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Abstract. In this article we construct asynchronous and sometimes synchronous automatic
structures for amalgamated products and HNN extensions of groups that are strongly asyn-
chronously (or synchronously) coset automatic with respect to the associated automatic
subgroups, subject to further geometric conditions. These results are proved in the general
context of fundamental groups of graphs of groups. The hypotheses of our closure results
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groups, virtually abelian groups, and groups that are hyperbolic relative to virtually abelian
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1. Introduction

Closure properties for the classes of automatic and asynchronously automatic
groups are known for a variety of group constructions. The class of automatic
groups is closed with respect to finite index supergroups and subgroups, direct
products, free products [16, Chapter 12], and graph products [17]. For amalga-
mated products and HNN extensions, closure for automaticity is also known in
some special cases. Epstein et al. show in [16, Theorems 12.1.4, 12.1.9] that an
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amalgamated product or HNN extension of automatic groups along a finite sub-
group is automatic, while Baumslag et al. [4] show closure for automaticity under
amalgamated products with other technical restrictions. It is proved in particular
in [4, Theorems E, B, D] that amalgamated products of two finitely generated free
groups over a finitely generated subgroup are asynchronously automatic, and that
amalgamated products of two finitely generated abelian groups over a subgroup
or of two negatively curved groups over a cyclic subgroup are automatic.

This article derives automatic structures for new families of groups as a con-
sequence of constructive proofs of closure properties for the class of groups with
strong automatic coset systems. The study of groups that are automatic relative to
a subgroup was introduced by Redfern in [26]. But Redfern had slightly weaker
conditions on the associated structures than we need, and our definition of strong
automatic coset systems comes from later work of Holt and Hurt in [19], where
some fellow travelling conditions were added. With either variant of the defini-
tion, an automatic coset system provides a quadratic time algorithm for reducing
an element of a coset of H in G to a normal form representative of that coset and,
in particular, a quadratic time solution for the membership problem of elements
of Gin H.

Our article constructs strong automatic coset systems for fundamental groups
of graphs of groups, given that the vertex groups have such systems with respect to
corresponding edge groups, and given certain geometric conditions. In particular
the construction can be applied to amalgamated products and HNN extensions,
given those conditions. We build new automatic structures out of the automatic
coset systems we are now able to build. Our results also generalise those of [16]
relating to amalgamated products and HNN extensions.

The main results of the article are Theorems A, B, and D. The first two of these
provide our most general combination theorems, using only conditions introduced
in Section 2; the third deals with groups satisfying a particular condition on their
geodesics. Those three main results are stated briefly at the end of this introduc-
tion, together with a pair of corollaries, relating specifically to the fundamental
groups of compact 3-manifolds, and to Artin groups.

Related results on the construction of synchronous and asynchronous auto-
matic structures on amalgamated products and HNN extensions were developed
in [4], and their generalisations to graphs of groups were the topic of Shapiro’s
paper [29]. Some of our results are very similar to some of these, but others are
distinct. The earlier papers [4] and [29] do not involve automatic coset systems,
but their hypotheses are related to typical properties of automatic cosets systems
(such as the subgroup H being quasiconvex in G), and their hypotheses are also
related to our conditions of crossover and stability, which we discuss below. An-
other difference between their approach and ours is that their normal forms are
defined using left cosets of the subgroups (so subgroup elements are situated at
the right hand end of normal form words) whereas ours use right cosets. Since the
definition of automaticity involves multiplying words by generators on the right,
this difference is significant.
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In Section 2 we give definitions and notation of basic concepts used through-
out the article. The definitions of strong asynchronous and synchronous automatic
coset systems for a group, subgroup pair (G, H) are given in Section 2.2. In that
section we also prove Theorem 2.2, which constructs asynchronous or synchro-
nous automatic structures for a group G, given a strong, asynchronous or synchro-
nous, automatic coset system for (G, H) and an automatic structure, asynchronous
or synchronous, for H. We can combine this result with our combination theo-
rems for coset automatic systems to derive combination theorems for automatic
structures.

Section 2.3 introduces the geometric conditions of limited crossover and sta-
bility that are used in our main results, and studies basic properties of these con-
ditions.

The condition of limited crossover on a language L of coset representatives
for H in G, with respect to a given generating set Y of H and a generating set Z
of a possibly different subgroup of G, limits the Y -length of ugv™! as a function
of the Z-length of g when g € (Z) and ugv~! € H, with u,v € L. In our
results about graphs of groups, we need to assume this condition when (Y) and
(Z) are the edge subgroups of two edges with the same target vertex.

The condition of stability on an isomorphism ¢ between two groups H; and
H, relates the lengths of an element 7 € H; and its image ¢ (h) over specified
generating sets of H; and H,, respectively.

Section 3 is devoted to our first two main results for graphs of groups G,
Theorems A and B. These are the most general combination theorems of this
article, building respectively strong asynchronous and strong synchronous coset
systems for 71(9), given appropriate conditions of crossover and stability on
vertex, edge subgroup pairs (and in the second case some further conditions).
Necessary definitions and background on graphs of groups § are provided in
Section 3.1, including a description of Higgins’ [18] normal forms for 7 (9).
Section 3.2 contains the statement of Theorem A, together with asynchronous
combination results Corollary 3.4 and Theorem 3.6 specifically for amalgamated
products G *g G, and Corollary 3.5 specifically for HNN-extensions G*g, of
strongly asynchronously coset automatic group, subgroup pairs. The proof of
Theorem A is given in Section 3.3. In Section 3.4, we prove Proposition 3.9
which derives strong synchronous coset automaticity from its asynchronous form,
given a particular geometric condition. We apply this to derive Theorem B, our
general closure result for graphs of groups that are strongly synchronously coset
automatic.

The remainder of the article is devoted to finding applications of Theorems A
and B. For some of these, such as Theorem D, some additional technical results
are needed to derive them. In general, we find applications by providing proofs
of strong asynchronous or synchronous coset automaticity, as well as crossover
conditions and more, for various pairs (G, H). For many of our examples, we
derive strong synchronous (rather than asynchronous) coset systems.
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Section 4 is devoted to relatively hyperbolic groups; Section 4.1 contains def-
initions and a number of technical results that we need. Given a group G hyper-
bolic relative to a set of subgroups, and a specified such subgroup H, the technical
result Proposition 4.5 provides conditions under which we can find a strong syn-
chronous automatic coset system for (G, H) that satisfies crossover and some other
conditions we need. Theorem 4.8 uses a combination of Proposition 4.5 and The-
orems B and 2.2 to deduce strong synchronous coset automaticity relative to any
peripheral subgroup of the fundamental group of a graph of relatively hyperbolic
groups, under appropriate conditions on relevant subgroups and coset systems.

Results of Dahmani [12, Theorem 0.1] and Antolin and Ciobanu [3, Corol-
lary 1.8] show that the fundamental group G of an acylindrical graph of finitely
generated groups that are hyperbolic relative to abelian subgroups, in which all of
the edge groups are peripheral, is automatic; in Corollary 4.10 we use Theorem 4.8
to give a new proof of this result. The special case of Corollary 4.10 in which the
graph of groups arises from the JSJ decomposition of a 3-manifold yields Corol-
lary C, which gives new automatic structures for fundamental groups of these
3-manifolds with respect to a Higgins language of normal forms (that is, normal
forms derived from the JSJ composition). These fundamental groups were first
shown to be automatic by Epstein et al. [16, Theorem 12.4.7] and Shapiro [29],
but the structure of the associated languages is not transparent from the proofs;
the results of Dahmani and of Antolin and Ciobanu provide a shortlex automatic
structure.

Section 5 considers groups for which geodesics of a subgroup H of G “con-
catenate up” to geodesics of G; such a pair (G, H) is also referred to in the litera-
ture [1, 2, 9] as an “admissible pair.” We observe in Section 5.2 that this property
holds for Coxeter groups and for Artin groups of sufficiently large type, relative to
their parabolic subgroups. This property also holds for graph products of groups,
relative to sub-graph products [10], [23, Proposition 14.4]. We apply Theorem A
and Proposition 3.9 to deduce Theorem D. We note that we can apply this to prove
automaticity of a variety of examples of Artin groups that were not previously
known to be automatic; a family of such examples is described in Corollary E.

Finally, in Section 6 we derive several results involving abelian and virtually
abelian groups. Proposition 6.1 establishes strong coset automaticity with limited
crossover in finitely generated abelian groups. In Proposition 6.2 we prove that
finitely generated virtually abelian groups G are strongly coset automatic with re-
spect to any subgroup H; however, the question of whether any crossover condi-
tions hold in this case remains open. We also prove assorted results on the strong
synchronous coset automaticity of various types of amalgamated free products
G1 xg G, for which (G1, H) and (G,, H) are both strongly coset automatic; in
particular Proposition 6.5 proves the strongly synchronous coset automaticity of
an amalgamated product of a finitely generated abelian group and a group that is
hyperbolic relative to a collection of abelian subgroups, where amalgamation is
over one of those subgroups.
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1.1. Statement of main results. Each of these results refers to a graph of groups

S(A) = (A = (V, E) {Gy:v € V},{Geie € E} {pe | € € E}) over a finite
connected directed graph A. (For more details see Definitions 3.1 and 3.2 of
Section 3.1; but note in particular that we denote the initial and terminal vertices
of an edge e € E by t(e) and z(e) respectively and that for each edge e < E,
there is an oppositely oriented edge ¢ with ((e) = t(e) and t(e) = t(e).) We
suppose that the groups G,, G, are finitely generated, with generating sets X,
and Y,, respectively.

We refer the reader to Definitions 2.1, 2.3, and 2.6 for the meanings of strong
coset automaticity, limited crossover, and stability, respectively.

Theorem A. Let G = G(A) be a graph of groups as above, and let ey be an edge
of A. Suppose that the following conditions hold for each e € E.

(i) The pair (G(), Ge) is strongly asynchronously coset automatic with coset
language Li(e) C (Xf?e))* containing the empty word.
(ii) The triple (G, Gz, ¢.) is stable with respect to (Ye, Yz).
(iii) For each [ € E with (e) = t(f), the coset language Li( 0 has limited
crossover with respect to (Y., Yr).

Then the pair (71(9), Ge,) is strongly asynchronously coset automatic.

Theorem B. Let G = G(A) be a graph of groups as above, and let ey be an edge

of A. Suppose that the following conditions hold for each e € E.

(i) Ye - Xr(e)'

(ii) The pair (G(e), Ge) is strongly synchronously coset automatic with coset lan-
guage L7\ satisfying Le( ) € GEO(Gr(e), Xr(e)) N [(Xr(e)) \ Yi(Xr(e)) 1,
the only representative in L¢ e of the identity coset is €, and each ele-
ment § € Gy is represented by a word ygzg € GEO(Gr(e), X¢(e)) With
yg € (YE)* and z, € Lr(e)

(iii) The triple (G., Gg, ¢) is 1—stable with respect to (Ye, Yz).

(iv) For each [ € E with (e) = t(f), the coset language Li(e) has limited
crossover with respect to (Y., Yr).

Then the pair (711(5). Ge,) is strongly synchronously coset automatic.

Corollary C. Let M be an orientable, connected, compact 3-manifold with in-
compressible toral boundary whose prime factors have JSJ decompositions con-
taining only hyperbolic pieces. Then the group w1(M) is automatic, with respect
to a Higgins language of normal forms.
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Theorem D. Let G = G(A) be a graph of groups as above. Suppose that the
Jollowing conditions hold for each e € E.

(1) Y. C Xr(e)-
(ii) Geo(Ge, Y.) concatenates up to GEO(G(e), X1(e))-
(iii) The triple (G., G;, ¢¢) is 1-stable with respect to (Ye, Y3).

(iv) Ge(e) is shortlex automatic with respect to an ordering of Xy in which all

letters of Y* precede all letters of X ri( o) \ YE.

Let L be the set of coset languages SLg;’(e), fore € E, and let T be any maximal

tree in A. Then, for each ey € E, the pair (71(9), Ge,) is strongly synchronously
coset automatic, with the Higgins coset language L := L(SG, L, eg,T). Further-
more L € Geo%¢0, and the group m1(S) is automatic.

Corollary E. Let X be a Coxeter graph of sufficiently large type. Given arbitrary
subgraphs N1, Ao, ..., A; of I, suppose that the Coxeter graph X' is formed by
adjoining new vertices v1, va, . .., U to X together with the following edges from
each v;:

o fo each vertex of A;, with the label 2;
e t0 each vertex of ¥ \ A;, with the label co;
e fo each vertex v; with j # i, with the label co.

Then the Artin group Ay is automatic.

Acknowledgments. Susan Hermiller was partially supported by grants from
the National Science Foundation (DMS-1313559) and the Simons Foundation
(Collaboration Grant number 581433).

2. Coset Automaticity and Crossover

2.1. Notation. Let G be a group. Throughout this article, all generating sets for
all groups will be assumed to be finite. Let X be a finite generating set for G. We
write X* for X U X~1. We denote the length of a word w € (X*)* by |w].

We denote by I'(G) (or T'(G, X) if it is necessary to specify X) the Cayley
graph of G and let dr(g) be the path metric in I'(G). For each g € G, we denote
the length of a shortest word over X * that represents g by |g|x, and call that the
X-length of g. Forany g € G and w € (X*)*, let gw denote the path in I'(G)
starting at the vertex g and labelled by the word w.

We write 1 for the identity element of G, and ¢ for the empty word in (X *)*.
For two words w, x € (X*)*, we write w = x if w and x are the same word, and
w =g x if w and x represent the same element of G.



Automaticity for graphs of groups 509

2.2. Automatic coset systems and automatic structures. As before, let G =
(X) with | X| < co. We define a language for G (over X) to be a set of words over
X* that contains at least one representative of each element of G. Examples are
provided by GEo(G, X) = GEo, the set of all words w over X* that are minimal
length representatives of the elements of G they define, and SL € Geo, the set of
all words w over X * that are minimal representatives of the elements they define
with respect to the shortlex ordering (defined using some fixed ordering of X *).

Let H be a finitely generated subgroup of G. A coset language for (G, H) is a
set L7 (or Lg if it is necessary to specify G) of words over X * that contains at
least one representative of each right coset Hg of H in G.

Examples of coset languages are provided by Geo? (sometimes called GEog
or even GEog (X)), the set of all words w over X for which w is of minimal
length as a representative of Hw, and SL ¢ Geo (sometimes called SLg or
SLg (X)), the set of all words w over X for which w is minimal with respect to the
shortlex ordering as a representative of Hw (with respect to some fixed ordering
of X%).

