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Abstract. We prove the equidistribution of (weighted) periodic orbits for the geodesic
flow on noncompact negatively curved manifolds toward equilibrium states in the narrow
topology, i.e. in the dual of bounded continuous functions. We deduce an exact asymptotic
counting for periodic orbits (weighted or not), which was previously known only for
geometrically finite manifolds.
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1. Introduction

A well-known feature of compact hyperbolic dynamics is the abundance of pe-
riodic orbits: they have a positive exponential growth rate, equal to the topo-
logical entropy. Moreover, the periodic measures supported by these orbits be-
come equidistributed towards the measure of maximal entropy of the system.
A weighted version of this property also holds: given any Holder potential F,
the periodic measures weighted by the periods of the potential become equidis-
tributed towards the (unique) equilibrium state of the potential, see the classical
works of Bowen [2], Parry [13] and Parry and Pollicott [14].

A typical geometric example is the geodesic flow of a compact negatively
curved manifold, which is an Anosov flow, and therefore satisfies the above proper-
ties. In this geometric context, it has been proved in [18, 15] that similar equidistri-
bution properties also hold in a noncompact setting. Let M be a negatively curved
manifold, 7' M be its unit tangent bundle, and (g*) be the geodesic flow. As soon
as it admits a finite invariant measure maximizing entropy, called the Bowen—
Margulis—Sullivan measure mpys, the average of all orbital measures supported
by periodic orbits of length at most 7" converge to the normalized measure mpwms,
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in the vague topology, i.e. in the dual of continuous functions with compact sup-
port.

A weighted version of this result also holds: given a Holder continuous map
F:T'M — R, as soon as it admits a finite equilibrium state m g the orbital
measures supported by periodic orbits of length at most 7', suitably weighted by
the periods of the potential F, converge to the normalized measure mr in the
vague topology.

A major motivation for proving such equidistribution results is to get asymp-
totic counting estimates for the number of (weighted) periodic orbits of length at
most 7. However, it turns out that the equidistribution property required to get
such counting estimates is a stronger convergence, in the narrow topology, i.e. the
dual of continuous bounded functions. Until now, such narrow equidistribution
or such asymptotic counting for periodic orbits have been proven only when M is
geometrically finite in [18, 15].

In this note, inspired by work done in [16] and [19], we remove this assumption
and show this narrow equidistribution as soon as the Bowen—Margulis—Sullivan
(or the equilibrium state) is finite.

Let us precise some notations, mostly coming from [15]. We denote by P’
the set of primitive periodic orbits of the geodesic flow and P'(¢) the subset of
those primitive periodic orbits with length £(p) at most . Given a compact set
W C T'M, we denote by P, (resp. P, (¢)) the set of primitive periodic orbits
(resp. of length at most ¢) which intersect W. If p is an oriented periodic orbit,
let £, be the periodic measure of mass £(p) supported on p, so that TL)LP isa
probability measure.

If F:T'M — R is a Holder continuous potential, we denote by 8 its critical
exponent, and m r the Gibbs measure associated to F, given by the Patterson—
Sullivan—Gibbs construction (see [15]). Under some additional geometric as-
sumptions (pinched negative curvature, bounded derivatives of the curvature),
one knows that §r is also the topological pressure of F' (see [12] when F = 0
and [15] for general F), and that when mF is finite, the normalized probability
measure g = mp /|jmFr | is the unique equilibrium state for . We will not need
this characterization here.

Our main result is the following.

Theorem 1.1. Let M be a manifold with negative curvature satisfying k <—a? <0,
whose geodesic flow is topologically mixing. Let F:T'M — R be a Holder-
continuous map, with finite critical exponent §g, which admits a finite Gibbs
measure mg. Assume without loss of generality that its topological pressure 8 is
positive. Let W C M be a compact set and W = T'W. Assume that the interior
of W intersects at least a periodic orbit of (g"). Then
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in the narrow topology, i.e. in the dual of continuous bounded functions.

