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Locally Roelcke precompact Polish groups

Joseph Zielinski

Abstract. A Polish group is locally Roelcke precompact if there is a neighborhood of the
identity element that is totally bounded in the Roelcke (or lower) group uniformity. These
form a subclass of the locally bounded groups, while generalizing the Roelcke precompact
and locally compact Polish groups.

We characterize these groups in terms of their geometric structure as those locally
bounded groups whose coarsely bounded sets are all Roelcke precompact, and in terms
of their uniform structure as those groups whose completions in the Roelcke uniformity
are locally compact. We also assess the conditions under which this locally compact space
carries the structure of a semi-topological semigroup.
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1. Introduction

The investigation undertaken in the present note sits at the nexus of two active
areas of research into the structure of topological groups. The first of these is the
topological dynamics of those groups—such as the full symmetric group on NN,
the unitary group of ¢2, or the automorphism group of the measure algebra of a
standard Lebesgue space—that, while not necessarily compact or locally compact,
are totally bounded in the Roelcke uniformity. This feature and the connection it
engenders between such groups themselves and those spaces upon which they act
have been studied extensively, for example in [24, 25, 26, 8, 22, 17, 3, 11, 2].
The second follows the discovery of C. Rosendal that topological groups carry an
intrinsic large-scale geometry. An early theory of this structure can be found in
the preprints [19, 18], which have been collected into and elaborated upon in [20],
and has also been explored in the papers [12, 27, 4, 9].

So a natural question goes, what does the study of the coarse geometry of
topological groups have to say about these Roelcke precompact groups? The first
answer is nothing. All Roelcke precompact groups are coarsely bounded, and
therefore have trivial coarse geometry. A second answer is subject of this paper:
many of the features of the Roelcke precompact groups can be seen in a wider class
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of groups, one that contains both the Roelcke precompact and the locally compact
groups, and for these groups those features are also reflected in their large-scale
geometry.

A Polish group is locally Roelcke precompact if some open set is totally
bounded in the Roelcke uniformity. All Roelcke precompact and all locally com-
pact Polish groups are locally Roelcke precompact. So too are the isometry groups
of certain unbounded ultrahomogeneous metric spaces that behave locally like
those with Roelcke precompact isometry groups. More specifically, we designate
a metric property that occurs in certain known ultrahomogeneous metric spaces
with Roelcke precompact isometry groups and in Theorem 7 we show that any
separable, complete and ultrahomogeneous (or even approximately ultrahomoge-
neous) metric space with this property has a locally Roelcke precompact isometry
group. This includes the isometry group of the Urysohn space and the automor-
phism groups of metrically homogeneous graphs.

The central result of this paper characterizes such groups in terms of both their
uniform structure and their coarse geometry.

Theorem (below as Theorems 14 and 16). Suppose G is a Polish group and X is
its completion in the Roelcke uniformity. The following are equivalent:

e G is locally Roelcke precompact,;

o G is locally bounded, and every coarsely bounded subset of G is a Roelcke
precompact set,

o X is locally compact.

Moreover, if X is obtained as the metric completion of a metric, d, compatible
with the Roelcke uniformity and computed from a coarsely proper left-invariant
metric, then the extension of d, is a proper metric on X.

The paper is outlined as follows. In Section 2 we recall the necessary back-
ground material on the four canonical uniform structures on a topological group
and on the coarse geometry of topological groups. In Section 3 we introduce the
main definitions of this paper, while Section 4 is devoted to examples of locally
Roelcke precompact groups. Section 5 considers the properties of the Roelcke
precompact subsets of a group. Here it is seen that for locally Roelcke precom-
pact groups, such sets are closed under taking products. This is the key fact needed
for the material of Section 6, where we prove the central result above. Finally, in
Section 7 we consider when multiplication on G can be extended to a separately
continuous operation on its Roelcke completion. We see in Theorem 21 that this
occurs precisely when every continuous function on G that is uniformly contin-
uous with respect to the Roelcke uniformity and that vanishes off of the ideal of
Roelcke precompact subsets is weakly almost periodic.
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2. Bases and metrics for the four canonical uniformities
and coarse structures

Let us recall here some facts about the canonical uniformities on a topological
group and of the coarse structures determined by the ideal of coarsely bounded
sets. Most information in this sectionis found in [15, 14, 25, 17, 3, 13, 20]. We also
note some facts about bases and metrics for these coarse structures that are dual
to the related results about uniformities, and are immediate, but not mentioned
elsewhere. This will be used to describe the structure of the Roelcke completion
of a locally Roelcke precompact Polish group in Section 6.

2.1. The four uniformities on a group determined by a compatible topology.
The left uniformity of a topological group is generated by the entourages {( f, g) €
G? | f € gV} as V varies over the neighborhoods of 1 in G. That these
sets indeed form a basis for this uniformity follows from the compatibility of the
topology with the group operations: that the identity neighborhoods are closed
under inverses (V' a neighborhood implies V! a neighborhood) and square roots
(V a neighborhood implies W2 < V for some neighborhood W). The right
uniformity similarly has a basis of entourages of the form {(f.g) € G2 | f € Vg}.

One uniform structure on a set is said to be finer than those it contains—as a
family of subsets of G2—and coarser than those that contain it, and this partial
order of containment determines a lattice structure. The join of the left and right
uniformities, called the two-sided uniformity, is generated by sets of the form
{(f.g) € G? | f € (gV N Vg)}. This is the coarsest uniform structure finer than
both the left and right uniformities. The meet of the two (the finest uniformity
coarser than both), called the Roelcke uniformity, is generated by sets of the form
{(f.g) € G?> | f € VgV}. That in each case above the generating sets form
bases for their respective uniformities follows again from the compatibility of the
topology and the group operations. Moreover, the topology determined by each
of the four uniformities agrees with the original topology on G.

In the case where the topology of G is metrizable, each one of the above uni-
form structures has a countable base and is therefore also metrizable. Specifically,
G has a left-invariant metric, d, and all left-invariant metrics induce the left uni-
form structure. Fixing such a d, compatible metrics for the right, two-sided, and
Roelcke uniformities can be computedas d(f !, g7 '), d(f. g)+d(f~ ', g7 1), and
inf,cg max{d(f.h),d(h™', g~ 1)}, respectively. As the groups considered in what
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follows are all Polish, they are—in particular—metrizable, and so uniform notions
(like completion or total boundedness) can be substituted with the corresponding
metric notions if one prefers, and we will utilize this whenever it simplifies the
exposition.

2.2. The four coarse structures on a group determined by a compatible ideal.
The situation for coarse structures on a group G is entirely dual to the above.
Suppose a group, G, is equipped with an ideal—viewed as the bounded subsets
of the group—compatible with the group operations in the sense that if A and
B are bounded, then so are A~! and the product, AB. Then the entourages of
the diagonal given by left translation {(f,g) € G? | f € gA} generate a coarse
structure on G whose bounded sets are the original ideal, and because the ideal
and the group operations are compatible, these generating sets are a basis [13].

The key insight of [20] is in identifying a canonical, compatible ideal of
bounded sets possessed by every topological group.

Definition (Rosendal [20]). A subset, A4, of a topological group, G, is coarsely
bounded if it is assigned finite diameter by every continuous left-invariant pseu-
dometric on G.