Given a word w in (X*)* and a natural number 7, let w(z) denote the element
of G represented by the prefix of w of length ¢; in the case that r > |w]|, let
w(t) =¢ w. Two paths ;w and pw’ in the Cayley graph T'(G, X) are said to
synchronously K-fellow travel if for all t € IN we have dr(g)(w(z), hw'(t)) < K.
The paths ;w and ,w’ are said to asynchronously K-fellow travel if there exists
nondecreasing surjective functions ¢, ¢o: IN — IN such that for all # € IN we have

drc)(w(g1(1)), hw'(¢2(1))) < K.

Definition 2.1. A strong asynchronous automatic coset system for (G, H) is
defined to be a coset language L < X* together with a constant K, such that

(i) L# is a regular language (that is, the language of a finite state automaton),

(i) ifv,w € L¥ andh € H with dr( x)(v, hw) < 1, then the paths ;v and ,w in
I'(G) asynchronously K-fellow travel. (So, in particular, we have |h|y < K.)

If (G, H) has a strong asynchronous automatic coset system as above, then we
say that (G, H) is strongly asynchronously coset automatic (or SACA for short),
with coset language L, and fellow traveller constant K. If the fellow traveller
condition above can be replaced by a synchronous fellow traveller condition, then
we say that G is strongly synchronously coset automatic (or SSCA) or just strongly
coset automatic.

‘We note that our definition of SSCA matches the definition of coset automaticity
in [19]. Moreover, in the case that the subgroup H is the trivial group, the
definition of SSCA is equivalent to the definition of automatic [16]. We refer the
reader to [16] or [22] for further information on fellow traveller properties, regular
languages, finite state automata, and automatic groups.
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The following result allows us to construct automatic structures for groups
from automatic coset systems.

Theorem 2.2. Let G = (X) be a group, and H = (Y') a subgroup of G. Suppose
that (G, H) is strongly asynchronously coset automatic with language L™ with
respect to X, and H is asynchronously automatic with language Ly with respect
to Y. Then

(i) the group G is asynchronously automatic over X U Y, with language L :=
Ly LH (the concatenation of Ly and L );

(ii) if (G, H) is strongly coset automatic and H is automatic (that is, both
structures are synchronous), then G is automatic. Furthermore, if Ly and
L are both synchronous structures and Ly contains only finitely many
representatives of each element of H, then the language L := Ly L™ is
the language of a synchronous automatic structure for G.

Note that we do not require X and Y to be disjoint.

Proof. Suppose first that L gz and L satisfy the asynchronous K -fellow traveller
property. Since regular languages are closed under concatenation, the language L
is regular. We shall verify an asynchronous fellow traveller property for L with
constant kK2, where k is the maximum X-length of any y € Y.

Suppose that wv, w'v’ are words in L with w,w’ € Ly and v,v’' € LY.
First suppose that wv =g w’v’. In this case v and v’ represent the same coset
of H in G, and so the pair of paths ;v and ,,—1,,,v’, and hence also the pair v
and ,,v’, asynchronously K-fellow travel. In particular drg)(w,w’) < K, and
hence, applying the fellow property for Ly we deduce that w, w’” asynchronously
fellow travel at distance K2.

Similarly, if x € X and wvx =g w’v’, then the same argument shows that the
paths v and -v" K-fellow travel, and w and w’ K2-fellow travel.

Finally, suppose that y € Y, and that wvy =g w'v’. Writing y = x1---x¢
with each x; € X*, we have that the paths ,,v and s v” asynchronously « K -fellow
travel, and so w and w’ fellow travel at distance « K 2.

In all cases the paths jw and jw’ asynchronously « K2-fellow travel, and the
paths ,v and v’ asynchronously « K-fellow travel. Thus, the paths ;wv and
1w’v’ asynchronously « K2-fellow travel, as desired. This proves (i).

To prove (ii), suppose that Ly and L are the languages of synchronous
structures. If Ly contains infinitely many representatives of some elements of
H then, by [16, Theorem 2.5.1], we can replace it by a language consisting of
unique representatives. So, in proving the first assertion of (ii), we may assume
that L g contains only finitely many such representatives. Let K be a synchronous
fellow traveller constant for both structures. Then by [16, Theorem 2.3.9], there
is a constant N such that whenever u,u’ € Ly and the paths ju and v’ end a
distance at most 1 apart, the lengths of the words v and u’ differ by at most N.
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Let w,w' € Ly and v,v' € L satisfy wox =g w'v’ for some x €
X UY U{e}. As in the proof above, we see that the paths v, ,v" synchronously
kK -fellow travel and so the paths ;w and ;w’ end at distance at most kK apart in
I'(G, X). Hence the paths ;w and ;w’ synchronously « K 2-fellow travel, and their
lengths differ by at most kK N. Thus, the paths jwv and ;w’v’ synchronously
kK? + kK N-fellow travel. O

2.3. Crossover and stability. The properties of crossover and stability for coset
systems are fundamental for us in order to state and prove the results of Section 3.

Definition 2.3. Let Y and Z be finite subsets of a group G, and let H = (Y). Let
1 < A € IN. We say that the coset language L for (G, H) has A-limited crossover
with respect to (Y, Z) if, for any g € (Z) with |g|z < A, and any u, v € LH with
ug € Hv, we have |[ugv='|y < A. We say that L has limited crossover with
respect to (Y, Z) if it has A-limited crossover for some A. If Y = Z, we use the
term limited crossover with respect to Y .

As we shall show in Sections 4, 5, and 6, the limited crossover property
is satisfied, for example, by Coxeter groups and by Artin groups of large type
where Y and Z are arbitrary subsets of the standard generating sets, by finitely
generated abelian groups with Y = Z an arbitrary finite subset, and by groups that
are relatively hyperbolic with respect to virtually abelian or hyperbolic parabolic
subgroups.

The following result will be useful for finding common crossover constants for
a collection of languages and generating sets.

Lemma 2.4. Suppose that for finite subsets Y, Z of a group G = (X), H = (Y),
1 < A € N, and coset language L™ < (X*)* for (G, H), the set L¥ has A-limited
crossover with respect to (Y, Z). Then L¥ has kA-limited crossover with respect
to (Y, Z), for any k € IN.

Proof. Suppose that g € (Z) with |g|z < kA and that u,v € L¥ satisty
ug € Hv. Then we can decompose g as a product g = g; --- g of elements

gi € (Z), with each |g;|z < A. We choose vy, ..., v; € L such that, for each i,
ugy---gi € Hu;; in particular we choose vy = v. Then we have ug; € Hv,
and foreachi = 2,...,k v;_1g; € Hv;. We deduce from the limited crossover

condition that ug v~ and all of the elements v;_;g;v;! for 2 < i < k have

Y -length at most A. The product of these elements has Y -length at most kA and
is equal to ugv—!. O

The following stronger version of crossover leads to a variant of the result of
Corollary 3.4 for amalgamated products, proved in Theorem 3.6.
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Definition 2.5. Let Y, Z be finite subsets of G, H = (Y),and 1 < A € IN. We
say that a coset language LY for (G, H) has A-maximal crossover with respect to
(Y, Z) if, forany g € (Z) and any u,v € L withu ¢ H and ug € Hv, we have
lugv™!ly < A.IfY = Z, then we use the term A-maximal crossover with respect
to Y. We say that L has maximal crossover with respect to the subgroup (Z) of
G if LH has A-maximal crossover with respect to (Y’, Z) for some generating set
Y of Hand1 <A € N.

We note that the maximal crossover property would not hold in the case that
H and G/H are infinite if we did not impose the condition u ¢ H, but we do not
need that condition in the definition of limited crossover. It is straightforward to
show that if the maximal crossover property holds for some finite generating set Y’
of H, then it holds (but probably with a different parameter 1) for any other finite
generating set. Further, for some finite generating set of H, L has 1-maximal
CTOSSOVer.

This stronger property of maximal crossover is unusual but, as we shall show
in Section 4.2, it holds for groups that are hyperbolic relative to a collection of
finitely generated groups that are either virtually abelian or hyperbolic, where Y
and Z are suitably chosen generating sets of two of the parabolic subgroups.

Definition 2.6. Suppose that H; = (Y1) and H, = (Y») are isomorphic groups
with isomorphism ¢: Hy — H,. We say that (Hy, H», ¢) is u-stable with respect
to (Y;.Y>) if, whenever h € H; with ||y, < u, we have |¢(h)|y, < . Provided
that each of H;, H, is associated with just one generating set, we may omit the
phrase “with respect to (Y7, Y2),” and in general we shall do that. We say that
(Hy, H, ¢) is stable if it is u-stable for some u.

We have the following results.

Lemma 2.7. For groups Hy = (Y1), Hy = (Y3), related by an isomorphism
¢:Hy — H, of G, if (Hy, Hy, ¢) is ju-stable, then it is also ku-stable for any
k e N.

We omit the proof of this, which is nearly identical to the proof of Lemma 2.4.

Lemma 2.8. (i) Let X1 and X» be finite generating sets for a group G, and let L
be a coset language for the pair (G, H) with respect to X1. Then there is a coset
language Lg’ for (G, H) with respect to X», such that the subset of G represented
by the words in L4 is the same as for L and such that, if any of the properties
SACA, SSCA, limited crossover, or maximal crossover hold in Lfl , then they also
hold in Lg .



Automaticity for graphs of groups 513

(i) If H < F < G with |G : F| finite, and (G, H) has a coset language Lg
satisfying any of SACA, SSCA, or limited crossover or maximal crossover relative to
a pair of finite generating sets for H, then there is a coset language L;I for (F, H)
with the same properties. Furthermore, we can choose LIF,I such that the subset
of the group that it represents is the intersection with F of the subset represented
by Lg .

(iii) If H < G < F with |F : G| finite and (G, H) is strongly asynchronously
(resp. synchronously) coset automatic, then so is (F, H).

We note that in (iii) it is not clear that either of the crossover properties is
preserved.

Proof. (i) Let m1: X{ — G and m»: XJ — G be the natural projection maps. For
each generator x € X; choose a word w(x) € X, so that 71(x) = m(w(x)),
and let ¢: X; — X be the corresponding semigroup homomorphism. Then we
imitate the construction of L from ¢(L#) exactly as in [16, Theorem 2.4.1] for
automatic structures, and then, by the same argument as in [16], L;I is SACA or
SSCA if L is. Furthermore, we have mo (L) = 7, (LH).

Now let Y € H be a finite generating set for H, and Z < G be any finite
subset. Suppose that L C X7 has A-limited (resp. A-maximal) crossover with
respect to (Y, Z), Since both the limited and maximal crossover properties depend
only on the image of the language in G and the generating set of H, it follows that
LI has A-limited (resp. A-maximal) crossover with respect to (Y, Z), as desired.

We omit the proofs of (ii) and (iii), which are straightforward adaptations of
the proof of [16, Theorem 4.1.4]. O

Next we note that any coset language containing the empty word can have
all other representatives of the same coset removed, without altering SACA or
crossover conditions.

Lemma 2.9. Suppose that the group G = (X) is SACA with language L™ con-
taining the empty word €, with respect to a finitely generated subgroup H = (Y').
Suppose also that Z1, . .., Z, are finitely many finite subsets of G such that L
has limited crossover with respect to (Y, Z;) for all i. Let LH .= 4 \ S, where
S is the set of nonempty words in L™ that represent the identity coset H in G.
Then the pair (G, H) is SACA with language L*, and L has limited crossover
with respect to (Y, Z;) for all i as well.

3. Automatic structures for graphs of groups

Our goal in this section is to prove Theorem A, that free products with amalga-
mation, HNN extensions, and more generally fundamental groups of graphs of
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groups of asynchronously automatic groups with well-behaved coset automatic
structures, are also asynchronously automatic; the proof is given in Section 3.3.
The resulting structure is asynchronous, but under certain circumstances a strong
asynchronous coset system contains a synchronous system as a substructure, as
is proved in Proposition 3.9. We apply the proposition to deduce a synchronous
closure result Theorem B for graphs of groups with particular conditions on asso-
ciated coset automatic structures.
We begin this section with definitions and notation for graphs of groups.

3.1. Background on graphs of groups and Higgins normal forms. For a
directed graph A with vertex set IV and directed edge set E (written A = (V, E)),
we denote the initial and terminal vertices of an edge e € E by i(e) and t(e)

respectively. We assume that associated with each edge ¢ € E, there is an
oppositely oriented edge ¢ with ((¢) = t(e) and 7(e) = t(e). We define P(A)
to be the set of directed paths of A, and where p = e;---e; € P(A), we define
t(p) = tler), T(p) = t(ex).

Definition 3.1. A graph of groups is a quadruple § = (A, {Gy | v € V},{G, |
e € E}, {¢e | € € E}), where A = (V, E) is a directed graph, each G, is a group,
and for each e € E , G, is a subgroup of G(.), ¢e: Ge — Gg is an isomorphism,
and ¢;! = ¢e.

We call the subgroups G, G, the vertex and edge groups of G, respectively.

Following standard practice, we assume that the G, have pairwise trivial
intersections. Whenever we refer to a graph of groups § = G(A) in this article we
will use the notation of Definition 3.1. In addition we will use the notation X, Y,
for specified generating sets for G, G, respectively.

Definition 3.2. Let G = (A, {Gy | v € V},{G. | ¢ € E},{¢e | ¢ € E}) be a
graph of groups with connected graph A, and let 7 be a maximal tree in A. The
Sfundamental group of G at T, denoted m1(9) = m1(9,7), is the group generated
by the disjoint union of all of the groups G, and the set of symbols {s. | ¢ € E }s
subject to the relations:

() sz =s, ' foralle € E,
(ii) s, = 1 for all directed edges e in T, and

(ili) Segs;! = Pe(g) foralle € E and g € Ge.

When A consists of two vertices joined by an edge, or of a single vertex to-
gether with a loop, then the fundamental group is a free product with amalga-
mation or HNN-extension, respectively. We refer the reader to [27, 28] for basic
facts about graphs of groups. In particular, up to isomorphism, 771(9, T) does not
depend on the choice of the maximal tree 7.
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Now we provide a description of the language for w1 (9) that we use in our
proof of Theorem A. This is a set of words representing normal forms provided
by Higgins in [18], but modified to work with right rather than left cosets, and to
provide words over generating sets rather than normal forms that are products of
elements; see [8, Proposition 3.3] for more details.

For each v € V, let X,, be a finite generating set for the vertex group G,; note
that the X, are pairwise disjoint. We consider the generating sets

X = U Xy U {sc:e GE} and X := U XUU{se:eeE\Eg}
veV veV
for 711 (5). For any product w € (X*)*, we define its deflation Defl(w, T) € (X )*
to be the word derived from w by omitting from it every s, for which e is in the
set E g of directed edges of the tree 7.
Choose a vertex vg € V', and let L,,, C (X If) * be a language for G,,. For each

e cE,let Lf,(e) C (ine))* be a coset language for (G(), G.), and let £ be the
collection of languages {Lf,(e)}.
Now define E(S, L, Ly, 00,7) C ()?i)* to be the set of all words of the form:
WoSe UL *** Sey Uk
where
(i) p=-e1---ex € P(A) with t(p) = vo;
(i) wo € Ly, andu; € LY,y for 1 <i <k;
(iii) if e;41 = e;, then u; does not represent an element of G, ;
(iv) ifk >0and e, € E 7, then uy does not represent an element of G, .

