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Abstract. We here consider inner amenability from a geometric and group theoretical

perspective. We prove that for every non-elementary action of a group G on a finite

dimensional irreducible CAT(0) cube complex, there is a nonempty G-invariant closed

convex subset such that every conjugation invariant mean on G gives full measure to

the stabilizer of each point of this subset. Specializing our result to trees leads to a

complete characterization of inner amenability for HNN-extensions and amalgamated free

products. One novelty of the proof is that it makes use of the existence of certain idempotent

conjugation-invariant means on G.

We additionally obtain a complete characterization of inner amenability for permuta-

tional wreath product groups. One of the main ingredients used for this is a general lemma

which we call the location lemma, which allows us to “locate” conjugation invariant means

on a group G relative to a given normal subgroup N of G. We give several further applica-

tions of the location lemma beyond the aforementioned characterization of inner amenable

wreath products.
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1. Introduction

A discrete group G is said to be inner amenable if there exists an atomless

mean on G which is invariant for the action of G on itself by conjugation. This

notion was isolated by Effros in [16]1 in order to elucidate Murray and von

Neumann’s proof that the group von Neumann algebra of the free group on

two generators has no nontrivial asymptotically central sequences [32]. Similar

connections between inner amenability and central sequences were later found

by Choda [12] and Jones and Schmidt [21] in the context of ergodic theory.

These connections to operator algebras and ergodic theory have continued to

provide a rich context and motivation for the study of inner amenability; see, e.g.,

[38, 25, 24, 23, 11, 26, 27, 37, 19, 33, 15, 20, 3, 22, 28]. Perhaps because of this,

inner amenability has been studied primarily by virtue of its relevance to these two

fields (with a few exceptions, e.g., [1, 2, 36, 18]). In this article, by contrast, we

explore inner amenability from the perspectives of geometry and group theory.

1.A. Conjugation invariant means on groups acting on trees. We give a

complete characterization of inner amenability for groups built via amalgamated

free products and HNN-extensions.

We say that an amalgamated free product G D A �H B is nondegenerate if

H ¤ A, H ¤ B , and the index of H in either A or B is at least three.

Theorem 1.1 (Corollary 5.3). LetG D A�H B be a nondegenerate amalgamated

free product. Then,

(1) every conjugation invariant mean on G concentrates on H ;

(2) G is inner amenable if and only if there exist conjugation invariant, atomless

means mA on A and mB on B with mA.H/ D mB.H/ D 1, and mA.E/ D

mB.E/ for every E � H .

In particular, if G is inner amenable, then so are each of the groupsA, B , andH .

Let H be a subgroup of a group K and let �WH ! K be an injective group

homomorphism. The associated HNN-extension

HNN.K;H; �/ WD hK; t j tht�1 D �.h/; .h 2 H/i

is said to be ascending if either H D K or �.H/ D K. Otherwise, it is called

non-ascending.

1 Our definition is slightly different from the definition given in [16], where the mean is not
required to be atomless, but rather supported on G �¹1Gº. However, the two definitions coincide
for infinite conjugacy class (ICC) groups, which were the main concern of [16].
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Theorem 1.2 (Corollary 5.3). Let G D HNN.K;H; �/ be a non-ascending HNN

extension. Then,

(1) every conjugation invariant mean on G concentrates on H ;

(2) G is inner amenable if and only if there exists a conjugation invariant,

atomless mean m on K with m.H/ D 1, and m.E/ D m.�.E// for every

E � H .

In particular, if G is inner amenable, then so are the groups K and H .

Theorems 1.1 and 1.2 are group theoretical consequences of a more general

geometric statement, regarding groups acting on trees. Given a group G and a

G-set X , we denote by Gx the stabilizer subgroup of G at x 2 X .

Theorem 1.3. Suppose that a group G acts by automorphisms on a tree T .

Assume that G does not fix a vertex, an edge, an end, or a pair of ends. Then

there is a nonempty G-invariant subtree T0 of T such that m.Gx/ D 1 for every

conjugation invariant mean m on G and every vertex x of T0.

This theorem follows directly from Theorem 5.1 by considering the unique

minimal G-invariant subtree T0 of T .

1.B. Groups acting on CAT(0) cube complexes. Theorem 1.3 is itself a special

case of the following general theorem concerning groups acting on finite dimen-

sional CAT(0) cube complexes.

Theorem 1.4 (Theorem 4.8). Let G be a group acting essentially and non-

elementarily on an irreducible finite dimensional CAT(0) cube complex X . Then

there exists a nonempty G-invariant closed convex subspace X0 of X such that

m.Gx/ D 1 for every conjugation invariant mean m on G and every x 2 X0.

Theorem 1.3 corresponds precisely to the special case of Theorem 1.4 where

X is one dimensional.

The essentiality and irreducibility assumptions in Theorem 1.4 can be removed

at the cost of passing to a finite index subgroup; see Corollary 4.9. This allows us,

for instance, to characterize when a graph product of groups is inner amenable in

Theorem 4.14. Graph products generalize both direct products and free products

of groups; examples of graph products of groups include right-angled Artin

groups and right-angled Coxeter groups.

These examples, along with Theorems 1.1 and 1.2, illustrate that the most

interesting applications of Theorem 1.4 concern actions which are not necessarily

proper. While Theorem 1.4 easily implies that groups acting properly and non-

elementarily on finite dimensional CAT(0) cube complexes are not inner amenable

(see Corollary 4.10), this result can also be deduced from other results in the

literature; see Remarks 4.11 and 4.12.
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The proof of Theorem 1.4 requires substantially more work than the one-

dimensional case covered by Theorem 1.3. One novelty of the proof in the higher

dimensional setting, which we now briefly describe, is that it makes use of the

existence of certain idempotent conjugation invariant means.

The proof begins by observing that each conjugation invariant mean m on

G must concentrate on the set of group elements which act elliptically (Propo-

sition 4.3). The next step uses a transversality argument (Proposition 4.5) to

show that, for each half-space h of X , there is a m-conull set of group elements

which fix some point in h. At this point, the proof in the one dimensional set-

ting is essentially complete (See Remark 5.2), but the situation in higher di-

mensions becomes more complicated; after moving to a minimal convex sub-

space X0 of X and fixing some x0 2 X , we adapt an argument of Caprace and

Sageev [9] to our setting (Lemma 4.6) to show that for each x 2 X0 the inte-

gral '.x/ WD
R

G d.x; gx0/
2 dm.g/ is finite, and hence (using the CAT(0) inequal-

ity) the function x 7! '.x/ achieves a unique minimum at some point z 2 X0

(Lemma 4.7). If the mean m is idempotent under convolution, then we can eas-

ily deduce (using discreteness of G-orbits on X) that this point z is fixed by a

m-conull set of group elements, which would complete the proof. Fortunately, by

using a simple stationarity argument (Lemma 2.2) combined with Ellis’s Lemma,

we are able to reduce the proof of Theorem 1.4 to the special case where the means

m under consideration are additionally assumed to be idempotent.

1.C. Wreath products and the location lemma. We obtain a complete charac-

terization of inner amenability for wreath products.

Theorem 1.5 (Theorem 3.9). LetH ¤ 1 andK be discrete groups, let X be a set

on which K acts, and let G WD H oX K be the (restricted) wreath product. Then

G is inner amenable if and only if one of the following holds:

(1) the action K Õ X admits an atomless K-invariant mean;

(2) H is inner amenable and the action K Õ X has a finite orbit;

(3) there is an atomless K-conjugation invariant mean m on K satisfying

m.Kx/ D 1 for all x 2 X .

One of the key ingredients to the proof of Theorem 1.5 is Lemma 3.5, which

gives a way of locating various conjugation invariant means on a group, relative

to some normal subgroup. Lemma 3.5 also leads to a complete characterization

of when the commutator subgroup of an inner amenable group is itself inner

amenable (see Corollary 3.8 and the paragraph preceding it). To state a further

consequence, we first make a definition. If m is a mean on a group G, then we

define ker.m/ WD ¹g 2 GWm.CG.g// D 1º. It is easy to see that ker.m/ is a

subgroup ofG, and ifm is conjugation-invariant, then ker.m/ is a normal subgroup

of G.
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Theorem 1.6 (Corollary 3.6). Let G be an inner amenable group with no non-

trivial finite normal subgroups, and let N be a normal subgroup of G. Then ei-

ther there exists an atomless conjugation invariant mean onG which concentrates

on N , or else N � ker.m/ for every conjugation invariant mean m on G.

Moreover, there exists an atomless conjugation invariant mean m on G with

either m.ŒN;N �/ D 1 or N � ker.m/.

Acknowledgments. We would like to thank Yair Hartman for his many contri-

butions to this project. We would also like to thank Amine Marrakchi for ex-

plaining to us another proof of Theorem 1.1 and allowing us to include his argu-

ment in Remark 5.4. RTD was supported in part by NSF grant DMS 1600904.

Bruno Duchesne was supported in part by French projects ANR-14-CE25-0004

GAMME and ANR-16-CE40-0022-01 AGIRA.

2. Preliminaries

For G a group, H � G, and g 2 G, we write

gH WD ¹hgh�1W h 2 H º:

Let m and n be means on a group G. The convolution of m and n, denoted m � n,

is the mean defined by

.m � n/.A/ WD

Z

g2G

n.g�1A/ dm.g/

for A � G. We denote by Lm the mean on G defined by Lm.A/ WD m.A�1/ for

A � G.

If either m or n is atomless, then m � n is atomless as well; this is a direct

computation under the assumption that n is atomless, and it is a short exercise

under the assumption that m is atomless. Likewise, if m and n are both invariant

under a subgroup H of Aut.G/ then so are m � n and Lm.

It follows readily from the definition that m 7! m � n is continuous for the

weak-� topology but, the continuity of n 7! m � n does not hold prima facie.

Lemma 2.1. Let m be a mean on G and let H be a subgroup of G. Then

. Lm � m/.H/ �
P

gH2G=H m.gH/2. In particular, if there is some g 2 G such

that m.gH/ > 0, then . Lm �m/.H/ > 0.
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Proof. For any finite subset F � G=H , by finite additivity of m we have

. Lm �m/.H/ D

Z

G

m.xH/ dm.x/

�
X

gH2F

Z

gH

m.xH/ dm.x/

D
X

gH2F

Z

gH

m.gH/ dm.x/

D
X

gH2F

m.gH/2:

Taking the supremum over all such F proves the lemma. �

Lemma 2.2. LetH be a subgroup of a group G and let m and n be means on G.

Assume that n.H/ D 1. If either n �m D n or m � n D n then m.H/ D 1 as well.

Proof. Suppose first that n �m D n. Then

1 D n.H/ D .n �m/.H/ D

Z

G

m.g�1H/dn.g/

D

Z

H

m.g�1H/dn.g/

D

Z

H

m.H/ dn.g/ D m.H/;

where the fourth and last equalities hold since n concentrates on H .

Suppose now that m � n D n. Then n.g�1H/ D 0 for all g 62 H , hence

1 D n.H/ D .m � n/.H/ D

Z

G

n.g�1H/dm.g/

D

Z

H

n.H/ dm.g/

D

Z

H

1 dm.g/ D m.H/: �

Proposition 2.3. Let G be a discrete group and let H be a subgroup of Aut.G/.

Letm be an atomless H-invariant mean on G. Then there exists another atomless

H-invariant mean n on G satisfying:
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(i) If K is a subgroup of G with m.K/ D 1 then n.K/ D 1.

(ii) IfK is a subgroup of G with m.K/ D 1 then n.L/ D 1 for every H-invariant

subgroup L of G with jK W K \ Lj < 1.

In particular, if G is inner amenable, then there is an atomless conjugation

invariant mean m on G, such that m.G0/ D 1 for every finite index subgroup

G0 of G.

