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Abstract. We prove that the semigroup generated by a reversible Mealy automaton contains
a free subsemigroup of rank two if and only if it contains an element of infinite order.
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1. Introduction

Groups and semigroups defined by Mealy automata have attracted considerable
attention since their introduction. One of the reasons for this interest is that the
apparent simplicity of their definition belies the complex behaviours that they
can exhibit. Indeed, among them, one can find infinite finitely generated torsion
groups [7], groups and semigroups of intermediate growth and amenable but not
elementary amenable groups [8].

It is natural to ask how the properties of a Mealy automaton can influence the
algebraic behaviour of the group or semigroup that it generates. In this paper, we
investigate the existence of free subsemigroups of rank two in semigroups gen-
erated by a reversible Mealy automaton. More precisely, we prove the following
theorem.

Theorem 1.1. Let M be a reversible Mealy automaton and let Py be the semi-
group generated by M. Then, Py contains a nonabelian free subsemigroup if and
only if Py contains an element of infinite order.

As a corollary of Theorem 1.1, we obtain a generalization of a result of
Klimann [10], who proved that a group generated by a bireversible automaton
is of exponential growth as soon as it contains an element of infinite order.
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Corollary 1.2. If G is a group generated by an invertible and reversible Mealy
automaton, then G is of exponential growth as soon as it contains an element of
infinite order. In particular, no infinite virtually nilpotent group can be generated
by an invertible and reversible Mealy automaton.

Organisation of the paper. In Section 2, we define Mealy automata and their
duals, as well as several semigroups associated with them. We use the notion of
Zappa—Szép product of semigroups to help us describe these different semigroups
in a uniform fashion.

The proof of Theorem 1.1 relies on the interplay between the semigroup gener-
ated by a reversible automaton and the group generated by its dual automaton. We
investigate this connection in Section 3. More precisely, given a reversible Mealy
automaton M and a word u in the set of states of M, we show in Lemma 3.4 that
the orbits of the powers of u under the action of the group generated by the dual
of M form a regular language. Furthermore, in Lemma 3.6, we show that u rep-
resents an element of infinite order in the semigroup generated by M if and only
if this language is not uniformly bounded.

In Section 4, we use this regular language in the case where it is not uniformly
bounded to find a free subsemigroup of rank two in the semigroup generated by a
reversible automaton, thus proving Theorem 1.1.

In Section 5, we investigate in more details the orbits of automata groups
and semigroups. We first study potential generalizations of Lemma 3.4. We
show that if we consider a preperiodic sequence instead of periodic one, a non-
reversible Mealy automaton instead of a reversible one, or a subgroup instead the
whole group, then the language thus obtained might not be regular. However,
for bi-reversible automata, we prove that Lemma 3.4 hold even if we consider
preperiodic sequences instead of periodic ones.

We also study the existence of infinite orbits of periodic sequences. We
show that there exists an automaton group containing an infinite subgroup such
that the orbit of every periodic sequence under the action of this subgroup is
finite. However, at the moment, we do not know whether there exists an infinite
automaton group such that every periodic sequence has a finite orbit. We discuss
what is known about this question in Section 6.

Acknowledgements. The authors would like thank Laurent Bartholdi for sug-
gesting this problem and for many useful discussions.

2. Preliminaries

In this section, we will review some facts about Mealy automata and the semi-
groups or groups that they generate.
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2.1. Alphabets, words and sequences. Let A be a finite set. We will denote by
A* the free monoid on A. In other words, A* is the set of words in the alphabet A,
including the empty word ¢, equipped with the operation of concatenation. In what
follows, we will make no distinction in our notation between the free monoid A*
and its underlying set of words.

We will denote by A the set of right-infinite words in the alphabet A. Thus,
elements of A® are functions from IN to A. We will call such element sequences.
There is a well-defined operation of concatenation on the left between an element
u € A* and an element § € A®, whose result is an element of A% that we will
denote simply by u¢ € A®.

Given some u = uguy ...u, € A*, we will denote by u® € A% the sequence

U® = uoUq ... UpUoUi ... Uy .. ..

For u = wuou;...u, € A*, we call a prefix of u any word of the form
V = UgUj...Uy With m < n and a subword of u any word of the form w =
Wili41...Ui4; With 1 < i < i + j < n. In a similar fashion, we define the
notions of prefix, subword and subsequences of elements of A®.

2.2. Mealy automata

Definition 2.1. A Mealy automaton is a tuple M = (Q, A4, ), where Q and A are
finite sets called respectively the sef of states and the alphabet, and t: Q x A —
A x Q is a map called the transition map.

Please note that we will sometimes omit the word “Mealy”, but unless oth-
erwise specified, in the rest of this text, by “automaton” we will mean “Mealy
automaton.”

Notation. Let M = (Q, A, t) be a Mealy automaton. For ¢ € Q and a € A, we
will write 7(¢,a) = (¢ - a,q@a).

A Mealy automaton M = (Q, A, 7) can be represented by a labelled directed
graph called its Moore diagram (see Figure 1 for an example). The set of vertices
of this graph is Q, and there is an edge from p € Q to g € Q labelled by «a|b if
and only if there exists a, b € A such that t(p,a) = (b, q).

0[0

o=@

Figure 1. The Moore diagram of a Mealy automaton.

Q@on,uo

Given an automaton M and a state ¢ € Q, we can define a map ¢-: A — A by
(g-)(@) = g -aforall a € A. Likewise, for each letter a € A, we can define a map
@a: 0 — Q.
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Definition 2.2. A Mealy automaton M = (Q, 4, t) is said to be invertible if for
all ¢ € O, the map g-: A — A is a bijection. It is said to be reversible if for all
a € A, the map @a: Q — Q is a bijection. Finally, it is said to be bi-reversible if
it is invertible, reversible and the map 7 is a bijection.

Example 2.3. The automaton given by
M= (2/22,7/27,t(q,a) = (q +a,q + a))

is invertible, reversible, but not bi-reversible.

The definition of a Mealy automaton is symmetric with respects to the set Q
and A. Thus, we can interchange them to obtain a new automaton called the dual
automaton.

Definition 2.4. Let M = (Q, A, t) be a Mealy automaton. The dual of M
is the automaton M = (4, Q,7'), where t: 4 x Q — Q X A is given by
t'(a.q) = (q@a.q-a).

Remark 2.5. Let M be a Mealy automaton. Then, d(dM) = M. Furthermore,
M is reversible if and only if M is invertible.

2.3. Zappa-Szép product of monoids

Definition 2.6. Let S be a monoid and let X and Y be submonoids of S such that
any s € S can be written in a unique way as s = xy withx € X andy € Y.
Then, S is said to be an internal Zappa—Szép product of X and Y, and we write
S=X7Y.

If S = X b« Y, then for any x € X, y = Y we must have unique elements
x' € X,y €Y sothat yx = x’y’. So, we have two functions ¥ x X — X,
y,x)>y-xandY x X —- 7Y, (y,x) —> y@x.

In X b« Y it is easy to prove properties of - and @:

(1) y1y2-x=y1-(y2-x) forany y;,y, €Y and x € X;

2) y@x1x; = (y@x1)@x, forany y € Y and x1, x, € X;

B) y-xixa=Q-x1)(y@x1)-x, forany y € Y and x;1,x; € X;
@) y1y2@x = y;@(y,-x)y,@x forany y;,y, € Y and x € X.

On the other hand, given two semigroups X and Y with maps ¥ x X — X and
Y x X — Y which satisfy properties (1)—(4), we can construct their Zappa—Szép
product [14].

The property (1) means that - is a left action of Y on X, the property (2) means
that @ is a right action of X on Y.