Then every element of 771 (9) has at least one representative of this form. We refer
to this set as the inflated Higgins language for the group 1 (9, 7) with respect to
the triple (£, vo, Ly,). The language

L(S. L, Ly, v0.T) := {Defl(w, T) | w € L(G, £, Lyy. v0.T)}

over X is the associated Higgins language for m1(9). R
Next suppose that ¢ is any directed edge in A. We define L(S, £, eg, T) to be
the of all words over X of the form

USe UL " Sep Uk

where ug € Li((’ o) and the conditions (i)—(iv) above hold with vy = t(eg). Then
each coset of G, in 71 (9) has at least one representative in this language. We call
this the inflated Higgins coset language for the pair (71(G, T), G¢,) with respect
to (L, eg). Similarly, the language

L(S, £, e0,T) := {Defl(w,T) | w € L(S, £, e, T)}

over X is the associated Higgins coset language for (71(9), Ge,).
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Remark 3.3. We note that in the case when Ly, and L, are languages with
unique representatives of G, and of cosets of G, in G, respectively, then the
corresponding Higgins languages are sets with unique representatives of 71(9)
and cosets of G, in 1(G), respectively.

3.2. Strong asynchronous automatic coset systems for graphs of groups.
This section is devoted to the statement of our main graph of groups result Theo-
rem A, together with Corollaries 3.4 and 3.5, for amalgamated products and HNN
extensions, which are special cases of this. We defer the proof of the theorem
to the following section, Section 3.3. We conclude this section with a variant of
the result for amalgamated free products, in the case that one group has maximal
CTOSSOVer.

Theorem A. Let G = (A = (V, E),{Gy:v € VY, {Go:e € E}.{¢e | e € E}) be a
graph of groups over a finite connected directed graph A with an edge eq. Let X,
and Y, be finite generating sets of the groups G, and G, respectively. Suppose
that the following conditions hold for each e € E.

(i) The pair (G(), Ge) is strongly asynchronously coset automatic with coset
language Li( o S (X :? e))* containing the empty word €.

(ii) The triple (Ge, Gz, ¢.) is stable with respect to (Ye, Yz).

(iii) For each [ € E with (e) = t(f), the coset language Li( o) has limited
crossover with respect to (Y., Yr).

Then the pair (711(5). Ge,) is strongly asynchronously coset automatic.

In the special cases of amalgamated products and HNN extensions, we imme-
diately obtain the following results as corollaries of the above result together with
Theorem 2.2.

Corollary 3.4 (amalgamated products). Let G1 and G, be groups with a common
subgroup H = G1N Gy, and suppose that Gy, G, and H are all finitely generated.
Suppose that the pairs (Gy, H) and (G2, H) are both strongly asynchronously
coset automatic and that, for some finite generating set Y of H, each of the
associated coset languages has limited crossover with respect to (Y,Y). Then
(G1 *g Ga, H) has a strong asynchronous automatic coset system. Moreover, if
the group H is asynchronously automatic, then so is the amalgamated product
G1 *H Gz.

Corollary 3.5 (HNN extensions). Let G, Hi, H, be finitely generated with
Hy,H, < G and ¢: Hy — Hj, an isomorphism. Further, let H; = (Y;) for
|Yi| < oo, fori = 1,2. Suppose that
(i) the pairs (G, Hj) are strongly asynchronously coset automatic with coset
language LT for j = 1,2;
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(i) LT has limited crossover with respect to (Y;,Y;) for each of i, j in {1,2};
and

(iii) the triples (Hy, H,, ¢) and (H,, Hy, ¢~ ') are stable.

Then (G4, H;) is strongly asynchronously coset automatic for i = 1,2. More-
over, if the (isomorphic) groups H; are asynchronously automatic, then so is the
HNN extension G*g.

In the presence of maximal crossover, the following variation of Theorem A
holds for amalgamated free products. The proof is analogous to the proof of
Theorem A in Section 3.3, although maximal crossover allows us to simplify the
argument somewhat.

Theorem 3.6. Let H < G1 N G, be a finitely generated group within the inter-
section of groups G1 = (X1), G2 = (X2), Suppose that (G, H) and (G,, H) are
both strongly asynchronously coset automatic, and that the language for (G, H)
has maximal crossover. Then (Gy xyg G, H) is strongly asynchronously coset
automatic.

One situation in which we could apply this result is when G, is hyperbolic
relative to a collection of virtually abelian groups with H a peripheral subgroup
(cf Proposition 4.5) and when H is an arbitrary subgroup of the virtually abelian
group G (cf Proposition 6.2).

3.3. Proving Theorem A. In order to prove Theorem A, we need to define a
procedure that we call cascading, that will convert a given word of a particular
form over X ¥ into another word representing the same group element, which (as
we shall show in Lemma 3.8) is in the inflated Higgins language.

Definition 3.7. Let § = (A = (V, E),{Gv = (Xy)}, {Ge}, {¢e}) be a graph of
groups, and let vy € V.

Let Ly, C (X£)* be alanguage for Gy, and let £ = {LS) €€ E} be a set of
coset languages for the pairs (G (), Ge), for which each L? ) is a language over
Xz(e)» and for which the only representative in each L7 ) of the identity coset G
is the empty word.

Let w = woSe, W1 -+ Se, Wk € ()’(\i)*, where p = e;---ex € P(A) with
t(p) = vg, wo € (Xj;)*, and w; € (Xf(ei))* fori =1,...,k.

An (L, Lyy)-cascade of w is a word u € (X*)* satisfying u =, (g) w that is
obtained as follows.

(i) Selectuy € L* . with wy =

z(ex) Gr(ep) Nitti for some hy € Ge,.
(ii) For j =k —1,...,1,selectu; € Li’('ej, with wide, , (hj+1) =6.(.;, hitj

for some 4h; € Ge; .-
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(iii) Select ug € Ly, representing the element woge, (1) in Gy, .
(iv) Remove from ugse, Uy - - - se, ux the maximal suffix of the form se; s, |+ Se,
for which e; € Eg forall j <i <k, to obtain u.

The proof of the following lemma is basically the proof in [8, Proposition 3.4].

Lemma 3.8. Let G be a graph of groups over a finite connected graph A = (V, E ),
and assume the notation of Section 3.1. Let L = Z(S,L, Lyy.v0,7T) be an
inflated Higgins language over X = Upey Xo U {scie € E} for which the
only representative in each Li( 0) of the identity coset G, is the empty word. Let

W = WoSe, W1 ** - Se, Wk be a word over X as in Definition 3.7, and suppose that
forall1 <i <k —1either e; 1 # e; or w; does not represent an element of Ge; .

(i) Ifuis an (L, Ly,)-cascade of w, then u € L.

(ii) Suppose that if both k > 0 and ey € E g then wy does not represent an
element of Ge,.. Then any w' € L with w' =p,(5) W is an (L, Lyy)-cascade
of w of the form w' = wySe, W] -+ S, Wy s that is, the paths in A associated
with w and w' are the same, and there exist elements h; € G, for1 <i <k
such that wy, =Griep) hiwy, andfork >i > 1, wie; ., (hi+1) =Gr(ep) hiw},
and woge, (h1) =g,, Wo-

Proof. An (L, Ly, )-cascade word u of the word w is obtained by removing a suffix
Se;Sejpq """ Sex of letters corresponding to edges in the tree T from a word of the
form wugSe, U1 - - - Se, Uk . For each index £, we have wy =Gr(ey) hougde, | (hep1)™?
and, if epy, = ey, then hy, ¢e,,,(he11) € Ge, and wy does not represent an
element of G, so the word 1, also cannot represent an element of G.,. Moreover,
since the only representative of the identity coset in each of the coset languages is
the empty word, then after removing the maximal suffix of letters associated with
edges in T from the word ugse, U1 - - - ¢, Uk, either the resulting word u is in Ly,
or u ends with a letter Se;_ withe;j_; ¢ Er;, or u ends with a word Se;_ Uj—1
in which u;_; does not represent the identity coset. Hence u is in the inflated
Higgins set L.

Suppose further that the additional hypothesis of (ii) holds. If ¥k > 0 and
ey € qu then, since wy =Gr(ep) hruy with hy € G, , and wy does not represent
an element of G, , again we see that the word uy cannot represent an element of
G, - Hence in any case no suffix of letters is removed in the last step of the cascade
procedure, and the (£, L,,)-cascade u of w has the form u = ugse, Uy -+ - Se;, Uk
with the same associated path in A as w.

Now let ZUO c (le))* be a set of unique representatives for the elements

of G,,, containing the empty word ¢, and for each e € E let L¢ C Li( o) be
a set of unique representatives of the right cosets of G, in G, containing e.
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Let L := L(S,{L¢)}, ZUO, vg, J) be the associated inflated Higgins language. By
Remark 3.3, each element of () is represented by a unique element of L.

Let w and @’ be ({L¢}, ZUO)—cascades of w and w’, respectively. The words
w and w’ both satisfy the hypotheses in (11) and so the proof above shows that
W, € L. Now ¥ =,,(g) W =n,(5) W =n,g W,and so the uniqueness of
representatives in L implies that % and W’ are the same word over X. Moreover,
the argument above shows that the paths in A associated with w, @, and w’ are the
same. In particular, we can write W = WoSe, W1 - - - S¢;, Wk, and there are elements
hi hj € G, for 1 < i < k such that wy =g, ", Wy =Gy, Mk
and for k > i > 1, wige, ,, (hi41) =Gr(ep) hiWi, wide,  (hi1y) =Grep) hi Wi,

wo¢e1(f;1) =Gy, Wo, and wyee, (51) =Gy, wg. Hence the elements /; defined

by hih] = hiforl <i <k satisfy the properties needed for the conclusion
in (ii). =

We note that in the hypotheses of Lemma 3.8(ii), the word w is an arbitrary
element of the inflated Higgins language L' = L(G, (X2 ) (X50)™, vo, T);
that is, w is in the inflated Higgins language with respect to the largest possible
sets of coset and vertex group representatives. Thus when the (£, L,,)-cascade
process is applied to a word in this maximal inflated Higgins language, a word
is produced in the inflated Higgins language with respect to more restricted coset
and vertex group representatives in (£, L,).

Given a word w in a Higgins normal form w = Defl(wose, u1 -« - Se, Uk, T)
or in coset normal form w = Defl(ugse,u1 -+ S, Uk, T), the A-path associated
with w is the directed path p = e;---ex in the graph A. An immediate con-
sequence of Lemma 3.8 is that any two words in the inflated Higgins language
E(S, L, Ly, vo, T) that represent the same element of 71 (5), or any two words in
the inflated Higgins coset language L(S, £, e, T) that represent the same coset of
G, in 71(9), have the same associated A-path, and so the A-path associated with
a (deflated) Higgins normal form is well-defined.

Proof of Theorem A. Let T be a maximal tree in A and let G := m1(5,7).
Applying Lemma 2.9, for each e € E we modify the coset language L, by

removing all representatives of the identity coset G, other than the empty word €.
Let

X = Upey Xo U {scie € E \ E‘]’},
let £ := {Lj( e)} be the collection of (modified) edge coset languages, and let
L:=1L(9,L,e7)

be the associated Higgins coset language over X. We shall prove that L is the
language of a SACA structure for the pair (G, G¢,) over the generating set X .
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Now L is a coset language for (71(9). G¢,) (as discussed in Section 3.1). Let
L+ () be aregular language of normal forms for G (). It is shown in [8, Proposi-
tion 3.3] that the Higgins language for 71 (5G), with respect to £, Ly(). T(€o), is a
regular language; the same proof shows that the Higgins coset language L is also
regular.

It now remains to verify fellow traveller properties for L. Let K be a common
fellow traveller constant for the coset automatic structures for the pairs (G, G()).
Applying Lemmas 2.4 and 2.7 to Hypotheses (ii) and (iii), we can choose A € IN
to be large enough such that

(@ K <A;
(b) foreache € E , the triple (G, Gz, ¢) is A-stable with respect to (Y, Yz);

(c) foreache, f € E with 7(e) = 7(f), the coset language Li( o) has A-limited
crossover with respect to (Y, Yr);

(d) foreache € E, any element g € G, with |g|x. ., < K satisfies |g|y, < A.

T(e)

We define a further constant N to be the maximum value of |y|y. ., foranye € E
and any y € Y.

Now suppose that w, w’ € L are related by an equation wx =g hw’, where
h € Gey and x € X U {e}; that is, either x is in the generating set of G, or x
represents the identity of G.

Let X := (J,ep Xy U {seie € E}, let L := L(G. L, ep.T) be the inflated

Higgins coset language, and let L., € (X :?eo))* be a set of words representing

T(e)

the elements of the group G,,. We suppose that w, 0’ € L satisfy w = Defl(, T)
and w’ = Defl(@’, T), and write W = ugSe, U1 -+ Se, Ug. Let p := ey - - - e denote
the path in A determined by w, and let z;, € L., be any word representing the
element /1 in G (e,).

Case (1). Suppose that x = €. Then w =¢g zpw'. The words W and zjw’
are both in the inflated Higgins language L(G, £, L, L2, |, t(eo), T), and so by

i((’eo))—cascade of wrglos)o associated with the
path p in A. Thus we can write ' = ugse, U} -+ s, up. With each u; € Lii(e,-)‘
Moreover, for 1 <i <k there are elements h; € G, for which if h;. = ¢e; (hi) € G,
and hg := h, then

Lemma 3.8(ii), zpw’ is an (£, Le, L

_ ! /o -1
UEX = Goop iU h = GSexhieSe,:
/o / / _ -1
uk—lhk = Gr(ek_l)hk—luk—l’ hk—l = GSEk_lhk—lsgk_l )
: : (%)
/o / ! —1
uth_Gr(el)hlul’ hy = GSe hisg, .

A /
M()hl - Gr(eg)hOuO'
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An illustration of the paths jw and ,w’ in the Cayley graph T'(G, X), along
with the connector /; and /& paths in this array of equations, is given in Figure 1.

We note that in this illustration, for each index j for which e; € E 7, the edges s, :
along the top and bottom paths actually label loops in I'(G, X).

Sex—1
/
Sey Sex—1 uk 1

Figure 1. Fellow-travelling words representing the same coset.

