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Fluctuations of ergodic averages for amenable group actions

Uri Gabor!

Abstract. We show that for any countable amenable group action, along certain Fglner se-
quences (those that have for any ¢ > 1 a two-sided c-tempered tail), one has a universal esti-
mate for the number of fluctuations in the ergodic averages of L°° functions. This estimate
gives exponential decay in the number of fluctuations. Any two-sided Fglner sequence can
be thinned out to satisfy the above property. In particular, any countable amenable group
admits such a sequence. This extends results of S. Kalikow and B. Weiss [1] for Z¢ actions
and of N. Moriakov [3] for actions of groups with polynomial growth.
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1. Introduction

A real-valued sequence is said to fluctuate N times across a gap («, B), if there
are integers n1 < ny < --- < npy such that for odd i, a,; < «, and for even i,
an;, > B. Let (X, u, B, (Tg)gec) be a measure-preserving action of a countable
amenable group G, and fix some (left) Fglner sequence (F;) in G. For any N, we
define the set Dy by

Dy = D(F,), fa.p,n = 1x: Ay f(x) fluctuates across («, B) at least N times}

where A, f = ﬁ > ger, J o Ty denotes the sequence of ergodic averages of

a function f on X along (F,). In [1] it was shown that for G = Z¢ and
F, = [-n,n]?, the following holds:

Theorem 1.1. For any 0 < o < B, there are constants 0 < ¢ < 1 and ¢y > 0,
such that for every m.p.s. (X, B, u.{Tq}gec) and every measurable f > 0, one
has

w(Dpy) < clcév forall N.

1 Supported by ERC grant 306494 and ISF grant 1702/17.
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In [3] this result was extended to measure-preserving actions of groups of poly-
nomial growth, where the fixed Fglner sequence is taken to be balls of increasing
radii, that is, F, = S" where S is a finite symmetric set of generators which
contains the unit.

The aim of this paper is to extend these results to general actions of amenable
groups. In this context, the notion of temperedness is of importance: a sequence
(Fy) is left c-tempered if, for all n,

Urs

i<n

right c-tempered if, for all n,

‘UFnFi_l‘ §C|Fn|,

i<n

and c-bi-tempered if it is both left and right c-tempered. In this paper, a sequence
that for any ¢ > 1 has some tail which is c-bi-tempered, will be called strongly
tempered. Notice that any two-sided Fglner sequence can be thinned out to be
strongly tempered.

The class of tempered Fglner sequences is the most general class of sequences
that are known to satisfy the pointwise ergodic theorem [2, 5]. That is, the
averages along any (left) tempered Fglner sequence of any integrable function
converges a.e. Consequently, if the fixed Fglner sequence (F},) is tempered, then
for any & < f and any integrable function f, the measure of Dy = D(f,), f.a.8,N
decreases to zero as N — oo. Thus, along such sequences, one might hope to
have some control over the rate of w(Dy), as in Theorem 1.1:

Question. Does every amenable group have a Fglner sequence that satisfies (in
some sense) Theorem 1.17 Can one find for any Fglner sequence a subsequence
with this property?

Our main result is the following theorem and its corollary, which says that one
can successfully bound the rate of decrease of u(Dy) in any amenable group,
provided that f is bounded and that the averages are taken along strongly tempered
Fglner sequences.

Theorem 1.2. For any « < B and S > 0, there exist A > 0 and 0 <
co < 1, such that for any (1 + A)-bi-tempered Fglner sequence (F,), any m.p.s.
(X, 1, B, (Tg)geg) and any f € L7 (X) with | f|leo < S, one has

w(Dy) < clc(l,v forall N

for some ¢1 > 0 which depends only on the sequence (F,) (and neither on the
m.p.s. nor on the function f).
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If (F,) is strongly tempered, then for any gap (o, ) C R and any S > 0, some
tail of the sequence, say (Fy)n>n,, satisfies the hypothesis of Theorem 1.2, while
the first ny elements of (F},) attribute at most O(ng) fluctuations. Thus, enlarging
c1 depending on that ny, we get:

Corollary 1.3. Let (Fn) be a strongly tempered Fglner sequence. For any a < f8
and S > 0, there exist 0 < ¢o < 1 and ¢1 > 0, such that for any m.p.s.
(X, 1, B, (Tg)geg) and any f € L7 (X) with | f|lco < S, one has

u(Dpy) < clc(l,v forall N.