On the existence of free subsemigroups 1107

The actions of X on Y and of Y on X are not necessarily faithful. We define

. ) :
equivalence relations ~ on X and ~ on Y as follows:

forxi,x2 € X, x1 f@m if and only if y@x; = y@x, forall y € ¥;

for y1,y2 € Y, y; ~ ypifandonlyif y; -x = y, - x forall x € X.

, - @ .
It’s clear that ~ and ~ are congruence relations. Therefore, we can construct

new monoids X/ and Y /~. We denote the actions of X/ ZonY andof ¥ /~
on X by the same symbols @ and -. For x € X, we denote its congruence class

by [x]e € X/ £ and similarly, for y € Y, we denote its congruence class by
], eY/~.

In general the action of X on Y does not preserve congruence classes (see
Example 2.20), but we can prove something for semigroups with cancellation
properties.

Lemma 2.7. Consider S = X < Y and let Y have the right cancellation
property. Suppose that x1,x, € X and x; < X2. Then, for any y € Y we have

@
yeXi~ Y- X

Proof. We want to show that s@(y - x;) = s@(y - x;) for any s € Y. We know
that sy @x; = sy @x,. Hence,

5@(y-x1)y@x; =s5y@x; =s5y@x; = s@(y - x2)y@x3;

Since y@x; = y@x; and Y has the right cancellation property, we conclude that
S@(y-x1) =s5s@(y - x2). |

The proof of the next lemma is similar:

Lemma 2.8. Consider S = X < Y and let Y have the left cancellation
property. Suppose that yi,y, € Y and y; ~ y,. Then, for any x € X we have
y1@x ~ y,@x.

If the action @ preserves congruence classes of Y, we denote the action of X
on Y/~ by the same symbol @.

Proposition 2.9. Consider S = X < Y and let the right action of X preserve
~-congruence classes on' Y. Let X be the relation on S defined by s1 X s if
§S1 = XYy1, S2 = XY, and y; ~ y,, where x € X and y; € Y. Then X is a

congruence relation and S/ Lo x (Y/~).
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. - . . Y .
Proof. It is clear from the fact that ~ is an equivalence relations that ~ is an
. . . . Y
equivalence relation. It remains to show that for all sy, 55, 53 € S, if 51 ~ 53, then

Y Y
5381 ~ S$35 and s153 ~ s283. Let x,x3 € X and y1, y», y3 € Y be such that
§1 = XYy1, 82 = X2, and s3 = x3y3, and let us suppose that y; ~ y,. We have

5351 = x3y3xy1 = X3(y3 - X)(y3@x)y1;

§382 = X3y3Xy2 = Xx3(y3 - X)(y3@X)y2;

and (y3@x)y; ~ (y3@x)y>.
‘We also have

5153 = xy1x3y3 = X(¥1 - x3) (Y1 @x3)y3;
5253 = xy2x3y3 = X(¥2 - X3) (Y2 @x3)y3;

y1-X3 = y-x3 and (since the action @ preserves congruence classes) y; @x3 ~
V2 @Xx3.

Any element s € S/ X can be represented as s = xy in a unique way, where
xeX,yeY/~. O

Similarly, we have:

Proposition 2.10. Consider S = X < Y and let the left action of Y preserve
g-congruence classes on X. Let % be the relation on S defined by s, X sz if
S1 = X1Y, S2 = X2y and x1 S X2, where x; € X and y € Y. Then, X is a

congruence relation, and S/ X (X/ g) > Y.
2.4. Monoids associated with Mealy automata

Definition 2.11. Let M = (Q, A, 7) be a Mealy automaton. We will denote by
Ay the semigroup defined by the following presentation:

Ay =(0Q,4]ga = (q-a)g@a)).

Remark 2.12. As is readily seen from the presentation, the map o: Ay — Ay
defined by a(x1x2...X,) = Xp...xX2x1 for x1,x2,...,x, € Q U A4 is a well-
defined anti-isomorphism. Thus, Ay and Ayp¢ might not be isomorphic in
general, but they are anti-isomorphic.

Proposition 2.13. Ler M = (Q, A, 1) be a Mealy automaton. Then Ay is an
internal Zappa—Szép product of the free monoids A* and Q*, i.e. for any x € Ay,
there exists a unique choice of elements a1, a», ...,ax € Aand q1,q92,...,q; € Q
such that x = (a1az ...ar)(q192 ... q1).
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Proof. Let (Q U A)* be the free monoid on Q U A and let «: (Q U A)* — Ny be
the map defined by

t(x1xz...x) = {0, j) | xi € Q,x; € A, 1 <i < j <n},

where x1,x2,...,x, € Q U A. Itis clear that t«(x1x>...x,) = 0 if and only if
there exists k € INsuchthat x; € Aif 1l <i <kandx; € Qifk <i <n.
We define a binary relation — on (Q U A)* by

X1...Xi—19aXi42 ... X —> X1...Xi—1(q - a)(@@a)Xj 43 ... Xp,

where x1,...,x, € QU A,q € Q anda € A.

One can easily see that if x — y, then ((y) = ¢(x) — 1. Therefore, as t(x) > 0
for all x € (Q U A)*, there can exist no infinite chain x; — x5 — x3 — ---.
Furthermore, if x,y,z € (Q U A)* are such that x — y and x — z, then
there exists w € (Q U A)* such that y — w and z — w. Indeed, let us write
X =X1X2...Xp, Y = Y1¥2...ypand z = z125 ...z, (notice that it follows from
the definition that y and z must have the same length as x). Then, there exist
i,j € Nsuchthat y, = xi forall k #i,i + 1 and zx = x; forallk # j,j + 1.
Ifi = j, then y = z and there is nothing to prove. If i # j, theni # j + 1
and j # i + 1, since x;,x; € Q and X;4+1,xj41 € A. Thus, we can define
W= wiWs...Ww,, where

v ifk=1i,i+1,
Wr = .
zr  otherwise,

and we get that y — w and z — w.

Consequently, we can apply the Diamond lemma to conclude that if two words
x,y € (Q U A)* represent the same element in Ay¢, then there exists a unique
word z € (Q U A)* representing the same element and satisfying ¢(z) = 0. The
result follows. |

Corollary 2.14. The homomorphisms ig: Q* — Ant and ig: A* — Ay are
injective.

This monoid Ay = A* b Q* gives us a left action - of Q* on A* and a right
action @ of A* on Q*.

Remark. We denote by - and @ both functions in Zappa—Szép product and
operations of a Mealy automaton, but since these functions give the same results,
there should be no risk of confusion.

Note that the actions -: 0* x A* — A* and @: Q* x A™ preserve lengths of
words. The action of Q can be described by the Moore diagram of M. The action



1110 D. Francoeur and 1. Mitrofanov

of ¢ € Q on A* is determined as follows: given aja,...a, € A* andq € Q, find
in the Moore diagram the unique path starting at ¢ and whose first label letters read
ai...ap,letby...b, be the second label letters; theng - a; ...a, = by ...by,.

For a Mealy automaton M = (Q, 4, t) we denote the relation ~ on Q* by g,
the relation < on A* by ﬁ, the monoid Q *~ by Py and the monoid A*/ < by Day.

Definition 2.15. The semigroup Py is called the automaton semigroup of M.
The semigroup Dy is called the dual automaton semigroup of M.

The monoid Py = Q*/ £ is generated by [Q]o and the semigroup Dy is
generated by [A] 4, where []o: Q* — Py and []4: A* — Dy are the canonical
maps.

Remark 2.16. Under our definitions, the dual automaton semigroup Dj of
M is in general not isomorphic to the automaton semigroup Pjyy¢ of the dual
automaton oM. However, it follows from Remark 2.12 that they are canonically
anti-isomorphic. Thus, any property preserved by anti-isomorphisms (such as
finiteness or the existence of a free subsemigroup) will be true in Py if and only
if it is true in Dy. Therefore, to prove Theorem 1.1, it is sufficient to prove the
following dual version:

Theorem 2.17. Let M = (Q, A, t) be an invertible Mealy automaton. Then,
there exist elements y,z € Doy that freely generate a non-commutative free
subsemigroup if and only if there exists x € D with infinite order.