We have |Ag| Xr(epy < K, from the fellow traveller property on Lk w(ex )- Our con-
dition (d) ensures that |hk|yL < A. Then condition (b) ensures that |h/ |y§k <A.
Then condition (c) ensures that |Ag— 1|yL 5 < A. Repeated application of con-
ditions (b) and (c), ensures that, for each i, |hily,, = A and |7 |y€ < A. The
definition of the constant N shows that |4} [x < AN for each i. Apphcatlon
of the fellow traveller properties for the languages L ’ ) NOW ensures that 1w and

r(c

»W’ asynchronously fellow travel at distance KN A in I‘(G, X).

The paths ;w and 5w’ in the Cayley graph I'(G, X) are obtained from the paths
11 and W’ by skipping the s, edges in both paths whenever ¢; € E . Thus the
paths ;w and pw’ also asynchronously fellow travel at distance KN A in T'(G, X).

Case (2). Suppose that x € Xg,). Let u be an (£, Le0 T(e )) -cascade of
wx. Then the A-path associated with u is a prefix p’ = e;---e; of p. Since
the word z, W’ is in the inflated Higgins language L(G, £, LeoLi((JeO)’ 7(eg), T)
and satisfies u =¢g zpW’, it follows by Lemma 3.8 that the word zjw’ is an
(C, LeOLi((’e y)-cascade of u, and the path in A associated with zpw' is also p’.
So W' = ugpse,u} -+ se,uy with £ < k and each u; € Lr(e )- Inthe case that £ < k,
letuy |, = =up =e

Now a composition of two cascades is again a cascade, and so zyWw’ is an
(L, LeOLT( o)) -cascade of the word wx. Hence there are elements h; € G, for
1 < i < k for which if h} := ¢.;(h;) € Gz, and ho := h, then the array in
equation (x) holds. The corresponding paths in the Cayley graph I'(G, X) are
illustrated in Figure 2.

Then just as in Case (1) we can bound the lengths of each &;, i over appro-
priate generating sets by A, and see that ;w and 5w’ asynchronously K N A-fellow
travel in I'(G, X).

Case (3). Suppose that x € X,, for some vertex v, but x ¢ X;(,). In this case
we extend the path p in A that corresponds to w to a path p’ by appending the
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Sek*l Uk—1 Sek

/
’ u
U1 Se; 4 Ser—1

/
Up—1

Figure 2. Fellow-travelling words, Case (2).

unique minimal path eg 4 - - - e, within the tree T from 7(eg) to v; then t(eg) = v.
We consider the word W := WS¢, Ugy1 - Se theX, With ugyy = --- = uy = €.
Since @ does not end with a letter s, for an edge e in T, the word W satisfies the
hypotheses of the word w in Lemma 3.8(i).

Letu bean (£, LeOLi((Jeo))—cascade of w; by applying both parts of Lemma 3.8,
we see that the word z,w’ is an (£, LeOL‘;‘() eo))—cascade of u, and hence also of w.
Now the A-path associated with both u and z,1’ may be a prefix e; ---¢; of p’;
we can write W' = ugSe, U} "'seju} with j < £ and each u; € Li"(ei), and
in the case that j < £, let “}+1 = .-+ = u, = €. The cascade from W to
zpw' now yields elements h; € G, for 1 < i < {, which together with the
elements /) := ¢, (h;) € Ge; and ho := h satisfy the array in equation (*). The

corresponding paths in the Cayley graph I'(G, X) are illustrated in Figure 3.

Uj—1 Se;

Uk—1 Sek Sel—l

h hi

/
/ u
Uk—1 " Sep k

Figure 3. Fellow-travelling words, Case (3).

Then, as in Case (1), we deduce that yw and ,w’ asynchronously fellow travel
in ['(G, X) at a distance bounded by K N A.

Case (4). Suppose that x = s, for some e € E \ Eq. If uy # €ore # e,
then the word s, ,, - - Se,x is in the inflated Higgins coset language L, where
ek+1 -+ - eg is the unique minimal path (possibly empty) in the tree T from (e ) to
the initial vertex of e. Then wx = Defl(s,, ., - --5¢, X, T) is in the Higgins coset
language L. In this subcase the proof in Case (1) shows that the paths ;wx and
aw’ in T'(G, X) KN A-fellow travel.

So now suppose that uy = € and e = €. In that case we can write W = Ws,,
with w € ()?i)*, and also write W = W"se; -+ +5¢,_,, Where s, -+ -5, _, is the
maximal suffix of & lying in {s. | e € Es}*. Thatis, w” is obtained from
by removing the letter s,, at the end, and then removing any resulting suffix of
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generators s, associated with edges lying in the tree 7. Now %" is in the inflated

Higgins coset language L, and so the word w” := Defl(%”, T) is in the Higgins
coset language L. Moreover, w”’ =g wx =¢ hw’, and so Case (1) applies to
show that the paths ;w” and ,w’ in T'(G, X) asynchronously K N A-fellow travel.
Since w = w"s,, , the paths jw and ,w’ asynchronously KN A + 1-fellow travel
in ['(G, X). O

3.4. Finding synchronous subsystems. Note that we might expect that an argu-
ment analogous to the proof of Theorem A would allow us to derive a synchronous
fellow traveller property for L from synchronous fellow traveller properties for the
coset languages Lf,(e). However it is not clear that this is possible, since it seems
likely that for words Defl(ugsSe, 11 -+ - Se, Uk, T) and Deﬂ(u{,se/1 uy .- -se;c/u}c,, T) as
above, representing the same coset, the lengths of the corresponding subwords u;
and u; could differ.

But, as we prove in Proposition 3.9 below, under certain conditions a strong
asynchronous automatic coset system must contain a synchronous system as a
substructure. We shall use this result to derive Theorem B and other synchronous
results relating to Theorem A. Our proof of the proposition emulates the proof
of [15, Lemma 1], which shows that two geodesic paths that start at 1 in a Cayley
graph and and asynchronously K -fellow travel must also synchronously 2 K -fellow
travel.

Proposition 3.9. Suppose that (G, H) has a strong asynchronous automatic coset
system L for which L (Geo) := L# 1 Geo® is a coset language (contains at
least one representative of each coset). Then LY (Geo) is a strong synchronous
automatic coset system for (G, H).

Proof. We first prove regularity of L (Geo) by proving regularity of its comple-
ment in L¥. Let X be the generating set for G and let K be the asynchronous
fellow traveller constant associated with L7 < (X#*)*, and let N be the number
of states in the automaton recognising L .

Suppose that w € LH \ L¥(Geo), and let w’ be the shortest prefix of w
that is not of minimal length within its coset. Then there exists v € L (Geo)
with |[v| < |w’| and v € Huw’, and there exists a word w'u € L, with
lu| < N. Let h € H with w' =g hv. Then, since v,w'u € L with
(Hv)u =¢ Huw'u, the fellow traveller condition on L implies that the paths
jw’u and ,v in T (G, X) asynchronously K N -fellow travel. Note that this implies
in particular that ||y < KN.

We shall now show that ;w’ and ,v synchronously fellow travel with constant
2K N + 2. Take any vertex g; of I'(G) on the path ;w’, and let g, be a vertex of
I'(G) on the path ,v that is closest to g1. Let u; be the prefix of w’ labelling the
subpath of ;w’ from 1 to g1, and u, the label of the subpath of v from % to g».
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Now, both v and the maximal proper prefix of w’ are shortest representatives
of their cosets of H, and any prefix of a word in Geo? is also in Geo® . Then
u, € Geo®?, and either u; = w’ or u; € Geo’. Then we have |uz| < |ur|+ KN
and |u1| < |uz| + KN + 2, and hence ||u1| — |uz2|| < KN + 2. So now the vertex
g3 of v that is at distance |u;| from £ is at distance at most KN + 2 from g», and
hence distance at most (KN +2) + KN = 2K N + 2 from g; (see Figure 4). This
verifies our claim that ;w’ and v synchronously (2KN + 2)-fellow travel.

Figure 4. yw’ and pv synchronously fellow travel.

Using the elements of G in the ball of radius 2K N + 2 centred at 1 (or “word
differences”) in constructing a finite set of states, we can construct a finite state
automata to recognise the languages (of padded pairs)

Ly = {(w,v) |w,v € L and w has a prefix w’ with w’ =¢ hv, |w'| > |v],
and jw’, ,v synchronously 2K N + 2)—fellow travel}

for each h € H with |h|y < KN. (See [16, Definition 2.3] or [22, Section 5.2.1]
for more details on word difference machines and padding to convert a language
of pairs of words to a language of words over a product alphabet.) The language
LH \ LH (Gro) is the union of the projections onto the first coordinate of the sets
L. Since regularity is preserved by projection, we see that the complement of
LH (Geo) is indeed regular, and hence so is L (Geo).

Now suppose that v, w € LY (Geo) and h € H, with drg)(w,hv) < 1.
Then, much as above, we see that ;w and v synchronously fellow travel with
constant 2K . For now, if g; is any vertex of I'(G) on the path yw, g, a vertex of
I'(G) that is closest to g1 on the path ,v, u; the label of the subpath of ;w’ from
1 to g1, u, the label of the subpath of ,v from % to g,, and g3 the vertex of ,v
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at distance |uq| from 4, then |uz| < |uy| + K and |u;| < |uz| + K, and hence
1] — luz|| < K, and dr(c)(g1, 83) < 2K. O

3.5. A synchronous result for graphs of groups

Theorem B. Let G = (A = (V, E), {Gy:v € V}.{Geie € E},{¢e | e € E}) be a
graph of groups over a finite connected directed graph A with an edge ey. Let X,
and Y, be finite generating sets of the groups G, and G, respectively. Suppose
that the following conditions hold for each e € E.

(i) Ye - Xr(e)'

(ii) The pair (G(e), Ge) is strongly synchronously coset automatic with coset lan-
guage LS, satisfying L7,y C GEO(Gr(e), Xr(e)) N [(Xf(e))* \ Yei(Xf(e))*],
the only representative in Li( o) of the identity coset is €, and each ele-
ment § € Gy is represented by a word ygzg € GEO(Gy(e), X¢(e)) With
yg € (Y)* and z4 € L%

(iii) The triple (G., Gg, ¢) is 1—stable with respect to (Ye, Y;).

(iv) For each [ € E with 7(e) = t(f), the coset language Li(e) has limited
crossover with respect to (Y., Yr).

Then the pair (711(5). Ge,) is strongly synchronously coset automatic.

Proof. Let G := m1(9), H := G, and X :=|J,cy Xy, and let T be any tree
in A. Let £ := {Li(e) | e € E}. Then Theorem A shows that the pair (G, H) =
(1(9), Ge,) is SACA, with respect to the Higgins coset language

LH = [(S, L, e0,T) C (XE)*.

By Proposition 3.9, it suffices to show that L7 N GEog (X) contains at least
one representative of each coset. Note that the empty word is in L# N GEog (X).

Let w be any nonempty element of GEog (X); that is, w is of minimal length
as a representative over X of the right coset Hw in G. Write w = xj - - - X, wWith
each x; € X*. For eachindex i suchthatx; = s;' € {s;,! | ¢/ € E\Eg), replace
x; by s¢, to obtain a word w' = Xy -+ % over (Uyey XE) U {ser | € € E\ Eg).
For 1 <i < m,if X; € J,ey X then let v; = v/ be the unique vertex in A
for which X; € X, andif X; € {so | ¢ € E \ Eg’} then let v; and v} be the
initial and terminal vertices, respectively, of the edge e for which X; = s.. Let
to € {s. | e € E 7}* be the (possibly empty) word corresponding to the geodesic
path in the tree T from 7(ep) to the vertex v;. Similarly for 1 <i < m — 1 let
ti €{se|ec€ E 7}* be the word corresponding to the geodesic in T from v] to
Viy1. Let w := toX1t1 -+ - tyu—1Xm. Then w = Defli(w, 7).

Repartitioning the subwords of w, we can write W = ugSe, U1 -+ - Se, U With
u; € (Xzi(e,-))* for each i, and e - - - ex is a path in A starting at t(eg). Since the
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original word w is a geodesic over X, and each u; is a subword of w, we have
Uu; € GEO(GT(el.), Xr(ei)) for all i.

Next we construct a choice of (£, (ng)*L‘;‘() eo))—cascade of w. By hypothe-
sis (ii), the element of G, ) represented by uy is also represented by a word of

the form yruj, € GEO(Gr(ep). Xe(er)) With yx € (Y;5)* and uj € Li’(‘ek). Note
that if u; represents an element of G, then u, = e. Then |yi| + |up| =
lug|. Now the 1-stability condition says that there is a word y; € (Yef_ D
with y; =c,, e, (k) =G Seyisy and |yp| = [yx]l. Next there is a
word yx_1u)_; € GEO(Gr(e,_;). Xz(er_,)) Tepresenting the element uy_;y; of
Gr(erp)» With ypy € (YE_)* and u)_, € L?E;:_l) (and again u},_, = e

if uk_ly,/c, and hence also u_, represents an element of G, _,). Then |yx—;| +
lup_y| = lur—1| + |y;|. Repeating this process, we obtain the word W’ =
YougSe, U7 -+ Se, ), satisfying

k k
Iyol + Y 1)1 < luol + [yl + D )]
j=0 j=1

i—1

é(gw) + ¥l + (imﬂ)

"k
<> .
j=0

Let w” = ugsexl/u’l’ . 'SeZ”/e/ be the word obtained from @’ by removing the yq

prefix, removing the maximal suffix in {s. | e € E 7}*, and (iteratively) removing
any subwords of the form s.sz with e € E T.

Let w” := Defl(w”, 7). Then w” represents the same coset of H in G as the
word w € GEOg (X). Since the words w, w” contain the same number of letters
in{s, | ee€ E \ E 7} (because the inflation, cascade, and deflation processes don’t
alter those letters), we have Zf:o luj| < Zf:o 7| = Z?:o |u’;|. Hence these
sums are equal, yg = ¢, and w” € GEog (X) as well.

The fact that € is the only representative of the identity coset G, in each L‘;(e)

guarantees that either { = Oore; ¢ E For “/z/ does not represent an element of G,
and similarly guarantees that, for each subword se;/ug/ Sel’, of w”, either u} = €
or u; does not represent an element of G,,. By construction, %" doesn’t contain
a subword of the form s,z for any e € E . If the word 1" contains a subword of

the form s.s; with e € E \ E <, then so does the deflated word w”, contradicting
the fact that w"” is a geodesic word over X. Then w” is in the inflated Higgins
coset language L (G, £, eg, T), and so its deflation w” is in the language L.
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Therefore w” is an element of L7 N GEOg (X) representing the same coset as
the original word w. Hence L# N GEog (X) is a coset language for H in G, as
required. O

4. Automaticity for graphs of relatively hyperbolic groups

In this section, we prove that certain relatively hyperbolic groups have strong
synchronous automatic coset systems that satisfy the crossover conditions that
we need for the application of Theorem A. We begin in Section 4.1 with some
background and an account of relevant existing results for relatively hyperbolic
groups. In Section 4.2 we discuss crossover and SSCA for relatively hyperbolic
groups. Finally, in Section 4.3 we prove (in Corollary 4.10) automaticity for any
fundamental group of a graph of groups in which the vertex groups are hyperbolic
relative to abelian groups, the edge groups are peripheral subgroups of the vertex
groups, and a further hypothesis holds on paths in the graph. Then in Corollary C
we give an application to 3-manifold groups.

