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Abstract. Whenever a finitely generated group G acts properly discontinuously by isome-
tries on a metric space X , there is an induced uniform embedding (a Lipschitz and uni-
formly proper map) �WG ! X given by mapping G to an orbit. We study when there
is a difference between a finitely generated group G acting properly on a contractible n-
manifold and uniformly embedding into a contractible n-manifold. For example, Kapovich
and Kleiner showed that there are torsion-free hyperbolic groups that uniformly embed into
a contractible 3-manifold but do not act on a contractible 3-manifold. We show that k-fold
products of certain examples do not act on contractible 3k-manifolds.
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1. Introduction

For a finitely generated group G, the action dimension of G, denoted actdim.G/,
is the minimal dimension of contractible manifold M that admits a properly
discontinuousG-action. If G is torsion-free, then the quotientM=G is a manifold
model for the classifying space BG, so the action dimension is precisely the
minimal dimension of such a model. The geometric dimension is the minimal
dimension of a CW-model for BG.

Given a properly discontinuous action of G on M , and given any choice of
basepoint m0, there is an orbit map �WG ! M defined by g ! g:m0. After
choosing a proper G-invariant metric on M , this map is Lipschitz and uniformly
proper; we call such a map a uniform embedding. Furthermore, the manifold
M is uniformly contractible around the image of G (see Section 2 for precise
definitions). The uniformly proper dimension of G, denoted updim.G/, is the
minimal dimension of contractible manifoldM , equipped with a proper metric, so
that there is a uniform embedding �WG ! M so that M is uniformly contractible
around the image of G. The orbit map of a properly discontinuous action shows
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that
updim.G/ � actdim.G/

We now review some of the known relations between updim.G/ and actdim.G/.
Somewhat surprisingly, the two dimensions coincide for most of the examples
where they have been computed. Such groups include lattices in Lie groups [2],
mapping class groups [9], many Artin groups [1] and [6], and torsion-free lat-
tices in Euclidean buildings [21]. These results all come from computing a lower
bound to updim.G/, called the obstructor dimension, which was defined by Bestv-
ina, Kapovich, and Kleiner [3]. We will come to this later in the introduction.

There are also examples where updim.G/ is strictly less than actdim.G/, but
equal to actdim.H/ for H a finite index subgroup of G. These examples are rela-
tively easy to construct when G is allowed to have torsion, for example there are
many virtually free groups which do not act properly on the plane (such as the free
product of alternating groups A5 � A5). Torsion-free examples were constructed
by Kapovich and Kleiner in [17] and Hruska, Stark, and Tran in [15]. In both
cases, the groups constructed were virtually 3-manifold groups but not 3-manifold
groups. The constructions have a similar flavor, roughly one glues surfaces to-
gether along simple closed curves using degree k covering maps for k > 1. In both
cases, the obstruction to properly acting on a contractible 3-manifold comes from
analyzing the action of the group on collections of codimension-one hypersur-
faces in the universal coverEG of BG, and applying the coarse Jordan separation
theorem of [17].

There are fewer known examples where

updim.G/ < min
ŒGWH�<1

actdim.H/:

In fact, the only common examples we know are the Baumslag–solitar groups

BS.m; n/ D hx; y j xymx�1 D yni

for m ¤ n. These uniformly embed into a uniformly contractible 3-manifold
(which is a thickening of the Cayley 2-complex), but for a variety of reasons are
not 3-manifold groups ifm ¤ n (and this is true for finite index subgroups as well).
A theorem of Stallings [22] implies that for groups with a finite BG, actdim.G/ is
bounded above by twice the geometric dimension of G. In particular, actdim D 4

for the two previous examples (there are also obvious 4-dimensional manifold
models of BG).

Kapovich and Kleiner have higher-dimensional results in this direction; for ex-
ample they show that the group BS.m; n/�Zk does not act properly on a uniformly
contractible, open .3Ck/-manifold (or more generally a coarse PD.3C k/-space).

Note that we have the obvious inequalities

updim.�1 � �2/ � updim.�1/C updim.�2/
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and
actdim.�1 � �2/ � actdim.�1/C actdim.�2/:

It is still open if this last inequality is strict for products of the above examples.

Question 1.1. Let G be the k-fold direct product of the examples in [17] or [15].
What is actdim.G/? Same question for products of Baumslag–solitar groups with

m ¤ n.

It follows from [3] that the uniformly proper dimension of these is D 3k, hence
3k � actdim.G/ � 4k. The difficulty here is that all of the above computations
rely on studying the action of G on codimension-one hypersurfaces inside EG,
and showing that this action in incompatible with a group acting on hypersurfaces
in a contractible 3-manifold. After crossing withZn (or �1 of any closed aspherical
manifold), there are still codimension-one hypersurfaces in EG. However, the
k-fold product of these examples now has codimension-k hypersurfaces inside
EG, and the same analysis doesn’t apply. For such products, we have the following
theorem, which handles some cases where the planes have larger codimension.

Theorem 1.2. Let G be the k-fold direct product of the examples in [17] or [15].
Then

actdim.G/ � 3k C 1

if one of the degrees of the covering map is a multiple of 4.

We note that similar results hold for some virtually free groups, see Sec-
tion 6 for the precise statements. The conditions on the degree of the cover are
an unfortunate fault of our method. Of course, these groups have finite index
subgroups which have actdim.G/ D 3k. Interestingly, Dranishnikov has con-
structed examples with gd.G1 � G2/ < gd.G1/ C gd.G2/, see [7], but has also
shown that gd.G � G/ D 2 gd.G/, see [8]. We assume that the general formula
actdim

�
Q

k G
�

D 3kC 1 holds for all of these examples, and will work on this in
a subsequent paper.

Before describing our methods for the lower bounds, let us recall the obstructor

dimension obdim.G/ of a groupG as defined in [3]. This is based on the Z=2-val-

ued van Kampen obstruction to embedding finite subcomplexes into Rn, which
is an n-dimensional class, denoted vkn

Z=2, in the cohomology of the unordered
2-point configuration space C.K/ with Z=2-coefficients, see Subsection 2.2 for
details. A finite complex K is an n-obstructor if vkn

Z=2.K/ ¤ 0; in particular this
implies that K does not embed into Rn.

Roughly speaking, the obstructor dimension of a finitely generated group G
is the maximal n C 2 so that there is an n-obstructor K and a uniformly proper
embedding f WK � RC ! EG. Bestvina, Kapovich and Kleiner show that

obdim.G/ � updim.G/:
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The moral we follow is that if obstructor complexes give lower bounds for
updim.G/, then simplicial complexes with a group action which do not equivari-
antly embed into Rn should give lower bounds for actdim.G/. Again, we require a
cohomological obstruction to equivariantly embedding the complex. In this case,
we use an ambient isotopy invariant, called the Wu invariant, of an embedding of
K into RnC1. This invariant also lives in the nth degree cohomology of C.K/,
though with twisted integral coefficients, and its image in Hn.Conf.K/IZ=2/
upon reducing the coefficients to Z=2 is precisely the Z=2-valued van Kampen
obstruction.