In fact, we will prove a stronger version of Theorem 2.17. To state it, however,
we first need a lemma.
Lemma 2.18. Let M = (Q, A, t) be a Mealy automaton.
(1) Letv,w € A* be such that v Lwandlett e O*. Thent -v 21w

(2) letv,w € Q% be such that v L wandlett € A*. Thenv@r £ wer.

Proof. Since the monoids Q* and A* are cancellative semigroups, it follows from
Lemmas 2.8 and 2.7 that the actions of Q* on Dy and of A* on Py are well
defined. O

Therefore, we can consider monoids A™* > Py, Dy >t Q* and Doy <t Py
For § = A* < Py we consider the relation < on A*, which we will denote
by 2, and the monoid D/ := A*/R.

In other words, the relation 2 on A* is defined by u; 2 Uy if x@u, g x@uy
for any x € Q™.
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Here is a stronger version of Theorem 2.17:

Theorem 2.19. Let M = (Q, A, t) be an invertible Mealy automaton. Then,
there exist elements y,z € D) that freely generate a non-commutative free
subsemigroup if and only if there exists x € Dy of infinite order.

In Section 4, we will prove this theorem and thus prove Theorem 1.1.

Remark. In summary, for a Mealy automaton M = (Q, A, t), we denote by @:
(1) the right part of the operation t;
(2) the action of A™ on Q*;

(3) the action of A* on Py;

(4) the action of Dy¢ on Q%;

(5) the action of Dy on Py;

(6) the action of D) on Py;.
Similarly, we denote by -:

(1) the left part of the operation t;

(2) the action of Q* on A*;

(3) the action of Q* on Dyc;

(4) the action of Py on A*;

(5) the action of Py on Dyy.

These operations commute with the corresponding projections: for example,
if s@u = s’ where s, s’ € Q* and u € A*, then [s]o @[u]4 = [s'] 0.

Example 2.20. Consider a Mealy automaton M = (Q, A, t) where Q = {a, b, c}
and alphabet
A= {X1.y1., X2, y2. 21, Z2}.

Its map 7: Q x A — A x Q is defined by the following table. Note that all
words in Q* that contain at least one a act on A* in the same way (replacing all
lower indices by 2).

Table 1

q€0Q

a b c

x1 | (x2,a) (x2,a) (x2,a)
1| (yv2.a) (y2,a) (y2,a)
x2 | (x2,a) (x2,b) (x2,0)
y2 | v2,a) (y2,¢) (y2.b)
71 | (z2,a) (z1,b) (22,0)
z2 | (z2,a) (22,b) (22,¢)

aec A
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Then, x; 2 ¥1, because both of x; and y; map all non-empty words of Q* to

elements g—equivalent to a
bz, 75 c-z1 = b 74 c. Since b@x, = b 76 ¢ = b@y,, then x; 76 V2.

Since x; 2 y1 buta - x; 74 a - y1, we conclude that the action of Py on D/, is
not well defined.

2.5. Groups generated by invertible automata. In the case where the automa-
ton M = (Q, A, 7) is invertible, it is natural to consider not only the automaton
semigroup Py, but an automaton group, which we will define below.

Definition 2.21. Let M = (Q, 4, t) be a invertible Mealy automaton and let
Q7' ={q7 " | q € O} be the set of formal inverses of Q. The enriched automaton
of M is the automaton M = (Q U Q7! A,7), where 7(q,a) = t(q,a) and
(g ', q-a) = (a,(q@a)"") forallg € Q and a € A.

Proposition 2.22. Let M = (Q, A, t) be an invertible Mealy automaton. Then
P is a group and for all g € Q the elements q and q~" are inverse elements.

Proof. We will prove that g~'q - u = u for any ¢ € Q and u € A* by induction
on |u|. For |u| = 0 this is obvious. Suppose that v = au’. Then,

g 'qau’ = q (g - a)(q@a)’ = a(g@a)~ (g@a)u’.

/

By the induction hypothesis, (¢@a)~!(¢q@a) - v’ = u’. Thus, ¢7'q-u = u
Similarly we show that gg=! -u = u forallu € A*. O

Corollary 2.23. Let M = (Q, A, ©) be an invertible Mealy automaton such that
Py is a group. Then, Pyt = Py

Proof. It is clear from the definition of M that Py < Pj;. On the other hand, it
follows from Proposition 2.22 that if Py is a group, then the generators of P
are contained in Py¢. We conclude that Py = Py;. O

Definition 2.24. Let M = (Q, A4, t) be an invertible Mealy automaton. The
automaton group of M is the group Pg;.

In what follows, we will be interested in the existence of elements of infinite
order in the semigroup Py of a Mealy automaton M. If this automaton is invert-
ible, then it is equivalent to look for elements of infinite order in the automaton
group P+, as we will see in the next proposition.

Proposition 2.25. Let M = (Q, A, t) be an invertible automaton, let Py be
the automaton semigroup of M and let Py; be the automaton group of M. Then,
Py contains an element of infinite order if and only if Pj; does.
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Proof. Itis clear that if Py contains an element of infinite order, then so does Py;.
To show the converse, let us suppose that every element of Py is of finite order.
Then, the inverse of any element of Py is also an element of P»¢, which means
that Py is a group. Therefore, by Corollary 2.23, we get that Py = Py, which
means that Pj; is a torsion group. O

As we will see below, the dual semigroup is unaffected by the passage to the
enriched automaton.

Lemma 2.26. Let M = (Q, A, t) be an invertible Mealy automaton and M be
its enriched automaton. Then, for any ¢ € Q and v € A*, we have ¢~'@v =

(q@(g~"-v)~L

Proof. By Proposition 2.22, it suffices to prove that g1 @ (g -v) = (¢@v)~ L. If v
is of length 1 (i.e. if v € A), then we get by definition that ™! @(g-v) = (¢@v)~!.

Now, for v € A* of length n, let us write v = V1V ...y, With vy, va,..., v, €
A. On the one hand, we have (g7 !g)@v = (¢7'@(q - v))(g@v). On the other
hand,

@ '@y ...vx) = (g '9)@v))@(v3...v,)
= ((q@v1) ' (g@v1)@(vy ... vp).

Thus, by induction, (¢7!q)@v = (g@v)~!(g@v). It follows that g~ @(q - v) =
(g@v)~ 1. O

Lemma 2.27. Let M = (Q, A, t) be an invertible Mealy automaton and V- C A*
be a finite set. Then, for any s € (Q U Q~Y)*, there existst € Q* such that
scv=t-vforallvelV.

Proof. Tt suffices to show that for all g~! € Q~1, there exists t € Q* such that
g ' v =rt-vforall v € V. Since the action of Q* on A* preserves lengths and
the set V is finite, the size of the orbits under the action of O* of elements of V is
uniformly bounded. This, coupled with the invertibility of M, implies that there
exists some k € N such that ¢g**!.v = v forall v € V. Therefore, g¥ -v = ¢~ -v

for all v € V, which concludes the proof. |

Proposition 2.28. Let M = (Q, A, t) be an invertible automaton and M be its
enriched automaton. Then, Doy = Dx;.

. A A’ A A’

Proof. By definition, Dy = A*/~ and D5 = A*/~, where ~ and ~ are two
. A_ A

congruence relations on A*. We need to show that ~=~ .