As the proof of Theorem 1.2 indicates, the bi-temperedness condition could
be slightly relaxed and was chosen for the clarity of presentation. Also, the
dependency of c¢; on the sequence (F,) could be replaced by restricting the
theorem to sequences with some certain properties. For example, assuming e € Fy
would be enough for determining ¢y, regardless of what (F},) is.

In contrast to Theorem 1.2, we show that the temperedness property (with
any fixed ¢ > 1) alone, isn’t enough to bound the rate of decrease of u(Dy) for
any given gap («, 8). More precisely, we show that in any measure-preserving
Z-action (X, u, B, {T"}nez) one has the following:

Theorem 1.4. Let (X, B, u,{T"}nez) be an m.p.s. and let w(n) \, 0 be any
sequence that decreases to 0. For any A > 0, there are some a < f8, a bounded
function 0 < f < 1 and a (1 + X)-tempered Fplner sequence (Fy), for which
wW(DF,), fa.p.N) > o(N) for all but finitely many N.

Although this shows that the requirement for (F},) to have a left (1 + A)-tem-
pered tail for any A is essential for Corollary 1.3 to take place, it is not clear whether
the other requirements are. More generally, the following question remains open:

Question 1.5. Does every left Fplner sequence in a countable amenable group G
have a subsequence which satisfies the conclusion of Corollary 1.3?

Acknowledgement. This paper is part of the author’s Ph.D. thesis, conducted
under the guidance of Professor Michael Hochman, whom I would like to thank
for suggesting to me the problem studied in this paper, and for all his support and
advice.

2. Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. Towards this end, we need a few
definitions and lemmas.
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Definition 2.1. Given 0 < A < 1, we say that a sequence (F},) is A-good if the
following two conditions hold:

(i) forany n, | U<, F; " Fu\Fu| < Al Fal;
(ii) foranyi <n and f € Fi, |Fo\Fn f| < A Fal.

Proposition 2.2. Let 0 < A < A’ < 1. For any (1 + A)-bi-tempered two-sided
Fplner sequence (Fy,), there is some ng such that (Fy)n>n, is A'-good.

Proof. Pick some go € F;. Since the sequence is (left) Fglner, there is some n;
such that for all n > nq,

g0 Fu N Fy| > (1= X + A)| Fy

By the (left) temperedness property of (F,), we have
‘ U AVAE ‘ \JE —‘ \JF N Fy
1<i<n 1<i<n

ni<i<n
<1+ M)|Fy| = (1 =X + )| Fyl
:A/|Fn|

and (i) of Definition 2.1 takes place for the sequence (£},);>n,. The same proof
applies from the right, thus we get some 7, such that for any n > n,

| URF\F,

ny<i<n

< XN |F|

but now, forany i < n and f € F;,

F\Fuf| = [Faf N\l < | U FaF\F

ny<i<n

< | Fal

which is (ii) of Definition 2.1 for the sequence (F;)n>n,. Take ng = max{ny, n,}.
O

The following theorem is a version of Theorem 1.2 for A-good Fglner se-
quences, from which we will deduce Theorem 1.2:

Theorem 2.3. For any « < B and S > 0, there exist A > 0, 0 < ¢¢ < 1
and ¢ > 0, such that for any A-good (left) Fglner sequence (Fy,), any m.p.s.
(X, 1, B, (Ty)geg) and any [ € L7 (X) with | flleoc < S, one has

u(Dpy) < clcév forall N.

We remark that as opposed to Theorem 1.2, here the constant ¢y doesn’t depend
on (Fy).
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Once Theorem 2.3 is valid, the proof of Theorem 1.2 is immediate:

Proof of Theorem 1.2. For [, f] and S > 0, let A’ be the value for which any
A’-good Fglner sequence satisfies the conclusion of Theorem 2.3 with ¢ and c].
Take 0 < A < A/, then by Proposition 2.2, for any (1 4+ A)-bi-tempered two-sided
Fglner sequence (F}), there is some ng, such that (F,),>n, is A’-good, and thus
for any m.p.s. (X, u, B, (Tg)gec), any f € L7(X) with || f{loc < S and any N,

N_
(D (F) a1 N) < D (F) g N—no) < €10

/—. .
thus for co = ¢{, c1 = ¢’cy "° the conclusion follows. O

Thus it remains to prove Theorem 2.3, which will be our task for the rest of
this section.