If K is a graph, then the Wu invariant has been often used to study embed-
dings of K into R3, see for example [12] and [24]. Flapan in [11] also used the
linking number of images of subgraphs to obstruct certain equivariant embed-
dings of the complete graph Kn into R3. If a finite group H acts on K, and
an embedding f WK ! Rn is equivariant with respect to some representation
�WH ! HomeoC.Rn/, then the Wu invariant of f is fixed under theH -action on
Hn.Conf.K// (since all orientation-preserving homeomorphisms of Rn are iso-
topic to the identity). We roughly define an equivariant obstructor to be a finite
H -complexK which is an n-obstructor and which does not admit an invariant Wu
class.

We then define the equivariant obstructor dimension, eqobdim.G/, of a finitely
generated group G to be the maximal n C 2 so that there is an equivariant n-
obstructor K and a uniformly proper embedding f WK � RC ! EG which is
coarsely H -equivariant, see Section 4. It will follow from the definitions that
obdim.G/ � eqobdim.G/ � obdim.G/C 1. We will show that

eqobdim.G/ � actdim.G/

and

eqobdim.G1 �G2/ � eqobdim.G1/C eqobdim.G2/ � 1

which will give the lower bound of Theorem 1.2.

This paper is structured as follows. If Section 2, we review some necessary
background information. In Section 3 we define an equivariant obstructor complex
and show that such a complex does not equivariantly embed into Rn. In Sections 4
and 5 we develop the coarse analogue of this. In Section 6, we apply this to give
lower bounds to the action dimension of a number of examples.

Acknowledgements. I would like to thank Boris Okun and Shmuel Weinberger
for helpful conversations. I would also like to thank the referee for carefully
reading the paper and offering helpful comments. The author is partially supported
by NSF grant DMS-1045119.
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2. Background

2.1. Uniformly proper dimension and coarse topology. Recall that a met-
ric space is proper if closed metric balls are compact, and that a map be-
tween two spaces is proper if preimages of compact sets are compact. Two maps
f0; f1WX ! Y are properly homotopic if there is a proper map F WX � I ! Y so
that F jX�0 D f0 and F jX�1 D f1.

Let X and Y be two proper metric spaces. A proper map f WX ! Y is
uniformly proper if there exists a proper function �WRC ! RC so that

dY .f .x1/; f .x2// � �.dX .x1; x2//

for all x1; x2 2 X , where RC D Œ0;1/. If f is also Lipschitz, this is sometimes
referred to in the literature as a coarse embedding, though we will call these uni-

form embeddings. If � is a linear function, then f is a quasi-isometric embedding.
If G is a finitely generated group and H is a finitely generated subgroup, the in-
clusion of H into G is a uniform embedding with respect to the word metrics on
G andH (and this map will not be a quasi-isometric embedding ifH is distorted
in G).

Recall that a spaceX is uniformly contractible if there is a function �WRC!RC

so that for every x 2 X the ballB.x; R/ contracts inside B.x; �.R//. Given a sub-
space Y � X , we say X is uniformly contractible around Y if the above holds for
all points y 2 Y . Of course, if X is contractible and admits a proper, cocompact
group action, then it is uniformly contractible.

Definition 2.1. Given a finitely generated group G, the uniformly proper dimen-

sion ofG is the minimal n so that there is a contractible n-manifoldM n, equipped
with a proper metric, and a uniform embedding �WG ! M n so that M n is uni-
formly contractible around �.G/.

The uniformly contractibility assumption is essential, as Bestvina, Kapovich,
and Kleiner noted that any finitely generated group has a uniform embedding into
R for some proper metric on R. Note also that updim.G/ is a quasi-isometry
invariant of G, whereas actdim.G/ is not. We record the following well-known
lemma.

Lemma 2.2. Suppose that a finitely generated group G acts properly discontinu-

ously by isometries on a proper metric space X . Then each orbit map �WG ! X ,

which takes g to gx0 for a choice of x0 2 X , is a uniform embedding. If X

is contractible, then X is uniformly contractible around �.G/. In particular,

updim.G/ � actdim.G/.

Proof. Since the action is properly discontinuous, the orbit map is proper. Let
g1; : : : gn be a generating set for G, and let N be the maximum of the values
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dX .x0; gix0/ for i 2 ¹1; : : : ; nº. Then if g is a group element with d.1; g/ D m,
we have that dX .x0; gx0/ � mN . Therefore, since G acts by isometries, we have
that dX .g1x0; g2x0/ D dX .g

�1
2 g1x0; x0/ � dG.g1; g2/N , so � is N -Lipschitz. To

prove uniform properness, let

�.n/ D min
g2G

dG .1;g/Dn

d.x0; gx0/:

Then � is proper since the action is properly discontinuous, and obviously

dX .f .1/; f .g// � �.dG.1; g//:

Since G acts by isometries, dX .f .g1/; f .g2// � �.dG.g1; g2// for all g1; g2 2G.
The uniformly contractible statement is immediate asG acts cocompactly on �.G/.

�

Given a finitely generated group G, we will denote by EG any contractible
complexX that admits a proper and cocompact cellular action byG. Such anEG
may not exist, but for the rest of the paper we will only work with groups that act
on such spaces. If G is torsion-free, then this is the same as the universal cover
of a finite classifying space BG. If G contains torsion, it is usually assumed that
the fixed point sets of these torsion elements in EG are contractible; however we
do not need this assumption. We will always assume that EG is equipped with a
proper G-invariant metric. We will need the following lemma.

Lemma 2.3. Let G be a finitely generated group, and suppose that G acts

properly on a contractible metric space Y by isometries. Then the orbit map

�WG ! Y extends to a uniformly proper Lipschitz map �WEG ! Y so that

dY .g�.x/; �.gx// < C for all x 2 EG and some constant C > 0 (such a � is

called quasi-equivariant [10]).

Proof. There is a quasi-isometry f WG ! EG. Let f �1WEG.0/ ! G denote the
quasi-inverse restricted to the 0-skeleton of EG. Then f �1 is quasi-equivariant,
and the composition with the orbit map �WG ! Y gives a quasi-equivariant map
from EG.0/ ! Y . Since Y is uniformly contractible around the image of �, we
can extend this map to the simplices of EG so that the diameter of the image of
each simplex is uniformly bounded. Since the orbit map was a uniform embedding
from G to Y , the extension is also a uniform embedding, and since the we started
with a quasi-equivariant map onEG.0/, we get a quasi-equivariant extension. �

2.2. Z=2-valued van Kampen obstruction. Let zC.K/ denote the simplicial
configuration space of ordered pairs of distinct simplices in K, i.e., if � denotes
the simplicial diagonal � D ¹.�; �/j� \ � ¤ ;º then

zC.K/ D .K �K/ ��:
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There is an involution � on zC.K/ which switches the factors, let C.K/ denote
the quotient. The induced double cover N�W zC.K/ ! C.K/ is classified by a map
cWC.K/ ! RP1. The Z=2-valued van Kampen obstruction in degree m is the
cohomology class vkm

Z=2.K/ 2 Hm.C.K/IZ=2/ defined by

vkm
Z=2.K/ D c�.wm

1 /;

where w1 is the generator of H 1.RP1IZ=2/. If K embeds into Rm, then a
classifying map factors through RPm�1, and hence vkm

Z=2.K/ D 0. Therefore,
vkm

Z=2.K/ is an obstruction to embedding K in Rm.
Note that vkm

Z=2.K/ ¤ 0 if and only if there is a cycle ˆ 2 Hm.C.K/IZ=2/ so
that the evaluation hvkm

Z=2.K/; ˆi ¤ 0. Bestvina, Kapovich and Kleiner define a
m-obstructor as a slight strengthening of this.