Consider Ay as a subsemigroup of Ag;. Thus, if v,w € A* are such that
s@v = s@uw for all s € (Q U Q~1)*, then in particular, s@v = s@uw for all
/

o A A
s € Q*. Therefore, if v ~ w, then v ~ w.
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On the other hand, suppose that v L ow. Then, by definition, we must have
q@uv = q@u for all ¢ € Q. Let us now consider ¢! € 0. By Lemma 2.26,
we have 71 @v = (q@(¢q~ ! -v)) ' and ¢7'@w = (¢@(¢~ " - w))~!. Now, by
Lemma 2.27, there exists t € Q* suchthatg™! v =¢-vandg™'-w =t w. It

follows from Proposition 2.18 that if v 4 w, thent - v 4 ¢t - w, which means that

g ' -v 2 g1 w. Therefore, g@(¢~! - v) = ¢@ (¢! - w), which implies that
g l@v =g l@uw.
Now, for s = s,...5051 € (Q U Q7Y)*, we have (s,...5251)@v =

((sp...52)@(s1-v))(s51@v) and (S, ... 5251) @w = ((Sp...52)@(s1-w))(s51@Ww).
From the argument above, we have s; - v 4 s1-w and 51 @v = 571 @w. Thus, the
result follows by induction. |

It follows from Proposition 2.28 that if we are interested in the dual semigroup
of an invertible automaton M, we can assume without loss of generality that Py
is in fact a group.

Definition 2.29. A Mealy automaton M = (Q, A, t) is called self-invertible if
Py is a group.

Lemma 2.30. Let M = (Q, A, t) be an invertible Mealy automaton and let
v, w € Dyt be such that v 2 w. Then, for allt € Py, we have t - v 2 t-w.

Proof. Since Py can be embedded into a group Ps;, the monoid Py, is cancella-
tive. The result follows from Lemma 2.8. O

This means that for an invertible automaton M, the action of Pj; on ngt is
well-defined and we can also consider D) < Pyy.

2.6. Transformation wreath products

Definition 2.31. Let I be a monoid acting from the left on a finite set X. Let S
be a semigroup, then the transformation wreath product W = § x I is defined
as the semidirect product I' x SX.

The elements of X are functions f: X — S with coordinatewise multiplica-
tion, the monoid I" acts on S¥X from the right as f*(x) = f(w(x)). Elements in
W = S ¢ T are recorded as pairs (7, f), where 7 is a function X — X from I’
and f € SX. Multiplication in W is given by

(1, fi)(2, f2) = (mima, f17 12).

If S and I" are groups, then S ¢x I is also a group.
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Proposition 2.32. Let S = B < A and let X be a finite subset of B such that
A-X C X. The action of A on X gives us a homomorphism p,: A — End(X),
where End(X) is the monoid of maps from X to itself. We also have a map
s:A — AX given by s(a)(x) = a@x fora € Aand x € X. Consider the map

¢: A — Ax End(X),
a+— (p(a).s(a)).

Then ¢ is a homomorphism.
Proof. We have

p(a1)p(az) = (par), s(@))(p(az), s(az)) = (p(ai) p(az), sn(a)”"“?s(a,)).

As p is a homomorphism, p(a;)p(az) = p(aiaz). Furthermore, for any x € X,
we have

(s(a1)?“Vs(az))(x) = (s(a1)?“?)(x)s(az)(x)
= (a1@(p(a2)(x)))(a2@x)
= (a1 @(az - x))(a, @x)
=a1a,@x = s(ayaz)(x).

Therefore,
sn(@1)?"@s(ay) = s(araz).

We conclude that ¢(aq)p(az) = g(aiasz). |

The following lemma is useful in applications to automata semigroups.

Lemma 2.33. Let S = B < A, where the monoid A has a finite generating set
E suchthat E@B C E. Let X1, X2, ... be a sequence of finite subsets of B such
that A - X; C X, for any X;, and let | X;| < M for some constant M independent
oni. Then || J;[Xi]a| < oo.

Proof. For each X; construct a homomorphism as in Proposition 2.32:
¢i: A — A, End(X;)
a — (pi(a).si(a)).

Choosing an arbitrary bijection between X; and the set ¥; := {1,2,...,|X;|}
yields a homomorphism
@it Ay, End(Y)).

Since @; is a homomorphism, it is uniquely determined by the image of the
generating set £E. Since e@b € E for any e € E and b € B, we have that
si(E) € EXi_ It follows that

@i(E) CEnd(Y;) x EY1,
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which is a finite set. Hence, for a given value of | X;|, there are only finitely many
different homomorphisms ¢;.

Therefore, if | X;| < M for alli € N, there must exist a finite set {i1, i2,...,im}
such that for any i € NN, there exists k € IN such that ¢; = ¢;, . In particular, for
any x € X;j, there exists a x’ € X;, such thata@x = a@x’ for all a € A, which

means that x < x’ by definition. Therefore,

‘ G[Xi]g
n=0

The following result is well known (see for example [12]), but we include a
proof here for completeness.

m

<> X | < 0. O
k=1

Theorem 2.34. Let M = (Q, A, t) be a Mealy automaton. Then Py is finite if
and only if Dy is finite.

Proof. Suppose | Py¢| = M. Then, for any u € A*, the cardinality of the set Q*-u
is not larger than M.
We enumerate all finite words of A*: A™ = uy,us,.... Apply Lemma 2.33 for
S=A"pa Q" E=0Q,X; = 0" -uj. Then | Dyt| = [[4"]e| = |U;[Xi]e| < oco.
If | D] < oo, we can apply Lemma 2.33 to the dual automaton M and prove
that P, is finite. O

2.7. Automorphisms of rooted trees. The free monoid A* can be identified
with the |A|-regular rooted tree T4 as follows: the set of vertices is A* and two
vertices v, w € A* are joined by an edge if and only if there exists ¢ € A4 such
that w = va or v = wa. The root of T4 is the empty word ¢. The words of A* of
length n form the n-th level of Ty.

Consider the group Aut(74) acting on T4 from the left by automorphisms
fixing the root. At each level Aut(7y4) acts by permutations.

A map f:A* — A* belongs to Aut(7y) if f preserves lengths of words and
lengths of longest common prefixes.

Definition 2.35. Let A be a finite alphabet, and let S = A* b X. If X is a
group, the action of X on A* is faithful and X - A = A, this action of X is called
self-similar and X is called a self-similar group.

Self-similar actions on A* are rooted automorphisms of the tree Ty4.
For example, for any self-invertible Mealy automata M = (Q, A, t) the action
of Pyt on A* is self-similar.

Remark 2.36. Since the action of Q* on A* preserves the tree structure of A*, we
can define the action of Q* on the set of all right-infinite sequences A®: for any
s € Q*and aja, ... € A® the sequence {s - ay ...a,} has alimit b1 b, ... € A?,
and we write s - a1as ... = b1b,. ..
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3. Orbits of periodic sequences

Let G < Aut(T4) be a group acting on A* from the left and let x be an element of
A* or an element of A®. The orbit of x will be denoted by G - x.

3.1. Self-similar groups and regular languages

Notation. Leta € A and G < Aut(7y4) be a subgroup of Aut(74). We denote by
a® the infinite sequence aaa ... and by Lang (a) the language that consists of all
prefixes of sequences in G - a®.

In other words, Lang (a) = |_]; G - a*.

Lemma 3.1. Let G act self-similarly on A*, leta € A and letv € Lang (a). Then,
Lang (a) contains all the subwords of v.

Proof. It suffices to show that if vyv, € Lang(a), then vq,v, € Lang(a). Let
us write v = vjvp and let g € G be such that v = g - alvtlglv2l Then,
vy = g -al"!l € Lang (a) and v, = (g@a!1l) - a2l € Lang (a). |

For a given word v € Lang(a) we say that the cardinality

#{a € A:va € Lang(a)}

is the degree of v in Lang (a) and denote this number by Degree ,, . (5) (v) (or by
Degree(v) in case it is clear what language is considered.)

