. Let R be a ring with involution. We conclude from
Theorem 1.1, Theorem 5.3 (vii), Lemma 6.2, and the validity of the L-theoretic
Farrell-Jones Conjecture for right-angled Artin groups that there is an explicit
isomorphism of abelian groups

P LIS o)1 (R) — LEN(RW).

oeP

Its restriction to a summand comes from the Shaneson splitting.
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6.4. Topological K -theory. We conclude from Theorem 1.1, Lemma 6.2, and
the validity of the Baum—Connes Conjecture for right-angled Artin groups that
there are explicit isomorphisms of abelian groups

P Kn—dimo)-1(C) —> Kn(C5(W)) = K (C(W)),

geP

D K On—dim(er—1 (R) —> KO(C5(W:R)) = KOu(C}(W:R)).

oeP

In particular we get an isomorphism of abelian groups
Kn(Cr(W)) = Kn(CH(W)) = Z",

if we put

ty = Zrk.

ke{—1,0,1,2,...,dim(Z)}
(n—k) odd

7. Right-angled Coxeter groups

In this section we want to compute the group homology, the algebraic K- and
L-theory, and the topological K-theory of aright-angled Coxeter group W. Recall
that a right-angled Coxeter group is a graph product W = W(X, W) for which
each of the groups W, is cyclic of order two. Right-angled Coxeter groups satisfy
the Baum—Connes Conjecture and the Baum—Connes Conjecture for the maximal
group C *-algebra, which follows from [13] and [19]. Both the K-theoretic and the
L-theoretic Farrell-Jones Conjecture are satisfied for right-angled Coxeter groups,
see [2] and [40].

In the sequel we denote by r the number of k-simplices in P = P(X) and
putr = |P| = znznf) r. Recall that the empty simplex is allowed in P and has
dimension —1.

During this section we denote by C, the cyclic group of order two. Fix an
integer k > 1. We will identify C¥ = C¥~! x C, and put C{ = {1}. For
i = 1,2,...,k, let (C¥); be the subgroup of C¥ consisting of those elements
(a1, as, ..., ax) satisfying a; = 0 and denote by j*: (CX¥); — C¥ the inclusion.

7.1. Group homology. Define for n > 0 and k£ > 0 an integer

n—1

o= Srr (1),

j=k

where here and in the sequel we use the convention Z?: ¢ =0fora >b.
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Theorem 7.1. We have for n > 1

Pn .dim(o)

H,W:2) = P
oeP j=1
o#0

Its proof needs some preparation. Firstly, the numbers p, x satisfy the follow-
ing:

1 forn > 1,n odd
_ =5 ’ 7.2
Pn.0 {0 for n > 0,n even, 7.2
Pnjk = Pn—1k—1 + pn—1,k fork,n>1, (7.3)
n—1
pn,k = Zpi,k—l forn 2 0 andk 2 1 (7'4)

i=1

Equation (7.2) follows directly from the definition and equation (7.3) follows from
an easy calculation. Then equation (7.4) follows by induction from equation (7.3).

Lemma 7.5. We have forn > 1 andk > 0

tn,k

H,(C5:2) =P G
i=1

With ty j = Z;‘:l ('j) " Pn,j-1-

Proof. The assertion is obviously true for k = 0. The induction step from k£ — 1
to k > 1 is done as follows. Recall that H,,(C5;7Z) is Z ifn =0, C, if n > 1 and
n is odd, and {0} otherwise. The Kiinneth formula gives the following short exact
sequence of Z-modules, which is natural in Czk_l

0— @ Hi(C5™:2) ®z Hj(Ca: Z) — Ho(C5 ™' x Ca: Z)
i+j=n
— @D Tor{ (Hi(C5™": Z). H;(C2: Z) — 0.
i+j=n—1

It splits but the splitting is not natural in C¥~!. Computing the Tor- and tensor-
products and rearranging the summands we obtain an isomorphism of Z-modules

n
Hy(C3:Z) = Ha(C2:Z) ® @ Hi(C; "1 Z).