Definition 2.4. A finite complex K is an m-obstructor if there is a cycle ˆ 2

Hm.C.K/IZ=2/ satisfying

� hvkm
Z=2.K/; ˆi ¤ 0;

� if v is a vertex, then the collection ¹�; vº 2 ˆ has even cardinality.

Example. The following are examples of obstructor complexes [3].

� The disjoint union of an m-sphere (say triangulated as �mS
0) and a point is

an m-obstructor.

� The cone on an m-obstructor is an .mC 1/-obstructor.

� The join of an m1-obstructor and an m2-obstructor is an .m1 Cm2 C 2/-ob-
structor.

Definition 2.5. Let Cone1.K/ D K � RC=K � 0. A proper map of Cone1.K/

into a metric space is expanding if for any pair of disjoint simplices �; � in K, the
distance between � � Œt;1/ and � � Œt;1/ goes to infinity as t ! 1.

Definition 2.6. The obstructor dimension of G, denoted obdim.G/, is the maxi-
mal n C 2 so that there is a proper expanding map f W Cone1.K/ ! EG where
K is an n-obstructor.

Remark 2.7. Bestvina, Kapovich and Kleiner give a more general definition of
obstructor dimension which does not involve the space EG (and in particular
works for all finitely generated groups). For the groups we are interested in, the
two notions coincide.

The main theorem of [3] is that obdim.G/ � updim.G/. It also follows from
a Join Lemma for the van Kampen obstruction that

obdim.G1 �G2/ D obdim.G1/C obdim.G2/:
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2.3. Integral van Kampen and Wu Invariants. The trivial and nontrivial
Z=2-module structures on Z will be denoted by Z and Z�, respectively. Recall
that if zX is a complex with free Z=2-action and X is the quotient, then for any
ZŒZ=2�-module M , the groups H�.X;M/ are the homology groups of the chain
complex C�. zX/ ˝Z=2 M . Similarly, the groups H�.X;M/ are the cohomology

groups of the complex HomZ=2.C�. zX/;M/. If M D Z, then these complexes
can be identified with C�.X;Z/ and C �.X;Z/ respectively. If M D Z�, then
C�.X;Z

�/ can be identified with the quotient complex

C�. zX;Z/=.c � ���c/

and C �.X;Z�/ with the subcomplex

¹f 2 C �. zX;Z/ j f .c/ � �f .��c/º:

In our setting, note that theZ=2-action �� onC�.zC.K/;Z/ sends the chain .�; �/
to the chain .�1/dim � dim � .�; �/.

We have

H i .RP1IZ/ D

8

ˆ

<

ˆ

:

Z if i D 0;

Z=2 if i > 0 and is even;

0 if i is odd.

The sequence 0 ! Z ! ZŒZ=2� ! Z� ! 0 induces a long exact sequence in
cohomology. Since H�.RP1IZŒZ=2�/ D H�.S1;Z/ D 0 for � > 0, we have

H i .RP1IZ�/ D

´

Z=2 if i is odd;

0 if i is even.

Let e1 denote the nontrivial element ofH 1.RP1IZ�/ Š Z=2. For the rest of the
paper we will let " denote the sign of .�1/n (if n is obvious from context), so that
en

1 is the nontrivial element ofHn.RP1IZ"/ Š Z=2. ForK a finite complex, the
integral degree n van Kampen obstruction, denoted vkn.K/, is given by

vkn.K/ D c�.en
1 / 2 Hn.C.K/IZ"/:

Now, if f is an embedding of K into RnC1, then f determines a Z=2-equi-

variant Gauss map zF from zC.K/ to Sn;

zF..x; y// D
f .x/ � f .y/

kf .x/ � f .y/k
:

There is an induced map F WC.K/ ! RP n. Again by the coefficient long exact
sequence,

Hn.RP nIZ�"/ Š Z:
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Let � denote the generator of Hn.RP nIZ�"/. The Wu invariant of f , denoted
Wun

f .K/, is the pullback

Wun
f .K/ D F �.�/ 2 Hn.C.K/IZ�"/:

If f and g are two embeddings with Wun
f .K/ ¤ Wun

g.K/, then f and g are not
ambient isotopic (since such an isotopy would induce aZ=2-equivariant homotopy
between the Gauss maps zF and zG). More interestingly, Wu is a complete ambient
isotopy invariant for embedding of n-complexes into R2nC1 for n > 1, see [25]. It
is easy to construct examples of embeddings with Wuf ¤ Wug . For example, if
K is the disjoint union of two circles, then the degree two Wu invariant evaluated
on the fundamental class of C.K/ is twice the linking number of an embedding of
K into R3.

On the other hand, the class vk does not depend on the embedding. See Fig-
ure 1 for an explanation of how the Wu invariant evaluates differently on cells
than the van Kampen obstruction. Roughly, both invariants admit geometric rep-
resentatives obtained by taking an embedding into RnC1, generically projecting
to Rn, and then counting signed intersections between disjoint simplices with
dim � C dim � D n. The Wu invariant is more refined as it remembers which
simplices are “higher” from the point of view of the projection.

There are obvious homomorphisms ZC=� ! Z=2. Under these change of
coefficients, e1 2 H 1.RP1;Z�/ maps to !1, and � 2 Hn.RP n;Z�"/ maps
to !n

1 . Therefore, both the integral van Kampen obstruction and the Wu invariant
reduce to vkn

Z=2 via change of coefficients.

There is also a natural evaluation map

h ; iWHn.C.K/;Z�"/ �Hn.C.K/;Z
�"/ �! Z

�"

which comes from the identifications

C n.C.K/;Z�"/ D HomZ=2.Cn.C.K/;Z/;Z
�"/

Š HomZ=2.Cn.C.K/;Z/˝Z=2 Z
�";Z�"/:

Therefore, a representative for a cohomology class gives a Z=2-homomorphism
from Cn.K;Z

�"/ to Z�". This passes to a well-defined homomorphism on coho-
mology and homology. We record the following lemma.