These coarsely bounded sets and their associated coarse structure, the left-
coarse structure, both possess equivalent and natural intrinsic definitions, and
have a nascent theory directly generalizing the geometric group theory of count-
able discrete (or more generally, locally compact) groups with coarse structure
determined by the ideal of finite (respectively, compact) sets.

Akin to the situation for uniform structures, a coarse structure is the bounded
coarse structure associated to some metric if and only if it has a countable basis.
Therefore, the left-coarse structure on a group G is metrizable (and therefore by
some left-invariant metric) if and only if there is a countable, cofinal family of
coarsely bounded sets. In a Polish group, the Baire category theorem then implies
that there is a coarsely bounded identity neighborhood, and hence a Z-chain of
coarsely bounded open sets whose union is G and whose intersection is {lg}.
Applying the metrization theorems to the corresponding chain of entourages
results in a left-invariant metric, compatible with the topology of G, whose
bounded sets are precisely the coarsely bounded sets [20, Theorem 2.28]. Such
groups are called locally bounded, and such a metric, compatible with both the
left uniformity and the left-coarse structure, is called coarsely proper.

Now the right-coarse structure can be defined analogously, generated by en-
tourages of the form {(f.g) € G?> | f € Ag} and compatible with the right-
invariant metric d( f !, g~ !) if d is a left-invariant coarsely proper metric. Some
attention is paid to this structure in [20, Chapter 3, Section 4], and particular to
those groups, dual to the SIN groups, for which the left- and right-coarse struc-
tures coincide. As with the uniform structures, the coarse structures on a set also
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form a lattice under containment, where one is considered finer than the another
if it is contained in it [6]. Let us here use the convention that the lattice order
is reverse containment. Then in direct analogy to the situation with the uniform
structures, the join of the left- and right-coarse structure the coarsest coarse struc-
ture finer than both, while the meet is the finest coarse structure coarser than both.
We collect here several facts about these coarse structures that are immediate, but
have not appeared elsewhere.

Proposition 1. The join of the left- and right-coarse structures has as a basis
the sets of the form {(f.g) € G? | f € (gA N Ag)} as A varies over the coarsely
bounded sets, while the meet has the sets {(f.g) € G? | f € AgA} as a basis. The
bounded sets in all four coarse structures coincide with the coarsely bounded sets.
Moreover, if dy, is a compatible, left-invariant, coarsely proper metric on G, then
dy(f.g) =dr(f.g) +dr(f~', g7 ") induces the two-sided ( join) uniformity and
the join-coarse structure, while dx(f.g) = infreg max{dp(f.h),dp(h™', g7 1)}
induces the Roelcke (meet) uniformity and the meet-coarse structure.

Proof. Let €1, and € denote the left- and right-coarse structures, respectively,
and for A C G, let

Ef ={(f.g) € G*| [ € gA},

Ef ={(f.g) € G*| f € Ag)},

EY ={(f.g) €G*| f € (gAN Ag)}.
E} ={(f.g) € G*| f € AgA}.

The join, €y, is €1 vV Eg = €L N Er (see, e.g., [6], recalling our convention of
reversing the lattice order). Therefore E € &, if and only if there are coarsely
bounded A4, B C G with E € EX N ER thatis, forall (f,g) € E, f € gAN Bg.
Then f € g(AU B) N (AU B)g, so (f,g) € EJ,z- Meanwhile, a quick
calculation shows that Ag = EY,_, Ef U Ey C E} , (E\))~ ' = EY_,, and
EY o Ef C E]p pa- So the sets E} form a basis for €, as A ranges over the
coarsely bounded sets.

The meet, E, = €1 A Er is generated by sets of the form
EjoEgoEfoEgo---oEjoEg.

First note that (f, g) € Ej o Eg if and only if f € hA and h € Bg for some
h € G, if and only if f € BgA. Therefore, if F = {(f.g) € G? | f € B™gA™},
then (f,g) € F o Eﬁ o E}; if and only if there is h € G so that f € B™hA™
and h € BgA if and only if f € B™t1gA™+1 So by induction, a composition
with 7 blocks of Eg LoE g is contained in E}, , g». Another calculation shows that
Ag = E7 g E} U EA C Ejp (ED)™' = Ep i and Ef o Ep C Ejfp py- SO
the sets E} form a bas1s for &.
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The sections above g € G in the entourage corresponding to A in each of the
four coarse structures are gA, Ag, (gA N Ag) and AgA, and the coarsely bounded
sets are an ideal closed under products, so the bounded sets in each coarse structure
coincide with the coarsely bounded sets.

If dy, is a compatible, left-invariant, coarsely proper metric, and A a coarsely
bounded set, let r € R be such that A € By, (1g.r). Thenif (f.g) € E},
then f € gA,sodr(f.g) < rand f € Ag,sodr(f~', g7 ') < r. Therefore
dy(f,g) < 2r. On the other hand dy(f,g) < r implies (f,g) € EY

By, (1G.r)"
Similarly, if (f, g) € E}, there are a,b € Asothat f = agh, Then f € agA and
ag € Ag, so

dn(f.8) = inf max{d,(f.h), de(h™.g7h)

< max{dy(f,ag),d.((ag)™ g™} <r.

Andif d,(f,g) < rthereis h € G sothatdy (f,h) <r anddg(h™', g7!), so then

f € h(Bqg, (1g.r)) and h € (Ba, (1g.r)g. 50 f € (Ba, (1g.r)g(Ba, (16.7)).
That the above metrics are compatible with the two-sided and Roelcke unifor-

mities is well-known. O

Note that the above proof goes through just as well when the coarsely bounded
sets are replaced by any other ideal that contains all the singletons and is stable
under inverses and products. Or, in a closer analogy to the correspondence
between group topologies and group uniformities, a single ideal of bounded sets
can be replaced with an assignment g — A, of ideals to points. (This generalizes
oo-metric spaces, where some points may be at infinite distance from each other.)

3. Roelcke precompact sets

Here we consider another ideal in a Polish group, that of the Roelcke precompact
sets. This ideal need not be compatible in the sense of the previous section, though
we will see later that it will be in several important circumstances.

Definition 2. A subset, A C G, of a Polish group is Roelcke precompact if for
every neighborhood, V' € G, of the identity there is a finite set ¥ C G so that
ACVFV.

Remark. Every Polish group has a countable basis at the identity of symmetric
open neighborhoods. Therefore, the above definition is equivalent to one where
the V ranges only over a family of neighborhoods containing such a basis.

There is another seemingly stronger, but in fact equivalent, formulation of
Definition 2.
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Proposition 3. The above Definition 2 is equivalent to one that requires F to be
a subset of A.

Proof. Suppose V is a neighborhood of 1. Let W be a symmetric neighborhood

of 1g with W2 € V and F' € G with A € WF'W. Let F" = {f € F' |

ANW[fW #£ @}, and observe that A € WF”W. For each f € F”, choose an

ar € Aand vy, wr € W sothatay = vy fwy. Thenset F ={ar € A| f € F"}.
Thus, if b € A, there is an f € F” so that

beWfW =Wvlapw;'W C W2FW? CVFV. O,

Thus, Definition 2 says precisely that A is a precompact set in G with respect
to the Roelcke uniformity, i.e., that its closure in the completion of G is compact
[15, Proposition 9.4].