Definition 2.4. Given € > 0, a collection (F; )jL=1 of finite subsets of G is said to

be e-disjoint if there are pairwise disjoint sets £; C F;j suchthat |E;| > (1—e€)|Fj|
foralll1 <j < L.

We record here a version of the e-disjointification lemma [5, Lemma 9.2],
which will be used again and again:

Lemma 2.5 (e-disjointification lemma). Let Fi,..., F;, be a sequence of finite
subsets of a group G which is 2-tempered, let C C G be finite, and suppose that
C1,...,Cr are disjoint subsets of C. For any 0 < € < %, there are subsets
D; C Cj, such that

(i) the collection {F;d:d € D;, 1 < j < L} is e-disjoint;
(i) [Ujy F5D5] = £ICI.

The following proposition, which is analogous to the effective Vitali covering
argument of Kalikow and Weiss [1], will be used as a key step throughout the
proof of Theorem 2.3.

Proposition 2.6. For any € > 0, once A > 0 is small enough and q € N is large
enough, the following holds for any A-good Fglner sequence (Fy).

Let C C G be a finite subset, and suppose that for each ¢ € C there is
associated a subsequence of (F,c) of length q:

Fui)Coevs Frgec, ni(c) <---<ng(c).

Then there exists an e-disjoint collection {Fyyd }4ep where D C C and n(d) €
{ni(d),....ng(d)}, which satisfies at least one of the following properties:
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(1) either |Uzep Fa@d| = 2IC|,
) or|Ugep Faayd NC| = (1 —¢€)|C].

As it can be seen from the proof below, for (F},) to satisfy the conclusion, one
can assume that (F,) is a Fglner sequence that merely admits property (i) of being
A-good (Definition 2.1).

Proof. Define
€ ={(c,ni(c)):ce C,1 <i <gq}

let m = max{n:there exists ¢ € G suchthat (c,n) € €}, and consider the m-
section of €:

Cpn ={c:(c,m) e €}
Assuming A < 1, the e-disjointification lemma guarantees there is a subset
D,, C Cy,, such that
(a) the collection {F;d }4ep,, is €-disjoint, and
(0) [FnDm| = £|Cpl.

Let1 < k < m—1, and suppose we have already defined subsets (Dm_i)f;(} of C.
Denote

W1 =C\(J UF "FDs (1)
n=m—k+1 i<n
Cm—k = {c € W_i11:(c.m —k) € €} )

and use again the e-disjointification lemma to take some D,,_; C C,,— so that
(a)" the collection { F;,—xd }4ep,, , is €-disjoint, and

(by |Fm—kDm—k| > %'Cm—k|

The restriction Cy,—x C Wy,—r 41 (2) together with (1) guarantees that

m
U FyDp N Fppg Dy = 9.
n=m—k+1

We end up (after m steps) with a pairwise disjoint subsets D1 C Cq,...,
Dm C Cp where | |"_, C, x {n} C €, and such that each {F,d}sep, is
e—disjoint, the unions |, D, F,d = F,D, are disjoint to each other and are
of size |F,, D,| > §|C,,|. Let D = |_|f=1 D, x {n}. We claim that the collection
{Fud}aneop satisfies the conclusion of the lemma. We just pointed out that it
is indeed an e-disjoint collection. Suppose it doesn’t satisfy property (2) of the
conclusion, that is,

m
e\ FeDi] z el 3)
k=1
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We distinguish between two cases:
I. One has

m m
1
21‘ U Fka‘ > E‘C\ U Fka‘
k=1 k=1
then, together with (3) one gets
" 1 " €
FD‘>—‘C FD‘>—C
‘k!lkk_“ \kL:Jlkk_M||

and for small enough A (A < §), the last inequality gives property (1) in the
conclusion, so we’re done.