Proof. Let C1 be the collection of all subgroup K of G with m.K/ D 1, and let

C be the collection of all H-invariant subgroups L of G with jK W K \ Lj < 1

for some K 2 C1. Observe that C is a directed set under reverse inclusion: if

L0; L1 2 C are H-invariant and K0; K1 2 C1 are such that jKi W Ki \ Li j < 1,

then K0 \ K1 2 C1 and jK0 \ K1 W K0 \ K1 \ L0 \ L1j < 1 since both

jK0 \ K1 W .K0 \ L0/ \ K1j � jK0 W K0 \ L0j < 1 and j.K0 \ L0/ \ K1 W

.K0 \ L0/ \ .K1 \ L1/j � jK1 W K1 \ L1j < 1.

Since m is atomless and H-invariant, so is Lm � m. If K 2 C1 then we

have . Lm � m/.K/ D
R

K
m.kK/ dm.k/ D

R

K
m.K/ dm.k/ D 1. Moreover, if

K 2 C1 and L is any subgroup of G with jK W K \ Lj < 1, then since m

is finitely additive there must be some g0 2 G such that m.g0L/ > 0, and

hence . Lm � m/.L/ > 0 by Lemma 2.1. Thus, if L is additionally H-invariant

(i.e., if L 2 C), then the normalized restriction, nL, of Lm � m to L, (defined by

nL.A/ WD . Lm � m/.A \ L/=. Lm � m/.L/) is an H-invariant atomless mean with

nL.L/ D 1 and nL.K/ D 1 for all K 2 C1. The assignment L 7! nL is then a net

from the directed set C to the compact space of all atomless H-invariant means

on G. Any cluster point n of this net then satisfies (i) and (ii). �

The following proposition will be improved significantly in Lemma 3.3, al-

though it is important enough that we state it now.

Proposition 2.4. Suppose that G is inner amenable and let N be a normal

subgroup of G. Then either

(1) there is an atomless G-conjugation invariant mean on N , or

(2) G=N is inner amenable.

In particular, either N is inner amenable or G=N is inner amenable.

Proof. Letm be an atomless conjugation invariant mean on G. Let pWG ! G=N

denote the natural projection map. Then p�m is a conjugation invariant mean

on G=N . If p�m is atomless, then G=N is inner amenable so we are done.

Otherwise, if p�m has an atom, then there is some g 2 G such that m.gN/ > 0.

Then . Lm � m/.N/ > 0 by Lemma 2.1, so the normalized restriction of Lm � m to

N is an atomless G-invariant mean on N . �
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Proposition 2.5. LetN be a finite normal subgroup of a groupG. Then for every

conjugation invariant meanm0 on G=N , there is a conjugation invariant meanm

on G which projects to m0.

Proof. Let m0 be a conjugation invariant mean on G=N . Define the mean m on

G by m.A/ WD
R

gN 2G=N jA \ gN j=jN j dm0.gN/. This clearly works. �

Proposition 2.6. Let H be a subgroup of a group G. Assume that

(a) there is an atomless H -conjugation invariant mean mH on G;

(b) the action G Õ G=H is amenable with G-invariant mean mG=H .

Then G is inner amenable, as witnessed by the atomless G-conjugation invariant

mean

m WD

Z

gH2G=H

gmHg
�1 dmG=H .gH/

In particular, if N is a normal subgroup of G which is inner amenable, and if

G=N is amenable, then G is inner amenable and, moreover, there is an atomless

G-conjugation invariant mean m on G with m.N/ D 1.

Proof. This is a straightforward computation. �

Proposition 2.7. Let G be a group.

(1) (Giordano, de la Harpe [18]) Let H be a finite index subgroup of G. Then

G is inner amenable if and only if H is inner amenable.

(2) Let N be a finite normal subgroup of G. Then G is inner amenable if and

only if G=N is inner amenable.

Proof. (1) follows from Propositions 2.3 and 2.6, and (2) follows from Proposi-

tion 2.5. �

3. Location lemma and wreath products

3.A. Lifting almost invariant probability measures. Let X and Y be G-sets

and let � WX ! Y be aG-map from X to Y . Let zX WD X˝� X D ¹.x0; x1/ 2 X2W

�.x0/ D �.x1/º, so that zX is a G-invariant subset of X2 (for the diagonal

G-action). Let p 2 `1.X/ be a probability vector on X (i.e., a nonnegative unit

vector), and view p as a probability measure on X . For y 2 Y let py be the

normalized restriction of p to ��1.y/ (put py D 0 if p.��1.y// D 0). Define

Qp WD
P

y2Y p.�
�1.y//.py ˝ py/, so that Qp is a probability vector on zX .

Lemma 3.1. For any g 2 G we have kg Qp � Qpk1 � 5kgp � pk1.
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Proof. For each y 2 Y let q.y/ WD p.��1.y// so that Qp D
P

y2Y q.y/.p
y ˝py/.

We write gpy for the translate of the function py by g. We have

kg Qp � Qpk1

D









X

y2Y

.q.y/.gpy ˝ gpy/ � q.gy/.pgy ˝ pgy//









1

�
X

y2Y

jq.y/ � q.gy/jkgpy ˝ gpyk1

C
X

y2Y

q.gy/k.gpy ˝ gpy/ � .pgy ˝ pgy/k1

Since kgpy ˝gpyk1 � 1 (possiblypy D 0), the first sum is bounded by kgp�pk1.

Let Y1 WD ¹y 2 Y W q.y/ > 0º. The second sum is bounded by

X

y2Y

q.gy/.k.gpy � pgy/˝ gpyk1 C kpgy ˝ .gpy � pgy/k1/

� 2
X

y2Y

q.gy/kgpy � pgyk1

D 2
X

y2Y

X

x2��1.gy/

jq.gy/py.g�1x/ � p.x/j

� 2kgp � pk1 C 2
X

y2Y

X

x2��1.gy/

jq.gy/py.g�1x/ � p.g�1x/j

D 2kgp � pk1 C 2
X

y2Y1

ˇ

ˇ

ˇ

q.gy/

q.y/
� 1

ˇ

ˇ

ˇ

X

x2��1.gy/

p.g�1x/

� 2kgp � pk1 C 2
X

y2Y

jq.gy/ � q.y/j

� 4kgp � pk1: �

3.B. Conjugation invariant means on normal subgroups. In what follows, for

a subgroupM of a group G, and a nonempty subset S of G, we define

CG=M .S/ WD ¹g 2 GW g.sM/g�1 D sM for all s 2 Sº:

For h 2 G we write CG=M .h/ for CG=M .¹hº/. If M is the trivial subgroup, we

simply denote CG.S/ for the centralizer of S in G.

Proposition 3.2. LetM be a subgroup ofG, let S be a nonempty subset ofG, and

let hSi be the subgroup generated by S .

(1) CG=M .S/ is a subgroup of G contained in the normalizer, NG.M/, of M

in G.
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(2) Suppose that S � NG.M/. Then CG=M .hSi/ D CG=M .S/.

(3) Suppose thatM and S are finite and S � NG.M/. Then CG.S/\CG.M/ is

a finite index subgroup of CG=M .S/.

Proof. (1) CG=M .S/ is clearly a group. To see that CG=M .S/ is contained in

NG.M/, observe that for g 2 CG=M .S/ and s 2 S we have (a)M D s�1g�1sMg,

and (b) s�1gsg�1 2 M . By (b) we have g�1M D s�1g�1sM , and applying this

to (a) we see that M D s�1g�1sMg D g�1Mg, and hence g 2 NG.M/.

(2) This is clear.

(3) Since M is finite, for each s 2 S the group CG.M/ \ CG=M .s/ has finite

index in CG=M .s/, and hence the group CG.sM/ has finite index in CG=M .s/,

being the kernel of the homomorphism .CG.M/ \ CG=M .s// ! M , g 7! Œs; g�.

Therefore, since S is finite, CG.S/\CG.M/ D
T

s2S CG.sM/ has finite index in

CG=M .S/ D
T

s2S CG=M .s/. �

Let m be a mean on a group G. We define

ker.m/ WD ¹g 2 GWm.CG.g// D 1º:

It is easy to see that ker.m/ is a subgroup ofG. Ifm is invaraint under conjugation

by a subgroupK of G, then ker.m/ is normalized by K. Observe that ifH0 is any

finitely generated subgroup of ker.m/, then m.CG.H0// D 1. Thus, if the mean

m is atomless then CG.H0/ is infinite for every finitely generated subgroupH0 of

ker.m/.

Given two elements h and k in a group G, we denote their commutator by

Œh; k� WD hkh�1k�1. If H and K are subgroups of G then we define ŒH;K� to be

the subgroup

ŒH;K� WD h¹Œh; k�W h 2 H; k 2 Kºi:

Clearly ŒH;K� D ŒK;H�. Note that the group ŒH;K� is normalized by both H

and K. To see this, observe that if Œh; k� is any generator for ŒH;K�, where h 2 H

and k 2 K, then for any h0 2 H we have h0Œh; k�h
�1
0 D Œh0h; k�Œh0; k�

�1 2

ŒH;K�. Hence ŒH;K� is normalized byH , and by symmetry it is also normalized

by K.

The following lemma, along with the more general Lemma 3.5, is one of our

main tools for understanding the “location” of conjugation invariant means on a

group.

Lemma 3.3. LetN , G0 andK be subgroups of a group G, with N normalized by

K. Assume that there is no nontrivial finite subgroup of G0 \ ŒG0; K \N� which

is normalized by K. Then at least one of the following holds:

(1) there is an atomlessK-conjugation invariant mean on G which concentrates

on G0 \ ŒG0; K \N�;
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(2) for every K-conjugation invariant mean m on G which concentrates on G0,

we have K \ N � ker.m/.

Remark 3.4. The assumption that there is no nontrivial finite subgroup of G0 \

ŒG0; K \N� which is normalized by K can be removed at the expense of making

the conclusion of the lemma a bit messier to state. See Lemma 3.5 below.

Proof of Lemma 3.3. Assume that (1) fails and we will show that (2) holds. Fix

then a mean m on G with m.G0/ D 1 and which is invariant under conjugation

by K. We must show that m.CG.h// D 1 for each h 2 K \N .

We first claim that there is no g 2 G � ¹1Gº with gK finite and contained in

G0 \ ŒG0; K \ N�. For suppose otherwise. If the group hgKi were finite, then it

would be a nontrivial finite subgroup of G0 \ ŒG0; K \ N� which is normalized

by K, a contradiction. So the group hgKi would have to be infinite. But every

element of this group has a finite orbit under conjugation by K, so since hgKi is

infinite we can find an atomlessK-conjugation invariant mean which concentrates

on hgKi � G0 \ ŒG0; K \N�, which contradicts the hypothesis that (1) fails.

Let X D G and let ˛WK Õ X denote the conjugation action of K on X ,

˛.k/x WD kxk�1. By the Hahn–Banach theorem we may find a net .pi /i2I of

probability vectors on X , which weak�-converges to m in `1.X/�, and satisfies

k˛.k/.pi / � pik1 ! 0 for all k 2 K. Since m concentrates on G0, we may

additionally assume that each pi concentrates on G0. Let Y denote the set of

all orbits of ˛.K \ N/ on X , and let � WX ! Y denote the projection map,

�.x/ WD ˛.K \ N/x. Since K normalizes K \ N , K naturally acts on Y so

that � is a K-equivariant map. Let

zX WD X ˝� X D ¹.x0; x1/ 2 X � X W�.x0/ D �.x1/º;

and let Q̨ WK Õ zX denote the diagonal action of K, i.e., Q̨ .k/.x0; x1/ WD

.˛.k/.x0/; ˛.k/.x1// D .kx0k
�1; kx1k

�1/. For each probability vector p on X

and each y 2 Y , let py be the normalized restriction of p to ��1.y/ (where

we put py D 0 if p.��1.y// D 0), and define the probability vector Qp on zX

by Qp WD
P

y2Y p.�
�1.y//py ˝ py . By Lemma 3.1, for each k 2 K we have

k Q̨ .k/ Qpi � Qpik1 ! 0. Thus, after moving to a subnet of .pi /i2I if necessary, we

may assume without loss of generality that the net . Qpi /i2I weak�-converges in

`1. zX/� to a mean Qm on zX which is invariant under Q̨ .K/. Then Qm concentrates

on zX \ .G0 � G0/ since each Qpi does.