4.1. Background on relatively hyperbolic groups and biautomaticity. Back-
ground and details on relatively hyperbolic groups and biautomatic structures used
in this paper can be found in [3, 25, 16].

Let G = (X) be a group with finite generating set X. For any path p in
I'(G, X), let «(p) denote the initial vertex, and let 7(p) denote the terminal vertex,
of p. Given A > 1 and ¢ > 0, the path p is a (A, ¢)-quasigeodesic if for every
subpath r of p, the inequality /(r) < Adr,x)(t(r), T(r)) + ¢ holds.

The group G is biautomatic if there is a regular language L for G (over X) and a
constant K > 0 satisfying the property that wheneveru, v € Land x, y € X*U{e}
satisfy ux =¢ yv, the paths 1y~ 'ux and ;v synchronously K-fellow travel [16,
Lemma 2.5.5].

Let {H, | ® € Q} be a collection of subgroups of G, and let

H = Upea(Ho \ {1}).

The graph I'(G, X U K) is called the relative Cayley graph of G.

Given a path p in I'(G, X U H), the path p penetrates the coset gH,, if p
contains an edge labelled by an element of H,, that connects two vertices of gH,,.
An H,-component of such a path is a non-empty maximal subpath of p that
is labelled by a word in H;. The path p is said to be without backtracking if,
whenever p = p’srs’p” with two H,-components s, s, the initial vertices of s
and s’ lie in different left cosets of H,, (intuitively, p penetrates every left coset
at most once). The path p is without vertex backtracking if each subpath of p of
length at least 2 is labelled by a word that does not represent an element of an
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H,, subgroup. In particular, if a path does not vertex backtrack, then it does not
backtrack and all components are edges.

Following [25] we say that G is hyperbolic relative to {H,} if the following
two conditions hold.

(1 T'(G, X UXH) is Gromov-hyperbolic.

(ii) Given any A > 1, there is a constant B(A) with the following property.
Let p and ¢ be any two (A4, 0)-quasigeodesic paths without backtracking in
I'(G, X UX) with ((p) = t(¢q) = 1 and dr(g,x)(t(p), t(g)) < 1. Then,

(a) if s is an H,-component of p penetrating the coset gH,,, and ¢ does
not penetrate gH,,, then the distance between the initial and terminal
vertices of s in I'(G, X) is at most B(1);

(b) if s is an H,-component of p penetrating the coset gH, and s’ is
an H,-component of ¢ penetrating the same coset, then in I'(G, X)
the distance between the initial vertices of s and s’, and the distance
between the terminal vertices of s and s/, are both at most B(1).

Property (i) is frequently called weak relative hyperbolicity and Property (ii)
is frequently called bounded coset penetration. The groups H, are called the
peripheral subgroups of the hyperbolic group G.

Remark 4.1. In a finitely generated relatively hyperbolic group G, bounded coset
penetration also holds for (A, ¢)-quasigeodesics with A > 1 and ¢ > 0, with a
constant B(A, ¢) [25, Theorem 3.23].

Relatively hyperbolic groups with a finite generating set satisfy several further
fundamental properties that we shall use.

Lemma 4.2. Let G be afinitely generated group hyperbolic relative to a collection
{Hy} of subgroups. Then

(1) [25, Corollary 2.48] there are only finitely many groups H,,; that is, |2| < oco;
(ii) [25, Proposition 2.36] for all w, u € Q with w # L, the intersection H, N H,,
is finite;

(iii) [25, Proposition 2.29] each H,, is finitely generated.

Definition 4.3. [3, Construction 4.1] Let w be a word in (X i)*; we define the
factorisation of w to be its decomposition as w = woujwy -+ - Uy w, Where

(i) each wy isin (X*\ (Uyeq(X* N Hy)))™,
(ii) each uy is a nonempty word in (X N H,, )* for some wy € 2,

(iii) if wg = € and x is the first letter of w1, then ux is notin (X* N H,)* for
any w.
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We define the derived word W of w to be the word W := wohiwy ---h,w, over
X* U H, where each &y is the element of H represented by uy (or hy = € if
ux =g 1). Similarly, if p is a path in I'(G, X) labelled by w, then the derived path
p is the corresponding path in I'(G, X U X) labelled by w.

Following the notation in [3, Definition 4.5], given subsets Ly, < (X +*NH,)*
for each w € Q, let Rel(X, {L}P°) denote the set of all words w in (X*)* such
that, in the factorisation w = wouwy - - - u, w, of w, each uy is a prefix of a word
in UwGQ L.

The following result, which we state here as a lemma, is a combination of
several results in [3]. We use it to prove Proposition 4.5.

Lemma 4.4. Let G = (X1) (with | X1| < o0) be hyperbolic relative to a family
of subgroups {Hy}weq. Then there exist constants A > 1 and ¢ > 0 and a finite
subset H' of H = | ,eq(Ho \ {1}) such that, whenever X is a finite set satisfying

(1) XIU%’QXQXIUU{,and

(ii) for all w € 2, the group H, has a geodesic biautomatic structure over
H, N X with language Ly,

the following hold.
(a) Foreveryw, u € Q with w # [, the intersection H, N H,, is contained in X .
(b) Forevery w € Q, the set X N H,, generates H,,.

(c) For any word w € Geo(G, X), the word W € (X* U H)* derived from w
labels a (A, ¢)-quasigeodesic path in T'(G, X U H) without vertex backtrack-
ing.

(d) For every w € Q, if w € Geo(G, X) represents an element of H,, then
w € Geo(Hy,, X N Hy).

(e) The group G has a biautomatic structure over X with language GEo(G, X)N
Rel(X,{Lm,, }"°).

Proof. By Lemma4.2, there are finitely many peripheral subgroups, and they have
pairwise finite intersections; hence the subset H; := Uw# pea(Ho N Hy \ {1})
of 3 is finite. It also follows from Lemma 4.2 that each peripheral subgroup H,,
has a finite generating set Y,,, and so the subset H, := | ,cq Yo of H is finite.
Let H3 be the finite subset 7’ of [3, Lemma 5.3], and let {4 be the finite subset
H' of [3, Theorem 7.6]. Then the finite subset H' := Ule H; satisfies (a)—(b),
and (c) and (e) follow from the two results of Antolin and Ciobanu. Suppose that
w € Geo(G, X) represents an element of H,,, and let w = woujw; --- U, w, be
the factorisation of w. Since, by (c), the word W derived from w has no vertex
backtracking, the word 1 must have length at most 1; hence w € (X* N H,)*,
proving (d). O
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4.2. Crossover properties for relatively hyperbolic groups. In this section we
use Lemma 4.4 to show that a group that is hyperbolic relative to geodesically
biautomatic subgroups is coset automatic relative to each peripheral subgroup
with maximal crossover. We note that a similar but weaker SSCA result is shown
in [8, Theorem 5.4].

Proposition 4.5. Let G = (X1) (with | X1| < o0) be a group that is hyperbolic
relative to subgroups {H, | w € Q}. Suppose that, for each w, any finite
generating set for H, can be extended to one over which H, has a geodesic
biautomatic structure. Let wy € 2, and let H := H,,. Then there are constants
A > 1and c > 0 and a finite generating set X for G satisfying the following.

(1) The set X satisfies properties (a)—(e) of Lemma 4.4, and hence the subgroup
H is generated by Y := X N H,,.

(2) The pair (G, H) is strongly synchronously coset automatic with respect to a
coset language LY satisfying LH C Geo(G, X) N [(XE)* \ YE(X*)*], the
only representative in L™ of the identity coset is €, and each element g € G
is represented by a word ygzy € GEO(G, X) with yg € (Y*)* and z4 € LY.

() For all € Q the language LY has maximal crossover with respect to
(Y, X N Hy).

We note that the condition on finite generating sets of the H,, holds when each
subgroup H,, is either virtually abelian (by [3, Proposition 10.1]) or hyperbolic.

Proof. Given the finite generating set X; of G, let A > 1 and ¢ > 0 be the
constants and let H’ be the subset of J from (the proof of) Lemma 4.4. Let
X, := X;UH'. Foreachw € Q, the set X, N H,, generates H,, (by Lemma 4.4(b)),
and so there is another finite generating set Y, 2 X, N H, over which H,, has a
biautomatic structure, with a language Lg,,. Let X := X, U (U,eq Yo)- Then
Xi UH < X C X; UXH. Moreover, since H, N H, € H < X, for all
®w # u, we have X N H, = Y, for all w. Now X is a finite generating set
for G satisfying (i)—(ii) of Lemma 4.4, and so properties (a)—(e) of that lemma
hold, which proves (1).
Let H := Hy,and Y := X N H,,,. Let

L := Geo(G, X) N Rel(X, {Lx, }").

be the language of the biautomatic structure for G over X (from Lemma 4.4(e)).
Finally, let

LA = Ln[(XH*\ Y Ex5H*;
that is, L is the set of words in the geodesic biautomatic structure for G that
do not begin with a letter in Y*. Since L is regular, and the class of regular
languages is closed under intersection, complementation, and concatenation, the
language L is also regular.
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For any element g € G, there is a word w € L € Geo(G, X) representing g,
and we can write w = y,z, where y, is the maximal prefix of w lying in (¥ *)*
and z, does not start with a letter in Y £. The factorisation of w is y, followed by
the factorisation of zg; in particular, the suffix zg of w is also a geodesic over X
for which the components lie in the prefix closures of the geodesic biautomatic
structures of the component subgroups, and so z, € L. Moreover, z, is a
representative in L of the coset Hg. Thus L is a coset language for (G, H).

Letw e LH bea representative of the identity coset; that is, w € H. Then it
follows from Lemma 4.4(d) that w € Geo(H,Y) C (Y*)*, but no word in LH#
begins with a letter in Y *. Thus w = ¢ in this case.

Before proving that the language L g satisfies the requisite fellow traveller and
crossover properties, we prove two lemmas.

Lemma 4.6. Let v € LY and let b be the derived word defined in Definition 4.3.
Then any path in T'(X N H) labelled by v is a (A, ¢)-quasigeodesic that does not
vertex backtrack, and no such path of the form 0 with h € H penetrates the
coset H.

Proof. Since L < Geo(G, X), the first claim follows from Lemma 4.4(c). For
any h € H, if the path p := ;0 were to penetrate the identity coset H, then we
could write p = rst, where s is an edge labelled by a letter in H, and the initial
and terminal vertices of s lie in H. However, since (by the definition of L) the
first letter of v cannot lie in H, the path r is nonempty, and so rs is a path of length
at least 2 labelled by a word representing an element of H, contradicting the fact
that p has no vertex backtracking. So p cannot penetrate the coset H. A

Lemma 4.7. Suppose that the word y € Geo(G, X) represents an element
of H = H,, that does not lie in H, for any ® # wo, and let v € LH.
Then the path p = 130 in I'(X U K) labelled by the derived word yv is a
(A, c + A + 1)-quasigeodesic that does not backtrack.

Proof. Let v = vgsqv1 -+ S,y be the factorisation of v and ¥ = vghy - - - hy,vy.
We have y € Geo(H, Y) by Lemma 4.4(d) and, since y ¢ (X* N H,)* for any
® # wo and the first letter x of v does not lie in Y, the word yx is not in any
(X* N H,)*. Thus the factorisation of yv is yvgsivy-+-SyUs, and yo = hd,
where y represents 4 € H. Since, by Lemma 4.6, 9 labels a (4, ¢)-quasigeodesic
path, the path p := 1yvisa (A,c + A + 1)-quasigeodesic.

Suppose that p backtracks. Then for some o there are two H,-components of
p whose initial vertices lie in the same coset of H,, and, since by Lemma 4.6 the
subpath ;v of p is without backtracking, one of those two components must be
the first edge e := 1/ of p. By our choice of y, the edge e is an H-component
of p but not an H,-component for any other index @ # wy, and so, for some
index i, the edge j..,;_, hi of p also has initial vertex in the same coset H as the
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initial vertex 1 of e, and 5; =¢ h; represents an element of H. But then the
nonempty prefix vgs; ---v;—1s; of the geodesic v represents an element of H and
so, by Lemma 4.4(d), this nonempty prefix lies in (Y ¥)*, contradicting the fact
thatv e LH. A

Returning to the proof of Proposition 4.5, we next apply these two lemmas to
establish the fellow traveller property. Suppose that u,v € L, x € X* U {e},
and h € H satisfy ux =g hv. Let y € Geo(G, X) be a geodesic representative
of h. Then, by Lemma 4.4, we have y € Gro(H,Y). If & is in the finite set
Uwsw, (H N Hy) then it follows from the definition of the generating set X of G

that y € X* U {e},and so |y| < 1.

Suppose, on the other hand, that /2 does not lie in H,, for any @ # wq. Then, by
Lemma 4.6 applied to u, the path p := 17 in ['(G, X UK) isa (A, ¢)-quasigeodesic
without backtracking that does not penetrate the coset H. Since increasing the
constants preserves the quasigeodesic property, p is also a (A, ¢ + A + 1)-quasi-
geodesic. By Lemma 4.7, the path ¢ := ;yvisa (A, c + A + 1)-quasigeodesic as
well. Since h # 1, the path g penetrates the coset H in its first edge 1 4. Moreover,
the paths p and ¢ both start at 1, and the group elements at their terminal vertices,
represented by u and yv, are connected by a single edge labelled x in ['(G, X).
Now, by the Bounded Coset Penetration property of Remark 4.1, the distance be-
tween 1 and i =g y in I'(G, X) is at most the constant B(A,c + A + 1).

So in either case we have |y| = |hlx < M := max{l, B(A,c + A + 1)}. Now,
by a standard argument, if K is the fellow-traveller constant of the biautomatic
structure L for G over X, then the paths ;u and ,v synchronously K’-fellow travel,
with K’ := MK + M. This completes the proof of (2).

Finally we turn to the crossover property. Suppose that u,v € L#, w € Q,
g € H,,and h € H satisfy ug =g hv, where u does not represent an element of
H. Let x and y be elements of GEo(G, X) representing g and %, respectively, and
note from Lemma 4.4 that x € Geo(H,, X N Hy,) and y € GEo(H,Y). If h is in
the finite set (J,,,,, (H N Hy) then, as above, we have |y| = |hlx < 1.