Lemma 2.8. Let � 2 Hn.C.K/;Z�"/ and  2 Hn.C.K/;Z
�"/, let p�" be the

nontrivial homomorphism Z�" ! Z2, and let �Z=2 and  Z=2 denote the images

in Hn.C.K/;Z=2/ and Hn.C.K/;Z=2/ of � and  respectively. Then

p�".h�;  i/ D h�Z=2;  Z=2i:
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0

0

vk.�; �/ D vk.� 0; � 0/ D � vk.�; �/;

Wu.�; �/ D � Wu.� 0; � 0/ D Wu.�; �/

Figure 1. An example of how the van Kampen obstruction and Wu invariant evaluate on a
pair of cells. In this case, these edges are part of an embedded graph inR3. In both cases, vk
and Wu switch sign upon changing the orientation of � or � . In this case, �.�; �/ D �.�; �/,
so Wu.�; �/ D Wu.�; �/ and vk.�; �/ D � vk.�; �/.

3. Equivariant obstructors

We now use the Wu invariant to obstruct certain equivariant embeddings of finite
complexes into Euclidean space. In the next section, we will develop a coarsened
version which obstructs properly discontinuous actions.

Suppose that H is a finite group and K is an H -complex. Suppose that
�WH ! Homeo.RnC1/ is a homomorphism. An H -equivariant embedding of
K is an embedding f WK ! RnC1 satisfying

f .hk/ D �.h/.f .k// for all k 2 K; h 2 H:

If �.h/ is orientation-preserving, it is isotopic to the identity by the solution to the
Stable Homeomorphism Conjecture by Kirby and Quinn [18] and [20]. Therefore,
if f is H -equivariant than Wuf D Wu�.h/ıf D Wuf ıh for all h 2 H . We will
want to assume �.h/ preserves orientation, so we consider only the elements ofH
that are squares. For H a finite group, let S.H/ be the subgroup generated by the
squares of elements of H . For a cycle

ˆ D
X

.�;�/2zC.K/

.�; �/˝ a.�;�/ 2 Hn.C.K/IZ
�"/;

let ˆZ=2 denote its image in Hn.C.K/IZ=2/ under the change of coefficients
homomorphism.

Definition 3.1. Let K be a finite complex. A cycle ˆ in Hn.C.K/IZ
�"/ is an

evaluation n-cycle if

� hvkn
Z=2.K/; ˆZ=2i ¤ 0;
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� if � is an n-cell, then
X

v2K.0/

.�;v/2 zC.K/

a.�;v/ D 0:

As in the definition of obstructor, the first condition is the more important one,
and the second condition guarantees that certain join formulas will hold. Since
Wun

f maps to vkn
Z=2 under change of coefficients, we have the following lemma.

Lemma 3.2. If f WK ! RnC1 is an embedding and ˆ 2 Hn.C.K/IZ
�"/ is an

evaluation n-cycle, then Wun
f .K/ evaluates nontrivially on ˆ.

It will be convenient later to have the following refinement of obdim.G/.

Definition 3.3. The Z-valued obstructor dimension of G, denoted obdimZ.G/, is
the maximal nC 2 so that there is a proper expanding map f W Cone1.K/ ! EG

where K is an evaluation n-cycle.

Remark 3.4. It is obvious that obdimZ.G/ � obdim.G/. On the other hand, many
of the complexes used to compute obstructor dimension contain evaluation cycles
that reduce to the nontrivial Z=2-valued obstructor cycles. For example, ifK is the
n-fold join of 3 points, then H2n�2.C.K/;Z

�"/ surjects onto H2n�2.C.K/;Z=2/

(this follows for example from the Join Lemma below). Note that in this case
H2n�2.C.K/;Z

"/ D 0.

If H acts on K cellularly, then there is an induced action on C.K/, and hence
an action on Hn.C.K/IZ

�"/. We always assume that H acts trivially on Z�".

Definition 3.5. An H -complex K is an equivariant .n C 1/-obstructor if there
exists an evaluation cycle ˆ 2 Hn.C.K/IZ

�"/ and a nonempty subset A � S.H/

so that
X

h2A

h�ˆ D 0:

Lemma 3.6. Suppose that K is a finite H -complex and f WK ! RnC1 is an

embedding. Then Wuf ıh D h�.Wuf /. In particular, for all ˆ 2 Hn.C.K/IZ
�"/,

hWun
f .K/; h�ˆi D hWun

f ıh.K/; ˆi:

Proof. This follows immediately from the equalities

h� Wun
f ..�; �// D Wun

f ..h�; h�// D Wun
f ıh.�; �/: �

Lemma 3.7. If K is an equivariant .nC 1/-obstructor, then K does not equivari-

antly embed into RnC1.
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Proof. Suppose there was a representation �WH ! Homeo.RnC1/ and an equi-
variant embedding f WK!RnC1. Every h 2 S.H/ acts by orientation-preserving
homeomorphisms on RnC1, so in particular f is isotopic to f ıh D �.h/ıf . Let
A � S.H/ with

P

h2A h�ˆ D 0, where ˆ is an evaluation cycle. We then have
that

0 D
D

Wun
f .K/;

�

X

h2A

h�ˆ
�E

D
X

h2A

hWun
f .K/; h�ˆi

D
X

h2A

hWun
f ıh.K/; ˆi D jAjhWun

f .K/; ˆi ¤ 0;

where the last inequality is by Lemma 3.2. This is a contradiction. �

Note that if K is an equivariant .n C 1/-obstructor then K does not embed
into Rn.

3.1. Examples of equivariant obstructors. We now give our main examples of
finite complexes which are equivariant .nC 1/-obstructors. All our examples are
iterated joins or cones of the following.

Lemma 3.8. Suppose that Z=4Dhhi acts onKD5 points by cyclically permuting

4 of the points and fixing one. Then K is an equivariant 1-obstructor.

Proof. Let A denote the fixed point and ¹1; 2; 3; 4º the other points. Let ˆ 2

H0.C.K/IZ
�/ be given by

ˆ D ¹.A; 1/˝ 1; .1; 3/˝ 1; .3; A/˝ 1º:

Then hvkZ=2.K/; ˆZ=2i ¤ 0;ˆC h2
�ˆ D 0 2 H0.C.K/IZ

�/, and ˆ satisfies the
second condition of equivariant obstructors. �

In the next two lemmas, we are explicitly identifying Hn.C.K/;Z
�"/ with

the homology of the quotient complex Cn.zC.K/;Z/=.c � .�1/�"��c/. The
next two lemmas mirror the Cone Lemma and the Join Lemma from [3], but
unfortunately we have to keep track of signs. We will let ConeK denote the finite
cone K � I=K � 0, in order to distinguish it from Cone1.K/.

Cone Lemma. Suppose that K is an H -complex. Let ConeK be the cone of

K, and extend the action of H by fixing the cone point. If K is an equivariant

n-obstructor, then ConeK is an equivariant .nC 1/-obstructor.