Integrating the constant map equal to 1 gives the following corollary. ()
Corollary 1.2. Under the same assumptions, we have
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When F = 0, the exponent §y is exactly the critical exponent dr of the group
I' acting on M, and the Gibbs measure m, is known as the Bowen—Margulis—
Sullivan measure. As already mentioned above, when the curvature is pinched
negative and the derivatives of the curvature are bounded, it is also the topological
entropy of the geodesic flow, see [12]. Since our main result with F' = 0 is valid
in the more general geometric setting of CAT(—1)-metric spaces, we restate it in
this context.

Theorem 1.3. Let X be a CAT(—1)-metric space, and T a discrete group of
isometries acting properly discontinuously on X. Assume that the geodesic flow
of X/ T is topologically mixing and admits a finite Bowen—Margulis—Sullivan
measure. Let W C X/T be a compact set and W = T'W. Assume that its
interior intersects at least a periodic orbit of (g'). Then

mpmMms

when T — 400 3)
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1
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in the narrow topology.

As a corollary, integrating the constant map equal to 1, we get the following
striking consequence of our work.

Corollary 1.4. Let M be a manifold with pinched negative curvature or a quotient
of a CAT(—1)-space, whose geodesic flow is topologically mixing. Assume that
there exists a ( finite) measure of maximal entropy, or equivalently that the Bowen—
Margulis—Sullivan measure is finite. Let W C M be a compact set and W =
TYW. Assume that its interior intersects at least a periodic orbit of (g"). Then

ST

, e
HP(T) ~ S

1 Recall that u(T) ~ v(T) when T — oo means u(T)/v(T) — 1.

when T — +o0. @)




1088 B. Schapira and S. Tapie

The results above are completely new in the geometrically infinite setting. We
refer to [19] (resp. [9]) for several classes of geometrically infinite manifolds (resp.
potentials) satisfying the so-called SPR property, which implies the finiteness of
the Bowen—Margulis—Sullivan measure (resp. of the associated Gibbs measure).

The asymptotic counting given in our last corollary is due to Margulis [10]
on compact negatively curved manifolds. The exact multiplicative constant in the
asymptotic is due to Toll [21] in his Ph.D. On geometrically finite spaces, it is due
to [18] when F = 0 in the CAT(—1)-setting. Let us mention also the very recent
work of Ricks [17] for compact quotients of rank one CAT(0) spaces. For general
potentials on geometrically finite manifolds with pinched negative curvature, it
had been shown in [15].

Theorem 1.1 and Corollary 1.2 are also announced in [22] under the (more
restrictive) assumption that F is a Holder potential satisfying the SPR property
and converging to 0 at infinity. It seems to us that his (interesting) approach cannot
work in general.

The restriction to Py, instead of P’ is intrinsic to the noncompact geometrically
infinite case. Indeed, except in the geometrically finite case, where both sets typi-
cally coincide for W large enough (containing the compact part of the manifold),
Py (T) is a finite set, whereas P'(7') could easily often be infinite.

The assumption of finiteness of the measure in Theorems 1.1 and 1.3 is un-
avoidable. Indeed, it is proven in [18, 15] that the sum over all periodic orbits
of P'(¢) vaguely converges to 0, and the sums considered in both Theorems 1.1
and 1.3 are obviously smaller, and therefore converge also vaguely to 0. However,
in some situations, it can happen that counting results similar to Corollary 1.4
with different asymptotics hold, as in [23]. This infinite measure situation is still
widely unexplored.

In Section 2, we provide the geometric background. In Section 3, we recall
important facts on thermodynamic formalism in the Riemannian setting, and the
proof of Theorem 1.1 is detailed in Section 4. In Section 5, we explain how the
whole discussion extends to the CAT(—1)-setting, in the specific case F = 0, and
prove Theorem 1.3.

We thank warmly the referee for his/her useful comments.

2. Geodesic flows of spaces with negative curvature

2.1. Riemannian manifolds with negative curvature. Let M be a non compact
Riemannian manifold, with negative sectional curvature satisfying k < —a? < 0
everywhere. In the sequel, we assume M be nonelementary, i.e. there are at least
two distinct closed geodesics on M (and therefore an infinity).
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Let I' = 71 (M) be its fundamental group, M be its universal cover, and d M
its boundary at infinity. Denote by 7: 7'M — M the canonical projection, and
pr: M — M the quotient map.