For each .x0; x1/ 2 zX \ .G0 � G0/ we have x0; x1 2 G0 and x1 D hx0h
�1

for some h 2 K \ N , hence x0x
�1
1 D x0hx

�1
0 h�1 2 G0 \ ŒG0; K \ N�. We

let 'W zX ! X be the map '.x0; x1/ WD x0x
�1
1 . The map ' is K-equivariant,

i.e., ' ı Q̨ .k/ D ˛.k/ ı ', hence the pushforward '� Qm, of Qm under ', is a

K-conjugation invariant mean onX D G satisfying .'� Qm/.G0\ŒG0; K\N�/ D 1.

By our assumption, the mean '� Qm must be purely atomic and, being K-invariant,

must therefore concentrates on the collection of finite orbits of ˛.K/ which are
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contained in G0 \ ŒG0; K\N�. As we saw above, the only such orbit is the trivial

orbit of the identity element. This means that '� Qm is the point mass at the identity

element of G, and hence Qm.4X / D 1, where 4X WD ¹.x; x/W x 2 Xº � zX .

For each i 2 I let qi D ��pi . For i 2 I and y 2 Y , let

si .y/ WD sup
x2��1.y/

p
y
i .x/ D max

x2��1.y/
p

y
i .x/:

Since . Qpi /i2I weak�-converges to Qm, we have 1 D Qm.4X / D limi Qpi .4X/, and

so

1 D lim
i

Qpi .4X / D lim
i

X

y2Y

qi .y/
X

x2��1.y/

p
y
i .x/

2

� lim
i

X

y2Y

qi.y/si .y/
X

x2��1.y/

p
y
i .x/

D lim
i

Z

Y

si .y/ dqi .y/:

(3.1)

For each i 2 I and y 2 Y choose some x
y
i 2 ��1.y/ with p

y
i .x

y
i / D si .y/.

Let r WD 3
4

(although any number strictly between 1
2

and 1 will do), and define

Yi WD ¹y 2 Y W si .y/ > rº and Xi WD ¹x
y
i W y 2 Y º. Since 0 � si .y/ � 1 we have

Z

si dqi D

Z

Yi

si dqi C

Z

Y nYi

si dqi

� qi.Yi /C r.1� qi .Yi//

D r C .1 � r/qi.Yi/;

and hence, by (3.1),

lim
i
pi .�

�1.Yi// D lim
i
qi .Yi/ � lim

i

� Z

si dqi � r

�

=.1� r/ D 1: (3.2)

In addition,

lim
i
pi .Xi / D lim

i

X

y2Y

pi .x
y
i / D lim

i

Z

Y

si .y/ dqi .y/ D 1: (3.3)

Fix now any h 2 K \ N . For each x D x
y
i 2 .Xi \ ��1.Yi // n CG.h/, we have

˛.h/x ¤ x, hence p
y
i .˛.h/x/ < 1 � p

y
i .x/ < 1 � r , and

pi .x/.2r � 1/ � qi .y/.r � .1� r//

� qi .y/.p
y
i .x/ � p

y
i .˛.h/x//

D jpi .x/ � pi .˛.h/x/j;
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hence pi ..Xi \��1.Yi//nCG.h// � kpi �˛.h/pik1=.2r �1/. By (3.2) and (3.3),

we therefore conclude that

m.X n CG.h// D lim
i
pi .X n CG.h//

D lim
i
pi ..Xi \ ��1.Yi // n CG.h//

� lim
i

kpi � ˛.h/pik

2r � 1

D 0:

Therefore m.CG.h// D 1 for all h 2 K \N , as was to be shown. This finishes the

proof �

Lemma 3.5 (location lemma). LetN , G0 andK be subgroups of a groupG, with

N normalized by K. Let P be a subgroup of G which is normalized by G0 and

contains G0 \ ŒG0; K \ N� (e.g., P D G0 \ ŒG0; K \ N�), and let M be defined

by

M WD ¹g 2 GW gK is finite and contained in P º;

so that M is a subgroup of P which is normalized by K. Then at least one of the

following holds:

.1/ there is an atomlessK-conjugation invariant mean on G which concentrates

on P ;

.2/ the group M is finite, and for every K-conjugation invariant mean m on G

which concentrates on the subset MG0 D ¹mgWm 2 M; g 2 G0º, we have

m.CG=M .h// D 1 for every h 2 MK \N .

Proof of Lemma 3.5. Assume (1) fails and we will show that (2) holds. Sup-

pose toward a contradiction that M is infinite. Then we could find a sequence

C0; C1; : : : , of distinct finiteK-orbits for the conjugation action ofK onM . If we

letmCn
denote normalized counting measure on Cn, then any weak�-cluster point

of mC0
; mC1

: : : , is an atomless K-conjugation invariant mean on G which con-

centrates on P , a contradiction. Therefore, M must be finite. Let NG.M/ denote

the normalizer of M in G. We next establish the following:

.�/ if m is any K-conjugation invariant mean on G which concentrates onMG0,

then m.NG.M// D 1.

To see this, let m be a K-conjugation invariant mean on G with m.MG0/ D 1.

Since P is normalized by G0 and M � P , we obtain a mean n on G, concen-

trating on P , defined by n WD
R

g2MG0
ng�1Mg dm.g/, where ng�1Mg denotes

normalized counting measure on the finite group g�1Mg � P for g 2 MG0.

Sincem is invariant under conjugation byK andM is normalized byK, the mean

n is invariant under conjugation by K. Since (1) fails, the mean n must be purely
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atomic and hence we must have n.M/ D 1, which implies that m.NG.M// D 1.

This proves .�/.

Let G0 be the quotient group G0 WD NG.M/=M , and let projWNG.M/ ! G0

be the projection map. Define K 0 WD proj.K/, G0
0 WD proj.G0 \ NG.M//,

N 0 WD proj.N \ NG.M//, and P 0 WD proj.P \ NG.M// � G0
0 \ ŒG0

0; K
0 \ N 0�.

Observe that the group M 0 WD ¹x 2 G0W xK0
is finite and contained in P 0º is

trivial: every orbit of the conjugation action K 0 Õ G0, is the image under proj

of an orbit of the conjugation action K Õ NG.M/, and since M is finite this

means that finite orbits of K 0 Õ G0 are images of finite orbits of K Õ NG.M/,

henceM 0 is trivial. In particular, there is no nonidentity x 2 G0 � ¹1G0º such that

xK0

is finite and contained in G0
0 \ ŒG0

0; K
0 \N 0�.

This establishes all of the hypotheses of Lemma 3.3 for the groups G0; N 0; G0
0,

and K 0 in place of G;N;G0, and K respectively. Observe that (1) of Lemma 3.3

fails for these groups: if m0 were an atomless K 0-conjugation invariant mean on

G0 which concentrates on G0
0 \ ŒG0

0; K
0 \N 0�, then we would obtain an atomless

K-conjugation invariant mean m on G concentrating on P , defined by m.A/ WD
R

gM 2P 0
jA\gM j

jM j
dm0.gM/, a contradiction. Thus, (2) of Lemma 3.3 must hold,

i.e., for everyK 0-conjugation invariant mean m0 on G0 which concentrates on G0
0,

we havem0.CG0.h0// D 1 for every h0 2 K 0 \N 0 D proj.MK \N/. In particular,

by .�/, this applies to all means m0 which are the projection, m0 WD proj�m,

of some K-conjugation invariant mean m on G which concentrates on MG0.

Therefore, for all such means m we have m.CG=M .h// D 1, as was to be shown.

�

As a Corollary to Lemma 3.3 we obtain:

Corollary 3.6. Let N be a normal subgroup of a group G and assume that there

is no nontrivial finite normal subgroup of G contained in ŒG;N �. Then at least

one of the following holds:

(A.1) there is an atomless G-conjugation invariant mean which concentrates on

ŒN;N �;

(A.2) there is an atomless G-conjugation invariant mean which concentrates

on ŒG;N �, and for every G-conjugation invariant mean m on G which

concentrates on N , we have that N � ker.m/;

(A.3) for every G-conjugation invariant mean m on G we have N � ker.m/.

In particular, if G is inner amenable then there exists an atomless G-conjugation

invariant mean m on G with either m.ŒN;N �/ D 1 or N � ker.m/.

Proof. Assume that (A.1) and (A.2) fail and we will prove that (A.3) holds. Apply

Lemma 3.3 with G0 D N and K D G. The assumption that (A.1) fails implies

that alternative (1) of that lemma fails, and hence alternative (2) holds, i.e., for

every G-conjugation invariant mean m on G which concentrates on N we have
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N � ker.m/. But this means that the second part of (A.2) holds, so the assumption

that (A.2) fails then implies that there is no atomlessG-conjugation invariant mean

which concentrates on ŒG;N �. Applying Lemma 3.3 again, but this time using

G0 D K D G, this means that (1) of that lemma fails, and hence (2) must hold,

i.e., for every G-conjugation invariant mean m on G we have N � ker.m/, which

is precisely (A.3). �

Corollary 3.7. Let G be an inner amenable group and let N be a normal finitely

generated subgroup ofG. Then there is an atomlessG-conjugation invariant mean

m on G with either m.ŒN;N �/ D 1 or m.CG.N // D 1.

Proof. Note that if ŒG;N � contains no nontrivial finite normal subgroup ofG then

this follows immediately from Corollary 3.6. In the general case, we will argue

similarly, but apply Lemma 3.5 instead of Lemma 3.3. Suppose that there is no

atomless G-conjugation invariant mean which concentrates on ŒN;N �. Then (1)

of Lemma 3.5 fails (applied to K D G, G0 D N , and P D ŒN;N �), so the

group M , of all elements of ŒN;N � with finite G-conjugacy classes, is finite,

and everyG-conjugation invariant meanm which concentrates on N must satisfy

m.CG=M .N // D 1 (since N is finitely generated). We now consider cases.

Case 1. There exists an atomless G-conjugation invariant mean m which con-

centrates on N . In this case, by what we already showed,m.CG=M .N //D1.Since

M is finite and N is finitely generated, the group CG.N / has finite index in

CG=M .N /. Therefore, by Proposition 2.3, we can find an atomless G-conjuga-

tion invariant mean on G which concentrates on CG.N /, as was to be shown.

Case 2. There does not exist an atomless G-conjugation invariant mean m

which concentrates on N . In this case, applying Lemma 3.5 again, but this time

with K D G0 D G and P D N , we see that (1) of that lemma fails, and

hence (2) holds, i.e., the group M1, of all elements of N with finite G-conjugacy

class, is finite, and every G-conjugation invariant mean m on G satisfies the

conditionm.CG=M1
.N // D 1 (once again, sinceN is finitely generated). Since by

assumptionG is inner amenable, we can find an atomlessG-conjugation invariant

mean m1 on G, which must necessarily satisfy m1.CG=M1
.N // D 1. We now

argue as in Case 1. SinceM1 is finite andN is finitely generated, the groupCG.N /

has finite index in CG=M1
.N /, so we can apply Proposition 2.3 to find an atomless

G-conjugation invariant mean satisfying m.CG.N // D 1. �

Taking N D K D G0 D G and P D ŒG; G� in Lemma 3.5 shows that,

if G is an inner amenable group, then either the commutator subgroup of G is

inner amenable, or else there exists a finite normal subgroup M of G such that

G=M admits an asymptotically central sequence (i.e., the centralizer of every



386 B. Duchesne, R. Tucker-Drob, and P. Wesolek

finite subset of G=M is infinite). If G is additionally finitely generated and has no

nontrivial finite normal subgroups, then we obtain:

Corollary 3.8. LetG be a group. Assume thatG is finitely generated and contains

no nontrivial finite normal subgroups. If G is inner amenable then exactly one of

the following holds:

(1) the commutator subgroup ŒG; G� of G is inner amenable;

(2) the center,Z.G/, of G, is infinite, ŒG; G�\Z.G/ D 1, and every ŒG; G�-con-

jugation invariant mean on G concentrates on Z.G/. Moreover, there is a

finitely generated subgroupH of ŒG; G� such that CG.H/ D Z.G/.