Proof. Let ˆ 2 Cn.C.K/IZ
�"/ be an evaluation cycle. Define

ˆ0 2 CnC1.C.ConeK/IZ�"/
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by
ˆ0 D ¹.�1/dim� .�;Cone.�// � .Cone.�/; �//j.�; �/ 2 Suppˆº

and then extending linearly.
We first claim that this procedure is well-defined. If .�; �/ 2 ˆ, then

.�; �/ � .�1/dim � dim �Cn�1.�; �/;

which produces

.�1/dim � dim �Cdim ��1.�;Cone.�//C .�1/dim � dim �Cn.Cone.�/; �/:

So, using the fact that n D dim � C dim � , we are done by the equalities:

dim � C dim �.dim � C 1/C n D dim � dim � C n mod 2;

.dim � C 1/ dim � C n � 1 D dim � dim � C dim � � 1 mod 2:

We now check that ˆ0 is a cycle. Since @.�; �/ D .@�; �/ C .�1/dim � .�; @�/,
we have exactly set it up so that @ˆ0.�; �/ D 0. Since ˆ is an evaluation cycle, for
a cell .�;Cone.˛//, we have

X

˛��

a�;� D 0:

The cells .�;Cone.�// are the cells containing .�;Cone.˛//, and since these are
multiplied by the same constant, we have @ˆ0..�;Cone.˛// D 0. For the non-
triviality condition, ˆ0

Z=2
is precisely the chain constructed in the Cone Lemma

of [3], which was shown to have vkn
Z=2.ˆ

0
Z=2
/ ¤ 0 as long as vkn

Z=2.ˆZ=2/ ¤ 0.

If
P

h2A hˆ D 0 then obviously
P

h2A hˆ
0 D 0. Finally, it is straightforward

to check that ˆ satisfies the second condition of equivariant obstructors if ˆ
does. �

Join Lemma. LetK be anH -complex which is an .nC1/-equivariant obstructor,

and suppose that J is a complex with an evaluation m-cycle. LetH act on K � J

by permuting theK-factor and fixing J . ThenK�J is an equivariant .nCmC3/-

obstructor.

Proof. Let ˆK be an evaluation cycle in Hn.C.K/IZ
�"/ with

X

h2A

h�.ˆK/ D 0

and let ˆJ be the evaluation m-cycle in Hn.C.J /IZ
�"/. Form a new cycle

ˆ 2 HnCmC2.C.K�J /IZ�"/ by putting in for every .�; �/ 2 ˆK and .� 0; � 0/ 2 ˆJ

the chains

.�1/dim �.dim � 0C1/Cdim � 0

.� � � 0; � � � 0/

C .�1/dim.�C1/.dim � 0C1/Cdim � 0 dim � 0

.� � � 0; � � � 0/

and extending linearly.
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We need to show that this procedure is well-defined after passing to the quotient

complexes C�.zC.K//=� and C�.zC.J //=�. In particular, we need to show that the
involuted .�; �/ and .� 0; � 0/ produce equivalent chains. For these calculations, we
will shorten dim � in the exponents to � .

� .�; �/ and .� 0; � 0/. In this case, the procedure gives

.�1/�.� 0C1/C� 0

.� � � 0; � � � 0/C .�1/.�C1/.� 0C1/C� 0� 0

.� � � 0; � � � 0/:

Since .� 0; � 0/ � .�1/�
0� 0C� 0C� 0C1.� 0; � 0/ we need to check that

� 0� 0 C � 0 C � 0 C 1C .� C 1/.� 0 C 1/C � 0� 0 D �.� 0 C 1/C � 0 mod 2;

.� C 1/.� 0 C 1/C � 0� 0 D �.� 0 C 1/C � 0 C � 0� 0 C � 0 C � 0 C 1 mod 2:

which is easily verifed.

� .�; �/ and .� 0; � 0/ In this case, the procedure gives

.�1/�.� 0C1/C� 0

.� � � 0; � � � 0/C .�1/.�C1/.� 0C1/C� 0� 0

.� � � 0; � � � 0/:

Since .� � � 0; � � � 0/ � .�1/.�C� 0/.�C� 0/.� � � 0; � � � 0/, we need to show that

�.� 0 C 1/C � 0 C .� C � 0/.� C � 0/

D �� C � C � C 1C .� C 1/.� 0 C 1/C � 0� 0 mod 2;

.� C 1/.� 0 C 1/C � 0� 0 C .� C � 0/.� C � 0/

D �� C � C � C 1C �.� 0 C 1/C � 0 mod 2;

which again is easily verified.

Again, ˆZ=2 is the cycle constructed in the Join Lemma of [3]. To see that ˆ
is a cycle, assume that we have a .n C mC 1/-cell in C.K � J /. We can assume
without loss of generality that this cell is of the form .�1 � ˛2; �1 � ˛0

2/, where
dim.�1/C dim.�1/ D n and dim.˛2/C dim.˛0

2/ D m� 1. Since ˆJ is a cycle, we
have that the sum

X

.�2;˛0

2
/2ˆJ

˛2��2

a.�2;˛0

2
/ C

X

.˛2;�2/2ˆJ

˛0

2
��2

a.˛2;�2/ D 0:

Since for each of these cells,

.�1 � �2; �1 � ˛0
2/˝ a.�1;�1/a.�2;˛0/ and .�1 � ˛2; �1 � �2/˝ a.�1�1/a.˛2;�2/

are precisely the cells in ˆ containing .�1 � ˛2; �1 � ˛0
2/ and have the same sign,

it follows that ˆ is a cycle (if ˛2 D ; then we require the second item in the
definition of evaluation cycle to prove this).

Now, suppose that
P

h2A h�ˆK D 0. Then for any .�; �/ 2 C.K/, the sum
P

h2A ah�;h� D 0. This immediately implies that for any .� � � 0; � � � 0/, the
sum

P

h2A ah.��� 0/;h.��� 0/ D 0, soˆ D 0. The second condition of an equivariant
obstructor is trivially satisfied since no simplices inˆ are paired with vertices. �
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Remark 3.9. The usual homological tool to analyze group actions on Sn or Rn

is Smith theory, and this handles far more examples than our method does. For
example, if p is a prime, then the fixed set of a orientation preserving Z=p-ac-
tion on Sn is a homology r-sphere with r < n � 1. This immediately obstructs
.p C 1/-points with Zp-action as above equivariantly embedding into S1, as well
as all joins of this complex with the product action embedding into S2nC1.

The reason that we do not use Smith theory is that we do not have an adequate
version of coarse Smith theory that could handle the examples of groups that
we were interested. A coarse version of Smith theory has been developed by
Hambleton and Savin [14], but it does not seem to be applicable to our examples.
In particular, they relate the coarse topology of an ambientG-spaceX to the coarse
topology of a “bounded fixed point set.” This consists of points in X which are
fixed up to bounded distance by every element of G, which in our main examples
(when G is torsion-free) is always empty. In Section 6 we will consider some
examples with torsion, and the methods of [14] do probably obstruct actions on
uniformly contractible manifolds.

Remark 3.10. This use of the Wu invariant is our attempt to build an “equivariant
van Kampen obstruction.” A natural place for such an invariant to live is in the
equivariant cohomology group H�

H .C.K/;Z
˙"), but we couldn’t make this work.

One difficulty is that if the H -action on RnC1 is not affine, then there is not an
induced H -action on RP n. The larger problem is that the usual applications of
equivariant obstruction theory require knowing both the H -action on the domain
and range, whereas we are only given the H -action on the domain.