Suppose instead that £ is not in this finite set. Then as above, Lemmas 4.6
and 4.7 show that the path p := qu is a (4, c¢)-quasigeodesic without vertex
backtracking that does not penetrate the coset H, and the path ¢ := 1yv is
a (A,c + A + 1)-quasigeodesic without backtracking. Now consider the path
p’ := 11ug, where we consider g to be a single letter in the generating set J.
The path p’ is also a (A,c + A + 1)-quasigeodesic, since it consists of the path
p together with one more edge e := ;;g. Since p does not penetrate H, and the
word u does not represent an element of H, the initial vertex of e is not in H, and
so p’ also does not penetrate the coset H.

If the path p’ does not backtrack then, by the Bounded Coset Penetration
property of Remark 4.1, we have |y| = |hlx < B(A,c + A + 1).

Suppose instead that p’ does backtrack; then the final edge e of p’ penetrates
the same H,/-coset uH, as one of the edges of p, for some index w’, and since
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g € H,, we may take o’ = w. Let u = ugsjuy - - - spu, be the factorisation of u,
and 1 = ugh; - - - h,u,, and suppose that the edge of p labelled by % penetrates
the coset uH,,. Then the suffix sguy, - - - s,u, of u represents an element of H,, and
then by Lemma 4.4(d) this suffix is a word in GEo(H,,, X N Hy,), and so we must
havek =nandu, = €.

So we have that s, g represents an element 4’ € H,, and the path p” labelled
by ughy - sp—1up—1h’ is a (A,c + A + 1)-quasigeodesic without backtracking
that does not penetrate H, and that has the same initial and terminal vertices as g.
Now we can apply Remark 4.1 as before to the paths p” and ¢ to conclude that
lhlx < B(A,c+A+1).

Hence L has M-maximal crossover with respect to (Y, X N H,), where
M = max{l,B(A,c+ A+ 1)}. O

4.3. Synchronous automatic structures for graphs of relatively hyperbolic
groups. The following is now an immediate corollary of Proposition 4.5 and
Theorems B and 2.2.

Theorem 4.8. Let G = (A = (V,E),{Gy:v € V)},{Ge:e € E}, {pe:e € EY)
be a graph of groups over a finite connected directed graph A. Suppose that the
following conditions hold.

(i) Each vertex group G, is finitely generated and hyperbolic relative to a col-
lection of subgroups, and each edge group G, with t(e) = v is one of those
peripheral subgroups.

(ii) Any finite generating set of any peripheral subgroup H of a vertex group G,
can be extended to one over which the peripheral subgroup has a geodesic
biautomatic structure.

(iii) Foreachedge e, the triple (G, Gz, ¢.) is 1-stable with respect to (X1(e) N Ge,
X:@) N Gg) where for each v € V the set X, is a finite generating set for G,
satisfying properties (1)—(3) of Proposition 4.5.

Then for each edge ey € E the pair (71(9), Ge,) is strongly synchronously coset
automatic. Moreover, the fundamental group 71(9) is automatic.

Once again, we observe that condition (ii) holds in particular when each
subgroup H,, is either virtually abelian (by [3, Proposition 10.1]) or hyperbolic.

In general we cannot dispense with the 1-stability assumption in condition (iii)
of this theorem even in the case that the vertex groups are hyperbolic relative to
abelian subgroups, as the following example shows.

Example 4.9. Let G = (a,b,c | ab = ba) = 7? x 7. Then G is hyperbolic
relative to {H} with H := (a,b). Let G be the graph of groups with a single
vertex, and a single edge e from the vertex group G to itself (so 71(9) is an HNN
extension). We define ¢.: H — H by ¢.(a) = ab, ¢p.(b) = b. Then the resulting
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fundamental group is isomorphic to K * Z, where K is the Heisenberg group.
Since K is not automatic by [16, Theorem 8.1.3], the group K *Z is not automatic
by [16, Theorem 12.1.8].

However, in Corollary 4.10 we show that, in the case when the peripheral
subgroups are abelian and have sufficiently limited interaction, we can dispense
with the 1-stability assumption in Theorem 4.8.

Corollary 4.10. Let G be a graph of groups associated with a finite connected
graph A and finitely generated vertex groups that are hyperbolic relative to abelian
subgroups, and suppose that each edge group is peripheral in its adjacent vertex
group. Suppose further that A contains no nonempty directed circuit p for which,
whenever e, f is a pair of consecutive edges in p, the edge groups corresponding
to the terminal vertex of e and the initial vertex of f are equal. Then 71(9) is an
automatic group with respect to a Higgins language of normal forms.

Proof. Let G = (A = (V,E),{Gy:v € V)},{Geie € E}{pe:e € E}) be
this graph of groups. In [16, Theorem 4.3.1], it is shown that every finitely
generated abelian group is shortlex automatic over every generating set; moreover,
the structure is also biautomatic.

Foreachv € V,let X, ; be afinite generating set of G, let { H, 4, | ® € Q,} be
the collection of peripheral subgroups for G, and let 3, := Uweﬂv (Hy,w \ {1}).
Let 3, be the finite subset of H, associated to G, and X,; from Lemma 4.4, and
let Xy, := Xyp,1 U . Then for each w € Q,, the set X, » N H, ,, generates the
group Hy 4.

Let P (A) be the set of all directed paths in A of the form p = e;---eg such
that e; 41 # e; and G,;, = Gg, ., forall 1 < i < k — 1; that is, the path p
in A does not backtrack and the (peripheral) edge subgroups in the vertex group
Gee;) = Gueiqr) corresponding to the edges e; and ¢;4 are the same for all i.
The hypotheses show that the set P(A) is a finite set.

Forany p = e1---¢; € f’(A), let p := ey ---e; be the reverse path, let
Gp := Gg, and define ¢,: Go, — Gz, by ¢p 1= ¢, 0 --- 0 ¢, . Note that the
hypotheses show that Gz, # G, . Also define Y, := ¢5(X(5)2 N Gp).

For each vertex v of A, let

Xy 1= Xy U (Upeﬁ(A),r(p)=u Yp).

Now let e be any edge of A, and let v := t(e) and ¥ := ((e). The set X, NG, is
again a generating set for the peripheral subgroup G., over which G, is geodesic
biautomatic. The proof of Proposition 4.5 shows that the generating set X, of G,
satisfies properties (1)-(3) (with respect to the pair (G, G,)) of that proposition.
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The fact that Hy,,, N Hy,, € Xy 5 for all distinct w, u € €, implies that

Xv N Ge = (Xv,2 U (Upgﬁ(A),r(p):U YP)) n Ge
= Xy2NG)UY, U (Upeﬁ(A)\{e},Gp=Ge Yp),

and similarly
X; NGz = (Xﬁ,z NGg)UYs U (UqEI;(A)\{E},Gq=G9 Yq).

Now ¢, ()f:v,z NG) = Yz and e (Ye) = e (P (XT),Z NGg)) = X52NGs. Suppose
that p € P(A) \ {e} satisfies G, = G,. If the last edge of the path p is e, then we
can write p = ¢q - e for some path g € f’(A) \ {e} satisfying G, = Gg, and so

Ge(Yp) = ¢e(d5(X1(5),2 N Gp)) = pe((de © $7)(Xe(5)2 N Gp)) = Yy

On the other hand, if the last edge of p is not e, then the path ¢ := p - e lies
in P(A) \ {e} and satisfies G; = G¢, and the argument in the previous sentence
shows that ¢z(Y,) = Yp; hence ¢.(Y,) = Y,. Hence ¢, maps X, NG, to X3 N Gs.
Similarly ¢; maps X3 NGz to X, NG,; that is, ¢, is a bijection from the generating
set X, NG, of G, to the generating set X3 N G; of Gz. Hence the triple (G, Gz, ¢.)
is 1-stable with respect to this pair of generating sets. The result now follows from
Theorems 4.8 and 2.2. O

We already noted in Section 1 that the automaticity of 7 (§) in the above result
was previously known, with respect to a different normal form. In particular,
it follows from Dahmani’s Combination Theorem [12, Theorem 0.1] that 71(9)
is hyperbolic relative to a family of abelian groups, and then application of [3,
Corollary 1.8] shows that 71 (§) is shortlex biautomatic.

We can apply Corollary 4.10 to the construction of automatic structures for
fundamental groups of 3-manifolds. Although fundamental groups of closed
3-manifolds with JSJ decomposition pieces that do not have Nil or Sol geome-
try have been shown by Epstein et al. [16, Theorem 12.4.7] to be automatic, the
normal forms for the automatic structure are difficult to determine from the con-
struction in that proof. The proofs of Theorems A and 4.8 were partly inspired by
the proof in [8] that all fundamental groups of closed 3-manifolds have the related
property of autostackability, and as in that earlier proof, our proofs of those theo-
rems use the set of Higgins normal forms described in Section 3.1. We now show
that when the pieces of the JSJ decomposition are hyperbolic the fundamental
group of the 3-manifold is also automatic over those normal forms.

Corollary C. Let M be an orientable, connected, compact 3-manifold with in-
compressible toral boundary whose prime factors have JSJ decompositions con-
taining only hyperbolic pieces. Then the group w1(M) is automatic, with respect
to a Higgins language of normal forms.
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Proof. The manifold M is a connected sum of finitely many prime manifolds,
M = M #---#Mp, and the fundamental group 7r; (M) is the free product of the
groups 71 (M;).

For each index i, the group 71 (M;) is a fundamental group of a graph of finitely
generated groups that are hyperbolic relative to (free) abelian subgroups, over a
finite connected graph A;. Moreover, this graph of groups satisfies the properties
that each edge group is a peripheral subgroup in its vertex group, and for any two
edges e, f of A; with the same terminal vertex 7(e) = t(f) the intersection of
the corresponding edge groups is G, N Gy = {1}. Hence conditions (i) and (ii) of
Corollary 4.10 are satisfied, and so w1 (M;) is automatic with respect to a Higgins
language L; of normal forms.

The free product 71 (M) = 71(My) *- - -x w1 (My) is automatic with respect to
the standard normal form set L of a free product [16, Theorem 12.1.4], constructed
using the languages L; of normal forms for the factor groups above. Then 71 (M)
is also the fundamental group of a graph of groups built from the graphs of groups
defining the groups 71 (M;) by joining the graph A; to the graph A;4; by an edge
whose associated edge groups are the trivial group for each i, and the language L
is a Higgins language for this graph of groups. O

Remark 4.11. For a nonorientable, connected, compact 3-manifold M with in-
compressible toral boundary, whose JSJ pieces have interiors with hyperbolic ge-
ometry, there is an orientable 2-sheeted cover M’ of M satisfying the hypotheses
of Corollary C, and 71 (M) is an index 2 subgroup of 1 (M ). Hence in this case,
by [16, Theorem 4.1.4] and Corollary C, the group 71 (M) has an automatic struc-
ture with a language that is the concatenation of the Higgins language of normal
forms for 71 (M) with a transversal for 71 (M) in 71 (M).

5. Synchronous automaticity when geodesics concatenate up

In this section we introduce the property for a pair of groups (G, H ) that geodesics
in G “concatenate up” from the subgroup H; such a pair (G, H) is known in the
literature as an admissible pair. In Section 5.1 we study crossover properties for
shortlex automatic groups in which geodesics concatenate up from subgroups, and
use this to prove that strong synchronous coset automaticity is preserved by the
graph of groups construction when geodesics for all edge groups G, concatenate
up to geodesics for their incident vertex groups G().

Let G = (X) be a group and, for some ¥ < X, let H = (Y') be the subgroup
of G generated by Y.



Automaticity for graphs of groups 537

Definition 5.1. We say that geodesics for H over Y concatenate up to geodesics
for G over X (or GEo(H, Y') concatenates up to GEo(G, X)) provided that, when-
ever w is a geodesic word over Y and vy is a word over X that is a minimal length
representative of its coset, the word wuvy is also geodesic.

Note that this property implies that any element of G has a geodesic represen-
tative of this form wvy.

The property of geodesics concatenating up has been used by Alonso [1] and
Chiswell [9] to study the growth functions of amalgamated free products, HNN
extensions, and fundamental groups of graphs of groups. Examples of subgroups
in groups with generating sets for which geodesics concatenate up include any sub-
graph product of a graph product of groups (including a direct factor in a direct
product, or a free factor in a free product) [10], [23, Proposition 14.4]. Alonso’s
article [1] provides many other examples.

In Section 5.2 we prove that Coxeter groups and sufficiently large Artin groups
have the property of geodesics concatenating up with respect to special subgroups
(over the standard Coxeter and Artin generating sets), and hence amalgamated
products, HNN extensions, and more generally fundamental groups of graphs of
these groups over parabolic subgroups are automatic.

5.1. Crossover and strong synchronous coset automaticity for graphs of
groups when geodesics concatenate up. In order to obtain, in Theorem D, SSCA
for fundamental groups of graphs of groups in the case that geodesics concatenate
up, we begin by describing a situation that yields a geodesic SSCA and a 1-limited
crossover condition for a subgroup in a group.

Proposition 5.2. Let G = (X | R), let H = (Y) for some Y C X, and suppose
that geodesics for H over Y concatenate up to geodesics for G over X. Suppose
that G is shortlex automatic with respect to some ordering of X* in which all
elements of Y * precede all elements of X* \ Y*, and let the languages SL and
SLH be defined with respect to that ordering. Then the coset language SL? has
1-limited crossover with respect to (Y, Z) for any Z < X, and defines a strong
synchronous (shortlex) automatic coset system for (G, H).

Proof. Let u € SL¥ and x € X*. The conclusions will follow once we have
proved that either ux =g v with v € SLH or ux =g yv with v € SLH
and y € Y*. In the first case, since u and v are both in SL¥, we must have
[lu] —|v]| < 1. In the second case, we shall show that |u| = |v|. These restrictions
on u and v will be used later in the proof of Proposition 6.4.

Note that v or yv will then be proved to be the unique representative of ux
in SL, since we put all the letters of Y * first in the ordering, provided that in the
case where there is more than one choice for yv we choose that one with y earliest
in the ordering of Y*. So the synchronous fellow travelling of the path ju with
the path ;v or yv then follows from the (synchronous) shortlex automaticity of G.
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Case 1. Suppose first that the word ux is not geodesic, and let v; € SL represent
the element ux of G. Then |vq| is equal to either |u| — 1 or |u|. We claim that
v; € SL¥, which will complete the proof in this case.

If not, then let vg be the representative of Hv; in SLH so vo <sr VU1, With
v1 =g hvg forsome h € H. Since geodesics for H concatenate up to G, whenever
w is a geodesic representative for /2, the word wvo must be geodesic. It follows that
lvo| < |v1]. Butnow u =g vix™! =g hvox~! with [vox™!| < |vq|+1 < |u| +1,
and so vox~! =g h~'u. Now (since geodesics concatenate up) w~'u must be
geodesic, but we have [vox™!| < |u|+1 < |[w™'u|, and so we have a contradiction.

Case 2. Suppose now that ux is geodesic. Let ux =g v; with v; € SL
representing the element ux of G. So |vy| = |ux|. If v; € SLH then we are
done.