The Busemann cocycle is defined on dM x M x M by

Pe(x.y) = gl_)ms d(x,z) —d(y,2).

The unit tangent bundle 7' M of M is homeomorphic to 92M x R, where
3*M := dM x dM \ Diagonal
through the well-known Hopf coordinates:
v (v, 0", Byt (0, 7 (v))),

where o is an arbitrary fixed point chosen once for all.

The geodesic flow on 7'M or T'M is denoted by (g');er. In the above
coordinates, it acts by translation on the real factor.

The action of I" can be expressed in these coordinates as follows:

y ot ) = v oyvtr+ By (y o, 0)).

Therefore, any invariant measure m under the geodesic flow on 7'M can be
lifted into an invariant measure /m which, in these coordinates, can be written
M = u x dt where p is a [-invariant measure on 92M and d¢ is the Lebesgue
measure on R.

As said in the introduction, we denote by

e P (resp. P') the set of periodic orbits (resp. primitive periodic orbits) of (g)
onT'M:;

e P(1) (resp. P'(¢)) the set of (primitive) periodic orbits of length at most ¢;

e P(t1,12) (resp. P'(t1,12)) the set of (primitive) periodic orbits of length in
(11, 12],
When M is noncompact, all these sets can be infinite. We therefore con-
sider only periodic orbits intersecting a given compact set W. We denote by
Pw. Pl Pw(t), Py (t), Pwlti, t2), Py (1, t2) the corresponding sets.
If p is a periodic orbit of the geodesic flow on 7! M, we denote by £(p) its
period, and £, the Lebesgue measure along p.

2.2. CAT(-1)-spaces. We refer to Roblin’s monograph [18] for more details on
what follows.

A metric space (X, d) is Gromov-hyperbolic if there exists a constant § > 0
such that every geodesic triangle of X is §-thin: any side of the triangle is in the
d-neighbourhood of the union of the other sides.
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A metric space (X, d) is a CAT(—1)-space if it is geodesic (there exists a geo-
desic segment joining two points of X'), and it satisfies the following comparison
inequality with the hyperbolic plane. Given any geodesic triangle (a, b, ¢) in X and
the comparison triangle (a’, b’, ¢’) with sides of same length in H?, if a, (resp. b;)
is the point of (a, ¢) (resp. (b, ¢) at distance ¢ from c, then d(a;, b;) < d(a},b}).
In particular, (X, d) is Gromov-hyperbolic and there is a unique geodesic between
any two points of X.

The role of the unit tangent bundle will be played by the space §X of biinfinite
geodesics (with origin) of X, that is the set of isometric embeddings c: R — X.
The canonical projection T!M — M in the Riemannian case is replaced here
by the projection ¢ — ¢(0) from GX to X. If W is some subset of X, by abuse
of notation, we denote by W = T1'W the set of geodesics ¢ € GX, such that
c(0) e W.

As in the Riemannian setting, the geometric boundary 90X is the set of equiv-
alence classes of asymptotic geodesic rays, and the Busemann cocycle is de-
fined as in the above section. The space §X is homeomorphic to 9?X =
d0X x d0X \ Diagonal x R through the Hopf coordinates exactly as above. The
geodesic flow acts on §X by translation on the source. In the Hopf coordinates, it
acts by translation on the real factor.

If T is a discrete group of isometries of (X, d) acting properly discontinuously
on X, its action can be read in the Hopf coordinates by the same formula as in the
previous subsection. It commutes with the geodesic flow, which induces on the
quotient the geodesic flow on GX/T.

The sets of periodic orbits P, P, P(r), P'(¢), P(t1,t2), P'(t1,12), Pw, Py,
Pw(t). Py (t), and Pw(t1, 12), Py (21, 12) are defined exactly as above.