4. Coarse Wu Invariant

Let K be a finite complex. Equip RnC1 with a proper metric, and suppose that
f W Cone1K ! RnC1 is a proper, expanding map. Then there are induced maps
ft W ConeK ! RnC1 defined by

ft .x; s/ D f .x; st/ for s 2 I; t 2 Œ0;1/

Again, ConeK here denotes the finite cone K � I=K � 0. The basic idea
behind defining the coarse Wu invariant is that if f is a proper, expanding map,
the ft will eventually be almost embeddings, where an almost embedding maps
disjoint simplices of the cone disjointly. An almost embedding suffices to define
the Wu invariant, and for large enough t this will stabilize to give a well-defined
class in Hn.C.ConeK/;Z�"/. We also want the Wu invariant to not change if we
postcompose f with a homeomorphism of Rn which is isotopic to the identity.
This composition may no longer be expanding, but will be an almost embedding,
and furthermore will be isotopic to f via almost embeddings. Therefore, we will
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eventually define the coarse Wu invariant for all maps f W Cone1.K/ ! Rn which
are isotopic to proper, expanding maps.

Lemma 4.1. Let f W Cone1K ! RnC1 be a proper, expanding map. Then there

exists a Tf > 0 so that for all t > Tf , ft is an almost embedding.

Proof. By the definition of expanding, there exists T 0
f
> 0 so that � � ŒT 0

f
;1/

and � � ŒT 0
f
;1/ are disjoint for each pair of disjoint simplices .�; �/. Since f is

proper, there exists Tf � T 0
f

so that � � Œ0; T 0
f
� \ � � ŒTf ;1� D ; for each such

pair. Therefore, ft for all t > Tf is an almost embedding. �

Therefore, for f proper and expanding, there exists Tf > 0 so that for all

t > Tf , there is a well-defined Gauss map Ft W zC.ConeK/ ! Sn:

zFt ..x; s/; .y; s
0// D

ft .x; s/ � ft .y; s
0/

kft .x; s/ � ft .y; s0/k

where either s or s0 D 1 since zC.ConeK/ is the simplicial configuration space.

Lemma 4.2. For all t; t 0 > Tf , zFt and zFt 0 are Z=2-equivariantly homotopic.

Proof. There is an obvious homotopy of ft to ft 0 by the ¹fsºs2Œt;t 0�. Since each
fs induces a well-defined Gauss map Fs, these give a Z=2-equivariant homotopy
between zFt and zFt 0 . �

We will say that f; f 0W Cone1.K/ ! Rn are isotopic if there is an ambient
isotopy ¹j sºs2I of Rn with j0 the identity and j1 ı f D f 0. In particular, we are
not assuming f and f 0 are embeddings.

Lemma 4.3. Suppose that f W Cone1.K/ ! RnC1 and f 0W Cone1.K/ ! RnC1

are isotopic maps and that f is proper and expanding. Then for Tf as above and

t > Tf , we have that the Gauss maps zFt and zF 0
t are Z=2-equivariantly homotopic.

Proof. Let ¹j sºs2I be an ambient isotopy between f and Nf . The homeomor-
phisms j s preserve disjointness of simplices, so for each t > Tf , the map
j s

t WD j s ı ft induces a well-defined Gauss map J s
t . The ¹J s

t ºs2I give a Z=2-

equivariant homotopy between zFt and zF 0
t . �

Definition 4.4. Suppose that Nf W Cone1K ! RnC1 is isotopic to a proper ex-
panding map f W Cone1K ! RnC1, and Tf > 0 is defined as above. Suppose that
zFt W zC.ConeK/ ! Sn is the induced Gauss map for ft as above, and let Ft denote
the induced map C.ConeK/ ! RP n. Let � be the generator of Hn.RP nIZ�"/.
The coarse Wu invariant of Nf , denoted CWun

Nf
.K/, is defined to be

F �
t .�/ 2 Hn.C.ConeK/IZ�"/

for t > Tf .
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The coarse Wu invariant is well-defined (i.e. does not depend on t or f ) by
Lemmas 4.2 and 4.3.

Lemma 4.5. Suppose that f W Cone1K ! RnC1 is a proper, expanding map,

and g is an orientation-preserving homeomorphism of RnC1. Then CWun
f .K/ D

CWun
gıf .K/.

Proof. Since g is orientation-preserving, it is isotopic to the identity. Therefore,
f and g ıf are isotopic, so the coarse Wu invariant is defined for g ıf and equal
to CWun

f .K/. �

Theorem 4.6. Suppose that f W Cone1K ! RnC1 be a proper, expanding map.

Suppose that f 0W Cone1K ! RnC1 is proper, expanding, and homotopic to f

through proper expanding maps ¹hsºs2I . Then CWun
f .K/ D CWun

f 0.K/.

Proof. Let s 2 I , and let Ths 2 R so that if t > Ths , then hs
t induces a well-

defined Gauss map. Then there exists " > 0 so that for any s0 with js � s0j < ", hs0

t

induces a well-defined Gauss map, and hence CWun.K/ is locally constant. For
each s 2 I , there is a Ths 2 R as above. Since I is compact we can take a finite
subcover .si � "; si C "/. Choosing t > max.Thsi / gives a homotopy between Ft

and F 0
t . �

Note that if K is a complex with an evaluation cycle ˆ 2 Hn�1.C.K/IZ
�"/,

and f W Cone1.K/ ! RnC1 is a proper expanding map, then by the Cone Lemma
and Lemma 3.2, there is an evaluation cycleˆ0 2 Hn.C.ConeKIZ�"/ that CWun

f

evaluates nontrivially on.

Lemma 4.7. Suppose that f W Cone1.K/ ! RnC1 is a proper expanding map,

that RnC1 is uniformly contractible around the image of f , and

f 0W Cone1.K/ �! R
nC1

is uniformly bounded distance from f , i.e. there exists C > 0 so that

d.f .x; s/; f 0.x; s// < C for all .x; s/ 2 Cone.K/:

Then CWun
f .K/ D CWun

f 0.K//.

Proof. Since Rn is uniformly contractible around the image of f , we can homo-
tope f to f 0 so that points move a uniformly bounded distance during the homo-
topy (say < R). As before, choose T > 0 so that � � ŒT;1/ and � � Œ0;1/ have
distance > 2R for each pair of disjoint simplices � and � in K. This guarantees
that a homotopy exists between the Gauss maps for ft and f 0

t for large enough t ,
and hence the coarse Wu invariants are the same. �
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5. Equivariant obstructor dimension

We now show that the coarse Wu invariant obstructs proper, expanding maps
Cone1.K/ ! Rn that are “coarsely equivariant,” and hence obstructs properly
discontinuous actions on Rn. Our notion is different from quasi-equivariance as
defined in Section 2. For example, we want different groups acting on the domain
and range (a finite group for the domain and usually a torsion-free group for the
range), and we also want to allow proper homotopies that preserve disjointness of
far away simplices.

Definition 5.1. Let H be a finite group, K a finite H -complex, and extend the
H -action to Cone1.K/ by acting trivially on Œ0;1/. Let G be a group and
EG a contractible, proper, cocompact, G-complex. A proper expanding map
f W Cone1K ! EG is H -preserving if for each h 2 H , there is gh in G so
that f ı h is homotopic to gh ı f via a homotopy of proper expanding maps ¹j sº.