Lemma 3.2. Let G be a group acting self-similarly on A*, a € A and vy,v, €
Lang (a) with |vq| = |va|. Then Degree(v;) = Degree(v,).

Proof. Let Degree(v;) = d. Without loss of generality. we consider that
vid1,V1ds,...,v1a4 € Lang(a).
There exists g € G such that g - vy = v,. It follows that
g -viar = 12((g@uz) - ay), V2((§@v2) - a2), ..., V2((§@v2) - ag) € Lang(a),
i.e. Degree(vy) > d. Similarly, Degree(v,) > Degree(vz). O

Lemma 3.3. Let G be a group with a self-similar action on A*, a € A and
k1 < ko € N. Then Degreey 4, . (o) (a*1) > Degree; an; (1) (a*2).

Proof. If ak2a; € Lang(a), then ak¥1a; € Lang (a) by Lemma 3.1, since akra; is
a subword of a¥2q;. O
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Lemma 3.4. Let G be a group acting self-similarly on A* and a € A. Then, there
exist T,d € IN such that Degreey ,, . (v) = d for all v € Lg(a) with |v| = T.
Furthermore, for any word v € A*, the following statements are equivalent:

(1) v € Lang(a);
(2) all subwords of v of length at most T + 1 belong to Lang(a).

Proof. Since the sequence of integers Degree(a), Degree(a?), Degree(a?), ... is
non-increasing then there exist 7, d € IN such that Degree(a*) = d fork > T. It
follows from Lemma 3.2 that if [v| > T then Degree(v) = d. This proves the first
claim.

We have (1) = (2) by Lemma 3.1. To prove (2) = (1), let us first notice
that if there are m words of length 7' in Lang (@), then the previous part implies
that there are md* words of length 7 + k in Lang (a).

Consider the language

Lan := {w € A* | u € Lang (a) for all subwords u of w
of length at most 7" + 1.}

It follows from Lemma 3.1 that Lang(a) < Lan. On the other hand, we can
estimate the number of words of each length in Lan. It is clear that a word of
length at most 7" 4 1 belongs to Lan if and only if it belongs to Lang (a). Thus,
Lan and Lang (a) contain the same number of elements of length at most 7' + 1.

We will now show by induction that for all k € IN, Lan contains no more than
md* words of length T + k. For k = 1, this is obvious. Let us now suppose that
for some k € N, there are K words of length 7' +k in I:Eﬁ, where K < md¥. Then,
as the language Lan is clearly closed under the operation of taking prefixes, any
word w € Lan of length T+ k + 1 must start with one of these K words. If there
are more than dK words of length T + k 4 1, then by the pigeonhole principle, one
of these K words can be continued to the right in more than d ways. Thus, if v is
the word formed by the last T letters of this word, we have that Degree(v) > d +1,
which is absurd. Therefore, we can conclude that Lan and Lang(a) contain the
same number of elements of length / for all / € IN.

This shows that Lang (a) = Lan. O
It’s clear that if |G - a®| = oo then d > 1.

Remark 3.5. Let Py be a semigroup generated by invertible Mealy automata and
let u® be an arbitrary periodic sequence. Lemma 3.4 gives us a way to describe the
structure of Py - u®: the prefixes of this set form a regular language. In Section 5
we try to generalize this observation.
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3.2. Order of elements and finiteness of orbits. Let M = (Q, A, 1) be an
invertible automaton. As we will see, for u € A*, the order of [u] 4 € Dy is

related to the size of the orbit of u® € A% under the action of Py.

Lemma 3.6. Let M = (Q, A, t) be a self-invertible automaton and let u € A*.
Then the following statements are equivalent:

(1) | Py - u®| < oo;

(2) |[Pw - u"]al is bounded independently of n;
(3) I[Pw - u"]p| is bounded independently of n;
@ |[UnZo Poc-u"]a] < 00;

) [[UzZo P ]o] < oc:

(6) [u]4 has finite order in Dy

(7) [ulp has finite order in Dl

Proof. We will prove
=02 =0=06=0=(0
and
2= @@= © = ).

(1) = () = (3). Foralln € N, we have | Py - u”| < | Py -u®| < oo. It’s
clear that |[ Py - u”]2| < [P - u”]ﬁ| < | Pyt - U

(2) = (4). Consider § = Dy < Q™ and apply Lemma 2.33 to S with

= Q and X; = [Py -u']ly. We get that ||J;[Xi]e| is finite. As D acts
faithfully on Q*, this implies that | Ui [Pn 'ui]£| < 00.

(3) = (5). From Lemma 2.30 it follows that we can consider the product
S = D!, >< Py. Apply Lemma 2.33 to § with E = [Qlo and X; = [Py - u']p.

(4) = (6)and (5) = (7). Since {u"} C |J,2, P - u", we have

o0

o0
() < U Pyc-u"ly and {[ull} € (J[Pac-u"]p.
n=0 n=0
(6) = (7). This is clear, since D, is a quotient of Dy.
7 = (). If [u] p generates a finite subsemigroup in D! ., then there must
exist k,/ € N with k < [ and [uk]e = [ul]Q. Then, we must have Stp, (u') =

Stp,. (u™) for all m > [. Indeed, suppose that there existm > [ and g € Stp, (u")
such that g-u™ # u™. Let us assume that m is minimal for this property, meaning
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that g - u" = u" for all n < m. Therefore, g € Stp,, (u™ ). Sincek </ <m—1,
we have g € Stp, (u¥) and g@u¥ € Stp, (W"~'7%). By the assumption that

uk 2 ul, we have g@u¥ = g@u’, which implies that g € Stp,, (u! tm=1=k),

Since / — 1 — k > 0, this means that g € Stp, (™), a contradiction. Then
Stp, (u®) = Stp,, (ul) and

| Pa - u®| = [Py : Sty (u®)] = [Pat : Stp,, (u))] = | Prg - u!| < 0. O

4. Free subsemigroups

4.1. Changing the alphabet. Let M = (Q, A4, 7) be an invertible Mealy au-
tomaton and let u € A*, |u| = k. We can construct a new Mealy automaton
My = (Q, A*, 1), where the map t: O x AKX — A* x Q is defined in a natural
way. We have Ang, < Ay

Suppose [u] has infinite order in Do, then from Lemma 3.6 it follows that
| Py - u®| = | Py, - u®| = oo, and thus (again from 3.6) [u] has infinite order
in DM P

Suppose there is a free non-commutative subsemigroup in D), ,» then the
corresponding elements of D) generate a free subsemigroup in D), and a free
subsemigroup in Dy.

Hence, for theorem 2.19, it is enough to only consider the following case:

Proposition 4.1. Let M = (Q, A, ©) be a self-invertible Mealy automaton and let
| Py - a®| = oo where a € A. Then there exist x,y € A* such that [x]p and [y]p

. Sy
freely generate a free subsemigroup in D/.

4.2. Proof of Proposition 4.1. Apply to M and ¢ Lemma 3.4 to find numbers
T, d such that all words in Lanp,, (a) with length T have degrees equal to d > 1.

We construct a directed labelled graph I'. Its vertices are {v € Lanp, (a) |
0 < |v| < T}. Edges of I" will be labelled by letters of A. Let v, = v;a; for some
a; € A, then we draw an arrow v; — v, with label a;. If |v1| = |v2| = T then we
draw an arrow v; — v, if and only if there exist a;,a; € A, v' € AT~ such that
v1 = a;v’, v = v'a; and a;v'a; € Lanp, (a). In this case, the edge vy — v, is
labelled by a;.

Some properties of I.

(1) The vertices of I' are divided into levels. The level O consists of one vertex
Ve, where ¢ € A* is the empty word. For any 0 < k < T the k-th level
consists of words of Lanp,, (a) of length k.

(2) Lanp,,(a) is the set of words that are written along paths starting from V.