The following sections are devoted to the Riemannian setting, and the proof of
Theorem 1.3 is postponed to Section 5.

3. Thermodynamic formalism in the Riemannian setting

In this section, M is a Riemannian manifold, with negative sectional curvature
satisfying k < —a? < 0 everywhere.

3.1. Pressure, Gibbs measures. We recall briefly here the necessary back-
ground on Gibbs measures in this Riemannian setting. We refer to [15] and [16]
for more details.

Let F: T'M — R be a Holder continuous map, and F its ['-invariant lift to
T!'M. The following property, called Bowen property in many references as [5]
and [4], and (HC)-type property in [3] is crucial in all estimates. It is a direct
consequence of [15, Lemma 3.2].
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Lemma 3.1. Let F: T'M — R be a Hélder map. Forall D > 0 and x,y € M,
there exists C > 0 depending on D, on the upperbound of the curvature, on the
Holder constants of F and on supg(, py|F| and supg, py|F| such that for all

x',y"in M with d(x,x')<D,d(y,y") <D,

y ¥’
INLE:
X x/

The series ), cr elo” F=sd(0.y0) has a critical exponent §r. This exponent,
when finite, coincides with the pressure of F' when the manifold M has pinched
negative curvature and bounded derivatives of the curvature, see [12, 15].

By the obvious relation § 4. = 8 + ¢ for any constant ¢ € R, we can easily
assume that § 7 > 0 as soon as it is finite.

A shadow O, (B(y, R)), for x, y € M, is the set of points z € M U dM, such
that the geodesic line from x to z intersects the ball B(y, R).

The Patterson—Sullivan—Gibbs construction gives a measure v/ on the bound-
ary 9M , satisfying the following Sullivan Shadow Lemma. Tt was first shown on
hyperbolic manifolds for ¥ = 0 by Sullivan in [20], and is due to Mohsen [11]
for general potential when I" is cocompact. See [15, Lemma 3.10] for a proof in
general.

Lemma 3.2 (Shadow Lemma). Let F: T'M — R be a Hélder-continuous map
with finite critical exponent §p, F:T'M — R its lift, and vE be the measure
on M given by the Patterson—Sullivan—Gibbs construction. There exists R > 0,
such that for all r > R, there exists C > 0 such that for all y € T,

1 o 0
C e o (F=8F) < vf(OO(B(yo, r)) < Cefoy (F=bF),

A nice consequence of the Shadow Lemma is the following proposition, that
we will use in the proof of Theorem 1.1 and which can be useful for other purposes.

Proposition 3.3. With the above notations, for all r > R and all ¢ > 0, there
exists a constant k > 0 such that for all « € T and all T > 0, one has

Zefo”o(F—Sp) < kelo "F=8p)

yel,yo€O,(B(ao,r))
d(o,y0)€[T,T+c]

The reverse inequality (with different constant) holds when T" acts cocompactly
on M.
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Proof. By the Shadow Lemma (Lemma 3.2), the above sum is comparable, up to
constants, to
Y v (00(B(yo.1))).

yel,yo€O,(B(ao,r))
d(0,y0)€[T,T +c]

As T acts properly on M, the multiplicity of an intersection of such shadows is
uniformly bounded. Therefore, the latter sum is comparable, up to constants, to

(0 JouBwe.).
yel,yoeO,(B(ao,r))
d(o,y0)€[T,T +c]

As this union is included in O, (B(xo,2r)), we deduce that it is bounded from
above by v (O, (B(ao,7))). A final application of the Shadow Lemma 3.2 gives
the desired upper bound.

When I acts cocompactly on M, the above union covers O, (B(xo, r)) so that,
once again, the Shadow Lemma gives the desired lower bound. |

3.2. Finiteness criterion for Gibbs measures. Through the Hopf coordinates,
one defines a measure /i f equivalent to vY x vF x dt on 3*M x R ~ T'M,
where F(v) := F(—v), which is T-invariant and invariant under the geodesic
flow; see [15, Chapter 3] for a precise construction. The induced measure m r
on the quotient, when finite, is the Gibbs measure associated to F involved in
Theorem 1.1.