Of course, the element gh may not be unique. We can and will assume that for
all h 2 S.H/, the elements gh are in S.G/.

Definition 5.2. The equivariant obstructor dimension of G is the maximal nC 3

so that there is anH -equivariant .nC1/-obstructorK and anH -preserving proper
expanding map f W Cone1K ! EG.

From the definitions, we have the following lemma:

Lemma 5.3. obdim.G/ � eqobdim.G/ � obdim.G/C 1.

The following is our main theorem.

Theorem 5.4. eqobdim.G/ � actdim.G/.

Proof. Suppose that eqobdim.G/ D nC 1 and G acts properly on a contractible
n-manifold M n. We first assume M n is homeomorphic to Rn. We equip Rn

with a proper G-invariant metric. By assumption, we get a quasi-equivariant
map �WEG ! Rn, which is uniformly proper and Lipschitz, see Lemma 2.3.
By precomposing with the H -preserving map f W Cone1K ! EG, we get a
proper expanding map � ıf W Cone1K ! Rn, whereK is an equivariant .n� 1/-
obstructor.

We now show that CWun�1
�ıf .K/ D CWun�1

�ıf ıh.K/ for all h 2 S.H/. We have
by Lemma 4.5 that for all h 2 S.H/,

CWun�1
�ıf .K/ D CWun�1

ghı�ıf .K/

since gh 2 S.G/ and hence ghWRn ! Rn is orientation preserving for all
h 2 S.H/, and hence isotopic to the identity.



Properly discontinuous actions versus uniform embeddings 1033

We have that � ı f ı h is properly homotopic to � ı gh ı f through the maps
� ı j s . Since � is uniformly proper, � ı js is proper and expanding. Therefore, by
Theorem 4.6, CWun�1

�ıf ıh D CWun�1
�ıghıf .

Since � is quasi-equivariant, we have that � ı gh ı f is uniformly bounded
distance from gh ı � ı f . Since Rn is uniformly contractible around the image of
�.G/, Lemma 4.7 implies that CWun�1

�ıghıf D CWun�1
ghı�ıf .

So, therefore

CWun�1
�ıf ıh.K/ D CWun�1

ghı�ıf .K/ D CWun�1
�ıf .K/

for all h 2 S.H/.
By the Cone Lemma, we have an evaluation cycle ˆ 2 Hn�1.ConeKIZ�"/

which CWun�1
�ıf .K/ evaluates nontrivially on.

As in the non-coarse case, this implies that

0 D
D

CWun�1
�ıf .K/;

�

X

h2A

h�ˆ
�E

D
X

h2A

hCWun�1
�ıf .K/; h�ˆi

D
X

h2A

hCWun�1
�ıf ıh.K/; ˆi D jAjhCWun�1

�ıf .K/; ˆi ¤ 0

which is a contradiction.
For contractible manifolds not homeomorphic to Rn, we can do a stabilization

trick. We assume without loss of generality that M n is open. If G acts properly
on M n, then Z � G acts properly on M n � R, which is homeomorphic to RnC1,
see [23]. Since eqobdim.G � Z/ D eqobdim.G/C 1 by the Cone Lemma, this is
a contradiction by the above. �

Lemma 5.5. If K1 and K2 areHi -complexes and fi W Cone1Ki ! EGi areHi -

preserving, then the product map

f1 � f2W Cone1.K1 �K2/ D Cone1K1 � Cone1K2 �! EG1 �EG2

is H1 �H2-preserving.

Proof. Let .h1; h2/ 2 H . By assumption, there are elements gh1
and gh2

and
proper homotopies connecting fi ıhi to gh1

ıfi . The product of these homotopies
gives a homotopy between f1 � f2 ı .h1; h2/ and .gh1

; gh2
/ ı f1 � f2. Since each

homotopy is proper and expanding, the product is as well. �

Therefore, the join lemma for equivariant obstructors immediately gives the
following product formula for eqobdim.

Theorem 5.6. eqobdim.G1 �G2/ � eqobdim.G1/C eqobdim.G2/ � 1.
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Since the Join Lemma only requires one of the complexes to have a group
action, we can also say something about eqobdim.G1 � G2/ when we know
eqobdim.G1/ and obdimZ.G2/.

Lemma 5.7. eqobdim.G1 �G2/ � eqobdim.G1/C obdimZ.G2/.

If G acts properly and cocompactly on a CAT(0) spaceX , then almost embed-
ded obstructor complexesK into the boundary @1X give proper expanding maps
of Cone1.K/ into X , and hence give lower bounds for obstructor dimension (re-
call that an almost embedding maps disjoint simplices disjointly). Similarly, if K
is an obstructor complex in @1X which is invariant setwise under theG-action on
@1.X/, then this should give lower bounds for equivariant obstructor dimension.

Lemma 5.8. Suppose G acts properly and cocompactly on a CAT(0) space EG,

and let @1EG be the visual boundary for EG. Suppose K is an H -equivariant

n-obstructor, and i WK ! @1.G/ is an almost embedding. Suppose that for all

h 2 H , there is gh 2 G so that i ı h.K/ is homotopic (inside @1.G/) to gh ı i.K/

via almost embeddings. Then eqobdim.G/ � nC 3.

Proof. Choose a basepoint x0 2 EG and define f W Cone1.K/ ! EG by
coning i.K/ to x0. We claim f is H -preserving. By assumption, the maps
f ı h.Cone1.hK// and gh ı f .Cone1K// have homotopic boundary values.
Use this homotopy to homotope f to f 0W Cone1.hK/ ! Rn which has the same
value on the boundary as gh ıF . This homotopy is proper and by assumption each
map is proper and expanding.

Therefore, gh ıf sends .x; t / to a geodesic based at gh.x0/, and f 0 sends .x; t /
to the asymptotic geodesic based at x0. SinceEG is CAT(0), the distance between
gh ıF.x; t/ and F 0.x; t / is uniformly bounded by the distance between gh.x0/ and
x0. Since EG is uniformly contractible, we can homotope gh ı f to f 0 and move
points a uniformly bounded distance. �

6. Examples of Groups

6.1. Virtual RAAG’s. The simplest examples of groups with updim.G/ <

actdim.G/ are virtually free groups that do not act on the plane. We will compute
the equivariant obstructor dimension of a more general class of groups which are
finite extensions of right-angled Artin groups. We recall the definition.

Definition 6.1. Suppose L1 is a simplicial graph with vertex set V . The flag

complex determined by L1 is the simplicial complex L whose simplices are the
(vertex sets of ) complete subgraphs ofL1. Associated toL1 there is a RAAG,AL.
A set of generators for AL is ¹gvºv2V ; there are relations Œgv; gv0 � D 1 whenever
¹v; v0º 2 EdgeL1.
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Let T V denote the product .S1/V . For each simplex � 2 L, let T .�/ denote
the subtorus .S1/j�j. The Salvetti complex for AL is the union of the subtori T .�/
over simplices � in L:

S.L/ WD
[

�2L

T .�/:

If a finite groupH acts on a flag complex L, then H acts on AL by permuting
the generators of AL. Therefore, we can form the semidirect product AL Ì H .
Suppose now thatL is a flagH -complex which is an equivariant .nC1/-obstructor.