i=1
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Using the induction hypothesis we calculate

n
e =lna + D lik1

i=1

(7.2) S (k-1
i,On,o-i-X:Z( i )'Pi,j—l

i=1;=1

k—1 n—1 k—1
k—1 k—1
—mo+ 2 (7)) Toumt X (71 orim
=1

i=1 j=1

(7.4) k—1 k—1
Do+ 3 () s+ X (1) e
— J — J
j=1 j=1
k k—1
k—1 k—1
:Pn0+Z(J_1)',0n,j—l+Z( j )Pn]—l
j=2 j=1
IR PWRES ol (b
= L\ j 1 Pn,j—1 a j Pn,j—1
j=1 j=1

=2 ((7) (55 ) o

This finishes the proof of Lemma 7.5. O

Forn > 1 and k > 0 define

k k
Sk Hy = cok (D Ha(iF: 2): @ Ha(CE)i:2) — Hu(CE: D).
i=1 i=1
Note that in the notation of Subsection 1.2 the group Sy H, coincides with
So(Hy(—;7Z) o Wy o I) for o a (k — 1)-simplex. Let the integer s, > 0 be
defined by

Sn.k

Sy Hy = @cz.
j=1

Lemma 7.6. Forn > 1 and k > 1 we have

Sn,k = Pn,k—1

and sp,0 = 0.
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Proof. Since H,({1}; Z) = {0} for n > 1, we have 5,0 = 0. The induction step
from k — 1 to k > 1 is done as follows. Theorem 1.1 yields an isomorphism

e )

PP s Hy = Hi(CF: 7).

j=0i=1
Using the induction hypothesis and Lemma 7.5 we conclude

k—1

k
Sn,k = tn,k - Z ( ) *Sn,j
— \J
j=0
k k—1
k k
= Z ( -)Pn,j—l - Z ( ) *Pn,j—-1
— \J — \J
j=1 j=1
= Pnk—1-
This finishes the proof of Lemma 7.6. O

Now Theorem 7.1 follows from Theorem 1.1 applied to the equivariant homol-
ogy theory given by Borel homology and singular homology with Z-coeflicients,
see Example 2.3, and from Lemma 7.6. Here we use the fact that for any group G
the space EG xg EG is a model for BG.

Remark 7.7. If we replace in this subsection C, = Z/2 everywhere by Z/ p’ for
some prime number p and some natural number /, then Theorem 7.1 remains true.
This follows from two facts. Since Z/ pl is a local ring, we conclude from [29,
Lemma 1.2 on p. 5] that for every natural number a, every summand of the abelian

group P¢_, Z/ p! is isomorphic to @j’ -1 Z/ p! for some natural number b. The

group homology H,(Z/ p'; Z) is isomorphic to Z/ p' if n is odd and vanishes for
even n withn > 2.

7.2. Negative K -groups for R = Z
Theorem 7.8. We have K,,(ZW) = {0} forn < —1.

Proof. Since right-angled Coxeter groups satisfy the Farrell-Jones Conjecture,
we get K, (ZW) = 0 for n < —2 and an isomorphism

colimy s ggn (W) K—1(ZH) —> K_1(ZW)

from [27, p. 749].

Since any finite subgroup of W is isomorphic to (Z/2)* for some natural
number k, and K_;(ZA) = 0 holds for a finite abelian group whose order is a
prime power, see [4, Theorem 10.6 on p. 695] or [8], the claim follows. O
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7.3. Projective class group for R = Z

Theorem 7.9. (i) There is an isomorphism
Ko(Z) ® @2/ =5 HY (EW:Ky).
ge?P

(ii) The map
HY (EW:Kz) — HY (EW:Kz)

is an isomorphism after inverting 2.

(iii) The canonical map
He' (EW:Kz) — Ko(ZW)
is an isomorphism.
(iv) We have Ko(ZW) ®z Z[1/2] = {0}.
Proof. (i) We have for every group G the obvious splitting
Ko(ZG) = Ko(Z) ® Ko(ZG).

By [39, Theorem 12.9], Ko(Z[C)]) = P 3( )Z/(2'~2). Using naturality of

this isomorphism, we conclude that the inclusions (C2k )i C C2k collectively hit
everything except the top summand Z/(2€=2). This implies that for H](—; Kz)
the groups S, in Theorem 1.1 are given by Z/(24m2=1) Now the assertion follows
from Theorem 1.1 applied to the equivariant homology theory H?(—: Kz).

(ii) This follows from Theorem 5.3 (iv).