In a Polish group, G, a subset A C G is coarsely bounded if and only if
for every identity neighborhood, V, there is a finite ¥ € G and n € NN so
that A € (F V)", see [20]. Therefore every Roelcke precompact set is coarsely
bounded. Recall that a group is locally bounded when there is a coarsely bounded
identity neighborhood, and coarsely bounded (as a group) if every subset is
coarsely bounded. So the following definitions describe classes of groups that
may be considered as special cases of these:

Definition 4. A Polish group, G, is locally Roelcke precompact if there is an open
Roelcke precompact subset U C G.

Definition 5. A Polish group, G, is Roelcke precompact if G is a Roelcke pre-
compact subset of itself.

Note. Definition 5 coincides with the established usage of the term. Take care that
a subgroup, H < G, may be a Roelcke precompact subset of G without being a
Roelcke precompact group itself. On the other hand, a Roelcke precompact group
is a Roelcke precompact subset of any group in which it is continuously embedded.

4. Examples of locally Roelcke precompact Polish groups

Clearly, every Roelcke precompact group is locally Roelcke precompact. More-
over, every compact subset A C G is Roelcke precompact (cover A with the open
sets VgV for g € A and take a finite subcover), and so every locally compact group
is locally Roelcke precompact.

We can also describe the countable homogeneous structures, M, for which
Aut(M) is locally Roelcke precompact. Recall that in such a group, the stabilizers,
Stab(a), are clopen subgroups and form a basis at the identity. If V' = Stab(a),
then for f,g € Aut(M), f € VgV if and only if tp(a, fa) = tp(a, ga). This is
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because f € VgV if and only if fvg™! € V for some v € V, that is, if some
element of Aut(M) fixes a and moves ga to fa. The homogeneity of M simply
allows this to be translated into the language of types.

Thus, Aut(M) is Roelcke precompact if and only if for every n-type, p, there
are only finitely-many 2n-types that project to p in the first and last n variables.
From there we see two possibilities: in the first case M has finitely-many 1-types,
hence the above constrains it to have finitely many n-types for all n, Aut(M)
acts oligomorphically, and the theory of M is w-categorical by the Engeler—
Ryll-Nardzewski—Svenonius theorem. In the second case M has infinitely many
n-types for each n by virtue of having infinitely many 1-types. The automorphism
groups of such structures are the inverse limits of oligomorphic groups by [22],
and are referred to as pro-oligomorphic in [2], who observe that they are still
the automorphism groups of w-categorical structures, but in a language with
infinitely-many sorts.

Then the locally Roelcke precompact groups arise when this phenomenon is
localized to the stabilizer of a finite tuple. That is, for countable homogeneous M,
Aut(M) is locally Roelcke precompact if and only if there is a finite subset B € M
so that for all @ € M" there are ¢y, ..., = tp(a/B) so that for all d = tp(a/B),

tp(ad/B) = tp(aci/B)
for some i < k. Or equivalently, if the conditions in the previous paragraph apply
to the expansion of M by some finite tuple.

Much of this also transfers to the language of continuous model theory, where
counterparts to many statements from classical model theory hold, and for which
the automorphism groups of separable structures are exactly the Polish groups.
However, we next see that certain types of metric spaces (without any additional
structure) already provide a wealth of examples of locally Roelcke precompact
groups, and describes the Roelcke precompact subsets in such groups. The next
definition should be viewed as analogous to the above condition on types.

Definition 6. A metric space, (X, d) is pair-propinquitous if for every finite metric
space, A, and every ¢ > 0 there is a § > 0 so that if i1, i, j, j» are isometric
embeddings A — X with

|[d(i1(a),i2(b)) —d(j1(a), j2(b))| <& foreverya,b € A,
then there are isometric embeddings j;, j;: A < X satisfying, forall a,b € A,

d(ji(a), j2(b)) = d(ji(a), (b)),
d(ir(a), ji(a)) <e,
d(i2(a). j(a)) <e.
The isometry group of the Urysohn sphere, U;, was shown to be Roel-

cke precompact in [26] and [16] and both proofs, despite their differing ap-
proaches, involve verifying that U; possesses a stronger property: for every
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n € IN and every ¢ > O there is a § > 0 so that whenever any two enumerated
n-point subsets, by, ...,b, and ¢y, ..., c, in U; agree on distances up to § (i.e.,
max; j<n |d(bi, bj) —d(ci,c;)| < §) there is an isometric copy of one, ¢/, ..., c},
pointwise within ¢ of the other (max; <, d(b;, ¢]) < &). Maybe this property should
be called propinquity, but regardless, the definition here weakens it by requiring
a particular § not to work for all metric spaces of a given size, but only those
comprised of a pair of isometric copies of a fixed finite subset.

Recall that a metric space, (X, d), is ultrahomogeneous if every isometry be-
tween finite subsets extends to an isometry of X and approximately ultrahomo-
geneous if, for every ¢ > 0 and every isometry, f, between finite subsets, there
is a global isometry that agrees with f up to ¢. Clearly every ultrahomogeneous
metric space is approximately ultrahomogeneous. If A Cg, X and r > 0,

Var =Hac Ald(a, f(a)) <r}

is a symmetric, open neighborhood of idy in Iso(X'), and such sets form an identity
basis.

Theorem 7. Suppose (X,d) is a separable, complete, pair-propinquitous, ap-
proximately ultrahomogeneous metric space. Then for every x € X andr € R™,
Vy.r is a Roelcke precompact subset of 1so(X). In particular, 1so(X) is locally
Roelcke precompact.

Proof. Let W be an open neighborhood of Iso(X). By shrinking W, we may
assume that W = Vi, ;1. Where yo = x and ¢ < r. Let § be the value given
by pair-propinquity with respect to the finite metric space A = {yo, ..., ¥} and
the value 3.

Observe that for any isometry & € Vy , and any i, j < n,

d(yk, h(yn) < d(yr. x) +d(x, h(x)) + d(h(x), h(y1)) <1 + 2diam(A).

Let P be a partition of the interval [0, r +2 diam(A)] into finitely-many subintervals
of length less than §. For each s:{0,...,n}> — P, fix f; € Iso(X) satisfying
d(yk, fs(y1)) € s(k,l) for all k,I < n, if one exists, and let F be the set of
these isometries. Note that F© # @, as idy satisfies the conditions of fy,, for
5ia: 40, ...,n}%? — P, where siq(k, [) is the unique interval containing d(yx, y;).
Then for any g € V., if 54:{0,...,n}> — P satisfies d(yx, g(01)) € sg(k, 1)
for all k,I < n, then the values d(yk.g(y;)) and d(yk. fs,(y1)) lie in the same
piece, sg (k. ), of the partition, P, and so |d(yk.g (1)) —d (k. fs. (1)) < 8.
Thus, by pair-propinquity there is an isometric copy of A U f;,[A] located point-
by-point within £ of 4 U g[A] and by approximate ultrahomogeneity, there is a
global isometry, ug, that agrees with this partial isometry on 4 U f;, [A4] with

error at most 5. Thus, for all k < n, d(g(yx).ug fs,(¥&)) < 5 + 5 = ¢ and so

d(fi ' ug'g(k), yi) = d(g(yk) ug fs, (i) < e and f luy'g e W.
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Moreover, for all k < n, d(yk.ug(yx)) < 5, andsouy € Vg e C W. Soas
foluglg e W, g €ug f,, W S Wf, W C WFW. So Vy, C WFW and as W

was arbitrary, Vy , is a Roelcke precompact subset of Iso(X). |

Note that if an ultrahomogeneous (X, d) has finite diameter, then Iso(X) =
Vx.» for any x and sufficiently large r, and so if the other conditions of Theorem 7
are met, then Iso(X) is Roelcke precompact. Many well-known examples of Roel-
cke precompact groups can then be seen as instances of this theorem, for example
Iso(U;) as already mentioned, as well as S ([15], viewed as the isometry group
of a countable set with the discrete metric) Aut(R) (the random graph, as a metric
space with the graph metric), and U(¢§, (IN)) ([24], viewed as the isometry group
of the unit sphere of £3 (IN)).