Remark. In alternative (2),Z.G/must be isomorphic toZ
n for some n � 1: since

G has no nontrivial finite normal subgroups, it follows that Z.G/ is torsion free,

and since G is finitely generated with ŒG; G� \ Z.G/ D 1, it follows that Z.G/

is isomorphic to a torsionfree subgroup of the finitely generated abelian group

G=ŒG;G�.

Proof. The two alternatives are indeed mutually exclusive: if (1) holds, then

the collection C , of atomless ŒG; G�-conjugation invariant means on ŒG; G� is a

nonempty compact convex set on whichG acts by conjugation, with ŒG; G� acting

trivially. Since G=ŒG;G� is abelian, by the Markov-Kakutani fixed point theorem,

there is a fixed point m 2 C , which corresponds to an atomless G-conjugation

invariant mean with m.ŒG;G�/ D 1. Therefore, (2) cannot hold since it would im-

ply that m.Z.G// D 1 and hencem.¹1º/ D m.ŒG;G�\Z.G// D 1, contradicting

that m is atomless.

Assume now (1) fails and we will show that (2) holds. Since G is finitely

generated, applying Lemma 3.3 (with N DKDG0 DG) shows thatm.Z.G// D 1

for every G-conjugation invariant mean m on G. Suppose toward a contradiction

that there were some ŒG; G�-conjugation invariant mean n0 onG with n0.Z.G// D

r < 1. Then the set D of all ŒG; G�-conjugation invariant means n on G with

n.Z.G// D r is a nonempty compact convex set on which G acts by conjugation,

with ŒG; G� acting trivially. Applying the Markov-Kakutani fixed point theorem

once more yields a mean m 2 D which is invariant under conjugation by G,

a contradiction.

We claim that there is some finitely generated subgroupH0 of ŒG; G� such that

ŒG; G�\CG.H0/ D 1 (and hence ŒG; G�\Z.G/ D 1). Otherwise, for each finitely

generated subgroup H of ŒG; G� we can find some xH 2 ŒG; G� \ CG.H/ with

xH ¤ 1. The collection of finitely generated subgroups of ŒG; G� is a directed set

under inclusion and, taking any weak� cluster point of the net of point masses,

.ıxH
/, in the space of means on ŒG; G�, we obtain a ŒG; G�-conjugation invariant

mean m on ŒG; G� which is not the point mass at the identity element. Since (1)

does not hold, the group M , of all elements of ŒG; G� with finite conjugacy class,

must be finite and m must concentrate on M . Since M is characteristic in ŒG; G�,
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it is normal in G, and by hypothesis G has no nontrivial finite normal subgroups,

henceM D 1. This contradicts thatm is not the point mass at the identity element.

Similarly, we claim that there must be a finitely generated subgroup H1 of

ŒG; G� such that CG.H1/ D Z.G/. Otherwise, for each finitely generated sub-

group H of ŒG; G� we can find some yH 2 CG.H/ with yH 62 Z.G/. By taking

any weak� cluster point of the net of point masses, .ıyH
/, in the space of means

on G, we obtain a ŒG; G�-conjugation invariant mean n on G with n.Z.G// D 0,

which we already showed is impossible. �

3.C. Wreath products

Theorem 3.9. Let K and H be groups, with H ¤ 1, let X be a set on which K

acts, and let G WD H oX K D .
L

X H/ÌK be the (restricted) generalized wreath

product. Then G is inner amenable if and only if one of the following holds:

(1) the action K Õ X admits an atomless K-invariant mean;

(2) H is inner amenable and the action K Õ X has a finite orbit;

(3) there is an atomless K-conjugation invariant mean m on K satisfying

m.Kx/ D 1 for all x 2 X , where Kx denotes the stabilizer of x in K.

Remark. It follows from the proof that either (1) or (2) holds if and only if there

is an atomless conjugation invariant mean on G which concentrates on
L

X H ,

and that (3) holds if and only if there is an atomless conjugation invariant mean

on G which concentrates on K.

Proof. Let N WD
L

X H , so that elements of N are functions zWX ! H whose

support, supp.z/ WD ¹x 2 X W z.x/ ¤ 1H º, is finite. Then K acts on N via

.k � z/.x/ WD z.k�1 � x/, and we identify N and K with subgroups of G so that G

is the internal semidirect product G D N ÌK and kzk�1 D k � z for all k 2 K,

z 2 N .

Suppose first that (1) holds. Letm be an atomlessK-invariant mean onX . Fix

some h 2 H , h ¤ 1, and for each x 2 X let zx 2 N be the function zx.x/ D h

and zx.y/ D 1H if y ¤ x. Define the mean Qm on N to be the pushforward of

m under the map x 7! zx. Since zk�x D kzxk
�1, the mean Qm is invariant under

conjugation by K. Sincem is atomless, Qm is atomless, and for any z 2 N we have

Qm.CN .z// � m.X nsupp.z// D 1 since supp.z/ is finite. Therefore, Qm is invariant

under conjugation by N and K, hence by all of G, so G is inner amenable.

Suppose next that (2) holds. LetX0 � X be a finite orbit of the actionK Õ X ,

and let K0 D
T

x2X0
Kx, so that K0 has finite index in K. Then the subgroup

N0 WD ¹z 2 N W supp.z/ � X0º is normal in G and isomorphic to the finite direct

sum N0 Š
L

X0
H . Since H is inner amenable, N0 is inner amenable, and hence

N0CG.N0/ is inner amenable. SinceN0CG.N0/ containsNK0, it is of finite index

in G, hence G is inner amenable.
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Suppose that (3) holds. For any z 2 N we have CK.z/ D
T

x2supp.z/Kx hence

m.CK.z// D 1. Therefore, in addition to beingK-conjugation invariant, the mean

m isN -conjugation invariant, hence it isG-conjugation invariant, henceG is inner

amenable.

Assume now that G is inner amenable and we will show that (1), (2), or (3)

holds. Let M denote the group of all elements of N having finite G-conjugacy

class, and let MH denote the group of elements of H having finite H -conjugacy

class. Notice that if z 2 M , then supp.z/ is contained in a finite K-invariant set,

and z.x/ 2 MH for all x 2 X . Therefore, if M is infinite then either K has

infinitely many finite orbits on X , in which case (1) holds, or K has a (nonzero)

finite number of finite orbit on X andMH is infinite, in which case (2) holds. We

may therefore assume without loss of generality that M is finite.

Let � WG ! N be the map �.zk/ D z for z 2 N , k 2 K. This map is

equivariant for the conjugation actions of K on G and N respectively. If m is any

mean on G with m.K/ < 1 then we let m0 denote the normalized restriction of m

to G �K and we define the mean '.m/ on X by

'.m/.A/ WD

Z

z2N

jA \ supp.z/j

jsupp.z/j
d��m0.z/

for A � X . It is clear that if m is K-conjugation invariant, then '.m/ is invariant

under the action of K on X . We will break the rest of the proof into three cases:

C1 there exists a K-conjugation invariant mean m on G with m.K/ < 1 such

that '.m/ is not supported on a finite subset of X ;

C2 there exists an atomless G-conjugation invariant mean m on G, with m such

that m.MK/ < 1 and m.G0/ D 1 for every finite index subgroup G0 of G,

and such that '.m/ is supported on a finite subset of X ;

C3 there exists an atomless G-conjugation invariant mean m on G such that

m.CG=M .z// D 1 for all z 2 N , and m.MCK.M// D 1.

We will show that C1 implies (1), C2 implies (2), and C3 imples (3). Let

us first assume that these three implications hold and finish the proof. Suppose

first that there exists an atomless G-conjugation invariant mean m on G which

concentrates on N . By Proposition 2.3 we may assume that m.G0/ D 1 for

every finite index subgroup of G. Since m is atomless and M is finite we have

m.MK/ D m.N \ MK/ D m.M/ D 0. If '.m/ is not supported on a finite

subset of X then C1 holds, hence (1) holds, and if '.m/ is supported on a finite

subset of X then C2 holds, hence (2) holds. We may therefore assume that there

is no atomless G-conjugation invariant mean which concentrates on N . Then

by Lemma 3.5, for every G-conjugation invariant mean m on G we must have

m.CG=M .z// D 1 for all z 2 N . Since G is inner amenable we may find an

atomless G-conjugation invariant mean m on G, and by Proposition 2.3 we may

assume that m.G0/ D 1 for every finite index subgroup G0 of G. If m.MK/ < 1
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then either C1 or C2 hold once again, so either (1) or (2) holds and we are done.

We may therefore assume that m.MK/ D 1. Since M is finite and normal in G,

CK.M/ is a finite index normal subgroup of K, and NCK.M/ has finite index

in G, hencem.NCK.M// D 1. Thus,m.MCK.M// D m.NCK.M/\MK/ D 1,

so C3 holds, and hence (3) holds. It remains to prove the implications Cj H) (j)

for j D 1; 2; 3.

Assume C1. Since '.m/ isK-invariant, if '.m/ is not purely atomic then, after

renormalizing '.m/ on its atomless part if necessary, we see that (1) holds, and if

'.m/ is purely atomic then the action K Õ X has infinitely many finite orbits, so

(1) holds nonetheless.

Assume C2. There must be a finite K-invariant subset X0 � X such that

'.m/.X0/ D 1 (in particular, the action K Õ X has a finite orbit). Since

'.m/.X0/ D 1, we have that .��m0/.S0/ D 1, where

S0 WD

²

z 2 N n ¹1N ºW
jX0 \ supp.z/j

jsupp.z/j
>

jX0j

jX0j C 1

³

:

Since the number
jX0\supp.z/j

jsupp.z/j
belongs to the set ¹i=jsupp.z/jW 0 � i � jX0jº,

which (by considering the cases jsupp.z/j > jX0j and jsupp.z/j � jX0j) is seen to

be disjoint from the open interval with endpoints jX0j=.jX0j C 1/ and 1, it follows

that any z 2 S0 satisfies
jX0\supp.z/j

jsupp.z/j
D 1, i.e., supp.z/ � X0. Therefore,

.��m0/.N0/ D 1;

where

N0 WD ¹z 2 N W supp.z/ � X0º:

This implies thatm.N0K/ D 1. SinceX0 isK-invariant,N0 is a normal subgroup

of G, and since X0 is additionally finite, the set

K0 WD CK.N0/ D
\

x2X0

Kx

has finite index in K, and hence NK0 has finite index in G. Thus, m.NK0/ D 1

and therefore m.N0K0/ D m.N0K \ NK0/ D 1. Since N0 and K0 commute,

the restriction of the map � to N0K0 is equivariant for the conjugation action of

N0 on N0K0 and N0 respectively, and hence ��m is invariant under conjugation

by N0. Since N0CG.N0/ has finite index in G, the group M0, of all elements of

N0 with finite N0-conjugacy class, is contained in M . Therefore, ��m.M0/ �

m.MK/ < 1, and hence ��m must not be purely atomic. This shows that

N0 is inner amenable, and since X0 is finite and N0 Š
L

X0
H , finitely many

applications of Proposition 2.4 show thatH is inner amenable and hence (2) holds.

Assume C3. Since M � N is finite and normal in G, the set

X0 WD
[

z2M

supp.z/
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is a finite (possibly empty, if M is trivial) K-invariant subset of X . Put

K0 WD
\

x2X0

Kx

(and K0 WD K if M is trivial). Then

M D ¹z 2 KW supp.z/ � X0 and z.X0/ � MH º;

from which it follows that K0 D CK.M/.