(iii) This follows from the fact that a right-angled Coxeter group satisfies the
Farrell-Jones Conjecture.

(iv) This follows from assertions (i)—(iii). O
7.4. Whitehead group
Theorem 7.10. (i) The canonical map
HY(EW:Ky) — HYV (EW:Ky)
is an isomorphism and we have an isomorphism
HYV(EW;Kz) = H\(W;Z) ® K1(Z).

(ii) The map
HY (EW;Kz) — HY (EW:Kz)
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is an isomorphism after inverting 2.

(iii) The canonical map
H(EW:Kz) — K1(ZW)

is an isomorphism.

(iv) We have K\(ZW) ®z Z[1/2] = {0}.

Proof. (i) Notice that we have isomorphisms

HY"(EW;Kyz) = H\(BW;K(Z))
~ H\(BW, Ko(Z)) ® Ho(BW, K1(Z))
~ H\(W:Z)® K1(Z)
~ W/[IW, W] & {£l}.

Hence it remains to show that the canonical map H IW (EW;Kyz)—H IW (EW;Kg)
is bijective. The Whitehead group Wh(CX) vanishes for all natural numbers k
by [30, Theorem 14.1 on p. 328]. Hence the obvious map H,(CX;Z) x K,(Z) —
K1 (Z[CF]) is an isomorphism. Now apply Theorem 1.1 to the equivariant homol-
ogy theories given by the Borel construction, see Example 2.3, and to H(—; K7).

(ii) This follows from Theorem 5.3 (iv).

(iii) This follows from the fact that a right-angled Coxeter group satisfies the
Farrell-Jones Conjecture.

(iv) This follows from Theorem 7.1 and assertions (i)—(iii). O

7.5. Rationalized K -groups. Let R be a ring. For any non-empty simplex o of
> we have the diagonal embedding

Ay:Cy — W(o) = HWU = HCZ.

veVNno veVNo

Let j,: W(o0) — W be the inclusion. Then j, o As:C, — W induces a
homomorphisms (j, 0 Ag)«: Kn(R[C3]) = K, (RW). Denote by

ion:ker(K,(R[C2]) — Ku(R)) —> K,(RW)
its composite with the inclusion ker(K, (R[Cz]) — K,(R)) — K, (R[C3]), where

K, (R[C3]) = K, (R) is the homomorphism induced by the projection C, — {1}.
Letig,: Kn(R) = K,(RW) be the map induced by the inclusion {1} — W.
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Theorem 7.11. Let R be a regular ring.
(i) The map
ip.0n ® P ion: Kn(R) ® @ ker(Kn(R[C2]) —> Kn(R)) —> Kn(RW)

oeP oeP

o#D o#D
is rationally an isomorphism for all n € Z.
(ii) For R = 7,

Q" ifn=4k+ 1 withk > 1,
Q®z Kp(ZW)=3Q ifn=0,
{0} otherwise.

Proof. (i) Notice that any non-trivial finite cyclic subgroup C of C2k is isomorphic
to C; and that the obvious composite

ker(Q ®z Kx(RC) — Q ®z K»(R)) — Q ®z K»(RC)
—> cok(Q ®z Kn(R) — Q ®z Kn(RC))
is an isomorphism. The isomorphism appearing in [1, (2.11)], which exists
for A = @ and the equivariant homology theory H](—:Kg) because of [,

Lemma 4.1 (e)], which in turn follows from [36, Corollary 4.2], boils down to
an isomorphism

Jy ® P jc:Q &z Kn(R) & P ker(ed: Q ®z Kn(RC) — Q ®z Kn(R))
ccck ccck
C=C, C=Cy
=> Q ®z Ka(R[CLY),

where 822 Q®z Ky(RC) - Q ®z K, (R) is induced by the projection C — {1},
the map jy;y is induced by the inclusion {1} — C, and jc is the composite
of the inclusion ker(sg) — Q ®z K,(RC) with the map Q ®z K,(RC) —
Q ®z K, (R[Cé‘]) coming from the inclusion C — Czk. By naturality we get a
commutative diagram

k
P (Q &z Kn(R) & Pkercd)) —— Q&2 Kn(RICE))
| i=1

i=1 cc(ch);