II. For the other case,

m m
1
2A‘UFka‘<§‘C\UFka‘ (4)
k=1 k=1
we bound from below the size of W, = C\ U=, U<, F ' FuDn:
m
walz |\ b | U U R Fad\Fad |
k=1 (d.n)eDi<n
m
> |C\ | FeDi| = 1) | Fud]
k=1 (dn)eDd
m A m
> o\ Febe| = 2| U FeDy
> \kL_Jl KDi| =1 kL_Jl % D

A%

1 m
E‘C\kL;JleDk‘

(the second inequality follows from property (i) of Definition 2.1, the third by
the e-disjointness of the collection, and the last one by (4), together with the
assumption € < %). Any element in W, appears as the left coordinate of ¢ different
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elements in | J{_, Cx x {k}, thus,

m
U Fd| =Y 1FDxd
k=1

(d,n)edD
€ m
= 5 Z |Ck |

k=1
€ m
=3 L_chk x{k}‘
€
> —q|W;
= 56]| 2|
m
€
> “g4le\| ) FeD ‘
> 1061‘ \kL;Jl k D
2
€
> —q|C
> 104ICI
assuming g > 5—3, the lemma is proved. |

Proof of Theorem 2.3. For any x € X, the number of fluctuations of A, f(x)
across («, ) is equal to the number of fluctuations of A,[f + || f|lco](x) across
(@ + | flloos B+ I f o). Consequently, for any N,

D(F,), f.a.8.N = D(F), £ 41 floosa+1 flloos B+ flloc,N -

Notice that || f + || flleollooc < 2|l f|lcos and besides trivial cases, one has 0 <
@ + || f]loo- Hence, for any S > 0 and « < B, any estimate of u(Dy), where
Dy is defined with respect to any nonnegative function 0 < f < 25 and the gap
[@ + 8,8 + S] C (0,00), is an estimate of u(Dy), where Dy is defined with
respect to any function || f|jec < S and the gap [«, B] C R. Thus from now on, we
shall assume 0 < f < Sand 0 < o < 8.

Write Dy pr = {x: (An f (x))f,"’=1 fluctuates across («, B) at least N times}. Fix
x € X, M € N, and let 2 C G be a set which is sufficiently invariant with respect
to (UM, F,, so that the set

M
B={gesz:UF,,gcQ}

n=1

has size close to |©2]. We will give an upper bound to the relative density %,

where
C=Cypm={ceB:icxe Dnu}.

This upper bound won’t depend on x or M, and thus by the transference principle,
it will give an upper bound for (D y), as it is shown at the end of the proof.



Fluctuations of ergodic averages for amenable group actions 1049

R

and choose i > ¢ > 0 small enough so that the following three inequalities hold:

(B—4€S)(1—¢)

Take

" >148>1, ®))
(I—-e)(1+68)=1+68/2), (6)
(I—e)>(1+8/2)7" (7)

Take g € N and 0 < A < ¢/2 so that the conclusion of Lemma 2.6 will take place
with €/2.

The first step is to replace C with a union of e-disjoint collections of size not
much less than |C|, where for each set in the collection, the average of f at x
on it is above 8. For that, use the first group of ¢ fluctuations to find for each
¢ € C an increasing sequence ny(c) < --- < ng(c) such that A, () f(cx) > B
for each 1 < i < g. Then, by applying Proposition 2.6, one takes an e-disjoint
collection (Fy¢)(c.n)es,» Where its union C1 = (J(, nyes, Fnc is in Q and of size
|C1] > (1 — €)|C|. The next step will be done recursively (L%J — 1) times, thus
we introduce it in a more general form:

Lemma 2.7. Let f,(F,),C,a,pB,8,¢, N and q be as above. Let N, < N — 2gq,
and suppose that By, C C x N is a collection of tuples such that
(i) for each (c,n) € By the average A, f(cx) is one of cx’s first Ny upcrossings
to above B;
(ii) the collection (F¢)(c,nye8, is €-disjoint.
Then there exists a collection Bry+1 C C x N of tuples such that
(i) for each (c,n) € Br41, the average A, f(cx) is one of cx’s first Ny + 2¢q
upcrossings to above f;

(ii) the collection (Fu¢)(c.nye8, ., IS €-disjoint,
(i) |Ueenyesery Frcl = 0 +8/21Uenyes, Frcl-

Proof of Lemma 2.7. Denote Cx = U nyes, Fnc. To each g € Cr we will
associate a subsequence of (F,g) of length ¢, in order to apply Lemma 2.6 to
the set C. For any g € Cy, choose some ¢ = c¢(g) so that (c,n) € By for some
n and g € F,c. Associate to g the indices of the next ¢ downcrossings to below
aof c,n < ni(c) < --- < nyg(c). By Proposition 2.6, there is an ¢/2-disjoint
collection (F,€) g,nyes; > With union C, = U(g,n)eg;c F,g C Q that satisfies one
of the two options in the conclusion of Proposition 2.6. Next, we define another
index set B, to be

By = {(c,n): there exists (g,n) € B, such that c(g) = ¢}
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and the union of its associated collection

Cl = Fuc.