This also furnishes a number of examples of locally Roelcke precompact
groups that are not Roelcke precompact. For example, the isometry group, Iso(U),
of the Urysohn space, the (affine) isometry group of £% (IN), and Aut(T), the au-
tomorphism group of the (unrooted) countably-regular tree. For this last example,
note that T, is automatically pair-propinquitous by virtue of having a uniformly
discrete set of possible distances. So the same applies to the automorphism group
of any metrically homogeneous graph—a graph that is ultrahomogeneous when
viewed as a metric space with the graph metric.

As most familiar examples of ultrahomogeneous metric spaces are enumerated
in the examples above, it is worth observing that pair-propinquity is not a redun-
dant condition. As the next example shows, there are ultrahomogeneous metric
spaces lacking this property, and whose isometry groups are indeed not locally
Roelcke precompact.

Example 8. Let S CRbe S =NU {1 + % | nz= 3}. Observe that 3 points with
an assignment of distances from § satisfy the triangle inequality if and only if the
same is true when the values of the form 1 + % are replaced with value 1. Then as
the set IN satisfies the 4-values condition of [5], so does S, and so by [21] there is
a countable ultrahomogeneous metric space, Ug, for which S = {d(x,y) | x,y €
Us} and containing a copy of every finite metric space whose distances come
from S. The space Ug fails to have pair-propinquity as witnessed by A = {x}
(any singleton) and ¢ = % For any § > 0, letn > % and by universality find
embeddings with d(i;(x),i2(x)) = 1 and d(ji(x), j2(x)) = 1 + % For any
v,z € Ug,d(y,z) < % implies y = z, so there can be no j; and j; satisfying the
conditions of Definition 6.

Let G = Iso(Ug); then G is not locally Roelcke precompact. For if U € G
is an identity neighborhood, then U contains an open neighborhood of the form
Va.e, and so contains the stabilizer, V4, of A. Fix K € IN sufficiently large (at least
twice diam(A)) and let y € Ug be a point for which d(a, y) = K for alla € A.
Now consider the open neighborhood W' = V), s (= Stab(y), as S contains no

positive values less than 1). Observe that if g € Wf W, there are u,v € W with
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g =ufvandsod(y,g(y) = d(y,ufv(y)) = du="'(y), fo(») = d(y, f(»)),
as u~! and v are isometries fixing y. For any finite F C G, there is an M > 3 so
that d(y, f(y)) # 1 + ﬁ for any f € F. By universality and ultrahomogeneity
of Ug, there is a z sothat d(z,a) = K foralla € Aand d(y,z) = 1 + ﬁ Then
by ultrahomogeneity again there is a g € G fixing A and sending y +— z. So as
g € U since it fixes 4, but d(y,g(y)) = d(y.z) = 1 + 4, s0 g ¢ WFW. So
U & WFW, and since F was an arbitrary finite subset of G, U is not Roelcke
precompact.

5. The ideal of Roelcke precompact sets

Lemma 9. The family of Roelcke precompact subsets of G is closed under taking
subsets, inverses, finite unions, and left and right translations.

Proof. Suppose A and B are Roelcke precompact subsets of G and that V' is a
neighborhood of the identity.

o If C C A, then there is an F Cgqy G so that A € VFV, and consequently
C CVFV.

e There is a finite F with A C V-'FV~! andso A~ C VF~1V.

e Let F4 and Fp be finite sets with A C VF4V and B C VFgV. Then
AUB CV(F4U Fp)V.

e Suppose g € Gand W = V Ng'WgngVg™'. If F Cg, G is such that
A C WFW, then

gAC gWFW C gg 'VgFW = V(gF)W C V(gF)V

and
Ag CWFWg C WFgVg~'g = W(Fg)V C V(Fg)V. 0

For A,B C Glet AB ={gh e G| g € Aand h € B}. In the next example,
we observe that A B needn’t be Roelcke precompact even when both A and B are.

Example 10. Let G = ZN x S, be the semidirect product given by the action
of So that permutes the coordinates of elements of ZN. As S, is a Roelcke
precompact group (in the sense of Definition 5) [15, Example 9.4], the subgroup
A = {1,n} xS is a Roelcke precompact subset of G (in the sense of Definition 2).
Letting g = ((1,2,3,...),1s.,), the coset gA is also Roelcke precompact by
Lemma 9.
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However, A(gA) is not: note that for every m € NN, it contains an element of
the form (x, 15, ) where x; = m, specifically h;,ghm where hy, = (17w, (1 m))
is the pair whose first coordinate is 1,~n and whose second coordinate is the
permutation that exchanges 1 and m. Butif V = {(x,0) € G | x; = 0and (1) =
1}, then AgA € VFV for any finite F, as

{melN|3(y,0) e VFV y1=m}y={melN|3I(y,t) e F y; =m}.

An interesting feature of the group in the above example is that it is coarsely
bounded. In fact, for every identity neighborhood, V, there is an f € G so
that G = VfVf~'V. To see this note that the group G can be viewed as
the automorphism group G = Aut(M), where M = (|_|n€]N Z, S) consists of
countably-many copies of Z equipped with a function for successor. Then Th(M)
is w-stable and M is saturated, implying that G is coarsely bounded, but moreover
the relation on finite subsets, where A | B holds when no element of 4 is in the
same copy of Z as an element of B, is an orbital independence relation, and so
the coarse boundedness of G takes the above form [20, Chapter 6]. In particular,
G is locally bounded, and the ideals of Roelcke precompact sets and of coarsely
bounded sets do not coincide.

However, in some circumstances, the ideal of Roelcke precompact sets will be
stable under products.

Proposition 11. If G is Weil complete, the product of two Roelcke precompact
subsets of G is Roelcke precompact.

Proof. By [15, Theorem 11.4], if G is Weil complete (i.e., complete in the left
uniformity) then it is also complete in the Roelcke uniformity. Thus, every Roelcke
precompact subset is, in fact, compact and the product of two compact subsets is
a compact subset. O

Proposition 12. If G is locally Roelcke precompact, the product of two Roelcke
precompact subsets of G is Roelcke precompact.

Proof. Fix an open, Roelcke precompact subset U, which we may assume con-
tains 1g by Lemma 9. Now suppose that A and B are also Roelcke precompact
subsets of G, and that V' is an identity neighborhood in G. We will produce a
finite F € G with AB C VFV.

Choose an open neighborhood of the identity, W, satisfying W2 C V N U. So
there are finite £4 and Eg sothat A € WE4W and B € WEgW . Recall from
Lemma 9 that the collection of Roelcke precompact subsets of G is hereditary and
closed under left/right translations and finite unions. Thus, W2 C U is Roelcke
precompact, as are W?>Ep = Usep, W f and EAW?Ep = Usep, fW?Es.
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So there is a finite F € G with E4W2Eg € WFW . Therefore,

AB C (WEAW)(WEW) = W(E4W?Eg)W
CWWFW)W = W2FW? C VFV. O

This fact will be key in characterizing locally Roelcke precompact groups
below.