| l

~

Q ®z Kn(R) ® (Pker(ed) —=—— Q®z K (R[CS])
ccck
C=C,
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where the vertical arrows come from the inclusions (C¥); — CX. Notice that a
cyclic subgroup of C¥ belongs to (C¥), for somei € {1,2,...,k} if and only if it
is different from the diagonal subgroup (Cé‘)A ={(a,a,...,a) |a e Cy} C Czk.
Hence the composite

ker(Kn(R[(CF)a]) —> Kn(R)) —> Kn(R[(CX)a]) — Ka(R[CX])
k
— cok (@D Ku(RICH)]D — Ku(RICHD)
i=1

is rationally bijective.
Now assertion (i) follows from Theorem 1.1, Theorem 5.3 (iv), and the validity
of the K-theoretic Farrell-Jones Conjecture for right-angled Coxeter groups.

(ii) Due to Borel [5] we know for R = Z that

Q ifn=4k+1withk > 1,
Q®z Kn(2) =1Q ifn=0,
{0} otherwise.

We get from [20, Theorem 2.2] for C = C,

Q%> ifn =4k +1withk >1,
Q®z Ku(Z[C)) = 1Q ifn =0,
{0} otherwise.

Hence we get

Q ifn=4k+ 1withk >1,

ker(Q ®z Kn(ZC) — Q ®z Kn(2)) = .
{0} otherwise.
Now assertion (ii) follows from assertion (i). O

7.6. L-groups after inverting 2. The maps appearing in the result below are
defined analogously to the maps appearing in Theorem 7.11.

Theorem 7.12. Let R be a ring with involution.

(i) The map
ipn ® @ ion: LN(R) @ @ ker(LIT N (R[C2]) — LT (R))
oeP oeP
o#D o#0D
—s LIV (RW)

is an isomorphism after inverting 2 for all n € Z.
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(ii) We have for R € {Z,Q, R}

L&) RW[1/2] {Z[I/Z]’ ifn = é%kfork A
{0} otherwise.

Proof. (i) Note that any non-trivial subgroup of the form C x P of Cé‘ for a
cyclic group C and a p-group P for an odd prime number p is isomorphic to C,.
The isomorphism appearing in [1, (2.11)] which exists for A = Z[1/2] and the

equivariant homology theory H (—;L%_Oo)) because of [14, Theorem 2], boils
down to an isomorphism

Jay ® P je: LTV (R)[1/2]
ccck
C=C,

& Pker(L{N(RO)[1/2] — LN (R)[1/2))
ccck
C=Cy

=5 L5V RICED)2,

where the map j{, is induced by the inclusion {1} — C, and jc is the
composite of the inclusion of ker(LS ) (RC)[1/2] — L™ (R)[1/2]) into
L5 (RC)[1/2] with the map L ' (RC)[1/2] — L{ ) (R[C])[1/2] coming
from the inclusion C — C¥. Now Theorem 7.12 follows completely analogous
to the argument appearing in the proof of Theorem 7.11 (i) and the validity of the
L-theoretic Farrell-Jones Conjecture for right-angled Coxeter groups.

(ii) This follows from assertion (i) using [33, Proposition 22.34 on p. 254]. O
7.7. K- and L-groups for R containing 1/2

Theorem 7.13. For all n € 7 there are explicit isomorphisms
(i) DByep Kn(R) 5 K, (RW) if R is regular and contains 1/2,
(i) Pyep L (R) = LSV (RW) if R contains 1/2.
Its proof needs some preparations. In the sequel we will write C¥ multiplica-
tively and we denote by ¢; the generator of the i -th factor C, viewed as an element
in Ckfori =1,2,... k.

Let R be a ring in which 2 is invertible. We get a decomposition of rings,
natural in R,

R[C;] = Rx R, a+bt—> (a+b,a—Db).
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Its inverse sends (c, d) to % -((c+d)+ (c—d)-t). Since algebraic K-theory is

compatible with products, we obtain an isomorphism, natural in R,

Sn(R): Kn(R[C2]) = Ku(R) x Kn(R).
One can iterate this using the obvious ring isomorphism (R[Czk_l])[Cz] >~ R[CZk]
and thus obtains an isomorphism
SK(R): Kn(RICS]) —> [ [ Kn(R), (7.14)
echomz (C5 {£1})
which comes from the isomorphism of rings
R[Czk];HR’ Zkg'gH(ZAg'G(g))e-
eehomZ(CfAij}) geCf geCf
Its inverse is given by