(c,n)eBy

For any (c,n) € 8/, let (g,n) € B; be such that ¢c(g) = c. Then, (F,) being
A-good, by (ii) of Definition 2.1,

[Fng AFnc(g)| < A[Fy| < €/2|Fy.
That, together with (F,,€) (g n)e B being €/2-disjoint, implies that
(Fnc)(c,n)eﬂl/g is e-disjoint ®)
and that

IC{ N CLl =Y (1= €/2)|Fug| — | Fug\Fuc(2))

(g.n)eB;

> (1—€)) |Fugl ©)
(g.n)eB)

> (1 —¢)|Cyl.

This relation together with C; being as in the conclusion of Proposition 2.6,
gives one of the following two options:
1. either |C;| > 2|C|, in which case (9) implies that

IC{1 = 2(1 = ©)|Cl, (10)
2. or |Cp| < 2|[Ck[, but|C; N Ck| = (1 —€/2)|Ci|, which implies

|Cy N Cr| = [Cp N Cr|l = [C\CY |
> (1 —€/2)|Ck| — €]Cy
> (1 —€/2)|Cr| — 2¢€|Cy|
> (1=36)|Cyl.

(In

In both cases one can conclude that |C}/| > (1 + 8)|C|. For the first case (10),
€ < zand§ < § gives
21l—e)>1.5>1+454.

For the second case (11), this can be observed by the next calculation.
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By (8), there are pairwise disjoint sets E&,c) C Fyc (for each (n,c) € 8)),
with |Eé’n ol = (1= €)[Fyc]|. Thus

Yfen <Y Y fgx)

gecy (c,n)eB) g€Fnc

= (X IFnel)a

”
‘Bk

1
= :(Z |E&,c)|)0l

17
':Bk

IA
)

On the other hand, the collection (Fy,¢)(c,n)eg, is ¢/2-disjoint, and so, there are
pairwise disjoint sets E, ) C F,c (for each (n,c) € Bx), with |Eg o] >
(1 —¢/2)| Fyc|. Thus

D fgx)=> " Y f(gw)

ge€Cx (c,n)eBr €€Ewm )
=Y (X rem =Y sigw)
Br  Fuc Fnc\E@ )
> ﬂz |Facl(B - 55)
= 1Cl(B-55)

if |C; N Cy| = (1 — 3¢)|Cy| as in (11), then
k

Cel(B=5S) =3 flgx)

g€Cxk

< [Crl3eS + ) f(gx)

geCy
1
< |Ck|3eS + —|C}|a.
1 —e€
Thus, with our choice of € with respect to § (5), we get that
G/ = (14 8)|Cxl-

In the same manner we constructed 8;, we use the next g upcrossings to above
B to construct a collection By such that (F,c)g, ., is an e-disjoint collection
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of upcrossings, with union Cy+1 = | Brtr F,g in Q that satisfies one of the two
options in the conclusion of Proposition 2.6. In particular, we have

|Cr41] = (1 —)|CY|
> (1 —e)(1+68)|C|
> (1+6/2)|C|

(the last inequality follows from the assumption (1 — €)(1 + &) > (1 4+ §/2)), and
Lemma 2.7 is proved. A

Back to the proof of Theorem 2.3, from Lemma 2.7 it follows that there exist
finite subsets of 2, Cq, ..., CLzﬂJ such that
q

Q1> |C y | = (1+ /2B ¢y
q
> (1+68/2)Ba171(1 = ¢)|C]
> (1+68/2)%3|C]|

(the last inequality follows partially from the assumption (1 —€) > (1 4+ §/2)71).
Since

1 |Cx,m| |B|
D =— 1 d < = d 1——).
WD) = o /gZQ g0 () = [ ) + (1= 155
where (1 — Iﬂﬂ) can be made arbitrarily small (by taking © to be arbitrarily
invariant), one have
Cx (N _
powan = [ Sl < (14 527

2]

Thus the claim of the theorem takes place with ¢¢ = (1 + §/ 2)_5,01 =
(1+68/2)3. O