Given z 2 N , we claim that CG=M .z/ \ z�1MK0z \MK0 D MCK0
.z/. The

containment � is clear sinceM is normal in G, so we must show the inclusion �.

We can write z D z1z0 D z0z1 where supp.z0/ � X0 and supp.z1/ � X n X0.

Let g 2 CG=M .z/ \ z�1MK0z \ MK0. Then g D xk for some x 2 M and

k 2 K0, and zxkz�1k�1 2 M . Since z1 commutes with M and z0 commutes

with K0 we have zxkz�1k�1 D z0xz
�1
0 z1kz

�1
1 k�1, and since z0xz

�1
0 2 M this

implies that z1kz
�1
1 k�1 2 M . But then supp.z1kz

�1
1 k�1/ � X0, and also

supp.z1kz
�1
1 k�1/ � X n X0, since supp.z1/ � X n X0 and X0 is K0-invariant.

Therefore, z1kz
�1
1 k�1 D 1 and so k 2 CK0

.z1/ \ CK0
.z0/ � CK0

.z/.

It now follows that m.MCK0
.z// D 1 for all z 2 N . Define now the mean mK

on K by

mK.A/ WD m.MA/ for A � K.

This isK-conjugation invariant sinceM is normal inG. In addition,mK.Kx/ D 1

for all x 2 X since mK.CK.z// D m.MCK.z// D 1 for all z 2 N . This shows

that (3) holds. �

Example. Consider a Baumslag–Solitar group

G D BS.p; q/ D ht; a j tapt�1 D aqi

with 1 < p < q. Let A be the cyclic subgroup generated by a. Let G act on

X D G=A by translation and consider the wreath product W WD H oX G, where

H is a non-trivial group. Let S D
L

X H , and identify S andG with their images

in W . By [36], we can find a G-conjugation invariant atomless mean m which

satisfies m.A0/ D 1 for every finite index subgroup A0 of A. We claim that m is

in fact conjugation invariant for all of W . It suffices to show it is invariant under

conjugation by elements of S . Given s 2 S let Qs � X be the support of s. Then

the pointwise stabilizer AQs
D

T

x2Qs
Ax of Qs in A is a finite index subgroup

of A, so satisfies m.AQs
/ D 1. Since AQs

� CG.s/, we have m.CG.s// D 1, and

hence m is invariant under conjugation by s.

4. Inner amenability and CAT(0) cube complexes

We now study the structure of inner amenable groups acting on CAT.0/ cube

complexes.
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4.A. Generalities. A CAT(0) cube complex is, roughly speaking, a non-posi-

tively curved complex built from cubes - i.e. subspaces isometric to Euclidean

cubes Œ0; 1�n for some n 2 N - glued together via isometries along a face. For an

introduction to CAT(0) cube complexes, we refer to [34]; we here rely primarily

on [9]. We emphasize that the metric statements in this section are always for the

CAT(0) metric.

A CAT(0) cube complex X has finite dimension if there is some d such that

every cube ofX has dimension at most d . The dimension ofX is the least such d .

The link of a vertex x in a CAT(0) cube complex X is the simplicial complex

whose vertex set is the set of edges of X incident to x. A set of nC 1 vertices of

this complex corresponds to a n-simplex if and only if the corresponding edges

lie in a common cube.

A groupG acting by simplicial automorphisms on an irreducible CAT(0) cube

complex X acts elementarily if there is an invariant non-empty subset S � @X

with at most 2 elements. Let us emphasize that this notion of elementarity

is not the usual one used for groups acting on general CAT(0) spaces (where

elementarity refers to the existence either of an invariant Euclidean subspace or a

fixed point at infinity). This notion coincides with elementarity for groups acting

on Gromov hyperbolic spaces without bounded orbits. The action is essential if

no G-orbit remains in a bounded neighborhood of some half-space of X .

For a half-space h, we denote by Oh the corresponding hyperplane and by h� the

other half-space corresponding to Oh. Sometimes, for a given hyperplane Oh, we let

h˙ denote its two corresponding half-spaces. A facing triple of hyperplanes is a

triple of hyperplanes associated to a triple of pairwise disjoint half-spaces.

For a group G acting by isometries on a CAT(0) space .X; d/, the translation

length of an element g 2 G is

jgj WD inf
x2X

d.g.x/; x/:

An element g 2 G is called elliptic if there is a fixed point. That is to say, jgj D 0,

and the infimum value is achieved. We say that g is hyperbolic if jgj > 0 and

the infimum is achieved for some x 2 X . Elements which are neither elliptic nor

hyperbolic are called parabolic. For a finite dimensional CAT(0) cube complex,

it can be shown that there are no parabolic isometries [4].

These three classes of elements are disjoint and invariant under conjugation,

because the action is by isometries. We denote these three subsets ofG by Ell.G/,

Hyp.G/, and Par.G/, respectively.

A hyperbolic isometry g has axes which are isometrically embedded real lines

on which g acts as a translation of length jgj. A hyperbolic isometry is contracting

if there is an axis L and some R > 0 with the property that each ball that does not

intersect L has a projection to L with diameter at most R. A contracting isometry

has exactly 2 fixed points at infinity; an attractive one and a repulsive one which

are the end points of any of its axes.



392 B. Duchesne, R. Tucker-Drob, and P. Wesolek

A CAT(0) cube complexX is said to be pseudo-Euclidean it has an Aut.X/-in-

variant isometricaly embedded Euclidean subspace. If the subspace has dimen-

sion 1, the complex is said to be R-like.

We will need two results from the work [7] of Caprace and Lytchack. They

introduced the telescopic dimension of CAT(0) spaces. A finite dimensional

CAT(0) cube complex has finite telescopic dimension.

Proposition 4.1 (Caprace–Lytchack, [7, Theorem 1.1]). Let X be a complete

CAT(0) space of finite telescopic dimension and .Xi /i2N be a nested sequence of

non-empty closed convex subspaces of X . If
T

Xi D ;, then
T

@Xi is nonempty

and has radius at most �=2. In particular, the center of all the circumcenters of
T

@Xi is unique.

Corollary 4.2 (Caprace–Lytchack, [7, Corollary 1.5]). Let X be a complete

CAT(0) space of finite telescopic dimension. For a parabolic elementg2 Isom.X/,

the set of g-fixed points in @X is nonempty and has a canonical point �0.g/ which

is the center of the circumcenters of g-fxed points in @X .

This implies that, for a parabolic element g, one has �0.hgh
�1/ D h�0.g/ for

any h 2 Isom.X/; that is, the point �0.g/ is equivariant in g. For a hyperbolic

element g, we denote by �˙.g/ the attracting and repulsing fixed points of g.

These are the boundary points such that for any x 2 X , g˙n.x/ ! �˙.g/.

Again these points are equivariant with respect to g: for any h 2 Isom.X/,

�˙.hgh
�1/ D h�˙.g/.

4.B. Main theorem. We first start with a general statement for groups equipped

with a conjugation invariant mean acting on CAT(0) spaces.

Proposition 4.3. Let X be complete CAT(0) space of finite telescopic dimension

without Euclidean de Rham factor and let G be a group acting minimally on X

without fixed points at infinity. If m is a conjugation invariant mean on G, then

m.Ell.G// D 1.

Proof. Assume that m.Par.G// > 0 (respectively m.Hyp.G// > 0). By consid-

ering mjPar.G/ and renormalizing it, we may assume that m.Par.G// D 1 (respec-

tively m.Hyp.G// D 1). Pushing forward m via �0 (respectively �C), we get a

G-invariant mean on @X . One can think of this mean as a positive linear func-

tional �W `1.@X/ ! R that is G-invariant. Let us fix x0 2 X . For � 2 @X , let us

denote by x 7! ˇ�.x/ the Busemann function associated to � that vanishes at x0.

For x 2 X and any � 2 @X , jˇ�.x/j � d.x; x0/. Hence, � 7! ˇ�.x/ is a bounded

function on @X . In particular, one can “integrate” this function with respect to �

to obtain a real number that we denote by
R

@X
ˇ�.x/d�.�/. Let us denote by f

the function x 7!
R

@X ˇ�.x/d�.�/. For any � 2 @X , the function x 7! ˇ�.x/ is
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1-Lipschitz and convex, and furthermore, � is linear and positive with �.1/ D 1.

It now follows that f is a convex 1-Lipschitz function onX that is quasi-invariant

(i.e. invariant up to addition of a constant function). Moreover it lies in the closed

convex hull C (which is compact) of Busemann functions vanishing at x0. Actu-

ally, since R
X is endowed with the pointwise convergence topology, to prove that

f 2 C, by Hahn–Banach theorem, it suffices to check that for any x 2 X ,

inf
'2C

'.x/ � f .x/ � sup
'2C

'.x/:

This follows from the definition of f and the positivity ofm. If f has no minimum

then the intersection of its sublevel sets yields a G-invariant point at infinity by

Theorem 4.1. So f has a minimum m. The set ¹x 2 X W f .x/ D mº is closed

convex and G-invariant. So by minimality, this subset coincides with X , that is f

is actually constant. By [7, Proposition 4.8 and Lemma 4.10], X has a non-trivial

Euclidean de Rham factor which is a contradiction. �

Corollary 4.4. Let X be an irreducible CAT(0) cube complex of finite dimension

and let G be a group acting essentially and non-elementarily by automorphims

on X . If m is a conjugation invariant mean on G, then m.Ell.G// D 1.

Proof. Since there is no fixed point at infinity, there is a minimal G-invariant

CAT(0) subspace Y � X [7, Proposition 1.8(ii)].

Thanks to Proposition 4.3, it suffices to show that Y has trivial Euclidean de

Rham factor. So, let us assume that Y has a splitting Y D Y 0 � E where E

is the Euclidean de Rham factor of Y and dim.E/ � 1. By [9, Theorem 6.3],

since X is irreducible, G has a contracting isometry for the action on X . The

projection of one of its axis to Y is still an axis. So G has a contracting isometry

g for the induced action on Y . We claim that it implies that dim.E/ D 1. An

axis in Y can be parametrized as c.t/ D .c1.t /; c2.t // for t 2 R where c1; c2 are

parametrizations with non-negative constant speed at most 1. In particular, the

image of c2 is a point or a line. If dim.E/ � 2, we can find a half-line parametrized

by 
2.s/ for s � 0 that is moreover orthogonal to the image of c2 if it is a line.

Now, the image of .t; s/ 7! .c1.t /; c2.t /C 
2.s// is a flat half-plane that bounds

the axis and contradicts that g is rank 1. So dim.E/ D 1. Since the action of G

on Y 0 � E is diagonal [7, Proposition 6.1], the boundary @E gives a G-invariant

pair of points in @Y � @X and thus a contradiction with non-elementarity. �

Proposition 4.5. Let G be a group acting essentially and non-elementarily on

a finite dimensional irreducible CAT(0) cube complex X . If m is a conjugation

invariant mean on G, then

m.¹g 2 GW Fix.g/ \ h ¤ ;º/ D 1

for every half-space h.
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Proof. We consider two collections of hyperplanes of X :

W1 WD ¹OhWm.¹gW Fix.g/ \ h ¤ ; and Fix.g/ \ h� ¤ ;º/ D 1º;

and

W2 WD ¹OhWm.¹gW Fix.g/ � hº/ > 0 or m.¹gW Fix.g/ � h�º/ > 0º:

By Corollary 4.4, we know that m.Ell.G// D 1, hence W D W1 t W2 where W

is the set of all hyperplanes of X . We aim to show that W2 D ;.