6. Equivalent characterizations of locally Roelcke precompact Polish groups

In this section, we let G denote an arbitrary Polish group, and X its completion
in the Roelcke uniformity. Equivalently, X is the uniform structure associated to
the metric completion of (G, dA), where d is computed from any left-invariant
metric, dr., as da(f, g) = infreg max{dy(f. h),dr(h™', g~ 1)}. Since a subset of
G is Roelcke precompact if and only if its closure in the Roelcke completion of G
is compact and, specifically, G is a Roelcke precompact group if and only if X is
compact, one may then wonder if the completion of a locally Roelcke precompact
group must be locally compact.

Let us first observe that this is not an immediate parsing of definitions as it is for
Roelcke precompact groups. One definition says that every x € X has a compact
neighborhood, while the other says this is true of every x in the comeagre subset
G <€ X. And there are certainly instances of non-locally compact spaces with
comeagre locally compact subsets, for instance {Aeg € (3(N) |k e Nand A €
[0, 1]} becomes locally compact when 0 is removed. And though X has a lot more
homogeneity than that example—as multiplication extends to an action G ~, X
with comeagre orbit G € X —it is not a matter of taking a compact neighborhood
of an element of G and pushing it around by this action, as the next example shows.

Example 13. Let G = Aut(T), which is locally Roelcke precompact by The-
orem 7. Fix any elements a,b € T. If V = Stab(a, b), then as noted in Sec-
tion 4, f € VgV if and only if (a, b, ga, gb) E tp(a, b, fa, fb), and therefore
d(a, fb) = d(a,gb) in the graph metric on Ts. So every Roelcke—Cauchy
sequence, (f,)nen, eventually decides a value for d(a, f,b) and the function
A:G +— N taking g +— d(a, gb) is uniformly continuous with respect to the
Roelcke uniformity on G and the discrete uniformity on IN and therefore extends
to a continuous function A: X — IN.

So if K is any compact subset of X, K sees only finitely many values in the
above function, say R = max A[K] 4+ 1. Fix any enumeration py, p1, p2, ...
of Jo, and for each n € N let f, € G be an automorphism satisfying
d(pi, fapj) = d(pi. po) + R+d(po. p;) foralli, j < n. To find such a sequence
of maps, fix two points, g and r in T at distance R from each other. Removing
the vertices along the path between ¢ and r partitions the remaining space into
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countably many subtrees, each isometric to T; let T, and 7, be the ones con-
taining ¢ and r, respectively, and let h: Too — T, and k: Too — T, be isometries
with h(pg) = q and k(po) = r. By the homogeneity of T, there are, for each
n € N, automorphisms %, and k, of T that agree with 4 and k on {py, ..., pn}.
Then (fn)nen = (h;lkn)ne]N is Roelcke-Cauchy, and y = lim,, f;, € X has the
following property: for any g € G,

Alg-y) = limd(g_la, fub) = R.

Therefore, G-y N K = @, or equivalently y N G - K = @. So for any compact set
in X (and so also for any open set with compact closure) there is an element of X
that does not lie in any translate.

However, we will indeed show that the Roelcke completion of a locally Roelcke
precompact group is locally compact. As it turns out, the example above is
characteristic of groups that do not have bounded geometry. Specifically, it is
shown in [20, Chapter 5] that in the action G ~, X of a locally Roelcke precompact
group on its Roelcke completion that extends left multiplication, there is a compact
set whose G-saturation is X if and only if G has bounded geometry. He then
obtains a characterization of bounded geometry for all Polish groups in terms of
certain types of actions on locally compact spaces. This is done by embedding
such a group into Iso(U) and analyzing the action of G on a closed, invariant
subspace of the completion of Iso(U), which is locally compact by Theorem 16
below.

Our first characterization of the locally Roelcke precompact Polish groups is
geometric, identifying them among the locally bounded ones. Recall that every
Roelcke precompact subset of a Polish group is coarsely bounded, and so these
groups must, in particular, be locally bounded. In general, a Polish group may
contain coarsely bounded subsets that are not Roelcke precompact, for example
the group, Z™ x S, of Example 10. However, the locally Roelcke precompact
Polish groups are precisely the locally bounded ones in which these two ideals
coincide.

Theorem 14. A Polish group, G, is locally Roelcke precompact if and only if it is
locally bounded and every coarsely bounded subset is Roelcke precompact.

Proof. (<) As G is locally bounded, there is a coarsely-bounded neighborhood,
U. And as every coarsely bounded set is Roelcke precompact, so too is U.

(=) Let U be a Roelcke precompact neighborhood. Then U is, in particular,
coarsely bounded, and so G is locally bounded. If A C G is any coarsely bounded
set, there is a finite F and a bound k € IN so that A C (F U)k. By Lemma 9, the
Roelcke precompact subsets are closed under finite unions and left translations.
Thus, FU = JseF fU is Roelcke precompact. Then by Proposition 12, (FU )k
is Roelcke precompact, and again by Lemma 9, so too is A. |
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In particular, if a Polish group is coarsely bounded but not Roelcke precompact,
then it also fails to be locally Roelcke precompact.

Corollary 15. A Polish group is Roelcke precompact if and only if it is coarsely
bounded and locally Roelcke precompact.

Proof. If G is locally Roelcke precompact and coarsely bounded, then by Theo-
rem 14, every coarsely bounded set—in particular, G itself—is Roelcke precom-
pact. O

Since a locally Roelcke precompact Polish group, G, is locally bounded, it
admits a compatible, left-invariant, coarsely proper metric, dy,. Specifically, such
a metric dy, induces both the left uniformity and the left-coarse structure, and
therefore it is also compatible with the topology of G and assigns finite diameter to
a subset if and only if that subset is coarsely bounded. Fix such a metric, and form
the associated metric d(f.g) = infreg max{dr(f.h),dp(h~', g~ 1)}. Then by
Proposition 1, d, is compatible with the Roelcke uniformity and the meet-coarse
structure. Therefore

e the metric, d,, is compatible with the topology on G,

o the metric completion, (X, d,), of (G, d,) is the Roelcke completion of G,
and

o the metric d, assigns finite diameter to a subset of G if and only if it is
coarsely bounded.

Though they always agree about which sets are bounded, in general the spaces
(G,dr) and (G,d,) are not coarsely equivalent. For example, (Aut(T), dA)
is coarsely equivalent to its completion, which by the following theorem is a
proper metric space. But by Rosendal’s characterization of groups with bounded
geometry, (Aut(T), dr,) cannot be coarsely equivalent to such a space.

Recall that a metric on a locally compact space is proper if it satisfies the
Heine—Borel theorem—that is, if closed, bounded subsets of the space are com-
pact. Now we see that the locally Roelcke precompact Polish groups are precisely
those for which the completion in the Roelcke uniformity is locally compact.

Theorem 16. A Polish group, G, is locally Roelcke precompact if and only if its
completion, X, in the Roelcke uniformity is locally compact. In this case, if dy, is
a compatible, left-invariant, coarsely-proper metric for G, then the extension of
dn to X is a proper metric.