(he)e —> 27F -3 (Zé(g) e) - g.

geCf €
Lemma 7.15. (i) Suppose that 2 is invertible in R. Then there is an isomorphism

ja=d

k k
iz cok (@D Kn(RLFD: €D Kn(RICHD — Kn(RICE)) > Kn(R).
i=1 i=1

Its inverse is the composite of the homomorphism
B: Kn(R) —> Kn(R[C5])

coming from the ring homomorphism R — R[Czk] sending A to 27 -)L-]_[le (1-1)
with the projection K,(R[C¥]) — cok ( P, K, (R[j}F). The homomorphism
B agrees with the restriction of the inverse of the isomorphism S*(R) of (7.14) to
the factor K, (R) which belongs to € given by e(t;) = —1 fori = 1,2,...k.

(ii) The same assertion holds if we replace algebraic K-theory by algebraic
L-theory with the decoration (—oo).

(iii) The same assertion is true if we take R to be R or C and we replace
algebraic K-theory by topological K -theory.

Proof. We give the proof for algebraic K-theory only, the one for the other cases
is completely analogous.
We use induction over k. If k = 0, the map d,? comes from the identification

Ka(R[CP]) = Kn(R[{1}]) = Kn(R).
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The induction step from (kK —1) to kK > 1 is done as follows. We have the following
commutative diagram of Z-modules

D, Kn (G5

PBr_, Ka(RI(CH))) Kn(R[CK])

id | =

Ka(RICH]) ® B2 Kn(RICH)D)

do@fZ]id|=

Ko (R[C}1]) & BFZ! KW (RI(CEF1)[C)) Kn(RICFY[Ca])

= lid®®{Z] Sn(RICE)D)
Kn(R[C$71))

&)
B (Ka(RI(CE)]) @ Ka(RI(CE1)iD)

r]=

Kn(RICF))
® Ka(RIC57'])
D=t Kn(RICFiD) — @
® (l6%) Kn(RICE)
K21 Kn(RI(CE))

(4

id

Sn(RICK1])

IR

where f is the obvious isomorphism and u := G}f‘;ll Kn( jl.k_l). The diagram
above induces an isomorphism

k
. = id u 0
cok(@ Kn(Jik)) —> cok (id 0 u) .
i=1
If k = 1, then (14 % %) reduces to K, (R) = Kn(R) ® K,(R), x > (x,x) and the

desired isomorphism d,! is induced by K,,(R)® K,(R) — K,(R), (x,y) = x—y.
Suppose k > 2. Since the first and third map in the composite

id 0\ (id « oy (400
“id id) \id 0 )7 |0 10
u 0 id id

are isomorphisms and the composite is given by (i % 9), we obtain an isomor-

phism
id u 0\ = id u 0
COk(id 0 u) —>cok(0 0 u)
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Since (id u): K,(R[CX™1]) & 2! K, (R[(CF1)i]) — K,(R[CF1])) is surjec-
tive, we obtain an isomorphism

id u 0\ =
cok(o 0 u)—>cok(u).

Its inverse is induced by the composite

0
L () _ 1y SeRICETIDT!

Kn(RIC; ™) = Ka(RIC; ™) ® Kn(RIC5™']) ————— Ka(RICS)).
which is the homomorphism K,(R[CX~1]) — K, (R[C¥]) induced by the ring
homomorphism R[Cé‘_l] — R [Czk] sending x to %-x'(l —1g). Since the induction
hypothesis applies to u#, Lemma 7.15 follows. |

Now Theorem 7.13 follows from Theorem 1.1, Theorem 5.3 (iii, vi), and
Lemma 7.15, and the validity of the Farrell-Jones Conjecture for right-angled
Coxeter groups.

7.8. Topological K -theory
Theorem 7.16. There are for every n € Z. isomorphisms
D Kn(©) => Kn(Cp (W) = Kn(C} (W),

oeP
P KOu(R) > KO4(Ci(W:R)) = KO, (C(W:R)).
oeP

In particular there are isomorphisms of abelian groups

. . 77 ifn is even,
Kn(Cp(W) 2 Kn(C} (W) = {{0} c{therwise

77 ifn =0 mod 4,
KOu(C,,(W;R)) =~ KOp(CX(W;R)) = 3 (Z/2)" ifn=1,2 modS8,
{0} otherwise.