3. Proof of Theorem 1.4

Proof of Theorem 1.4. Let A > 0. We first construct finite sequences of subsets
of Z, which have good fluctuation and invariance properties, and then concatenate
such sequences to get the whole sequence (F}) in question. Fix [, N € IN, and let
¢1: Ng — {0, 1} be the indicator function

é1 = 1wy +10,1-1])
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(here Ny = IN U {0}.) We define a sequence of subsets (A, ) 4 = (Al A ﬁN 10
recursively,

[0, %M,,] U ((21]1\10 L0l —1)nN [0, zj—)‘Mn])

if n + 1 is odd,
An+1 =

[0, %M,,] U ((2111\10 F L2 —1])N [o, ZJ;—AM,, Y 1])

n + 1is even,

where My = 2, and M, = max(A4,) for n > 0. This sequence has the following
properties

(@) (4,)2Y, is (1 + A)-tempered: for any n,

n—1
An - U Ai - An - [O, Mn—l] - [_Mn—ls Mn]
i=0

thus

24 A
Ai SMn+Mn—lf

My—1 + My = (14 1)|A4n].

n—1
i=0

(b) A, is ([—+/1, +/1],2/~/T)-invariant for all n; that is, for any b € [/, V1],

one has w < 2/+/1. This follows immediately from the fact that 4, is a

union of segments, the first one of size at least /2, and all but the last one of size
at least /.

(c) Assuming / large enough, there are some 0 < o < f such that for any
0 <i <1/4, and any k, averaging ¢;(z 4+ 2k + i) as a function of z along A4,, the
sequence of averages fluctuates across the gap (o, f) N times. Averaging along
Ay, of odd n gives

|(2INg 4+ [0,] — 1] —i) N A,|

> iz + 2k +i) =

In o | An]
ZM,_ e
|Aln| ["(A 21 1_1)+§l'(M211_1)]
(7 +§)Mna =2
T G+ )Maa +1

L, A4
=244+ 1
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while for even n,

[ (B gy by (M)

X

R
1 A4
2 4@+ a

A n|zeA A n|

(for the error summand %, we used M,,_; > My = [? and assumed [ > 4.) Taking
[ large enou%h, one gets that the claim above takes place with o = % — ﬁ and
_ 1
=3+ 5(4+1)°
Now construct the whole sequence as follows. Take /, > 100 and also large

enough so that property (c) takes place, and then define (/,,);_, recursively by
the rule

41 = max (A2,
We define (F}) to be the concatenation of the sequences {(Al’" 2l”’)ZI"' 0"
Using properties (a) and (b) above together with the definition of (/,,)5_;, one

can observe that this sequence is a (1 + A)-tempered Fglner sequence.
Recall that for a given function f on a m.p.s. (X, B, u.{T¢}geG), a gap
(o, B) C R, asequence (F,) of subsets of G, and N, M € IN, we write
Dy = {x:{A, f(x)};2, fluctuates across (o, ) at least N times},
Dym = {x:{As f(x)}f,”=1 fluctuates across («, 8) at least N times},

where the sequence (F,), the function f and the gap (¢, ) are understood from

the context. At some places we shall write D 1{, and D 1{, u to specify the function
f for which the sets refer to.

We will construct the function in question by applying iteratively infinitely
many times the following lemma:

Lemma 3.1. Let f: X — [0,1]. Foranye >0,1>68 >0, andn’,N',N" € NN,
there exists a measurable function f: X — [0, 1] such that the following holds:

(@) w(Df) > 155:
(i) pw((f(T'x))) # (f(T"x))L:l) < 8, where L := max (U, Fn);
(iii) forall N < N’, (DY) > min (WD) — €. 55}

Proof. We will assume without loss of generality that € is small enough so that
€ < min{l‘gm, 1 —§}. Take an m € NN that satisfies [, > N”. Let B C X be a
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base for a Rokhlin tower of height / and total measure > 1 —€/4, where 4 is large
enough to satisfy

(L + max Alz’;’r;zlm)

h
~ €/4

(12)

and also large enough to guarantee that

h—1
M(x € B: ! ZID
= (13)

in words, for all N < N’, for at least 1 — €/4 of the x’s in B, their orbit along
the tower spends more than u (D ]{,,n,) — €/4 of the time in the set D ]{;,n, (For the
validity of such a requirement, see for example [4, Theorem 7.13]).