If not, then again let vy be the representative of vy in SLY so Vo <sL, U1 With
vy =g hvg forsome h € H. Let w be a geodesic representative of /4. Then, again,
since geodesics concatenate up, wvo must be geodesic, of the same length as vy,
and so |vg| < |v1] and |w| = |vq| — |vo]-

If |vg] = |v1| — 1, then |w| = 1, sow € Y%, and so ux =g wvy with
|vo| = |vi| — 1 = |u|, which proves the result.

Otherwise, |vg| < |vi| — 2. Then |w| > 2, and ux =g v; =g wvy. Then
vox~! =g wlu, and, since geodesics concatenate up, w~'u must be geodesic.
But |w™'u| > |vgx~!|, so we have a contradiction. This contradiction completes
the proof of the proposition. O

Theorem D. Let G = (A = (V. E),{Gy:v € V). {Geie € E},{pe:e € EY)
be a graph of groups over a finite connected graph A. Let X, and Y, be finite
generating sets of the groups Gy and G,, respectively. Suppose that the following
conditions hold for each e € E.

(1) Y. C Xr(e)-
(ii)) Geo(Ge, Y.) concatenates up to GEO(G(e), X1(e))-
(iii) The triple (G., Gg, ¢¢) is 1-stable with respect to (Ye, Y3).

(iv) Gy(e) is shortlex automatic with respect to an ordering of X () in which all
letters of Y;* precede all letters of X Ti( o) \ YE

Let L be the set of coset languages SLg;’ o’ fore € E, and let T be any maximal

tree in A. Then, for each ey € E, the pair (71(9), Ge,) is strongly synchronously
coset automatic, with the Higgins coset language L = L(G, L, eo,T). Further-
more L € Geo%¢0, and the group m1(S) is automatic.



Automaticity for graphs of groups 539

Proof. Define vg := t(eg), H 1= G¢y and X = (J,cp Xy U{scie € E\Eq}. We
apply Proposition 5.2 in order to verify for each e € E that the pairs (G(e). Ge)
satisfy conditions (i) and (iii) of Theorem A. Since we are already assuming
hypothesis (ii) of that theorem, we can apply it to conclude that the pair (G, H) is
SACA, with the language as described.

Our next step is to prove that L C Geo’. So suppose that w € L, and let
u be a representative of Hw of minimal X-length. We create a word @i from

u by inserting into ¥ symbols s, for e € ET, so that I = ugSe Uy - Se, Uk,
where e; ---ex is a path within A that starts at vy, and where uy € (Xf( eo))*

and u; € (Xzi(e,-))* for each i. Note that we have Defl(iz,T) = u. Next we

construct an (£, SLg,, SLg‘Z’eO))-cascade of u, as follows. We define u;_to be the
shortlex minimal representative word over X, ) in the coset G, ux, and suppose
that ux =g,,, hkuy. Our hypothesis (i) ensures that [ux| = |up| + |hkly,, -
Now we define h}c € Gg, to be the element ¢, (hx) =c sekhks;kl. The 1-
stability condition implies that |h;€|yék < |hkly., . We repeat this procedure,
but using uk_Ih;C rather than uy, and so define elements hy, ..., k1, hg, words

Ge .
u,,...,upy € SL,’ , andelements i/, ...,h". Let wo be a geodesic word over
k 0 G-[(gj) k 1

Y., that represents o. The deflation u" of the word wougse, U Se, U’ - - - Se, ),
which represents the same element as u, is no longer than u. Hence u’ must be
geodesic, and since the deletion of wy results in a word in the same coset, wy must
be the empty word (and so iy =g 1). Now u’ € L. Since L has uniqueness, we
have ¥’ = w.

Now synchronicity of L follows by Proposition 3.9. Then application of
Theorem 2.2 proves that i1 (G) is automatic. O

5.2. Application to graphs of Coxeter and sufficiently large type Artin groups.
We assume that the reader is familiar with the definitions of Coxeter groups and
Artin groups (also known as Artin—Tits groups, of which Coxeter groups are nat-
ural quotients) and with the presentations of these groups over their standard gen-
erating sets; for Coxeter groups, [5] is a standard reference.

The following lemma is noted in [1, Example 1], and an outline of the proof
is given in [5, Exercise of Chapter IV §1(26)]. It is also proved in [2, Proposi-
tion 7.11].

Lemma 5.3. Let G = (X) be a Coxeter group, defined over its standard generat-
ing set X, and let H = (Y') be a subgroup of G, for some Y C X. Then geodesics
for H concatenate up to G.

Proof. The proof of the lemma uses the Exchange Lemma [5, Chapter 1V.1.4,
Lemma 3] for Coxeter groups, which says that, in any non-geodesic word over X,
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we can get a shorter representative of the same group element by removing two of
the letters in the word.

We let w be a geodesic word over Y, and v a geodesic word over X such that
wv is non-geodesic, and prove that in that case v cannot be of minimal length
within its coset.

Let w'v be a minimal non-geodesic word with w’ a suffix of w. Since v is
geodesic, w’ is nonempty. Let w’ = tw” with t € Y*. Then, by the Exchange
Lemma, we can remove two of the letters of the non-geodesic word rw”v to get
a shorter representative of the same group element. Since w”v and rw” are both
geodesic, one of these removed letters must be ¢ and the other must lie in v. So the
result of removing this letter from v is a shorter representative of the coset Hv. O

Given a Coxeter graph X (that is, a finite simple graph whose edges are labelled
by parameters m;; each from the set (IN \ {0, 1}) U {oo}), we denote by Ay the
associated Artin group. Suppose that G is an Artin group with standard generating
set X, and that the integers m;; are the parameters of the standard presentation
(which label the edges of X). The group G, as well as the Coxeter graph X, is said
to be of large type if for all i # j, m;; > 3, and (following [21]) of sufficiently
large type if for any triple i, j, k either none of m;;, m;r, m ;i is equal to 2, or all
three of m;j, m;x, m;y are equal to 2, or at least one m;;, m;i, mj is infinite.

The following lemma is proved in [10] (see also [23, Proposition. 14.4]) for
the special case of right-angled Artin groups. In order to prove the result for
Artin groups of sufficiently large type, we need to use knowledge of geodesics
in these groups, and of a process that reduces any word to geodesic form, which is
described in [20, 21]. In particular, some familiarity with the concept of critical
sequences of moves applied to words over the generators is required in order to
understand the following proof.

Lemma 54. Let G = (X) be an Artin group of sufficiently large type, defined
over its standard generating set X, and let H = (Y') be a subgroup of G, for some
Y C X. Then geodesics for H concatenate up to G.

Proof. We prove the contrapositive, as follows. As in the proof of Lemma 5.3, we
let w be a geodesic word over Y, and v a geodesic word over X such that wv is
non-geodesic, and prove that in that case v cannot be of minimal length within its
coset. We prove this by showing that v must be equal in G to a geodesic word that
starts with a letter of Y *.

Let w’v be a minimal non-geodesic word with w’” a suffix of w. So, if u is
a geodesic word with u =g w’v, then |w'v| — |u| < 2 but, since all defining
relators of Artin groups have even length, we must have |u| = |w'v| — 2. Since
v is geodesic, w’ is nonempty. Let w’ = tw” witht € Y*. Then w”v =g t~'u
with both words geodesic.

If w” is empty then v =g ¢~ 'u, which proves the lemma. Otherwise, since
w is geodesic, w” does not start with ¢!, but it starts with a letter in Y *.
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By [21, Proposition 3.2 (1)] (applied with “left” in place of “right”), a single
leftward critical sequence (a sequence of overlapping replacements of 2-generator
subwords by words of the same length on the same 2 generators) can be applied to
w”v to transform it to a word starting with 1. The moves in the sequence cannot
all take place within w” because that would contradict w being geodesic. If some
of the moves in the critical sequence take place within v, then we can just change
v to the result of these moves. So we can assume that the first move p; — v; in
the sequence overlaps both w” and v.

We claim that the two generators involved in this move must both be in Y. So
suppose that one of them, s say, is not. The first letter of x4 lies in w” and hence
in Y*, and so v, begins with s or s~1. If there is a second move , — v5 in the
sequence, then i, begins with a letter in w” and hence in Y * and ends with s*!,
so v, must also begin with s or s~!. Then we see by induction that, for all moves
w; — v; in the sequence, v; begins with s or s~! and hence, after applying the
complete sequence, the resulting word begins with s or s~!. But we know already
that it begins with ~! with # € Y*, so we have a contradiction, which proves the
claim.

Since one of the two generators involved in the first move p; — vy is the first
letter of v or the inverse of that generator, it follows that the first letter of v is
in Y*, and the lemma is proved. O

Corollary 5.5. A fundamental group of a graph of groups in which each vertex
group is either a Coxeter group or a sufficiently large type Artin group, and in
which each edge group is a special subgroup in its adjacent vertex group, is
automatic.

We note that a fundamental group of such a graph of groups built only out of
Coxeter groups, or only out of Artin groups, must itself be such a group. And
conversely, by [24], any Coxeter group that arises as the fundamental group of a
graph of groups must arise in a similar way.

The following gives a number of examples.

Corollary E. Let X be a Coxeter graph of sufficiently large type. Given arbitrary
subgraphs N1, A, ..., Ar of I, suppose that the Coxeter graph X' is formed by
adjoining new vertices v1, va, . .., U to X together with the following edges from
each v;:

e fo0 each vertex of A;, with the label 2,
e fo each vertex of ¥ \ A;, with the label oo,
e fo each vertex v; with j # i, with the label co.

Then the Artin group Ay, is automatic.
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Proof. The Artin group Ay’ is a multiple HNN-extension of G, = Ay over the
subgroups G, = Aj;, where ¢e;: Ap;, — Ay, is the identity map. Thus, this
graph of groups satisfies condition (iii) of Theorem D. Further, X, = V(XZ)* and
Yo, = V(A;)* and so condition (i) is satisfied. By Lemma 5.4, geodesics from
A, concatenate up to Ay, and so condition (ii) is satisfied. Condition (iv) follows
from [21]. Thus, (Ax/, Aa,) is SSCA. Moreover, A, is also shortlex automatic,
by [21]. Thus, by Theorem 2.2, Ay is automatic. O

Example 5.6. A 4-generator example is provided by extending the Artin group
of type A, by one generator y;, defined to commute with two of the existing
generators. This is the Artin group defined by the Coxeter diagram shown in
Figure 5.

Figure 5. An Artin group not previously known to be automatic

As far as the authors know, automaticity of the family of Artin groups covered
by Corollary E was previously unknown, since this family includes groups that are
not of sufficiently large type. On the other hand, it was clear that (as fundamental
groups of graphs of groups) they had solvable word problem, though quadratic
Dehn function was (probably) unknown.

Further, it can be shown that these Artin groups satisfy Dehornoy’s property H,
introduced in [13], which implies that their word problem is solvable via padded
multifraction reduction [14, Proposition 1.14].

6. Further strong synchronous coset automatic structures

For our next example of a family of groups and subgroups with limited crossover,
we consider the case in which the group is abelian. It is proved in [16, Theo-
rem 4.3.1] that finitely generated abelian groups are shortlex automatic over all
finite generating sets. The following proposition expands the result to coset sys-
tems relative to any subgroup.
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Proposition 6.1. Let G = (X) be a finitely generated abelian group, and let
H = (Y) be a subgroup. Then (G, H) is strongly synchronously coset automatic
with 1-limited crossover with respect to Y. Furthermore, for any ordering of X%,
we can choose the coset automatic structure to consist of the shortlex least repre-
sentatives of the cosets of H.

Proof. We suppose that X+ = {X1,...,Xn}, with x; < x < ... < xp. For each
x € X UX™!, write & for the coset Hx. Then X := {¥:x € X} is a generating set
for G := G/H, and each word w over X has an image w over X. Let p: X — X
be the map x — Xx. Note that p might not be injective, but we may choose an
injective map p’: X — X such that pp/(X) = X for all ¥ € X, and then extend p’
to an injective monoid homomorphism from words over X * to words over X *.
By [16, Theorem 4.3.1], G is shortlex automatic with respect to the generating
set X ; we define L g to be the shortlex language for G. Now we choose L to be the
set p'(Lg). Then, as the image of a regular set under a monoid homomorphism,
L is regular. The words in Lg all have the form )E; V... ¥ with r; > 0, and those

in L the form xj' -+~ x;".

Now suppose that v = x%'-..x@, w = x?'...xI" are elements of L and

h € H with dr()(v. hw) < 1. Then dpg, (v, w) < 1, and it follows from the
proof of [16, Theorem 4.3.1] that X; |b; — a;| < B, for some constant B. Hence,
since h =g vxw™!, with x € X U X~! U {¢}, the length of 4 is bounded by
B 4+ 1. We can also see that, where v(j), w(j) denote the prefixes of v, w of
length j, each of the elements v(j)~'w(}) is represented by a product x;" - - - x,"
with X|r;| < 2B. It follows that the differences v(j) " 'hw(j) =g hv(j) 'w(j)
are bounded in length.

Since G is abelian, it is straightforward to show that L has limited crossover
with respect to the pair (Y, Y). O

Proposition 6.2. Let G be a finitely generated virtually abelian group, and let H
be a subgroup. Then (G, H) is strongly synchronously coset automatic.

Proof. We shall construct first a coset language L for G. We have already con-
sidered the case when G itself is abelian in Proposition 6.1. It will be convenient
here, however, in this special case, to define a second language L which has
additional properties that we shall need in the proof of Proposition 6.5.

Let F < G with F free abelian and |G : F| finite. By Lemma 2.8(iii) it is suf-
ficient to prove our result for the subgroup FH of G. But it will not be convenient
to make that assumption in the aforementioned application to Proposition 6.5 so,
in the case when G is nonabelian, we shall assume from now on that G = FH,
but not when G is abelian.

Let J := H N F. Then, since either G = FH or G is abelian, we have
J < G. We can find a subgroup £ > J of F such that £/J is torsion-free, and
E is characteristic of finite index in F, and hence normal of finite index in G.
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(We can define £ < F as the inverse image under the natural map F — F/J of
the e-th power of a complement in F/J of the torsion subgroup T of F/J, where
e is the exponent of 7'.)

If G is abelian, then we choose C to be any complement of J in E. Otherwise
we apply Lemma 6.3 below with G = G/E to the ZG/E-module E and its
submodule J; the submodule U guaranteed by the lemma corresponds to a normal
subgroup C of G within E, with / N C = 1 and |E : JC| finite. Then, in either
case, the free abelian group JC is a direct product J x C, and has finite index in
G with J and C both normal in G.

We shall define both of our coset languages with respect to a finite generating
set X for G thatis aunion Xy U X¢ U X7, where Xy and X¢ are finite generating
sets for J and C, and X7 is a set of (not necessarily unique) representatives of the
nontrivial cosets of JC in G, satisfying the condition that whenever a coset has
nontrivial intersection with H, the representatives in X are all within H.