Itis well known (Hopf-Tsuji—Sullivan—Gibbs Theorem) that m r is ergodic and
conservative if and only if the series ) . elo” F=sd(0.y0) diverges at the critical
exponent §r, see [15, Theorem 5.4].

Let us recall the finiteness criterion shown in [16]. For geometrically finite
manifolds, it had been previously shown in [8] for F = 0 and in [6, 15] for general
potentials.

If W is a compact subset of M , we define I'y as

I'y ={yelax,ye W, [x,yy]nNTW C WUyW} ®)

Theorem 3.4 ([16] and [7]). Let M be a negatively curved manifold with sectional
curvature satisfying k < —a*> < 0. Let F: T'M — R be a Holder continuous map
with finite critical exponent § . The measure m is finite if and only if it is ergodic
and conservative, and there exists some compact subset W C M whose interior
intersects at least a closed geodesic, such that

5y E < 1o
yelw
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Note that in [16] it is assumed that M has pinched negative curvature —b? <
k < —a® < 0, but the lower bound is not used in the proof of this finiteness
criterion.

3.3. Equidistribution with respect to the vague convergence. There are many
variants of equidistribution of weighted closed orbits with respect to the vague
convergence, which are essentially all equivalent. See [15, Chapter 9] for several
versions.

The statement which is the closest to our Theorem 1.1 is the following.

Theorem 3.5 (Paulin, Policott, and Schapira [15, Theorem 9.11]). Let M be a
manifold with pinched negative curvature, whose geodesic flow is topologically
mixing. Let F: T'M — R be a Holder-continuous map with finite pressure S,
which admits a finite equilibrium state m g. Assume without loss of generality that
8F is positive.

Then

_ 1 mpg
SrTe SFTZefPF—LP—>—, (6)
AT R T

in the vague topology, i.e. the dual of continuous maps with compact support
onT'M.

To get narrow equidistribution of periodic orbits, we will rather use the follow-
ing statement.

Theorem 3.6 (Paulin, Policott, and Schapira [15, Theorem 9.14]). Let M be a
manifold with pinched negative curvature, whose geodesic flow is topologically
mixing. Let F:T'M — R be a Holder-continuous map with finite nonzero
pressure §g. Let ¢ > 0 be fixed. Assume that F admits a finite equilibrium
state mg. Then

SF —$rT 1 mprg

—— Te™°F ZefPF—L _— — @)
_ ,—8Fc p ’

[—eTre’™ Ay WD) Imrl

and
Ja —§rT " F mr
T e Ty — (8)
peP (T—c,T)

in the vague topology, i.e. the dual of continuous maps with compact support
onT'M.
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4. Equidistribution in the narrow topology

In this section, M is a Riemannian manifold, with negative sectional curvature
satisfying k < —a? < 0 everywhere.

4.1. An equidistribution statement on annuli. Choose any compact subset

W C M whose interior intersects a closed geodesic, and W = T!'W. Denote
by mr the (locally finite and possibly infinite) measure

my = SFT _SFTZejp

1 _ —cbr
I —emelr peP (T—c,T) (p)
and by mrw the (finite) measure
ST I F
m D
L —r Z (p)

pePy (T—c,T)

We will first prove the following theorem, and then deduce Theorem 1.1 from
it.

Theorem 4.1. Under the assumptions of Theorem 1.1, the measures mr,w con-

verge to mg = ”m i with respect to the narrow convergence, i.e. in the dual of

bounded continuous maps on T'M.
4.2. Vague convergence. In this section, we prove the following.

Proposition 4.2. Under the assumptions of Theorem 1.1, mr — mr,w converges
to 0 in the vague topology, when T — +o0.

By Theorem 3.6, we deduce the immediate corollary.

Corollary 4.3. Under the assumptions of Theorem 1.1, the measure mr,w con-
verges to mp = % in the vague topology.