Proof. This follows from Theorem 1.1, Lemma 7.15, and the validity of the
Baum—Connes Conjecture for right-angled Coxeter groups. |

The result for complex coeflicients was already obtained by Sdnchez-Garcia
using the Davis complex as a model for EW in [34]. In special cases, the topo-
logical K-theory of EW was computed in Fuentes Rumi’s masters’s thesis [16].
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Remark 7.17. In Subsection 1.3 we have given an explicit description of the
isomorphism

B Kn(C©) > Ku(C(G))

geP
above which actually carries over to many of the other situations. In order to prove
the description, one has to go through the construction of the isomorphism and to
make in the application of Lemma 4.5 the right choice for §;. Namely, one takes

for §, the composite of the homomorphism 8 with the isomorphism d* appearing
in assertion (i) of Lemma 7.15.

8. An example

In this section, we want to apply the computations from the previous sections to a
concrete example. For this we picked the group W := Z/2x Z./2 X Dy, x Z.. Note
that it is a graph product with vertex groups Z/2 and Z. In [10, Example 3.28]
Davis, Khan and Ranicki showed that the Whitehead group of W is infinitely
generated due to Nil elements.

It will be useful to consider W as Wy x Z, where Wy = Z/2 X Z./2 X Dy is
the right-angled Coxeter group associated to the simplicial graph X with vertex
set V = {1,2, 3,4} whose edges are {1,2}, {2, 3}, {3, 4}, {1,4}, and {1, 3}. Then
the flag complex ¥ associated to X is the suspension of a one-simplex so that in
the notation of Section 7we haver_; = 1,ro=4,r1 =5,r, =2,andr = 12.

We conclude from Theorem 7.1 forn > 2

Un
Hy,(W;Z) = Hy,(Wo;Z) & Hy—1(Wo; Z) = EB C2,
i=1

4
H(W:7)=Z & C,
i=1

where

2 2
Up = Z Tk * Pnk + Z Tk * Pn—1k
k=0 k=0

=4 (pn,0 + Pn—-1,0) + 5 (Pn,1 + Pn—-1,1) + 2 (Pn2 + Pn-1,2)
4450k +k—1)+20k(k—1)+ (k—1)2) ifn=2kfork>1,
4+ 50k +k)+2k*+k(k —1)) ifn =2k +1fork > 1,

4k2 + 4k +1 ifn =2k fork > 1,
4k + 8k +4 ifn =2k + 1fork > 1.
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Note that the group W satisfies the Baum—Connes Conjecture and the Farrell-
Jones Conjecture since it is a graph product of abelian groups. Hence for every
regular ring R the assembly map

HY (EW:Kg) —> Kn(RIW])

is bijective after inverting 2 by Theorem 5.3 (iv).
The proof of Theorem 7.8 applies verbatim to the group W so that we obtain

K,(ZW) = {0} forn < —1.
For any equivariant homology theory we have
HY(EW) = FOV(EWo x S1) 2= HOV(EWo) @ 7, (EWo). (8.1)
Using (8.1), we have
Z11/2] ®z Ko(ZW) = {0}

by Theorem 7.9 and Theorem 7.8.
By (8.1), Theorem 7.9 and Theorem 7.10, we have

Z[1/2] ®7 K1(ZW) = Z[1/2] and Z[1/2] ®z Wh(W) = {0}.

Note that without inverting two, the Whitehead group Wh(WW) contains a non-
trivial Nil term by [10, Example 3.28] as mentioned above.
By (8.1) and Theorem 7.11

Q2 ifn=4k+1lorn =4k +2fork > 1,
Q®z Kp(ZW)=1Q ifn=0,1,
{0}  otherwise.

The Shaneson splitting yields for all n € Z an isomorphism
LN zW) = L 2We) @ LS (2 Wy).
Hence by Theorem 7.12 we find

Z[1/2)'? ifn =4k orn =4k + 1fork € Z,

Z[1/2) ®z LiT(ZW) = {{0} otherwise.

By (8.1), we get from Theorem 7.16 for all n € Z

Ka(C}(W)) = Z'2.
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