Proof. If X is locally compact, the element 1¢ € G < X has a compact
neighborhood, K € X, and so K N G is a Roelcke precompact neighborhood
of 1¢inG.

Conversely, we suppose G is locally Roelcke precompact and that d is com-
puted from a compatible, left-invariant, coarsely proper metric, dy,, as described
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above. Now suppose A4 is a closed, bounded subset of (X,d,). Then A € B =
Bx,4,)(h,r)forsome h € G € X andr > 0. Then BN G = BG,q,)(h,r)is
a coarsely bounded subset of G, and so is Roelcke precompact by Theorem 14.
Thus, the closure in X, B = B N G, is compact, while A4 is a closed subset of B
and so also compact. So (X, d,) is a proper metric space, and in particular X is
locally compact. U

One consequence of the above is a restriction on properties of locally Roel-
cke precompact groups. Recall that G is Weil complete if it is complete in the
left uniformity. For Polish groups this is equivalent to the existence of a com-
plete, left-invariant metric, and so these groups are also called CLI (‘“‘complete
left invariant”). For example, any solvable Polish group is Weil complete [10,
Corollary 3.7], as is any locally compact Polish group. These latter groups are the
only Weil complete locally Roelcke precompact Polish groups.

Corollary 17. A Polish group is locally compact if and only if it is Weil complete
and locally Roelcke precompact.

Proof. Every locally compact Polish group is complete in the left uniformity. And
in general, every compact set is Roelcke precompact, so every locally compact
Polish group is also locally Roelcke precompact.

Conversely, if G is Weil complete and Polish, then G is also complete in the
Roelcke uniformity [15, Proposition 11.4] and thus G coincides with its Roelcke
completion, and so is locally compact by Theorem 16. |

6.1. Closure properties

Theorem 18. Suppose G is Polish and H is an open subgroup of G. Then G is
locally Roelcke precompact if and only if H is.

Proof. Suppose U < G is an open Roelcke precompact identity neighborhood.
By Lemma 9, W = U N H is a Roelcke precompact setin G. If V € H is open
in H, then it is also open in G. So there is a finite F € W (recall Proposition 3)
with W C VFV. Thus, W is Roelcke precompact as a subset of H.

Conversely, suppose U € H is an open Roelcke precompact neighborhood
in H. Then U is also open in G. Moreover, if V C G is an open identity
neighborhood, there is a finite subset ¥ € H with U € (VN H)F(V N H) C
VFV. O

Note that this is not true in general for a closed subgroup of a Polish group. For
example, both Homeo([0, 1]™) and Iso(U) are universal Polish groups [23, 26],
thus each has a topologically isomorphic copy of the other embedded as a closed
subgroup. However, Iso(U;) is a Roelcke precompact group [26, 16], while
Homeo([0, 1]V) is coarsely bounded but not Roelcke precompact [16, 17], so
cannot be locally Roelcke precompact by Corollary 15.
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Theorem 19. If G is Polish locally Roelcke precompact and N is a closed normal
subgroup, then the quotient group, G/ N, is locally Roelcke precompact.

Proof. Let 1:G — G/N be the (continuous, open) quotient map. Suppose
U < G is an open Roelcke precompact identity neighborhood. Then n[U] is
open in G/N, and if V is open in G/N, there is a finite F C G such that
U C a Y [V]Fr~![V], and so

n[U] € nln ' VIFa ' V] = (ea VD (= [F) (e~ [V]) = Va[F]V. O

7. Semigroup operations extending multiplication

The results of this section are inspired by those of Section 5 of [3], that for G the
(necessarily Roelcke precompact and Polish) automorphism group of a separably-
categorical metric structure, every Roelcke uniformly continuous function on G
is weakly almost periodic if and only if the theory of the structure is stable. It was
pointed out to the author by C. Rosendal that this is equivalent to multiplication
on G extending to a separately continuous semigroup operation its Roelcke com-
pletion. This can be seen directly, much in the manner of the proof of Theorem 21
below, or abstractly—for Roelcke precompact groups, the Roelcke completion co-
incides with the compactification associated to the Roelcke uniformly continuous
functions and factors onto the compactification associated to the weakly almost
periodic functions, which is the universal semi-topological semigroup compacti-
fication of G. Therefore, the Roelcke completion and WAP-compactification co-
incides when the corresponding function algebras do. The authors of [3] also offer
a model theoretic interpretation of this semigroup structure.

In general [15, Chapter 10], for X the Roelcke completion of G, there is a
maximal subset M C X x X that supports a jointly continuous operation extending
multiplication G x G — X. There are natural embeddings of the left and right
completions, G* and G®, of G into X making all diagrams commute, which
satisfy

GLXGL, @Rxéjz, G:RXX, X x G~ C M.

Thus, multiplication on G extends to the above sets, giving G* and G* the
structure of topological semigroups, with jointly continuous actions G® ~ X and
X v G*. However, multiplication extends to a jointly continuous operation on all
of X x X if and only if the Roelcke completion of G coincides with the two-sided
completion; in the setting of Polish groups this occurs if and only if G = X, or
equivalently if G is Weil complete, which for locally Roelcke precompact groups
means that G is locally compact by Corollary 17.

So the best that can be hoped for in a general locally Roelcke precompact
group is the structure of a semi-fopological semigroup (i.e., where multiplication
is separately continuous). The methods of [3] completely describe this for Roelcke
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precompact Polish groups. Here we investigate the corresponding situation for the
locally Roelcke precompact ones. We first see that in such situations, the operation
can be further extended to the one-point compactification of X.

Proposition 20. Suppose G is locally Roelcke precompact but not Roelcke pre-
compact, that X is its Roelcke completion and X « is the one-point compactification
of X. If multiplication in G extends to a separately continuous semigroup opera-
tion on X then it further extends to a separately continuous semigroup operation
on X« with oo defined to be a zero element.

Proof. The resulting structure on X, is always a semigroup; checking that the
extended multiplication is separately continuous amounts to checking that this
is still true at oo, that is, for every s € X and compact K C X, the sets
{x e X|sx e K}and {x € X | xs € K} are compact [1, Example 1.3.3(d)]. By
Theorem 16 there is a sufficiently large d.-ball, B, around 1¢ in G whose closure
in X contains K. Let A be any open Roelcke precompact set in G whose closure
in X contains s in the interior, e.g. a d.-ball of radius 2 around any element of
G of distance less than 1 from s. Suppose sx € K. Pick a sequence (g,), from
G with g, — s. By separate continuity, g,x — sx. So there is N € IN so that
gy € Aand gyx € int(B) € X. Letting (h,), be a sequence in B tending to
gn X, by separate continuity

x=gyenx =gy lim hy, = 1i,£ng1—vlhm € A"1B.

Since A4 and B are Roelcke precompact in G so is A~! B by Proposition 12, and
as x was arbitrary, {x € X | sx € K} is a subset of the compact set A~1B.
Being the preimage of K under the map x +— sx, it is also closed, and therefore
compact. O

Note that there is a clear converse to this result. In the above proposition, the
zero element, oo, of X, is removable in the sense that ab = oo if and only if
a = oo or b = oo. And clearly if S is any semigroup with such an element, 0,
then the subset S \ {0} is a sub-semigroup. So multiplication in G extends to a
semi-topological semigroup operation on X if and only if it extends to a semi-
topological semigroup operation on X, with a removable zero at co.