(3) For any path in I" the word that is written along it belongs to Lanp, (a).
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(4) Any path in I with length > T ends at a vertex of level 7.
(5) For each vertex V of level T, there exists a path from V¢ to V of length T'.

(6) All vertices of level T have outgoing degree equal to d.

Denote a path starting from V' € T" by yu, where u is the word written along
this path.

We review some basic facts about directed graphs. We say that a subgraph of a
directed graph is strongly connected if for any two vertices, there is a directed path
joining the first to the second. A strongly connected component of a directed graph
is a strongly connected subgraph that is maximal for this property, meaning that
no additional edges or vertices can be added to it without breaking its property
of being strongly connected. The collection of strongly connected components
forms a partition of the set of vertices of the graph. If each strongly connected
component is contracted to a single vertex, the resulting graph is a directed acyclic
graph called the condensation of the graph.

In the condensation of I" there exists a vertex R without any outgoing edge. In
the corresponding strongly connected component R of I" all the outgoing edges
must therefore go to R. In particular, all the vertices of R must belong to level T'.

Lemma 4.2. Forany T' = T and V € R there exists a word u € Lanp, (a) of
length T’ such that the path y,u ends at V.

Proof. Since R is strongly connected, for any V; € R there exists an incoming
edge V; — V; for some V; € R. Hence we can find in R a path of length 7" — T,
ending at V. We conclude using the fact that for any V; € R, there is a path of
length 7" from the root to V. O

Take an arbitrary vertex V € R. As every outgoing edge of V' leads to a vertex
of R, we can find d cycles ycy, ..., ycg starting and ending at V' and such that
their first edges are all different (the cycles can pass through one edge multiple
times). Without loss of generality, we can assume that all - ¢; have the same length
(replacing each cycle y¢; by some power Vc,k if necessary).

We will prove Proposition 4.1 by contradiction. Let us assume that every two-
generated subsemigroup of D/, is not free.

Lemma 4.3. If D), contains no free two-generated subsemigroup, there exist
cycles yx, ywi, ..., ywg starting and ending at V such that |wy| = |wa| =--- =
lwal,

[xwi]p = [xwa]p = -+ = [xwa]p in Dy,

and the cycles ywi, ywa, ..., ywg begin with d different edges.
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Proof. We will prove by induction that for any 1 < k < d there exist k + 1 cycles
VX, yWi,...,yWg such that [xwi]p = --+ = [xwg]p and y¢; is a beginning of
yw; forany 1 <i <k.

The case k = 1 is clear. Let us now assume that it is true for some k < d
and let us prove that it then also holds for k¥ + 1. Suppose that we have cycles
VX, ywi, ..., yWwg satisfying the above conditions. Since ywy starts with cg, we
can write ywy = ypcrw’, where yw’ is a cycle in T'. By our assumption, the
semigroup generated by [xcxw’] and [xcg 41 w’] is not free.

This means that there are two different words Wy, W, € {a, b}*, such that when
all the letters a are replaced by xcxw’, and all the letters b are replaced by xcg 41w’
we obtain the same elements in D’,.. We denote by ~ this congruence relation on
{a,b}*.

Without loss of generality, we can assume that |W;| = |W,|. Indeed, if
|W1| < |Wa|, then consider the words WiaW, and Woa W, . We have that WiaW, ~
WhaW;. If these words are different as elements of {a, b}*, then everything is fine.
Otherwise, the (|W;| + 1)th letter of W is a, and then words W1bW, ~ W,bW;
are different as elements of {a, b}*.

Let W3 € {a, b}* be the largest common prefix of W; and W,. As W) # W,
and |W| = |W,|, we must have that |W3| < |W;|. Thus, without loss of generality,
there exist (possibly empty) words W, W, € {a, b}* such that W; = WzaW] and
Wy = WabWj.

Replacing in Wi = W3a W/, and W, = W3bW; all the letters a by xc;w’ and all
the letters b by xcp4qw’, we obtain two words yxciw’t; and yxcg 4 w’ts, where
Iyl = Wallxcxw’|, [t1] = |r2] and [yxcxw'tr]p = [yxcp+1w't2]p in DYy Note
also that yy, vy x, yck, vCr+1, vW’, vt1 and yt;, are cyclesin T.

It is clear that

[yxwiti]p = [yxwati]p = -+ = [yxepw'ti]p = [yXcr41w't2]p in Dy

Thus, taking the k + 2 cycles yyx, ywity, ywaty, ..., yWrt1, yCrriW'ta, We
conclude that the result is also true for k + 1. Therefore, by induction, it is true
fork =d. O

Recall that all the vertices of the strongly connected component R belong
to level T. Suppose that there are n vertices in R and denote these vertices by
Vi,.... V4. UsingLemma4.3 for Vi € R, we find d +1 cycles: v, x, y,wy, ...y, wq.

Denote by C the maximum of length of these cycles.

Lemmad.d. Let N >T 4+ C, M > N + C and let vy, v, be words of length M
from Lanp, (a) such that vy and v, have common prefix of length N. Then there

L~ ~ ~ D ~
exists v € Lanp, (a) such that |v2| = M, v; ~ v,, and the words vy and v, have
common prefix of length N + 1.
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Proof. Suppose vi = puy, v2 = pus, |p| = N. Lemma 4.2 gives us a word ¢
such that |[t| = N — |x|, ¢ € Lanp,,(a) and the path y,¢ ends at V.

There exists a path y,fxwi, and this path ends at V;. We can prolong v, fxw;
in arbitrary way and get a path y,zxw;s of length M.

Since txwys and pu, = vy, € Py - aM, there exists g € Py such that
gV = [XW;S.

The words g-v, = txw;s and g-v; have a common prefix tx of length N, and
Degree; ,, P @ (tx) = d. As the words w; each begin with a different letter, there

must exist some 1 < i < d such that the words rxw;s and g - v; have a common

prefix of length (N + 1). Since xw, 2 xw;, then txw;s 2 IXwis.
Let 0 = g~ ! - txw;s. The words 95 and v; have common prefix of length

(N + 1), and it follows from Lemma 2.30 that 05 2 V). O

Lemma 4.5. For all k € N, we have |[Py; - a¥]p| < |A|TT2€+1,

Proof. For k < T + 2C + 1, the result is clear. Let us now assume that
k>T+2C + 1.
Let Py - a7t = {vq,v,,..., vk} and let us choose K words wy, wo, . ..,
wg € Py - a® such that for all 7, v; is a prefix of w;. Notice that K < |A4|T+C+1,
Let u € Py -af be an arbitrary element. By Lemma 3.1, there exists i such
that ¥ and w; have the same prefix oflength T+ C + 1. As |u| =k > T +2C +1,
we have k — (T + C 4+ 1) > C, so we can apply Lemma 4.4 to find an element

u; € Pyc-a¥ such that u, 2 u and u; shares with w; a prefix of length T + C + 2.
Itk —(T 4+ C +2) > C, we can apply Lemma 4.4 again to find an element u,

sharing a prefix of length 7 + C + 3 with w; and such that u, 2 Ui 2. By
repeating this process, we can find an element u’ € Py - ¢ having a common
prefix of length k — C with w; and such that [u’]Q = [u]p in Di..

Therefore, there are at most K|A|€ different elements in [P - a¥] p- As K <
|A|TTC+1 the result follows. O

By Lemmas 4.5 and3.6, we must have | Py;-a®| < oo, which is a contradiction.
Thus, we conclude that D, must contain a free subsemigroup on two generators.
This proves Proposition 4.1.