Proof. Let ¢ € C.(T'M) be a continuous compactly supported map. Without
loss of generality, we can assume that ||¢|lcc < 1 Choose R > 0 such that the
R-neighbourhood Wx of W in M contains the projection on M of the support of
@ in T'M. Choose some & > 0 small enough so that the set W_, of points of W
at distance at least ¢ to the boundary is nonempty and intersects at least a closed
geodesic.

Let Wg D W D W_, be three compact subsets of M which project respectively
onto Wg, W and W_,. Choose a point 0 € W_ once for all.
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We begin with the following elementary inequality. For p € P(T — ¢, T), we
have |§FT —§pf(p)| < cbF, so that

SF Tobre Zefp(F—sF)e(P N WR)' )

_ ,—cb
I—e ;e%,R(T—c,T)\?’W(T—c,T) tp)

|mrwe (@) —mrw(p)| <

Now, we will compare the latter sum with the sum appearing in Theorem 3.4.
Given p € fP’WR (T —c.T)\ Py (T — ¢, T), choose arbitrarily one isometry

yp € I', whose translation axis intersects Wg \ W and projects on M on the closed
geodesic associated to the periodic orbit p, and whose translation length is £(p).
Consider the geodesic from o to y,0, parametrized as (c(¢))o<r<d(o,ypo)- It

stays at bounded distance diam(Wg) from the axis of vp. Therefore, these
geodesics stay very close one from another, except at the beginning and at the
end. More precisely, given any ¢ > 0, there exists t depending only on ¢, R, and
the upper bound of the curvature, such that for ¢ in the interval [z, d(o, yp0) — 1],
c(t) is e-close to the axis of y,. In particular, as this axis does not intersect r.w,
the geodesic (¢(7))r<r<d(o,y,0)— dOes not intersect W_., whereas the full segment
(c())o<r<d(o,ypo) Starts and ends in .o C I‘VT/_E.

Denote by x~ the last point of ¢([0,7]) (resp. x* the first point of ¢ ([d (0, y, o)—r,
d(o,yp0)])) ) in I'W_, and y~ (resp. y*) an element of I' such that x* €

yEW_,. Observe that d(0,y 0) < t + diam(Wg), and similarly d(y,0,y"0) <

t 4+ diam(Wg). Moreover, by definition of I'y;__, the element g, := (y7)~ Loy®
belongs to I'y;

Using Lemma 3.1, we see easily that there exists some constant C depending
on the upperbound of the curvature, on the Holder constant of F and || Fjyy |loo

and on the diameter of WR, such that

gpo

[t(p) —d(o, gpo)| <C and ‘ F — F‘sC. (10)
[#-]

o

We have hence defined a procedure which, given any p € P}, (T —c.T) \
Pw (T — ¢, T) and any choice of an isometry y, in the con]ugacy class corre-
sponding to p whose axis intersects W, determines a unique pair (y_, ) where
d(o,y~0) < diam(Wg) + t and g, = (y7)~' oy is an element of I';_, satis-
fying (10) and d(y~gpo, ypo) < diam(Wpg) + 1. Moreover, a coarse bound gives
£(p N Wr) < £(p) < d(0,8p0) + C.

We want to control from above (9) by a sum involving I'y; . To do that, it is

enough to control the multiplicity of the “map” p — g,.
Let py be a periodic orbit leading to an element g, € I'y; by the above con-

struction, by some arbitrary choice of an axis of an isometry y, intersecting Wg.
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If another periodic orbit p, leads to the same element g, it means that there exists
an isometry y, and elements y;~ € I', with d(o, y; 0) < diam(Wg) + 7, such that

d(o, (y2)"'yy (y7) " 'y10) < 2diam(Wg) + 2.