Let us argue that W1 and W2 are transverse. That is, for any Ohi 2 Wi ,
Oh1 \ Oh2 ¤ ;. Suppose toward a contradiction that there are Oh1 2 W1 and Oh2 2 W2

that are not transverse. We may assume that h1 and h2 have non-empty intersection

and are not nested. Since h�
2 � h1, m.¹gW Fix.g/ � h�

2º/ D 0. On the other hand,

the double skewer lemma, [9, Section 1.2], ensures that there is ı 2 G such that

ıh1 � h�
2 . Hence,m.¹gW Fix.g/ � h2º/ D 0which is a contradiction. We conclude

that W1 and W2 are transverse.

By [9, Lemma 2.5], X splits as a product of CAT.0/ cube complexes X1 �X2

(with possibly a trivial factor) where W1 and W2 are respectively the hyperplane

systems of X1 and X2. By irreducibility, we know that one of this factor is trivial.

If W2 ¤ ; then X D X2. In this case, define

W
0
2 WD ¹Oh 2 W2Wm.¹gW Fix.g/ � hº/ ¤ m.¹gW Fix.g/ � h�º/º:

For Oh 2 W
0
2, we may choose the half-space h such that

m.¹gW Fix.g/ � hº/ > m.¹gW Fix.g/ � h�º/:

Take Oh and Ok in W
0
2 and suppose that h \ k D ;. It is then the case that k � h�.

Hence,

m.¹gW Fix.g/ � hº/ > m.¹gW Fix.g/ � h�º/ � m.¹gW Fix.g/ � kº/:

On the other hand, h � k�, so the same computation with the roles reversed gives

that m.¹gW Fix.g/ � hº/ < m.¹gW Fix.g/ � kº/, which is a contradiction.

It now follows, thanks to the Helly-type property for CAT(0) cube com-

plexes, that
T

Oh2W0
2
h is an intersection of nested non-empty closed convex sets

[9, Lemma 4.2]. The intersection
T

Oh2W0
2
h is furthermore G-invariant, and since

the action of G on X is essential, this intersection is empty. Thanks to Proposi-

tion 4.1, there is a global fixed point at infinity for the action of G contradicting

that the action is non-elementary. We conclude that W0
2 D ;.

For any hyperplane Oh 2 W2, it is thus the case that

m.¹gW Fix.g/ � hº/ D m.¹gW Fix.g/ � h�º/;
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and this value is non-zero. Since X is irreducible, Aut.X/ has no invariant

Euclidean subspace otherwise it would be R-like ([9, Lemma 7.1]) and thus, there

would be an invariant pair at infinity corresponding to the ends of the invariant

line. Let us now consider a facing triple Oh1; Oh2; Oh3 2 W2 of hyperplanes, which

exists thanks to [9, Theorem 7.2]. That the triple is facing ensures that h�
j � hk for

k ¤ j . In particular, h�
i \ h�

j D ; for i ¤ j . Setting ˛i WD m.¹gW Fix.g/ � h�
i º/,

we see that ˛1 � ˛2 C ˛3 and ˛2 � ˛1 C ˛3. Hence, ˛3 D 0 which is a

contradiction. �

Lemma 4.6. Let G be a group acting essentially and non-elementarily on an

irreducible finite dimensional CAT(0) cube complexX . Letm be any conjugation

invariant mean on G. Then there is some x0 2 X and some C > 0 such that

m.¹g 2 GW Fix.g/ \ B.x0; C / ¤ ;º/ D 1:

Moreover the set XC , of all such points, is convex and G-invariant.

The lemma follows essentially from Proposition 4.5 and the ideas that gives

the existence of contracting isometries in [9]. We urge the reader to have a copy

of [9] at hand to follow the proof.

Proof. Let us recall a few facts from [9] useful for us. An isometry g skewers some

hyperplane Oh if g0h
C � hC where hC is one of the two half-spaces bounded by Oh.

Two hyperplanes are strongly separated if no hyperplane crosses both of them.

Under the essentiality and non-elementarity assumptions, the double skewering

lemma [9] guarantees that for any two half-spaces d � h, there exists g 2 G such

that gh ¨ d � h.

By [9, Proposition 5.1], irreducibility of X ensures that there exists a pair of

strongly separated hyperplanes Oh; Oh0. Let h and h0 be the half-spaces bounded by

them respectively, with h0 � h. By the double skewer lemma applied to h0 � h,

there is g0 2 G such that g0h ¨ h0. By [9, Lemma 6.2], g0 is a contracting

isometry.

Let hC WD h and let x0 be the intersection of some axis l of g0 and Oh. The

proof of [9, Lemma 6.1] implies that there is C > 0 such that for any a 2 g�1
0 h�

and b 2 g0h
C, the geodesic segment Œa; b� meets B.x0; C /. Indeed if we let

x�1 WD l \ g�1
0

Oh and x1 WD l \ g0
Oh and x WD Œa; b�\ Oh, then the third paragraph

of the proof of [9, Lemma 6.1] shows that the number of hyperplanes separating

x0 from x is bounded by some constant depending only on X and the number of

hyperplanes separating x0 from x1. Since the CAT.0/ distance between two points

of X is comparable with the number of hyperplanes separating those two points

([9, Lemma 2.2]), the existence of the constant C > 0 follows.

By Proposition 4.5, there is a measure 1 set of elements of G such that for any

g in this set, Fix.g/ \ g�1
0 h� ¤ ; and Fix.g/ \ g0h

C ¤ ;. Thus for any g in this

set, Fix.g/ \ B.x0; C / ¤ ;.
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Since the mean m is conjugation invariant, it follows directly from the def-

inition that XC is G-invariant. Now let x; y 2 XC and let cW Œ0; 1� ! X be a

parametrization of Œx; y� proportional to arc-length. There is a measure 1 subset

G0 � G such that for all g 2 G0, Fix.g/\B.x; C / ¤ ; and Fix.g/\B.y; C / ¤ ;.

Fix g 2 G0, x0 2 Fix.g/ \ B.x; C / and y0 2 Fix.g/ \ B.y; C /. Let c0 be

the similar parametrization of Œx0; y0�. By convexity of the metric [5, II.2.2],

d.c.t/; c0.t // � C for any t 2 Œ0; 1�. Since c0.t / is fixed by g as well, the re-

sult follows. �

A mean on a group G is said to be an idempotent if m �m D m.

Lemma 4.7. Let G be a group acting minimally by isometries on some complete

CAT(0) space X . Let m be a conjugation invariant idempotent mean on G. Let

C > 0 and supposem.¹g 2 GW Fix.g/ \ B.x; C / ¤ ;º/ D 1 for every x 2 X .

Then m.¹g 2 GW d.x; gx/ < "º/ D 1 for every x 2 X and every " > 0.

Proof. Let us fix x0 2 X . For g 2 G such that Fix.g/ ¤ ; and x 2 X ,

d.x; gx0/ � d.x; y/C d.y; x0/ � 2C C d.x; x0/

for any y 2 Fix.g/ \ B.x; C / and thus the following formula

'.x/ D

Z

G

d.x; gx0/
2dm.g/

defines a function 'WX ! R
C. The continuity follows from the inequality

jd.x; gx0/
2 � d.y; gx0/

2j D jd.x; gx0/ � d.y; gx0/j � .d.x; gx0/C d.y; gx0//

� d.x; y/.4C C d.x; x0/C d.y; x0//

which integrates into

j'.x/ � '.y/j � d.x; y/.4C C d.x; x0/C d.y; x0//:

It follows from linearity and the CAT(0) inequality [5, Exercise II.1.9.c)] that for

any x; y 2 X and c their midpoint that

'.c/ �
1

2
.'.x/C '.y// �

1

4
d.x; y/2: (4.4)

We claim that ' has a unique minimum z and for any z0 2 X ,

d.z; z0/2 � 2.'.z0/ � '.z//:
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Only the existence of this minimum requires an argument, the inequality and the

uniqueness follow directly from Equation (4.4). So let us prove the existence.

For g in a set of measure 1, d.x0; Fix.g// � C and thus for any g in this set,

d.x0; gx0/ � 2C . In particular, '.x0/ � 4C 2. Now, for a point y 2 XnB.x0; 4C /,

the reverse triangle inequality implies that d.y; gx0/ � 2C and thus '.y/ � 4C 2.

Since any continuous convex function on a bounded complete CAT(0) space has

a minimum (this follows from [31, Theorem 14]), ' has a minimum which lies in

B.x0; 4C /.

By idempotence of m we have

'.z/ D

Z

G

d.z; gx0/
2dm �m.g/

D

Z

h2G

Z

k2G

d.h�1z; kx0/
2dm.k/dm.h/

D

Z

h2G

'.h�1z/dm.h/:

In particular, for any " > 0 there is a measure 1 set of elements h 2 G

such that '.h�1z/ < '.z/ C " and thus d.z; h�1z/2 � 2". This gives that

¹x 2 X W for all " > 0;m.¹gW d.x; gx/ < "º/ D 1º is nonempty. Since this set

is closed convex and G-invariant, it is X itself. �

Theorem 4.8. Let G be a group acting essentially and non-elementary on an

irreducible finite dimensional CAT(0) cube complex X . There is a nonempty

closed convex subspace X0 such that for any conjugation invariant mean m on

G and any x 2 X0, m.Gx/ D 1.

Proof. Since the action is non-elementary, there are minimal invariant closed

convex subspaces. Moreover the union of all such minimal subspaces split as

a product X0 � C [8, Theorem 4.3 (B.ii)] where X0 is one of these minimal

subspaces and the action is diagonal, being trivial onC . So, all minimal subspaces

are G-equivariantly isometric. Let us fix a minimal closed subspace X0.

Assume first that n is a conjugation invariant mean on G that is additionally

idempotent. Then we can apply Lemma 4.7 to some minimal closed convex

G-invariant subspace X1 of XC given by Lemma 4.6.

In a finite dimensional CAT(0) cube complexX , the Aut.X/-orbit of any point

x 2 X is discrete. Actually, sinceX is finite dimensional, the CAT(0) distance and

the `1 distance are equivalent and it suffices to show that the orbit is discrete for

the `1 distance. LetR > 0 and y D gx in the orbit of x such that d.x; y/ � R. We

claim that the number of possibilities for d.x; y/ is finite. Let K be the minimal

cube containing x. Thanks to [6, Theorem 1.14], the interval (as defined in [6])
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between the furthest vertices ofK and gK (this interval contains x and y) embeds

isometrically as a subcomplex in R
d with it standard cubical structure where d is

the dimension of X . But in a ball of a given radius in R
d there are only finitely

many embeddings of a cube of the same dimension as K. Thus the possibilities

for d.x; y/ are finite.

So, since the orbit of any point in X is discrete under the action of Aut.X/, we

conclude that n.Gx/ D 1 for every x 2 X1. Since X1 and X0 are equivariantly

isometric, for every x 2 X0, n.Gx/ D 1.

Now let m be a conjugation invariant mean on G. Since the map n 7! n � m

is affine, continuous, and the set of conjugation invariant means is a convex

compact subspace of a locally convex topological vector space, the Markov-

Kakutani fixed point theorem gives the existence of an m-stationary conjugation

invariant mean, i.e., a mean n satisfying the equation n�m D n. The set of all such

m-stationary conjugation invariant means is a compact left topological semigroup

for convolution, hence Ellis’s Lemma [17, Lemma 1] gives the existence of an

m-stationary conjugation invariant mean n which is furthermore idempotent. By

the paragraph above, we have n.Gx/ D 1 for every x 2 X0. Therefore, by

Lemma 2.2, since n is m-stationary, we conclude that m.Gx/ D 1 for every

x 2 X0. �

4.C. A few applications

Corollary 4.9. Let G be a group acting on a finite dimensional CAT(0) cube

complex X with no fixed points and no finite orbit in @X . Then there exists a finite

index subgroup G0 and a closed convex G0-invariant subspace X0 such that for

any conjugation invariant meanm onG0 and for any point x 2 X0,m..G0/x/ D 1.