4.3. Proofs of Theorem 1.1 and Corollary 1.2

Proof of Theorem 1.1. Let M = (@, 4, t) be an invertible Mealy automaton.
If every element of Dy, is of finite order, then Dy clearly contains no free
subsemigroup and so neither does D’}

On the other hand, if there exists x € D, of infinite order, then by Lemma 3.6,
| Pa¢-x?| = oo. Thus, it follows from Proposition 4.1 and the discussion preceding
it that there exist y, z € D/, that freely generate a free subsemigroup in D/),.
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This proves Theorem 2.19 and therefore Theorem 2.17. Hence, by Re-
mark 2.16, Theorem 1.1 is proved.

Proof of Corollary 1.2. Let M = (Q, A, t) be an invertible and reversible Mealy
automaton and let G = Pj; be the group generated by M. Let us suppose that G
contains an element of infinite order. Then, so does Py¢, by Proposition 2.25.

By Theorem 1.1, we conclude that P) contains a subsemigroup of rank two.
Therefore, G contains a subsemigroup of rank two and is thus of exponential
growth.

To prove that no infinite virtually nilpotent group can be generated by an
invertible and reversible automaton, it suffices to remark that a finitely generated
torsion virtually nilpotent group is finite (see for example [4], Proposition 13.65).
Thus, an infinite virtually nilpotent group must contain an element of infinite
order. As such a group is of polynomial growth by a theorem of Wolf [13], the
result follows.

5. Appendix. Orbits and languages

5.1. Regularity. It follows from Lemma 3.4 that for any invertible Mealy au-
tomaton M = (Q, A, 7) and any periodic sequence u® € A, the set of prefixes
of its orbit Py - u® forms a regular language.

What happens if we consider some subgroup of Py instead of the whole
Py, or a pre-periodic word instead of a periodic one, or a non-invertible Mealy
automaton?

Example 5.1. There exists an invertible Mealy automaton N = (Qu, A, Tv),
a € Ay and ¢ € QX such that the set L of all prefixes of words in () - a® is not
a regular language.

Indeed, let QO = {¢,s,t, x, ¥y} and

Ax ={a,b,c.d,e, f. g, h,i,j k}.

The structure of the automaton is given by its map t: Qn x Ay — Ax x Q. The
state ¢ is the identity, and t(e,a) = (a,¢€) foralla € Ay.
We claim that
(1) x and y commute in Py;
(2) ifm > 0, then y2" x2" s actson A as (a, b, e, d)(c, f)and (y¥" x¥"5)*@a =
2" 2" g in Py
(3) y?"xs acts on A~ as (a,c, e, d)(b, f) and (y2" x5)*@a = 2" ' xt in Py
(4) ifn > 0, then y2"x2"¢ acts on A as (a, j, h, g)(i,k) and (y*" x2"1)*@q =
y2n_1x2m+ll in Py;

(5) yx2"t acts on A as (a, k., h, g)(i, j) and (yx2"1)*@a = yx2" "' s in Px.
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Table 2

in state
s t X y
(b.e) (j.e) (a.e) (a.e)
(e,s) (b,e) (c,e) (b,e)
(fit) (c.e) (b.e) (c.e)
(a,€) (d,e) (d.e) (d.y)
(d.€) (e.e) (fie) (e.y)
(c.t) (fie) (e,x) (fiy)
(g.€) (a.€) (g.x) (g€
(h,e) (g.€) (h,x) (i,€)
(i,e) (k.e) (i.x) (h,y)
(j.e) (h1) (j.e) (k.e)
(k,e) (,s) (k,e) (j.e)

letter
T~ o~ 00 N A >

To see that, we draw the dual Moore diagram of our transducer (see Figure 2).
Several loops with empty outputs are not shown.

(x, x) (xx, x) (y.€)

(y.€) .0
é%:' ()

. »)
(t.5) (t,0) (.| (y,e) (v.©) (y.€)

/ )is.0) r% (x.€)

J [a]
oo g

(x.€) (x,€) (s,€) (s,5) (s.1)
(x, x)
ol
(x,€) .y (x. €) (. )

Figure 2. The dual Moore diagram of N.

Consider the element ¥ := yxs € Q. We will show that the set

L:= (] y"-a"

n,melN

is not a regular language. Assume the contrary and consider the following
sequence:
Yo = yxs, Y= yixt,  Ypi= yx3e,
Vs = yxts, Y= y2x2%s, Y= ytxs, ...,
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n+1 m—1 . n m
X s if vy =92 x5, m > 0,

+1 .
Vi1 = * ify; = y2nXS,
- —1 1 .
' y2" 2" if Vi =y xt,n >0,
+1 .
yx2" s if y; = yx2"1.

Remark. This sequence of group elements corresponds to sequence of states
(gi, m;,n;) of some Minsky machine. This sequence can be presented as a path
along the plane (see Figure 3).

For more about Minsky machines and automata groups, see [1].

A
NN
I\tls\tls o

Figure 3. The sequence of elements v;, where only the last letter of each v; is shown.

By induction on 7 we show that the word a” is a prefix of ¥ -a® if and only if
4" | N. We also show that y*' @a" = ,,. It means that a¥b € L if and only if v
is of the form y2" x2" s (not of the form y2" x?"'t),i.e. 2N2+ N <k <2N?+3N
for some N € IN.

We recall the following well-known lemma.

Lemma 5.2 (pumping lemma). Let L be a regular language. Then there exists an
integer p > 1 such that every string w € L of length at least p can be split into
three substrings w = xyz, where |y| > 1, |xy| < p and for any n the word xy"z
isin L.

Applying this lemma, we get ki, k, € N such that a¥1+"%2p e L for any
n € IN. But for N big enough we can find k" such that 2N? + 3N < ky + k'k, <
2(N + 1)2 + (N + 1), so ak1tk’k2p & I, and we have a contradiction with the
regularity of L.

Remark. If we replace Qn by Q%, we will get ¥ € Qx. In the following
examples, QO will actually mean Q3.

Example 5.3. There exist an invertible Mealy automaton M; = (Q1, 41, 1) and
a pre-periodic sequence vu® € A7 such that the set of prefixes of Q7 - vu® does
not form a regular language.
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Indeed, let N = (Qx, An, Tv) and ¥ € Qo be as in Example 5.1. Then, the
set (o2 () - @™ is not a regular language.

Let Q1 := On, A1 := Ax U {a1}, 11(q, o) = (g, ) for all « € Ax and
t1(g,a1) = (a1, y) for any g € Q5.

Then for any g € QT we have g-a;a” = a1 (y'81.a™), and the set of all prefixes
of Q7 -aja® is not regular.

Example 5.4. There exist a non-invertible Mealy automaton M, = (Q», 43, 12)
and a periodic sequence u® € A% such that the set of all prefixes of 03 -u® is not
a regular language.

Indeed, let N = (Qw;, Ax, Tv), a € Ay and Y € QO be as in Example 5.1,
so that the set of all prefixes of ¥* - a® is not a regular language. Let Q, =
On U{ri,ra,r3), A2 = Ax U {0}, 2(q, @) = (g, ) for o € An, g € On.
For any a; € A, let 12(r1,a;) = (0,72), t2(r2,a;) = (a, ra), 12(r3,a;) = (a,€).
Finally, let 75(¢g,0) = (0, ) for any ¢ € Q».

Then (Q U {r2,r3})* -a® € A% and ry - AR = 0a®. For any g € Q3 we have
g -0a® = 0(y!8 . a®). Hence, the prefixes of Q3 - a® that start with 0 do not
form a regular language. And, obviously, the whole language | J;~, Q3 -a" is not
regular.

But not all the results are negative.

Proposition 5.5. Let M = (Q, A, ©) be a bi-reversible Mealy automaton and let
u,v € A*. Then the set of all prefixes of Q* - uv® forms a regular language.

Proof. It is enough to consider the case where u, v € A. We may also assume that
for any a € A*, there is a formal inverse a~! € A such that (@a)@a~! = ¢ and
(g@a)-a! = (q-a) ' forallq € Q.