We describe first the construction of L. The quotient G/ J is virtually abelian
with free abelian subgroup JC/J of finite index. For each g € G, write g for
the coset Jg. By [16, Proof of Corollary 4.2.4], there is an automatic structure
(actually a geodesic biautomatic structure with uniqueness) for G := G/J with
language L g consisting of words over a finite generating set Z for G of the form
ZcUZ7, where Z is a particular generating set for CJ and Z7 is a set of (unique)
representatives of the nontrivial cosets of CJ in G, satisfying the condition that
whenever a coset has nontrivial intersection with H its representative is chosen to
be in H. We let K be the fellow traveller constant associated with this automatic
structure. The subsets X¢, X7 of G that we need to define X are chosen to be
subsets of G that map bijectively under the map g — g to Z¢, Zr, and such that
Xc € C, while X; can be any finite generating set of J. So we have a bijection
p:Xc U Xr to Zc U Z7, and we extend p~! to a monoid homomorphism that
maps words over Z¢ U Zr to the corresponding words over X¢ U X7.

The language Lg is defined in [16, Proof of Corollary 4.2.4] to be a set of
words of the form w or wz, where w is a word over Z¢, and € Z7. We define
L{I = p‘l(Lé). So, as the image of a monoid homomorphism, L{I is regular,
and its elements have the form wt, where w is a word over X¢ and ¢t € X7 U {¢}.
We observe also that the set Z¢ and also the set of words w that arise in this
language are invariant under conjugation by elements of G.

We claim that the language L1 is a strong automatic coset system for (G, H).
We have seen that it is regular, and it contains a full set of coset representatives of
H in G (recall that J C H).

It remains to prove the fellow traveller property. So suppose that wit1, wat, €
L andx € X UX~1U{l1}, h € H with

w1hXx =g hwaty. (%)

We need to show that the paths ;w; and ,w, fellow travel (and hence so do jw;t;x
and pws1>).
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Our first step towards this proof is to define ¢; € C, j; € J and t3 € X7 such
that 11x =¢ jicit3. Since there are only finitely many possible choices for each
of #1, and x, we see that ¢; and j; are bounded in length. Let B be an upper bound
on their lengths. Now we find w3 € LIH N (Xg)*, with wi¢1 =g w3 (and so
w1 ji1¢c1 =¢ ji1ws) and, since L is an automatic structure for G, we see that ;w;
and ;w3 fellow travel at distance K|ci| < KB. We now have wit;x =g jiwsts.

Now we consider the right hand side ~w,t, of the equation (x). We can find
j/ € J,ty € Xp,withh =g j/l4 and so hw,t, =¢g j/t4w212 =G j/l4w2[4_1[4[2.
As we observed above, the generating set Z¢ of CJ is closed under conjugation
by elements of G and so, for each generator y that occurs in the word w,, the
image t4yt; ' in G/J is in Z¢. The normality of C in G ensures that z4yt; " is
a generator in the set X¢ that consists of inverse images under p of the elements
of Z¢. Let wys be the word formed from w, by replacing each of its generators
y by the generator in X¢ that represents f4y7; . Then wy =g fawoi;! and,
by the invariance property of the language Lz mentioned earlier, the image of
wy4 in G lies in Lgz. Now we define ¢; € C, j, € J (also each bounded
above in length by B), and #5 € Xr such that t4¢, =g jacots, and hence
j/t4w212 =G j/w4j2(,’2l5 =G j/jzwsls, where ws =G wscy. Just as for the
paths jw; and ;w3 discussed above, we find that ;w4 and w5 fellow travel at
distance K B.

Now recall that we have wit;x =g hwata (). The left hand side of (x) is
equal in G to jjwst3, and the right hand side to j’ j,wsts, Since X7 is a transversal
of JC in G we have t3 = t5 and, since JC is a direct product of C and J, we have
w3 =g ws and j; =g j'j». Since Lz is an automatic structure with uniqueness,
we also have w3 = ws (as words). Further, j’ is bounded in length by 2B.

So, since the pairs of paths (;wi,1w3) and (w4, 1ws) = (w4, 1w3) both
K B-follow travel, to complete our proof it suffices to show that w4 and ,w;
fellow travel. We recall that for generators ay,...,an,b1,...,b, € X gl with

b; =¢ t4a,-t4_1, we have wy = aq---a, and wgy = by---b,. For each i, the
word difference (ay -+ -a;) " ta(by -+ b;) is equal in G to #; ', and s0 w4 and ,, w»
1-fellow travel. Since h =g j’t4, j' is bounded in length and JC is abelian, it
follows that ;w4 and w, fellow travel, and we are done.

We turn now to the definition of our second synchronous automatic coset
system Lf in the case when G is abelian. In this case, we allow X7 to be any
finite set of elements from G \ JC that contains at least one representative of each
nontrivial coset of JC in G. Further, the conditions on the generating sets Xy and
Xc of J and C are different from those of L#; they are chosen to ensure that for
all equations of the form #1213 =g jcta with 11,5, 13,14 € X%, jedJandc e C,
the elements j and ¢ and included in X; and X¢. (This property is not used in
the current proof, but it is required in the proof of Proposition 6.5 below.)

For our coset language L, we take the set of words of the form wv, where
w € SL(C, Xc), and v is a word of length at most 2 over X7. This language
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is regular, as it is the concatenation of two regular languages, and this language
contains representatives of all cosets of H within G.

It remains to prove the fellow traveller property, and we can do this very much
as we did for Lfl. We suppose that wivq, wavy € Lg’ with wy, w, € SL(C, X¢)
and vy, v, words of length at most 2 over X7, and x € X UX 1 U{1}, h € H with

wiv1X =g hwyv,. (%)

We can write h = j’t with j’ € J andt € X7 U {1}, and so wivix =g j'watv,.
Then JCvix = JCtv,, SOvix =g jctv,y, for some j € J and ¢ € C, and hence
Jj' =y jand wic =¢ w,. Since there are only finitely many possible vy, v, and ¢,
the lengths of j and ¢ are bounded. So, since w;, w, € SL(C, X.), they K-fellow
travel for some constant K and hence ;w;v; and ,w,v, K’'-fellow travel for some
(larger) constant K’. O

Lemma 6.3. Let G be a finite group, let V' be a finite dimensional torsion-free
7.G-module, and W a submodule. Then there exists a 7Z.G-submodule U of V
with U N W = {0} such that V /(U @& W) is finite.

Proof. Let V=Ve@QandW =W ® Q be the correspondmg QG -modules.
By Maschke’s theorem, there exists a QG -submodule U of V with V = U & W
Letey, ..., e, be a Z-basis of V, which we may consider also as a Q-basis of V.
We can choose a basis uy, ..., ux of U such that the matrices representing the
action of G have integer entries. Define A; i € Qbyu; = Z}’zl Ajjej. Let m be
a common multiple of the denominators of all the A;;, and define U C V' to be
the Z-module generated by the elements mu;, ..., muy of U. Then U & W has
rank 7, and so must have finite index in V. |

By Corollary 5.5, the hypotheses of the following result are satisfied in par-
ticular when G is a Coxeter group or an Artin group of large type on its natural
generating set X, and H is a parabolic subgroup.

Proposition 6.4. Suppose that H = (Y) < Gy = (X1) with Y C Xy, where H
and Gy satisfy the hypotheses of Proposition 5.2 with G1 and X, in place of G
and X. Suppose that H is also a subgroup of the finitely generated abelian group
Gy. Then (G *g Ga, H) is strongly synchronously coset automatic.

Proof. We use the coset language L1 constructed in the proof of Proposition 5.2
for (G1, H) (where this language is sLA ). We extend Y to a generating set X, of
G» such that H N X, = Y and define the coset language LE for (G», H) with
respect to X as in the proof of Proposition 6.1, where it is called L.

We claim that the language L over X := X; U X, constructed for the pair
(G1 *xg Go, H) in the proof of Theorem A is synchronous, so we need to work
through that proof in our current context, and we shall adopt the notation used in
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that proof without further comment. Note first that the graph A has two vertices
and a single edge, which lies in the maximal tree T, so no letter s, appears in any
deflated words in the language, and Case (4) in the proof of Theorem A does not
arise.

Since both L and LY contain unique representatives of each coset of H, so
does L. So Case (1) in the proof of Theorem A, where the two different words
w,w’ € LH lie in the same coset, does not arise. But the arguments used in the
proof of that case are applied to each of the cases (i.e. Case (2) and Case (3)) in
which Hwx = Hw’ with x € X. Recall that w = uouy ---ug, where ejep ---ex
is the path in A associated with w. We shall just consider Case (2), in which uy
and x lie in the same subgroup G.(,). The argument in Case (3) is similar.

In Case (2) we have uix =¢ hku;C for some i, € H, where the X -length of A,
which is the same as its Y -length, is bounded above by some constant K. If k = 0,
then the synchronous fellow travelling of yw and ,w’ (where h = hg) follows from
the fact that L7 and L¥ are both synchronous automatic coset systems. So we
may assume that k& > 0.

Now, for I <i < k, we have u;_1h; =g h;—u_, for some h;_y € H. Then
w' = wugu'y ---uj for some £ < k, where u;, # ¢, andu; = e forl <i < k.
Note that if h; =¢ 1 for some i then, by the uniqueness property of L, we have
uj =ujand hj =g 1forall j <i.

Suppose next that | ;| = 1 for some i, so h; is a generatorin ¥ £. If u;_; € LI,
then 7,y = h; and u;—y = u_;. Ifuiy € Lf’ then, as stated in the first
paragraph of the proof of Proposition 5.2, we have either

@) |ui—1] —uj_q|| <land hj—y =g 1;0r
() |ui—1| = |u;_,| and |hj—| = 1.

So in fact one of (a) and (b) must apply irrespective of whether u;_; is in Lf’
or LI

Now if |h;| = m > 1, then h; is a product xq ---x,, of m elements of Y.
We can then apply the above argument to each of xi,...,x, in turn, yielding
equations u;—1X; =g Y1V1, V1X2 =G Y2V2, ..., Um—1Xm =G YmVUm, Where each

vi € LH eachy; € YE' U {e}, vy = u)_,, and hi—1 =g y1--* Y. So, since (a)
or (b) applies to each of these equations, we have either

(i) |hi—1] < |h;] and [[ui—1| = [ui_ ]| < |hi; or
(ii) |hi—1| = |hi| and |ui—1| = |u}_,].

In particular, since |hx| < K, we have |h;| < K for all i. So Case (i) can occur
for at most K values of i, and hence

k
> il = ] < K2

i=1
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It is proved in Theorem A that the paths labelled w and w’ asynchronously
L-fellow travel for some constant L and that, for each i, the beginnings and ends
of the subpath labelled u; correspond to those of u; in the fellow travelling. From
the above inequality, we see that, if the beginnings of these subpaths labelled u;
and u; are at distances i, and i from the basepoint, then |i; —i>| < K 2 Tt follows
that ;w and ,w’ synchronously fellow travel with constant at most L + K2, which
completes the proof. |

Proposition 6.5. Suppose that the group G is finitely generated and hyperbolic
relative to a collection of abelian subgroups, and let H be one of those subgroups.
Suppose that H is also a subgroup of the finitely generated abelian group G,. Then
(G1 xg Ga, H) is strongly synchronously coset automatic.

Proof. The idea of the proof is first to find coset languages L and LI for
(G1, H) and (G,, H) with respect to suitable generating sets X; and X,, then
to use Theorem A to find a strong asynchronous automatic coset system L%
for (G1 *g G2, H), and finally to apply Proposition 3.9 to find a synchronous
subsystem within L. For L# we use the language Ly constructed in the proof
of Proposition 4.5, and for LZ we use the language also called L from the proof
of Proposition 6.2.

For the application of Proposition 3.9, we need to choose the generating sets X
and X, for G; and G, suchthatY := X;NH = X, N H. Itis nota problem to find
generating sets X, X, for G, G satisfying this condition. But the constructions
of L¥ and L both involve the addition of new generators to Y. We can handle
this situation as follows. First we extend X; (and so also X, and Y) during the
construction of Lf’ . Then we further extend X, (and so also X; and Y') during
the construction of LZ. Since there is a geodesic biautomatic structure for H on
any finite generating set, Lemma 4.4 allows us to reconstruct L7 using the new
generating set X;.

We see from the proof of Proposition 4.5 that L consists of those words in
the geodesic biautomatic language L for G, that do not begin with a letter in ¥ *.

As stated earlier, for the language L4 we use the second coset automatic
structure in Proposition 6.2, which is also named L;’ there. So X, = X; UXc U
Xr, where C and J are disjoint free abelian subgroups of G, with |G, : JC|
finite, JC N H = J, and X7 contains a transversal for JC in G,, The elements
of L are words of the form wv, where w € SL(C, X¢) and v is a word of length
at most 2 over X7.

Now let X = X; U X, and let w € (X*)* be a shortest representative of its
coset of H in G = G *g G,. Then we can write w as ww, - - - wg, where each
w; lies alternately in (X£)* or in (X55)*, and w; is a nonempty word that does
not begin with a generator from ¥ *. We aim to replace w with a word v of the
same length in the same coset of H such that, in the corresponding decomposition
V = vqVa - Vg, €achv; isin LIH orin Lg’. If we can do this, then v € L NGeo®
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representing H w, and we can apply Proposition 3.9 to deduce the existence of a
synchronous subsystem of L%

Since the words w; that lie in G; must be geodesic words over X;, we may
replace them if necessary by words of the same length representing the same group
elements that lie in the geodesic biautomatic language L for G;. Then, since we
are assuming that w; does not begin with a letter in Y, we have w; € L¥. (This
replacement may decrease |w;| and increase |w;—1|, but provided that we replace
the words w; in order of decreasing i, this is not a problem.)

We may assume that the words w; in G, contain no generators in Y, since
these could be moved to the left of the word. We may also assume that the letters
in w; from X % lie at the end of the word. If we have three or more such letters
then, from our choice of X;, we can replace them with a word of the same length
containing a generator from Y. So we may replace w; by a word v; = uju,, where
uq and u, are words over X¢ and X7, respectively, and |u,| < 2. We may also
assume that u is the shortlex least representative over X¢ of the element that it
represents, and hence v; € Lf’ , which completes the proof. O

Example 6.6. In this example we note that there is a pair (G, H) that is strongly
synchronously coset automatic, but computer experiments suggest that it does not
have A-limited crossover for any A with respect to any generating set ¥ of H.
(But we have no means of proving that.) The group G is the trefoil knot group
(or the 3-string braid group) (x, y | xyx = yxy) and H is the free abelian rank 2
subgroup (x, d), where d is the central element (xyx)?.
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