In particular, as I" is discrete, there are finitely many possibilities, for y;~ and
therefore for y,, and p,. Denote by N the maximal multiplicity of this map
P — 8p-

Now, using (10), we bound from above the right hand side of (9) by

§F TBCSFNZ€C+8F€ SO(F—8 )d(o gO)‘
1 —e<8F et T—c¢

d(o,g0)e[T—c—C,T+C]

This sum, up to constants, is bounded from above by

Z d(o, go) elo " (F=8r)

gely, .
d(0,g0)>T—c—C

Theorem 3.4 ensures us that this is the rest of a convergent series, whence it goes
to zeroas T — +-o0. |

4.3. Tightness. Let W be a a compact subset of M, Wg its R-neighbourhood, for
R large enough, and W C Wg - M compact sets which project onto W C Wxg.
Choose some fixed point 0 € W. As above, we denote by W the unit tangent
bundle of W and by abuse of notation, set Wg = T Wk.

Proposition 4.4. Under the assumptions of Theorem 1.1, for all ¢ > 0, there exists
R>0and T > 0, such that fort > T,

mew (Wr)) < e.

Proof. By definition of m, w, we have

SF

mew (WR)) < 1——65Fz

> el F0p(p A W). (11)
pEP (t—c,t)

If p is a periodic orbit appearing in the above sum with £(p N Wg) # 0, there
exists an hyperbolic isometry y, € I" whose axis projects onto the closed geodesic
associated to p, which intersects W and pr, but also T.(Wg)°. Denote by
[y (p, WR) the set of elements « € I'j; such that some axis of some isometry

yp associated to p as above intersects W, and «W and goes outside ' W between
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W and aW. In particular, for each a € I'j; (p, Wg), we have d(o,@0) > 2R, so
that
L(p N (WR)°) < ) _(d(0,@0) + 2diam(W)).

€l (p,WR)
d(o,00)>2R

We deduce that (11) is bounded from above, up to some constants, by

> elr 53 (d(0, o) + 2diam(W))
pePy, (t—ct) €l (p,WR)
d(0,00)>2R
Observe now that if « € I'y(p, WR) and y, is an isometry whose axis inter-
sects W, and oW, then ypo belongs to the shadow O, (B (o, r)) forr = diam(W).
As in (10) in the proof of Proposition 4.2, we know that fp(F — 8F) is uni-
formly close to foy” °(F — 8F), which, by the Shadow Lemma 3.2, is comparable
to log v (0,(B(yo,r)) for r large enough. Up to some constants, the above sum
is bounded from above by

Y d0.00) I Lot (O (Ou(Blo0. ).
aely, yel
d(0,00)>2R t—c—C<d(o,yo)<t+C

By Proposition 3.3, (11) is then dominated (up to multiplicative constants) by

Z d(o, ao)efgo(F_SF).

acly
d(o,00)>2R
This is the rest of the convergent series appearing in Theorem 3.4. Therefore, it
goes to 0 when R — 00, so that for R large enough, it is smaller than ¢. It is the
desired result. O

4.4. Conclusion

4.4.1. Proof of Theorem4.1. Corollary 4.3 ensures thatm, y converges vaguely
to inr . Getting narrow convergence from vague convergence and tightness is very
classical, see for example [1]. We recall it for the comfort of the reader.

Given a continuous bounded function ¢ and ¢ > 0, by Proposition 4.4, one can
find a compact set Wg such thatm; w (Wg)¢) < eforallt > T,img (Wg) > 1—¢,
and | fW?e gpdmp| < e. Choose ¥ € Co(T'M) with ¢ = ¢ € Wg, and
Wl < llell, and | [(p — ) difiF| < 2e.

By the above choices,

mew (@) = mew ()] < [[@llooms, (W) < ll¢lloo-

By Proposition 4.2, m; w (¥') — [ ¥ dmF, which is 2e-close to [ ¢ dmFr. The
result follows.
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4.4.2. Proof of Theorem 1.1. The proof is elementary and similar to the de-
duction of [15, Theorem 9.14] (see Theorem 3.6) from [15, Theorem 9.11] (see
Theorem 3.5), but in the other direction. Let us begin with an elementary lemma,
which is a reformulation of [15, Lemma 9.5].