Suppose that g-u = v/, g@u = g’ forsome g € Q*. Then, g-uv® = u'g’-v®.
We know that g/ - u™! = (g@u) -u™! = (g-u)™' = w50 g -uv® =
(g'-u=hH~1g’-v®. Since M is reversible, Q* - uv® = {(g-u=")1g-v® | g € Q*).

We know that the set of prefixes of Q* - v® forms a regular language.

There is a homomorphism p: 0* — Sym(A) given by p(g)(a) = g -a. We
have a sequence of nested finite subgroups

Sym(4) > p(Sto+(v)) > p(Sto+ (v?)) = p(Ste+(3) > ....

There must exist some no € IN such that p(Stg«(v"?)) = p(Stg+(v"?)) for all
n = ng.

Lemma 5.6. Foralln > ng, a € Aand w € A", the word aw € Q* - uv" if and
only if w € Q* - v" and some prefix of aw belongs to Q™ - uv™o.
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Proof. (=) Trivial.
(«<=) Consider two subsets of Sym(A):

Si:={p(g)geQ gv"=wiand S :={p(g) | g€ 0. g-v"" = wi . _n,)-

By assumption, these sets are not empty, and it is obvious that S; € S>. On the
other hand, let gg € O™ be such that w = g¢ - v". Then,

S1 = p(goStox(v")) = p(go Stg*(v"°)) = S>.

By assumption, there exists g; € Q™ such that g; - uv"® = aw;. ,,. Thus,
(g1@u)-u™! = a~ ! and (g1 @u) - V" = wy._,,. Therefore, p(g1 @u) € S,. As
S, = S, there exists g, € O* such that g, - v = w and p(g2) = p(g1 @u). Let
g3 = g2@u~'. We have

—-1\—-1 n
g3 -uv" = (g2-u") g2-v" =aw.
Hence, aw € Q* - uv”". A

By Lemma 5.6, the set of all prefixes of O* - uv® can be expressed as the
intersection of two regular languages. It therefore forms a regular language. O

5.2. Action on periodic sequences

Example 5.7. We will show that there exist an invertible Mealy automaton M =
(0, A, 7) and an element i € Py such that

(1) s has infinite order in Pj;
(2) for any u € A* the orbit (s) - u® is finite.

As in Example 5.1, our construction is based on the realisation of Minsky
machines as automata groups from [1].

Consider a Minsky machine M with a set of instructions S = {ai, a2, b1, b2,

¢1,¢2,d1, d>}. The initial state of M is (ay, 0, 0), and each next state is determined
by the previous one by the following rules:

(a1,m,n) — (by,m+ 1,n+1);
(az,m,n) —> (bp,m + 1,n + 1);
(by,m,n) — (dy,m — 1,n);
(ba,m,n) +—> (da,m,n —1);
(c1,m,n) —> (a;,m—1,n);
(c2,m,n) —> (az,m,n —1);
(di,m,n) — (m = 0%y : c;,m,n);
(dy,m,n) — (n = 0%ay : ca,m,n).
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Here ? : is the ternary operator. There is no final state. In terms of [1], instructions
ay and a, are of type III, b; and c; are of type IV, b, and c; are of type V, d; has
type VII and d5 has type VIIL.

The first states of a working machine are

(a1,0,0) —> (b1,1,1) — (d1,0,1) —> (a2,0, 1) —> (b5, 1,2)
> (d2,1,1) —> (c2,1, 1) —> (a3, 1,0) —> (b2,2,1) —> (d>»,2,0)
+— (a1,2,0) — (1,3, 1) — (d1,2,1) — (¢1,2,1) —> (a1, 1, 1)

— (b1,2,2) —> -+

It’s easy to see that this machine works in a similar way to the machine from
example 5.1, and the sequence of its instruction types III, IV, VIL, IIL, V, . .. is not
periodic.

We consider the automaton M with stateset O = ST Li{e, x, x~1, y, y~'} and
alphabet

A= {;,IV;, V;, VIL;, VII; | i = 1,2,1,2; j =1,...,4,1,...,4}.

The state ¢ is the identity, and t(g,a) = (a, ¢) forall a € A. All “formal inverses”
will be inverse elements in Py.

We define t in the same way as in section 3.1 of [1]. For example, for elements
ay,ap of type lll and for all ¢t € S \ {a;,a»}, we define t as in Table 3. Since M
does not stop, the element ¢ := xya; has infinite order in Py.

Table 3

input letter
11, 111, 115 1115
x| (M4,x) ([p,x) If,x~ 1) 15, x 1)
y | (M,y) (Ma,y) gy~') @y~ hH
ar | (Illx,by) (Iy,e)  (Ilz,e) (g, (b1)™ Y
ar | (Ilz,b2) (I,e)  (ls,e) (g, (b2)™ )
t| (Mj,e) (s,e) (I, e) (I, €)

in state

We construct a labelled, directed graph I, whose vertices are elements of Py.
For g € Py and a € A, consider the minimal d(g, a) such that g¢®® .4 = ¢. In
our graph we put an edge from g to g¢®® @q with label (a,d(g, a)).

For asequence w = aja,--- € A we find a path starting at xya; whose edges
have first labels aj, a», . ... The product of second labels of its edges is equal to
the size of the orbit of w.

Suppose that in M there is a step (s,m,n) +— (s',m’,n’). Consider g =
(y?" x¥"5)*", where h € (x,y). In [1] it is calculated that all the edges from

g 20 to ¢ or to elements of form (y2" x2" '), where i’ € (x, y); and all the
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edges that do not go to ¢ have labels that correspond to s. E.g., an edge from
y2" x2" d, either has its first label of type VII; or leads to &.

Since the sequence of instructions of working M is not periodic, any periodic
sequence of labels in I" leads to ¢ after a finite number of steps, and the orbit
(¥) - u® of any periodic sequence u® € A® is finite.

6. Outlook

We proved that if M is a reversible Mealy automaton, the semigroup Py¢ generated
by M is either periodic or contains a free subsemigroup of rank two. Obviously, if
Py is finite, then it is periodic, but it is natural to ask if the converse holds. More
precisely, does there exist a reversible Mealy automaton that generates an infinite
periodic semigroup?

To the best of our knowledge, the answer to this question is not known, but
there are some partial results in the case of invertible and reversible automata. In
this case, by Proposition 2.25, the question reduces to the Burnside problem (i.e.
the question of the existence of an infinite finitely generated periodic group) for
the class of groups generated by invertible and reversible automata. It was shown
in [6] and in [3] that an infinite group generated by an invertible and reversible
but not bireversible automaton must contain an element of infinite order. For
bireversible automata, it was proved by Klimann in [9] that a group generated by
a 2-state bireversible Mealy automaton cannot be infinite and torsion. Klimann,
Picantin and Savchuk later proved in [11] that the same result holds for groups
generated by a connected 3-state bireversible automaton.

By Lemma 3.6 and Theorem 2.34, we can reformulate our question as follows:
does there exist an invertible automaton M such that the group Py is infinite, but
any periodic sequence u“ has finite orbit?

There are also some partial results from this point of view. Example 5.7 shows
that this is possible if we consider an infinite subgroup of an automaton group. On
the other hand, D’Angeli, Francoeur, Rodaro and Wichter showed in [2] that for
any finitely generated subgroup of an automaton group, there is a sequence (not
necessarily periodic) with an infinite orbit.

6.1. Algorithmic questions. We know that for an invertible automaton M =
(Q, A, t) and for some u € A*, the set of all prefixes of Py - u® forms a regular
language, but we do not know of an effective way to describe it. We do not
even know if there exists an algorithm that, for a given invertible automaton
M = (Q,A,7) and a given word u € A*, determines whether or not the orbit
Py - u® is finite.

Note that for a cyclic subgroup of Py this problem is undecidable [1, 5].
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