Theorem 6.2. If L is a d -dimensional flag-complex which is an equivariant

.2d C 1/-obstructor, then

eqobdim.AL ÌH/ � 2d C 3:

Proof. Fix a point � in the universal cover zS.L/which is a lift of the unique vertex
of S.L/. Inside zS.L/, there is a unique lift R� of T� containing �. For each T� , let
RC

� be the points with nonnegative coordinates. Then the union of the boundaries

of the RC
� is homeomorphic to L. Furthermore, the action ofH on zS.L/ permutes

these lifts, and stabilizes this copy ofL in @1
zS.L/. Furthermore, the restriction of

the action to this copy is precisely the originalH -action. SinceL is an equivariant
.n C 1/-obstructor, we conclude from Lemma 5.8 that eqobdim.AL Ì H/ D

nC 3. �

Remark 6.3. If L is a d -dimensional complex, then

actdim.AL/ D 2d C 2 D 2 gd.AL/;

see [1]. Since equivariant .nC 1/-obstructors haveHn.LIZ=2/ ¤ 0, we are mak-
ing quite a strong assumption on L (for example, in [1] L could be a triangulation
of an n-sphere whereas we require L to be more like a n-fold join of m points).

6.2. Products of virtually 3-manifold groups. We recall the examples of vir-
tually 3-manifold groups constructed in [15] (the examples in [17] have nearly
identical proofs). We start with two closed surfaces Sa and Sb of genus � 2, and a
choice of essential simple closed curves a and b on Sa and Sb respectively. We
build a 2-complex Xmn by attaching an annulus to Sa t Sb. We glue one bound-
ary component of the annulus to a by a degree m-map, and the other boundary
component to b along a degree n-map, see Figure 2. Let Gmn D �1.Xmn/. Note
that Xmn naturally admits a locally CAT(0) metric, so zXmn has a CAT(0) metric.
Hruska, Stark, and Tran show the following:

Theorem 6.4 (Theorem 5.6, [15]). For allm and n, Gmn is virtually a 3-manifold

group. It is a 3-manifold group if and only if
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� m D n D 1;

� m D 1; n D 2 and b is non-separating;

� m D 2; n D 2; and a and b are non-separating.

In fact, they show Gmn virtually embeds as a subgroup of a right-angled
Coxeter group W with planar boundary. The Davis complex of W can be W -
equivariantly thickened to a 3-manifold.

xm xn

Figure 2. The spaceXmn as in [15]. Each end of the cylinder is glued onto the correspond-
ing curve with a positive degree map.

Theorem 6.5. If m or n is divisible by 4, then eqobdim.Gmn/ D 4.

Proof. First assume that m D 4 and n > 1. Let Amn denote the quotient
space of the cylinder S1 � I under the identifications .z; 0/ Š .e2�i=mz; 0/ and
.z; 1/ Š .e2�i=nz; 1/. The universal cover of Amn is Tmn � R, where Tmn is the
biregular tree of valencem and n. The fundamental group ofAmn has presentation

�1.Amn/ D ha; b j am D bni:

There is a natural totally geodesic embedding Amn ! Xmn. We will identify
�1.Amn/ with its image in Gmn. Inside EGmn D zXmn, choose a copy of Tmn �R

which the group ha; bi acts geometrically on. Let Qa denote the axis of a inside
this copy of Tmn � R. Then Qa is v � R, where v is a valence m-vertex in Tmn.
The element a cyclically permutes the m-edges emanating from v and translates
n-units in the R-direction. Furthermore, if P0 is a geodesic ray based at v 2 Tmn,
then hai cyclically permutes the collection ofm-half planes ¹ai .P0 �R/ºm

iD0. The
universal cover of Sa is glued to this union of half planes along Qa; hai acts on this
universal cover by a hyperbolic translation. LetH be one of the half planes in zSa

that a bounds.
Let K D Cone..mC 1/ points/. We define an embedding f WK ! @1EGmn.

We send the cone point to C1
a , one of the points to �1

a , and the otherm points to
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the endpoints of the aiP0, see Figure 3. We extend this to the cone onK by sending
one interval to the boundary of H , and the other m intervals to the boundaries of
the ai .P0 � RC/. We let the group Zm D hhi act on ConeK in the usual way by
fixing one interval and permuting the other m.

We observe that the hai-action on @1EGmn cyclically permutes the boundaries
of ¹ai.P0 � R/ºm

iD0 and fixes setwise @1
zSa. Since hyperbolic translations are

isotopic to the identity, there is a homotopy from aiıf .ConeK/ to f ıhi .K/which
preserves setwise the images of simplices of K, and therefore each map in the
homotopy is an almost embedding. Since ConeK is an equivariant 2-obstructor,
by Lemma 5.8, we have that eqobdim.Gmn/ D 4.

zAmn Š Tmn R
@1

zXmn

C1
a

a K

zSa

Figure 3. A piece of the universal cover of Xmn. The complex Tmn � R is glued along Qa

to the universal cover zSa Š H2. For m;n � 2 we map K into @1Xmn by mapping one
interval to the boundary of a half space in H2, and the otherm intervals to the boundary of
hyperplanes in zAmn.

Now, suppose that n D 1. The proof in this case is similar; but with a slightly
different choice of hyperplanes. In this case, for each edge ei adjacent to v in Tmn,
ei �R intersects a lift of zSb in zXmn along a lift of b. Label these lifts by zS i

b
and  i

b

respectively. Choose a geodesic  0
i in zS i

b
which is perpendicular to  i

b
and which

intersects ei � R in @ei � 0. Let Qi denote one of the quadrants bounded by  i
b

and  0
i that is mapped into itself by a positive translation along  i

b
.

LetW be the union of theQi along withHa. The action of hai fixes setwise the
hyperplane Ha, and simultaneously cyclically permutes the Qi and acts on them
by a hyperbolic translation along  i

b
. Define f WK ! @1W � @1X which again

sends the cone point to C1
a and sends each interval to the boundary ofQi . Note

that ai@1Qi is strictly contained in hi@1QiC1. Furthermore, the two embeddings
of K into @1W are homotopic and the image of each simplex � under the
homotopy is contained in f .�/. Therefore, by Lemma 5.8, eqobdim.Gm1/ D 4.
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The same argument obviously works for m a multiple of 4, as we can choose a
Z=4-subgroup of Z=m. �

Therefore, we have the following theorem.

Theorem 6.6. If m or n is divisible by 4, then eqobdim
�

Q

k Gmn

�

D 3k C 1. If

G is a group with obdimZ.G/ D l , then eqobdim
�

Q

k Gmn

�

D 3k C 1C l .

For example, the simplest computation that does not follow from [17] is that
actdim.Gmn � F2/ D 6 if m or n is divisible by 4.
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