Recall that a function is uniformly continuous with respect to the Roelcke
uniformity if and only if it is uniformly continuous in both the left- and right-
uniformities. Let Cj(G) denote those functions on G that vanish off of the ideal
of Roelcke precompact sets:

Co(G) ={f |foralle >0, {g € G |[f(g)| > ¢}
is a Roelcke precompact subset of G}.

The idea here is that the Roelcke uniformly continuous functions in C(G) are
precisely the restrictions of those in Co(X).
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Theorem 21. Let G be a locally Roelcke precompact Polish group. The group
multiplication in G extends to a separately continuous semigroup operation on the
Roelcke completion, X, if and only if every Roelcke uniformly continuous function
in C{(G) is weakly almost periodic.

Proof. As mentioned above, this follows from [3] for Roelcke precompact groups.
And every locally compact Polish group is its own Roelcke completion, while
in that case every function in C{(G) = Cy(G) is weakly almost periodic [1,
Corollary 4.2.13]. So assume that G is not in either of those classes.

Suppose multiplication extends to a separately continuous semigroup opera-
tion on X and let f be a Roelcke uniformly continuous function in Cj(G). Then
by Proposition 20, multiplication extends further to the one point compactifica-
tion, X«. As f is Roelcke uniformly continuous on G, it extends to a uniformly
continuous function on X and since for all ¢ > 0 the set {x € X | | f(x)| > ¢} is
open, its closure is equal to the closure of {g € G | | f(g)| > ¢}, and so is com-
pact. Therefore f € Cy(X), and so extends to continuous function on X.. Being a
compact semitopological semigroup, every continuous function on X, is weakly
almost periodic and, moreover, the restriction of every weakly almost periodic
function on X, is a weakly almost periodic function on G (see [1, Corollary 4.2.9
and Theorem 4.2.10]), so f: G — C is weakly almost periodic.

Conversely, suppose that every Roelcke uniformly continuous function tending
to 0 off the ideal of Roelcke precompact subsets is weakly almost periodic. Recall
that left (resp. right) multiplication on G extends to a jointly continuous left (resp.
right) action on X, and suppose x, y € X and (gy), (k) are sequences in G with
gn — x and h,, — y. Then, both sequences are d ,-bounded, and therefore there
are dn-balls A and B around 1 of sufficient radius so that all terms g/, gny
and xh,, lie in the interior of the compact set AB C X. Then for any nonprincipal
ultrafilters U, V on N, the limits

N gy i sh, iy N g i, b

n—-Um—V
all exist, and moreover by continuity of the actions,
lim = lim lim A,,) = lim lim g,h
n—>U Eny n—>U gn(m—)V m) n—>Um—>V Enltm

and likewise limy,,_y xh,, = lim,,_y lim,_y g,h,. The above is true for any
locally Roelcke precompact Polish G, but under the above weak almost periodicity
assumption, we also see that lim, .y limy,—v gnhm = limy—y lim,_q gy hy,, for
all x, y,(gn), (hm), U and V as above. For suppose a,b € X with

@ = Jim, Jin, guln # i, Ity gnln =

and let f:G — C be the uniformly continuous function, f(g) = da(a,b) —
min{d.(a, b),dx(a, g)}, (Where the distances are computed in X, though note that
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the unique extension to a uniformly continuous function on X is given by the same
formula). Then | f(g)| > 0 if and only if g is in the trace in G of the ball around
a of radius dx(a,b), so f € C{(G).

So f is Roelcke uniformly continuous and in Cy(G), yet

lim lim f(gnhm) = f(lim lm gnhm) = f(a) # f(b) =
= f(nil—rfl\?nlgl’lu gnhm) = n£1—1>n\7 nh—r}%L S(gnhm)

and so f is not weakly almost periodic, a contradiction.

Thus, for every g, — x and h,, — y and nonprincipal U and V, the values
lim,, s limy, v gyl and lim,,_y lim, . g,h, agree. But in fact, this is then
also independent of both the choice of sequences and of ultrafilters. For if also
g, — x and W is some nonprincipal ultrafilter on IN,

ril_r)nv nhm gnhm = hmV xhy, = ril_r)nv nhm gnh

and likewise
Jm Ji gl = il
for any other i, — y and V'.
Therefore we may define an operation X x X — X, where x - y is the
common value of lim,_,y lim,,—,v g, h,, for any appropriate (g,), (h,), U and V.
If ¢» — x, hyy — y and k; — z then

(x-y)-z= .lim (lim gny)ki = .lim lim (gny)ki = _lim lim gn(yki)
= lim hm gn(yki) = hm gn(hm vki) = x- (y Z)

n—->uUi—>W
and so X with this operation is a semigroup. The constant sequences show that this
operation extends multiplication in G, and to see that multiplication is separately
continuous, note that a function, f: X — X, on the complete metric space (X, dn)
is continuous if and only if for every x € X and (g,) € G with g, — x,
f(gn) — f(x), and that the latter occurs if and only if lim, . f(g,) = f(x) for
every nonprincipal ultrafilter, U. Then apply these observations to the functions
X+ xyand x — yx. O

Note however that unlike the situation for Roelcke precompact Polish groups,
where the Roelcke compactification coincides with the WAP compactification for
such groups supporting a separately continuous extension of multiplication, we do
not obtain a description of the WAP compactification in this setting. For example,
as a consequence of [7, Corollary 2.2], the WAP compactification of a locally
compact Polish SIN group must have cardinality 220,



(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

[10]

(1]

[12]

[13]

[14]

[15]

[16]

Locally Roelcke precompact Polish groups 1195
References

J. F. Berglund, H. H. D. Junghenn, and P. Milnes, Analysis on semigroups. Function
spaces, compactifications, representations. Canadian Mathematical Society Series of
Monographs and Advanced Texts. John Wiley & Sons, New York, 1989.

Zbl 0727.22001 MR 0999922

I. Ben Yaacov, T. Ibarlucia, and T. Tsankov, Eberlein oligomorphic groups. Trans.
Amer. Math. Soc. 370 (2018), no. 3, 2181-2209. Zbl 1380.22004 MR 3739206

I. Ben Yaacov and T. Tsankov, Weakly almost periodic functions, model-theoretic
stability, and minimality of topological groups. Trans. Amer. Math. Soc. 368 (2016),
no. 11, 8267-8294. Zbl 1350.22005 MR 3546800

M. P. Cohen, On the large-scale geometry of diffeomorphism groups of 1-manifolds.
Forum Math. 30 (2018), no. 1, 75-86. Zbl 1402.22024 MR 3739328

C. Delhommé, C. Laflamme, M. Pouzet, and N. Sauer, Divisibility of countable
metric spaces. European J. Combin. 28 (2007), no. 6, 1746-1769. Zbl 1206.54025
MR 2339500

D. Dikranjan and N. Zava, Some categorical aspects of coarse spaces and balleans.
Topology Appl. 225 (2017), 164-194. Zbl 1377.54027 MR 3649879

S. Ferri and D. Strauss, A note on the WAP-compactification and the £LUC-compact-
ification of a topological group. Semigroup Forum 69 (2004), no. 1, 87-101.
Zbl 1057.22002 MR 2063981

E. Glasner, The group Aut(u) is Roelcke precompact. Canad. Math. Bull. 55 (2012),
no. 2, 297-302. Zbl 1247.54045 MR 2957245