Take B’ C B of measure u(B’) = 0.995/h (this can be achieved because
1 — € > §), and define f to be

(T'x) > w(Df,,)—€/4 forall N < N/) > (1—€/4)u(B)

v
N.n

S

$1,()) xeT'B,0<i<h-—1,

0= {f(x) xe X\UIL T B,

The validity of property (c) above for (Af{”’ﬂ’” )ﬁlfl and thus for (F},), together with
the definition of f as ¢;, on the tower above B’, implies that forany 0 <i < [,,/4
and any k > 0 such that 2k/,, + i < h — max A%’ﬂ’”, one has
2kl +i f f
T ‘B'C Dj C Dy

The density of these levels in the tower is at least

b h 1
(F-0)-Gp-)m=5%-1,

max Agm’y’"
m

and since [,,, > [y > 100 and 17’" < <e/d < ﬁ, the last expression is
at least é. Thus
Foo_ 1 1 1
pl,) >~ ( T"B') = ~(0.998) > —3§ 14
n0 = 5i( U ) = 5(0.99%) > — (14)

which gives property (i) of the conclusion.
To see why property (ii) of the conclusion holds, notice that

h—L

U 7 (B\B) C {x: (f(T'x)Z = (AT x5 ). (15)

n=0



1056 U. Gabor

thus

n(f(T )N = (f(Tx))E) = 1 —e/4— L(B) — hp(B')
>1—¢/4—¢€/4—0.995

> 1—36.
Finally, by (15) we have for all N
h—L
U m»B\B)n DY, c Df
n=0

and by (13) and (12), we have for all N < N’,

h—L h—L 3
w(U " B\B) D, ) = wDf,on( | T"(B\B)) - e
n=0

n=0

This, together with the first inequality in (14) gives for all N < N’
w(Dl) > M(IDL T"(B\B') N D{j) v M(IDL T"B' N D;S)
n=
> u(D}, )u( U T"(B\B) ~ 3¢ + u( U T"B')
ool (U 700) -3
= min {u(0],). 5 -

> min {,u(D]{,,n,) —e€, E}

which gives property (iii) of the conclusion.

V

Let w(n) ~ 0 be any sequence which decreases to 0. Define (Ng)?2 ; by
1
Ni = min {N:a)(N) < l—oz—k—l}.
We will construct a function f which satisfies for all k

1
D > 7k
pDy,) = 0

and by monotonicity of ,u(D]{,) and o(N), for any Ny < N < Ng4q1,k > 1,
1 __
w(D}) = p(Dfy ) = 52757 > 0(Ni) = w(N)

and the conclusion of Theorem 1.4 follows.
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Take fo = 0, and define inductively ( fx)7>,. Given fi_;, assume that there
exists ny_; such that

1
N(Dzj;f,_nlk D> EZ P oforalll <i <k-—1. (16)

Take € > 0 small enough so that foralli <k — 1,

Sk—1 [
M(DNiank—l) —€> 1—02

and apply Lemma 3.1 with f := fr_1,N' = Nr_1, N’ = N, n' = np_q,
§ = 27% while letting f; be the resulting function f. This f; satisfies the
hypothesis (16) in the inductive step: by property (iii) of the lemma, for all

i <k-—1,

Sk : Sk—1 L i —i
(D) = min {u(DFL ) —e o) > 752 (17)
and by property (i) of the lemma,
u(DY \) > —2_ (18)

Since ,u(Df" ) 222 (D f") there exists large enough n such that (17) and (18)

will be satisfied with D]{,"n in place of Df ¥. Thus the hypothesis (16) of the
induction step is indeed satisfied with k in place of k — 1.

We end up with a sequence (fx)7—, together with a sequence (ny) which we
can assume to be increasing. By property (ii) of the lemma, ( fz) converges a.e. to
some limit, call it f. For each k, let

ng

Ly = max( U F,,)

n=1

then again by property (ii) of the lemma, f satisfies

1 (e (T X)) # (F(Tx)EES!
<> (AT # St (T )G

i>k

<> (AT # S (T"x)pi!

i>k
=22
i>k
— 2—k+1
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(in the second inequality we used the assumption that n; > n;_ for all 7). Thus
for any i,

w(D%) = w(DY )
> /'L(Dj{llj,nk) _ 2—k+l

> i2—i _ 2—k+1
10
taking k — oo gives
S 1 i
Dy) > —2
p( Ni) =10
and the proof of Theorem 1.4 is complete. |
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