Proof. Since G has no fixed point in X , nor any fixed point at infinity, there is

a nonempty invariant subcomplex called the essential core, Y � X on which G

acts essentially [9, Proposition 3.5]. This complex Y has a canonical splitting

Y D Y1 � � � � � Yn into irreducible cube complexes which is preserved by Aut.Y /

[9, Proposition 2.6]. Let us gather the pseudo-Euclidean factors as the k first

ones. That is Yi is pseudo-Euclidean if and only if i � k. In particular, if

we denote by Yeuc the product Y1 � � � � � Yk, then Yeuc is pseudo-Euclidean

and the action Aut.Yeuc/ Õ Yeuc is essential. Let us also denote by Ynon-euc

the product of the remaining factors. Observe that the splitting Y D Yeuc �

Ynon-euc is Aut.Y /-invariant and this gives an action of Aut.Y / on Yeuc. By [9,

Lemma 7.1], each factor Yi , for i � k, is R-like. In particular, each factor has

a Aut.Yi /-invariant line which gives an Aut.Yi/-invariant pair of points in @Yi .

So this gives a finite orbit in @Yeuc for Aut.Y / and thus for G as well. This is a

contradiction and this implies that Y has no pseudo-Euclidean factor.
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Let G0 be the finite index subgroup of G that preserves each factor of the

decomposition Y D Y1 � � � � � Yn. For any i � n, the action G0 Õ Yi is

essential and non-elementary (otherwise there would be a finite G-orbit in @Y ).

By Theorem 4.8, there is a closed convex subspaceXi � Yi such that the stabilizer

of any point in Xi has measure 1 for any conjugation invariant mean m. Let us

denote by X0 D X1 � � � � � Xn � Y . By intersecting finitely measure 1 sets, it

follows that the stabilizer of any point in X0 has measure 1. �

Corollary 4.10. LetG be a group acting on some finite dimensional CAT(0) cube

complex properly and without finite orbit at infinity. ThenG is not inner amenable.

Proof. Let us assume toward a contradiction that G is inner amenable. We

continue with the same notations as in Corollary 4.9. Say that m is a conjugation

invariant atomless mean on G0 (which exists since it has finite index in G). By

Corollary 4.9, the stabilizer of any point in X0 has measure 1. However, that the

action is proper ensures the stabilizer of any vertex is finite. Therefore the mean

m has atoms, which is a contradiction. �

Remark 4.11. Corollary 4.10 can also be deduced from previous results. From

[35, Theorem 1.3] (see also [13, 2.23]), one can deduce the existence of non-

degenerate hyperbolically embedded subgroup of G and thus the group G is not

inner amenable [13, 2.35].

Remark 4.12. Under the hypotheses of Corollary 4.10, we can also show that

G has a natural proper 1-cocycle into a non-amenable representation and thus G

is properly proximal in the sense of [3] and hence not inner amenable. There

is a well-known natural 1-cocycle for the quasi-regular representation of G on

`2.H/, associated to the action ofG on the set of halfspacesH, and this cocycle is

proper if the action of G on X is proper [10, §1.2.7]. It remains to show that this

representation is non-amenable, which (since we are dealing with a quasi-regular

representation) is equivalent to showing that there is no G-invariant mean on H.

Assume for the sake of contradiction that there is such a G-invariant mean m

on H. We can push it forward via h 7! Oh to get a G-invariant mean m on the set

of hyperplanes W. Thanks to the same argument as in the proof of Corollary 4.9,

it suffices to consider the case where X is irreducible and the action is essential.

Analogous to the proof of Proposition 4.5, let us define

W1 D ¹OhWm.¹OkW Ok?Ohº/ D 1º;

W2 D ¹OhWm.¹OkW Ok � hº/ > 0 or m.¹OkW Ok � h�º/ > 0º;

where Ok?Oh means the two hyperplanes Ok and Oh are transverse. For similar reasons

as in Proposition 4.5, W D W1 t W2 and these collections are transverse. By

irreducibility, one is trivial and arguing with W2 as in the proof of Proposition 4.5,
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we show that W D W1. Thus, for any two Oh1; Oh2, there is a measure 1 set of

hyperplanes which simultaneously cross them both. This contradicts the existence

of strongly separated hyperplanes which is guaranteed thanks to the irreducibility

of the complex [9, Proposition 5.1].

Example 4.13. The Higman group is not inner amenable. Let us recall that the

Higman group H is the group given by the presentation.

H D ha0; a1; a2; a3 j aiaiC1a
�1
i D a2

iC1 with i 2 Z=4Zi:

The work [29] exhibits an action of H on an irreducible CAT(0) square com-

plex. From the description of the action, which is simply transitive on squares, it

follows that the convex hull of any orbit meets the interior of some square and the

action is essential and non-elementary. Moreover, the action on squares is regular.

So, by Theorem 4.8, for any conjugacy invariant mean on H , m.¹1º/ D 1. So, H

is not inner amenable.

4.D. Graph products of groups. Let � be a finite simplicial graph with vertex

set V � and edge set E�. The neighborhood N.v/ of v 2 V � is the set ¹w 2

V �; w D v or ¹v; wº 2 E�º. A clique in � is subset C � V � such that the

induced graph is complete. By a maximal clique, we mean a clique which is

maximal for inclusion. The flag simplicial complex F� associated to � is the

simplicial complex with 1-skeleton � and simplices corresponding to cliques.

Assume that for each v 2 V �, a non-trivial group Gv is given. The groups Gv

are called the vertex groups. For any simplex � of F�, that is a clique in �, we

defineG� D
Q

v2� Gv . In particular, for two simplices � � � , we have the natural

inclusion  �� WG� ! G� . The graph product G� is the direct limit of the system

given by the groups G� and homomorphisms  �� . It can also been described

as the quotient of the free product of all vertex groups by the normal subgroup

generated by the commutators Œa; b� with a 2 Gv; b 2 Gw and ¹v; wº 2 E�.

More generally, if S is a subset of V �, we denote by �S the subgraph of �

induced by S . The subgroup of G� generated by ¹Gvºv2S is denoted by GS and

is isomorphic to the graph product G�S
.

The graph � is a join if there are two proper subsets V1; V2 � V �, V � D

V1 t V2 and such that for any v1 2 V1 and v2 2 V2, ¹v1; v2º 2 E�. In this case,

if �i is the graph induced by Vi then the graph product G� splits as the direct

product G�1
� G�2

. The complement graph x� is the graph with same vertex set

V x� D V � and ¹v; wº 2 Ex� if and only if ¹v; wº … E�. Let �1; : : : ; �n be the

subgraphs of � induced by the vertex sets of the connected components of x�. By

the above remark, the group G� splits as a direct product G�1
� � � � � G�n

. This

canonical splitting is maximal in the sense that no �i is a join.

The goal of this subsection is to prove the following characterization of inner

amenability of graph products of groups and to specialize this result to the cases

of right-angled Artin groups and right-angled Coxeter groups.
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Theorem 4.14. The graph product G� is inner amenable if and only if

� there is v 2 V � such that N.v/ D V � and Gv is inner amenable or

� there are v1; v2 2 V such that N.v1/ D V n ¹v2º, N.v2/ D V n ¹v1º and

Gv1
' Gv2

' Z=2Z. In particular G� splits as direct product with the

infinite dihedral groupD1.

To prove this theorem, we use a nice combinatorial action of G� on a CAT(0)

cube complex X� due to Meier and Davis [30, 14]. This construction is also

described in [5, Example II.12.30.(2)]. We refer to these references for an explicit

construction. This action has a cubical complexC� as strict fundamental domain,

which is the cubulation of the simplicial complex F�. Let us describe it.

The vertex set of C� is the set of cliques of � together with the empty set (seen

as the empty clique). Two cliques � and � are joined by an edge if and only if their

symmetric difference is a singleton. More generally, two cliques lie in a common

cube if and only if their union is a clique. So all maximal cubes of C� have a set

of vertices given by the set of all subsets of a maximal clique. In particular, the

link of the vertex ; is F �.

For a point x 2 C�, we denote by �.x/ the smallest clique (for inclusion)

appearing as vertex of the smallest cube containing x. The CAT.0/ cube com-

plex X� (which depends on the vertex groups whereas C� does not) is obtained

as a quotient

.G� � C�/ = �

where

.g; x/ � .h; y/ if x D y and g�1h 2 G�.x/.

This quotient is naturally endowed with the cubical structure coming from C�

andG� acts by automorphisms via g �.h; x/ D .gh; x/. For example, the stabilizer

of a vertex � is exactly G� (with the convention that G; D ¹1º). The vertices of

X� are in bijection with cosets gG� 2 G�=G� , that is the union indexed by the

set of all cliques (possibly empty)

X
.0/
� D

G

�

G�=G� :

Observe that C� embeds in X� by the map x 7! .1; x/. Under this embedding

the link of ; in X� is the same as in C�, that is F�. This follows from the fact

that the stabilizer of ; is G; D ¹1º.

Example 4.15. To explicit a bit this construction, we illustrate it on some simple

examples in Table 1. For the sake of simplicity, the vertex groups are cyclic but

the construction is not restricted to this case.
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Table 1a. Some examples of graph products and their associated CAT(0) cube complexes.

�
Vertex groups and

their graph products
C� X�

�
v Gv D G� D Z=5Z

�
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�
¹vº � � 0

�
1
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�
3 �
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¹vº
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v
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v0

Gv D Z=3Z; Gv0 D Z=4Z
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;
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Table 1b. Some examples of graph products and their associated CAT(0) cube complexes.

�
Vertex groups and

their graph products
C� X�

�
v

�
v0

Gv D Z=2Z; Gv0 D Z=3Z

G� D Z=2Z � Z=3Z �
;

�
¹vº

�
¹v0º

�
¹v; v0º

�
;

�
¹vº

�¹v0º �
¹v; v0º

�
.0; 1/

�
.0; 2/

� .1; 2/

�
.1; 1/

�
.1; 0/

�

�
v

�
v0

�
v00

Gv D Gv0 D Gv00 D Z=2Z

G� D Z=2Z � .Z=2Z � Z=2Z/
�; �¹vº

�
¹v0º

�
¹v; v0º

�¹v00º

�
;

�

�

�

�

�

�

�

�

�

�

�

:::

: : :

: : :

:::
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Lemma 4.16. Let S � V �. The CAT(0) cube complex X�S
embeds as a convex

subcomplex of X� in a GS -equivariant way.

Proof. By construction, the set of vertices of X�S is the union

G

��S

GS=G�

over cliques included in S . This can be seen as a subset of

G

��V �

G�=G�

and this gives the embedding at the level of vertices. It is clearly GS -equivariant.

Moreover, by construction, two vertices ofX�S
lie in a common cube ofX� if and

only if they lie in a common cube of X�S
and thus the embedding is convex. �

Lemma 4.17. The action of G� Õ @X� has no fixed point.

Proof. Let � be a maximal clique of the graph �. Assume that � 2 @X� is a

G� -fixed point. The geodesic rayL from the vertex � to � is pointwise fixed byG� .

The maximal cubes having � as vertex are images by some element g 2 G� of the

cube C with vertex set ¹� W � � �º. In particular, if g 2 G� does not lie in any Gv

for v 2 � then gC \C D ¹�º. So G� acts transitively on maximal cubes attached

to � and the intersection of all these cubes is reduced to � . We have a contradiction

because there is some maximal cube attached to � such that the intersection of L

and this cube is not reduced to ¹�º. �

If � is a join, the group G� splits as direct product and the CAT(0) cube

complex X� splits as a direct product with factors associated to the factors of G� .

The converse is also true.

Lemma 4.18. If � is not a join then X� is irreducible.

Proof. In the complexC�, vertices are in bijection with cliquesS � V � (possibly

empty). Two such vertices are connected by an edge if they differ by one element.

In particular, edges with one end ; have some singleton ¹vº for the other end.