J. Herndon, Absolute continuity and large-scale geometry of Polish groups. Preprint,
2018. arXiv:1802.10239

G. Hjorth and S. Solecki, Vaught’s conjecture and the Glimm-Effros property for
Polish transformation groups. Trans. Amer. Math. Soc. 351 (1999), no. 7, 2623-2641.
7Zbl1 0921.03049 MR 1467467

T. Ibarlucia, The dynamical hierarchy for Roelcke precompact Polish groups. Israel
J. Math. 215 (2016), no. 2, 965-1009. Zbl 1377.54044 MR 3552300

K. Mann and Ch. Rosendal, Large-scale geometry of homeomorphism groups.
Ergodic Theory Dynam. Systems 38 (2018), no. 7, 2748-2779. Zbl 1404.37028
MR 3846725

A. Nicas and D. Rosenthal, Coarse structures on groups. Topology Appl. 159 (2012),
no. 14, 3215-3228. Zbl 1247.22003 MR 2948279

J. Roe, Lectures on coarse geometry. University Lecture Series, 31. American Math-
ematical Society, Providence, R.1., 2003. Zbl 1042.53027 MR 2007488

W. Roelcke and S. Dierolf, Uniform structures on topological groups and their quo-
tients. Advanced Book Program. McGraw-Hill International Book Co., New York,
1981. Zbl 0489.22001 MR 0644485

C. Rosendal, A topological version of the Bergman property. Forum Math. 21 (2009),
no. 2, 299-332. Zbl 1165.03031 MR 2503307


http://zbmath.org/?q=an:0727.22001
http://www.ams.org/mathscinet-getitem?mr=0999922
http://zbmath.org/?q=an:1380.22004
http://www.ams.org/mathscinet-getitem?mr=3739206
http://zbmath.org/?q=an:1350.22005
http://www.ams.org/mathscinet-getitem?mr=3546800
http://zbmath.org/?q=an:1402.22024
http://www.ams.org/mathscinet-getitem?mr=3739328
http://zbmath.org/?q=an:1206.54025
http://www.ams.org/mathscinet-getitem?mr=2339500
http://zbmath.org/?q=an:1377.54027
http://www.ams.org/mathscinet-getitem?mr=3649879
http://zbmath.org/?q=an:1057.22002
http://www.ams.org/mathscinet-getitem?mr=2063981
http://zbmath.org/?q=an:1247.54045
http://www.ams.org/mathscinet-getitem?mr=2957245
http://arxiv.org/abs/1802.10239
http://zbmath.org/?q=an:0921.03049
http://www.ams.org/mathscinet-getitem?mr=1467467
http://zbmath.org/?q=an:1377.54044
http://www.ams.org/mathscinet-getitem?mr=3552300
http://zbmath.org/?q=an:1404.37028
http://www.ams.org/mathscinet-getitem?mr=3846725
http://zbmath.org/?q=an:1247.22003
http://www.ams.org/mathscinet-getitem?mr=2948279
http://zbmath.org/?q=an:1042.53027
http://www.ams.org/mathscinet-getitem?mr=2007488
http://zbmath.org/?q=an:0489.22001
http://www.ams.org/mathscinet-getitem?mr=0644485
http://zbmath.org/?q=an:1165.03031
http://www.ams.org/mathscinet-getitem?mr=2503307

1196 J. Zielinski

[17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

(27]

C. Rosendal, Global and local boundedness of Polish groups. Indiana Univ.
Math. J. 62 (2013), no. 5, 1621-1678. MR 1295.22006 Zbl 3188557

C. Rosendal, Large scale geometry of automorphism groups. Preprint, 2014.
arXiv:1403.3107

C. Rosendal, Large scale geometry of metrisable groups. Preprint, 2014.
arXiv:1403.3106

C. Rosendal, Coarse geometry of topological groups. Book it preparation. Version
March 2018.

https://homepages.math.uic.edu/~rosendal/ (To appear in Cambridge Tracts in Math-
ematics, 223.)

N. W. Sauer, Distance sets of Urysohn metric spaces. Canad. J. Math. 65 (2013),
no. 1, 222-240. Zbl 1270.03070 MR 3004464

T. Tsankov, Unitary representations of oligomorphic groups. Geom. Funct. Anal. 22
(2012), no. 2, 528-555. Zbl 1252.22003 MR 2929072

V. V. Uspenskij, A universal topological group with a countable base. Functional
Anal. Appl. 20 (1986), no. 2, 160-161. English translation of Funktsional. Anal. i
Prilozhen. 20 (1986), no. 2, 86—87, in Russian. Zbl 0608.22003 MR 0847156

V. V. Uspenskij, The Roelcke compactification of unitary groups. In D. Dikranjan
and L. Salce (eds.), Abelian groups, module theory, and topology. (Padua, 1997.)
Lecture Notes in Pure and Applied Mathematics, 201. Marcel Dekker, New York,
1998, 411-420. Zbl 0914.22002 MR 1651186

V. V. Uspenskij, Compactifications of topological groups. In P. Simon (ed.), Proceed-
ings of the Ninth Prague Topological Symposium. (Prague, 2001.) Topology Atlas,
North Bay, ON, 2002, 331-346. Zbl 0994.22003 MR 1906851

V. V. Uspenskij, On subgroups of minimal topological groups. Topology Appl. 155
(2008), no. 14, 1580-1606. Zbl 1166.22002 MR 2435151

J. Zielinski, An automorphism group of an w-stable structure that is not locally OB.
MLQ Math. Log. Q. 62 (2016), no. 6, 547-551. Zbl 1371.03044 MR 3601094

Received January 11, 2019

Joseph Zielinski, Department of Mathematics, University of North Texas,
1155 Union Circle #311430, Denton, TX 76203-5017, USA

e-mail: Joseph.Zielinski @unt.edu

e-mail: zielinski.math@gmail.com


http://www.ams.org/mathscinet-getitem?mr=1295.22006
http://zbmath.org/?q=an:3188557
http://arxiv.org/abs/1403.3107
http://arxiv.org/abs/1403.3106
https://homepages.math.uic.edu/~rosendal/
http://zbmath.org/?q=an:1270.03070
http://www.ams.org/mathscinet-getitem?mr=3004464
http://zbmath.org/?q=an:1252.22003
http://www.ams.org/mathscinet-getitem?mr=2929072
http://zbmath.org/?q=an:0608.22003
http://www.ams.org/mathscinet-getitem?mr=0847156
http://zbmath.org/?q=an:0914.22002
http://www.ams.org/mathscinet-getitem?mr=1651186
http://zbmath.org/?q=an:0994.22003
http://www.ams.org/mathscinet-getitem?mr=1906851
http://zbmath.org/?q=an:1166.22002
http://www.ams.org/mathscinet-getitem?mr=2435151
http://zbmath.org/?q=an:1371.03044
http://www.ams.org/mathscinet-getitem?mr=3601094
mailto:Joseph.Zielinski@unt.edu
mailto:zielinski.math@gmail.com

	Introduction
	Acknowledgments
	Bases and metrics for the four canonical uniformities and coarse structures
	Roelcke precompact sets
	Examples of locally Roelcke precompact Polish groups
	The ideal of Roelcke precompact sets
	Equivalent characterizations of locally Roelcke precompact Polish groups
	Semigroup operations extending multiplication
	References