Lemma4.5. Let I be adiscrete setand f, g: I — [0, +o00[ be maps with f proper.
Forall c > 0and §,k € R, with § + k > 0, the following are equivalent:

. 1—ec 8t.
(1) ast — +oo, Zg(z) ~ Te ;

iel

t—e<f@)<t
(§+x)t
2) ast — +o0, Ze"f(i)g(i) ~ ¢ :

, 8+«

iel

fl)=t

Proof. Note that even though only one implication of the above lemma is stated
in [15, Lemma 9.5], its proof gives indeed the equivalence. We refer the reader to
[15, p. 182] for details. O

Now, let us conclude the proof of Theorem 1.1. By linearity, it is enough to
prove it for nonnegative maps ¢ that satisfy [@dmr # 0. The desired result
follows then from Theorem 4.1 and applying the above lemma with / = P/, and

. _ _ g b
for p € 1 =Py f(p) = tp) and g(p) = el ¥ 2

5. Narrow equidistribution on CAT(—1) metric spaces

5.1. Proof of Theorem 1.3. The proof of Theorem 1.3 is exactly the same as
the above proof in the Riemannian case. Nevertheless, in this generality, the basic
ingredients that we use (vague equidistribution for periodic orbits and finiteness
criterion for Gibbs measure) are only known for the potential F = 0. We just
mention in this section which parts of our proof have to be adapted, and how.

First, the definition of the geodesic flow and its invariant measures is now well-
known, with many properties established by Roblin [18], see Section 2.2.

Lemma 3.1 in the case F = 0 follows from the triangular inequality. Shadow
Lemma 3.2 holds without difficulty in the CAT(—1)-setting when F = 0 (see
Lemma 1.3 of [18]). The proof of Proposition 3.3 only uses the metric structure
and the CAT(—1)-property, so that it also holds in the CAT(—1)-setting.

The finiteness criterion for Gibbs measures, Theorem 3.4 above ([16]), has
been extended in [7, Theorem 4.16] to the Gromov-hyperbolic setting (which
includes CAT(—1) spaces) when F = 0.
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The vague equidistribution result that we use, that is Theorem 3.6 above
(Theorem 9.14 of [15]), had been established earlier in the case F = 0 in the
CAT(—1)-setting in [18, Theorem 9.1.1].

The arguments of the proofs of Propositions 4.2, Corollary 4.3 and 4.4 do not
use the Riemannian structure, and hold in the CAT(—1)-setting.

Theorem 1.3 follows.

5.2. Other generalizations? It is natural to ask whether our main results holds

e for more general (nonconstant) Holder-continuous potentials on CAT(—1)-
spaces?

e for the zero potential on Gromov-hyperbolic spaces?

e or more general potentials on Gromov-hyperbolic spaces?

Some ingredients of a proof would hold probably without difficulty, but it is
unclear whether everything would work or not.
Let us mention what would be the ingredients of a proof.

* In the CAT(—1)-setting, thermodynamical formalism with nonzero poten-
tials has already been considered. The construction of Gibbs measures
and the variational principle are proven in Roblin [18] when F = 0 and
Broise, Parkonnen, and Paulin [3] for some (restrictive) classes of noncon-
stant Holder-continuous potentials on X .

* The finiteness criterion for Gibbs measures of Pit—Schapira [16] is extended
in [7] in the Gromov-hyperbolic setting for the potential F = 0 and should
probably hold also for more general potentials in the CAT(—1)-setting. As
said above, thermodynamic formalism for some classes of nonconstant po-
tentials is possible on CAT(—1)-spaces, but more delicate and completely
open for the moment in general Gromov-hyperbolic spaces.

* The equidistribution theorem of periodic orbits with respect to the vague
topology is proven in [18] in the CAT(—1)-setting for F = 0, in [15] for
Riemannian negatively curved manifolds, and in [3] on real trees. Removing
the restriction to manifolds and trees in the equidistribution theorem [3,
Theorem 11.1] may require a different approach.

In particular, a generalization of Theorem 1.3 to the Gromov-hyperbolic setting
when F = 0, using tools of [7] seems possible. A generalization of Theorem 1.1
to some classes of potentials as in [3] could maybe also be possible. Thermody-
namic formalism for general potentials in the Gromov-hyperbolic setting seems
unexplored at the moment.
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