Since any maximal cube in C� contains the vertex ;, to any hyperplane of C�,

one can associate a unique v 2 V �, which is the unique v such that this hyperplane

is the parallelism class of a unique edge with ends ; and ¹vº. Let us recall that

parallelism is the equivalence relation on edges generated by pairs of opposite

edges in squares. We denote by hv this hyperplane (seen as an hyperplane of

C� or X�). By construction, for any v1; v2, hv1
crosses hv2

if and only if

¹v1; v2º 2 E�.
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Assume that X� splits as product of CAT(0) cube complexes then there is a

canonical non-trivial decomposition X� D X0 � � � � �Xn and this decomposition

is stable under the action of the automorphism group (which possibly permutes

the isomorphic factors). In that case, the set of hyperplanes W is the (non-trivial)

disjoint union W0 t � � � t Wn where any Ohi 2 Wi meets any Ohj 2 Wj if i ¤ j .

See [9, Proposition 2.6]. This partition of W induces a partition of V � in the

following way. If Vi D ¹v; Ohv 2 Wiº then V � D V0 t � � � t Vn and for any i; j

distinct, vi 2 Vi ; vj 2 Vj , ¹vi ; vj º 2 E�. Moreover, this partition is non-trivial

because C� is a fundamental domain for the action of G� . �

Let us recall that an action by automorphisms of a group G on a CAT(0)

cube complex is essential (or G-essential if we aim to emphasize the action) if

all hyperplanes are essential, that is there is no orbit at a bounded distance from

an half-space.

Lemma 4.19. If � is not a join and has at least two vertices then the action

G� Õ X� is essential.

Proof. For an hyperplane, to be G� -essential is a G�-invariant property. So it

suffices to show that hyperplanes corresponding to edges with ends ; and ¹vº (for

some v 2 V �) are essential. So let v 2 V �. Since � has at least two vertices

and is not a join then there is v0 2 V � such that ¹v; v0º is not an edge of �. Let

S D ¹v; v0º, Oh be the hyperplane corresponding to the edge between ; and ¹vº and
Oh0 the one between ; and ¹v0º. These hyperplanes do not cross since ¹v; v0º is not

an edge, and neither do their images g Oh, g0 Oh0 for g; g0 2 GS D Gv � Gv0 � G� .

The images of the above edges under GS span the infinite tree without leaf X�S

(which is convexly embedded by Lemma 4.16) and thus Oh is essential. �

Lemma 4.20. Let � be a graph that is not a join and such that jV �j � 3. Then,

there is S � V � such that jS j D 3 and jE�S j � 1.

Proof. Since � is not a join, � is not a complete graph and there are vertices

v1; v2 such that ¹v1; v2º … E�. Now, assume for a contradiction that for any

S � V � of cardinal 3, one has jE�S j � 2. So, for any v3 2 V � n ¹v1; v2º,

¹v1; v3º; ¹v2; v3º 2 E� and thus � is the join of ¹v1; v2º and V � n ¹v1; v2º, and

we have a contradiction. �

Proof of Theorem 4.14. Thanks to Proposition 2.4, a direct product is inner

amenable if and only if at least one of its factor is. So, it suffices to prove that

if � is not a join and G� is inner amenable then � has a unique vertex v (and thus

G� D Gv is inner amenable), or � is an edge and the vertex groups have orders 2

(that is G� ' D1).
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From now on, we assume that � is not a join, not reduced to a vertex nor to an

edge with vertex groupsZ2 and we show that in this caseG� is not inner amenable.

By Lemma 4.18, X� is irreducible.

Let us show that X� is not pseudo-Euclidean (in our irreducible situation,

this means X� is not R-like [9, Lemma 7.1]) and that implies that there is no

invariant pair of points at infinity. That is, thanks to Lemma 4.17, the action

is non-elementary. So, for the sake of contradiction, let us assume, there is a

Aut.X�/-invariant Euclidean subspace E � X� . Since the fundamental domain

C� is compact, the projection � WX� ! E is a quasi-isometry. In particular,

the subcomplexes X�S
(for S � V �) can’t be hyperbolic without being quasi-

isometric to a real interval.

If jV �j D 2 then at least one vertex group has order greater than 2 and then

X� is tree with no leaf and at least one vertex with valency greater than 2. Thus

it can’t be quasi-isometric to a Euclidean space. So it remains to deal with the

case where jV �j � 3. Thanks to Lemma 4.20, there is S D ¹v1; v2; v3º � V �

such that jE�S j � 1. If E�S D ; then X�S
is a tree without leaf and the vertex

; has valency 3, which gives a contradiction. If jE�S j D 1, we may assume that

E�S D ¹v1; v2º. The complex X�¹v1;v2º
is bounded (all squares are attached to

the vertex corresponding to G¹v1;v2º) and G¹v1;v2º has at least 4 elements (this is

similar to the last example in Table 1). SoX�S
is quasi-isometric to a tree without

leaf and all of whose vertices have valency at least 4. Once again, this gives a

contradiction.

So, we know that X� is not pseudo-Euclidean. By [9, Theorems 6.3 & 7.2],

X� contains a facing triple Oh1; Oh2; Oh3 of hyperplanes and each of this hyperplane Ohi
is skewered by some contracting isometry gi . If h1; h2; h3 are the corresponding

half-spaces,we may assume that gihi is properly contained in hi . Each contracting

isometry has exactly 2 fixed points. Since the triple of hyperplanes is a facing

triple, the half-spaces hi are pairwise distinct and the three attractive fixed points

of the isometries gi are distinct. This shows that � has no invariant pair of points

at infinity.

By Lemmas 4.17 and 4.19, the action ofG� is non-elementary and is essential.

We can apply Theorem 4.5 and thus we know the existence of X0 � X such that

for any x 2 X0 and any conjugation invariant mean m..G�/x/ D 1. Let x 2 X0.

Up to applying an element of G� , we may assume that x belongs to some cube

containing the vertex ;. The stabilizer of x is thenG�.x/ where �.x/ is the minimal

clique appearing as vertex in the smallest cube containing x. We claim that there

is 
 2 G� such that 
G�.x/

�1 \ G�.x/ D ¹1º. It follows that m.¹1º/ D 1 and

thus G� cannot be inner amenable. Since � is not a join, for any v 2 �.x/, there

is gv in some Gv0 such that gv and Gv generate the free product hgvi � Gv. So if

�.x/ D ¹v1; : : : ; vnº, it suffices to take 
 D gv1
� � �gvn

. �
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A right-angled Artin group is a graph product of groups where all vertex groups

are infinite cyclic and a right-angled Coxeter group is a graph product where all

vertex groups are Z=2Z. We readily get the following two consequences.

Corollary 4.21. A right-angled Artin group is inner amenable if and only if it

splits as a direct product with Z.

Remark 4.22. A right-angled Artin group also acts on its Davis complex which

is a different CAT(0) cube complex from the one we use here.

Corollary 4.23. A right-angled Coxeter group is inner amenable if and only if it

splits as a direct product with the infinite dihedral groupD1.

5. Trees, amalgams and inner amenability

In this section, we prove Theorem 1.3, and we also sketch a direct argument for

Theorem 1.3 which does not rely on the general results on CAT(0) cube complexes.

Let us say that a group action on a tree is minimal if there is no proper invariant

subtree.

Theorem 5.1. Let G be a group acting non-elementarily and minimally on a tree

T and let m be a conjugation invariant mean on G. Then m.Gx/ D 1 for every

x 2 T .

Proof. If T is reduced to a point then the result is trivial. If it is not reduced to

a point, then no orbit is bounded and thus the action is essential. The conclusion

therefore follows from Theorem 4.8. �

Remark 5.2. Let us sketch a direct proof of Theorem 5.1 that does not rely on

Theorem 4.8. The argument is very similar to the proof of Proposition 4.5Let m

be some conjugation invariant mean onG. Then we first argue thatm concentrates

on the elliptic group elements. Otherwise, if m.Hyp.G// > 0, then one can push

forward the normalization of mjHyp.G/ to @T by associating to any hyperbolic

element its attractive fixed point. This yields an invariant mean on @T . The

removal of any one edge partitions the tree into two half spaces, which in turn

yields a partition of the boundary of T into two pieces. One then considers the

measure of each of these two boundary pieces. There can be no edge whose

associated boundary pieces each have measure 1/2, since otherwise the collection

of all such edges would necessarily be a G-invariant segment, half-line, or line,

which would contradict non-elementarity of the action. Therefore, for each edge,

one of its associated boundary pieces has measure strictly greater than 1/2. By

considering the intersection of all half-spaces corresponding to boundary pieces
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with measure strictly greater than 1=2, we obtain a point in T or in @T which has

to be fixed by G, which yields a contradiction once again. Thus we know that

m.Ell.G// D 1.

We claim that for any edge e, the measure of the point wise stabilizer of e

is 1. Observe that if this holds for one edge, then it in fact holds for every edge by

G-invariance, convexity and minimality. So let us assume toward a contradiction

that it holds for no edge. That is, for every edge e of T , the measure of the set of

elliptic elements whose fixed point set is completely contained in one of the two

connected components of T n e is positive.

If there were an edge e of T such that

m.¹g; Fix.g/ � eCº/ ¤ m.¹g; Fix.g/ � e�º/;

then we could find another such edge f ¤ e (because of the G-invariance of m

and the non-elementarity and minimality of the G-action on T ). Then we can

deduce a contradiction along the argument in the third and fourth paragraphs of

the proof of Proposition 4.5.

Therefore for all edges e, m.¹g; Fix.g/ � eCº/ D m.¹g; Fix.g/ � e�º/, and

this measure is positive. As in the end of the proof of Proposition 4.5, we can show

that T does not contain a tripod and thus T is included in a line, a contradiction.

So, we know that for any edge, the measure of its pointwise stabilizer is 1, and

this implies that for any vertex its stabilizer has measure 1.

Corollary 5.3. Let G D A �H B be a nondegenerate amalgamated free product.

Then every conjugation invariant mean onG concentrates onH . Thus,G is inner

amenable if and only if there exist conjugation invariant, atomless means mA on

A and mB on B with mA.H/ D mB.H/ D 1, and mA.E/ D mB.E/ for every

E � H .

Let G D HNN.K;H; '/ be a non-ascending HNN extension. Then every

conjugation invariant mean on G concentrates on H . Thus, G is inner amenable

if and only if there exists a conjugation invariant, atomless mean m on K with

m.H/ D 1, and m.E/ D m.�.E// for every E � H .

Proof. It follows from Bass–Serre theory that in both cases (amalgams and HNN-

extension),G has a minimal non-elementary action on a tree such thatH is exactly

the pointwise stabilizer of some edge. By Theorem 5.1, for any conjugation

invariant mean m on G, m.H/ D 1. The respective characterizations of inner

amenability are a straightforward consequence (the sufficiency of the conditions

for inner amenability is obvious, and the necessity follows directly from the first

part). �

Remark 5.4. Amine Marrakchi, remarking on an earlier version of this article,

informed us that he found another proof of Corollary 5.3 for nondegenerate amal-

gams G D A �H B , which he kindly allowed us to reproduce here.
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We may assume that jA W H j � 2 and jB W H j � 3. Let G0 D G n H ,

A0 D A nH and B0 D B nH . By the definition of an amalgamated free product,

the family of subsets

A0.B0A0/
n; .A0B0/

nC1; B0.A0B0/
n; .B0A0/

nC1; n � 0

forms a partition of G0. Let S D
S

n�0A0.B0A0/
n [ .A0B0/

nC1 be the set

of all elements starting with a letter in A0. Take a 2 A0. Then we have

S [ aSa�1 D G0. Take b1; b2 2 B0 such that b�1
1 b2 2 B0. Then the sets S ,

b1Sb
�1
1 and b2Sb

�1
2 are disjoint in G0. Now suppose that m is a conjugation

invariant mean on G. Then we must have 2m.S/ � m.S [ aSa�1/ D m.G0/ and

3m.S/ D m.S t b1Sb
�1
1 t b2Sb

�1
2 / � m.G0/. This shows that m.G0/ D 0 as we

wanted.
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